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TRANSLATION BY THE FULL TWIST

AND DELIGNE–LUSZTIG VARIETIES

CÉDRIC BONNAFÉ, OLIVIER DUDAS, AND RAPHAËL ROUQUIER

Abstract. We prove several conjectures about the cohomology of Deligne–
Lusztig varieties: invariance under conjugation in the braid group, behaviour
with respect to translation by the full twist, parity vanishing of the cohomology
for the variety associated with the full twist. In the case of split groups of type
A, and using previous results of the second author, this implies Broué–Michel’s
conjecture on the disjointness of the cohomology for the variety associated to
any good regular element. That conjecture was inspired by Broué’s abelian de-
fect group conjecture and the specific form Broué conjectured for finite groups
of Lie type [4, Rêves 1 et 2].

To Michel Broué, for sharing his dreams.

Introduction

Let G be a connected reductive algebraic group over Fp and F be an endo-
morphism of G, a power of which is a Frobenius endomorphism. The finite group
GF is a finite reductive group. In 1976, Deligne and Lusztig [9] defined quasi-
projective varieties X(wF ) attached to elements w of the Weyl group W . These
Deligne–Lusztig varieties are endowed with an action of GF and therefore their ℓ-
adic cohomology groups Hi

c(X(wF )) are finite-dimensional representations of GF .

The explicit decomposition of the virtual characters
∑

(−1)iHi
c(X(wF )) was

given by Lusztig (see [16, Thm. 4.23]) and played a key role in his classification of
the unipotent characters of GF . Much less is known about individual cohomology
groups, but Broué [4, 5], Broué-Malle [6] and Broué-Michel [7] formulated conjec-
tures about those individual cohomology groups, for particular elements w (good
regular elements).

Let B×B be the double flag variety ofG. The diagonalG-orbits are parametrized
by the Weyl group, and the Deligne–Lusztig variety X(wF ) is the intersection of
the orbit O(w) attached to w with the graph of F . Therefore the cohomology with
compact support ofX(wF ) is the cohomology of the restriction of the constant sheaf
on O(w) to the graph of F . This construction works more generally with any GF -
equivariant constructible complex on the double flag variety and this provides a
triangulated functor

IndF : Db
GF (B × B) −→ Db(GF -mod)
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whose image is the category of unipotent representations. This functor and its right
adjoint were recently studied by Lusztig in [19], in relation with character sheaves.

There are several advantages of working with general sheaves. First, one can
construct standard objects in Db

GF (B × B) attached to any element of the braid

group of W , not just elements of W . Second, the category Db
GF (B × B) has a

convolution for which the standard objects are invertible. Using further properties
of the induction functor one shows that the cohomology of a Deligne–Lusztig variety
X(wF ) depends only on the conjugacy class of wF in the braid group. This was
conjectured in [10, Conj. 3.1.7] and originally proved by Deligne–Lusztig in the case
of conjugation by a sequence of cyclic shifts (see [9, Thm. 1.6, case 1.]).

Theorem A. Let w,w′ ∈ W . Assume that wF and w′F are conjugate under
the braid group of W . Then for every i ∈ Z the GF -modules Hi

c

(
X(wF )

)
and

Hi
c

(
X(w′F )

)
are isomorphic.

The categories Db
GF (B×B) and Db(GF -mod) are filtered by two-sided cells and

families and Lusztig showed in [19] that the induction functor IndF and its adjoint
respect these filtrations. The action by convolution of the standard object attached
to the full twist π = (w0)

2 is a shift on the subquotients of this filtration, as
shown by Bezrukavnikov–Finkelberg–Ostrik [2, Remark 4.3]. We use this property
to prove the following theorem which was conjectured by Digne–Michel–Rouquier
[10, Conj. 3.3.24]. Here N is the number of positive roots of W and Aρ is the
degree of the generic degree of ρ.

