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Abstract

We build a bridge between the Hybrid High-Order and the Virtual Element methods on general
polytopal meshes in dimension 2 or 3, in the setting of a model Poisson problem. To do so, we reformulate
the conforming-Virtual Element method as a (newborn) conforming-Hybrid High-Order method, and we
derive H°®-approximation properties for the associated local polynomial projector (on which hinges the
local discrete bilinear form). This allows us to perform a unified study of conforming/nonconforming-
Virtual Element/Hybrid High-Order methods, which simplifies the classical error analysis of Virtual
Element methods in broken H'-seminorm, and sheds new light on the differences between the conforming
and nonconforming cases (in particular in terms of mesh assumptions).

1 Introduction

The design of arbitrary-order Galerkin methods that support meshes with general polygonal/polyhedral
cells has been attracting the attention of the community for more than 40 years now. In practice, the
use of general meshes, when not an inherent constraint like e.g. in subsurface modelling, can bring major
advantages. In particular, it increases the flexibility in meshing complex geometries, and simplifies the re-
finement /coarsening procedures in adaptive simulations. Classical arbitrary-order polytopal discretisation
approaches encompass the (polytopal) Finite Element (FE) method [40, 38|, and the (polytopal) discontin-
uous Galerkin (dG) method [1, 28, 3, 13]. The construction of FE shape functions on arbitrarily-shaped
cells that both (i) satisfy the desired conformity prescriptions, and (ii) for which closed-form expressions
can be obtained (and numerically integrated), is highly challenging. However, when the shape functions are
available, one can fully benefit from the fact that FE are a skeletal method, i.e. cell degrees of freedom can be
locally eliminated in terms of the skeletal degrees of freedom, thus reducing the number of globally coupled
unknowns. The dG method, for which stability is enforced by penalization of the discrete bilinear form, can
handle completely nonconforming discrete spaces. One hence has the opportunity to consider simple poly-
nomial local approximation spaces. The price to pay for such a flexibility is, naturally, an increased number
of globally coupled degrees of freedom, which makes of dG a computationally more expensive method than
FE on standard meshes (and this is all the more true that the order of approximation increases). When
considering meshes featuring cells with an important number of faces, things are not that clear anymore, and
dG may definitely become a competitive computational approach. Yet, in that case, (polynomial-based)
dG suffers from an important limitation. On general cells, it is not clear at all whether the polynomial
local approximation spaces are sufficiently rich to robustly approximate tricky operators like the divergence
(think, e.g., of a linear elasticity model in the quasi-incompressible limit) or curl operators.

More recently, a new paradigm has emerged. The idea is to define a finite element whose construction is
generic with respect to the shape of the element. The underlying local approximation space (i) is spanned
by functions that are (at least for some of them) implicitly defined (usually as the solutions to some PDEs
posed in the cell), (ii) is built so that the desired conformity properties can be obtained at the global level,
and (iii) is constructed so as to enjoy sufficient approximation properties (for instance, so as to contain
the polynomial functions up to a given degree). The fact that one cannot obtain a closed-form expression
for all shape functions is the reason why they are called virtual in that context. In practice, the numerical
method is defined using computable (in terms of the degrees of freedom) projections of the virtual functions,
and is stabilized through a subtle penalization, that shall also be computable. The most salient example
of such an approach is the (polynomial-based) Virtual Element (VE) method [5, 6], which has first been
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introduced under its conforming version (denoted ¢-VE). Another example is the Hybrid High-Order (HHO)
method [31], first introduced /analysed for linear elasticity [29], and then for the Poisson problem [30]. Both
the VE and the HHO methods are skeletal methods. In [21, Section 2.4], the HHO method has been proved
equivalent (up to identical stabilization and right-hand side) to the nonconforming version of the VE method
(denoted nc-VE) introduced in [36], and posteriorly analysed in [2]. In [21], the HHO method has also been
bridged to the so-called Hybridizable Discontinuous Galerkin (HDG) method [23, 20], in the sense that it
is possible to recast the HHO method as a HDG method, with distinctive numerical flux trace. This work
has shed light on the fact that the quite subtle choice of stabilization advocated in HHO results in HDG
formulation in a numerical flux trace that ensures superconvergence on general polytopal meshes. Note that
efforts towards superconvergence for standard HDG methods are still being undertaken [22]. Finally, in [27],
the nc-VE/HHO methods are proven to be Gradient Discretisation methods [32].

Let © be a bounded and connected open subset of R, d € {2,3}, whose boundary is assumed to be
composed of a finite union of portions of affine hyperplanes. We focus on the following model Poisson
problem: find u € H}(Q) solution to

a(u,v) 1= fﬂ Vu-Vov = L) fo=:1(v) for all v e Hy(9), (1)

with source term f € L?(Q). In this work, we complete the construction of the bridge between HHO and VE
undertaken in [21, Section 2.4]. To do so, we reformulate the c-VE method as a (newborn) conforming-HHO
method, and we prove H®-approximation properties for the associated local polynomial projector Pr (on
which hinges the local discrete bilinear form). This enables us to perform a unified study of ¢/nc-VE/HHO
methods, which introduces substantial simplifications in the error analysis of VE methods in broken H'-
seminorm, and sheds new light on the differences between the conforming and nonconforming cases (in terms
of mesh assumptions in particular). We build upon existing contributions, especially [26] on the analysis of
schemes in fully discrete formulation, [14] on the unified analysis of ¢/nc-VE methods, and [37, 10, 16] (see
also [8, 12, 15] for the treatment of faces with arbitrarily small measure) on the analysis of ¢-VE. For
simplicity of exposition, we consider throughout this paper standard VE spaces (i.e., neither enhanced VE
spaces [14], nor Serendipity VE spaces [7]), with cell degrees of freedom even in the lowest-order case, which
simplifies the treatment of the right-hand side without compromising the computational efficiency.

A crucial observation that is made clear in this paper is the following. The main difference between the
conforming and nonconforming VE/HHO methods is that, in the nonconforming case, the local canonical
interpolation operator (say, Zr) is the elliptic projector on the local virtual space (cf. Eq. (27)). It is not
true in the conforming case. This has two important consequences.

e Letting IIr denote the elliptic projector on a polynomial subspace P(T) of the local virtual space, the
local polynomial projector Pr := Il o Zy, on which hinges the local discrete bilinear form, is actually
equal to IIr in the nonconforming case (this has already been pointed out in [26, Remark 25]), which
is not true in the conforming case. Hence, whereas the HHO error in broken H!-seminorm naturally
splits along (recall that the only computable/computed quantity is Ppup = puyp)

IV h(u —Thup)| < [|Va(u —Pru)| + | Vala(Zpu — up)|
= |Vi(u —pw)| + | VRIln(Zhu — up)

where the first term in the right-hand side is the approximation error (directly available from the
properties of II), and the second is bounded by the consistency error of the scheme (energy-norm
error), the VE error is usually split in the literature (including [26, Theorem 19]) along

IV (u—Thup)| < [Va(u = )| + [ViIls(u — Zyw) | + [ VI (Zeu — up)||
< HV}L(U — Hhu)H + HV}«L(U — I}LU)H + HV}LH}«L(I;LU — uh)

where the approximation properties of the local virtual spaces frankly invite themselves into the
picture. In [10], approximation properties for Zr in the L?-norm and H!-seminorm have been proven
by resorting to an inverse inequality for virtual functions. This reasoning cannot be extended to prove
general H*-approximation properties since derivatives of virtual functions may not be virtual functions.
In this article, we directly investigate the approximation properties of the polynomial projector P, for
which H*-inverse inequalities hold. Since Pr = II1 o Zr preserves the polynomials in P(T"), and since
the operator Il is stable, all we have to prove are stability properties for Zr; we then follow the ideas
of [11, Chapter 4] to derive the desired H*-approximation properties. This is the object of Sections 4.1



(stability properties for Zr, where the proofs are revisited with respect to [10] to highlight the difference
between the conforming and nonconforming cases), and 4.2 (approximation properties for Pr; cf. in
particular Theorem 4.17). One can then split the error in broken H!-seminorm, irrespectively of the
conformity of the method, along

IVh(u—Tpup)|| < [[Vi(u = Pru)| + [V Il (Zpuw — up)|,

thereby allowing for a completely unified analysis inspired from the one of HHO methods (cf. Theo-
rem 4.26 and Corollary 4.28).

e In the conforming case, in order to prove stability properties for Zp (which actually is, as we explained
above, the cornerstone of the analysis), one has to estimate a dual norm of the boundary flux for
virtual functions (cf. Lemmas 4.6 and 4.11). For that, one must prove the existence, on any cell T', of
a (linear) lifting operator L7 such that, for any function v on @7 that is equal to the trace of a virtual
function, one has the following scaled estimate:

htILovlr + [V Lrvlr < e (hg P lollor + B[V iolor) | (2)

where V; denotes the tangential derivative, and ¢ > 0 is a constant independent of hr. When
T is star-shaped with respect to a ball of radius comparable to hp (in standard analyses of ¢-VE
methods, the latter assumption is supplemented by the fact that all the faces of T are assumed to have
diameter comparable to hr), the result (2) is true (cf. [10, Eq. (2.48) and Lemma 5.3]). When T is
not star-shaped, it is less clear whether optimal scaling can be obtained. In [16], the star-shapedness
assumption is weakened by resorting in the error analysis to a well-chosen (noncanonical) interpolant,
but the argument seems restricted to the 2D case. In [10, Section 4], the star-shapedness assumption
is also weakened, but the details on how to construct the lifting (especially in the tricky 3D case) are
not given. In the nonconforming case, owing to the fact that the local canonical interpolation operator
is the elliptic projector on the local virtual space, a similar estimate is not needed to prove stability for
Zr (cf. Lemma 4.15 and Remark 4.16), and regularity assumptions on mesh sequences can be relaxed.
All one needs to assume in that case is that the cell T can be remeshed by a (matching, shape-regular,
and with meshsize comparable to hr) simplicial submesh (cf. Definition 2.1). These assumptions are
sufficient to derive all the necessary analysis tools. We believe that, following [10, Lemma 5.3|, it
should be possible to prove a result such as (2) under the sole assumptions of Definition 2.1. Yet, this
is beyond the scope of this work. We will hence do not pursue in that direction, and make the further
assumption, in the conforming case, that each cell is star-shaped with respect to a ball (with radius
comparable to its diameter).

The material is organized as follows. In Section 2, we introduce the notation, we detail our admissibility
assumptions on mesh sequences, and we introduce a number of analysis tools that will be useful in the
sequel. In Section 3, we undertake a general description of skeletal methods, such as the VE or HHO
methods. Finally, in Section 4, we provide our unified formulation/study of ¢/nc-VE/HHO methods, as well
as a description of the general workflow of the methods.

2 Notation, mesh assumptions, and basic analysis tools

We collect in this section all the conventions, tools, and results that will be useful in the sequel.

