N

HAL

open science

Highly transitive actions of groups acting on trees

Pierre Fima, Soyoung Moon, Yves Stalder

» To cite this version:

Pierre Fima, Soyoung Moon, Yves Stalder. Highly transitive actions of groups acting on trees. Pro-
ceedings of the American Mathematical Society, 2015, 143 (12), pp.5083-5095. 10.1090/proc/12659 .

hal-01902429

HAL Id: hal-01902429
https://hal.science/hal-01902429

Submitted on 22 Nov 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01902429
https://hal.archives-ouvertes.fr

HIGHLY TRANSITIVE ACTIONS OF GROUPS ACTING ON TREES

PIERRE FIMA, SOYOUNG MOON, AND YVES STALDER

ABSTRACT. We show that a group acting on a non-trivial tree with finite edge stabilizers and
icc vertex stabilizers admits a faithful and highly transitive action on an infinite countable
set. This result is actually true for infinite vertex stabilizers and some more general, finite or
infinite, edge stabilizers that we call highly core-free. We study the notion of highly core-free
subgroups and give some examples. In the case of a free product amalgamated over a highly
core-free subgroup and an HNN extension with a highly core-free base group we obtain a
genericity result for faithful and highly transitive actions.

An action of a countable group I' on an infinite countable set X is called highly transitive if
it is n-transitive for all n > 1. It is easy to see that an action I' ~ X is highly transitive if
and only if the image of I' in the Polish group S(X) of bijections of X is dense.

An obvious example of a highly transitive and faithful action is given by the action of the
countable group of finitely supported permutations of X. This group is not finitely generated
and far from being free (it is amenable).

The first explicit construction of a highly transitive and faithful action of the free group F,,
for 2 < n < oo, was published in [McD76] by T.P. McDonough. Then, J. D. Dixon [Di89]
showed that most (in a topological sense) finitely generated highly transitive subgroups of
S(X) are free.

AM.W. Glass and S.H. McCleary [GM90] have constructed faithful and highly transitive
action of a free product I'; * Iy of non-trivial countable (or finite) groups with I's having
an element of infinite order. They also observed that Zs * Zy does not have a faithful and
2-transitive action and they asked for which non-trivial groups I';, i = 1,2, does I'; x I's have
a faithful and highly transitive action.

S.V. Gunhouse [Gu91] completely answered the question by constructing, for any non-trivial
countable (or finite) groups I';, ¢ = 1,2, with one of the I'; of size at least 3, a faithful and
highly transitive action of I'y * I's. A similar result was obtained independently by K.K.
Hickin [Hi90]. Recently, the last two authors [MS12] proved a genericity result for faithful
and highly transitive actions of free products.

Using the techniques of Hickin, Gunhouse also characterized in his PhD (unpublished result)
the non-trivial amalgamated free products with amalgamation over an Artinian group', that
admit a faithful and highly transitive action. He proved that if ' = I'y ;FQ and X is an Artinian

group, properly included in I'1 and I's, then I" admits a faithful and highly transitive action
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Lthat is, any decreasing chain of its distinct subgroups terminates after a finite number; e.g. finite groups.
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if and only if the only subgroup of ¥ which is normal in both I'y, I's is the trivial group. By
the results of [Co08], this last condition is equivalent, when ¥ is finite and has index at least
three in one of the I';, to say that I' is icc.

Other examples of groups admitting a faithful and highly transitive action were given recently:
surface groups (D. Kitroser [Ki09]), Out(F,,), for n > 4 (S. Garion and Y. Glasner [GG10]),
and non-elementary hyperbolic groups with trivial finite radical (V. V. Chaynikov, [Ch12,
Section IV 4]).

In this paper we are interested in groups acting without inversion on a tree and admitting a
faithful and highly transitive action.

Observe that, by [MS12, Proposition 1.4], if I' admits a highly transitive and faithful action
then T is icc.

We call a tree non-trivial if it has at least two edges, e and its inverse edge €. For general
groups acting on trees we obtain the following result.

Theorem A. Let I' be a group acting without inversion on a non-trivial tree. If the ver-
tex stabilizers are icc and the edge stabilizers are finite then I' admits a faithful and highly
transitive action.

We obtain actually a more general statement (Theorem 4.1) including some infinite edge
stabilizers that we call highly core-free subgroups (Definition 1.1).

To prove Theorem A we use standard arguments from Bass-Serre theory to reduce the case
to either an amalgamated free product or an HNN-extension. For these two cases we prove
a genericity result for faithful and highly transitive actions (Theorem 2.2 and Theorem 3.2).
We recover, as a particular case of our result on amalgamated free products, the result of D.
Kitroser about surface groups (Example 5.1).