Theorem B. Let ρ be a unipotent character of GF and let w ∈W . We have
〈
ρ,Hi

c

(
X(πwF )

)〉

GF =
〈
ρ,Hi−4N+2Aρ

c

(
X(wF )

)〉

GF

for all i ∈ Z.

In particular, the cohomology of the Deligne–Lusztig variety X(πF ) involves
only principal series characters, and in even degrees only. The consequence of such
a result for GLn(q) is that one can determine explicitly the cohomology of any
Deligne–Lusztig variety attached to roots of π in the braid group, using results of
the second author [11]. In particular, the cohomology groups of different degrees
have no irreducible constituent in common. This was conjectured by Broué–Michel
(see [7, Conj. 5.7(1)]).

Theorem C. Assume that (G, F ) is a (split) group of type A. Let d ≥ 1 and
w ∈ W be a d-th root of π in the braid group. For all i 6= j, we have

〈
Hi
c(X(wF )), Hj

c (X(wF ))
〉

GF = 0.

The paper in organised as follows. Section 1 is devoted to the derived category of
equivariant sheaves on the double flag variety. We recall the definition of standard
objects attached to braid group elements and how they behave under convolution.
We treat the particular case of the object attached to the full twist π. In Section
2 we define the induction functor IndF as well as its variant IndF . We state the
properties of these functors that we will need in our application. The relation with
the cohomology of Deligne–Lusztig varieties is made in Section 3. The last section
is devoted to proving our three main results.
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General notation. We fix a prime number p and denote by Fp the finite field

with p elements. We fix an algebraic closure Fp of Fp. We also fix a prime number
l different from p, and we denote by K a field which is an algebraic extension of the
field Ql of l-adic numbers. All varieties will be defined over Fp and all sheaves will
be constructible K-sheaves. Given X a variety, we denote by KX the constant sheaf
on X with value K. We denote by RΓc(X) the complex of l-adic cohomology with
compact support with coefficients in K, and by Hi

c(X) its i-th cohomology group.

1. The equivariant derived category D

1.1. Sheaves on the flag variety. We refer to [3, §3] for basic results recalled
in this section. Let G be a connected reductive group over Fp and B be its flag
variety, a smooth projective variety. We denote by N its dimension.

Let W be the Weyl group of G, defined as the parameter set of orbits of G in its
diagonal action on B × B. The orbit O(w) associated with w ∈ W has dimension
N + ℓ(w). The orbit O(1) is the diagonal and S = {s ∈ W | dimO(s) = N + 1}
is the set of simple reflections of W . Given w,w′, w′′ ∈ W we have ww′ = w′′ and
ℓ(w) + ℓ(w′) = ℓ(w′′) if and only if the map (B1, B2, B3) 7→ (B1, B3), defines an
isomorphism

τw,w′ : O(w)×B O(w′)
∼
→ O(w′′).

Note that the orbit O(w0) corresponding to the longest element in W is dense
in B × B and N = ℓ(w0).

We denote by D the bounded G-equivariant derived category D = Db
G
(B × B).

Given w ∈ W , let jw : O(w) →֒ B×B be the inclusion map. Consider the following
objects in D

∆(w) = (jw)!KO(w)[ℓ(w) +N ],

∇(w) = (jw)∗KO(w)[ℓ(w) +N ],

L(w) = (jw)!∗KO(w)[ℓ(w) +N ]

(see Proposition 3.1 for the link between these objects and Deligne-Lusztig vari-
eties). Since jw is an affine embedding they are G-equivariant perverse sheaves and
L(w) is simple.

The category D is endowed with a convolution. Given F ,G ∈ D , the convolution
of F with G is defined by

F ⊙ G = (p13)!(p
∗
12F ⊗ p

∗
23G)[−N ],

where pij : B × B × B −→ B × B, (B1, B2, B3) 7→ (Bi, Bj). The convolution ⊙
endows D with a structure of monoidal category with unit object ∆(1).