2.1 Notation
2.1.1 Geometry

Forle{l,...,d}, welet |-|; denote the I-dimensional Hausdorfl measure. In what follows, the term polytope
refers to polygons if d = 2, and to polyhedra if d = 3. The discretisation of the domain 2 is described in
the following manner.

e 7T denotes a mesh of the domain €, i.e. a collection of disjoint open polytopes T' (the cells) such that
UTeTh, T = ). The parameter h is the meshsize, defined as h := maxre7;, hr, where hp stands for the
diameter of the cell T



e Fj denotes the collection of faces of the mesh 7;. Since the cells of T;, are polytopes, their boundary
is composed of a finite union of closed portions of affine hyperplanes, called facets. A closed subset
F of Q with |F|s—1 # 0 is a face as soon as (i) F is equal to the intersection, for Ty, T» two cells
of Ty, of a facet of T7 and a facet of Ts, or (ii) F is equal to the intersection, for T cell of Ty, of a
facet of T and a facet of €2. In the first case, F' is termed an interface, whereas in the second, F' is
termed a boundary face. Interfaces are collected in the set F., boundary faces in the set 77, in such
a way that Fj, = }lU}'}f. For a cell T € Ty, we let Fp := {F € F,, | F < 0T} be the collection
of faces composing its boundary, and np be the unit normal vector to ¢T' pointing outward 7' (that
is defined almost everywhere on 0T). For F € Fr, we also let np g := no|r; remark that nr p is a
constant vector on F since F' is planar. Finally, for any face F' € F},, we denote hp its diameter (and,
for T' € Ty, we let hor be such that hepp := hp for all F'e Fr), and we let Tp :={T €T}, | F' < 0T’}
be the collection of cells sharing F' (two cells for an interface, one for a boundary face).

e 075 denotes the (d—1)-dimensional skeleton of the mesh 7y, that is 07, = Upez, F-

e When d = 3, &, denotes the collection of edges e (with |e|; % 0) of the mesh 7Ty, defined from the
collection Fy, of faces. For a cell T € T, (respectively a face F € Fp,), we let Er :={e€ &, | e c T}
(respectively Ep = {e € &, | e € dF}, that will also be denoted Fr with a slight abuse in notation)
be the collection of edges composing its boundary.

e V), denotes the collection of vertices v of the mesh 7j,. For a cell T € Ty, (respectively a face F € Fp,),
we let Vp := {v e V), | v € 0T} (respectively Vg := {v € V},, | v € 0F}) be the collection of its vertices.
The position of any vertex v € V, is denoted x, € Q.

When d = 2, faces are sometimes called edges in the literature. We will not use this vocable in this article.
The term edge will always refer to a 1-manifold in dimension d = 3. We finally introduce, for v € V},, the
set F, :={F € Fy | veVp} and, when d = 3, for e € &, the set F, :={F e F, |e€ Er}.

2.1.2 Functions spaces

For X < ©Q, and m > 0, we let |-|,, y and Il,, x respectively denote the seminorm and norm on the Sobolev
space H™(X;R!) (I € {1;d}), with the convention that H(X;R') = L?(X;R!) (hence, ||y x = |[o.x)- We
also define ||| , y as the norm on L*(X). We finally let {-,-)_,,, x be the duality pairing between H~""(X)
and its topological dual.

For ¢ € Nand [ € {1,...,d}, we let P/ be the vector space of [-variate polynomial functions of total
degree less than or equal to q. We also let

N := dim(P¥) = <q ; l) :

and we adopt the conventions P; ' := {0} and N; ' := 0. For T € Tj, we define P%(T') as the restriction of
Pd to T. For F € Fj,, we define P§_, (F) as the restriction of P to F. When d = 3, for e € &, we define
P(e) as the restriction of P to e. For T € T, we also define the broken space

P (Fr):={ve L*(T) | vrePi_(F)VF € Fr},

and when d = 3, for F € Fj, we let P{(Ep) := {v e L*(0F) | v|. € P{(e) Ve € Ep}. We finally introduce, for
any T € Ty, a set of basis functions for P§(T'), that we denote {¢7.;}ic(1,... x9), and for any F' € Fp, a set of
basis functions for P$ | (F), that we denote {Q/J%J }ieqr,..,na_y- When d = 3, we further introduce, for any
e € &, a set of basis functions for P{(e), denoted {1 ,,}meu,... N9}-

Given a mesh T, of 2, we introduce the following notation for broken functions spaces on Tp:

X(Th) = {vn € L*(Q) | vpr € X(T)VT € Tp}.

We introduce on H!(T}) the so-called broken gradient operator V, : HY(T,) — L*(Q) such that, for any
v, € HY(T,) and T € Ty, Vivpr = V(vpr). For any interface I e F}L with Tp = {T1,T5}, we define the
jump [v,]r along F of v, € H*(Ty,), s > 12, by [va]r = (vn1,)|F — (V1) |#; and we let np := ny, p. For
any F € FP with Tp = {T}, we let [up]r := (vn7)|F> and mp := ny p. We finally introduce the operator
[l : H*(Tn) — L?(0Tx) such that, for any vy € H*(Ty), [vn]|p = [va]r for all F € F,. Note that the
quantity [v] € L?(0T;,) may be multi-valued (whenever this has a sense) at vertices when d = 2, and on
edges/vertices when d = 3. Assume, for simplicity, that v, € H*(7) is such that vyjor € C°(oT) for all



T € Ty, Considering a vertex v € Vp,, there are card(F,) potentially different values for [vs] at x,, that are
the ([vn]r(®y))per,- When d = 3, considering an edge e € &, there are, identically, card(F.) potentially

different functions [v,] on e, that are the ([[UhﬂF\e)Fef .

2.2 Mesh assumptions

We define the notion of admissible mesh family.

Definition 2.1. The mesh family (Tr)n is admissible if, for all h, T, admits a matching simplicial submesh,
denoted Sy, and there exists v > 0, called mesh regularity parameter, so that, for all h,

(i) for all S € Sy, of diameter hg and inradius rs, Yhs < rg (in other words, Sy is shape-regular);
(i1) for all T € Tp, and all S€ Sy :={Se S, | ST}, vhr < hs.

By matching simplicial submesh, we mean that S, is a (conforming, i.e. free of hanging node) simplicial
mesh, and that, for all S € S}, there exists a unique T € T}, such that S < T, and for all Z € Z},, where
Z}, collects the faces of Sy, there exists at most one F' € Fj such that Z € F (cf. [28, Definition 1.37]).
Henceforth, we will use the symbol < to notify that an estimate is valid up to a multiplicative constant
¢ > 0, with ¢ only depending on the dimension d, the mesh regularity parameter v, and, if need be, the
underlying polynomial degree; in particular, the bound is uniform with respect to the meshsize.

Let us mention three important consequences of Definition 2.1: for all A, and all T € T,

(a) for all S € Sy, yhr < hg < hy, and card(Sr) < 1 (cf. [28, Lemma 1.40]);
(b) for all F € Fr, card(Zr) < 1, where Zp :={Z € Z, | Z < F} (cf. |28, Lemma 1.41]);
(c) for all F € Fr, ¥?hr < hr < hr, and card(Fr) < 1 (cf. [28, Lemmas 1.42 and 1.41]).

From (a) and (b), one can picture the general outline to prove inverse and trace inequalities on arbitrarily-
shaped (admissible) cells. One first considers the case of a simplex satisfying (i) of Definition 2.1, for which
these inequalities are standard. Then, the passage to arbitrary geometries follows from the fact that any
admissible cell is composed of an uniformly bounded number of simplices satisfying (i) (and, an admissible
face is composed of an uniformly bounded number of subfaces belonging to simplices satisfying (i)), and
whose diameters are comparable to the diameter of the cell under consideration (cf. Section 2.3.1). Note
that the notion of admissible mesh we consider here allows for cells that are not necessarily star-shaped.
When this latter additional assumption (i.e., that each cell T is star-shaped with respect to a ball of radius
> ~vhr) will be needed in the analysis, we will specify it. The assumptions of Definition 2.1 are also sufficient
to prove H*®-approximation properties for standard polynomial projectors (cf. Section 2.3.3). As for point
(¢), it is instrumental in the analysis of numerical methods based on 7. When d = 3, it is an easy matter
to show that, under the assumptions of Definition 2.1, one also has, for any T € Ty, F € Fr, and e € Ep,
Y3hr < he < hp, and card(Ef) < 1.

2.3 Basic analysis tools

Henceforth, 7}, denotes a member of an admissible mesh family in the sense of Definition 2.1.

2.3.1 Useful inequalities
On any T € Ty, the following inequalities hold:

o inverse inequality:
Vv e PY(T), |U‘1,T S h;lﬂvﬂo,T? (3)

e continuous trace inequality: for any F' € Fr,
Hl T < h_1/2 h1/2 . 4
Vv e (1), ”U\FHO,F S hp HU”QT“’ T \U\LT, (4)
o discrete trace inequality: for any F' € Fr,

voePYT), ol s by lolo s (5)



For the proofs of these different results, we refer to [28, Section 1.4.3] (note that therein, faces may even be
nonplanar). We also state the classical Poincaré inequality:

v e H(T) such that L 0=0,  [vlor < cphrlvl o (6)

If T is convex, cp = 7! is optimal, independently of the ambient dimension; cf. [4]. For some insight on

the value of cp on more general element shapes, we refer to [39]. In the forthcoming analysis of conforming
methods, we will also need (i) the following alternative inverse inequality, whose proof can be found, e.g.,
in [19, Lemma 4.4 (take A, = 14)]: for all v € H'(T) such that Av € P4(T) for some g € N, there holds

”AUHO,T S h;1|v|1,T; (7)

(ii) the following version of Sobolev’s inequality (cf., e.g., [11, Lemma 4.3.4]):

Voe HA(T),  |vlyq < hy \lv\loT+h |v|1T+h |U‘2T7 (8)

and (iii) the following estimate on a dual norm of the boundary flux, whose proof is postponed until
Appendix A.1, that is valid for any cell T star-shaped with respect to a ball whose radius is comparable to
hr, and any function v € H(T) such that Av e L*(T):

(Vvjor nr,2)_1 or

sup — < |vly g + hr| Aol - (9)
e o7) hy |2l ap + B 121 o

2.3.2 Finite element in the sense of Ciarlet
The following definition is directly inspired from [17, p. 94]. Let I € {1,...,d}.
Definition 2.2. A finite element consists in a triple (X,V(X),Xx) where
e X is a bounded and connected Lipschitz subset of R? such that | X|; # 0;
e V(X) is a finite-dimensional vector space of functions v: X — R;
e Yx = {0k,...,0%}, nx € N*, is a collection of linear forms on V(X) such that the mapping
Sy V(X)sve (0k(v),...,0% (v)) e R™X
is bijective (we then have dim(V (X)) = nx ).

The operator X is the so-called (local) reduction operator, and Xy (v) is the so-called vector of (local)
degrees of freedom (DoFs). The bijectivity of Xy is in general referred to as unisolvence in the literature.
The following proposition is a direct consequence of the unisolvence property.

Proposition 2.3. Let (X,V(X),Xx) be a finite element. There exists a basis {¢px1,...,9Pxnx} (referred
to as canonical) of V(X) such that o' (¢px ;) = 0;; for alli,j € {1,...,nx}. The (‘PXJ)ie{l my) Ore the
so-called (local) shape functions.

Let rx : R"™X — V(X) be the operator such that, for any vy := (Vf)()ie{l _____ nx} € R, rxvy =
?:XI vi@x. One can easily remark that, for all vy € R"*, Ly (rxvy) = vy, hence ry = Z}l and,
for any v e V(X),

nx

v=r ZUX V)PX,i-

rx is the so-called (local, canonical) reconstruction operator.

