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Context and motivations
• Subsurface flow modeling (history-matching, optimization of field performance, . . .).

•Constraints :

– Long simulation times (grid’s size, time iterations, . . .)

– Simulations should be rerun for different input parameters.

Two-phase flow model

•Unknowns : water saturation S, pressure P .

•Parameter : water viscosity µ ∈ P ⊂ R+.

•Equations in Ω ⊂ R2:

div v = 0, (1)

v = −λT
(
S, µ

)
K∇P, (2)

φ
∂S

∂t
+ div

(
fw(S, µ)v

)
= 0, (3)

subject to inflow-outflow boundary conditions.

Objective and difficulties
Build a reduced model for the pressure problem (1) - (2) at the final time step of the
simulation.
Difficulties :

•Nonlinear coupling between P and S.

•No affine parameter dependance of λT with respect to µ.

Finite volume discretization
Discret finite volume approximation of the Darcy fluxes:

if σ = K|L : F int
K,σ = λσ(µ)KσDσP

n+1
N , (4)

if σ ∈ EDir
K : FDir

K,σ = λT (SnK, µ)KσDσP
n+1
N , (5)

where DσP
n+1
N = P n+1

N ,K − P n+1
N ,L if σ = K|L and DσP

n+1
N = P n+1

N ,K − PDir
σ if σ ∈ EDir

K .

Discret conservation of the volume:∑
σ∈E intK

F int
K,σ +

∑
σ∈EDirK

FDir
K,σ = 0. (6)

Reduced model for the pressure problem

•PGreedy := {µn}Nn=1 ⊂ P.

•QN = span {PN (·;µn) | µn ∈ PGreedy} an N-dimensional subspace of QN .

•ZN := {ζn}Nn=1 be an orthonormalized basis of QN .

•Algebraic form of RB-approximation

AN pN = fN , (7)

where

(
AN

)
n,m

=

∑
σ∈E int

λσ(µ)KσDσζnDσζm

+
∑
σ∈EDir

λT
(
SK, µ

)
Kσζn,Kζm,K,

(
fN
)
n

=
∑
σ∈EDir

λT
(
SK, µ

)
KσPDir

σ ζm,K.

Visual comparison

Figure 1: Comparison between truth solution (left), reduced basis approximations for N = 20 (middle) and relative error (right)
for µ = 27 cP

A posteriori error estimation
Define 〈

RN
(
PN(µ)

)
, q
〉

=
∑
σ∈E

λσ(µ)KσDσPN(µ)Dσq. (8)

Then ∥∥PN (µ)− PN(µ)
∥∥

1,N ,µ∗ ≤ ∆N
1,µ∗(µ) :=

1

αN (µ)

∥∥RN(PN(µ)
)∥∥
−1,N ,µ∗,

Efficient RB approximation

Use the Empirical Interpolation Method (EIM) to approximate λT
(
S, µ

)
by

λJT (µ) =

J∑
j=1

Θλ
j (µ)ξj. (9)

One obtains ( J∑
j=1

Θλ
j (µ)AJ

N,j

)
pJN(µ) =

J∑
j=1

Θλ
j (µ)fJN,j, (10)

where

(
AJ
N,j

)
n,m

=

∑
σ∈E int

ξj,σKσDσζnDσζm

+
∑
σ∈EDir

ξj,KKσζn,Kζm,K,
(
fJN,j
)
m

=
∑
σ∈EDir

ξj,KKσPDir
σ ζm,K.

Convergence of the greedy algorithm

Figure 2: Convergence of the reduced-basis approximation for different values of J (layer 85 of the SPE10 test-case)

Conclusions
•Reduction of the pressure problem with a non-affine dependence in the parameter at the

final time step.

•Certification of the RB model (a posteriori error estimate in energy norm).

•Efficient implementation of the RB method, i.e. the reduced problems can be constructed
in complexity independent of N .

• (Theoretical) Certification of the EIM-RB model.


