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Symmetry breaking of the confinement in In(Ga)As quantum dots leads to mixing between the bright and dark
exciton states and an increase in the oscillator strength of the dark exciton. We demonstrate here that the change
in degree of linear polarization of the bright and dark excitons as a function of applied magnetic field, where
both parallel and perpendicular magnetic field components are applied, can be used to quantify the dark-bright
coupling. Experimental results for a dot where the coupling is weak and the dark exciton is undetectable in
zero applied magnetic field are in good agreement with theoretical simulations based on atomistic calculations
reported by M. Zieliński et al. [Phys. Rev. B 91, 085403 (2015)].
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I. INTRODUCTION

The ability to transfer quantum information between a
photon and a single spin make semiconductor quantum dots
(QDs) ideal for the solid-state implementation of quantum
information and communication protocols [1–3]. Although
resonant excitation of the so-called bright exciton (BE), cor-
responding to an electron-hole pair with antiparallel spins
(Jz = ±1), has led to high-fidelity on-demand generation of
indistinguishable photons [4] and coherent manipulation of
single-electron spins confined in a QD, the BE coherence time
remains limited to a few hundreds of picoseconds [5].

In contrast, the dark exciton (DE), corresponding to an
electron-hole pair with parallel spins (Jz = ±2), has been
shown to have coherence times of the order of 5–100 ns [6,7].
This makes it a highly attractive candidate for a qubit if the
DE can be made optically active.

The brightening of the DE, opening the way to an all-
optical manipulation scheme, is theoretically predicted to oc-
cur by symmetry breaking of the QD potential [6,8]. Atomistic
calculations reported in Ref. [9] show that a weak-symmetry
reduction in the plane containing the growth axis, lowering
the QD point group symmetry from C2v to Cs , plays a
major role in the DE optical activity [10]. For this purpose,
truncated lens-shaped InGaAs QDs were used to calculate the
dark-bright (DB) exciton coupling strength. The calculated
coupling strength was found to be weak, on the order of a
few μeV.

Brightening of the DE through coupling with the BE
should lead, in principle, to a shortening of the coherence
time. However, it is worth noting that results presented in
Ref. [7] still demonstrate a DE coherence time as long as
100 ns, while the DE to BE photoluminescence (PL) ratio was
as strong as 1:3 in the weak-excitation regime.

*savvas.germanis@insp.jussieu.fr
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The DE has previously been studied by a variety of tech-
niques. Nonresonant excitation allows the spin dynamics of
capture and decay of the DE to be inferred [9,11–13]. Alterna-
tively, applying a transverse magnetic field (Voigt geometry)
leads to a mixing between the bright and dark states, resulting
in the appearance of two DE branches in addition to the two
BE branches in magnetoluminescence spectra. These spectra
allow the determination of the DB splitting �DB and the
DE fine-structure splitting �2 [14] (Fig. 1). In CdTe/ZnTe
QDs, an anticrossing between the lower BE and the upper DE
branches has been seen when the DB coupling is of the same
order of magnitude as the DB splitting [15,16]. However, in
InGaAs dots, an apparent crossing between the branches is
typically observed, indicating that DB coupling is probably
very weak.

Here, we propose an experimental method to measure
such a weak DB coupling. In Sec. II, we introduce a heuris-
tic theoretical approach describing the symmetry-breaking-
induced valence band mixing (VBM) responsible for the DB
coupling. Then in Sec. III, the experimental results and the
method used to quantify this coupling are presented. This
method is based on the analysis of the DE linear polarization
with a slightly tilted magnetic field relative to the Voigt
configuration.