Assume that there exists a normed vector space W (X) of functions w : X — R such that (i) V/(X) <
W(X), and such that (ii) every linear form o% of ¥x can be extended as a linear form 7% on W(X). We
denote by Yy this new collection of extended linear forms, and by X the corresponding (local) reduction
operator. We can then introduce the operator Zx : W( ) — V(X) such that, for any w € W(X),
Ixw = rx(Zx(w)) = 21 7% (w)px,;. With such a definition, there holds ;X(wa) = Yy (w). The
operator Zx is the so-called (local, canonical) interpolation operator (in a broad sense). Of course, for all

we V(X), Ixw = w since Ly y(x) = Ly = Ty



2.3.3 Standard polynomial projectors

For T € Ty, we define the L?-orthogonal 7. : L?(T) — P%(T) and elliptic II%. : H'(T) — PY(T') projectors
so that

for all v e L*(T), JT Thow = JTUw Yw e PY(T);

f VIliv-Vw = f Vu-Vw  YwePYT),
T T

quTv:fv.
T T

Remark that I3 = W%|H1(T)' For I € {1,...,N%}, we let 7%" denote the linear form on L?(T') such that, for

for all ve HY(T), (10)

any v e L2(T), 7% (v) € R is the I'" coordinate of 7dv on the basis {7 i}ieqr,... nay of PY(T).
Proposition 2.4 (Properties of 7% and II%.). Let T € Tj, and v e L*(T).

e preservation of polynomials: if v € P4(T), nfv = IThv = v;

o stability: |77v],, < [v]o 7 and, ifve HY(T), I%0lo 1 < [vllo 7 + hrlvly o

cmalitv: o — 74 - mi _ - 1 e - i _ .
o optimality: |[v —m7v], 7 = Zergé?ﬂ lv—zlor and, if ve HY(T), |v — 70|, = ZEI;IC%{IT) v — 2|, 7

e H*-approximation: for ve H*(T), s€ {1,...,q+ 1}, there holds, with w?. € {n};1I%.},

\v—w%v\m’T < hy Mol forme{0,..., s}, (11)

and, for any F € Fr, and any ((1,...,Cq) € N such that Z?:l G =m,
s—m—1
|[6§11 ...6g‘i(v—w%v)]|F|0,F < hy /2|U|S,T forme{0,...,s—1}. (12)

In Proposition 2.4, the only nontrivial result to prove is the last one. Its proof relies on (i) the ideas of [11,
Chapter 4] and [33, Section 7] (cf. also [10, Section 4]), and on (ii) two important features of @, that are
the preservation of polynomials and its stability in the L?(T)-norm. For a detailed proof of the result, and
its extension to more general Sobolev seminorms, we refer to [24] (L?-orthogonal projector) and [25] (elliptic
projector). We also introduce j : L(Q) — P4(73) and II} : H'(T,) — P%(7) such that, for any v € L?(12)
(resp., v e H(Ty)), mivr i= g (vyr) (vesp., I vjp := 115 (v)p)) for all T € Tp,.

For F € F,, we define 7%, : L?(F) — PY_, (F) so that, for all v e L?(F),

J W?;"UU)=J vw  YwePq (F).
F F

For l e {1,...,N% |}, we let 7% denote the linear form on L?(F) such that, for any v € L2(F), 7%'(v) € R
is the {*" coordinate of 7%v on the basis (V% }ieqr,..na_y of PG (F). We also define, for T' € Ty, 747 :
L*(0T) — P%_,(Fr) such that, for any v € L*(0T), nipvp := 7h(vyp) for all F € Fp. When d = 3, for
e € &, we define 79 : L2(e) — Pi(e) so that, for all v e L?(e),

Jwng=va Vw € Pi(e).

For [ € {1,...,NY}, we let 7%! denote the linear form on L?(e) such that, for any v € L?(e), 7%!(v) € R is
the I*"" coordinate of v on the basis {2 1 meqa,...nay of Pi(e).

Remark 2.5 (Computation of 7%v). It can be easily seen that, for X € {T,F} and v € L*(X), n%v =
ﬁ SX v with | € {d,d—1} respectively. To compute w4 v for ¢ =1, it suffices to solve a symmetric positive-
definite (SPD) system of size Nj.

Remark 2.6 (Computation of IT%v, ¢ = 1). One possibility (another one is to solve a problem posed on the
quotient space P4(T)/PY(T)) to compute II%w is to consider the following coercive problem: find z € P4(T)
such that, for all w e P4(T),

J V2zVw + J Tz THw = —f 740 Aw + J 787! (Wjor) Vwjornr.
T T T or



The elliptic projection is obtained through 11w = z + n%v. According to the expression above, to compute
v, it suffices to know selected moments of v e H*(T), namely whv for p = max(q —2,0) and ngl(v‘aT).
The computation of II%.v then requires to solve a SPD system of size N, which can be done effectively via,
e.g., a Cholesky factorization.

3 Skeletal methods

3.1 Generic structure

Galerkin methods on 7y, among which ¢/nc-FE, ¢/nc-VE, or dG methods, seek for an approximation uy of
the solution u € H{ () to Problem (1) in a broken space Vi, 0 € V(T,) « H'(Ty), with V(75) such that, for
all T € Ty, V(T) is a finite-dimensional vector space of functions on which exists a collection X7 of linear
forms so that (T, V(T), Xr) is a finite element in the sense of Ciarlet. The linear forms collected in 7 are
the local DoFs of the method. For dG methods, V} o = V(73), whereas for ¢/nc-FE/VE, V}, o is a strict
subspace of V(7;,) that embeds more or less stringent conformity prescriptions (with respect to HZ(2)); for
¢-FE/VE for instance, V}, ¢ is a subspace of H} ().

For those methods (like ¢/nc-FE/VE) based on a space Vj, o embedding conformity prescriptions, locally
to any T' € T, the collection Y7 of DoFs can be split into (i) linear forms on V(0T := {vjor, v € V(T)}
(collected in the set %9.) and, (ii) if need be, those linear forms on V(T) that cannot be written as linear
forms on V(0T (collected in the set %3). The linear forms in £9. are skeletal DoFs, whereas those in %9,
are cell DoFs. We let ng. := card(X%), n$ := card(X$.), and np := n% + n$ = dim(V(T)). From a global
viewpoint, the collection of global DoFs of the method splits into (i) linear forms on

V(F) = {vh € L*(0Th) | vnjr € =-rer Ve (F)VF € fh}

with Vp(F) := {vjr, v € V(T)} (collected in the set £9) and, (i) if need be, linear forms on V(7;) that
cannot be written as linear forms on V/(F},) (collected in the set 7). Whereas X}, := | J., X7 where, for
any T € Tp,, X% is the collection of linear forms on V(7y,) given by £9. := {09.(17), 0% € £%}, the global
skeletal DoFs in X¢ (that are linear forms on V(F},)) are intrinsically defined, and their local counterparts
are obtained by localization. More precisely, for any T" € T}, letting

Vi (Fn) := {vn € V(Fn) | vnjor € V(T), vpp = OVF € F\Fr} and £ := {af‘VT(m £0,0% ¢ 22} ,

one has R
50 = {c(&;ozh), &%ezg}, (13)

where Zj, is the zero extension operator from V(0T) to Vp(Fp), and ¢ is a constant depending on the
skeletal DoF under consideration and on T', whose default value is 1 (cf. Remark 3.1). Note that whereas
card(E) = Yper, N7 card(X9) < YreT, ng.

Remark 3.1 (Role of the constant ¢ in (13)). Functions in V(Fp,) may be multi-valued (whenever this has
a sense) at vertices when d = 2, and on edges/vertices when d = 3. Yet, in the conforming case, one has
to define DoF's at vertices when d = 2, and on edges/vertices when d = 3, to prescribe conformity. Let
us then describe how multi-valuedness can be dealt with. Assume, for simplicity, that V(0T) < C°(0T) for
all T € Tp,. For a vertex v € Vy,, the (global) skeletal DoF a%" e Zf; associated to a pointwise evaluation
at x,, is defined, for any v, € V(Fn), by o (vy) = mZFEFU vpp(®,). With such a definition, it

card(F,)
card(F, N Fr)’
obtains as expected that the restriction of a® to a cell T € Ty, such that v € Vr is given, for any v e V(0T),
o,v

by o7 (v) = v(x,). Edge DoF's when d = 3 can be handled in a similar way. For face DoF's, one can always
take c = 1.

For any F' € Fj, and vy € V(Fp), we let Rp(vn) € V/(F) be such that Rp(vn)|p = vpp and Rp(vp)|pr =
0 for all F’ € F,\F. The approximation space, that also takes into account the boundary conditions, writes

Vio := {on € V(Th) | (09 o Rp)([v]) = OVEF € Fy, Vo' € £7 }, (14)

degenerates towards vp(x,) whenever vy, is single-valued at x,. DBesides, letting ¢ = one

with dimension nyp ¢ := dim(Vy0) < dim(V (7)) := np. The conditions on the jumps of discrete functions
enforce the conformity prescriptions. The discrete problem then reads as follows: find uj € V}, ¢ such that

an(un,vp) i= Z ar(Unr, V) = Z lr(vpr) =t In(vp)  for all v, € Vi, (15)
TeTh TeTh



where the (bi)linear forms ap : V(T,) x V(Tn) — R and I, : V(T,) — R write as the sums of local
contributions expressed by the local forms ar : V(T') x V(T) — R and Iy : V(T') — R. This special structure
of the discrete problem ensures that the potential cell DoFs of the method are not coupled between adjacent
cells and can be eliminated locally in each cell T' € T}, in terms of the local skeletal DoFs. Algebraically, the
elimination consists in computing the Schur complement of the cell-cell block of the global system matrix,
which is quite inexpensive as this block is itself block-diagonal. After elimination, the global system to
solve is expressed in terms of the global skeletal DoFs only. This explains why methods that are based on
a discrete space like (14) and on a variational formulation like (15) are referred to as skeletal methods.

Without describing too much the space V}, o, one can prove interesting structural properties on it. Let
us denote, for any F' € Fj,, by @ the linear form on V(F3) so that #% := 7%(-p), with the convention
(henceforth adopted) that PY is identified to R.

Lemma 3.2. If {#%} rer, S 24, then IV hllg. defines anorm on Vo, and the following discrete Poincaré
inequality holds:
Von € Vo, lvnloo S 1Vavaloo- (16)

Lemma 3.2, whose proof (which is quite classical but recalled for completeness) is postponed until Ap-
pendix A.2, gives sufficient conformity conditions for Vj, ¢ (that are reminiscent of lowest-order nc-FE) so
as to ensure that a discrete Poincaré inequality holds on it.

Remark 3.3. Obviously, the result of Lemma 3.2 remains valid under more stringent conformity prescrip-
tions (like it is for instance the case for c-FE).

3.2 Equivalent algebraic viewpoint

Since, for all T € T, (T, V(T), Xr) is a finite element in the sense of Ciarlet, any function v, € V(7) can be
equivalently written as a vector R™ 3 v, := (vp)rer;, With R"T 3 v, 1= (y% € R"%,y’r} € R"OT). For T € Ty,
and I' € Fr, we let y‘%F € R"™.r be the restriction of v5 to the face F' (with possible overlaps between faces,
Le. Xper, n% » = n$). Since the skeletal DoFs are intrinsically defined at the global level, we necessarily
have that, for all F € F}, such that Tp = {T1,To}, n9, p = ng, p. We hence can let [v,]p = ¥4 p —v§ p;

for F € Fp such that Tr = {T}, we let [v,]F := K%F- We introduce
Vh70 = {Kh c R" | [Kh]F = QVF € .Fh} (17)

There holds dim(Vy0) = np0. For vectors v;, € Vy, o, for every F € f}L we have X%,F = X%Q,R and for every

F € FP we have K(%,F = 0. Problem (15) can be equivalently rewritten: find u, € Vj o such that

an(uy,v,) == Y. ar(up,vp) = > Ir(vy) =t 1u(v,)  for all v, € Vp, (18)
TeTh TeTh

where the (bi)linear forms a; : R™ x R™ — R and l;, : R® — R are expressed in terms of the local forms
ar : R" x R" — R and I : R — R such that ar := ar(rp-,rp-) and 1y := lp(rp-), where rp is the
(local, canonical) resconstruction operator. For all T' € Ty, there holds up = Xp(upr), where up € R* is
the restriction to T of u;, € Vo solution to Problem (18), and uy, € V}, ¢ is the solution to Problem (15). In
the rest of this section, we will stick to the functional notation used in Problem (15), but in Section 4 we
will adopt the algebraic notation used for Problem (18).