The paper is organized as follows. Section 1 is a preliminary section in which we introduce
and study the notion of highly core-free subgroups that we use in the paper. In section 2 we
study the case of HNN-extensions and the case of amalgamated free products is treated in
section 3. We prove Theorem A in section 4. Finally, we give some examples in section 5.

1. HIGHLY CORE-FREE SUBGROUPS

Let ¥ be a subgroup of a group H. For a non-empty subset S C H, the normal core of X
with respect to S is defined by Coreg(X) = Npesh™!Xh. Recall that X is called a core-free
subgroup if Corey (¥) = {1}. We need a stronger condition than core-freeness namely, we ask
that, for every covering of H with non-empty sets, there exists at least one set in the covering
for which the associated normal core of X is trivial. Asking for this property to hold also for
coverings up to finitely many Y-classes leads to the following definition.

Definition 1.1. A subgroup ¥ < H is called highly core-free if, for every finite subset F' C H,
for any n > 1, for any non-empty subsets Si,...,S5, C H such that H — X F C U}!_, Sy there
exists 1 < k < n such that Coreg, (¥) = {1}.

It is clear that a highly core-free subgroup is core-free. Also, if H is finite then every non-
trivial subgroup is not highly core-free (however there exists finite groups with non-trivial
core-free subgroups, for example the permutation group S(n) in S(n + 1) is core-free). More



HIGHLY TRANSITIVE ACTIONS OF GROUPS ACTING ON TREES 3

generally, a finite index subgroup is never highly core-free. Indeed, if ¥ is a non-trivial finite
index subgroup of H and F is a finite subset such that H = XF, take n = 1 and S; = {1}
so that we have Coreg, (¥) = ¥ # {1}. This shows that the highly core-free condition is
interesting only for subgroups of infinite index. Examples of highly core-free subgroups will
be given in Example 1.11.

Recall that a subgroup ¥ < H is core-free if and only if the action H ~ H/Y on the left
cosets is faithful (this argument also shows that a finite index subgroup of an infinite group
cannot even be core-free). The highly core-free condition will be equivalent to a stronger
condition than the faithfulness of the action on the left cosets. We introduce this notion in
the following definition.

Definition 1.2. An action H ~ X is called highly faithful if, for any n > 1, for any non-
empty subsets T1,...,T;, C X such that X —U}_, T} is finite, there exists 1 < k < n satisfying
the following property:

if h € H is such that hx = x for all x € T}, then h = 1.

Lemma 1.3. Let ¥ < H be a subgroup of a group H. The following are equivalent.
(1) X is highly core-free.
(2) The action H ~ X\H on right cosets is highly faithful.
(3) The action H ~ H/X on left cosets is highly faithful.

Proof. As a preliminary, assume S, ..., .S, are subsets of H and 11, ...,7,, are the images of
Si,...,S, in X\ H. Then, for any k, the following are equivalent:

evVhe H(Vx €Ty, h-x =2x= h=1);,

e Vhc H (Vg€ Sy, Xgh™! =Yg = h=1);

eVhec H (Vg€ Sy, g'%g=(g7'89)h = h =1);

e Coreg, (X) = {1}.

2 = 1. Take F and Sy, ..., S, as in Definition 1.1, and 77, ..., T, as before. Then (X\H) —
Up_, T} is finite. Take k as in Definition 1.2 and we get Coreg, (3) = {1}.

1 = 2. Take Ti,...7T, as in Definition 1.2 and set S to be the preimage of T} in H.
Then H — XF C U}_,S; for some finite set F'. Take k as in Definition 1.1 and we get
Vhe H (Ve € T, hv =x = h =1).

2 <= 3. Follows from the fact that the H-sets H/¥ and ¥\ H are isomorphic. O

Example 1.4. The highly core-free condition is stricly stronger than core-freeness, even for
infinite groups. Indeed, let H = S, be the group of finitely supported permutations of N and
¥ = Stabg,_(0) < H be the stabilizer of 0 € N. Since Ss, ~ N is transitive and faithful, ¥ is
core-free. However, Y is not highly core-free since the action S, ~ N is not highly faithful:
it suffices to write N = {0,1} U{k € N : k > 2} and to use directly the definition.

We are grateful to the referee for having suggested the following example.

