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HOMOGENEOUS ACTIONS ON THE RANDOM GRAPH

PIERRE FIMA, SOYOUNG MOON, AND YVES STALDER

ABSTRACT. We show that any free product of two (non-trivial) countable groups, one of
them being infinite, admits a faithful and homogeneous action on the Random Graph. We
also show that a large class of HNN extensions or free products, amalgamated over a finite
group, admit such an action and we extend our results to groups acting on trees. Finally,
we show the ubiquity of finitely generated free dense subgroups of the automorphism group
of the Random Graph whose action on it have all orbits infinite.

INTRODUCTION

The Random Graph (or Rado graph or Erdds-Rényi graph) is the unique, up to isomorphism,
countable infinite graph R having the following property : for any pair of disjoint finite subsets
(U, V) of the set of vertices there exists a vertex adjacent to any vertex in U and not adjacent
to any vertex in V. Using this property and a model theoretic device called “back-and-
forth” one can show that R is homogeneous: any graph isomorphism between finite induced
subgraphs can be extended to a graph automorphism of R. Hence, the Random Graph plays
the same role in graph theory as the Uryshon’s space does in metric spaces.

The Random Graph has been popularized by Erdds and Rényi in a serie of papers between
1959 and 1968. They showed [ER63] that if a countable graph is chosen at random, by
selecting edges independently with probability % from the set of 2-elements subsets of the
vertex set, then almost surely the resulting graph is isomorphic to R. Erdés and Rényi
conclude that this Theorem demolishes the theory of infinite random graphs (however, the
world of finite random graphs is much less predictable).

Since almost all countable graphs are isomorphic to R, Erdés and Renyi did not give an
explicit construction of the Random Graph. However, by using the uniqueness property of R,
it is clear that one may give many different explicit constructions. Such an explicit description
was proposed by Rado [Ra64]. The uniqueness property of R may also be used to show many
stability properties (if small changes are made on R then the resulting graph is still isomorphic
to R) and to construct many automorphisms of R as well as group actions on R.

The homogeneity of R means that its automorphism group Aut(R) is large: it acts transi-
tively on vertices, edges and more generally on finite configurations of any given isomorphism
type. We will view it as a closed subset of the Polish group (for the topology of pointwise
convergence) of the bijections of the vertices. Hence, it has a natural Polish group topology.

The goal of this paper is to understand the countable dense subgroups of Aut(R). The first
construction of such subgroups was given in [Mac86], where Macpherson showed that Aut(R)
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contains a dense free subgroup on 2 generators. More generally, he showed that if M is a Ng-
categorical structure, then Aut(M) has a dense free subgroup of rank Ry. Melles and Shelah
[MS94] proved that, if M is a saturated model of a complete theory T' with |M| = X > |T,
then Aut(M) has a dense free subgroup of cardinality 2*. By using the extension property
for graphs, Bhattacharjee and Macpherson showed in [BM05] that Aut(R) has a dense locally
finite subgroup.

We call a group action I' ~ R homogeneous if, for any graph isomorphism ¢ : U — V
between finite induced subgraphs U,V of R, there exists g € I" such that g(u) = p(u) for all
u € U. The homogeneity of R means exactly that Aut(R) ~ R is homogeneous. Moreover,
it is easy to check that a subgroup G < Aut(R) is dense if and only if the action G ~ R is
homogeneous.

Hence, to understand the countable dense subgroups of Aut(R) one has to identify the class
‘Hr of all countable groups that admit a faithful and homogeneous action on R. Besides free
groups ([Mac86], [MS94], [GK03] and [GS15]) and a locally finite subgroup ([BMO05]), little
is known on groups in Hg. There are some obvious obstructions to be in the class Hg: it is
easy to deduce from the simplicity of Aut(R), proved in [Tr85], that any I' € Hg must be icc
and not solvable (see Corollary 2.14). Our first positive result is the following. We shall use
the notion of highly core-free subgroups, which is a strengthening of core-freeness, introduced
in [FMS15] and recalled in Section 1.2. As an example, let us note that a finite subgroup in
an icc group is highly core-free.

Theorem A. IfI'1,T'y are non-trivial countable groups and I'1 is infinite then I'y x 'y € Hp.
If 3% < T'1,T9 is a common finite subgroup such that 3 is highly core-free in I'y and, either I'o
is infinite and X is highly core-free in 'y, or T'y is finite and [['y : X] > 2, then T'y ;Fg € Hr.

To prove Theorem A, we first show that any infinite countable group I' admits a “nice” action
on R (Corollary 2.8). To produce this explicit action on R we use an inductive limit process.
Then starting from an action of I' := I'; * I's » R and an automorphism o € Aut(R),
we construct a natural action 7, : I' » R and we show that the set {a& € Aut(R)

7o 1s faithful and homogeneous} is a dense G5 in Aut(R) whenever the initial action is “nice
enough” (Theorem 3.1). We follow the same strategy for amalgamated free products but we
need to be more careful since we also have to realize the amalgamated free product relations.

Using the same strategy, we prove an analogous result for HNN-extensions.

Theorem B. Let H be an infinite countable group, ¥ < H a finite subgroup and 0 : ¥ —
H an injective group homomorphism. If both ¥ and 6(X) are highly core-free in H then
HNN(H,>,0) € Hr.

By Bass-Serre theory we obtain the following result.

Corollary C. Let I' be a countable group acting, without inversion, on a non-trivial tree T
in the sense of [SeT7|. If every vertex stabilizer of T is infinite and, for every edge e of T the
stabilizer of e is finite and is a highly core-free subgroup of both the stabilizer of the source of
e and the stabilizer of the range of e, then I' € Hp.

Finally, we study the ubiquity of dense free subgroups of Aut(R). Gartside and Knight
[GKO03] gave necessary and sufficient conditions for a Polish topological group to be “almost
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free’”, and gave applications to permutation groups, profinite groups, Lie groups and unitary
groups. In particular, they showed that if M is Ng-categorical then Aut(M) is almost free.
There are abundant results on the ubiquity of free subgroups in various classes of groups.
In particular, almost freeness of various oligomorphic? groups has been shown in [Dr85],
[Ka92], [GMRY3], [Ca96] and [GK03]. We prove the following result. For k > 2 and a =
(a1,...,ax) € Aut(R)*, we denote by (@) the subgroup of Aut(R) generated by a,...,ag,
and we set Ay, := {@ € Aut(R)* : (@) ~ R has all orbits infinite}. Since Ay is closed in
Aut(R)F, it is a Baire space.

Theorem D. For all k > 2, the set of @ = (ay,...,a1) € Aut(R)* such that (@) is a free
group with basis & and (@) ~ R is homogeneous with all orbits infinite is a dense G in Ay.

To prove Theorem D we use the “back-and-forth” device (Theorem 6.6).

The paper is organized as follows. In Section 1 we introduce the notations used in the
paper about graphs, random extensions and inductive limits. In Section 2 we introduce the
Random Graph and we show how to extend any group action on a finite or countable graph
to a group action on the Random Graph. We study the basic properties of the extension
and the properties of groups acting homogeneously of R. We prove Theorem A in Section 3,
Theorem B in Section 4, Corollary C in Section 5 and Theorem D in Section 6.

1. PRELIMINARIES

1.1. Graphs. A Graph G is a pair (V(G), E(G)), where V(G) is a set and E(G) C V(G)? is
a subset such that E(G) N A = (), where A = {(u,u) € V(G)? : u € V(G)}, and (u,v) €
E(G) © (v,u) € E(G). For u,v € V(G), we write u ~ v if (u,v) € E(G).

Any subset U C V(G) has a natural structure of a graph, called the induced graph structure
on U and denoted by Gy, defined by V(Gy) = U and E(Gy) = E(G) N (U x U).

Let G1, G be two graphs. A morphism of graphs from Gy to Ga is amap 7 : V(G1) — V(Ga)
such that, for all uw,v € V(G1), u ~ v = 7(u) ~ 7(v). A morphism 7 is called an
isomorphism of graphs if 7 is moreover bijective and its inverse 7= : V(Gy) — V(Gy) is a
morphism of graphs. A morphism of graphs 7 : G; — G is called open if

for all u,v € V(G1), u~v < m(u) ~w(v).

Note that the inclusion ¢ of a subset U C V(G) gives an open and injective graph homomor-
phism ¢ : Gy — G. Moreover, an injective graph homomorphism 7w : G; — G5 induces an
isomorphism between G; and the induced graph on 7(V(G;)) if and only if 7 is open.

A partial isomorphism of a graph G is an isomorphism between induced subgraphs of G. For
a partial isomorphism ¢, we write d(y) its domain and r(p) its range. We denote by P(G)
the set of finite partial isomorphisms i.e. those partial isomorphism for which d(y) is finite
(hence r(yp) is also finite).

Given a countable graph G, we write Aut(G) the group of isomorphisms from G to G. An
action of a group I' on the graph G is a group homomorphism « : I' — Aut(G). We write

1A Polish group G is almost free if for all n > 2, the set {(g1,...,9n) € G" : g1,...,gn freely generates a
free subgroup of G} is a dense Gs in G™.

2A permutation group G < S(X) is called oligomorphic if G has only finitely many orbits on X™ for every
n € N.
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I' ~ G for an action of T" on G. Let S(X) be the group of bijections of a countable set X. It
is a Polish group under the topology of pointwise convergence. Note that Aut(G) C S(V(G))
is a closed subgroup hence, Aut(G) is a Polish group.

1.2. Group actions. The main purpose of this section is to introduce the Random Extension
of a group action on a graph. This notion will be crucial to produce explicit actions on the
Random Graph (Section 2.2). Many properties of an action are preserved by its Random
Extension (Proposition 1.1). However, the freeness property is not preserved; except for
actions of torsion-free groups. Nevertheless, a weaker -but still useful- property, that we call
strong faithfulness, is preserved.

An action I' ~ X of a group I' on a set X is called strongly faithful if, for all finite subsets
F C X with X\ F' # () one has g(x) =2z Vx ¢ F — g =1. When X is finite, an action on
X is strongly faithful if and only if it is free. When X is infinite, an action I' ~ X is strongly
faithful if and only if for all g € I"\ {1}, the set {x € X : gz # z} is infinite. Note also
that, for an action I' ~ X with X infinite, one has: almost free (i.e. every non-trivial group
element has finitely many fixed points) = strongly faithful = faithful.