3.3 Examples of skeletal methods

The most famous examples of skeletal methods are surely given by the ¢/nc-FE methods. In that case, one
considers, for all T € Ty,

ar(w,v) = J Vw-Vv and Ip(v) := J firv for all w,v e V(T),
T T
in such a way that the discrete problem writes: find uy, € Vj o such that
ah(uh,vh) = J Viyup-Vyv, = .[ fop = lh(vh) for all vy, € Vi 0. (19)
Q Q

For FE methods, it is assumed that closed-form expressions are available for the local shape functions. In
that case, the assumptions of Lemma 3.2 are sufficient to ensure well-posedness of the discrete problem in the



sense of Hadamard (from (16) directly results the stability estimate |Vyup (o o < [ floq on the solution uy,
to Problem (19)). As soon as the space V}, o guarantees as well some approximability in a dense subspace of
H}(£2), one can classically also infer strong convergence in H} () of uy, to the solution u to Problem (1) [32].
The result of Lemma 3.2, that does not assume that discrete functions in V} o are piecewise polynomial,
also applies to the mixed-order multiscale HHO method of [19, Section 5.1], for which the local (oscillatory)
basis functions are considered to be all explicitly known on each coarse cell (in practice, they are in fact
approximated using a fine submesh of the coarse cell).

Other, more recent examples of skeletal methods are the ¢/nc-VE methods, as well as the HHO method.
The specificity of VE methods with respect to FE methods is to consider virtual local spaces V(T), i.e. local
spaces which are spanned by functions that are (i) in general, not all computable, and (ii) by definition,
never all computed. The local virtual functions are usually implicitly defined as the solutions to some PDEs
posed in the cell. The VE methods are defined using computable (in terms of the DoFs) projections of
the virtual functions, and are stabilized through computable penalizations. Polynomial-based VE methods
hinge on local virtual spaces (i) spanned by the solutions to PDEs featuring polynomial data, and (ii) that
contain the space P% for some k& > 1. They are the VE methods that are classically encountered in the
literature. As such, we will henceforth refer to them simply as VE methods, and we will exclusively focus on
them in the sequel. An example of (nonconforming) method that hinges on a different kind of virtual space
is given by the equal-order multiscale HHO method of [19, Section 5.2, for which local virtual functions do
solve (oscillatory) PDEs with polynomial data, but the local virtual space does not contain polynomials in
general.

4 Bridging the Hybrid High-Order and Virtual Element methods

In this section, we reformulate and analyse, within a unified framework inspired from HHO methods, the
conforming and nonconforming versions of the (polynomial-based) VE method. By recasting the ¢-VE
method into a conforming-HHO method, we end up bridging, by the same, the two families of methods. We
let £ > 1 be a given integer, that will stand for the order of the method. Doing so, we adopt the classical
VE notation. HHO methods of the same order are classically defined using &' = k — 1 > 0.

4.1 Local virtual space

Let T € T, be a given cell.

4.1.1 Conforming case

In that case, we further assume that T is star-shaped with respect to a ball whose radius is comparable
to hy. For any v € Vp (respectively v € Vg, for F € Fr), we let u% (respectively (%) denote the linear
form on C°(0T) (respectively C°(0F)) so that, for all v € C°(0T) (respectively v € C°(OF)), t4(v) = v(z,)
(respectively o%.(v) = v(z,)).

Preliminary results. Let d = 2, and consider a face F' € Fr such that F' := [z,,,x,,]. Then, we have
the following classical result.

Proposition 4.1. The triple (F,P}(F),%} 1), where the collection ¥  splits into Z’f:? = {t%}oev, and

ko ._ g k=2 ; ; ; ;
Ypi=Am }je{l,...,N’f*"'V is a finite element in the sense of Ciarlet.

k—2,j
FIPF(F)
This slight abuse in notation will henceforth be adopted. Letting n’f’F := dim(P¥(F)), we introduce the

To alleviate the notation, we have kept in the collection Z]f% the symbol 7'(';_2’j to actually denote m

operator rf ; : RPLF P¥(F) such that, for any
A . k
vp = (Vi )veve, (V%’j)je{l,“.,N’ffz}) eR™r,

r’f_y Y € PE(F) solves the well-posed problem

f (rh pyvp)'’ = —f o + [V (@) - Vi (2,)] Ve PE(F),
F F

r]f,FXF(wul) = V%Vl’

(20)

. . NA"2 o ke -
where we have introduced the notation v := >}, 1, V(}ﬂ]ngQ e PY2(F).
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Proposition 4.2. The operator r]f7F defined by (20) coincides with the (canonical) reconstruction operator
(5 )"

Proof. Let RMLF 5 V= ;’f,F(v) for some v € P¥(F). Plugging v into (20), we obtain by integration by
parts

f (T’f)FyF)’w’ = J v w Yw e PY(F),
F F

which, combined to the condition rf FVF(.’Byl) — vO" = y(w,,), yields that rfevp =¥ p(S) p(v) =

v
This is true for any v € P¥(F), hence r¥ = (E )L O

The collection E’i 7 of linear forms on P¥(F) can patently be extended to a collection ili r of linear
forms on C°(F). We can hence define the interpolation operator Z} ; : C°(F) — P}(F) such that Z} , :=

Tlf,F © ETF
Lemma 4.3 (Stability of IfF). For all ve C°(F), there holds HIfFvHOQF < [l -
Proof. To prove the result, we rewrite Z{ pv as

0 0 k—2,j
If,FU = U(le)(pOF,Vl + /U(xVQ)(pF,IJQ + Z TR ](U)SO%‘,]H
j=1

where we recall that the shape functions go%m , go%yyrz, ¢ ; belong to P¥(F). By stability of the L2-orthogonal
projector %2 in the L% (F)-norm (cf., e.g., [24, Lemma 3.2 with N = 1]), we infer the desired estimate. [J

The case d = 2. If d =2, the conforming local virtual space on T is defined as
VE(T) = {v e H\(T) | v e PYHT), vor € PY(Fr)}, (21)

where P]f’c(]-'Tl := P¥(Fr)(C°(@T). One can show (cf., e.g., [10, Remark 2.3]) that functions in VF(T)
belong to C°(T). Besides, P5(T) c V#(T). The following result is standard.

Proposition 4.4. The triple (T, VF(T), EQT), where VF(T) is given by (21) and the collection E;T splits

mto
ko . , FeFr ko | k—1,i
Yo = {vrhvevr U {WF (. \F)}je{L...,N’f—?} and Xy 7= {7 z}z‘e{l,‘..,Ng’_l}’
s a finite element in the sense of Cliarlet.
Letting n’g_’T := dim(V§(T)), for any

. 2, FeF Ji k
Y= ((VTV)VEVT’ (VT F)Jee{lT NE-2p) (V%l)ie{17,,_,N§*1}) e R,

0 — ((vO J \FeFr nsr 0. — ((vO 0, nk
we have vg = ((v )VGVT’(VT F)]e{l Nk 2}) € R™7T, vip = ((vF )uevpa(VT,F)je{l,.,.,N’f*Q}) € R".r for
NE-1 . k,0
any F € Fr, and we let vy := .2 vy e P5Y(T). Defining 7%, : R"27 — PY(Fr) so that, for
k.0 =] . oL .
any y% € R"21, T]f,aTXOﬂF = r’f’FyT’F for all F e Fr, we are now in position to introduce the operator

o Ru2T V#(T) such that, for any v € R"ng, rlg’TyT € V#(T') solves the well-posed problem

o Yw e VIF(T),

1
5(/

f V’I“IQC’TKT-VU) = —J v Aw + <Vw‘aT nr,ry aTVT>
T T

k _ o
j ToTN¥T —J V.
T T

Proposition 4.5. The operator r§7T defined by (22) coincides with the (canonical) reconstruction operator
(25,7)7"

(22)

11



Proof. Let RT3 Vp o= Zg’T(v) for some v € VF(T). Plugging v into (22), we infer by integration by
parts

f Vrlg’TgT-Vw = —J 7TT Lo Aw + <Vw|aT ’I’LT,T]f aT(E’;%( ))> = J Vu-Vw Yw € VZk(T),
T T T

—1or

where we have used that Aw € P§~'(T) and that, for all F € Fr, rf aT(EkO (U))lF = r’fF(Zg;F( )) =
t 2(Z5 p(vr)) = v (cf. Proposition 4.2). Since 7% ;v = §, 75 "0 = {0, we finally infer that
T§,T!T = r’iT (Z;T(U)) = v. This is true for any v € VJF(T'), hence r’ch = (227T) L O

Let us introduce the operator Zf o : C%(0T) — P¢(Fr) so that, for any v € CO(T), I} Y orVF =
I{“) r(vp) for all Fe Fr. It is clear that the collection E2,T of linear forms on VJf(T) can be extended to a

collection EI;’T of linear forms on
HY(T) :={ve H(T) | vjor € C°(oT)}.

<k
We can hence define the interpolation operator Z§ . : HY¢(T) — VJ(T) such that I§7T = r’iT o Xy -

Besides, we remark that, for all v € HY¢(T), T’f,aT (2’5?@)) = I{C,aT(’U\aT) We have the following stability
result for IS,T‘

Lemma 4.6 (Stability of Z5 ;). For all v e H*(T), there holds

d |I§,TU‘1}T < lyp + hrlvly 7

° HI;TUHO T~ HU“o 7+ hrlvl; Tt hilvly T
Proof. First, remark that if v € H*(T), v e C°(T) and hence v € H"(T); consequently, Z} ;v has a sense.
Let us test (22) with v := ZST(v) There holds

J VI§ 0 Vw = —J v Aw + (Vwarnr, I sr(vor)) s o Ywe VS(T),
T T 209

where we have used that Aw € P5™(T) and that rf ;. (E};i (v)) = Z} 57 (vjor). We equivalently rewrite the
equality above as

f VI;TU'VU/ = —J (v— w%v) Aw + <Vw‘gT~nT,IfaT(v‘aT - 7r£}v)>7l o7 Yw € VQk(T)
T T 2
and, by Cauchy-Schwarz inequality we infer, for any w e VJ(T),

_1
’ L vz;ﬁTv.w’ < o= mloly gl + (b T or (o = 7)oy

Vw nr,z)_ 1
< |eT b 0T s

1
+h%|1faT(U|aT 7rTU| ) sup
V) e @or) hy Pzl o + i 2 oy

To estimate Ty, we apply (7) to w € VF(T), and the Poincaré inequality (6) to (v — 73v). We get
T < |v\17T\w|17T.
To estimate the second factor in T, we make use of the estimate (9). This yields, using again (7),

<Vw|aT “MT,Z)_1 o

sup ~ |w|1,T'
2€H'(3T) hp. HzHO or T h 2l T

To estimate the first factor in T, we first use an inverse inequality (cf., e.g., [34, Lemma 1.138]) for
I} p(vp — 79v) € PY(F) on the 1-simplex F for all F' € Fr, to infer

_1 1
h’T2 HI{{;,@T(UWT 7TT,U HO oT + h%“’z‘—fﬁT(v‘aT 7TT’U ‘1 oT

S hT2 ”IL@T (U\aT - W%v) Ho,aT S HI{CﬁT ('U|8T - W%v) Hoo,aT'

12



Then, applying Lemma 4.3, and since v € C°(T), there holds
_1 1
h‘T2 HI{C,[?T(’UWT - ﬂ-%v)”O,()T + h%|I{€,6T(U‘(7T - F%U)}I,GT S H’U‘GT - ﬂ-'(l)“v”OO)aT g HU - W%UHOO,T7
which, by application of the Sobolev’s inequality (8), and of the Poincaré inequality (6), yields
—3 |7k 0 3|7k 0
hep? HIL@T(U\@T - WTU)HO,aT + h12“|11,aT(U|6T - WTU)’L(;T < |U|1,T + hT|U|2,T~

Finally, we get
T2 < (|U‘1,T + hT|U‘2,T)‘w|1,T'

In conclusion, there holds, for any w e VF(T),

[ vzé,Tv-Vw\ < ((olyp + herloly gl -

Taking w = IQTU € V(T provides the expected estimate in the H'(T)-seminorm. To obtain the estimate
in the L?(T)-norm, it suffices to remark that . Z% ;v = § . 7k~ v = §,v. Hence, by the triangle inequality
and the Poincaré inequality (6), we infer

”IQTU“QT < [vllo,r + Jv— I§7TUH()7T S [vllo,r + hT(|U|1,T + |I§7TU|1,T)'

The conclusion then follows from the estimate in the H'(T')-seminorm. O

Remark 4.7. We note that the only moment in the proof of Lemma 4.6 (the same observation applies
to the case d = 3; see Lemma 4.11) where the assumption that T is star-shaped with respect to a ball is
needed is when it comes to use (9). Hidden behind this is the result (61) that states the existence of a lifting
operator with optimal scaling for functions in H*(0T). Besides, it is worth noticing that, in the proofs of
Lemmas 4.6 and 4.11, the liftings actually need only be constructed, respectively, for functions in Plf’c(}'T)

and VJ"°(Fr) (both strict subspaces of HY(3T)). One could hence use, instead of (61) and (9), the results
of [10, Eq. (2.48) and Lemma 5.3].