Example 1.5. Let G = PSLy(K) and X = P! (K9), where d > 2 and K is a countable
field. The natural action G ~ X is highly faithful. Indeed, assume that T7,...,7T;, are non-
empty subsets of X such that X — U}_,T; is finite. There exist some index k and elements
Ul,...,Uq+1 € Tk, that we represent by vectors uq,...,uqr1 € K", such that any strict
subfamily of (uq,...,uy) is linearly independant in K™. Let us now suppose that some g € G,
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represented by a matrix A € SLy(K), satisfies gz = x for all # € Tj,. Then one has gt; = 4;
for all j, hence Auj; = Aju; for some eigenvalues Ay, ..., \,. If there are several eigenvalues,
our linear independance condition implies that the sum of eigenspaces dimensions of A is at
least d + 1, which is impossible. Consequently, A is a scalar matrix, that is, ¢ is trivial in G.
This proves that G ~ X is highly faithful. Consequently, by Lemma 1.3, the stabilizer in G
of any point x € X is a highly core-free subgroup.

Given a set X and an integer k > 2, let X®) be the complement of the large diagonal in X*:
X® = {(x1,...,2) € X* . @; # x; for all i # j}.
We give some more caracterisations of core-freeness in the next lemma.
Lemma 1.6. Let ¥ be a non-trivial subgroup of an infinite group H. The following are
equivalent.
(1) X is highly core-free.
(2) Vn > 1, Va1,...,x, € H— {1}, the set
H; = {Xh € ¥\H : Shx; # Xh for all i} is an infinite subset of ¥\ H.
(3) Vk > 2, V% = (z1,...,x1) € H®), the set
Gz = {Xh € ¥\H : Xha; # Xhxj;, Yi # j} is an infinite subset of X\ H.
(4) For every free action H ~ X, Yk > 2 and ¥z = (z1,...,x3) € X*),
E; ={Xh e X\H : Shx; NXhx; =0, Vi # j} is an infinite subset of X\ H.
(5) For every free action H ~ X, Yk > 2, V% = (21,...,21) € X®) and all F C X finite,
Epz ={h € H : hx; ¢ XF for all i and Xhx; N Xhx; =0, Vi # j} is non-empty.

Proof. 1 = 2. Fixn>1and x1,...,2, € H—{1}. For 1 <k <mn, set T, = {3h € ¥\H :
Yhzxy = Xh}. We have then

n
S\H = Hz U U Ty .
k=1
Assume by contradiction that Hz is finite. Since H ~ ¥\ H is highly faithful (see Lemma
1.3), there exists k such that Vo € H, (VXh € Ty, Sha~! = ¥h = x = 1). But we also have
VYXh € Ty, Xhzy, = Xh just by definition of Ty. Hence, we get xlzl = 1, which is impossible
since x, € H — {1}. This proves that H; is infinite, as we wished.

2 = 3.Let k>2and & = (x1,...,x) € H®. Consider the collection of non-trivial
elements y;; = :cz-:cj_l € H for ¢ # j. It is easy to see that Hy C Gj.

3 = 4. Since H ~ X is free, we may assume that X = H x I, where I C N and the action
is given by h(g,n) = (hg,n) for h € H and (g,n) € X. Let k > 2 and & = (z1,...,x;) € X®
and write x; = (gi,n;). Let m be the size of the set {g; : 1 < i < k}. If m > 2 let
7= (y1,...ym) € H™ such that {g; : 1 <i <k} ={y1,...,ym}; it is then easy to see that
Gy C Ez. If m =1, all the g;’s are equal to y € H. Since the z;’s are pairwise distinct, the
n;’s must be pairwise distinct. Hence, Fz = X\H D Gy for any y = (y1,2) € H®. In both
cases, Ez contains some Gy, and using (3), we conclude that Ej is infinite.

4 = 3. Applying 4 to the free action H ~ H we conclude that 3 holds.
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3 = 2. Letn>1,x,...,2, € H—{1}. To show that Hz is infinite, we may suppose that
the x;’s are pairwise distinct. Define y; = x; for 1 < ¢ < n. Define k = n+ 1 and y, = 1.
Then 5 = (y1,...,yx) € H® and it is easy to see that Gy C Hy.

2 = 1. Assume (1) does not hold, that is, that the action H ~ ¥\ H is not highly faithful.
This means that there exist non-empty subsets 171, ...,T, C X such that X —U}_, T} is finite,
and for all 1 < k < n there exists x;, € H such that:

i # 1 and Yhxy = zp for all Xh € Ty,

Set now Hz = {¥h € ¥\H : Yhz; # Xh for all 1 <i <n}. We get immediately T, N Hz = ()
for all k, which implies that Hjz is finite. Hence (2) does not hold.

