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Abstract

This paper considers the eigenvectors involved in rank one perturbations
of symmetric matrices. A doubly stochastic matrix based on the inner prod-
ucts between initial and perturbed eigenvectors is introduced to derive several
relations for the latter ones. A majorization theorem used together with this
doubly stochastic matrix provides the main results of the paper, which deal
with the eigenvectors associated to the largest and smallest non-zero eigenval-
ues. Further developments are also suggested for infinitesimal perturbations

using convergent power expansions of both eigenvalues and eigenvectors.
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1 Introduction

Rank one perturbations are of major interest from both applied and the-
oretical standpoints. When considering symmetric or hermitian matrices,
some central results for eigenvalues are provided by Golub [8], Thompson
[15], Bunch, Nielsen and Sorensen [4] or Arbenz and Golub [1]. More recent
works focusing on bounds for the perturbed eigenvalues include papers of
Ipsen and Nadler [10], Bénasséni [3], Cheng, Luo and Li [5], Cheng, Song,
Yang and Si [6] among others. Tt is also worth noting that Ding and Zhou
[7] consider rank-one perturbed matrices of special structure. Finally, Mehl,
Mehrmann, Ran and Rodman [12] develop a comprehensive study of the
perturbation theory for structured matrices under structured rank one per-
turbations while Ran and Wojtylak [14] consider curves associated to eigen-
values in the framework of rank one perturbations . However, despite this
amount of results for eigenvalues, less work has been devoted to the behavior
of eigenvectors under perturbations of restricted rank.

We consider the perturbation of a symmetric matrix A of order p to



B = A+ rcc (1)

where 7 is a real positive constant and c is a unit two norm column vector
in R? with ¢! = (¢1,...,¢,). For i = 1,...,p, the eigenvectors u; of A
associated to the eigenvalues ranked in decreasing order: A\j(A) > A\y(A) >

.. Ap(A) > 0 are assumed to have a unit two norm. The same assumption
is made for the eigenvectors v; of B associated to the eigenvalues A\;(B) >
A(B) > .. 0,(B) > 0.

This paper considers the inner products ctu;, ctv; and utvy for i =
1,...,p . Since the vectors ¢, u; and v; are assumed to have a unit norm,
these three inner products are involved in the fundamental cosine formula
of spherical geometry. However, the goal of this paper is to provide new
relations for these inners products and to derive properties specific to the
eigenvectors corresponding to the largest and smallest non-zero eigenvalues.
The paper is organized as follows. Section 2 is devoted to preliminary re-
sults and provides relations involving the inner products ctu;, ¢tv; and ufv;
for ¢ = 1,...,p. In particular it is shown that the matrix of order p with
elements (viu;)? is a doubly stochastic matrix. Focusing more specifically
on the eigenvectors corresponding to the largest and smallest non-zero eigen-
values, Section 3 provides inequalities for the inner products cbv; using a
majorization theorem of Hardy, Littelwood and Pélya. Finally, in Section 4,
additional inequalities are proposed and refined developments are suggested

for infinitesimal perturbations.



2 Preliminary results
As first lemma we use a result due to Golub [9, Corollary 8.1-5 p.270].

Lemma 1 There exit p real numbers q; satisfying ¢; > 0 and Y% _ ¢ = 1
such that: \;(B) = N;(A)+71¢; fori=1,...,p

It should be noted that ¢; = (A\;(B) — A\;(A))/7 is the percentage of increase
of the trace accounted for by the ith eigenvalue when A is modified to B.
The next proposition provides a new formulation of ¢; which will be useful

since ¢; and g, play a central role in several results of the paper.

Proposition 2 Fori:=1,...,p we have:
(c'w;)(ctvy)
& = ¢ (2)
Zf ugvi 7& 0

Proof: The proof of the result is straightforward multiplying the left-hand
side of (1) by u! and its right-hand side by v; and using Au; = \;(A)u; and
BVz' = )\z (B)VZ

Proposition 3 Let M = (m;;) denote the p x p matriz whose entries are

defined by: m;; = (viu;)% Then M is a doubly stochastic matriz.

Proof: For 1 =1,...,p we have:

p

2
E mij = E VUj) =
7j=1

since Z?Zl ujuz- is the identity matrix and the eigenvectors v; are normalized

M-

¢ by —
(viuy)(ujv;) = E uuj)v; = vv; =1
1

J

for the two norm. Therefore all the rows of M sum to one. Similarly we get
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Zle m;; = 1 for j =1,...,p so that all the columns of M also sum to one.