In view of the case d = 3, we state a sharper stability estimate for the interpolation operator.
Lemma 4.8 (Sharper stability estimate for I;T). For all ve HY*(T), there holds
k k 3
”IZ,TUHO,T + hT’IZTU‘LT < HUHO,T + hT|v|1,T + hT/2|v|%7T.
Proof. The proof exactly follows the one of Lemma 4.6, with a slight variation when it comes to apply the

Sobolev’s inequality (8). We make use of the following sharper estimate (cf., e.g., [12, Eq. (2.4)]): for all
ze H7(T),

— 1
Il < B 2o + |2l + R 1213 o

We thus obtain y
T < (|v|17T + hT2|v\%,T)|w

1,7

which finally yields the desired estimate. O

The case d = 3. If d =3, the conforming local virtual space on T is defined as
VH(T) = {ve HY(T) | Ave PyTHT), vr € VI (Fr)}, (23)

where V(Fr) := VF(Fr) N C°(0T) with broken space
Vi (Fr) := {ve L*(2T) | v € VF (F)VF € Fr},

where V¥ (F) is given by (21) with T « F. Since VF(F) < C°(F) for all F € Fr, one has VF(T) ¢ HV<(T).
Besides, P5(T) = V§(T). The following result is standard.

Proposition 4.9. The triple (T, VF¥(T), Z§,T)7 where VF(T) is given by (23) and the collection EQT splits
mnto
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k,0 . _ e& k—1,j FeF
o Xy = {L%}VEVTU{WE Q’m('le)};E{Tl N 2}U{7r ’( }]E{LTMN’@%} and

k,o k—1,1
° 23, - {ﬂ— }16{1,...,N§71}’
s a finite element in the sense of Ciarlet.

Letting ng’T := dim(VF(T)), for any

. . k
Vp = ((V?V)VEVT’( %?)EGST .’Nrf—2}a(v%,]F)F€fT Nl;—l}v(Vgﬂl)ie{l,.,.,N’g*l}) eR"T,

me{l,. Je{l,...,
e = (8 s TR CRRTT g <R
Vi e = (V7 )veve, (V?p’yzl)f:j{i__m,z}, (vfp’ff)je{l,ngfl}) e R".r for any F € Fr,
and we let v := Zi\ﬂ;;l vT e P5=Y(T). Defining 7§ or i R" AN V.l ¢(Fr) so that, for any vie R™:. T

TIZC,@TX%|F r§ FVT p for all F € Fr, we can now introduce the operator 7’3 7t (R V¥ (T) such that,

for any v € R”&T, 7"’3“7T3T € VF(T) solves the well-posed problem

f VrlgiTgT-Vw = —J v Aw + <Vw‘aT-'nT, TS,GTK(%>_% o7 Yw € ng(T),
T T '

k _ o
j TsT¥T —j V.
T T

Proposition 4.10. The operator r’?f’T defined by (24) coincides with the (canonical) reconstruction operator
(Z5r) "

Proof. Let R™5.7 5 Vo= EQT(U) for some v € V¥(T). Plugging v, into (24), we infer by integration by
parts

(24)

f VT';TXT'V'U) = —J 7TT Ly Aw + <Vw|aT nT7r§ aT(E’;%( ))> = J Vu-Vw VYw € V3k(T),
T T T

—1or

where we have used that Aw € PE™1(T) and that, for all F € Fr, r§ aT(Eg’;( ))IF = réF(EggF( )) =
r5 (25 p(vr)) = vr (cf. Proposition 4.5). Since §,. S vy = §pm v = §v, we finally infer that
r§ vy =15, (EQT(U)) = v. This is valid for any v € V5*(T), hence r§ ;. = (Z’?f’T)_l. O

Let us introduce the operator Zj o : C°(0T) — Vy¢(Fr) so that, for any v € C(0T), T 5 oTVIF =
1% p(vjp) for all F € Fr. The collection X% /. of linear forms on Vi (T') can clearly be extended to a collection

i;T of linear forms on HY¢(T). Thus, we can define the interpolation operator IgT : HY(T) — VF(T)

such that Z% . := r§ oig,T. We remark that, for all v e H““(T), 1§ o, (2’;;(1))) = I} sr(vjor). We have
the following stability result for I§7T.

Lemma 4.11 (Stability of I:’fj). For all ve H?(T), there holds
° ’IgTU‘l T~ |'U|1 T + hT|v|2 T
* HI:]%C,TU”O o = olor + hrlvly ¢ + B3 o)y

Proof. First, remark that if v € H?(T), v e C%(T) also in that case and hence v € H¢(T); consequently,
I‘if}Tv has a sense. Let us test (24) with v, := EgT(v) There holds

f VI;TU-VU} = —f v Aw + <Vw|aT-nT7I§79T(v|0T)>7% o7 Yw e ng(T).
T T ’
We equivalently rewrite the equality above as

f VI;TUVUJ = —J- (v — W%U) Aw + <Vw|aT~nT,I§,aT(v‘aT — 7r%v)>_l or Yw € V3k(T),
T T 2
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and, by Cauchy-Schwarz inequality, we infer, for any w € V& (T),

_1
’ L vngv.Vw’ < o= wloly gl + (bt T or (vor = 7)oy

. <Vw‘3;p nT,Z)_1 a7
+h2|T5 s (vjor — mv )l FT) Sup TR
2eHL(2T) h, HZHo,aT + hT |2]167

The term ¥; and the second factor in Ty can be handled as in the proof of Lemma 4.6. To estimate the
first factor in ¥5, we remark that for all F' € Frp, (v|F — w%v) € H?(F). We can hence apply Lemma 4.8
with T' < F to infer

71/2HZ§F (vp — T Ho Pt hzz|I§7F(v‘F — 71'%11)|17F

S hI_TI/ZHUIF - 7T?FU”Q,F + h;é2’v|F‘1,F T hF|U\F|g,F

By (a sharper version of) the continuous trace inequality (4), and the Poincaré inequality (6), we obtain,
summing over F' € Fr,

_1 1
hy? HI§>0T(U\8T T Ho or T hT/2|I§,aT(U\6T - W%U)‘MT < |U|1,T + hT|U|2,T-

Hence, there holds, for any w € V¥(T),

JT VI§,Tv~Vw‘ < (|U|1,T + hT|U|2,T)|w‘1,T'

Taking w = Z¥ ;v € V{(T)) provides the expected estimate in the H*(T")-seminorm. To obtain the estimate
in the L?(T)-norm, we follow the same reasoning as in the proof of Lemma 4.6. O

Remark 4.12. In view of Lemmas 4.6 and 4.11, the stability result on IC’liT in [26, Eq. (35)], that is taken
as an assumption for the subsequent analysis, seems a bit optimistic.
4.1.2 Nonconforming case
The nonconforming local virtual space on T' € T;, in dimension d is defined as

Vi(T) :={ve HY(T) | Ave PEN(T), Vojornr € PA=1(Fr)}. (25)
As opposed to the conforming case, the construction of the nonconforming local virtual space does not
depend on the ambient dimension. We have PX(T) < V¥(T'). The following result is standard.

Proposition 4.13. The triple (T, V,}(T), Z’j,T), where V.F(T) is given by (25) and the collection ZIC}"T splits
mto

_ {Wk 1] }Fe]-'T - and 25% o {7Tk 11}

Je{1,...,Nd71} ie{1,...,NA" TP

is a finite element in the sense of Ciarlet.

Letting nS)T := dim(V,}(T)), for any

. 0.j \FeF: p K
Vp = ((V;ij)jee{lf..,NZ:} 7(V%Z)ie{1)...,Nsil}) € Rnd,T7

k—1 N Nk-1 .
we let v§ i= Y0 vkt e PEY(T) and v4 e PATL(Fr) so that Vi = XA Vet € PATH(F)
for all F' € Fr. We can now introduce the operator r’j’T . RMAT VF(T) such that, for any v, € R"]LCLT,
rfj’TyT € VF(T) solves the well-posed problem

J Virk vy Vuw = —J v Aw + J v Vwor-nr Yw e VI(T),
T i T oT
k _ o
J Tq,T¥T = f V.
T T
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Proposition 4.14. The operator rs’T defined by (26) coincides with the (canonical) reconstruction operator
(Zhr)~t

Proof. Let RT3 Vo o= 2572«(1}) for some v € VF(T). Plugging v, into (26), we infer by integration by
parts

J VT§7TyT'Vw = ff ﬂ'éi_lv Aw + J ﬂé}l(v‘aT)Vw‘ngT = J Vu-Vw Ywe VT,
T T or T

where we have used that Aw € PY~1(T) and that, for all F € Fr, Vwpnrre P*=1(F). Since §r r’j,TyT =
ST my v = §, v, we finally deduce that 7§ v, = rk k(2% 7(v)) = v. This is valid for any v € Vf(T), hence
rd 7= (Z )L O

The collection ZQ,T of linear forms on V,F(T') can be patently extended to a collection ES’T of linear
forms on H'(T'). Thus, we can define the interpolation operator Zj ;. : H'(T) — V(T') such that Zj ;. :=

rs,T o E;T. We have the following stability result for I(’;T.

Lemma 4.15 (Stability of I§7T). For all ve HY(T), there holds

I!ZTUL - < Jvlyps

Ig’TUHo,T < |vlor + hrlvly p-

Proof. We test (26) with v, := EZT(U), for some v € H*(T). By integration by parts, there holds

f VI vV = J Vo-Vw  for all we VJ(T). (27)
T T

Testing with w = IkTU € VF(T), we immediately obtain the estimate in the H'(T)-seminorm. Then, since
§r I(’j’Tv §, ™ v = (v, by the triangle and Poincaré¢ (6) inequalities, there holds

”Ig,TvHO,T S - Is,T”Ho,T < Jvlor + hT(MLT + ‘IiTU‘LT)ﬂ

which enables to conclude. O

Remark 4.16. In the proof of Lemma 4.15, and as opposed to the proofs of Lemmas 4.6 and 4.11, no
estimate on a dual norm of the boundary flux is needed for virtual functions. As a consequence, there is
no need to construct a lifting (with optimal scaling) for traces of virtual functions, and T € Ty, needs not be
assumed star-shaped to lead the analysis. The difference is related to the fact that, in the nonconforming
case, the canonical interpolation operator IZZT is the elliptic projector on the virtual space V,F(T) (see (27)).
In the nonconforming case, one can actually control the L?(0T)-norm of the boundary fluz by the H(T)-
seminorm of the virtual function (cf. [19, Lemma 4.4 (take A. =14)]).