II. VALENCE-BAND-MIXING-INDUCED
DARK-BRIGHT COUPLING

A. Enhancement of valence band mixing

It is well established that the valence band is very sensitive
to the reduced QD symmetry, which alters the pure heavy-
hole (HH) character [17–19] and mixes the HH with the light
hole state (LH) states. We can write the hole states as a linear
combination of HH and LH as

〈r|�↑
h 〉 ∼ χhh(r )|3/2,+3/2〉 + χlh(r )

× [β|3/2,−1/2〉 + γ |3/2,+1/2〉] (1)
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FIG. 1. (a) Schematic QD representations of different point
group symmetries, C2v on the left with the twofold symmetry axis
and the first mirror plane (xz) and Cs on the right with the only mirror
plane (xz). (b) Energy level in C2v and Cs symmetries. We used the
condition �11�12 < 0, implying a positive energy shift of the level
energies in the Cs symmetry compared to C2v .

and

〈r|�↓
h 〉 ∼ χhh(r )|3/2,−3/2〉 + χlh(r )

× [β∗|3/2,+1/2〉 − γ ∗|3/2,−1/2〉], (2)

where |J, Jz〉 correspond to the periodic part of the Bloch
wave function and χhh(lh) are the envelope wave functions
associated with the HH and LH states.

The VBM leads to a change in the polarization properties
of the QD luminescence. The mixing of |3/2,±3/2〉 with
|3/2,∓1/2〉 states, through the parameter β, controls the
anisotropy of the BE polarization diagram along the growth
direction [20–22] and confers a z-dipole component to the
DE which allows the DE to be detected perpendicular to the
growth direction [23,24]. The mixing of |3/2,±3/2〉 with
|3/2,±1/2〉, (i.e., γ ) does not affect the in-plane polarization,
only the polarization of BE luminescence perpendicular to the
growth direction [20]. That is why, in most cases, γ does
not need to be considered when analyzing the PL along the
growth direction. However, it plays a major role in the DB
coupling.

For this reason, we show here how a reduction in QD
symmetry significantly enhanced |γ |. For this purpose, two
different shapes of QDs are considered as typical models
associated with the C2v and Cs point group symmetries [see
Fig. 1(a)]: (i) a lens with an elliptical base and, following
Ref. [10], (ii) an ellipsoidal lens truncated by an oblique facet
on top of the QD.

One can derive the VBM parameters in the framework of
the four-band model, for which the notations are given in
Appendix A.

Using degenerate-state perturbation theory, VBM parame-
ters can be expressed by

β = ei2ψ2w‖

1 +
√

1 + 4w2
‖ + 4w2

⊥
, (3)

γ = ei2�2w⊥

1 +
√

1 + 4w2
‖ + 4w2

⊥
. (4)

We have used the following set of definitions: w‖ =
|〈χhh|Rk+Rε |χlh〉|

�lh
and w⊥ = |〈χhh|Sk+Sε |χlh〉|

�lh
are the moduli of the

HH to LH couplings, where Rk/ε and Sk/ε are defined in
Appendix A and 2ψ and 2� their respective arguments.

From Eqs. (3) and (4), it can be seen that VBM has at least
two origins: anisotropy of the heterostructure potential and
the anisotropic strain field natively present in self-assembled
QDs.

For the two different QD shapes being considered, β is
expected to deviate significantly from zero as β is determined
by the QD anisotropy perpendicular to the growth direction.
This is shown by the fact that w‖ is not equal to zero due to the
presence of biaxial strain [i.e., 〈χhh|εxx/yy (r)|χlh〉 �= 0] and to
the asymmetry between the x and y direction imposed by the
ellipsoidal shape of the dot (i.e., 〈χhh|k2

x − k2
y |χlh〉 �= 0). |β| is

typically in the range of 0.1 to 0.7 (see, for example Ref. [25]),
when the dominant contribution is given by the strain [19].