Since all the entries of M are nonnegative, this matrix is doubly stochastic.

Theorem 4 Let Iy and lg denote the two column vectors of RP defined by
U= (A(A), \2(A), ..., 0 (A)) and I = (M (B), \a(B), ..., \,(B). Denote
also by h the column vector defined by h' = ((c'v1)?,..., (c'v,)?). Then:

MlA:lB—Th (3>

Proof: Using the definition of M, the ith row of Ml may be written as:

WUNE Z)\ ymi; = Z)\ vu] = Z/\ Vuj uvi)
= vi [Z )\j(A)uju;] V;
j=1

= vaVZ-.
From (1) we then have:
Ml = vi(B — 1ect)v; = A(B) — 7(c'v;)?
since Bv; = \;(B)v; and vlv; = 1. This proves (3).
Corollary 5 Fori=1,...,p, we have \;(B) — 7(c'v;)* > 0.
Proof: The result is obvious from (3) since all the entries in M and I are

non negative.

Finally in the next section we shall use a theorem of majorization due to
Hardy, Littelwood and Pélya which requires to introduce the following defi-

nition:



Definition 6 Given a p-tuple x of nonnegative real numbers with x' =
(1, x9,...,2,) we denote by xX* the p-tuple with the same entries as x but

rearranged in non-increasing order. In other words, x* = (a},3,...,7})"

*

with 7 = x5 = ... = x,. The p-tuple X is said to be majorized by the p-tuple

y with the notation x <y if :

k

k
DT <Y
7=1

7=1
fork=1,....p—1 and

p
=Sy

1 7j=1

M@

<.
Il

As a simple consequence of the previous definition we have the following

corollary whose proof is obvious.

Corollary 7 Consider two p-tuples of nonnegative real numbers x and y
such that x < y. For any p X p permutation matriz P, define z = Px .

Letting z' = (21, 29, ..., 2,) and y* = (y1, 92, ..., Yy,) we then have:

(]
5

N
S

<
Il

-
<
Il

—

fork=1,....p—1 and

hS]
hS]

_ *
zj = Y;-

7j=1 1

<.
Il

Note that this corollary holds when considering in particular the identity

matrix for P.

Theorem 8 For two p-tuples of nonnegative real numbers x and 'y, we have

x <y if an only if there exists a doubly stochastic matriz S such that x = Sy.



This well known result due to Hardy, Littelwood and Pélya can be found in
Minc [13, Theorem 2.2 p.110] for example . A comprehensive reference on
inequalities in relation with the theory of majorization is also provided by

Marshall, Olkin and Arnold [11].

3 Main inequalities

Theorem 9 Let r denote the rank of A. Then we have the following in-

equality:

vy > MBI A (1)

Furthermore, if ¢ € range(A), we have:

(CtVT)Z < )\T(B) ; )\7“(A) =q (5)

and if ¢ ¢ range(A), we have:

(Ctvr+1)2 < )\r+1(B) ; )\r+1(A) _ )\r—l-;(B) (6)

Proof: From Proposition 3 we know that the matrix M involved in Equation

(3) is doubly stochastic. Therefore we can derive from this proposition that:

lg —7h <, (7>

by the Theorem 8 of Hardy, Littelwood and Pélya. Noting that Io = I}, and

using Corollary 7 because the ranking order of the entries \;(B) — 7(c'v;)?

is unknown , we then have:
M (B) — 7(c'v1)? < M (A)
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which proves (4).
Now assume that ¢ € range(A) so that both A and B are of rank r. Then
for i > r +1 we have \;(B) = \;(A) = 0 and from Corollary 5:

Xi(B) — T(CtVi)Q = —T(CtVi>2 >0

so that (c'v;) = 0. Then:

and

T 7

D (Mi(B) = 7(c'vi)?) = Tr(B) — 7 = Te(B — 7ect) = Tr(A) = Y Ai(A)

i=1 i=1

From (7) used together with Corollary 7, we have:

>
=
|
B
O@F
s
NS
n
>
Z

and

so that:

which proves (5).

Finally if ¢ ¢ range(A), the matrix B is of rank 7 + 1 so that A\,.;(B) > 0
and \;(B) = 0 for ¢ > r + 2 while we have always \;(A) =0 for i > r + 1.