An action I' ~ G of a group I' on a graph G is called homogeneous if for all ¢ € P(G) (recall
that d(p) and r(p) are supposed to be finite), there exists g € I' such that gu = ¢(u) for all
u € d(p). It is easy to see that I' ~ G is homogeneous if and only if the image of I in Aut(G)
is dense.

We say that I' ~ G has infinite orbits (resp. is free, resp. is strongly faithful) if the action
I' ~ V(G) on the set V(G) has infinite orbits i.e. all orbits are infinite (resp. is free, resp. is
strongly faithful).

We say that I' ~ G disconnects the finite sets if for all finite subsets F' C V(G) there exists
g € I such that gFF N F = () and, for all u,v € F, gu = v. Note that if ' ~ G disconnects the
finite sets then it has infinite orbits and the converse holds when E(G) = 0.

We say that I' ~ G is non-singular if for every u € V(G) and g € I we have gu ~ u.

The notion of a highly core-free subgroup ¥ < T' has been introduced in [FMS15]: it is a
strengthening of the notion of core-free subgroup. Recall that, given a nonempty subset S C T,
the normal core of a subgroup ¥ < I relative to S is defined by Cores(X) = Nyesh™13A.
Then, ¥ is called core-free if Corep(X) = {1}. Now, X is called highly core-free if, for every
finite covering of I" with non-empty sets, up to finitely many Y-classes, there exists at least
one set in the covering for which the associated normal core is trivial. More precisely, it means
that, for every finite subset F' C I', for any n > 1, for any non-empty subsets Si,...,S, C I’
such that I' — ¥F C U}_, Sy there exists 1 < k < n such that Coreg, (¥) = {1}. Many
examples of highly core-free subgroups are given in [FMS15]. Let us mention some of them
bellow.

e For any countable field K, any d > 2, the stabilizer in PSLy(K) of any point in P!(K4)
for the natural action PSLy(K) ~ P1(K?) is a highly core-free subgroup of PSLg(K).

e Any finite subgroup of an icc group is highly core-free (a group is called icc if the
conjugacy class of every non-trivial group element is infinite).

e A finite malnormal subgroup of an infinite group is highly core-free (¥ < I' is called
malnormal if Vg € T — ¥ one has ¥ Ngtg~! = {1}).
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e If A and ¥ are non trivial groups and X is abelian then > is highly core-free in
I' = A % 3. More generally, an abelian malnormal subgroup of infinite index is highly
core-free.

e For any infinite (commutative) field, K* < K* x K is malnormal, in particular highly
core-free by the previous example.

Let us finally note that being highly core-free is a strictly stronger property than being core-
free. Indeed, let us denote by S, the group of finitely supported bijections of N. Then, the
stabilizer of any n € N in S, is a core-free but not highly core-free subgroup of S.

The notion of a highly core-free subgroup > < I' with respect to an action I' ~ X on the
set X has also been introduced in [FMS15]. It is defined in such a way that ¥ < I' is highly
core-free if and only if it is highly core-free with respect to the left translation action I' ~ T
We will use here a similar notion for an action I' ~ G on a graph G. Let ¥ < I" be a subgroup
and I' ~ G be an action on the graph G. We say that X is highly core-free with respect to
' ~ G if for every finite subset F' C V(G) there exists g € I" such that gF NXF =0, gu »~ v
for all u,v € F, Ygun Xgv = () for all u,v € F with u # v and ogu ~ gv for all u,v € F
and all o € ¥\ {1}. In practice, we will use the following equivalent definition (obtained by
replacing F' by Fy U Fy): for every finite subsets F;, F» C V(G) there exists g € I" such that
g NYF, =0, gr o u, ogr = gz’ for all u € Fy, z,2' € F1, 0 € ¥\ {1} and gz NXgz’ =0
for all z,2’ € Fy with x # 2.

It is clear that if ¥ is highly core-free w.r.t. I' ~ G then the action I' ~ G disconnects
the finite sets. We adopt a terminology slightly different from [FMS15]: if E(G) = () then X
is highly core-free with respect to the action I' ~ G on the graph G in the sense explained
above if and only if ¥ is strongly highly core-free with respect to the action I' ~ V(G) on
the set V(G) in the sense of [FMS15, Definition 1.7]. In particular, if E(G) =0 and I' ~ G
is free then X is highly core-free with respect to I' ~ G if and only if X is highly-core free in
I (see [FMS15, Definition 1.1 and Lemma 1.6]. Note also that the trivial subgroup is highly
core-free w.r.t. I' ~ G if and only if the action I' ~ G disconnects the finite sets and, if X
is highly core-free with respect to I' ~ G then every subgroup of ¥ is highly core-free with
respect to I' »~ G. In particular, if there exists a subgroup ¥ which is highly core-free with
respect to I' ~ G then the action I' ~ G disconnects the finite sets.

In the sequel we always assume that G is a non-empty graph. The Random Extension of G is
the graph G defined by V(G) = V(G)UPf(V(G)), where P¢(X) denotes the set of non-empty

finite subsets of a set X and LI denotes the disjoint union, and:

E(G) = E(9) U (Uuep,(vignU x {UH U (Wvep;veniU} x U)

ie., given a,b € V(G) and U,V € P;(V(G)) one has:

(a,b) € E(G) < (a,b) € B(G), (U, V)¢ EQG), (a,U)eEG) < (Ua)ecEG) <acl.

Note that the inclusion ¢ : V(G) — V(G) defines an injective and open graph homomorphism
LG —=Gg.

Given an action I' ~ G there is a natural action I' ~ G for which the map ¢ is ['-equivariant.

Indeed, we take the original action of I" on V(G) C V(G) and, for U € Pf(V(G)) C V(G) and
g € T', we define the action of g on U by g-U := gU = {gu : v € U} € P¢(V(G)). This
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defines an action of I" on G since for all z € V(G), U € P¢(V(G)) and all g € T we have
z~nUszelUsgzegUsg-2~g-U.
It is clear that ¢ is I'-equivariant.

Proposition 1.1. The following holds.
(1) T~ G is faithful if and only if T ~ G is faithful.

2) 'y G is non-singular if and only if ' ~ G is non-singular.

) ' G has infinite orbits if and only if ' ~ G has infinite orbits.

4) '~ G disconnects the finite sets if and only if ' ~ G disconnects the finite sets.

) If T is torsion-free, G is infinite and T' ~ G is free then T' ~ G is free. If I has torsion

then I' ~ 5 s not free.

(6) If T' ~ G is strongly faithful and G is infinite then T’ ~ G is strongly faithful.

(7) Let X < T be a subgroup. ¥ is highly core-free w.r.t. T' ~ G if and only if it is highly
core-free w.r.t. I' ~ §

Proof. (1) and (2) are obvious.

(3). Suppose that I' ~ G has infinite orbits. Since ¢ is equivariant, it suffices to check that
the orbit of any U € P¢(V(G)) is infinite. Suppose that there is U € P¢(V(G)) with a finite
orbit. Then there exists ¢1,..., g, € I' such that for all g € I there exists i € {1,...,n} such
that gU = ¢;U. Hence UgergU is a finite set since UgergU C UP,g;U. However, since U # 0,
there exists x € U and I'z C UyergU is infinite, a contradiction. The converse is obvious.

(4). Suppose that I' ~ G disconnects the finite sets. Let F' C V(G) be a finite set and
write F' = F U Fy, where F} = FNV(G) and F» = FNP¢(V(G)). Define the finite subset
F = Fy U (UuerU) C V(G). Since I' ~ G disconnects the finite sets there exists g € I' such
that gFﬂF = () and, for all u,v € F u = guv. It follows gFy N Fy = () and for all u,v € Fi,
gu ~ v. Moreover, for all U,V € Fy, gUNV =0 hence gU # V so gFy, N F5 = (). Obvisouly
gF1 N Fy, = () and, since gFy NU = () for all U € F, we find that gu = U for all u € F; and all
U € F,. Hence gF N F = () and for all u,v € F, gu ~ v. This shows that I' ~ G disconnects
the finite sets. The converse is obvious.

(5). Suppose I' ~ G is free and T' ~ G is not free. Then, there exists U € P¢(V(G)) and
g € I' — {1} such that gU = U. Then ¢g"U = U for all n > 0. Since U # () there exists z € U
and the set {¢g"x : n > 0} is finite since it is a subset of U. Hence, there exists n > 1 such
that g"x = x. Since I' ~ G is free we have ¢ = 1 and I is not torsion free. Suppose now
that T" has torsion. Let g € ', g # 1, such that (g) is a finite subgroup of I". Let u € V(G).
The set F = (g)u C V(G) is finite and gF = F hence I' ~ G is not free.

(6). Let F' C V(G) be a finite subset and g € T' such that g(z) = z for all z ¢ F. Define
F = FNV(G), which is a finite subset of V(). Since V(G) —F C V(G) — F we have g(z) =
for all z € V(G) — F. Since I' ~ G is strongly faithful it follows that g = 1.

(7). Suppose that ¥ is highly core-free w.r.t. T' ~ G. Let F C V(G) be a finite set and
write ' = F U Fy, where Iy = FNV(G) and Fy = FNP(V(G)). Define the finite subset
F=FU (UuerU) C V(G). Since ¥ is highly core-free w.r.t. I' ~ G there exists g € I' such
thatgFﬂEF—@ uwgvforalluveF EguﬂEgv—(Z)foralluUEFW1thu7évand
ogu ~ gu for all u,v € F and all o € ¥\ {1}. Obviously, gF N XF = () and for all u,v € F,
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gu ~ v. Let us show that YguNXgv = () for all u,v € F with u # v. If both u,v are in F} or
if (we F1 and v € Fy) or (v € Fy and u € FY) this is obvious. So assume that U,V € Fy. We
need to show that ¥gU = gV =— U = V. We know that for all u € U and all v € V' we
have u # v = YguNXgv = (). Hence, if there exists z € XgU N X gV then we find 0,0’ € &
such that ogU = o’gV. It follows that if w € U then there exists v € V such that cgu = o’gv
hence, Ygu = Ygv so we must have v = v € V. Hence, U C V. Similarly, V' C U so that
U = V. It remains to show that ogu = gv for all u,v € F and o € ¥\ {1}. For 0 € ¥\ {1}
it is clear that ogu « gv for all u,v € F» and also for all u,v € F;. Let u € Fy and V' € F5.
If o € ¥ is such that ogu ~ gV then there exists v € V' C F such that ogu = gv. Hence
Ygu = Y gv which implies that u = v. It follows that ¢ = 1. The converse is obvious. g

1.3. Inductive limits. Let X,, be a sequence of countable sets with injective maps ¢, :
Xn — Xyq1. Let I > n. Define the injective map ¢, : X, = X; by t1, = tj—10--- 01y
if | > n, and ¢, = id. Observe that for all n < m < I, ¢, 0ty = t1n- Let X be the
inductive limit i.e. Xo = UX,/ ~, where z ~ y if and only if there exists n,m € N and
I > n,m such that z € X,,, y € X;;, and ¢ n(x) = t1,m(y). Observe that we have injections
toon @ Xn = Xoo, toon(®) = [x], where [z] denotes the class of the element x € X,, C U, X,

for the equivalence relation described above. Those injections satisfy X, = UILLOO,n(Xn)
and loopt1 © bp = loo,n for all n € N. Actually X, is the unique set, up to a canonical
bijection, such that there exists injections too, @ X, — X satisfying X, = UﬁLoo,n(Xn)
and oo 410ty = Ly for all n € N. Note that X, is at most countable. Actually, it is finite if
and only if for all n € N, X, is finite and there exists [ € N such that ;(X%) = X4 for all
k> 1.