The facet introduced to break the C2v symmetry leads to
two important modifications: (i) the heterostructure potential
no longer has two mirror planes (xy and yz) but now has
only one mirror plane (xz) and (ii) the disruption at the
interface between the QD and the GaAs semiconductor matrix
introduced here by the facet leads to a huge shear strain within
the QD [26]. Thus, w⊥ which is proportional to 〈χlh|kxkz −
ikykz|χhh〉 is no longer zero since, due to the QD facet, the
HH and LH envelope wave functions also no longer have
two mirror plane symmetries [27] due to modification (i).
In the same way, the additional strain contribution induced
by the facet in modification (ii) also leads to nonzero |γ |
as 〈χhh|Sε |χlh〉 ∝ 〈χhh|εxz(r)|χlh〉 �= 0. As opposed to β, γ

originates from any deformation which develops along the
growth axis, and hence, the loss of the rotational invariance
of the Cs symmetry increases |γ |.

B. Role of the electron/hole exchange interaction

The influence of the VBM on the exciton fine-structure
splitting (FSS) requires us to evaluate the electron/hole ex-
change matrix elements [28–32], which are split into two con-
tributions: short and long range. The short-range contribution
takes the effective Hamiltonian form [16]

Ĥ sr
exc = −

∑
i=x,y,z

2

3
δsr

0 σ̂ e
i Ĵ h

i + biσ̂
e
i

(
Ĵ h

i

)3
, (5)

where σ̂ e
i and Ĵ h

i are the spin operators associated with
the electron and hole, respectively. The magnitude of the
linear term dominates over the cubic term, i.e., δsr

0 > bi [30].
The exchange terms are recast in the matrix form using the
natural exciton basis |±̃1〉 = |�↓(↑)

e 〉⊗ |�↑(↓)
h 〉 and |±̃2〉 =

|�↑(↓)
e 〉⊗ |�↑(↓)

h 〉, with 〈r|�↑(↓)
e 〉 = χe(r )|1/2,±1/2〉 being
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the conduction electron state:

Ĥexc = 1

2

⎡
⎢⎣

�0 �1e
2iθ �11 �12

�1e
−2iθ �0 −�12 −�11

�

11 −�


12 −�0 �2

�

12 −�


11 �2 −�0

⎤
⎥⎦, (6)

with

�0 = δsr
0 + δlr

0 , (7)

�1e
2iθ = 3

4
(by − bx ) − 4√

3
β∗αe,lhδ

sr
0 + δlr

1 , (8)

�2 = −3

4
(by + bx ), (9)

�11 = −2

3

√
3γαe,lhδ

sr
0 + δlr

11, (10)

�12 = 2

3
β∗γ ∗αe,2lhδ

sr
0 + δlr

12. (11)

In the above expressions, the short-range contributions are
calculated explicitly as a function of δsr

0 , VBM parameters,
and electron-hole overlaps αe,lh and αe,2lh coming from the
normalization procedure (see Appendix B). The phase factor
e2iθ in Eq. (8) refers to the angle θ between the QD main
elongation axis and the [110] crystallographic axis [20,33].
The calculation of the long-range part labeled δlr

i , with i ∈
{0, 1, 11, 12}, is beyond the scope of this work, as it requires
sophisticated methods such as multipole expansion of the
Coulomb integrals [34]. So far, the effect of the VBM on
the long-range electron/hole exchange interaction has been
studied theoretically for the case of the BE FSS [35], showing
corrections proportional to the VBM parameters and to δlr

0 .
However, the DB coupling was not considered in this work.
When �11,�12 = 0, i.e., γ = 0, the electron/hole exchange
Hamiltonian Ĥexc reduces to the well-known exchange inter-
action in C2v symmetry [16] ĤC2v

.
Our approach generalizes the calculations presented in

Refs. [28,29] by taking into account all the LH components
and indicates that the γ parameter is directly responsible for
the mixing �11 between the |±̃1〉 and |±̃2〉 states through
the linear term [31] in Eq. (5). Moreover, this γ parameter
can potentially be tuned by applying strain [28,36] in the
same way that the BE FSS was tuned by piezoelectric-induced
anisotropic strain [37]. We also note that the |±̃1〉 with |∓̃2〉
coupling �12 is a second-order term in VBM and should be
weaker.