45 Letk>2, z1,...05 € X and FF C X a finite subset. Observe that,
k
SEpz=FEz— | JF where F,={SheX\H : hz; € LF}.
i=1
Since H ~ X is free and F' is finite, the set F; is finite for all 1 < ¢ < k. Suppose condition
(4) holds. Then ¥ must have infinite index in H and, since Ej is infinite and U§:1 F; is finite,
Y. Erz is an infinite subset of ¥\ H. In particular, Erz is non-empty.
Suppose condition (4) does not hold and let (z1,...,z;) € X*) and Y C H a finite subset
such that Fz = XY. Define F' = {yz; : y € Y, 1 <i < k}. We have (we do not need the
freeness assumption here) YEpz C Ez \ Y = 0. O

Motivated by the preceding lemma, we give the following definition.

Definition 1.7. Let H ~ X be an action of a group H on an infinite set X and ¥ < H be
a subgroup.
e We say that X is highly core-free with respect to the action H ~ X if, Vk > 2,
VZ = (z1,...,2) € X&) the subset
E; ={Xh e X\H : Shx; NXhx; =0, Vi # j} is infinite.
o We say that X is strongly highly core-free with respect to the action H ~ X if, Vk > 2,
VE = (z1,...,2;) € X®) VEF C X a finite subset, the subset
Epz ={h € H : hx; ¢ XF for all i and Xhz; NXha; =0, Vi # j} is non-empty.
The two notions are not equivalent: actions with fixed points are possible in the first case

and not in the second one. For free actions they are equivalent (see the proof of Lemma 1.6).
In general, we have the following result.

Proposition 1.8. Let H ~ X be an action of a group H on an infinite set X and ¥ < H
be a subgroup. If ¥ is strongly highly core-free with respect to H ~ X then it is also highly
core-free with respect to H ~ X. The converse is true when, for all x € X, the map

o+ D\H — X\X; Xhw— Xhx
has finite fibers.

Proof. The proof of the Proposition is the same as the proof of of 4 < 5 in Lemma 1.6. The
only remark to make is that, for all (zy,...z,) € X™ and F C X, we have

n
SEpz = Ez — | ] @3 (5F)
i=1
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and the ¢ !(SF)’s are finite since ¢, has finite fibers. O

Notice that if 3 is highly core-free with respect to the action H ~ X, then the action H ~ X
has no finite orbits, except maybe fixed points. Notice also that if 3 is highly core-free with
respect to the action H ~ X, then the action ¥ ~ X has infinitely many orbits.

Remark 1.9. Let H be a group and > < H a subgroup. If there exists a highly transitive
action H ~ X such that the action ¥ ~ X has infinitely many orbits, then 3 is strongly
highly core-free with respect to the action H ~ X.

Proof. Let k> 2,z = (x1,...,7k) € X®) and F C X a finite subset. We want to prove that
Epz ={h € H : hx; ¢ XF for all i and Xhz; N Xhx; =0, Vi # j} # 0.

Let Y = XF U (U;?:lEa:j). Since ¥ ~ X has infinitely many orbits there exists an element
(21, .,21) € X*) such that ¥z C V¢ and %z; N Xz; = ) for all i # j. By high transitivity
of H ~ X there exists h € H such that hxz; = z; for every i. Then hx; = z; ¢ XF for all 4
and Yhx; N Xhr; =Yz NYz; =0 forall i # j so h € Epg. O

Let H be a group. For g € H denote by Cly(g) = {hgh™! : h € H} the conjugacy class of
g and by Cg(g) ={h € H : gh = hg} the centralizer of g. Recall that the group H is called
icc if for every g € H — {1} the set Cly(g) is infinite (or, equivalently, the subgroup Cr(g)
has infinite index). We call a subgroup ¥ < H icc relative to H if, for every o € ¥ — {1}, the
set Cly(o) is infinite.

Lemma 1.10. Assume ¥ < H be a subgroup such that:

e 3 has infinite index;
e X is icc relative to H;
o for any h € H — {1} the set XN Cly(h) is finite.

Then, X is highly core-free.

Proof. Take n > 1 and z1,...,2, € H—{1}. By Lemma 1.6, it suffices to prove that the set
H; ={Xh € ¥\H : Xhz; # Xh for all i}

is infinite. We note that, since ¥ has infinite index, ¥\ H is infinite and the unique orbit of
the action H ~ ¥\ H is infinite.

We then remark that one has Lha; = Yh < hz;h~t € ¥ o 2; € h™'Eh. Hence, equality
Yhrz; = Xh can occur only if z; € YV = Usex_13Cly(0), so that we may assume that
Z1,...,2Ty liein Y. Since X is icc relative to H, all orbits of the action H ~ Y by conjugation
are infinite.