Given a sequence of actions 7, : I' = S(X,,) of a group I" on the set X, satisfying 7,41(g) o
tn = tpomp(g) for all n € N and g € T', we define the inductive limit action 7o : T' = S(X)
by Too(g) © Loon = Loom © Tn(g) for all n € N. The next proposition contains some standard
observations on inductive limits. Since this results are well known and very easy to check, we
omit the proof.

Proposition 1.2. The following holds.

(1) If there exists n € N such that T' ~ X, is faithful then T’ ~ X is faithful.

(2) T'~ X is free if and only if T' ~ X, is free for all n € N.

(3) If ' ~ X, is strongly faithful for alln € N then T' ~ X is strongly faithful.

(4) T'~ X has infinite orbits if and only if T' ~ X,, has infinite orbits for all n € N.

Let G, be a sequence of countable graphs with injective graphs homomorphisms ¢, : G, —
Gnt1. We define the inductive limit graph Goo by defining V(Gs) = UTLOO,n(V(Qn)) as the
inductive limit of the V(G,,) with respect to the maps ¢, and F(Gy) is the set of couples
(u,v) € V(Goo)? for which there exists k > n,m with u = too (o), uo € V(Gn), v = teo.m(v0),
vo € V(Gm) and (tgn(uo), thm(vo)) € E(Gr). We collect elementary observations on the
inductive limit graph in the following proposition.

Proposition 1.3. The following holds.
(1) toon is a graph homomorphism for all n € N.
(2) If vy, is open for all n € N then too p is open for all n € N.
(3) If T' ~ Goo disconnects the finite sets then I' ~ G,, disconnects the finite sets for all
n € N. The converse holds when v, is open for all n € N.
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(4) If T' ~ G is non-singular then T' ~ Gy, is non-singular for all n € N. The converse
holds when v, is open for all n € N.

(5) Let ¥ < T be a subgroup. If 3 is highly core-free w.r.t. T' ~ Goo then X is highly
core-free w.r.t. I' ~ G, for all n. The converse holds when v, is open for all n.

Proof. (1) is obvious.

(2). Suppose that ¢, is open for all n € N and let u,v € V(G,,) such that teg (1) ~ Loon(v).
Then, there exists £ > 0 such that (tj4n,n (1), thinn(v)) € E(Gitrn) and a proof by induction
on k > 0 shows that (u,v) € E(G,).

(3). Suppose that I' ~ G disconnects the finite sets and let n € N and F C V(G,) be a
finite subset. Let F' = too n(F) C V(Gxo) and take g € T' such that gF" N F' = () and gu’ ~ o'
for all u/,v" € F'. Tt follows that gF' N F = () and teo n(gu) * teon(v) for all u,v € F. By
(1) we have gu ~ v for all u,v € F. Suppose now that ¢, is open and I' ~ G,, disconnects
the finite sets for all n € N. Let F' C V(G ) be a finite set and take n € N large enough so
that F' = 100 n(F"), where F' C V(G,) is a finite set. Take g € I" such that gF’ N F' = ) and
gu' = v for all W/,v" € F'. Since Loy injective we have gF N F = ) and since Lo, is open
(by (2)) we have gu ~ v for all u,v € F.

(4). Suppose that I' ~ G is non-singular and let n € N, u € V(G,) and g € I'. Then
loon(gU) = Gloon(U) * toon(u) which implies that gu ~ u since ¢ is a graph homomor-
phism. Suppose now that ¢, is open and I' ~ G,, is non-singular for all n € N. Let u € V(G)
and g € I'. Let n € N large enough so that u = 1, (u'), where v’ € V(G,). Then gu’ ~ o/
implies that gu = Lo n(gu’) * toon(u') = u since tog 5, is open.

(5). Suppose that ¥ is highly core-free with respect toI' ~ G and let n € Nand F C V(G,,)
be a finite subset. Let F' = 100 n(F) C V(Goo) and take g € T' such that gF’' N XF' = 0,
gu' = v for all v',v" € F/, Ygu' N Xgv' = 0 for all v/,v € F' with v/ # v and ogu’ = gv’
for all /,v" € F' and all 0 € ¥\ {1}. It follows that gF N XF = () and Xgu N Xgv =
for all w,v € F with u # v. Moreover, too 5,(gu) % toon(v) and tog n(cgu) = too (gv) for all
u,v € F and all o0 € ¥\ {1}. By (1) we have gu » v and ogu ~ gv for all u,v € F and all
o € ¥\ {1}. Suppose now that ¢, is open and ¥ is highly core-free w.r.t. I' ~ G, for all
n € N. Let F C V(Gs) be a finite set and take n € N large enough so that F' = ¢ n(F"),
where F' C V(G,,) is a finite set. Take g € " such that gF' NXF’' =), gu’ »~ v" and ogu’ = gv’
for all v/,v" € F' and all 0 € ¥\ {1} and Xgu’' N Xgv’ = 0 for all v/,v" € F' with v’ # v'.
Since too,n injective we have gF NXF = () and Xgu N Xgv =  for all u,v € F with u # v.
Moreover, since i, is open (by (2)) we have gu ~ v and ogu ~ gv for all u,v € F and all

o e\ {1}. 0

2. THE RANDOM GRAPH

2.1. Definition of the Random Graph. Given a graph G and subsets U,V C V(G) we
define Gy as the induced subgraph on the subsets of vertices

V(Guy) ={z€ V(@) \UUV): z~u,YueUand z»v,Yv eV}

Note that V(Gyy) may be empty for some subsets U and V. To ease the notations we
will denote by the same symbol Gy the induced graph on V(Gy ) and the set of vertices

V(Guyv).
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Definition 2.1. We say that a graph G has property (R) if, for any disjoint finite subsets
U,V CV(9), Guy #10.

Note that a graph with property (R) is necessarily infinite. We recall the following well-known
result (See e.g. [Ca97] or [Ca99]) that will be generalized later (Proposition 2.5).

Proposition 2.2. Let G, Gy be two infinite countable graphs with property (R) and A C
V(G1), B C V(Ga) be finite subsets. Any isomorphism between the induced graphs ¢ :
(G1)a — (G2)B extends to an isomorphism @ : Gi — Ga.

There are many ways to construct a countable graph with property (R). Proposition 2.2
shows that a countable graph with property (R) is unique, up to isomorphism. Such a graph
is denoted by R and called the Random Graph. Given an infinite countable set V' of vertices,
Erdés and Rényi proved [ER63] that putting (independently) an edge between any pair {u, v}
of vertices with probability 1/2, the resulting graph will have property (R) with probability
1. This result motivates the name Random Graph.

Proposition 2.2 also implies that every ¢ € P(R) admits an extension ¥ € Aut(R) (i.e.
] d(p) = ¢). Proposition 2.2 is also useful to show stability properties of the graph R as done
in the next Proposition.

Proposition 2.3. The following holds.
(1) For every finite subset A C V(R), the induced subgraph Ry wrpa on V(R) \ A is

isomorphic to R.

(2) For all finite and disjoint U,V C V(R), the graph Ry v is isomorphic to R.

(3) For every non-empty countable graph G, the inductive limit G, of the sequence Gy = G
and G411 = §n (with t, : Gy — Gp4a the inclusion) is isomorphic to R. In particular,
every countable graph is isomorphic to an induced subgraph of R.

Proof. (1).Let U,V C V(R)\A be disjoint finite subsets. Apply property (R) with the disjoint
finite subsets U' = UU A,V C V(R) and get z € V(R)\ (U'UV) = (V(R)\ A)\ (UUYV)
such that z ~ u for all w € U and z ~ v for all v € V. Hence the countable graph induced on
V(R) \ A has property (R).

(2). Since Ry,v is at most countable, it suffices to check that Ry v has property (R) and it
is left to the reader.

(3). Since G is either finite and non-empty or infinite countable, the inductive limit is infinite
countable and it suffices to check that it has property (R). Since ¢y, is open for all n € N
it follows from Proposition 1.3 that we may and will assume that ts, = id and (G,), is
an increasing sequence of induced subgraphs of G, such that Goo = U'G,,. Let U,V be two
finite and disjoint subsets of the inductive limit. Let n large enough so that U,V & V(G,,).
If U # 0, we consider the element z = U € Pr(V(G,)) C V(Gnt1) C V() and if U = 0,
we consider any element z = {x} € P¢(V(Gn)) C V(Gnt1) C V(G) for z € V(G,) \ V.
Then, by definition of the Random extension, we have, for all u € U, (u,z) € E(Gp+1) and,
for all v € V, (v,2) ¢ E(Gn+1). Since Gpy1 is the induced subgraph on V(G,4+1) we have
z € (QOO)U,V. The last assertion also follows from Proposition 1.3 since the inclusion of Gy = G
in the inductive limit is open. O

Remark 2.4. The construction of Proposition 2.3, assertions (3), shows the existence of R.
This construction may also be performed starting with any countable graph G, even G = (),
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and replacing, in the construction of the Random Extension, P¢(X) by all the finite subsets
of X (even the empty one). The resulting inductive limit is again isomorphic to R.

We shall need the following generalization of Proposition 2.2. The proof is done by using the
“back-and-forth” device.