Given w and w′ two elements of W such that ℓ(ww′) = ℓ(w)+ ℓ(w′), the isomor-
phism τw,w′ induces canonical isomorphisms

(1) ∆(w) ⊙∆(w′)
∼
−→ ∆(ww′) and ∇(w) ⊙∇(w′)

∼
−→ ∇(ww′).

In addition, we have canonical isomorphisms (cf e.g. [20, §11.1])

(2) ∆(w) ⊙∇(w−1)
∼
−→ ∆(1)

∼
←− ∇(w−1)⊙∆(w).
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1.2. Standard objects attached to braids. We fix a set W in bijection with
W via w 7→ w.

The Artin–Tits braid monoid B+
W is the quotient of the free monoid on W by

the relations w = w1w2 whenever w = w1w2 in W and ℓ(w) = ℓ(w1) + ℓ(w2).
The braid group BW is defined as the group of fractions of B+

W . The length on
W extends to a morphism of groups ℓ : BW −→ Z such that ℓ(w) = ℓ(w) for every
w ∈ W .

Let S be the set of elements of W corresponding to S under the bijection
W

∼
→ W . The braid monoid B+

W has the classical presentation by braid gener-
ators and braid relations:

B+
W =

〈
s ∈ S | sts · · ·

︸ ︷︷ ︸

mst

= tst · · ·
︸ ︷︷ ︸

mst

〉

where mst is the order of st in W for s, t ∈ S.

As in [10, 2.1.2] we consider an enlarged version B+
W of B+

W obtained by adding
generators w for every w ∈ W. These are subject to the following relations, for
every w,w′ ∈W:

• ww′ = ww′ if no element of S occurs both in a decomposition of w and
w′ (note that in this case ww′ ∈W),
• ww′ = w′w if wv = vw in W and ℓ(wv) = ℓ(w) + ℓ(v) for all v ≤ w′ (in
particular, ww′ = w′w as elements in W). Here, ≤ denotes the Bruhat
order.

The length function on B+
W extends to a morphism of monoids ℓ : B+

W → Z≥0 given
by ℓ(w) = l(w) for w ∈ W .

Given w ∈W we set O(w) = O(w) and O(w) = O(w). More generally, given
x = (x1, . . . ,xr) ∈ (W ∪W)r we set

O(x) = O(x1)×B O(x2)×B · · · ×B O(xr).

Following [8, 7, 10] we can associate a variety O(b) to every element b ∈ B+
W .

It is defined as the projective limit of the varieties O(x) where x runs over the
sequences of elements of W ∪W with product b = x1 · · ·xr. In addition, the first
and last projection on B yield a morphism jb : O(b) −→ B × B from which one
can define the objects ∆(b) and ∇(b) as in §1.1. By construction we get canonical
isomorphisms

(3) ∆(b)⊙∆(b′)
∼
−→ ∆(bb′) and ∇(b)⊙∇(b′)

∼
−→ ∇(bb′)

for every b,b′ ∈ B+
W which generalize the isomorphisms (1).

Let b 7−→ b∗ be the anti-involution on B+
W that is the identity on S. It lifts

the anti-involution w 7−→ w−1 on W . More concretely, if b = s1 · · · sr is a decom-
position into elements in S then b∗ = sr · · · s1. The isomorphisms (2) extend to
isomorphisms

(4) ∆(b)⊙∇(b∗)
∼
−→ ∆(1)

∼
←− ∇(b∗)⊙∆(b)

for every b ∈ B+
W . This allows to define an object ∆(b) in D associated to any

element b in the braid group BW satisfying ∆(b−1) ≃ ∇(b∗) whenever b ∈ B+
W .

We also have canonical isomorphisms ∆(b) ⊙ ∆(c)
∼
→ ∆(bc) for all b, c ∈ BW .

Note that the isomorphisms (4) do not hold for elements in the enriched monoid
B+
W in general.
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Given w ∈ W , the convolutions on the left by ∆(w) and ∇(w−1) are inverse to
each other by (2). We deduce that for any F ,G ∈ D and b ∈ BW we have

(5) HomD(∆(b)⊙F ,G) ≃ HomD(F ,∆(b−1)⊙ G).

