N

N

On the Root solution to the Skorokhod embedding
problem given full marginals

Alexandre Richard, Xiaolu Tan, Nizar Touzi

» To cite this version:

Alexandre Richard, Xiaolu Tan, Nizar Touzi. On the Root solution to the Skorokhod embedding
problem given full marginals. 2018. hal-01902839v1

HAL Id: hal-01902839
https://hal.science/hal-01902839v1

Preprint submitted on 23 Oct 2018 (v1), last revised 17 Dec 2019 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01902839v1
https://hal.archives-ouvertes.fr

On the Root solution to the Skorokhod embedding problem
given full marginals *

Alexandre Richard T Xiaolu Tan ¥ Nizar Touzi §

October 23, 2018

Abstract

This paper examines the Root solution of the Skorohod embedding problem given full
marginals on some compact time interval. Our results are obtained by limiting arguments
based on finitely-many marginals Root solution of Cox, Obldj, and Touzi [9]. Our main
result provides a characterization of the corresponding potential function by means of a
convenient parabolic PDE.

1 Introduction

The Skorokhod embedding problem, initially suggested by Skorokhod [30], consists in finding
a stopping time 7 together with a Brownian motion B such that B, ~ u for a given marginal
distribution g on R. The existing literature contains various solutions suggested in different
contexts. Some of them satisfy an optimality property among all possible solutions, e.g. the
Root solution [28], the Rost solution [29], the Azéma-Yor solution [1], the Vallois solution
[31], the Perkins solution [27], etc. This problem has been extensively revived in the recent
literature due to the important connexion with the problem of robust hedging in financial
mathematics. We refer to Obtoj [25] and Hobson [19] for a survey on different solutions and
the applications in finance.

Our interest in this paper is on the Root solution of the Skorohod embedding problem,
which is characterized as a hitting time of the Brownian motion B of some time-space domain
R unlimited to the right, that is, 7z := inf{t > 0 : (¢, B;) € R}. This solution was shown by
Rost [29] to have the minimal variance among all solutions to the embedding problem. As an
application in finance, it can be used to deduce robust no-arbitrage price bounds for a class of
variance options (see e.g. Hobson [19]). To find the barrier R in the description of the Root
solution, Cox and Wang [8] provided a construction by solving a variational inequality. This
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approach is then explored in Gassiat, Oberhauser, and dos Reis [13] and Gassiat, Mijatovic,
and Oberhauser [12]| to construct R under more general conditions. We also refer to the
remarkable work of Beiglbock, Cox, and Huesmann [4] which derives the Root embedding,
among other solutions, as a natural consequence of the monotonicity principle in optimal
transport.

It is also natural to extend the Skorohod embedding problem to the multiple marginals case.
Let (ur)o<k<n be a family of marginal distributions, nondecreasing in the convex order, i.e.
pr—1(0) < pr(o), k = 1,...,n, for all convex functions ¢ : R — R. The multiple-marginals
Skorohod embdding problem is to find a Brownian motion B, together with an increasing
sequence of stopping times (7j;)1<k<n, such that B, ~ puj for each £ = 1,--- ,n. Madan
and Yor [23| provided a sufficient condition on the marginals, under which the Azéma-Yor
embedding stopping times corresponding to each marginal are automatically ordered, so that
the iteration of Azéma-Yor solutions provides a solution to the multiple marginals Skorokhod
embedding problem. In general, the Azéma-Yor embedding stopping times may not be ordered.
An extension of the Azéma-Yor embedding was obtained by Brown, Hobson, and Rogers [6]
in the two-marginals case, and later by Obt6j and Spoida [26] for an arbitrary finite number
of marginals. Moreover, the corresponding embeddings enjoys the similar optimality property
as in the one marginal case. In Claisse, Guo, and Henry-Labordeére 7], an extension of the
Vallois solution to the two-marginals case is obtained for a specific class of marginals. We
also refer to Beiglbock, Cox, and Huesmann [5] for a geometric representation of the optimal
Skorokhod embedding solutions given multiple marginals.