Therefore from Corollary 5 we have for i > r + 2:
Ni(B) — 7(c'v)? = —1(c'v;)? > 0

8



so that (c'v;) = 0 and

r+1 p

Z(CtVz‘)2 = Z(ctvi)2 = ct(z vivi)c=cle=1.

i=1 i=1
Then

r+1 r

> (M(B) = r(c'vi)?) = Tr(B) — 7 = Te(B — 7ec) = Tr(A) = Y Mi(A).

i=1 i=1
From (7) used again together with Corollary 7, we have:

T T

STNB) — r(ev)?) < 3 A(A)

i=1 =1

and
r41 r+1

Z(&(B) —7(c'vi)?) = Z Ai(A)
so that:

Ar1(B) = 7(cvip1)? = M (A)

which proves (6) since A\,;1(A) = 0.

The following corollary provides two additional inequalities.

Corollary 10 With the notation of the previous theorem we have:

and

and



(ujv1)* > (c'uy)? (10)

Proof: First, since
(c'uy)(c'vy) o

0< q1 = ulv 17
1V1
we have
B |ctuy | |ctvy |
EGA
From (4) in Theorem 9 we then get
t t
RV ES |c'uy | [e"vy|
VT ]
Thus,
clu
||utvl1|| S |Ctvl}
1
or equivalently
(chvi)? = (cuy)” (11)
vz (ujvy)?

Inequality (9) follows since (ufvy)? < 1.

Finally, noting that in (11) we have (c'v;)? < 1, we get (ufv;)? > (chuy)?.

4 Further inequalities

4.1 First inequalities

In practice, the eigenvalues of the perturbed matrix B are unknown in con-
trast to those of the initial one A. Therefore, it is interesting to obtain
inequalities similar to those of Theorem 9 in the previous section but involv-

ing only the eigenvalues of A. This can be achieved by using results of Ipsen
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and Nadler [10] or inequalities of Bénasséni [2]. A lower bound to (c'v;)?
based only on the eigenvalues of the initial matrix A and the vector ¢ can be
obtained by introducing the lower bound to A;(B) given in the Theorem 2.4
of Ipsen and Nadler or the results in Section 3 of Bénasséni. In the same way,
other inequalities in these two papers can be used to obtain upper bounds
to c'v, depending only A and the vector c. For the sake of brevity, we only
illustrate this approach in the case r = p with the upper bound for c'v,,.
First we use the upper bound A, (Uy) to A,(B) defined in Theorem 2.1
and Corollary 2.2 of Ipsen and Nadler [10]. Letting gap, = A,—1(A) — A, (A)

and norm? = (c'u,_;)? + (c'u,)? we get:

gap,, + Tnorm? — \/ (gap, + Tnorm?)? — 47gap,(c,)?

Ap(B) < Ap(A)+ 5 (12)

Incorporating the right hand side of (12) in Inequality (5) of Theorem 9
yields:

gap, + Tnorm? — \/ (gapp + Tnorm?)? — 4Tgapp(cp)2

t 2
<
(c VP) o

(13)

Finally, inequalities in Sections 2 and 3 of Bénasséni [2] can also be used.

His Section 2 provides for example the following simple inequality:

(c'uy)? + /(c'uy)? + 4(c'w,)” {{lcf” — (c'uy)?}
2

which is sharper than the usual inequality: \.(B) < A\.(A) + 7|c||*>. Incor-

Ap(B) < Ap(A) + 7

(14)

porating the right hand side of this inequality in (5) of Theorem 9 we get:

11



(c'uy)? + \/(cltup)4 +4(c'u,)? {1 — (c'u,)?}
2

(c'v,)” < (15)

since ¢ is normalized.

4.2 Inequalities for infinitesimal perturbations

When considering infinitesimal perturbations, power expansions of the eigen-
values allow the derivation of refined bounds for ctvy and ctv, as detailed
in the remaining of this section. It should be noted that these infinitesimal
perturbations corresponding to small values of 7 are involved in many fields
of applications such as statistics for example where one is concerned by the
effects of small changes in data on some parameters to be evaluated.

More specifically, we focus on a specific eigenvalue A(A) of the initial
matrix A assumed to be simple and on its corresponding normalized eigen-
vector u. We know from matrix perturbation analysis that, for sufficiently
small values of 7, there exist an eigenvalue A(B) of B and a corresponding
non normalized eigenvector v which can be expressed under the following

convergent power expansions:

AB) = MNA) + 7y + T2 ug 4+ T, + O (16)

and

V:u—|—7'W1+7'2W2—|—...Tan+O(Tn+1) (17>

Letting C = cc’ for notational convenience, a lemma of Wang and Liski [16]

provides some general relations for the real numbers p; and the vectors w;
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involved in Equations (16) and (17) when considering perturbation (1). This

lemma is given below.