Proposition 2.5. For k = 1,2, let mp : ¥ ~ R be two free and non-singular actions of
the finite group ¥. For any partial isomorphism ¢ € P(R) such that 71 (X)d(yp) = d(yp) and
m(X)r(p) = (@) and omi(0) = ma(o)e for all o € X, there exists p € Aut(R) such that
pri(o) = m2(0)@ for all 0 € X and B4,y = -

Proof. Write V(R)\ d(¢) = L2 m1(X)zy, and V(R) \ r(p) = U2, m2(X)yx. We define induc-
tively pairwise distinct integers k,,, pairwise distinct integers [,,, subsets

A, =d(o) Um(X)zg, U...Um(X)ag, C V(R),

Bn = 70(‘10) U 7'('Z(E)yll - 7'('Z(E)yln C V(R)
and isomorphisms ¢, : A, — By such that ¢,|q,) = ¢, wami(0) = m2(0)p, for all o € 3,
A, C Ant1, By C Bpt1, ©nt1la, = ¢n and V(R) = UA,, = UB,. Once it is done, the
Proposition is proved since we can define ¥ € Aut(R), z € A, — ¢,(x) which obviously
satisfies pm1 (o) = ma(0)P for all o € ¥ and P|4,) = -

Define Ay = d(¢), By = r(p) and ¢ = ¢. If step n is constructed and n is even define
Fppi=Min{k>1:2, ¢ A}, U={z €A, : x~ump,,, }, V=A4,\U and

W={yeV(R)\ By, : y~ pn(x) forall z € U and y = ¢, (x) for all z € V'}.

By property (R), W is non-empty. Let l,,11 = Min{k > 1 : mo(X)yx N W # 0}. Replacing
Yl,., by an element in mo(X)y;,,, we may and will assume that y;, ., € W. Define A, 1 =
A, Umy(X)xy, , and B,y = B, U (X)y, . By freeness, we may define a bijection ¢,41 :
Apy1 = Bpgpiby ©nyila, = ¢n and opp(mi(o)zy, ) = m2(0)yk,,,, for all o € X. By
construction, it is an isomorphism between the induced graphs. Indeed if = € A, is such
that z ~ mi(0)zy,,, for some o € ¥ then m(oc™ )z ~ xg,,, S0 Y., ~ @n(m(c7)z) =
72(0 (@) hence, g1 (2) = pu(E) ~ o0V s = P (11(0)3k, ). Since @y s a graph
isomorphism and since both actions are non-singular (which means that there is no edges on
induced subgraphs of the form 7 (X)z) it shows that ¢,,41 is also a graph isomorphism. By
construction we also have that o, 171 (0) = m2(0)pp41 for all o € X.

If n is odd define I, 1 =Min{k > 1 : yp € B}, U ={y€ B, : y~y,.,.}, V=B, \U and
W={zcV(R)\ A, : z~ ¢, (y) for all y € U and z = ¢, ' (y) for all y € V'}.

By property (R), W is non-empty. Let k,y1 = Min{k > 1 : x; € W}. We may and will
assume that zy, ., € W. Define A, 1 = A, Unm1(E)2g, ,, Boy1 = B Uma(X)y,,,. By con-
struction, the map ¢,41 @ Apy1 — Bpyy defined by @nq1]a, = @n and opqi(mi(o)ay, ) =
72(0)Ykpsr» 0 € 3, is an isomorphism between the induced graphs.

Let us show that UA, = d(¢) U |07, m1(X)ag, = V(R). It suffices to show that {k, : n >
1} = N*. Suppose that there exists s € N, s # k, for all n > 1. Since the elements k,, are
pairwise distinct, the set {k2,+1 : n > 0} is not bounded. Hence, there exists n € N such
that s < kop41. By definition, we have ko, 11 = Min{k > 1 : zx ¢ As,}. However we have

xs ¢ A9y and s < kop41, a contradiction. The proof of UB,, = V(R) is similar.
O
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2.2. Induced action on the Random Graph. Let I' ~ G be an action of a group I' on a
non-empty countable graph G and consider the sequence of graphs Gg = G and G, 11 = G,, with
the associated sequence of actions I' ~ G,,. By Proposition 2.3, assertion (3), the inductive
limit action defines an action of I' on R. We call it the induced action of ' ~ G on R. We will
show in Corollary 2.7 that many properties on the action I' ~ G are preserved when passing
to the induced action I' ~ R. However, freeness is not preserved and one has to consider a
weaker notion that we call property (F).

Definition 2.6. We say that an action I' ~ G has property (F) if for all finite subsets

S eI\ {1} and F C V(G), there exists z € V(G) \ F such that x =~ v for all v € F and
gr #x forall g e S.

Note that any action with property (F') is faithful and any free action on R has property (F').

Corollary 2.7. Let I' ~ G be an action of a group I' on a non-empty countable graph G and

write I' ~ R the induced action. The following holds.
(1) If ' ~ G is faithful then I' ~ R is faithful.

(2) T'~ G has infinite orbits if and only if ' ~ R has infinite orbits.

(3) T' ~ G disconnects the finite sets if and only if ' ~ R disconnects the finite sets.

(4) T'~ G is non-singular if and only if T ~ R is non-singular.

(5) Let X < T be a subgroup. 3 is highly core-free w.r.t. T' ~ G if and only if ¥ is highly
core-free w.r.t. I' nR.

(6) If ' ~ G is free, G is infinite and T is torsion free then I' ~ R is free.

(7) If ' ~ G is strongly faithful, G is infinite then T' ~ R has property (F).

Proof. The assertions (1) to (6) follow directly follows from Propositions 1.1, 1.2 and 1.3. Let
us prove (7). We recall that R = Go, = U'G,,, where G = G and G,, 11 = @; Let F C V(Go)
and S = {g1,...,9n} C '\ {1} be finite subsets. Since I' ~ G is strongly faithful we deduce,
by Proposition 1.1 (6) and induction that I' ~ Gy is strongly faithful for all N. Let N € N
be large enough so that F C V(Gy). We can use strong faithfulness (and the fact that Gy
is infinite) to construct, by induction, pairwise distinct vertices y1,...y, € V(Gn) \ F such
that y; # gjy; for all 1 < i,j < n. Define x := {y1,...yn} € Pr(V(Gn)) C V(Gn41) C
V(Gs) = V(R). By construction z € V(R) \ F and gxx # « for all k. Since the inclusion
GN+1 C Goo = R is open, we also have x ~ u for all u € F. ]

Corollary 2.8. FEvery infinite countable group I' admits an action I' ~ R that is non-
singular, has property (F') and disconnects the finite sets. If I' is torsion-free then the action
can be chosen to be moreover free.

Proof. Consider the graph G defined by V(G) = T' and F(G) = () with the action T' ~ G
given by left multiplication which is free, has infinite orbits and hence disconnects the finite
sets and is non-singular since F(G) = (). By Corollary 2.7 the induced action I' ~ R has the
required properties. ]

2.3. The Random Extension with paramater. We now describe a parametrized version
of the induced action. As explained before, freeness is not preserved when passing to the
action on the Random Extension and also when passing to the induced action. However, it is
easy to compute explicitly the fixed points of any group element in the Random Extension.
Now, given an action I' ~ G and some fixed group elements in I', one can modify the Random
Extension by removing the fixed points of our given group elements to make them act freely on
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this modified version of the Random Extension. Then, the inductive limit process associated
to this modified Random Extension will also produce, in some cases, the Random Graph
with an action on it, for which our given group elements act freely. We call this process the
parametrized Random Extension.

Let 7 : I' ~ G be an action of the group I' on the graph G and F' C I' be a subset. From the
action 7, we have a canonical action I' ~ G on the Random Extension.

Remark 2.9. If G is infinite, for any g € I, the set of fixed points of g for the action on the
Random Extension is either empty or of the form :

Fixz(g) = {4 € P¢(V(G)) of the form A = LN (g); with (g)a; finite Vi} U Fixg(g).

In particular, when the action 7 is free one has Fix(j(g) = () whenever g has infinite order
and, if g has finite order, then Fixz(g) is the set of finite unions of (g)-orbits.

Consider the induced subgraph on V(G) \ {Fixz(g) : g € F'}. Note that if gFg~! = F for all

g € I then, since gFixz(h) = Fix§(ghg*1), the induced subgraph on V(G)\{Fixz(g) : g € F'}
is globally T'-invariant and we get an action of I' on it by restriction for which the elements
of F' act freely by construction. However, for a general F', we cannot restrict the action and
this is why we will remove more sets then the fixed points of elements of F.

Assume from now that G is a graph and I € N*. We define the graph §l, the Random Eztension
of G with parameter [, as the induced subgraph on

V(G) = V(G)U{U € Pr(V(9)) : ged(L,|U]) = 1} € V(9.
Fix an action I' ~ G. Since for any ¢g € I' and any finite subset U C V(G) one has |gU| = |U],

the subgraph @ is globally T-invariant and we get an action m : I' ~ @ by restriction. Note
that for any u € V(G) one has {u} € V(G;). It is clear that the inclusions of G in G; and of

G, in G are I'-equivariant open (and injective) graph homomorphisms.

Proposition 2.10. Let 7 : I' ~ G be an action and | € N*,

(1) m is faithful if and only if 7 is faithful.

(2) 7 is non-singular if and only if T is non-singular.

(3) m has infinite orbits if and only if m; has infinite orbits.

(4) m disconnects the finite sets if and only if ™ disconnects the finite sets.

(5) Let ¥ < T be a subgroup. X is highly core-free w.r.t. m if and only if ¥ is highly
core-free w.r.t. 7.

(6) If w is strongly faithful and G is infinite then T, is strongly faithful.

(7) J%et Y < T be a finite subgroup. If X ~ G is free and G is infinite then ¥ -leﬁ\ 18
ree.

Proof. Assertions (1) to (6) are obvious. Let us prove (7). Since any non-trivial element of
¥ acts freely, it follows from Remark 2.9 that any finite subset U C V(G) in the set of fixed
points of o € ¥ is a finite union of sets of the form (o)x, hence its size is a multiple of the

order of o and U ¢ V(gm). O

We can now construct the induced action on R of the action m with paramter [. Define the

sequence of graphs Go = G with action mgp = m of I' on it and, for n > 0, G,11 = (G,); with
the action 7,41 = (7,);. Consider the inductive limit Qéo with the inductive limit action
7'('100 'y Qéo on it. We list the properties of 7; in the next Proposition.
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Proposition 2.11. Let 7 : I' ~ G be an action on a countable graph G and let [ € N*.