The Root solution of the Skorohod embedding problem was recently extended by Cox,
Obloj, and Touzi |9] to the multiple marginals case. Our objective in this paper is to char-
acterize the limit case with a family of full marginals p = (41)icp,1)- Let us assume that
each p; has finite first moment and ¢ — p; is right continuous and increasing in convex order.
Such a family is called a peacock (or PCOC “Processus Croissant pour I’Ordre Convexe” in
French) by Hirsch, Profeta, Roynette, and Yor [18]. Then Kellerer’s Theorem [22]| ensures
the existence of a right-continuous martingale M = (M;)o<i<1 such that M; ~ p; for each
t € [0,1]. Further, by Monroe’s result [24], one can find an increasing sequence of stopping
times (7¢)o<t<1 together with a Brownian motion B = (Bjs)s>o such that B, ~ p; for each
t € [0,1]. This consists in an embedding for the full marginals p. We refer to [18] for different
explicit constructions of the martingales or embeddings fitting the peacock marginals. Among
all martingales or p-embeddings, it is interesting to find solutions enjoying some optimality
properties. In the context of Madan and Yor [23], the Azéma-Yor embedding 71Y of the one
marginal problem with g, is ordered w.r.t. ¢, and thus (7" )o<;<1 is the embedding max-
imizing the expected maximum among all embedding solutions. This optimality is further
extended by Kéllblad, Tan, and Touzi [21] allowing for non-ordered barriers. Hobson [20] gave
a construction of a martingale with minimal expected total variation among all martingales
fitting the marginals. Henry-Labordére, Tan, and Touzi [17] provided a local Lévy martingale,
as limit of the left-monotone martingales introduced by Beiglbock and Juillet [3] (see also
Henry-Labordére and Touzi [16]), which inherits its optimality property. For general existence
of the optimal solution and the associated duality result, one needs a tightness argument,
which is studied in Guo, Tan, and Touzi [15] by using the S-topology on the Skorokhod space,
and in Kallblad, Tan, and Touzi [21] by using the Skorokhod embedding approach.

The aim of this paper is to study the full marginals limit of the multiple-marginals Root
embedding as derived in [9]. This leads to a natural extension of the Root solution for the



embedding problem given full marginals. Using the tightness result in [21], we can easily obtain
the existence of such limit as well as its optimality. We then provide some characterization of
the limit Root solution as well as that of the associated optimal stopping problem, which is
used in the finitely many marginals case to describe the barriers.

In the rest of the paper, we will first formulate our main results in Section 2. Then in
Section 3, we recall some details on the Root solution given finitely many marginals in [9]
and the limit argument of [21], which induces the existence of the limit Root solution for the
embedding problem given full marginals. We then provide the proofs of our main results on
some characterization of the limit Root solution in Section 4. Some further discussions are
finally provided in Section 5.

2 Problem formulation and main results

We are given a family of probability measures u = (us) sef0,1] on R, such that p is centred with
finite first moment for all s € [0,1], s — us is cadlag under the weak convergence topology,
and the family g is non-decreasing in convex order, i.e. for any convex function ¢ : R — R,

/ d(x)ps(dz) < / d(x)py(dx) for all s < t.
R R
Definition 2.1. (i) A stopping rule is a term

S

Q= (Qav‘}-aaFaa]Pa7Ba’ (Ta>s€[0,1])7

such that (Q%, F*,F* PY) is a filtered probability space equipped with a standard Brownian
motion B and a family of stopping times (7¢)seo,1) such that s — 7 is cadlag and non-
decreasing. We denote

A= {All stopping Tules}, and A; = {a ceA < t}, for all t > 0.

(ii) A stopping rule o € A is called a p-embedding if (Bf/wla)tzo s uniformly integrable and

B ~ ps for all s € [0,1]. We denote by A(p) the collection of all p-embeddings.

(iii) Let mp = {0 = s < 81 < -+ < 8, = 1} be a partition of [0,1]. A stopping rule o € A

is called a (p,m,)-embedding if (B?AT?)DO is uniformly integrable and B2 ~ ps, for all
> o

k=1,---,n. We denote by A(u, ) the collection of all (u,my,)-embeddings.

Our aim is to study the Root solution of the Skorohod embedding problem (SEP, hereafter)
given full marginals (j15)se[o,1)- To this end, we first recall the Root solution of the SEP given
finitely many marginals, constructed in [9]. Let (m,),>1 be a sequence of partitions of [0, 1],
where m, = {0 = 55 < s{ < --- < s = 1} and |m,| := max}_, [s} — sp_;| = 0 as n — oo.
Then for every fixed n, one obtains n marginal distributions (Msg)lgkzgn and has the following
Root solution to the corresponding SEP.

Theorem (Cox, Obtéj and Touzi, 2018). For any n > 1, there exists a (u,m,)-embedding o
called Root embedding, where o := 7‘%” 1s defined by

oy =0 and o :=inf{t>o;_; : (t,Bf’t) € RL},



for some family of barriers (R} )i<k<n tn Ry x R. Moreover, for any non-decreasing and
non-negative function f: Ry — Ry, one has

*
n

EF | /0 E ft)dt] = . filI(liﬂn)EPa[ /0 R F(t)at).

The barriers (R}})1<k<n are given explicitly in [9] by solving an optimal stopping problem,
see Section 3.1 below.