Estimation of the DB couplings �11 and �12 can be
performed by assuming that the long-range contributions δlr

11
and δlr

12, proportional to δlr
0 , present the same dependence on

the VBM parameters as the short-range parts. In this case, one
can roughly replace δsr

0 by �0, whose value can be found in
the literature [16] and is close to �0 ∼ 300 μeV. A statistical
study of the VBM magnitude in Ref. [20] performed over 100
InGaAs/GaAs QDs from a sample similar to the one used
in this work gives the mean values β̄ ∼ 0.2 and γ̄ ∼ 0.1.
Using these values, we calculate that |�11| is of the order of
35 μeV and |�12| is close to 5 μeV, taking the normalization
parameters αe,lh and αe,2lh to be equal to 1. We will show in
the next section that the experimental determination of the DB
couplings agrees well with this rough estimation.

TABLE I. Energy splittings of the excitonic level diagram. The
results are given in series expansion where �0 is the dominant
term. �DB is defined as the splitting between the mean BE and DE
energies.

QD symmetry C2v Cs

FFSB �1 �1 − �11�12

�0

FFSD �2 �2 − �11�12

�0

�DB �0 �0 + �11�12(2�2
0 + �1�2)

2�3
0

Our variational approach gives the same symmetry of
the DB coupling terms as atomistic calculations of similarly
shaped dots in Ref. [10]. Also, from a quantitative point
of view, the numerical estimation of the DB mixing for a
truncated QD shape given in Ref. [10] confirms that |�11| >

|�12|, which appears to be consistent with our model.
In addition, the symmetry reduction down to the Cs sym-

metry leads to a renormalization of the excitonic energy
levels, as depicted in Fig. 1(b). The FSS associated with
the bright and dark states, named, respectively, FSSB and
FSSD , and the DB splitting �DB depend on the �11 and �12

parameters. Table I gives the excitonic energy levels for both
symmetries.

The additional contribution of the Cs symmetry to the QD
exchange splittings cannot be extracted easily, particularly
when �11 and �12 remain weak compared to �0. In the
following, we precisely present a method to measure the
very weak DB mixing of a single InGaAs/GaAs QD using
polarization-resolved photoluminescence experiments under
magnetic field.

III. EXPERIMENTAL RESULTS AND DISCUSSION

Magnetospectroscopy of a single InGaAs QD was per-
formed using a split-coil cryostat with optical access. A high-
numerical-aperture (0.55) aspheric lens was used to focus
the excitation beam from a He-Ne laser and to collect the
PL. The positioning of the sample was ensured by Attocube
piezostages. The sample was cooled down inside the pumped
liquid-helium bath, and measurements were performed at T =
1.5 K. The PL was dispersed using a 1-m focal length double
spectrometer and was detected using a nitrogen-cooled CCD
camera, providing a 15 μeV spectral resolution.

Figure 2 shows the PL spectrum of the InGaAs/GaAs QD
of interest at zero magnetic field. The BE and biexciton (XX)
states were identified through their anticorrelated linearly po-
larized emission [see Fig. 2(a)] and the power-dependent evo-
lution of the PL intensity, which showed linear and quadratic
behaviors [see insets in Fig. 2(a)], respectively, for each
component. The binding energy of the XX state �XX−BE ,
defined as 2EBE − EXX, is found here to be negative [38]
since the XX line appears at higher energy than the BE.

The linear degree of polarization is a crucial parameter to
be determined. Therefore, a careful measurement of the opti-
cal anisotropy of the BE is performed by rotating a λ/2 plate
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FIG. 2. (a) PL spectra recorded without applied magnetic field,
showing the BE and XX states emission from the same QD. The
linear polarization is analyzed along the two main QD axes x ′ and
y ′. The insets show the integrated intensity of the BE and XX
components as a function of the excitation power. (b) Polarization
diagram of the two BE components. The gray dots correspond to the
total intensity. The solid lines are fits using the model developed in
Ref. [20].

in front of a fixed polarizer. The angular intensity distribution
I (α) is then obtained, with α being the angle with respect to
the [110] crystallographic axis. The angular dependences of
both BE components are depicted in Fig. 2(b).