Note that the same holds for the convolution on the right.

1.3. Two-sided cells. We denote by 4 the two-sided preorder on W defined by
Kazhdan–Lusztig [14] (and denoted by ≦

LR

there). We write w ∼ w′ if w 4 w′ and

w′ 4 w. The two-sided cells of W are by definition the equivalence classes for this
relation. The preorder induces an order on two-sided cells which we will still denote
by 4. Recall that {1} and {w0} are two-sided cells and that {1} is the maximal
one while {w0} is the minimal one for 4. We will also write w ≺ w′ if w 4 w′ and
w 6∼ w′. Following [17, §2] one can attach a numerical invariant aΓ ∈ Z≥0 to any
two-sided cell Γ of W . It satisfies aΓ′ ≤ aΓ whenever Γ 4 Γ′ (see [17, Th. 5.4]).
We have a{1} = 0 and a{w0} = N .

1.4. Filtration, action of ∆(π). Given a two-sided cell Γ of W we can form the
following thick subcategories D4Γ and D≺Γ of D = Db

G
(B × B): an object F of D

belongs to D4Γ (resp. D≺Γ) if all the composition factors of all the perverse sheaves
pHi(F) are of the form L(w) for some w 4 Γ (resp. w ≺ Γ). These categories are
stable under convolution by any element of D on the left or on the right [18, Lemma
1.4 (b)]. In other words, the categories D4Γ, D≺Γ and D4Γ/D≺Γ have a structure
of bimodule category over D for the convolution.

Given b ∈ BW , the convolution by ∆(b) induces a self-equivalence which re-
spects the filtration by two-sided cells. Consequently, it induces a self-equivalence
of monoidal categories

D4Γ/D≺Γ
∼
−→ D4Γ/D≺Γ

F 7−→ ∆(b) ⊙F .

Let w0 be the lift in B+
W of the longest element in W and let π = (w0)

2. The
element π is a central element of BW called the full twist. The following theorem
[2, Remark 4.3] describes the action of ∆(π).

Theorem 1.1 (Bezrukavnikov–Finkelberg–Ostrik). The functor induced by ∆(π)⊙
− on D4Γ/D≺Γ is isomorphic to the shift functor [−2aΓ].

Example 1.2. (i) Let Γ = {1} be the highest two-sided cell. The thick subcategory
D≺Γ contains L(w) for w 6= 1. Given s ∈ S, the perverse sheaf ∆(s) is an extension
of L(s) by L(1) = ∆(1). Therefore ∆(s) ≃ L(1) in D/D≺Γ and consequently

∆(π)⊙ L(1) ≃ ∆(π) ≃ L(1) in D/D≺Γ.

(ii) Let Γ = {w0}. The perverse sheaf L(w0) is the constant sheaf on B×B, shifted
by 2N . Let j : O(w0)× B →֒ B

3 be the inclusion map. We have

p∗12∆(w0)⊗ p
∗
23L(w0) ≃ j!KO(w0)×B[4N ].

The restriction of p13 to O(w0) × B has fibers isomorphic to an affine space of
dimension N , therefore (p13)!j!KO(w0)×B ≃ KB×B[−2N ] and we deduce that

∆(w0)⊙ L(w0) ≃ KB×B[4N − 2N −N ] = L(w0)[−N ].

We recover the fact that ∆(π)⊙ L(w0) ≃ L(w0)[−2N ].
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We will use this theorem for objects F ∈ D4Γ which lie in the (right) orthogonal
of D≺Γ.

Corollary 1.3. Let F ∈ D4Γ. Assume that HomD(G,F) = 0 for every G ∈ D≺Γ.
We have

∆(π)⊙F ≃ F [−2aΓ]

in D4Γ.