Lemma 11 Using the notation M™ for the Moore-Penrose inverse of any
matrix M and considering the perturbation B = A + 7C | a solution for the
parameters ji; and w; involved in Equations (16) and (17) is provided by the

following relations:

pp = u'Cu (18)
w1 = —[A — A(A)L]*Cu (19)
and for j =2,...n:
pj =u'Cw;_y (20)
j—1
w; = —[A = MA)LJ[Cw,_1 — > pw;i] (21)

i=1

where 1, denote the identity matriz of order p.

The proof of this lemma is provided by Wang and Liski [16] through a
usual approach detailed for example in Wilkinson [17, pp.66-70]. We follow
below their derivation while introducing some necessary complements for the
sake of generality.

Proof:

Equating the coefficients of 77/ for j = 1,...n in the relation:

Bv = \(B)v (22)

13



provides the following set of equations:

AW1 + Cu = )\(A)Wl + u (23)
Aws + Cwy = AM(A)wy + 13wy + pou (24)
and more generally for j =2,....n
j—1
AWj + CWj_l = /\(A)WJ + Z /,LZ‘W]'_Z‘ + ,uju (25)

i=1
First, multiplying the left-hand side of (23) by u’ and using the relations
Au = A(A)u and u'u =1, we get (18).

Now in order to get (19) , rewrite (23) as :

A -~ AALJw, = ~(C - wL)u. (26)

The following two remarks are necessary for the derivation.
First, using (18) we get u’(C — 1I,)u = 0 so that (C — iyI,)u is in the
column space of [A — A(A)L,]. Thus Equation (26) is consistent and all its

solutions can be expressed as:

wi = —[A — AL (C — m1,)u (27)
where [A — A\(A)L,]~ denotes any generalized inverse of [A — A(A)L)].
Second, if we have two solutions w; and w} of (26), these solutions satisfy:
[A — MA)L)(w; — w}) = 0. Therefore w| — wy is in the null space of
[A — A(A)IL,] and we have :

W) =W + au (28)

14



for some coefficient o« € R since A\(A) is simple. Note that one particular

solution of (26) is given by:

wi = —[A — AA)LJ*(C - mI)u (29)

using the Moore-Penrose inverse:

p t
u;u
A - \NA)L]" = —_—
ATNANT= 2 S
Ni(A)ZA(A)
Then, all the solutions of (26) are of the form:
w; = —[A = MNA)L]"(C — uL)u+ au (30)
or equivalently
w; = —[A - \A)L]"Cu+au (31)

since [A—A(A)I,]Tu = 0. The choice of (19) as particular solution is justified
by attractive properties which are detailed at the end of the proof.
Note that u'w; = 0 since u is in the null space of [A — A\(A)L,]T .
Now in order to derive (21) for j = 2,...n we have simply to rewrite (25) as:
j—1
[A - MAL]w,; = —Cw, 1+ > jiw; + piju. (32)
i=1

Premultiplying this last equation by u’ we get:

j—1
u'[-Cw;_ | + Z WiW;—; + pu] =0 (33)

i=1

Therefore the right hand side of (32) is in the column space of [A — A(A)L)]

and Equation (32) is consistent. Similarly to w; we can choose (21) as a

15



particular solution.
Finally, in order to derive the parameters p; involved in the expansion of

A(A) in (16), we have simply to note from (21) that:

u'w; =0 (34)

Then, developing (33) and using (34) we get (20).

Now, some justifications of the choice of the Moore-Penrose inverse for w;
in (19) are given below.

First, among all the solutions provided by (27), the use of the Moore-Penrose
inverse is the only one which preserves the orthogonality between w; and u.
This is the same between w; and u for j = 1,...,n. This orthogonality is
crucial for the recurrence process and motivates the choice of (19) and (21)
as solutions.

Second, it should be noted from (28) that:

2 2
Wil = [[wall” + o

since u'w; = 0. Then, focusing on the first order approximation v(!) =

u+ 7w} of v we have:

Hu+TW’1H2 = Hqu—FTQHW1H2+7'2042+27'04
= JJulf® + 2ra + 7*(|wi ] + o?)
= 14+ 2ra+72||w|°.

Hence, we see that the first order approximation of the norm of vV is given

16



by: 1427« which is equal to one if and only if & = 0 or equivalently w} = wy.
Having an approximation of v whose norm only differs from that of the initial
vector u by terms of degree 2 or greater allows a better estimation of the

direction of v by v(1).