Analysis of the polar plot of the PL intensity of the BE
lines [see Fig. 2(b)] clearly shows nonzero values of β and
θ since the maximum PL intensities of the two components
have different magnitudes and are not aligned along the 〈110〉
crystal directions. Based on previous work [20], we are able to
extract the VBM parameter β = |β|e2iψ and the angle of the
QD shape anisotropy orientation θ . The values are gathered in
Table II. The absence of emission from the DE state suggests
that the DB coupling is much weaker than the DB splitting for
this QD.

We performed magnetospectroscopy of the same QD using
a tilted magnetic field configuration close to the Voigt geome-
try. The angle between the magnetic field and the sample plane
was set to ξ = 3.5◦, as shown in Fig. 3(a). The small perpen-
dicular field component is required to obtain a change in the
linear degree of polarization, while the in-plane component

TABLE II. Values of the different parameters responsible for the
optical anisotropy determined by the analysis of the polarization
diagram in Fig. 2(b). Values of the g factors and exchange energies
are deduced from the magnetospectroscopy experiment shown in
Fig. 3(d). The error estimations are evaluated from the best fits.

Parameter Value

Optical anisotropy
θ −3.7 ± 0.2◦

|β| 0.203 ± 0.004
2ψ −7.7 ± 1◦

Exchange parameters
�1 44.2 ± 0.9 μeV
�2 −9.3 ± 1.2 μeV
�DB 301.6 ± 0.9 μeV
�11 −22 ± 5 μeV
�12 18 ± 5 μeV

Magnetic parameters
gx

e −0.356 ± 0.008
gx

h −0.642 ± 0.008
gz

D 3.75 ± 0.01
gz

B 2.907 ± 0.005
ωX 3.848 ± 0.03 μeV T−2

Biexciton
�XX−BE −693.8 ± 0.9 μeV
ωXX 10.9 ± 0.5 μeV T−2

is needed to increase the DB mixing to make the DE optically
active. The exciton transition energies are depicted in Fig. 3(c)
as a function of the magnetic field. The two DE branches start
appearing above ∼1.7 T due to the in-plane magnetic field
component, which couples the BE and DE.

Simultaneously, on the high-energy side of the biexciton
branches, additional lines appear with the same splitting.
These high-energy lines are the optical transitions from the
XX to the DE [labeled |XX〉 → |DEH 〉 and |XX〉 → |DEL〉
in Fig. 3(b)].These transitions lie at higher energy than the
XX emission since �XX−BE is negative [39,40]. Their biex-
citonic character is clearly identified through the superlinear
behavior of the PL intensities as a function of the excitation
power [see inset in Fig. 3(c)]. The full biexciton cascade in
the presence of the magnetic field is depicted in Fig. 3(b),
confirming the existence of eight lines. We take advantage of
the extrabiexcitonlike branches to increase the accuracy with
which the exchange and magnetic parameters are evaluated by
fitting all the data shown in Fig. 3(d).

The diagonalization of the total Hamiltonian Ĥexc + ĤZ

gives the energy dependence on the magnetic field of the BE
and DE branches. Ĥexc is taken, in a first approximation, as
ĤC2v

, and the Zeeman Hamiltonian ĤZ is given in the exciton
basis |+̃1〉, |−̃1〉, |+̃2〉, |−̃2〉 by

μBB

2

⎡
⎢⎢⎢⎢⎣

gz
B sin ξ 0 gx

e cos ξ gx
h cos ξ

0 −gz
B sin ξ gx

h cos ξ gx
e cos ξ

gx
e cos ξ gx

h cos ξ gz
D sin ξ 0

gx
h cos ξ gx

e cos ξ 0 −gz
D sin ξ

⎤
⎥⎥⎥⎥⎦,

where μB is the Bohr magneton, gx
e/h are the in-plane Landé

factors (the x axis is taken along the [110] crystallographic
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FIG. 3. (a) Sketch of the magnetic field orientation with respect
to the sample plane. (b) Schematic of the full biexciton cascade
involving the bright and dark excitons. (c) PL spectra for an applied
magnetic field of 8 T. The insets represent the power dependence
of the dark exciton components and the two transitions from the
biexciton to the dark exciton state, labeled |XX〉 → |DEH 〉 and
|XX〉 → |DEL〉. (d) Energies of the exciton and biexciton transitions
versus magnetic field. The lines are fits using the C2v electron/hole
exchange Hamiltonian.