Let us denote by A(]0,1],Ry) the space of all cadlag non-decreasing functions a : [0, 1] —
R, which is a Polish space under the Lévy metric. Notice also that the Lévy metric metricizes
the weak convergence topology on A([0,1],R;) seen as a space of finite measures. Denote also
by C'(R4, R) the space of all continuous paths w : Ry — R with wy = 0, which is a Polish space
under the compact convergence topology. Then for a given embedding «, one can see (B, 7%)
as a random element taking values in C'(Ry,R) x A(]0,1],Ry), which allows to define their
weak convergence. Our first main result ensures that the (u, m,)-Root embedding has a limit
in sense of the weak convergence, which enjoys the same optimality property, and thus can
be considered as the full marginals Root solution of the SEP. Our proof requires the following
technical condition.

Assumption 2.2. Let U : [0,1] x R — R be the potential function of p defined by
Us.2) 1= = [ o= ylulay) 2.1)

Assume that U is O in s, with partial derivative ;U such that x — SUPsefo,1] OsU (s, ) has
polynomial growth.

Theorem 1. (i) Let (my)n>1 be a sequence of partitions of [0, 1] such that |m,| — 0 as n — oc.
Denote by o the corresponding (p, m,)-Root embedding solution. Then there exists o € A(u)

such that the sequence (B.C“”,T.a;)nzl weakly converges to (B ,7%7). Moreover, for all non-
decreasing and non-negative functions f : Ry — R4, one has

| /0 " ftydt| = it B /0 . F(t)at].

a€A(p)

(ii) Under Assumption 2.2, for all fized (s,t) € [0,1] x Ry, the law of Bf;

of the sequence of partitions (my)n>1 and of the limit o*.

A 1S independent

We next provide some characterization of the full marginals Root solution of the SEP «*
given in Theorem 1. Let

u(s,t,x) == _EP [|B°‘* —z|], (s,t,z) €Z:=[0,1] x Ry xR, (2.2)

tATS"

Our next main result, Theorem 2 below, provides a unique characterization of w which is
independent of the nature of the limit o*, thus justifying Claim (ii) of Theorem 1. Moreover,
it follows by direct computation that one has

_|‘T|_\/£E|Bl| < UN(O,t)(x) < U(].,t,.T) < U(S,t,l‘) < U(O,%),

4



for all (s,t,z) € [0,1] x Ry x R, where we denoted by Unoy) the potential function of the
N(0,t) distribution (see (2.1) for the definition of the potential function).

In the finitely many marginals case in [9], the function w is obtained from an optimal stop-
ping problem and is then used to define the barriers in the construction of the Root solution.
Similar to equations (2.10) and (3.1) in [9], we can characterize u as value function of an
optimal stopping problem, and then as unique viscosity solution of the variational inequality:

min {Qu — $02,u, Os(u—U)} = 0, on int(Z), (23)
u‘t:o =U and u‘s:(] =U(0,.). '
Let Du and D?u denote the gradient and Hessian of u w.r.t. z = (s,t,2), and set:
1
F(Du, D*u) := min {0 — §8§$u, ds(u—U)}. (2.4)

Definition 2.3. (i) An upper semicontinuous function v : Z — R is a viscosity subsolution of
(2.3) if v|s=0 < U(0,"), v|t=0 < U and F(Dp, D*¢)(z0) < 0 for all (20,¢) € int(Z) x C*(Z)
satisfying (v — ¢)(20) = max,ecz(v — ¢)(2).

(ii) A lower semicontinuous function w : [0,1] x Ry X R — R is a viscosity supersolution of
(2.3) if w|s=o > U(0,-), wlt=o > U and F(Dy, D*¢)(z0) > 0 for all (20, ) € int(Z) x C*(Z)
satisfying (w — ¢)(20) = minzez(w — ¢)(2).

(iii) A continuous function v is a viscosity solution of (2.3) if it is both viscosity subsolution
and supersolution.

Theorem 2. Let Assumption 2.2 hold true.
(i) The function u can be expressed as value function of an optimal stopping problem,

S

U(S,t, .Z') = Ssup EIP& U(O,x‘i‘B?a) +/ aSU(S—k,x+B$o¢)1{Ta<t}dkj|. (25)
acA; s 0 k k

(ii) The function u(s,t,x) is decreasing and locally Lipschitz in s, uniformly Lipschitz in x

and uniformly %—Hélder in t. Moreover, u is a viscosity solution of equation (2.3).

(iii) Moreover, u is the unique viscosity solution of (2.3) satisfying

lu(s,t,z)| < CA+t+|x|), (s,t,xz)€Z, for some constant C > 0.

3 Multiple marginals Root solution of the SEP and its limit

The main objective of this section is to recall the construction of the Root solution to the
SEP given multiple marginals from [9]. As an extension to the one marginal Root solution
studied in [8] and [12], the solution to the multiple marginals’ case enjoys some optimality
property among all embeddings. We then also recall the limit argument in [21] to show how
the optimality property is preserved in the limit case.



3.1 The Root solution of the SEP given multiple marginals

Let n € N and m, be a partition of [0,1], with m, = {0 = s§ < sT < --- < s} = 1}, we
then obtain n marginal distributions p™ := {,uS;L }j=1,---,n and recall the Root solution to the
corresponding embedding problem.