(1) If G is infinite then gl ~R.

(2) 7 is faithful if and only if 7', is faithful.

(3) 7 has infinite orbits if and only if 7', has infinite orbits.

(4) 7 disconnects the finite sets if and only if w'. disconnects the finite sets.

(5) Let X < T be a subgroup. X is highly core-free w.r.t. to 7 if and only if ¥ is highly
core-free w.r.t. to ml_.

(6) 7 is non-singular if and only if 7' is non-singular.

(7) Let ¥ < T be a finite subgroup. If X ~ G is free and G is infinite then ¥ g@ 18
free.

(8) Suppose that T' and G are infinite. If 7 is strongly faithful then . has property (F).

Proof. The assertions (2) to (7) follow directly follows from Propositions 2.10, 1.2 and 1.3.

(1). Since G is infinite it follows that G, is infinite for all n and G is infinite. Hence, it
suffices to check that G has property (R). Let U,V C V(G) be two finite subsets such
that U NV = 0 and let n € N such that U,V C V(G,). Since V(G,) \ V is infinite, we
may find a finite subset x C V(G,) \ V such that U C z and gcd(|z],|X|) = 1. Hence,

x € V((évn)m) cV( CE') is such that z ~ v for all w € U and z ~ v for all v € V.

(8). Let S = {g1,...,9,} C T\ {1} and F C V(G,)) be finite subsets. Taking a larger S if
necessary, we may and will assume that ged(n,l) = 1. We repeat the proof of Corollary 2.7,
assertion (7) and we get pairwise distinct vertices yi, ...y, € V(Gn), where F' C V(Gy) such
that the element z = {y1,...,yn} € Pr(V(Gn)) C Gn satisfies the desired properties. Since

ged(|z|,1) =1, x € V((Gn);) C V(GL,). This concludes the proof. O

Let 3 < I' be a finite subgroup of an infinite countable group I'. By considering the induced
action on R with parameter [ = |X| of the free action by left multiplication I' ~ I and view
I' as a graph with no edges, we obtain the following Corollary.

Corollary 2.12. Let X < I' be a finite subgroup of an infinite countable group I'. There
exists a non-singular action T' ~ R with property (F') such that the action ¥ ~ R is free,
the action H ~ R of any infinite subgroup H < I' disconnects the finite sets and, for any
pair of intermediate subgroups ¥ < H' < T, if X' is a highly core-free in H' then X' is highly
core-free w.r.t. H ~R.

2.4. Homogeneous actions on the Random Graph.

Proposition 2.13. Let I' ~ R be an homogeneous action. The following holds.

(1) ' ~ R disconnects the finite sets.
(2) If N < T is normal then either N acts trivially or it acts homogeneously.

Proof. (1). Let FF C V(R) be a finite set and write F' = {uy, ..., u,} where the vertices u; are
pairwise distinct. We shall define inductively pairwise distinct vertices vy,...v, € V(R)\ F
such that, for all 1 <4,j <n, u; ~ uj & v; ~ v; and u; » v;. Take v; € Ry p. Suppose that
for a given 1 <1 < n — 1 we have pairwise distinct vertices vy,...,v; € V(R) \ F such that,
forall 1 <id,j <1, u; ~uj & v; ~vjand u; » v;. Let U ={v; : 1 <0 < st uy ~uqr}
and V = {v; : 1 < i < Ist. u; » uy1}. Then U and V U F are finite and disjoint.
Take vi41 € Ryyvur. Then v ~ v & w41 ~ u; and vipq » u; for all 1 < ¢ < [ and
vi41 € FU{v; : 1 <i<I}. This concludes the construction of the v; by induction. By the
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properties of the v;, the map ¢ : {u; : 1 <i<n}— {v; : 1 <i<n} defined by p(u;) = v;
is an isomorphism between the induced subgraphs. Since I' ~ R is homogeneous there exists
g € I such that gu; = v; for all 1 <4 < n. It follows that gFF N F = () and gu ~ v’ for all
u,u’ € F.

(2). Write N the closure of the image of N inside Aut(R). By [Tr85], the abstract group
Aut(R) is simple and, since N is normal in Aut(R) one has either N = {1} or N = Aut(R).
g

Using the previous Proposition and arguing as in [MS13, Corollary 1.6] we obtain the following
Corollary.

Corollary 2.14. IfI' € Hr then I is icc and not solvable.

3. ACTIONS OF AMALGAMATED FREE PRODUCTS ON THE RANDOM GRAPH

Let I'y,I's be two countable groups with a common finite subgroup ¥ and define I' = I'y ; Ts.
Suppose that we have a faithful action I' ~ R and view I' < Aut(R).

Let Z := {a € Aut(R) : oo = oa Vo € £}. Note that Z is a closed subgroup of Aut(R),
hence a Polish group. Moreover, for all a € Z, there exists a unique group homomorphism
T : I' = Aut(R) such that:

_Jy if gelty,
Wa(g)_{ a"lga if geTs.

When ¥ is trivial, we have Z = Aut(R). In this section we prove the following result.

Theorem 3.1. IfI' ~ R is non-singular and has property (F), ¥ is highly core-free w.r.t.
I',To "R and ¥ ~ R is free then the set O = {a € Z : 14 is homogeneous and faithful} is
a dense G in Z. In particular, for every countably infinite groups I'y, 'y we have I'1 %'y € Hp
and, for any finite highly core-free subgroup ¥ < I'1,I'y we have I'y ;Fg € Hr.

Proof. We separate the proof in two lemmas.

Lemma 3.2. If ¥ ~ R is free and non-singular and X is highly core-free w.r.t. I'1,T'a R
then the set U = {a € Z : 7y is homogeneous} is a dense G in Z.

Proof. Since U = Nyecpr)Uy, where U, = {a € Z : Jg € T such that 74(9)|a,) = ¢} is
obviously open, it suffices to show that U, is dense for all p € P(R). Let ¢ € P(R), a € Z
and F' C V(R) a finite subset. It suffices to show that there exists v € Z and g € T" such
that 7|r = alr and 7,(g)|4p) = ¢. Since ¥ is highly core-free w.r.t. I't ~ R and ZF
and d(¢) are both finite sets, there exists g1 € I'y such that g1d(¢) NXF = (), g1z » u and
ogrx = g1’ for allu € XF, z,2" € d(p), 0 € X\ {1} and g1z NXg12’ = () for all z,2’ € d(p)
with « # 2/. Since X is highly core-free w.r.t. Ty »~ R, there exists also go € I'y such that
g5 () N (ZF U Xg1d(¢)) = 0 and g5 'y = u , 0gy 'y = g5y for all u € XF U Xgid(y),
v,y € r(p), o € ¥\ {1} and gy 'y N Bgy 'y = 0 for all y,y' € 7(p) with y # ¢/. Define
F' = o(XF) U Xa(gd(p)). Since X is highly core-free w.r.t. T's ~ R, there exists h € Iy
such that hF' N F' = () and for all u,v € F' and o0 € ¥\ {1}, hu = v, chu » hv and
Shu N Xhu' = 0 for all u,u’ € F' with u # u'. Define A = (XF) U Xg1d(p) U gy 'r(p) and
B = a(XF) U a(Xg1d(p)) U Xha(g1d(¢)). Note that A = A and, since o € Z, ¥B = B.
Since the ¥ action is free, we can define a bijection 79 : A — B by v(u) = «a(u) for
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u € XFUXg1d(p) and yo(og, "o(x)) = chagiz, for all z € d(¢) and ¢ € ¥. By construction,
7o is a partial isomorphism and o = o7y for all ¢ € ¥. By Proposition 2.5 there exists an
extension 7 € Z of 7y. Note that v|r = «|F moreover, with g = gohg; € I' we have, for all

z € d(p), m(9)r = gy ' hygix = goy L ha(gix) = g2g5 Lp(x) = (). O

Lemma 3.3. If ¥ ~ R is free, ' ~ R is non-singular and has property (F) then the set
V={a€Z: nyis faithful} is a dense Gs in Z.

Proof. Writing V' = Nger\13Vy, where V) = {a € Z : 7a(g) # id} is obviously open, it
suffices to show that Vj is dense for all g € I'\ {1}. If g € T'y \ {1} (k = 1,2) then it is easy
to see that V, = Z. Hence it suffices to show that V, is dense for all g reduced of length at
least 2. Write g = gi,, ... gi;, where n > 2 and ¢;, € I';, \ ¥ reduced expression for g. Fix
a € Z and F C V(R) a finite subset. Define the finite sets

n

F:=XFUa(SF)U (U(gh ... gi,) V(ZF U a(EF))) C V(R),
=1

and

S:={ogi,...9i, : 1 Slgn,aEE}U{gi_ll...gijlagik...gil 1 1<i<k<n,oeX}cI'\{l}.
Using property (F) for I' ~ R we find a vertex & € V(R)\ F such that z ~ u for all u € F and
gx # x for all g € S. In particular, the sets XF (resp. «(XF)) and ¥z, Xg;, ... g« for 1 <
[ < n are pairwise distincts and, since I' ~ R is non-singular, the only vertices on the induced
subgraphon Y := XFU(|,L, Xg;, - .. gi,x)UXz (resp. Y := Ba(F)U(Z, g, - - - giyx)UEx)
are the ones with extremities in X F (resp. Ya(F')). Hence, the bijection vy : Y — Y’ defined
by Yolsr = alsr and yly\sr = id is a graph isomorphism between the induced subgraphs.
By construction and since o € Z we have ygo = o7 for all o € 3. By Proposition 2.5 there
exists an extension v € Z of 79. Then v|r = o|r and 7,(gi, ... 9i,)* = gi, - .- 9i,© # T, since
Gin - -+ 9iy € 5. Hence v € V. O

End of the proof of the Theorem. The first part of the Theorem follows from Lemmas 3.2 and
3.3 since O = U NV. The last part follows from the first part and Corollary 2.12. 0

We have a similar result when only one of the factors in the free product is infinite.