direction), and gz
B = gz

h − gz
e (gz

D = gz
h + gz

e) is the longitudi-
nal Landé factor for the BE (DE).

The four exciton branches are labeled by the eigenstates
{|BEH/L〉, |DEH/L〉}, with the index H/L referring to the
high-/low-energy position. The diamagnetic contributions are
taken into account and are given in Table II, where ωX refers
to the bright and dark excitons and ωXX refers to the biex-
citon diamagnetic shift. The |XX〉 → |BE〉 (|XX〉 → |DE〉)
transitions are calculated by expressing the energy difference
between the spin S = 0 of the |XX〉 state, which is affected by
only the diamagnetic shift, and the BE (DE) state, calculated
using the C2v approximation [16].

Polarization maps as shown in Fig. 2(b) were carried out
at different magnetic fields to quantify the degree of linear
polarization of each transition ρL, defined as (Ix ′ − Iy ′ )/(Ix ′ +
Iy ′ ). Here, x ′ is the maximum intensity axis, and y ′ is the
minimum, with x ′ and y ′ being orthogonal [41].

Figure 4 shows ρL as a function of the applied magnetic
field for BEs and DEs. The DE data are shown only over
the range [3–8 T] since the DE PL intensity between 1.7 T
(where the DE becomes visible) and 3 T was not sufficient
to allow an accurate evaluation of ρL. It can be seen from
Figs. 4(c) and 4(d) that ρL decreases slightly (from 100% at 0
T to 90%–95% at higher fields) for the BE branches. This is
due to the presence of the small longitudinal component of the
applied magnetic field [42] [Fig. 3(a)]. However, the two DE
branches show remarkably different dependences on the ap-
plied magnetic field [Figs. 4(a) and 4(b)]. For the |DEL〉 line,
ρL is almost 100%, with no strong dependence on magnetic
field, whereas for the |DEH 〉 line, ρL decreases markedly from
around 80% to 20% over the [3–8 T] interval. This decrease
in ρL depends on the angle of the tilted magnetic field ξ , with
a greater rate of change in ρL for higher values of ξ . Since ρL

depends on both the longitudinal and transverse components
of the magnetic field in a nontrivial way, the rate of variation
of ρL with magnetic field can be used as a sensitive probe to
evaluate the amplitude of �11 and �12. This can be understood
by the fact that although the reduction in ρL is due to the
applied perpendicular magnetic field, the effective in-plane
magnetic field acting on the exciton is modified by DB cou-
plings, as described by the Cs Hamiltonian shown earlier.

The degree of linear polarization can be calculated through
the following expression:

ρL(φ) =
√(∣∣P̃ φ

x ′
∣∣2 − ∣∣P̃ φ

y ′
∣∣2)2 + 4

(
Re

[
P̃

φ

x ′ P̃
φ,∗
y ′

])2

∣∣P̃ φ

x ′
∣∣2 + ∣∣P̃ φ

y ′
∣∣2 , (12)

where P̃
φ

x ′ = 〈0|p̂x ′ |φ〉 and P̃
φ

y ′ = 〈0|p̂y ′ |φ〉 are related to
the optical matrix elements. Here, p̂i are the momentum
operators, and |φ〉 = {|BEH/L〉, |DEH/L〉}. These states are
evaluated for a given magnetic field, and the effect of VBM
on polarization properties is taken into consideration as |φ〉 =∑

i c
φ

i (B )|̃i〉, with i = {1,−1,+2,−2}. The polarizations of
the DE states are fully determined by their bright compo-
nents c

DEH

±1 and c
DEL

±1 since 〈0|p̂x/y |±̃2〉 is equal to zero.
The evolution with magnetic field of ρL for the transitions
|XX〉 → |BEH/L〉 (|XX〉 → |DEH/L〉) was observed experi-
mentally to have the same magnetic field dependence as the
|BEL/H 〉 (|DEL/H 〉) branches as a consequence of the angular
momentum conservation in the XX radiative cascade.