Let Q = C(R4+,R) denote the canonical space of all continuous paths w : R — R with
wp = 0, B be the canonical process, B* := z + B, F = (F;);>0 be the canonical filtration,
F = Foo, and Py the Wiener measure under which B is a standard Brownian motion. For
each t > 0, let 7o+ denote the collection of all F-stopping times taking values in [0,¢]. Denote

§"U(s},z) = U(s},z) =U(sj_1,7), 7 €R,

which is non-positive since {is}se(o,1] is non-decreasing in convex ordering. We then define
the function u™(-) by a sequence of optimal stopping problems:

"o =U(sg,.), and u"(s},t,2) := sup E [u"(s]_y,t — 0, Bf) + 6"U(s}, Bf ) Lig<sy] -

u :
=0
s 9676,t

(3.1)

Denoting similarly 6"u(s},t,z) = u"(s},t,x) — u"(s]_y,t,x), we define the corresponding
stopping regions

R} = {(t,x) € [0,00] X [~00,00] : §"u(s],t,x) =6"U(s],x)}, j=1,...,n. (3.2)

Given the above, the Root solution on the Brownian motion B in the space (2, F,Py), is

given by the family ¢” = (o7, ..., o)) of stopping times

oy =0, and o7 :=inf {t> of 11 (t,Bt) € R;L}, Vi e{l,...,n}. (3.3)

The stopping times ¢” induce a stopping rule o} in the sense of Definition 2.1:

af = (Qn, Fon Fon P, B 1%0) = (O, F,F,Py,B,7%), (3.4)

n
with ng = ng for s € [s;‘, s;‘H).
Theorem (Cox, Obtoj, and Touzi [9]). The stopping rule o is a (u, m,)-embedding, with

u" (s}, t,x) = —E|Bipor — . (3.5)

Moreover, for all non-decreasing and non-negative f : Ry — Ry, we have

*

EPO[ /O 7 f(t)dt} = EPO[ /O " f(t)dt} = j?f,wn)EPa[ /O " f(t)dt]

Using a dynamic programming argument, one can also reformulate the definition of u"
in (3.1) by induction as a global multiple optimal stopping problem. Let us denote by ’7673
the collection of all terms (7i,--- ,7,), where each 7;, j = 1,--- ,n, is a F-stopping time on
(Q, F,Pp) satisfying 0 <7 < ... <7, <t

Proposition 3.1. Forall j =1, -+ ,n, we have
J
un (st x) = S E|U(0,x + By,) + > 6"U(s},z + BTj,k+1)1{Tj_k+l<t}] . (3.6)
1y-eTm 0,t k=1



Proof. We will use a backward induction argument. First, let us denote by 7, the collection
of all F-stopping times taking values in [r,t], and by By := x + Bs — B, for all s > r. Then
it follows from the expression (3.1) that

Un(S?_l,t - :E) = S%P E[Un(sy_wt - T, B:J) + 6nU(8?—17 B:7x)1{7'<t}] .
TE rit

Using the dynamic programming principle, one has

u"(s},t,x) = sup E[U”(S?—u — 71, BY) + 0"U (s} B?f)l{na}}
T1 0,t

T1,B 71,B

= sup E[ess sup E[u”(s?fz,t—Tg,B ') +6"U(s}_q, Br

T1€70,¢ To€Trq

1{71<t}’-/rﬁ}

U B ]

J

n 0, E 0

= Sup 5 E[un(sj—2? 7—27B m + 5nU(S;€l7B’T]’-Ik+1)]‘{’rj_k+1<t}:|‘
(7'1,7'2)676’,5 k=j—1

To conclude, it is enough to apply the same argument to iterate and to use the fact that
u™(0,t,2) = U(0,x) for any t and x. O

Remark 3.2. For later uses, we also observe that it is not necessary to restrict the stopping
times w.r.t. the Brownian filtration, in the optimal stopping problem (3.6). In fact, one can
consider a larger filtration with respect to which B is still a Brownian motion.

More precisely, let A} denote the collection of all stopping rules

a—(Qa]-'aFaIP’O‘Ba,J,]—l n)
such that (Q%, F F IP’O‘) is a filtered probability space equipped with o standard Brownian
motion B and ( @) j=1,-. n 15 a sequence of stopping times satisfying 0 < 7 < ... <15 < t.
Then one has
J
ne.n . P o n n o
u (Sj ) tvl‘) - ;;L%LE [U(Oa x + BT]‘”‘) + ;5 U(Skvx + BTfik+l)1{Tfik+l<t} .

This equivalence is standard and very well known in case n = 1, see also Lemma 4.9 0f [14]
for the multiple stopping problem where n > 1.