It should be noted that the previous theorem holds for any symmetric
perturbation matrix C . However, in the framework of rank one perturba-
tion, the following proposition provides developed formulations involving the

perturbation vector c.

Proposition 12 Consider the perturbation B = A + rtcct defined in Equa-
tion (1) . Then the parameters pi; and w; involved in the power expansions

(16) and (17) can be expressed as follows for j =1,2:

Ai(A)#A(A)
p t 2
L (nti\2 (c'wy)
Ai(A)#N(A)

IR . - (c'u,)(ctuy,)? Ny
w2 =(cu) Z Z (A) — MA)|(A) — AA)
Ai(A)EN(A) A (A)£A(A)
— (ctu)? ; (c'w) w
0 2 mm e
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Finally, we have also:

PRV - (c'w;)*(c'uy)?
p3 = (cu) Z > [)\i(A)—)\(A)HAk(Z)_A(A)]

V4 - (c'w;)?
BRI P vo vy

A(AYEA(A)

Proof:
The derivation of the formula is straightforward by simply substituting cc!
for C in Theorem 11 and using the formulation of

p

[A = XMA)L]" = Z ﬁ

(AYAA(A)

already given.

Now we use the previous expansions of the eigenvalues in power series to

provides refined bounds derived from Theorem 9.

Proposition 13 Assuming that A1 (A) is simple and that T is sufficiently

small in order to express A\ (B) under the following convergent power series:
M(B) = AN (A) + 7y + TPug + Ty + O(7" )

we have he following inequality.
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(chu;)?

A) - Ni(A)

p
(c'v1)? = (c'wm)® + 7(c'm)® ) | "
i=2 1

2f ot 2NN (c'u;)?(c'uy)?
HHEN 2D AT A @A) - nA)]
p (Ctui)Q

~ ) ) A HOr) (1)

Proof: This result simply follows from (4) used together with Proposition 12

taking u = u;.

As simple consequence of this proposition we have the following two corol-

laries.

Corollary 14 Under assumptions in the previous proposition we have also

the following inequality:

(ctu;)?

(CtV1)2 > (ctU1)2 + T(Ctu1)2 22 )\1(A> )\1<A)

2/ 4o 4 6 (ctui)Q
— 72(ctuy) 22 A) A (AP (41)

1=

Proof: The result is obvious simply rewriting (40) as

(ctui)2

(c'v1)? = (c'wy)? + 7(c'uy)? 22 AM(A) = N(A)
P (ctuy)?

— T2<Ctu1)4z [)\I(A> _ /\Z(A)]Q

P L (chu;)?(ctuy)?
A (A) = A(A)][A(A) — A(A)]

+0(T%) (42)
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and neglecting in the last line the second order term (which is non negative)

as well as higher order terms.

Corollary 15 Under assumptions of Proposition 13 we have the following

inequality:

(CtVl)2 > (Ctul)2 + T(Ctm)z Z; >\1(A(§ El>)\z(A)

2 ()t 2NN (c'u;)?(c'uy,)?
RS By v vy sy

if (c'wy)? > (c'wy)? fori=2,...,p.

Proof: It should be noted that in Inequality (40) of Proposition 13 the first

order term in 7 is nonnegative. However writing the second order term as

SRR (e (et
(cuy) ; ; AL(A) = N(A)][M(A) — M(A)]

ki

s () — ()’
MR P s o Ve vy ey

we see that this term is also non negative under the condition: (cfu;)? >

(ctuy)? for i = 2,...,p so that it can be neglected as well as higher order

terms.

Finally, the last proposition is similar to Proposition 13 when considering

the smallest eigenvalue.

Proposition 16 Assuming that \,(A) > 0 is simple and that T is suffi-

ciently small in order to express \,(B) under the following convergent power

20



series:

Ap(B) = Ap(A) + 71 + 72pa + . 7" + O(7T)

we have he following inequality.

t 2 t 2 t 2p_1 (CtUi)2
(v < (ew) = r(ew)") S A
2{ (c'u 2 R~ X (c'uy)*(c'uy)?
+7{(c'w,) Lo 22 [N(A) = M (A)]M(A) = A, (A)]
ctu S (c'u;)? 3
) — [X(A) - Ap(A)P} ror)

Proof: Since A\,(A) > 0 we know that A is of rank » = p and we have c €
range(A). Therefore the inequality can be simply derived using Proposition
12 with u = u, together with (5).

Corollaries similar to the two previous ones could be also derived for

(c'v,)? but are omitted for the sake of brevity.
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