The simulation of the ρL evolution with applied magnetic
field using the approximation Ĥexc = ĤC2v

to calculate P̃
φ
x

and P̃
φ
y is given by the blue curve in Fig. 4. Note that only

the parameters gathered in Table II are required to give a fit
to the experimental results for the two BEs and the lower-
energy DE.

However, the ρL dependence calculated using the C2v

Hamiltonian predicts a much lower degree of linear polariza-
tion in the DEH branch than observed experimentally. This
discrepancy between calculation and experimental data when
using the C2v Hamiltonian demonstrates the importance of the
DB coupling induced by breaking of the QD symmetry, as
described by parameters �11 and �12. When this asymmetry
is taken into account (calculation with Cs symmetry, shown
by the red curve in Fig. 4), the degree of linear polarization
is higher and agrees better with the experimental data. This
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(a)

(b)

(c) (d)

FIG. 4. Evolution of the degree of linear polarization as a function of the applied magnetic field for the (a) and (b) dark and (c) and (d)
bright exciton branches. The fit residual values do not exceed 4% for the whole range of magnetic field in (a), (c), and (d). This stresses the
good quality of the fit, despite unavoidable experimental noise.

indicates that the effect of dot asymmetry is to increase the
effective in-plane magnetic field component seen by the DEH

through the action of �11 and �12 on the exciton mixing. This
effect is evident only in the high-energy DE branch due to its
closer proximity to the BE, which leads to a high sensitivity
to DB mixing parameters; the lower-energy DE branch is well
separated energetically from the BE and hence shows no such
sensitivity.

The red curves in Fig. 4 show the effect of including the DB
coupling terms �11 and �12 in the calculation of ρL(φ). This
was achieved by using the full-exchange Hamiltonian Ĥexc

to numerically calculate the new {cφ

i } weights. We restrict
the fitting procedure to real values, and the four sets of data
were treated simultaneously, resulting in a fit with a high
degree of sensitivity to the values of �11 and �12. The result
is presented in Fig. 4 by red curves, showing very good
agreement between calculated and experimental data for the
|DEH 〉 branch in particular. We find that �11 = −22 μeV
and �12 = 18 μeV (also reported in Table II), values that are
close to those estimated in Sec. II. Note that the signs of the
couplings contribute to the increase in the in-plane magnetic
field components, as previously assumed. The perturbation
induced by the DB mixing parameters �11 and �12 is quite
weak for the bright branches. However, an increase of the �11

and �12 amplitudes by more than 5 μeV results in a large
deviation in the calculated value of the DEL polarization from
the experimental values. This allows the determination of the
error in �11 and �12 to be within ±5 μeV when fitting all four
data sets simultaneously.

Once �11 and �12 are known, the oscillator strength
fφ of the four exciton states can be evaluated at zero
magnetic field. We find then {fBEH

, fBEL
, fDEH

, fDEL
} =

{1, 0.62, 3.8 × 10−3, 1.1 × 10−4}, which is in agreement with
the experimental absence of the DE luminescence at zero
field, for the dot shown in Fig. 1(a). We can note that the
�11 and �12 couplings play no significant role in the BE
oscillator strength ratio, which is mainly governed by the
VBM amplitude β [43].

As already mentioned in the Introduction, these DB cou-
pling terms are responsible for the anticrossing between the
DEH and BEL branches in the Faraday configuration. Using
the parameters in Table II, we expect that a very weak
anticrossing will occur at 1.8 T with a crossing amplitude

of 14 μeV and an avoided-crossing region spreading over
5 × 10−2 T, making it extremely difficult to detect even with
15 μeV spectral resolution.