Proof. With the assumptions on F , the quotient functor D4Γ → D4Γ/D≺Γ induces

an isomorphism of functors HomD4Γ
(−,F)

∼
→ HomD4Γ/D≺Γ

(−,F) (see for example

[13, Ex. 10.15(ii)]). Consequently the corollary follows from Theorem 1.1. �

2. Sheaves on GF

Throughout this section we fix an endomorphism F of G such that some power
F δ of F is a Frobenius endomorphism defining an Fq-structure on G. The finite
group GF is a finite reductive group. Note that F acts on B, on W and on BW .

2.1. Induction and restriction. The group G acts by conjugation on the coset
GF (in G⋊ 〈F 〉) by h(gF )h−1 = hgF (h−1)F . Note that the coset GF will always
be considered as a homogeneous space for this action, and not for the translation
action. Let Db

G
(GF ) be the bounded equivariant derived category of sheaves on

the coset GF for this action. By the Lang–Steinberg theorem, the action of G on
GF is transitive. Moreover, the stabilizer of F for this action is the finite group
GF . Therefore the functor “fiber at F”

(6)
Db

G
(GF )

∼
−→ Db(KGF -mod)

F 7−→ FF

gives an equivalence between Db
G
(GF ) and the bounded derived category of finite-

dimensional representations of GF over K. In particular the category Db
G
(GF ) is

semi-simple since K has characteristic zero.

Following [19] we define induction and restriction functors between D andDb
G
(GF ).

Let us consider the following diagram

B ×GF
f

yyss
ss
ss
ss
ss

̟

$$❏
❏❏

❏❏
❏❏

❏❏

B × B GF

where f(B, gF ) = (B, gF (B)) and ̟(B, gF ) = gF . Since f and ̟ are G-
equivariant morphisms they induce functors between the equivariant derived cat-
egories. If we set IndF = ̟!f

∗ and ResF = f∗̟
! then we get an adjoint pair of

functors

Db
G
(GF )

ResF

33

ss
IndF

D = Db
G
(B × B).

We denote by U the thick subcategory of Db
G
(GF ) generated by the image of IndF .

Under the equivalence Db
G
(GF ) ≃ Db(KGF -mod), it corresponds to the bounded

derived category of unipotent representations of GF over K.
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2.2. Filtration. From now on we assume that K is large enough for GF , so that
KGF is split semisimple. To a unipotent character ρ of GF , Lusztig associates two
invariants aρ and Aρ (roughly speaking, they are the valuation and the degree of

the polynomial in q1/δ representing the dimension of ρ). The unipotent characters
of GF fall into families, which are in turn labeled by F -stable two-sided cells of
W . The two-sided cell corresponding to a unipotent character ρ will be denoted
by Γρ. Given a two-sided cell Γ of W we define U4Γ (resp. U≺Γ) to be the thick
subcategory of Db

G
(GF ) generated by the image under the inverse of (6) of the

unipotent KGF -modules ρ such that Γρ 4 Γ (resp. Γρ ≺ Γ).

The following proposition is proved in [19, Prop. 2.4(a)]. Note that our definition
of ResF differs from the one of Lusztig who uses f!̟

∗ instead. However, the
two definitions are exchanged by Poincaré–Verdier duality, which preserves the
filtrations on both D and U .

Proposition 2.1. Let Γ be an F -stable two-sided cell of W . The functors IndF
and ResF restrict to functors

U4Γ

ResF

22
rr

IndF

D4Γ and U≺Γ

ResF

22
rr

IndF

D≺Γ.

Remark 2.2. The map w 7−→ ww0 induces an order reversing bijection on families.
As explained in [19, §1.3] the map ρ 7−→ Γρ differs from the original definition of
Lusztig (see [16, §4]) by multiplication by w0. In particular we have aρ = aΓρw0

.

As an example, let us consider the perverse sheaf L(w0) which is, up to a shift,
the constant sheaf on B × B. Its image by IndF has only the constant sheaf KGF

as a composition factor. Under the equivalence Db
G
(GF ) ≃ Db(KGF -mod), this

constant sheaf corresponds to the trivial unipotent character 1GF . With our previ-
ous notation this means that Γ1

GF
= {w0} is the lowest two-sided cell. Note that

a1
GF

= 0 whereas a{w0} = N .