3.2 The Root solution given full marginals (Theorem 1.(i))

In Kallblad, Tan, and Touzi [21], it is shown that the sequence of Root stopping times
(oF, - ,00)p>1 is tight in some sense and any limit provides an embedding solution given
full marginals.

More precisely, let (07 )k=1,..n be the Root embedding given n-marginals (psp)k=1,. n
defined in (3.3), we define o by (3.4) as a (u, m,)-embedding in sense of Definition 2.1. Notice
that P" := P% o (B.a:, T.a;)*l is a probability measure on C'(R4,R) x A([0, 1], R,), which is a
Polish space if C(R4,R) is equipped with the compact convergence topology and A([0,1],R})



is equipped with the Lévy metric. This allows us to consider the weak convergence of the
sequence (o )p>1. Theorem 1 is then a consequence of the following convergence theorem,
which can be gathered from several results in [21]. Recall also that A(u) and A(u,7,) are
defined in Definition 2.1.

Proposition 3.3. Let (m,)n>1 be a sequence of partitions of [0,1] with mesh |m,| — 0, and
let o be the corresponding multiple-marginals Root embedding (3.4). Then, the sequence

(B.O‘;,T.a;) is tight, and any limit o is a full marginals embedding, i.e. o € A(u), with

*

P o (B )7 — P* o (Bo.)7", forall s€[0,1]\T,

for some countable set T C [0,1), and some subsequence (ng)g>1, and

B | /O " o] = it BT /0 . o;

a€A(u)
for any non-decreasing and non-negative function f: Ry — Ry.

Proof. (i) The first item is a direct consequence of Lemma 4.5 of [21].
(ii) For the second item, we notice that ®(w.,0.) := — 091 f(t)dt is a continuous function
defined on C(Ry,R) x A([0,1],R;) and bounded from above. Then it is enough to apply

Theorem 2.3 and Proposition 3.6 of [21] to obtain the optimality of o*. O

4 Proof of Theorems 2 and 1.(ii)

Recall that u(s,t,-) is defined in (2.2) as the potential function of Btoj:;a* for an arbitrary Root
solution o* given full marginals. We provide an optimal stopping pioblem characterization
as well as a PDE characterization for the function v under Assumption 2.2, which consists
in a proof of Theorem 2. Further, the uniqueness of the solution to the PDE induces the

uniqueness result in part (ii) of Theorem 1.

4.1 Characterization of u by an optimal stopping problem (Theorem 2.(i))

By a slight abuse of notation, we can extend the definition of u™ given in (3.1) to [0, 1] xRy xR
by setting

n

u"(s,t,x) == u"(sj,t,z) whenever s € (s]_y,

7 s?]

With A; in Definition 2.1, we also define u as a mapping from [0,1] x Ry x R to R by
S
U(s,t,x) = sup EF" |U(0,2 + B%) + / OsU(s —k,z+ Bfff)l{TgQ}dk . (4.1)
aE€A; ° 0 ’

The main objective of this section is to provide some characterisation of this limit law as well
as the limit problem of u™ (3.1) used in the construction of the Root solution.

Proposition 4.1. For all (s,t,x), one has u"(s,t,z) — u(s,t,x) as n — oo.



Proof. We start by rewriting the representation formula of u™(k,¢,z) in Remark 3.2 as
J
u' (s}, t,@) = sup BX U0, @+ Bia) + > 8"U(s}_pp1, 7 + Ba) Lo cny | -
ac AP J h—1
(i) First, for a fixed n € N, one can see A} as a subset of A; in the following sense. Given
a € A}, and assume that s € (s7_y, s}7]. Let us set 7' := 7* whenever k € [s—s]_;,,,5—5s7 ).

J
Notice that U(s},z + Bfla) —U(s,z+ Bﬁ%) < 0, then it follows by direct computation that

6"U(Sj g1+ B%?)l{'r,?‘<t}

o
—_

J
< U(s,z+ Bl) —U(sj_y, @+ B%) + > 0"U ()1, @ + Bl)1recyy
k=2

and it follows by (4.1) that u"(s,t,z) = u"(s},t, ) < u(s,t, ).
(ii) Let o € A¢, and define oy, € A} by

Tim =18

= Tan, forj=1,--- ,n.

Let jn be such that s7 converges to s as n — oo, then it follows that

gn
Xp = U(0, 2+ Blan) + ; O"U (85, _prs @+ Bllon ) 1(zom cyy
S
— U0,z + Bla) + /0 OsU(s — k,x + Bla)l(recyydk, as.

Recall that by Assumption 2.2, there exists some C' > 0 and p > 0 such that |U(0,z)| < C'+|x|
and supy¢(o1) [0sU (s, )| < C(1 + [z|P) for any = € R, then (X;,);>1 is in fact uniformly inte-
grable. Hence for ¢ > 0 such that « is e-optimal in (4.1), it follows from the previous remark
and from Fatou’s lemma that liminf,,_,. E[X,] > u(s,t,z) —e. Thus, lim, o u"(s,t,z) >
u(s, t, z). Hence this proves that the following convergence holds: lim, o u"(s,t,z) = u(s, t, ).