Set F = (Ulgign CZH(ZL'i)) Ny = Ulgign(ClH(:ri) N Z); this set is finite by hypothesis.
Morover, one has h{z1,...,2,}h 1 N = h{xq,...,z,}h 1N F for all h € H.

Now, note that all orbits of the action H ~ (X\H UY) are infinite, and take any k > 1, and
any Xh,...,Lhr € ¥\H. Then consider the finite sets A = {¥hy,..., Xhi} U{z1,..., 25}
and B = {¥} U F. By Neumann’s Lemma [Ne76, Lemma 2.3], there exists h € H such that
h-AN B ={. This implies:
o {Shih™t ... Shh N {X} =0, hence Sh ¢ {Shy,...,Shi}, and
e h{zy,...,x,}h™1 N F =0, hence h{x1,...,2,}h "1 NS = 0, hence Xhx; # Th for all
i, hence h € Hz.
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This proves that Hjz is infinite, as desired. O

Example 1.11. The easiest example of groups satisfying the hypothesis of Lemma 1.10 is a
finite relatively icc subgroup 3 of H. In particular, a finite subgroup of an icc group. Other
examples are given below.

Observe that, if ¥ < H is malnormal, then Cy (o) C ¥ for all o € ¥ — {1}. Hence, if ¥ is
malnormal and has infinite index then 3 is relatively icc.

Suppose that ¥ < H is a malnormal subgroup then, for all h € H — {1} with the property
that Clg(h) N X # 0, there exists o9 € ¥ — {1} such that Clg(h) N X = Clx(0p). Indeed,
let h # 1 and 09 = ghg™! € X for some g € H. If 0 = tht™! € Cly(h) N'Y then o # 1
and, o0 = tg loggt™' = tg log(tg™ )t € tg7!8(tg71)L. So o € ¥ Ntg ! Egt~! and thus
tg~! € ¥ by malnormality of 3. Hence o € Clx(0g) and this proves Cly(h) NY C Cls(0o).
The other inclusion is obvious.

By the preceding remarks any infinite index and malnormal subgroup ¥ < H such that
Cls (o) is finite for all o € ¥ satisfy the hypothesis of Lemma 1.10. Here are some particular
examples.

e A finite malnormal subgroup ¥ of an infinite group H.

e H = ¥ x (G such that G and X are non-trivial and ¥ abelian. More generally, an
abelian malnormal subgroup ¥ of infinite index of an infinite group H.

e Let K be an infinite (commutative) field. Let H = K* x K and ¥ = K* < H. Then
Y is malnormal in H (see Example 4 in [HW11]).

e Let H = (a,b) ~ F3 be a free group on 2 generators a and b. The infinite cyclic
subgroup ¥ generated by any primitive element (e.g. a*ba='b~! with k # 0 # [ € Z)
is malnormal (see Example 7.A. in [HW11] and [BMR99)).

2. THE CASE OF AN HNN-EXTENSION

Let H be a countable infinite group, 3 < H a subgroup and 6 : ¥ — H an injective group
homomorphism. Let I' = HNN(H, X, 0) = (H,t|60(c) = tot ' Vo € ¥) and, for € € {—1,1},

b if e=1,
ZE—{ (D) if e——1.
Let H ~ X be an action of H on an infinite countable set X. Let S(X) be the Polish group
of bijections of X. Although the action is not supposed to be faithful we write, in order to

simplify the notations, the same symbol h € S(X) for the action of h € H on the set X.

Define

Z={weSX): 0(0)=wow ! VoecX}
Then Z is a closed subset of S(X). Suppose moreover that the actions ¥, ~ X are free for
e € {—1,1} and have infinitely many orbits (this last assumption is automatically satisfied
if ¥, is highly core-free with respect to the action H ~ X for all € € {—1,1}). With these
assumptions, the set Z is non-empty.

For all w € Z there exists a unique group homomorphism 7, : I' = S(X) such that 7, (t) = w
and 7, (h) = h for all h € H.

Lemma 2.1. If, for each e € {—1,1}, X, is strongly highly core-free with respect to the action
H ~ X then the set O = {w € Z : m, is highly transitive} is a dense G in Z.
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Proof. We have O = Ny>2 Nz ze xm) Oz g Where, for &= (21,...20), 5= (y1,...,Yn) € x )
Ozg={weZ:3g€eTl, my(g9)zr =y for all 1 <k < n}.