Theorem 3.4. Suppose that Ty is finite such that [Ty : X] > 2. If ' ~ R is non-singular
and has property (F'), ¥ is highly core-free w.r.t. Ty ~ R and the action T'y ~ R is free then
the set

O ={a€Z: m, is homogeneous and faithful}
1s a dense G in Z. In particular, for every countably infinite group I'y, for every finite non-

trivial group I's we have I'y * Uy € Hyr and, for any common finite subgroup > < 'y, 'y such
that X is highly core-free in 'y and [T’y : 3] > 2 we have T'q ;Fg € Hr.

Proof. We first prove the analogue of Lemma 3.2.

Lemma 3.5. If 3 is highly core-free w.r.t. I'1 ~ R, I's is finite and I's ~ R is free and
non-singular such that [Ty : ] > 2, then the set U = {a € Z : 74 is homogeneous} is a
dense Gg in Z.
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Proof. Since U = Nyepr)Uy, where U, = {a € Z : Jg € T such that 74(9)|a) = ¢} is
obviously open, it suffices to show that U, is dense for all ¢ € P(R). Let ¢ € P(R), o € Z
and F' C V(R) a finite subset. Since ¥ is highly core-free w.r.t. I'y ~ R, there exists g1 € I'
such that g1d(p)NEF =0, g1z » v and ocg1z » g12’ for all uw € XF, 2,2’ € d(p), 0 € £\ {1}
and Xg1z N Xg12’ = () for all z,2" € d(p) with z # 2’/. There exists also g2 € I'; such that
g;lr(gp) N (XF UXg1d(p)) = 0 and g;ly = U, Jggly o g;ly’ for all w € XF U Xg1d(yp),
v,y € r(p), o € X\ {1} and Xg, 'y N Xgy 'y’ = 0 for all y,y' € r(p) with y # . In the
sequel we write d(¢) = {z1,...,Tn}.

Claim. There exists pairwise distinct vertices z1,...,zn € V(R) \ Toc(F) such that

ngiﬂl“gzj :@, V1 SZ%] <n;

Ehz,ﬂEzi:@, VhGPQ\E,VlgiSn,'

hz; o zj, YVh € To \ {1}, V1 < 14,5 <mn;

T~ Xz~ 2y, VI <4, <n;

zi wu, Yu € Toa(F), V1 < i < n.

Proof of the Claim. We define inductively the vertices z1,...,2, € V(R)\I'2a(F). For n =1
we take 21 € Ry r,ar) \ [2a(F). Then 21 ¢ T'ya(F) and, for all u € I'za(F) and for all

h € I's, u » 21 and hzy » z1 since 'y ~ R is non-singular. Moreover, since I's ~ R is free,
we have hzy # oz; for all h € I's \ ¥ and all o € X.

Suppose that, for a given 1 < [ < n — 1, we have pairwise distinct vertices z1,...,2; €
V(R) \ T2c(F') such that I'oz; NTez; =0, V1 <i# j <, XhzN¥z =0,VheTy\X,V
1<i<I, hz; o zj, Vhe o\ {1}, z; ~2; & 2 ~ zj and z; ~ u, Yu € I'oo(F) V1 < i, j < L.
Define
U={z:1<i<Ilst. z;~x41}
and
V=Az:1<i<lst. x;oa}U{hz;: 1 <i<lheTls\{1}}UT(F).

Since Ry,y is infinite and I'y is finite, we may take

2141 € RU,V \ <F2a(F) (] Ué:1F22i> .

Then, for all u € Toa(F), u » 241 and, for all 1 <i <[, h € Do\ {1}, z; ~ 2141 < 2z ~ 2141,
hz; = zy1 and, for all i # | + 1, T'az; NTaz; 1 = 0. Also, since I's ~ R is free, we have
Yhzip1 Nz =0 for all h € Ty \ X. This completes the proof.

End of the proof of the Lemma. Write d(¢) = {x1,...,2,} and define, for 1 < k < n,
yr = @(xg). Let z1,...z, be the elements obtained by the Claim. Take h € 'y \ ¥. Then
the sets a(XF), Xz; for 1 < i < n, and Xhz; for 1 < i < n are pairwise disjoint. Moreover,
u o 02, u o~ chz; and 0'z; »~ ohz; for all u € a(XF), for all 6,0’ € ¥ and for all 1 <4,j < n.
Define

A=YFU (U Xg12;) U (I_I’;:lzgglyi) and B = a(XF) U (UL Xz) U (L7 Xhz)

and consider the induced graph structure on A and B. Note that YA = A , ¥B = B and
the only vertices in A (resp. B) are the ones with extremities in £ F (resp. «(XF)). Since
Y ~ R is free, we may define a bijection 79 : A — B by y(u) = a(u) for u € £F and
Yologiz;) = 0z, Y0(0gy 'y;) = ohz; for all 1 < i < n and for all ¢ € ¥ which is a graph
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isomorphism satisfying ygo = o7 for all ¢ € 3. By Proposition 2.5, there exists an extension
v € Z of 7. Then «|r = a|f and with g = gohg; € T we have, for all 1 <i <n,

T (9) i = g2y thygiai = g2y hai = 9295 'y = i
0

End of the proof of the Theorem 3.4. The first assertion of the Theorem follows from Lemmas
3.5 and 3.3. The last part follows from the first part and Corollary 2.12, where the group X
in Corollary 2.12 is actually our group I'y, the group ¥’ is our group ¥ and the group H’ is
our group I';. ]

4. ActioNs OF HNN EXTENSIONS ON THE RANDOM GRAPH

Let ¥ < H be a finite subgroup of a countable group H and 6 : ¥ — H be an injective group
homomorphism. Define I' = HNN(H, X, 0) the HNN-extension and let ¢ € I be the “stable
letter” i.e. T is the universal group generated by ¥ and ¢ with the relations tot~! = (o) for
all o € X. For € € {—1,1}, we write

by if e=1,
e '—{ 0(x) if e=-1.

Suppose that we have a faithful action I' ~ R and view I' < Aut(R). Define the closed
(hence Polish space) subset Z = {a € Aut(R) : 0(c) = aca™! for all 0 € ¥} C Aut(R) and

note that it is non-empty (since ¢ € Z). By the universal property of ', for each o € Z there
exists a unique group homomorphism 7, : I' = Aut(R) such that

Tl = idg and 74 (t) = a.
In this section we prove the following result.

Theorem 4.1. If ' ~ R is non-singular, has property (F), ¥ ~ R is free and X is highly
core-free w.r.t. H ~R for all e € {—1,1} then the set

O ={a € Aut(R) : mq is faithful and homogeneous}

is a dense Gg in Z. In particular, for any finite subgroup ¥ of an infinite countable group H
such that ¥ < H is highly core-free for all e € {—1,1}, we have HNN(H,%,0) € Hg.

We separate the proof in two lemmas.

Lemma 4.2. If, for all e € {—1,1}, ¥c ~ R is free, non-singular and X, is highly core-free
w.r.t. H R then the set U = {a € Aut(R) : m, is homogeneous} is a dense Gs in Z.

Proof. Since U = Nyecpr)Uy, where U, = {a € Z : Jg € T such that 74(9)|a,) = ¢} is
obviously open, it suffices to show that U, is dense for all p € P(R). Let ¢ € P(R), a € Z
and F' C V(R) a finite subset. It suffices to show that there exists v € Z and g € T' such
that y|r = a|r and 7(g)|a) = ¢- Since ¥ is highly core-free w.r.t. H ~ R, there exists
g1 € H such that g1d(¢) NXF = 0 and g1x = u, ogix = g2’ for all w € LF, x,2" € d(yp),
o€ X\ {1} and Eg1z N Xg1a’ = O for all z,2' € d(p) with 2 # 2’. Since 0(X) is highly
core-free w.r.t. H ~ R, there exists go € H such that g, '7(p) N ((XF U Bg1d(p))) = 0
and g5ty = u, 0(0)gy 'y = g5ty for all u € a(SF U Xgi1d(9)), v,y € r(p), o € T\ {1}
and 0(2)gy 'y N O(X)gy 'y’ = 0 for all y,y' € r(p) with y # 3. In the sequel we write
d(g) = {x1,...,2,} and y; = @(x;). Define Y = (U7, Xg12;) U (UL Za gy 'y:))U(ZF) and
note that a(Y) = (LU ,0(Z)a(gi2:)) U (U ,0(2) (g5 'wi)) U (0(Z)a(F)). Note that XY =Y



18 PIERRE FIMA, SOYOUNG MOON, AND YVES STALDER

and 0(2)a(Y) = a(Y). Define the bijection 79 : Y — a(Y) by yologizi) = 0(0)g5 "vi,
Yoloa™ (g5 tyi)) = O(0)a(giz;) for all 1 <i < n, o € ¥ and Y|sr = a|sr. By construction
7o is a graph isomorphism such that ygo = 6(o)7p for all o € X. By Proposition 2.5 there
exists an extension v € Z of 7. Note that v|p = a|p moreover, with g = gotg; € I' we have,

for all 1 <i < n, 7 (9)zs = g2vg12: = 9270(9123) = 9293 ' Vi = Yi- O
Lemma 4.3. If, for all e € {—1,1}, ¥. ~ R is free and T' ~ R is non-singular and has
property (F') then the set V. = {my : 74 is faithful} is a dense Gy in Z.

Proof. Since V' = (yep\ (13 Vg, where Vg = {a € Z : ma(g) # id} is clearly open, it suffices to

show that Vj is dense for all g € I\ {1}. We may and will assume that g ¢ H, since when

g € H we have V, = Z. Write g = h,t* ...t hy a reduced expression for g, where n > 1,
hi € H and ¢, € {—1,1}, V1 <k <n. Fix o € Z and F C V(R) be a finite subset.

Define
Etilho if eg=-1 G(E)ho if ¢ =-1

For 2 <1 < n, define

H = { Yhy_qt-1 ..t hyg if =1

le{ Yho it =1 and ﬁh:{ O(X)thy if e =1

H(E)thlfltqfl e telho if € = 1
G(E)hlfltqfl e telho if € = —1.