O

Lemma 4.2. The function u(s,t,x) is non-increasing and locally Lipschitz in s, and is uni-
formly Lipschitz in x and uniformly %—Hé'lder int.

Proof. First, using representation formula of ©" in (3.5) and noticing that y — |y—z| is convex,
we see that s — u"(s,t, ) is non-increasing. Further, using (3.1), it follows immediately that

u" (s}, t,x) —u(si_y, t,x) > U(sh,z) = U(sj_q, 7).

Then under Assumption 2.2, one has 0 > 9dsu”(s,t,x) > —C(1 + |z|P) for some constant
C > 0 and p > 0 independent of n. By the limit result v — u, it follows that u(s,t,x) is
non-increasing and locally Lipschitz in s.

Finally, using again the representation formula of u™ in (3.5), it is easy to deduce that
u"(k,t,x) is uniformly Lipschitz in x and 1/2-H6lder in ¢, uniformly in n. As limit of u”, it
follows that w is also uniformly Lipschitz in = and 1/2-Hélder in t. O



We next show that the function u defined by (2.2) is also the limit of u", which leads to
the equivalence of u and u, and then Theorem 2.(i) readily follows.

Proposition 4.3. For all (s,t,x) € [0,1] x Ry x R, one has u(s,t,xz) = u(s,t,x).

Proof. By Theorem 3.1 of [9] together with our extended definition in (3.4), u"(s,t,x) =
_EPO‘Z |:

B, —xH . Moreover, by Proposition 3.3, there exists a countable set T C [0, 1) and

t/\Tg"
*

a subsequence (ny,)p>1 such that P4 o(B""F )=1 — P’ o(B%.)"!. As E[maxo<,<; |Br—]] <
- nk S —r =

Ts

oo for a Brownian motion, it follows that IEPQZ'“ HBQTL’“(%C —z|] — EP HB;)‘/\*TQ* — ], for
tATs $

all s €[0,1]\ T. Hence,
u"(s,t,x) — u(s,t,x), forall s €[0,1]\T.

Further, by the right-continuity of s +— 7&°, it is easy to deduce that s — u(s,t,z) :=
—EP” ’B?/\*rg* — x| is right-continuous.

On the other hand, we know from Proposition 4.1 that u"(s,t,x) — u(s,t,z), and from
Lemma 4.2 that u is a continuous function in all arguments, it follows that u(s,¢,z) = u(s, t, z)

holds for all (s,¢,x) € [0,1] x Ry x R. O

Remark 4.4. Formally, we can understand the above result in the following equivalent way.
The n-marginals Root solution (o™, B) converges weakly to a full marginal Root solution (o, B)
which then satisfies:

u(s, t,z) = —EHBt/\aS - SEH

4.2 PDE characterization of u (Theorem 2.(ii))

Proof of Theorem 2.(ii). Step 1. We first notice that the continuity of u(s,¢,x) in (s,t,z)
follows directly by Lemma 4.2 and Proposition 4.3.

Step 2. In a filtered probability space (€2, F,F,P) equipped with a Brownian motion W, we
denote by U; the collection of all F-predictable processes v = (7,)r>0 such that fol A2dr < t.
Given a control process v, we define two controlled processes X7 and Y7 by

X7 ::a:+/ Y dW,, Y] ::/ V2dr.
0 0

By a time change argument, one can show that

u(s, t,z) = sup E[U(O,X;Y) +/ OsU (s — k, X)) 1yo oy dk)|. (4.2)
YEU 0 k

Indeed, given v € U;, one obtains a square integrable martingale X7 which has the representa-
tion X7 = Wy, where W is a Brownian motion and Y, are all stopping times, and it induces
a stopping rule in A;. By (4.1) and Proposition 4.3, it follows that in (4.2), the left-hand side
is larger than the right-hand side. On the other hand, given an increasing sequence of stopping

. s—s7 .
times (71, ,7n) € TgYy, we define I's := 7; Vv sﬁﬁ ATjqq for all s € [s’;, s’jﬂrl). Notice that

10



s +— I'y is absolutely continuous and FS;L =75 for all j = 1,--- ,n. Then one can construct a
predictable process v such that

. ) . .
P o (/ ’YrdBr,/ ’Y?dt) =Pyo (BF',F.) .
0 0

Using the definition of u™ in (3.6) and its convergence in Proposition 4.1, one obtains that in
(4.2), the right-hand side is larger than the left-hand side.