It is easy to see that Ozy is open in Z. Let us show that Oz is dense in Z. Let w € Z
and F' C X be a finite subset. We claim that there exists g,h € H such that hzy ¢ XF,
g 'yr ¢ w(XF) for all 1 < k < n and the sets Yhxy, Ywlgly, for 1 < k < n are pairwise
disjoint. Indeed, since #(X) is highly core-free with respect to the action H ~ X, the set

Ewrg={h € H : hy; ¢ 0(X)wF for all i and 0(X)hy; N O(X)hy; =0, Vi # j}

is not empty. Take g~! € Ey,py and let F' := F'U (U’,Zzlw_lg_lyk). Since ¥ is highly core-free
with respect to H ~ X, the set Epr ; = {h € H : hx; ¢ ¥F' Vi and Lha;NXhx; = 0 Vi # j}
is not empty and we take h € Epr z. It is clear that g, h satisfy the claimed properties.

Define Y = L?_ Shay USw g7y, Then F C Y and w(Y) = LP_ 0(Z)whay, L O(X)g L.
Since the actions ¥, ~ X are free, we can define v € S(X) by 7|y = w|ye and,

Y(ohar) = 0(0)g  yr, Y(ow g y) = O(0)whay, Yo X, VI <k <n.

By construction v € Z and y|p = w|p. Moreover, 7, (gth)xy = gyhxy = 99 'y = i for all
1<k<n. O

Theorem 2.2. Let H be an infinite countable group, ¥ < H a subgroup and 0 : ¥ — H
an injective group homomorphism. Suppose that, for each € € {—1,1}, X, is highly core-free
in H. Then I' = HNN(H, X, 0) admits a highly transitive and faithful action on an infinite
countable set. Moreover, if H is amenable and ¥ is finite, this action can be chosen to be
amenable.

Proof. Consider the free action I' ~ X with X =T x N given by g(z,n) = (gx,n) for g € T
and (x,n) € X. Since for each ¢ € {—1,1}, X, is highly core-free in H, it is also strongly
highly core-free with respect to H ~ X. Hence, we can apply Lemma 2.1 to the action
H ~ X and it suffices to show that the set O = {w € Z : m, is faithful} is a dense G in
Z. Writing O = Nger_q130y, where the set Oy = {w € Z : m,(g) # id} is obviously open, it
suffices to show that O, is dense. We are going to prove directly that O itself is dense. Write
X =U'X,, where X,, = {(x,k) € X : k < n} is infinite and globally invariant under I'. Let
w € Z and F' C X a finite subset. Let N € N large enough such that ¥F Uw(XF) C Xn.
Since ¥, has infinite index in I', the set Xy — XF (resp. Xy — w(XF')) has infinitely many
Y-orbits (resp. 6(X)-orbits) and is globally invariant under ¥ (resp. 6(X)). Hence, there
exists a bijection vy : Xy —XF — Xy —w(XF) satisfying vpo = 0(0 )y for all o € X. Define
v € S(X) by vlzr = w|zr, vIxy-sF = 70 and 7y|xg, = t[x¢. By construction, v € Z and
v|F = w|p. Moreover, since 7,(g)(x,n) = (gz,n) for all n > N and since I' ~ X is faithful,
it follows that 7 is faithful.

If H is amenable and ¥ is finite, let (Dy,)n>1 be a Fglner sequence in H such that |D,,| — oo.
Then C,, = D,, x {0} is a Fglner sequence for H ~ X such that |C,,| — co. We may apply
[Fi12, Lemma 3.2] to conclude. O

3. THE CASE OF AN AMALGAMATED FREE PRODUCT

Let 'y, I's be two infinite countable groups and ¥ a common subgroup of I'y, I's. Let
I' =T1 %y I's be the amalgamated free product. Suppose that, for i = 1,2, there is an action
I'; ~ X on an infinite countable set X such that the two actions of X on X are free.
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Observe that if the two actions of ¥ on X have infinitely many orbits (which is automatic
when ¥ is highly core-free with respect to the action I'; ~ X for ¢ = 1,2) then we may
suppose, up to conjugating the action of I's by an element in S(X), that the two actions of
> on X coincide. Hence we do suppose that these two actions actually coincide.

As before, although the actions I'; ~ X are not supposed to be faithful, we use the same
symbol g € S(X) to denote the action of the element g € I'; on the set X for i = 1,2. Define

Z={weSX): wo=owVoeX}.
It is easy to check that Z is a closed subgroup of S(X).

For all w € Z there exists a unique group homomorphism m,, : I' = S(X) such that m,(g) = g
and 7y, (h) = wthw for all g € Ty, h € Ty.