Let G := U} H, G = Ulefl[ and S := G"'GUG 'GU{g} C T be finite subsets of T
and F := Useauas  (BZF U a(XF)) C~V(R) a finite subset of V(R).~ Since I' ~ R has
property (F') there exists x € V(R) \ F such that z ~ u for all w € F and sz # z for all
s € S\ {1}. In particular, defining ¥; := Hj;z and Y, := Hyz, the sets XF and Y] (resp.
a(XF) and Y)) for 1 < I < n are pairwise disjoint and, using moreover the fact that I' ~ R
is non-singular, the only vertices on the induced subgraph on Y := XF U (| |, Y]) (resp.
onY := 0(2)a(F) U (N Y})) are the ones with extremities in $F (resp. in 0(X)a(F)).
It implies that the bijection 79 : YV — Y defined by Y|zr = alxr and, for all 1 <[ < n,
Yoly; = t|y; is actually a graph isomorphism between the induced subgraphs. Since we clearly
have yyo = 0(0)y for all o € 3, there exists, by Proposition 2.5 an extension v € Z of .
Then ~ satisfies 7|r = a|p and 7,(g9)z = hpy" ... Y hox = hpt™ ...t hox = gx # x since
g € 8. It follows that v € V. O

Sty i1 tehy if ¢ = —1 A :{

End of the proof of Theorem 4.1. The first assertion follows directly from Lemmas 4.2 and
4.3 since O = U NV and the last part follows from the first part and Corollary 2.12.

5. ACTIONS OF GROUPS ACTING ON TREES ON THE RANDOM GRAPH

Let T' be a group acting without inversion on a non-trivial tree. By [Se77], the quotient
graph G can be equipped with the structure of a graph of groups (G, {I'y }pev(g), {Ze fecr(g))
where each ¥, = Yz is isomorphic to an edge stabilizer and each I, is isomorphic to a vertex
stabilizer and such that I" is isomorphic to the fundamental group 1 (I",G) of this graph of
groups i.e., given a fixed maximal subtree 7 C G, the group I is generated by the groups I',,
for p € V(G) and the edges e € E(G) with the relations

e=c 1 sx)=ere(x)e! ,VzeX, and e=1 Ve e E(T),

where se : Ye = I'g(e) and re = sz : Xe — ') are respectively the source and range group
monomomorphisms.
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Theorem 5.1. If T, is countably infinite, for all p € V(G), X, is finite and sc(X.) is highly
core-free in Uy), for all e € E(G), then T € Hr.

Proof. Let eg be one edge of G and G’ be the graph obtained from G by removing the edges
ep and eg.

Case 1: G’ is connected. It follows from Bass-Serre theory that I' = HNN(H, X, ) where
H is fundamental group of our graph of groups restricted to G', ¥ = 7, (Xe,) < H is a
subgroup and 6 : ¥ — H is given by 0 = s¢, © rgol. By hypothesis H is countably infinite,
¥ is finite and, since X < Ty ¢,y (resp. 0(X) < Ty()) is a highly core-free subgroup, ¥ < H
(resp. #(X) < H) is also a highly core-free subgroup. Thus we may apply Theorem 4.1 to
conclude that I' € Hg.

Case 2: G’ is not connected. Let G; and Gy be the two connected components of G’ such
that s(ep) € V(G1) and r(eg) € V(Gz2). Bass-Serre theory implies that I' = I'; %5, I'2, where
I'; is the fundamental group of our graph of groups restricted to G;, ¢ = 1,2, and X, is viewed
as a highly core-free subgroup of I'; via the map s., and as a highly core-free subgroup of I'y
via the map 7, since se,(2e,) is highly core-free in I'y(¢y) and re,(2¢,) is highly core-free in
I (eo) by hypothesis. Since I'y and T'y are countably infinite and ¥, is finite, we may apply
Theorem 3.1 to conclude that I' € Hg. ]

6. ACTIONS OF FREE GROUPS ON THE RANDOM GRAPH

Recall that P(R) denotes the set of isomorphisms of R between finite induced subgraphs
d(e),r(¢) C V(R) and note that P(R) has a natural structure of groupoid.

In this Section, we prove Theorem D. The main tool, called an elementary extension, is a
refinement of the “back and forth” method used to extend any partial isomorphism ¢ € P(R)
to an automorphism of R.

6.1. Elementary extensions. Let ® C P(R) and F' C V(R) be finite subsets. Let v € ®.
We construct a partial isomorphism 4 € P(R) which extends v as follows: first, we set

K:=FUl|J (de)Url), D:=K\dy), R:=K\r(y).
ped

Note that D and R have the same cardinality and write D = {z1,...,2,} and R =
{v1,...,vm}. We then successively find vertices uy,...,u, € V(R) \ K such that:

e the vertex u; is adjacent to all vertices u € d(v) such that v; ~ v(u) and all vertices
ujr, with j' < j, such that vy ~ vj;
e it is not adjacent to any other vertices in K.
After that, we successively find vertices y1,...,ym € V(R) \ (K U{uq,...,uy}) such that:

e the vertex y; is adjacent to all vertices y € r(v) such that z; ~ v~ 1(y) and all vertices
Y, with ¢/ < 4, such that z; ~ x;;

e it is not adjacent to any other vertices in K, nor to vertices uq, ..., Upn.
Finally, since the sets D = {x1,...,zn},d(y), {u1,...,u,} are pairwise disjoint, and the sets
{y1,-- s ym},r(7), R ={v1,...,v,} are pairwise disjoint, we can define a partial bijection

’y:KI_I{ul,...,um}—>{y1,---aym}|—|K
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which extends v by setting y(x;) = y; for all i = 1,...,m, and §(z) = y(z) for all z € d(v),
and J(uj) =wv; forall j =1,...,n.

Definition 6.1. The above 7 is called an elementary extension of the triple (v, ®, F').

Proposition 6.2. Any elementary extension 7 of (v, ®, F') has the following properties:

(1) 4 € P(R), that is, 7 is an isomorphism between finite induced subgraphs;

(2) Fcd(®¥)Nr(¥), and for all p € @, d(p) Ur(p) C d(y) N7(7);

(3) The sets ¥ H(d(v) \ 7(7)), 7(r(v) \ d(v)) and K are pairwise disjoint and u ~ v,
Vu € 57 (d) \ 1), Yo € 3(r(2) \ d(3) i

(4) Let @ := (@ \ {v}) U{7}. For any subset A of U@E(f)(d(cp)NU r(p)) let Q (resp. )
be the orbit of A under the groupoid generated by ® (resp. ®). Then, any edge of R
contained in Q\ Q is the image under 5 or ¥~1 of an edge in Q.

Proof. (1) It is clear from the construction that K is finite, as it is a finite union of finite
sets. Hence, d(¥) = K U{uy,...,un} and (%) = {y1,...,ym}t U K are finite. Let us
now check that 4 is an isomorphism between finite induced subgraphs. Notice that one has
d®) = {z1,...,zpn} Ud(y) U{us,...,un} and let v,z € d(¥). We are going to check that
u ~ z < J(u) ~ Y(x) by distinguishing cases. If u and x are in the same component of
the disjoint union {x1,...,z,} U d(y) U{u1,...,un}, the equivalence follows readily from
the construction and the fact that v € P(R). If x € d(y) and u = u;, then z ~ u; &
v(x) ~ v; & F(x) ~ F(uj) by the selection of the u;’s. If v = z; and v € d(y), then
x; ~u sy~ y(u) < F(x;) ~ Y(u) again by the choice of the y;’s. Finally, if x = z; and
u = uj, then (u;) = v; and J(x;) = y;. It follows from the selection of the u;’s and y;’s that
uj 7 x; and v; o y;. Hence the equivalence holds.

(2) It is clear since F U d(p) Ur(p) for ¢ € ® are contained in K and K C d(7) Nr(7).

(3) Notice that 3~ (d(v)\r(7)) C {u1,...,um} and 3(r(v)\d(v)) C {y1,--.,ym}. Therefore
the assertion follows from the construction.

(4) Note that Q\ Q € 7 1Q\ r(7) UF(Q\ d(v)). Let (z,y) € Q\ Q2 such that = ~ y.
If 2,y € 5(Q\ d(7)) or x,y € ¥~ Q2 \ r(7)) the result is trivial. Note that we cannot have
z €7(Q\d(7)) and y € y71(2\ r(v)) because otherwise there exists i and j such that z = y;
and y = u; which implies that z ~ y. Suppose now that z € (2 \ d(v)) and y € Q. Then
there is some ¢ such that z = y; but then y; ~ 3 implies that y € 7(y) and 7~ (y) ~ 7 (z).
Since ¥~ 1(y) = v H(y) € Qand 7 (z) =5 H(y;) = z; € Q, we are done. The other cases are
proved in the same way. O

6.2. “Treezation” of a free group action. We denote by F, the free group on k generators
ai,...,ar. Given a tuple @ = (ay,...,q) € Aut(R)*, we denote by a : Fj, — Aut(R) the
unique group homomorphism such that a(a;) = a; for all j.

In this section, given such a k-tuple @ € Aut(R)* and a finite set I of vertices of R, we explain
how to get a k-tuple 8 € Aut(R)* such that, for all j and ¢ = %1, the automorphisms as
and 5]5» coincide on F, and, informally speaking, the associated Schreier graph (see definition
below) looks like a tree far from F'.
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First, we define, for 1 < j < k, the element fy; € P(R) by the restriction:

/BO,j = aj‘ajfl(F)UF : Oéj_l(F)UF—)FUOéj(F).

Write F' = (J!_, <aj_1(F) uFu@j(F)> = U"_ 1 (d(Boy) Ur(Bog)- Let By C P(R) be the
groupoid generated by fy ; for 1 < j < k and note that, for all ¢ € By, one has d(¢)Ur(y) C F.

Remark 6.3. Suppose that « has all orbits infinite. It implies that for all x € F there exists
g € By and 1 < j < k such that « € d(g) and gz ¢ d(Bo,;) N7r(Bo,;). Indeed, since the a-orbit

s o
~ il
expression, where ¢, € {—1,1}. Since a(w)z ¢ F' it follows that = & d(5y7 ... 65}, ). We may
and will assume that = € d(fy};,) (otherwise the conclusion is obvious). Let 1 <ng <n —1

be the largest integer such that x € d(ﬁ;f{;o ...B%,)- Defining g = gero 5571“ € By and

i1 Oing

of x is infinite, there exists w € Fy such that a(w)z ¢ F. Write w = of" ... o} its reduced

J = iny+1 We reach the conclusion.