2.3. Further properties of the functor IndF . Given a variety X acted on by
G, we will denote by

ForG
GF : Db

G
(X) −→ Db

GF (X)

the forgetful functor. Let Y be another variety which is only acted on by the finite
group GF . We consider the induced variety X = G ×GF Y and the inclusion
ιY : Y →֒ X. The action of G on X is given by left multiplication on the left
factor and the map ιY is GF -equivariant. By [1, §2.6.3] there is an equivalence of
categories

ι∗Y ◦ For
G

GF : Db
G(G×GF Y)

∼
−→ Db

GF (Y).

When Y = {F} we recover the equivalence (6).

Proposition 2.3. Let ιF : {F} →֒ GF and ι : B →֒ B × B be the inclusion of the
graph of F in the double flag variety. There is an isomorphism of functors

ι∗F ◦ For
G

GF ◦ IndF
∼
=⇒ RΓ(B, ι∗ ◦ ForG

GF (−)).

Proof. Let ̟′ : B → {F} be the structure map and define ι′ : B → B × GF

by ι′(B) = (B,F ). There is a proper base change isomorphism ι∗F̟!
∼
=⇒̟′

!(ι
′)∗
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and a canonical isomorphism (ι′)∗f∗ ∼
=⇒(fι′)∗ = ι∗ making the following diagram

commutative. Note also that the right square is cartesian:

BL l

ι′

zz✉✉
✉✉
✉✉
✉✉
✉✉

̟′

""❊
❊❊

❊❊
❊❊

❊❊

ι

��

B ×GF

̟

$$■
■■

■■
■■

■■

f

yyss
ss
ss
ss
ss

{F}
M
m

ιF

||②②
②②
②②
②②

B × B GF

Note that the forgetful functor commutes with the pull-back and push-forward
functors. So we have a canonical isomorphism ForG

GF ◦ IndF
∼
=⇒̟! ◦ f

∗ ◦ ForG
GF .

The proposition follows by composing those three isomorphisms. �

Proposition 2.3 shows that the induction functor IndF factors through the for-
getful functor. From now on we will work with GF -equivariant sheaves and the
induction functor

IndF = RΓ(B, ι∗(−)) : Db
GF (B × B) −→ Db(KGF -mod).

With this notation, Proposition 2.3 can be rephrased into the existence of a natural
isomorphism

(7)
(
IndF (F)

)

F

∼
−→ IndF (For

G

GF F)

for all F ∈ D . Unless there is a risk of confusion, we will continue to denote by
∆(b) the image under the forgetful functor of the standard objects attached to
elements of the braid group. In particular (7) will be written

(IndF ∆(b))F
∼
−→ IndF ∆(b).

The convolution ⊙ defined in §1.1 makes sense also in the GF -equivariant de-
rived category, and again we shall use the same notation. Finally, since F is GF -
equivariant, it induces canonical isomorphisms

(8) F ∗(∆(b))
∼
−→ ∆(F−1(b)) and F∗(∆(b))

∼
−→ ∆(F (b))

in the category Db
GF (B × B). Note that it is crucial to work with GF -equivariant

sheaves here, as such isomorphisms do not make sense in the category D .

Broué and Michel [7, §2.A] constructed GF -equivariant morphisms between
Deligne–Lusztig varieties inducing isomorphisms between their cohomology groups.
In our setting this can be rephrased as an isomorphism

(9) IndF
(
∆(c)⊙∆(F (b))

) ∼
−→ IndF

(
∆(b)⊙∆(c)

)

in Db(KGF -mod), for any b, c ∈ B+
W . Following a result of Lusztig in the case of

character sheaves [18, 1.11(a)] we construct such an isomorphism for general objects
in the equivariant derived category Db

GF (B × B). We expect our construction to
generalise the one of Broué-Michel but we did not check that.