Lemma 3.1. If, fori=1,2, ¥ is strongly highly core-free with respect to the action I'; ~ X,
then the set O = {w € Z : m,, is highly transitive} is a dense G5 in Z.

Proof. Write O = Np>2 Ny ze x(m) Oz,y where, for z = (1, 20) T = (Y1, ..., yn) € XM,
Of,? = {w €Z :dgel, Ww(g)xk =gy forall 1 <k < n}

Since Oz gy is obviously open in Z, it suffices to show that it is dense in Z. Let w € Z and
F C X be a finite subset. We first prove the following claim.

Claim. There exists g1,92 € I'1, h € I's and 21, ..., z, € X such that the sets X¢g;xy, Eg;lyk,
Yw 2z, Swlhz, and F are pairwise disjoint for 1 < k < n.

Proof of the claim. Since ¥ is highly core-free with respect to the action I'y ~ X, the set
Epz ={h €Ty : hx; ¢ ¥F for all i and Yhx; N Xhz; =0, Vi # j}
is not empty. Take g1 € Erz. Let F' := FU{giz; : 1 <i <n}. Since the set
Epy={h €Ty : hy; ¢ ZF for all i and Shy; N Shy; =0, Vi # j}
is not empty, we can take g, = Epr y. Let
Y = w(SF U (UL Zg12;) U (U?:lEgglyi)).

Since ¥ ~ X has infinitely many orbits, we can find n distinct 3-classes ¥z1,..., 2z, in the
complement of Y. Let F” := U ;X2 UY. Since ¥ is highly core-free with respect to the
action I's ~ X, the set

Epnz;={h €Ty : hz; ¢ SF" for all i and $hz; N Zhz; =0, Vi # j}
is not empty. So there is h € Ep» z and this proves the claim.
End of the proof of the lemma. Define Y/ = | |}_, Ygizs, U Eg;lyk UXw 1z, USw the.
One has F' C Y’ and w(Y') = | [}_, Swgiz U Xwg, ‘yx U Bzg U Sheg. Define v € S(X) by
Ylyre = w|yre and, for all 0 € ¥ and all 1 < k < n,
Yogiay) = oz, Y(ogy ') = ohar, Y(ow 'z) = owgiak, Y(ow 'ha) = owgy 'y

By construction, v € Z and y|p = w|r. Moreover, with g = gohg1 € T', one has, for all
1<k <n,

T (9)7k = gy thygrk = 927 T hak = 9295 "k = Yk
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Theorem 3.2. Suppose that I'1,'s are infinite countable groups with a common subgroup
. If X is highly core-free in both I'y and I'g, then I' = I'y ;Fg admits a faithful and highly

transitive action on an infinite countable set. If moreover I'1, 'y are amenable and X is finite
then the action can be chosen to be amenable.

Proof. Consider the free action I' ~ X with X =T x N given by g(z,n) = (gz,n) for g € T’
and (z,n) € X. Since ¥ is highly core-free in T'; it is also strongly highly core-free with
respect to I'; ~ X for ¢ = 1,2. Hence, we can apply Lemma 3.1 to the actions I'; ~ X,
i = 1,2, and it suffices to show that the set O = {w € Z : m, is faithful} is a dense G
in Z. Writing O = Nger—_g10,, where Oy = {w € Z : m,(g) # id} is obviously open, it
suffices to show that O, is dense. Let us prove that O itself is dense. Write X = U X,, where
X, ={(z,k) € X : k <n} is infinite and globally invariant under I". Let w € Z and F C X
a finite subset. Let N € N large enough such that XF Uw(XF) C Xy. Since ¥ has infinite
index in T, the sets Xy —XF and X —w(XF) have infinitely many -orbits and are globally
invariant under . Hence, there exists a bijection 79 : Xy — XF — Xy — w(XF) satisfying
Y00 = o7 for all ¢ € ¥. Define v € S(X) by v|sr = w|sr, V[xy-sr =70 and 7| x¢, = id|xg .
By construction, v € Z and v|p = w|p. Moreover, since 7+ (g)(xz,n) = (gz,n) for all n > N
and since I' ~ X is faithful, it follows that 7, is faithful.