The above optimal control problem satisfies the dynamic programming principle (see e.g.
[11]): for a family of stopping times (77),cy, dominated by s, one has

Y

(s, ) = sup E[u(s — =Y, XD + / A,U (s — k,XL)l{kaQ}dk} . @3)
YEUL 0

Step 3 (supersolution). Let z = (s,t,z) € int(Z) be fixed, and ¢ € C?(Z) be such that

0 = (u—¢)(2) = mingez(u — ¢). By a slight abuse of notation, denote by 9;U(2’) the

quantity 9;U(s',2’) for any 2’ = (¢/,t/,2’). Then by (4.3), for any family of stopping times

(77)yeu, dominated by s, one has,

et

T 1
sup E[/o (= 9s0(Zi) + 05U (Z1) 1y cyy ) dk + /0 M (— O+ 53;;@)(21@)6“43 <0,

YEUL

where Z, := (s —k,t —Y,), X]') and X = 2. Choosing 7. = 0 and 77 = h for h small enough,
we get
(— Osp + 0SU)(Z) < 0.

On the other hand, choosing . = 7o for some constant vy and 77 := inf{k > 0 : [X — 2| +
|Y,”| > h}, then by letting v be large enough and h be small enough, one can deduce that
1
( — Oyp + iagxgo) (s,t,x) <O0.

Step 4 (subsolution). Assume that u is not a viscosity sub-solution, then there exists z =
(s,t,x) € int(Z) and ¢ € C%(Z), such that 0 = (u — ¢)(z) = max..cz(u — )(2'), and

1
iagx()ov 88(90 - U)}(Svt>$) > 0.

By continuity of v and ¢, we may find R > 0 such that

min {@gp —

min {Brp — %aﬁx% ds(o —U)} >0, on Bg(2), (4.4)

where Bp(z) is the open ball with radius R and center z. Let 77 := inf{k : Z] ¢
Br(z) or Y] > t}, and notice that maxgp,(s¢q)(u — @) = —1 < 0, by the strict maximality
property. Then it follows from (4.3) that

T
0 = supE[u(s — 1t =Y, X)) —uls,t, @) + / 95U (s — k:,X;YW)l{kaQ}dk:}
gl 0

, T _ _ EETCIRYE _
< nﬂng[/o ( Os(p = Ulppany) = (Gp — 5 xx@)Vk)(Zk)dk} < -,

where the last inequality follows by (4.4). This is the required contradiction. O
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4.3 The comparison principle of the PDE (Theorems 2.(iii) and 1.(ii))

Recall that the operator F is defined in (2.4) and we will study the PDE (2.3). For any n > 0,
a lower semicontinuous function w : Z — R is called an n-strict viscosity supersolution of (2.3)
if w|s=o > n+U(0,-), wi=o > n+U and F(Dyp, D*p)(z0) > n for all (29, ¢) € int(Z) x C*(Z)
satisfying (w — ¢)(20) = min,ecz(w — ¢)(2).

Proposition 4.5 (Comparison). Let v (resp. w) be an upper (resp. lower) semicontinuous
viscosity subsolution (resp. supersolution) of the equation (2.3) satisfying

v(z) < CA+t+|z|) and w(z) > —C(1+t+|z|), z€Z, for some constant C > 0.
Thenv <w on 2.

Proof. We proceed in three steps.

(i) In this step, we prove the result under the assumption that the comparison result holds
true if the supersolution is n—strict for some n > 0. First, direct verification reveals that the
function:

w'(s,t,x) = U(s,z) + (1 + s +1), (s,t,2) € Z,

is an n—strict supersolution. For all u € (0, 1), we claim that the function w* = (1—p)w+ pw?
is a un—strict viscosity supersolution. Indeed, this follows from the proof of Lemma A.3 (p.52)
of Barles and Jakobsen [2]|, which shows that w* is a viscosity supersolution of both linear
equations:

1
Ot — Lt >y and Ot - 0.0 >

Assume that the comparison principle holds true if the supersolution is strict, then it follows
that v < w* on Z. Let p \ 0, we obtain v < w on Z.

(ii) In view of the previous step, we may assume without loss of generality that w is an
n—strict supersolution. In order to prove the comparison result in this setting, we assume to
the contrary that

§ = (v—w)(2) > 0, forsome 2e€Z, (4.5)

and we work toward a contradiction. Following the standard doubling variables technique, we
introduce for arbitrary a,e > 0:

DY (2,2 == %}z - z"Q +e(p(2) + ¢(2)), with ¢(z) :=In(1—s)+ %(t2 +2%), z,7 €1,

and the corresponding maximum

M = sup {v(z) —w(?) — ®*(2,2)} > 6—2ep(2) > 0, (4.6)
(2,2')€EZLXZ

by (4.5), for sufficiently small e > 0. Also, recalling that both potential functions U and
Un(0,1) have linear growth in z, it follows from the bounds on v and w that the above

12



supremum may be confined to a compact subset of Z x Z. Then the upper semicontinuity of
the objective function implies the existence of a minimizer (2%¢,2'*%) € Z x Z, i.e.