Let V(R) = {z0,21,...} be an enumeration of V(R) and define inductively 5, € P(R)*
by By = (Boas---»Pok) and, if for some I > 0 the element B = (Bi1s---+Bik) is defined,
we denote by j(I) the unique element in {1,...k%} such that j(I) =1+ 1 (mod k) and we
define B, = (Bi+1,1 -+ -5 Biv1,k) where Biy1,50) 1s the elementary extension of the triple

(BrjwyBias-- - Bk}, {a}) and Biia; = By for j # j(1). We will denote by By C P(R) the
groupoid generated by 3 1,..., 5 k-

Define 8 = (B1,..., k) € Aut(R)¥, where B; is (well-) defined by B;(x) = B;,(x) whenever
x € d(Bj,) (and denote by  : Fj, = Aut(R) the unique group morphism which maps the a;
onto f3;).

Definition 6.4. The k-tuple S is said to be a treezation of & relatively to F.

We denote by Gg the Schreier graph of 5: the vertices are V(Gz) = V(R) and for all € V(Gg)
we have an oriented edge from x to 8;j(x) which is decorated by j* and an oriented edge from
ﬂj_l(x) to = decorated by j—.

More generally, given a groupoid H C P(R) generated by 71,...,7; € P(R), we define Gy the
Schreier graph of H with the generating tuple (71, ...,7%) in the following way: V(Gg) = V(R)
and, for all z € V(Gp), there is an oriented edge decorated by j from z to ~;(z) whenever
x € d(y;) and there is an oriented edge decorated by j~ from fyj_l(x) to  whenever x € r(v;).

For all [ > 0, we will denote by G; the Schreier graph of B; with the generating tuple /;.
Given a graph G, for [ > 2, a minimal path in G from 1 € V(G) to x; € V(G) is a finite
sequence of pairwise distinct vertices x1, ... z; such that z; ~ x;11 forall 1 <i <[—1. When
[ > 3 and z1 ~ z;, we call it a minimal cycle.

Recall that aq,...ax are the canonical generators of Fy.

Proposition 6.5. Any treezation B of & satisfies the following properties.

(1) For alll > 0 the minimal cycles in G; are all contained in F.
2) The minimal cycles of Gg are all in F.

3) The minimal paths of G with extremities in F are contained in F.
4) If the orbits of a are infinite then the orbits of B are infinite.

(
(
(
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(5) For all z,y € B(FL)(F), if (z,y) € E(R) then there exists xo,y0 € F such that
(z0,90) € E(R) and w € Fy, such that f(w)zo = = and B(w)(yo) = y-

(6) Let x € F and w = ai" ... a;" € Fy, with its reduced expression, where ¢, € {—1,1}. If
there exists s such that 3i° ... 3w ¢ F, then for all s < t < n the path

is a geodesic path in Gg and d(f;/ . .. ﬁ;lx,ﬁ) =1 +d(ﬁf::ll Bl ﬁ) foralls <t <
n, where d is the graph distance.

Proof. (1) The result is obvious for Gy since all the edges in Gy have their source and range
in F. Now, observe that the edges of G; are included in the edges of G;11 with the same label
and any edge of G;11 which is not already an edge on G; has an extremity which is not in any
domain or range of any 3;; for 1 < j < k since S ;) is an elementary extension of 3 ;)
and for j # j(l) one has f;41; = B;;. Hence, the minimal cycles in G;;; are contained in G.
This proves the result by induction on [.

(2) It follows from (1) since any minimal cycle in Gg is a minimal cycle in G; for some [ > 0.

(3) The proof is the same as the one of (1) and (2).

(4) It follows from (2) that the induced graph structure on the complement of F coming from
Gg is a forest. Hence, every z ¢ F has an infinite B-orbit. If x € F , we find, by Remark 6.3,
g € Bpand 1 < j < n such that x € d(g) and gz ¢ d(5o,j) Nr(Bo,;).- Hence either By ;(gx) ¢ F
or B,;]l(gx) ¢ F. In both cases, we find an element w € Fy, such that S(w)(z) ¢ F. By the
first part of the proof, the -orbit of x is infinite.

(5) Let © be the orbit of F under the action 8 and, for [ > 0, ; be the orbit of F under the
groupoid B;. Since every edge of R which is in  is actually in €; for some [, it suffices to
show that, for all [ > 0 and all z,y € ; with (z,y) € E(R), there exists g € B; and xq, yo € F
such that grg = x and gyg = y. For [ = 0 it is trivial since Qg = F and the proof follows by
induction by using assertion (4) of Proposition 6.2.

(6) The proof is a direct consequence of the following remark, which is itself a direct conse-

quence of (2) and (3). For all x ¢ F in the connected component of a point in F' there exist
a unique path in Gg without backtracking x1,x2,...,z; such that

® I =2,
® T9,...,T]-1 ¢F,
e, €F.
Moreover, this path is geodesic. O

6.3. Proof of Theorem D. Let us fix an integer k£ > 2. We still denote by F} the free
group on k generators ay,...,ag, and by « the morphism Fj — Aut(R) associated to some
a € Aut(R)*. Let us mention that one has (@) = {a(w) : w € F}}. The set

A={a e Aut(R)* : every (a)-orbit on the vertices is infinite}
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is closed in Aut(R)*, which is closed on S(R)*. Thus A is a Baire space. We also consider
the subsets

F {@ € Aut(R)* : a is injective };
H = {aec Aut(R)": a is an homogeneous action on Aut(R)}.
Now, Theorem D can be stated as follows.

Theorem 6.6. The subset ANF NH is a dense Gg in A.

Proof. Let us prove that AN 7H is a dense G5 in A. To do this, we observe that ANH =
Npepr) (AN Hy), where H, = {a € Aut(R)* : Jw € Fy, Vo € d(p), a(w)r = pz}. Since
the AN H,’s are all open because the H,’s are open in Aut(R)*, it suffices to prove that
ANH, is dense for all ¢ € P(R).

Take an arbitrary ¢ € P(R) and an arbitrary @ = (a1, ...,ax) € A. We need to prove that,
for any finite subset F' C V(R), there exists w € AN H, such that ozjil and wjil coincide on
F for all j. To prove this, we may assume that F' contains both d(p) and r(p).

We take such an F' and we set F = U;?:l(ajfl(F) UFUq;(F)) as we did in Section 6.2. Then

we take a treezation 3 of & relatively to F. Let us recall that 3 has all orbits infinite since «
does, and that, for all j, the automorphisms ﬁjﬂ and a}tl coincide on F.

Recall that (known as Neumann’s Lemma [Neu76]), if every orbit of an group action G ~ X
in infinite, then for every finite subset F' of X, there exists ¢ € G such that gF N F = (.
Hence, there exists u € F}, (we consider it as a reduced word) such that B(u)F N F = §. Up
to replacing u by some aju, we may assume that u is moreover cyclically reduced. This is
possible thanks to Proposition 6.5 (6). Since u? is reduced, we also have S(u?)F N F = (),
again by Proposition 6.5 (6).

Let us now show that F' and (u?)F are disconnected, that is, for all z € F and y € S(u?)F,
we have z ~ y. Assume by contradiction that there exists z € F' and y € f8 (UQ)F such that
x ~ y. By Proposition 6.5 (5), there exist xg,yo € F and v € Fy, such that = = B(v)zy and
y = B(v)yo. Using Proposition 6.5 (6), we see first that v = uv’ (reduced expression) since
y = B(v)yo is in B(v)F N B(u?)F, and then that B(v)zy = B(u)B(v')zo is not in F. Indeed, if
Bz € F, then B(u)B(v')xo is not in F, and if B(v')xg ¢ F, then B(u)B(v')xg is farer from
F than B(v')zg in the Schreier graph of 3. Since we have 3(v)zo ¢ F, z € F and z = §(v)xo,
we have obtained a contradiction.

We now set K = J, 8(v)F, where the union is taken over the prefixes of u? (it is the union
of trajectories (see Definition 3.1 in [MS13]) of points in F' in the Schreier graph of ) and
K = U;?:l(ﬂj_l(K) U K U Bj(K)). We also consider some integer s > 10diam(K), with
respect to the metric on the Schreier graph of 5, and an index ¢ such that the first letter of w
is different from a!. Proposition 6.5 ensures that 8(a; *u?)F, K and B(afu?)F are pairwise
disjoint.

Moreover, (a;SuQ)F and (afu2)F are both disconnected from K. Indeed, assume by con-
tradiction that there exist z € K and y € ﬁ(afuz)ﬁ’ such that x ~ y. By Proposition 6.5 (5),
there exist zg,y0 € F and v € F}, such that z = B(v)xg and y = B(v)yp. On the one hand,
using Proposition 6.5 (6), we see first that v = ajuv’ (reduced expression) since y = S(v)yo
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is in B(v)F N B(aiu®)F, and then that the distance (in the Schreier graph of 3) between
B(v)xg and F is greater than 10diam(K). Indeed, we get, as above, that B(uv')xy ¢ F, and
deduce that the distance between f(v)zg = [(af)B(uv")z and F is greater than s, which is

itself greater than 10diam(K’). On the other hand, since x is in K, its distance is less or
equal to diam(K). Hence, we get « # B(v)zo, a contradiction. This proves that there are no
edges between K and (8 (afuz)F . One gets similarly that there are no edges between K and
Bla; “u?)F.
Thus we can define a partial graph isomorphism 7 € P(R) as follows: we fix some index 4’
distinct from ¢ (which exists since k > 2) and set:

o d(r) = (B, 'K UK)UB(aiu?)d(p);  r(1) = (K UBrK) U Ba; *u?)r(p);

e for z € ﬁglKUK, we set Tx = By x;

o for z € B(aju?)d(y), we set Tz = B(a; *u?) o p o B(u~2a; *)x.
Note that without the fact that 8(a; *u?)F and S(afu®)F are both disconnected from K, the
map 7 could be only a bijection between vertices.

Now, one can extend 7 to an automorphism wy, and set w; = ; for other indices j. Then,
for all j, wj.ﬂ, ﬁ]j.ﬂ and ozjil coincide on F. Moreover B(a; *u?) and w(a; *u®) coincide on F,

and the same holds for 8(aju?) and w(afu?). Hence, one has

wu2a; *apa;Su)r = B(u2a;*)7B(a; *u?)z
= Bua;)B(afu’)pB(u?a7)B(a; *u?)z = pu
for all € d(¢). In other words, @ = (w1,...,ws) is in H,.

Finally, as wy coincides with S8y on 6271K U K and all §;-orbits are infinite outside this set,
w also has all orbits infinite, that is @ is in A. Consequently, we obtain that w is in ANH,,
which concludes the proof that A N H is dense G5 in A. One can use a similar, but much
easier, argument to show that AN F is a dense G in A. This is left to the reader. O
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