If T'; is amenable for i = 1,2 then there exists Fglner sequences (C},),>1 in I'1 and (D))n>1
in 'y such that |C},| = |D},| — oo. Since X is finite, we may apply [Fil2, Lemma 4.2] to the
Felner sequences C,, = C], x {0} and D,, = D], x {0} for I'1 ~ X and I'y ~ X respectively
to conclude the proof. ]

4. GROUPS ACTING ON TREES
In this section we prove Theorem A.

Let T' be a group acting without inversion on a non-trivial tree. By [Se77|, the quotient
graph G can be equipped with the structure of a graph of groups (G, {I'p}pev(g) {Xe tecE(G))
where each X, = Yz is isomorphic to an edge stabilizer and each I}, is isomorphic to a vertex
stabilizer and such that I" is isomorphic to the fundamental group (I, G) of this graph of
groups i.e., given a fixed maximal subtree 7 C G, the group I is generated by the groups I,
for p € V(G) and the edges e € E(G) with the relations

e=c !, scx)=ers(z)et Ve, and e=1 Vec E(T),

where s @ e = T'y) and 7 = sz : X — I'y(¢) are respectively the source and range
group monomomorphisms. Using Lemma 1.10 one sees that Theorem A is a straightforward
corollary of the following result.

Theorem 4.1. If T, is infinite for all p € V(G) and sc(X.) is highly core-free in I'y(oy for all
e € E(G) then T’ admits a faithful and highly transitive action on an infinite countable set.

Proof. Let eg be one edge of G and G’ be the graph obtained from G by removing the edges
eo and eg.

Case 1: G’ is connected. It follows from Bass-Serre theory that I' = HNN(H, X, 0) where H
is fundamental group of our graph of groups restricted to G', 3 = r.,(X,,) < H is a subgroup
and 6 : ¥ — H is given by 0 = s¢, o r;ol. By hypothesis H is infinite and, since ¥ < I, (¢
(resp. 0(X) < I'y(e,)) is a highly core-free subgroup, > < H (resp. 0(¥) < H) is also a highly
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core-free subgroup. Thus we may apply Theorem 2.2 to conclude that I' admits a faithful
and highly transitive action.

Case 2: G’ is not connected. Let G; and G be the two connected components of G’ such
that s(eg) € V(G1) and r(eg) € V(Gz2). Bass-Serre theory implies that I' = I'y *x,, I's, where
I'; is the fundamental group of our graph of groups restricted to G;, ¢ = 1,2, and X, is viewed
as a highly core-free subgroup of I'; via the map s., and as a highly core-free subgroup of
[’y via the map re, since se,(2e,) is highly core-free in T'y(¢) and 7¢,(3e,) is highly core-free
in I (¢,) by hypothesis. Since I'; and I'; are infinite, we may apply Theorem 3.2 to conclude
that I' admits a faithful and highly transitive action. O

5. EXAMPLES

Kitroser [Ki09] proved that surface groups admit a faithful and highly transitive action. We
recover this result from Theorem 3.2:

Example 5.1. The fundamental group m1(X,) of a closed, orientable surface of genus g > 1
admits a faithful and highly transitive action.

Indeed, as seen in Example 1.11, the subgroup ¥ = ([a1, b1]) generated by the commutator
[a1,b1] = alblal_lbl_l is highly core-free in I'; = (a1,b1) ~ Fa. So Theorem 3.2 implies that
the group 71(¥2) = (a1,b1) *(¢ (az,b2) where ¢ = [a1,b1] = [az,b2], admits a faithful and
highly transitive action. For g > 1, the group m(3,) injects into m1(X2) as a subgroup of
finite index. Thus by Corollary 1.5 in [MS12], the group m1(X,) admits a faithful and highly
transitive action as well.

Chaynikov [Ch12, Section IV.4] proved that non-elementary hyperbolic groups with trivial
finite radical admit a faithful and highly transitive action. (In fact, this action has more
properties.) Of course, we do not recover this result, since our Theorem 4.1 is not applicable
to one-ended hyperbolic groups. On the other hand our techniques allow to treat some non-
hyperbolic groups, for example Z2 * Z2. Other examples are as follows: let us denote by Z[i]
the ring of Gaussian integers (which is isomorphic to Z? as a group) and by Z[i]* the group
of its invertible elements (which is cyclic of order 4).

Example 5.2. The following groups admit a faithful and highly transitive action:
(1) the group (Z[i]* x Z[i]) ¥z~ (Z[i]* x Z[i]), and
(2) the group HNN(Z[:]* x Z[i], Z[i]*, 0), where 6 maps Z[i]* onto one of its conjugates.

Indeed, Z[i]* is a malnormal subgroup in Z[i]* x Z[i] and so are all its conjugates (see e.g.
[HW11, Propositions 1 and 2]). Since they are moreover finite, with infinite index, these
subgroups satisfy the hypotheses of Lemma 1.10, so that they are highly core-free. It then
suffices to apply Theorem 4.1.
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