The estimation of �11 and �12 based on the analysis of the
degree of polarization of the DE presented here relies on the
assumption that the parameters �11 and �12 are weak enough
that the exchange and magnetic QD parameters, obtained in
the framework of the C2v approximation, are not altered. This
assumption is validated by including the DB couplings in the
calculation of the dependence of the DE and BE emission
energy with magnetic field. The �11 and �12 energies lead
to a weak renormalization of the DB splitting �DB , FSS of
the bright exciton (FSSB) and FSS of the dark exciton (FSSD)
by less than ∼1 μeV (see Table I). Consequently, the Landé
factors are not modified. Note that this conclusion is valid for
QDs for which the condition |�11|, |�12| � �DB is fulfilled.

IV. CONCLUSION

We have implemented an experimental method to measure
weak DB exciton mixing. It is based on a detailed analysis of
the linear polarization of the exciton emission in a Voigt mag-
netic field with a small additional longitudinal magnetic field
component. This method involves recording the polarization
diagram of DE and BE as a function of applied magnetic field,
resulting in an accurate procedure to determine �11 and �12.
Although it is expected that the magnitude of �11 and �12

is linked to the γ VBM parameter strength, this correlation
has not been clearly demonstrated experimentally. Therefore,
the advantage of the method shown here is that it relies solely
on the determination of the β VBM parameter, which can be
found by a simple analysis of the emission polarization along
the growth direction. This study can contribute to improving
the control of the coupling between DE and BE by, for
example, vibrational strain [36] selecting QDs with a native
DB mixing, making long-lived coherent states available for
quantum optics.
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APPENDIX A

The hole Hamiltonian reads Ĥh = Ĥk + Ĥε + VQDÎ , com-
posed of the kinetic Hamiltonian, the strain Hamiltonian, and
the heterostructure potential, including the hydrostatic part
of the strain, respectively. In the (+3/2,+1/2,−1/2,−3/2)
basis, Ĥk reads

⎡
⎢⎣

Pk + Qk −Sk Rk 0
−S∗

k Pk − Qk 0 R∗
k

R∗
k 0 Pk − Qk Sk

0 R∗
k S∗

k Pk + Qk

⎤
⎥⎦,

where Pk = h̄2γ1

2m0
(k2

x + k2
y + k2

z ), Qk = h̄2γ1

2m0
(k2

x + k2
y − 2k2

z ),

Rk = h̄2

2m0
[−√

3(k2
x − k2

y ) + 2i
√

3γ2kxky], and Sk = h̄2γ3

2m0√
3(kx − iky )kz. Here, ki are the differential operators

−i ∂
∂xi

. The strain Hamiltonian Ĥε is obtained by applying

the following replacement rules: (Pk,Qk, Rk, Sk ) →
(Pε,Qε, Rε, Sε ) with kikj → εij and ( h̄2γ1

2m0
,

h̄2γ2

2m0
,

h̄2γ3

2m0
) →

(−av,−b/2,−d/2
√

3). The {γi} and {av, b, d} are the
Luttinger parameters and strain elastic coefficients for
InGaAs. We also define the HH to LH energy splitting
�LH = 〈χhh|Pk + Pε + Qk + Qε + VQD|χhh〉 − 〈χlh|Pk +
Pε − Qk − Qε + VQD|χlh〉, where χhh/lh are the envelope
wave functions associated with the HH/LH states calculated
in the absence of the off-diagonal terms in Ĥh.

APPENDIX B

We show here the normalization integrals present in the
short-range contributions:

αe,lh =
∫

χ2
e (r)χhh(r)χlh(r) d3r∫
χ2

e (r)χ2
hh(r) d3r

, (B1)

αe,2lh =
∫

χ2
e (r)χ2

lh(r) d3r∫
χ2

e (r)χ2
hh(r) d3r

. (B2)
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