4.2 Local polynomial projector

In this section, we prove H*-approximation properties for the local polynomial projector on which the local
discrete bilinear form of the ¢/nc-VE/HHO methods hinges. Henceforth, in the conforming case (and in the
conforming case only), we assume that any cell T € T}, is star-shaped with respect to a ball whose radius is
comparable to hr.

Let s be an integer such that s = 2 in the conforming case and s = 1 in the nonconforming case. We
let W¥(T) := H“*(T) in the conforming case and W#(T) := H(T) in the nonconforming case. In view
of Lemmas 4.6, 4.11, and 4.15, the interpolation operator I§7T : WH(T) — VJ(T) satisfies the following
stability estimates:

S

Voe HXT),  |Ziyol, , < 2 B ol | Zhrvlyr < D) B0, 0 (28)
a=0

2 g k 0 k E G0 ok o0 ke : .
For any v € R"47, we define t3;v% € Py (Fr) so that t3;v4 := 17 ;7v3 € P7°(Fr) in the conforming

case with d = 2, th,v9. := b (7"75 orvy) € P5~!(Fr) in the conforming case with d = 3, and t&,;v§ := v§ e
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Pk 1(.7-"71) in the nonconforming case. We introduce the operator pd . R — PE(T) such that, for any

vpeR" dvT, pd,TyT € PX(T) solves the well-posed problem

J VpZ’TyTVw = —J- v Aw + f t«TVT Vwop-nr Yw € P’j(T)7
T T

.
k o

J Pary¥r = J vV,

T T

- (29)
and the associated operator Pﬁ)T : Wk(T) — P(T) such that Pfj,T = pg,T OE’;,T' Doing so, we mimick the

standard formalism of HHO methods, where the polynomial operator p’iT is meant to define the principal

part of the local discrete bilinear form. Since PX%(T) < VF(T), by comparing (29) to (22), (24), and (26),
we easily infer using the definition (10) that pf , = I}, o7} ;., and P} . = 11}, o Zf; .. Hence, the polynomial
operator P;T is a projector, that satisfies:

o Pirv =150 for all ve Vi(T) (and, in particular, P§ v = v for all v € P5(T));
e in the nonconforming case, owing to (27), P(’i“’T = IIk.

Combining the stability result for II5 of Proposition 2.4 with (28) directly yields stability for the local
polynomial projector P(’ZT:

Voe HXT),  |Pigolyp S D) hflolar (30)
a=0

We can then prove H*-approximation properties for Pg,T.

Theorem 4.17 (H*-approximation properties for ’P;T). Let ve H*(T), for se{s,...,k+ 1}. Then, the
following holds:
’v—’P(’ZTv!mT < h;‘m\v\s’T forme{0,...,s}, (31)

and, for any F € Fr, and any ((1, .. .,Ca) € N? such that Z?zl G =m,

s—m—1/2
‘F)O’F ShT Pl forme {0, s— 1}, (32)

[051..0% (v = Pho)]

Proof. In the nonconforming case, there is nothing to prove. Since Pd = = M1, the result follows from (11)
and (12) of Proposition 2.4. For the conforming case, we follow the ideas of [11, Chapter 4]. We proceed
by density of C®(T) in H*(T). Since in that case T is star-shaped with respect to every point of a ball of
radius vhr, v e C*(T) admits the following Sobolev representation:

v = Qv+ Ryv,

where Qv € szl(T) c Ps(T) is the averaged Taylor polynomial, and the remainder Rj.v satisfies, for
r € {0,..., s}, the Bramble-Hilbert lemma (cf., e.g., [11, Lemma 4.3.8]):

|B7ol, < hy "ol o (33)

One can easily see that, since Qv € P5(T) and P} v = v for all v € PE(T), there holds v — Pf v =
R — Pj (R5wv). Thus,

v — P&“’Tv}m’T < Ry, o + \PQT(RSTv)]m’T.

Applying m times the inverse inequality (3) to PgﬁT(RSTv) € PX(T), and then the stability result (30) for
PQT in the L?(T)-norm, we infer

S
|v — P;T”’m,T < |R§“U|m7T + h;mHPZj’T(RﬁTU)HQT < \RSTv|m,T + Z h;m+a|R%U‘a7T~
a=0

Applying the Bramble-Hilbert lemma (33) for r = m and r = « € {0,..., s}, we finally obtain (31). For

F € Fr now, the continuous trace inequality (4) yields

][agll (v — pg,Tv)]w\o 5 b = Phavl, g+ b o =Phov]

The conclusion then follows from (31) (remark that, for me {0,...,s =1}, m+ 1€ {1,...,s}). O
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Note that, in the conforming case, general H?®-approximation properties for IffT cannot be obtained eas-
ily, because of the fact that one needs H*-inverse inequalities on the local virtual space (as opposed to
polynomials, derivatives of virtual functions may not be virtual functions).

Remark 4.18. For any v e W§(T), there holds
P§7TU — I;Tv = I§,T (P§7Tv — v). (34)
Remark 4.19. The definition (29) of the operator pz 7 15 entirely based on some polynomial-valued linear

combinations of the DoFs, that are v$. € PX™Y(T) and thVT € Pg (Fr). In the conforming case with

-2
d =2, t5.v9. only depends on (vT €R) and ( T 1 qp Pk*Q(F))F - through (20). In the
€

VGVT

conforming case with d = 3, t5,v5. is such that tSTy%F = ZN wk Ve PE=Y(F) for any F € Fr. In

the monconforming case, t,vg = v € PZ:%(}'T).

4.3 Discrete problem

Let us define, for any 7" € T, the following seminorm on R™4.7: for all Vo € R”Z’T,

2
2 —1 . . . .
o |vplp = ; Z(V%\('}T _thX%)Ho . the conforming case with d = 2, and in the

nonconforming case,

2
o k a,0 : :
Vror ~ 1,0 YT P in the conforming

+
ZFE]‘-T 0,0F

2
2 2 —1 P
o lurly = IVVEIG o + B (Bor — thed) |
case with d = 3.
Letting |yh|,2L =D reT \yT|2T for any v,, € R™i.» | one can easily see that ||, defines a norm on V%,  (defined

n (17)).

2 \ /2
Remark 4.20. In view of Lemma 3.2 and Remark 3.3, the quantity <ZT€7—h HVT";’T!THO T> , which can

be equivalently written |V pup[, o for vs € VE(Th) such that Up|T = royT for all T € Ty, defines a norm

on VE . . Furthermore, there holds (we omit the proof for brevity), for any v eR”EFh,
d,h,0 p Y YVp

1z
(2 |ws:TvT§,T) < loah

TeTh

Let us write down the discrete problem. We consider Problem (18), where the local linear form is given
by

Ir(vy) == L firve,

and the (symmetric) local bilinear form, based on the local polynomial projector studied in Section 4.2, by

ar(wp, vp) = J VPS,TWT'VPQ,TKT +s7(Wp, vr),
T

with stabilization (letting [ = k in the conforming case with d = 2, and | = k—1 in the other cases)

o sp(wp,vy) = $op hipmhy (5§,TWT|5T — thwd)mh, (5§,T¥T\6T — t5,v%) in the conforming case with
d = 2, and in the nonconforming case,
: 11 (sk k0L (sk k 0
o st(Wp,vy) 1= Sop hormhy (05 7o — torw) Thr (85 r¥pior — tEryT)
+ XFery SaF (5§’TET|9F — T’f,aFﬂ(;’fF) (5§,T¥T\3F — r’fyaFy?pﬁw) in the conforming case with d = 3,
where 65 ;v = ph pvr + mht (rh pyr — Pl pyr) € PE(T). Other choices of stabilization are possible (cf.,
e.g., [8]). Here, we build upon the standard HHO choice of stabilization (see [29, 30]).
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Remark 4.21 (Equivalent functional viewpoint). Letting w,v € V¥(T) such that w := Tfj’TﬂT and v =

ré‘i)TyT, and since Pg)Tz = Ikz for all z € VF(T), one can equivalently consider Problem (15), with local
(bi)linear forms

J f|T7TT v, ar(w,v) = J Viliw VI + sp(w,v),
T
with stabilization
st(w,v) = LT hg%WéT ([AZ,T“) - w]|aT)7TéT([A§,TU - v]laT)

in the conforming case with d = 2 and in the nonconforming case, and stabilization supplemented with the

term
Z LF (Af w - w)\&F (Af v - ”)|aF
FEJ:T

in the conforming case with d = 3, where Ag v = kv + 7r§ ! (v — H’%v).
We prove well-posedness for Problem (18).
Lemma 4.22 (Local coercivity and boundedness). For all T € Ty, and all vy € R”§>T, the following holds:
2 2
|¥T|T Sar(Vy,vr) S |¥T|T-

Proof. Let us show local coercivity. Testing (29) with w = v$ € PX~1(T) < P%(T), we infer

o o k o k 0 o
_J vpAvy = J VparyrVvy — f torvy Vg apnr.
T T oT

Integrating by parts the left-hand side, there holds
2 k l
HVV%HO,T = JT Vv Vvy + fT Tor (V%|6T toTVT)VV%wT'nT»
a

which yields, by Cauchy—Schwarz inequality, and the discrete trace inequality (5),
HVVTHO TS HVPd TVTHO rt HhaT 7raT (VT|aT tSTX%) HoAaT' (35)

Now, adding/subtracting 75, (5§’TXT‘6T)7 using the fact that 75 (r§7TyT) = v$, and by stability of 7, in
the L?(F)-norm for all F € Fr, we infer

o -1 _
HhaT 7TaT (VT|aT taTVT)” Hh /2 pd,T!T _7%12 1(p§,TXT>)|aTH08T

k0
+ ”h(’T mor (64, TYT|oT — taTKT)HO .

By the discrete trace inequality (5), and an application of (11) with s = 1 and m = 0, we infer

(36)

S HVPZ,TYTHO,T + Hh5T1/27ﬂlaT (5§,TXT\5T - thXE}r) ’ 007

,O

,1/2 l k P
HhaT Tor (VOT|aT — t37v7) Ho o7
With | = k in the conforming case with d = 2, and | = k—1 in the nonconforming case, we infer local
coercivity in those two cases as a direct consequence of (35) and (36). In the conforming case with d = 3,
one has to estimate two terms in the stabilization part of the seminorm. The first one is handled as above with

I = k—1. It then remains to estimate the term HVOTIr?F —rk aFf;laF‘ - for all F € Fr. Adding/subtracting
’ = 110,0

Sk TV7|or, and since Tk (r¥ ;vy) = v5, we have for any F € Fr,

o k 0,0 H H k k—1/ k k k 0,0
v T v < ||(p3 v T P37V + 03 pv T v .
” T|o0F 1,0F¥T F 0.0F ( 3,7YT 7 ( 3,1 T))‘ap 0.0F 3,7YT|oF 1,0F¥T F 0.0F

Since (p4 vy — w?‘l(plgyTyT)) € P5(F), we can apply a first time the discrete trace inequality (5) (with
T — F) to obtain

_ —1 _
H(pl?f,TKT - 7T:]7“ 1<p§,T¥T))‘aFH ” < hp ’ (pé,TXT - 7T:kr 1(p§,TYT))‘FH

0,0 0,F
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and a second time (as it is) to obtain

H (05, 7y — 75 (D5 1v7)) ‘gFH ht o5 ryr — Wg;_l(pg,TXT)HO,T'

0,0F
An application of (11) with s = 1 and m = 0 finally yields

2,0

o k 2,0
Vrior — T1,0F¥T.F

< HVPI:'f,TXTHOj + H‘sg,TXTk?F - 7”If,aFXT,F

Ho,aF Ho,aF’

which concludes the proof of local coercivity in the conforming case with d = 3. We omit the proof of local
boundedness, which relies on the same kind of arguments. O

Well-posedness follows as an immediate consequence of Lemma 4.22, and of the fact that |-|, defines a norm
on Vfl hO-

Corollary 4.23 (Well-posedness). For all v, € R”sﬁ, there holds

2
Valn S an(¥p, vi)-
As a consequence, Problem (18) is well-posed.

Before proceeding with the convergence analysis, let us investigate the approximation capacity of the
stabilization.