Mo = o5) - () - s =P () 4 (),
and there exists a converging subsequence (25,2'5) = (25,25, ) — (25,2°) € Z x Z, for

some (au,), converging to oo. Moreover, denoting by z* any minimizer of v — w — 2ep, we
obtain from the inequality (v —w — 2e¢)(2*) < M€ that

2 1€

¢ := limsup g‘zfl =207 < limsupo(z)) —w(2’},) —e(e(z) — 0(2) — (v —w — 2e¢)(2%)

n—oo 2 n—oo

IN

v(2°) —w(Z) — 5(90(26) — gp(z’s)) —(v—w—2ep)(z") < oc.

Then 2° = 2°, and 0 < £ < (v —w — 2e9)(2°) — (v —w — 2e)(2*) < 0 by the definition of z*.
Consequently:

2° = 2%, onlef -2 50, and M., — sup(u—v) — 2, as n — oo. (4.7)

Z
Finally, our definition of ¢ implies that s* < 1. Moreover, as v is a subsolution and w a super-
solution, we see that if 2 lies in the remaining part of 0Z, we would have limsup,,_,.o M, <
—2¢ep (zs) < 0, which is in contradiction with the positive lower bound in (4.6). Consequently
2¢ is an interior point of Z, and therefore both z¢ and 2’5, are interior points of Z for sufficiently
large n.

(iii) We now use the viscosity properties of v and w at the interior points z& and 2’5, for large
n. By the Crandall-Ishii Lemma, see e.g. Crandall, Ishii, and Lions [10], we may find for each
such n two pairs (p5, A5) and (g5, BS) in R? x S3, such that

(05, + DOY5(2;,), A5, + D*®*°(27)) € Juw(z;),
(g, — D*<(7), B, — D*<('3)) € Ju(2}),
e =q5 = an(25 — 7)) and AS < BE,

where J and J denote the second order super and subjets, see [10]. Then, it follows from the
subsolution property of v and the n—strict supersolution of w that

. 1 E
min {an(t; — 1) + et — 5( 53 T E)san(sy, —s') + 1

— 0,U(s5,23) |

— g€
n

1
< 0 < —n+min {an(t% 0 o §(B§’3’n —e),an(s, —s,)— e DU (s,
n
. 1 .
< —n+min{an(t; —17) — et = S (455, — ) anlsh = 57) — oz — AU(a

by the inequality A < B;. This implies that

€ €
1-s5 1-

< 42+ |0:U(s5,a5) — 9.U(s,,,2",)| — —n+2e, asn — oo,

=~ ns

0 < —n-elti+th)+2 - o= T10U(5,27%) = 0:U (575, 27|
n

which provides the required contradiction for sufficiently small € > 0. 0
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Remark 4.6. To conclude the proofs of Theorem 2 (iii) as well as Theorem 1 (ii), we notice
that the comparison result in Proposition 4.5 induces immediately the uniqueness of the PDE
(2.3) in part (iii) of Theorem 2. Further, this implies also the uniqueness of the potential

functions of Bf_‘;*m for all s € [0,1] and t > 0, and hence the uniqueness of law of Bf;*/\t m

part (ii) of Theorem 1.

5 More discussions

Recall that in the case with finitely many marginals (,usg_z)j:l’...’n, the Root stopping times
{a?}jzl_,n are defined successively as hitting times of barriers, that is

o7 :=inf {t> of 1 :(t,Bt) € R;L},

with barriers R} defined by

Ry = {(ta): un(sta) = °U(s}.a)}.

In consequence, one has for any n > 1,
5"un(5?,ajn,Bg;m) = 5”U(s?,BU;¢), Vi=1,...,n.

o

Denote for simplicity a Root solution of the SEP given full marginals by (05°).c(0,1]- As-
sume that the partial derivative dsu(s,t,x) exists and is continuous, then one may naturally
expect to have

t t
/ Osu(s,05°, By )ds = / 0sU (s, By )ds, for all t € [0,1].
0 0

Nevertheless, it is not easy to formulate a sufficient condition on U to ensure that dsu(s,t, z)
is well-defined, as w is only the value function of an optimal stopping problem.

We could also expect to define the limit Root solution o as a hitting time such that
o =inf{t > o, : (t, W) € Rs}, (5.1)
for barriers R = {Rs}e[o,1) defined by
Rs :={(t,x) : Osu(s,t,x) =90U(s,x)}.

But again here, the definition of the partial derivative Osu(s,t,z) is not clear. Moreover, as
the number of marginals is not countable in the full marginals case, the equation (5.1) cannot
provide a definition for an uncountable family of stopping times.

Finally, an optimal solution to the dual problem of the optimal SEP has been provided in
[9]. It is also interesting to look at the limit of the dual solutions. Nevertheless, as the dual
solution are only defined in an inductive way using the barriers (R})g=1,... n, it is not clear
how to figure out the limit barriers and the limit dual solutions.
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