Lemma 4.24 (Approximation properties of the stabilization). Let v e H*(T), for s€ {s,...,k+1}. Then,
letting vy = EZT(’U), the following holds:

ST(XTaKT)1/2 S hST_1|U|s,T~ (37)

Proof. In the conforming case with d = 3 and in the nonconforming case, we have to estimate the quantity

—Y2_k—1(csk ) oLtk wd) = whnt k—1( k -
HhaT Tar (5d)TvT‘aT — thv9) . In both cases, we have " (t5,v5) = 757 (vjor), and 77 (rdij) =

- (I;Tv) = 7k~ 0. Hence, by stablhty of 75-1 there holds

1o ! har* (Plro -

k
or Tor (04 7¥rior — t“TVT)H

) |<9TH0,6T

X ‘

0,0T

k—1 k
+HhaT T (_Pd’TU)\aTHoaT'

To estimate the first term in the right-hand side, we directly apply the result (32) for m = 0. To estimate the
second term, we successively use the discrete trace inequality (5), the stability of 71'];1_1 in the L?(T)-norm,
and the result (31) for m = 0. The conclusion easily follows. In the conforming case with d = 2, we have to
estimate the quantity

—1/2 —1/2

k k d
oT (52,TXT\0T - 7”1,0T¥T) H

k k o
7TaT (52,TXT|5T - Tl,aTXT) H

0,0T ‘ 0,07

Since r’fﬁTygﬂ = rlg,T!T\aTv and 7k~ (rlgyTyT) = k! (I§7Tv) = k=1, there holds

—1/2 k
HhaT 7TaT 52 TYT|0T — 7’1 aTVT H H 792 TV — IQ,TU)|(;THO o7
Yo k—1 k
+ Hh T — Py .
or Tr ( 2,T )\6T 0.7

The second term in the right-hand side can be estimated as previously. The first one is handled recalling
the remark (34). We indeed have

Hh_l/Z Pg,TU _IS,T )

ot _Hh_1/2 27 (v Pf»T”)laTHo,aT'

Applying Lemma 4.3 (recall that Z5 ;. (v — 79§7Tv) = I} o ([v = P5 pvljor)), there holds

|oT
" (Pl = Ba0) oy = 10 = Phigolor o
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Since v € H%(T) < C°(T) in that case, one has
[0 = Perv)ior] or < v = Pozvly 1

By (8), combined to (31) with m = a € {0,...,2}, we finally infer

2

—1 _ —
hod* (Pav = Tia0) o) S 2 W57 o = Phv, o < B ol
’ a=0

We are left with estimating, in the conforming case with d = 3, ‘

8,0
5§,T¥T\0F - T]f,;;prf}Ho oy for all F € Frp.
,0

We follow the same path as previously, and end up having to estimate HI;’C’T (U — ’P;TU)

R . Since
|oF ‘O,GF

If];,T (“ - P§,TU)|(7F = IfaF([U - P§,TU]|0F)»
by Lemma 4.3, the fact that v e H?(T) < C°(T) also in that case, and (8), we infer
Vo [ B 1 1
T (0 = PErv) | < 0 (2 o= Phgv]y o+ b o = Phael, o+ o = Phpol, ).

The conclusion then follows from (31) with m € {0,...,2}. O

4.4 Convergence analysis
Let us begin this section with the following remark.

Remark 4.25 (Regularity of the solution to (1)). Since the boundary of the domain § is assumed to be
composed of a finite union of portions of affine hyperplanes, one can prove (see, e.g., [35, Theorem 4.4.3.7])
the following elliptic regularity result: there exists € € (0, /2] so that u € H%“(Q) and

luls o0 < 1 flo-
If Q is in addition convex, one can actually prove full elliptic regularity, in the sense that u € H*(Q) and
2.0 S [floq (38)

In any case, and since div(Vu) = Au = —f € L*(2), there holds: for all F € F,, [Vu]pnp = 0 almost
everywhere on F.

u

Let ||§h = ap(-,-). According to Corollary 4.23, ||, , defines a norm on V’;’h,o. For B := (B7)rcr, €
(2,...,k + 1}°2d7) " we define

HP(Ty,) := {vn € L*(Q) | vpyr € HP*(T) VT € Ty, } .

Theorem 4.26 (Energy-norm error estimate). Assume that the solution u € Hg () to Problem (1) further
belongs to HP(Ty,). Then, the following estimate holds:

1/2
2 —1
MS(ZhﬁTﬁﬁﬂ>, (39)

=k
‘Zd,h(u) -4,
TeTh

where R™d.h 3 Esh(u) = (ES,T(ulT))TeTh’ and u,, € Vg,h,o is the unique solution to Problem (18).

Proof. Since u e H3+(Q) (" H(Q) (cf. Remark 4.25), u € C°(Q) and ujpq = 0, hence igh(u) €Vl o and
so does the difference (Esh(u) —u;,). We can then write

<k
= max ap (Zdﬁ(u) — W, V). (40)

=k
Yo (u)—u
)fd,h( ) — 1y, e,h !hGVS,h,o’|2h|e‘h=1

Since u,, solves Problem (18), we have to estimate, for any v, € V§7h70 such that |vy|,, =1,

. <k o
Culvy) == Z Cr(vy), with Cr(vy):= aT(Ed,T(U\T)vlT) *J f|TVT-
TeTh T
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Using the strong form of Problem (1), and integrating by parts, we infer, for any T € Tp,
o o Sl
Cr(vr) = f VPl]f,T(U\T)‘VPS,TXT - f Vu-Vvp + j VT\aTV“\aT'”T +sr (Zd,T(ulT)aKT)'
T T oT

Using the definition (29), and since P} . (ur) € P5(T'), we then have

Cr(vr) = L V(Pc]f,T(U\T) - U)'VV% - LT WéT (VOT\aT - thK%)VPiT(U\T)wT'nT
o —k
+ LT Tor (VT\aT)V“\ET'nT + s (Ed,T(ulT)aYT)'

Summing over T € Ty, and invoking the continuity of the flux of the exact solution along interfaces (cf. Re-
mark 4.25), combined to the fact that v, € V&, , we infer

et = % ([ V(Phrtun) - ) vy

TeTh
o —k
+ LT Thy (VT|?;T - thK?F)V(“ - ,P(];,T(u\T))wT'nT + ST (Ed7T(uT)aVT))' (41)

Applying Cauchy—Schwarz inequality, and the approximation results (31)—(32) with s € {8r}rer, and m = 1,
we obtain

/2
Ch(vh) S ( > (A Pl 4 s (ES,T<u|T>,z’;,T<uT>))> (Ivaln + Wales ) -
TeTh

The conclusion then follows from Lemma 4.24 with s € {7} 7e7;,, Corollary 4.23, and the fact that |v,,[, , = 1
by assumption.

. =k .. .
Remark 4.27. In the nonconforming case, to prove that Edﬁ(u) belongs to V’;,h,o, it is sufficient to use

that uw € HE(QY). Furthermore, the first term in the right-hand side of (41) is identically zero. Indeed, in
that case, for allT € Ty, PQT =10} (recall that v§ € PX=1(T) < PX(T)). Such a property is not true in the
conforming case.

Corollary 4.28 (H!(T;,)-seminorm error estimate). Under the regularity assumption of Theorem /.26, the
following estimate holds:

/2
|9 (u = pl ) o (Z hi“T‘”w@T,T) : (42)
TeTh

where pg’h RMin s P(Th) is such that, for all T € Ty, pghyth = pfl’TyT.

Proof. For any T € Ty, by a simple triangle inequality, we infer

1% (= prnr) g < W (= Pl ()| + | Vi Sl () — )|

0,7
Squaring, summing over 1" € T, and using the definition of Heﬁ7 yields
_ 2
th (u —Ps,hﬂh) H(Q)Q <2 ( Z HV(“ - Pg,T(WT))H;T + ‘Eg,h(u) — 1y . h) . (43)
TeTh ’

The conclusion follows from the approximation result (31) with s € {fr}re7, and m = 1, and from the
energy-norm error estimate (39). O

The proof of Theorem 4.26-Corollary 4.28 is inspired from the one for HHO methods, but is here valid
whatever the conformity of the underlying global virtual space. It simplifies the classical analysis of VE
methods in broken H!-seminorm, by a direct splitting of the error (see (43)) into (i) an approximation error
(only depending on the properties of the local polynomial projector ’PC’iT, T € Tp), and (ii) the consistency
error of the scheme (see (40)).
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Remark 4.29. Letting up € de,h,O (respectively, Ifj’hu € de,h,o) such that upp = T§7TQT (respectively,
Ig,h“lT = I§7T(u‘T) = r’j’T (EZ,T(WT))) for all T € Ty, we have, by Remark 4.20 and Corollary 4.23,

th(zc]lc,h“ — un) HO,Q S ‘iﬁ,h(w -1y (44)

c,h'

Since, by the triangle inequality, and letting ’Pfih = HZ o 15,h7

HVh (u — uh) < th (u — Péihu) ot th (Péc’hu — Is:hu) Ho,Q + th (Iézhu — uh)

lo.c lo lo.0

we can prove, using (31) with s € {Br}rer, and m = 1 for the first term in the right-hand side, the
remark (34) combined to (28) and (31) for the second, and (44) combined to (39) for the third, that, under
the same regularity assumption as in Theorem 4.26, there holds

12
[V (w—un)yq < (Z hi‘ﬂT“u|zT,T> - (45)

TeTh

Obviously, the discrete solution wy, is not computable/computed in practice, only the polynomial projection
p}é‘hgh = Hﬁuh is. Hence, the estimate (45) only has a limited interest.

Let us now derive an estimate on the error between p’;) w1y, and u in the L?(2)-norm. In this weaker
norm, the analysis has to distinguish between the conforming and nonconforming cases. The reason for that
is because the orthogonality property of the local polynomial projector plays a crucial role in the analysis.
Yet, we propose a factorized analysis, that enables to show supercloseness of cell unknowns. For a different
proposition of analysis, we refer to [26, Theorem 22].

Theorem 4.30 (Potential-norm error estimate). Assume that the solution u € HI(Q) to Problem (1)
further belongs to HP(T;,) and that, when k = 1, one also has f € H'(Ty). Assume full elliptic reqularity
for Problem (1) (cf. Remark 4.25). Then, there holds

1/2
lu—unlyq < h ( STl +6m|f|iT)> : (46)
TeTh

Proof. We follow the standard Aubin—Nitsche argument. Setting g := (u — uy) € L*(Q), we let 2 € H}(Q)
be the unique solution in H!(Q) to —Az = g in Q, with 2 = 0 on dQ. By (full) elliptic regularity, z € H>(Q)
and, in view of (38), there holds

HZHQQ < Jlu— UhHo,Q' (47)

Writing
i~ unl g = f (4= un)g = — f (u— wp) A, (48)
Q Q

we distinguish between the conforming and nonconforming cases. In the conforming case, using the fact
that (u —up) € H}(Q), we infer by integration by parts:

-l = | V(- w)v
Q
Then, we add/subtract Pg’hz to z to obtain

fu— “hHg,Q = JQ V(u—up)Vi(z— Pclzhz) + JQ (VhH’,iu'VIghz — Vhl_[]fluh~V;173¢’Z,Lz)7

which, in turn, rewrites

=k
lu — UhHg,Q :L V(u—up)Va(z - Pg,hz) + (L VhHZU'VIéC,hZ — an (uhvzd,h(z))>

=k C C C
+ 3 sr(up, Zyr(zr) = T+ T5+ T35, (49)
TeTh
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In the nonconforming case now, we add/subtract 7y *(u — uz) to (u — up) in (48) and we use that
ﬁéﬁ (upyr) = ug for any T € T, to infer

= unlf o == [ (=) = = ) b5 - b | Eem—was o)

By integration by parts, and since [V 2] p-np = 0 almost everywhere on interfaces F' € F} (cf. Remark 4.25),
and u € H}(Q) (hence [u]r = 0 a.e. on all F € F},) as well as u;, € V§7h70, there holds

- 3 [ = as= 3 ([ 9tk i) 9
—f [(m5 (wyr) — ui)jor — (Thr ' (wor) — u%)]VZaT"nT) :
or

Adding/subtracting the term J vk T(Ed r(wr) —up)- VPk 7(27) to (50), using the definition (29),

TeTh
and letting

19 = — J.Q ((u —up) — W,’ffl(u — uh)) Nz,

as well as

5= 3 ([ O )~ 08) 9 - Pl )

- LT (5 (wyr) = u$)jor — (wh7 (wor) —ug) |V (2 = Pl (zr)) 5T'"T) :

we hence infer that

—k
Ju— w2 = TP + T ( Lwﬁ,hu-wﬁhz—ah<uh,2d,h<z>))

+ 2 ST 11/1'!7 Ed T(ZlT)) - Sl 1 + T + Snc + STLC (5].)
TeTh

We now have to estimate the different terms in the right-hand sides of (49), and of (51). To estimate

we apply successively Cauchy—Schwarz inequality, (45), and (31) with s = 2 and m = 1, combined to (47).
To estimate T79, we apply successively Cauchy—Schwarz inequality, (11) with s =1 and m = 0, (45), the
fact that HAzHO a < |2l and (47). In both cases, we obtain

1/2
c nc 1
1S (Z h (o= )| |5T, ) hHU_uhHo,Q- (52)

TeTh

To estimate T7%, we apply successively the Cauchy-Schwarz inequality, (31)—(32) with s = 2 and m = 1,
and Corollary 4.23. We get

12 S ‘Edh )—uh‘ hlz |2Qa
which in turn, by (39) and (47), gives

1/2
2
123 (Z hr Pl T) hllu = unlo o- (53)

TeTh

To estimate T§ and T5¢, we use the fact that

M srlurn Zar(ze) = Y se(Earlur),Sar(ar) = Y se(Ehr(ur) —up, Sy r(zr),
TeTh TeTh TeTh
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to infer, using successively the Cauchy-Schwarz inequality, (37) with s € {87}reT, for v, (39), (37) with
s = 2 for 27, and (47),

1/2

n 2 —1 2

5 T3¢ S (Z BT >|u|w> Bl = unlo g (54)
TeTh

We are left with estimating T§ and %3¢. Since u; € V’;)h)o solves Problem (18), adding/subtracting
f Vu~VI§,hz = f fIg,hz in the conforming case (remark that Ifihz € H}(Q) in that case), and J Vu-Vz =
Q Q Q

f z in the nonconforming case, there holds

Q
— [ Oa(itiu— 0wzl - P + J fir (@hoter) — 75 (1)) (55)
Q TeTh
and (recall that P} ;. = [T} in the nonconforming case)
TH¢ = J Vi ( Hhufu) Vh(szhz J fir (2 77‘(’% (z‘T)) (56)
TeTh

The first term in the right-hand side of (55) is estimated by means of (i) Cauchy—Schwarz inequality, (ii) (11)
with s € {87 }re7;, and m = 1, (iii) the remark (34) combined to (28) and to (31) with s = 2 and m € {1, 2},
and (iv) (47). The first term in the right-hand side of (56) is estimated using (i) the Cauchy—Schwarz
inequality, (ii) (11) with m = 1, and (iii) (47). It remains to estimate the second term in the right-hand
side of (55) (simpler arguments apply to (56)). When k& = 1, there holds

J fir Id T(Z|T) - WT(Z\T)) = Z f (f\T - W%(fIT))Ié,T (Z\T - 7T%(Z|T))-

TeTh TeTh T

Then, by Cauchy—Schwarz inequality, (28), and (11), we infer

1/2
J Jir IdT(Z\T) Z\T < (Z hT|f|1 T) h(|Z|1,Q+h|Z\2,Q)- (57)
TeTs

TeTh
When k£ > 2 now, there holds
3 | s @) =i ) = 3 | (fir = = 0) Thir o = i ).
TeTh TeTs, T

By the same kind of arguments as in the case k = 1, we infer

1/2
5 [ e @) - b ) < ( 5 h§<ﬁTl>|u|zT,T> ok ()
TeTy TeTh
Collecting (55), (57)—(58), and using (47), we obtain
1/2
c qnc 2 -1
5T < ( SRR (luly, o+ 51kf|iT)> hllu = unllo o- (59)
TeTh

Collecting (49), (51), (52), (53), (59), and (54), we conclude the proof. O

Corollary 4.31 (L?(Q)-norm error estimate). Under the assumptions of Theorem 4.30, the following esti-
mate holds:

1o
Hu *ps,hghuoﬂ <h ( Z hi(ﬁT_l) (\U%T,T + 51k|fiT)> . (60)

Te Th
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Proof. By the triangle inequality, and since pfl’ Ry, = Hﬁuh , we infer
v = Pl o < Ju = Thuly g + [T (u = un) [ -
By the stability property of IT% for any T € T;, (cf. Proposition 2.4), there holds
”U - ps,hgh,”oﬂ < HU - H£u|}07ﬂ + u— UhHo,Q + R Vi(u— Uh)Ho,sr

The conclusion then follows from (11) with s € {8r}rer;, and m = 0, (46), and (45). O

Remark 4.32 (Supercloseness of cell unknowns). Noticing that wh! ([u—unlir) = ﬂ:]ffl(u‘T) —uy. for any

T € Th, there holds, by stability of 7571 in the L*(T)-norm, by (46), and under the same assumptions as in
Theorem 4.30,

1/2
TR ) ( SRRl + muiT)) :
TeTh

where uj € Pg_l('ﬂ) is such that u‘fllT i=ug for all T € T;,. Hence, the cell unknowns are superclose to the
projections of degree k—1 of u.

4.5 General workflow

As for any Galerkin method, the general workflow for solving Problem (18) with the ¢/nc-VE/HHO methods
splits into (i) an offline stage, that is independent of the source term and of the boundary conditions, and
which aims at performing the assembly of the general problem matrix, and (ii) an online stage, that consists,
for given source term and boundary conditions, in solving the resulting global system. A change in the data
only affects the online stage (cf. Remark 4.33). The precomputations that are performed in the offline stage
are all local; hence, this stage can naturally benefit from parallel architectures.

Let us describe, in details, these two stages for Problem (18), beginning with the offline stage.

1. In the conforming case with d = 2 (respectively, d = 3), one first computes the operator rf r defined
by (20) for all F € F, (respectively, r{ , for all e € £,). This requires to solve a SPD system of size N}

(cf. Remark 2.6), with le—z + 2 right-hand sides. In both the conforming and nonconforming cases
now, locally to any T € 7T, one computes the operator pfj’T defined by (29). Its computation requires

to solve a SPD system of size N% (cf. also Remark 2.6), for a number of right-hand sides that is (i)
NA=Y 4 card(Fr) x N¥72 4 card(Vr) in the conforming case with d = 2, (ii) N§~! + card(Fr) x NE~*
in the conforming case with d = 3, and (iii) N¥™' + card(Fr) x N¥~1 in the nonconforming case
(cf. Remark 4.19). Once the operator p’;’T has been computed, one computes, still locally to any
T € Tp, the stabilization form(s), that write(s) in terms of the DoFs and of the different already
computed quantities.

2. As common to any skeletal method, cell DoFs are locally eliminated by static condensation in terms
of the local skeletal DoFs. Locally to each T € T}, one has to invert a SPD matrix of size Nfl'_l.

Let us now describe the online stage, for a given source term f € L?((Q2).

3. One diagonalizes the lines/columns of the general problem matrix corresponding to the boundary
(skeletal) DoFs, and computes the right-hand side (with strong imposition of the zero Dirichlet bound-
ary condition), which requires to integrate, locally to any 7" € Ty, fir against polynomials in Ps_l(T).

4. One solves the resulting SPD global system, that is of size
card(Fy) x N2 4 card(V),)
in the conforming case with d = 2,
card(Fy) x NA=1 4 card(E,) x N¥=2 4+ card(Vy)
in the conforming case with d = 3 (cf. Remark 4.34), and
card(F) x NA—1

in the nonconforming case.
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For an example of implementation of the method using generic programming, we refer to [18].

Remark 4.33. Except point 3, the description above of the general workflow of the method applies verbatim
to the case of a Problem (1) featuring a source term f € H- () (assuming that a decomposition f =
fo + divf with fo € L*(Q) and f € L*(Q)? is known), or nonhomogeneous mized Dirichlet-Neumann
boundary conditions.

Remark 4.34. In the conforming case with d = 3, one can reduce the size of the global system by using
enhanced virtual spaces [14] or Serendipity spaces [7] on the faces F € Fr of the cells T € Ty, instead of
VE(E).
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A Proofs of (9) and Lemma 3.2

A.1 Proof of (9)

To prove (9), we first recall (cf., e.g., [12, Section 2.7]) that, since T is star-shaped with respect to a ball
whose radius is comparable to hy, for any z € H'(0T), there exists z € H'(T) such that Zjp7 = 2, and

— 7 7 —1 1
he'[Zlo 7 + 12l r < hy P lzlo or + R 2] or (61)

Now, by the divergence formula, there holds, for any z € H'(0T) = H"'*(oT),

<VU|6T "N, ZY)_1 ap = J Vou-VzZ + J AVZ,
2 T T
which yields, by Cauchy—Schwarz inequality,
<VU|(7T “nr, Z>7%’“T < |v|1,T|E|1,T + hTHAUHO,ThT:IHEHQT-

The estimate (61) enables to conclude.

A.2 Proof of Lemma 3.2

Assume that, for vy, € Vj, 0, thvh”o,gz = 0. Then, for all T'€ T, V(vp7) = 0 and there is ¢z € R such that
vy = cr. Since {7} per, S wa then for all F € F}, SF [vr]F = 0 and there exists ¢ € R such that ¢y = ¢
for all T' € T;,. The fact that SF vpp = 0 for some (here, all) F' € FP finally yields that v, = 0 on Q. To
prove (16), we start from the following discrete Poincaré inequality on H'(T,) (cf., e.g., [9]):

2 2 — 2
Vo, H(Th),  lwnloq < IVavnlgo+ Do hp'llonlrlg p
FeFy

and we show that ZFE]_-h h}l | [['Uh]]FH(Q),F < thvhﬂaﬂ for all v, € Vi, 0. To prove so, since for v, € V0,
§plvn]r = 0 for all F e Fy, there holds

2
el = | fon = wondebonle < [fon = mhondely pllonlelo,r.

and we can use the continuous trace inequality (4) and the Poincaré inequality (6) to infer

_1 1 _1 1
h’F2 H [Uh]]FHO,F S th Z (hT2 th\T - 7T%(Uh\T)Ho,T + hZZ"HV(Uh\T)Ho,T)
TeTr

_1 1
Shp® D) W3V o)y
TeTr

Finally, since hp is comparable to hr for T € Tr, and card(Fr) < 1 for all T € T, (cf. Section 2.2), the
conclusion follows.
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