Proposition 2.4. Let F ,G ∈ DGF (B × B). Then there exists an isomorphism

cF ,G : IndF (F ⊙ G)
∼
−→ IndF (F

∗(G)⊙F)

which is natural in F and G.
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Proof. Let us first consider the following commutative diagram, where the bottom
right square is cartesian

(10) B × B
qij

tt❤❤❤❤
❤❤❤

❤❤❤
❤❤❤

❤❤❤
❤❤❤

❤❤

ι′xxqq
qq
qq
qq
qq

p1

��

θ

��

B × B B × B × Bpij
oo

p13

��

B

ι
xxqq
qq
qq
qq
qq
q

B × B

and the maps are given by






ι′(B1, B2) = (B1, B2, F (B1)),

pij(B1, B2, B3) = (Bi, Bj),

p1(B1, B2) = B1,

qij = pij ◦ ι
′,

θ(B1, B2) = (B2, F (B1)).

Given F and G two objects in DGF (B × B), we have natural isomorphisms

ι∗((p13)!(p
∗
12F ⊗ p

∗
23G))

∼
−→ (p1)!ι

′∗(p∗12F ⊗ p
∗
23G) (base change)

∼
−→ (p1)!(q

∗
12F ⊗ q

∗
23G) (composition)

= (p1)!(F ⊗ θ
∗G)

since q12 = IdB×B and q23 = θ. We denote by η the isomorphism of functors
obtained after taking global sections:

η : IndF (−1 ⊙−2)
∼
=⇒RΓ(B × B,−1 ⊗ θ

∗(−2))[−N ].

As θ is an equivalence of étale sites, the unit 1 =⇒ θ∗θ
∗ is a natural isomorphism

of functors (and note that θ∗ = θ!). Consequently we obtain another sequence of
natural isomorphisms

F ⊗ θ∗G
∼
−→ θ!θ

∗(F ⊗ θ∗G) (unit)
∼
−→ θ!(θ

∗F ⊗ F ∗G) (composition)
∼
−→ θ!(F

∗G ⊗ θ∗F). (symmetry)

Note that we have used that θ2 = F . Combining these with the isomorphism
RΓ(B, θ!(−))

∼
=⇒RΓ(B,−) coming from the composition of push-forwards, we ob-

tain a natural transformation γ given by

γ : RΓ(B × B,−1 ⊗ θ
∗(−2))

∼
−→ RΓ(B × B, F ∗(−2)⊗ θ

∗(−1)).

The composition c = η−1 ◦ γ ◦ η gives the required natural isomorphism. �

3. Deligne–Lusztig varieties and their cohomology

Let w ∈ W . Recall from §1.1 that O(w) denotes the G-orbit on B×B associated
to w. The intersection of O(w) with the graph ΓF of F is the Deligne–Lusztig
variety X(wF ) associated to wF

X(wF ) = O(w) ∩ ΓF = {(B,B′) ∈ O(w) |B′ = F (B)}.
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It is a smooth quasi-projective variety of dimension ℓ(w). We denote byHi(X(wF ))
(resp. Hi

c(X(wF ))) the i-th cohomology group (resp. cohomology group with

compact support) of X(wF ) with coefficients in K. We denote by IHi(X(wF )) the

i-th intersection cohomology group of X(wF ) with coefficients in K. The action of
G on O(w) restricts to an action of GF on X(wF ). Consequently, the three types
of cohomology groups above are representations of GF over K.

Recall from §1.2 that one can also attach a variety O(b) to any element b of the
braid monoid B+

W . We define more generally the variety X(bF ) by the following
cartesian square:

(11) X(bF ) �
�

//

j′
b

��

O(b)

jb

��
ΓF

� � ι // B × B

where ι : ΓF →֒ B × B is the inclusion of the graph of F . The various cohomology
groups of Deligne–Lusztig varieties can be obtained through IndF as the image of
the objects in D defined in §1.1 and §1.2. For convenience we will state the result
for the functor IndF defined in §2.3 instead of IndF (see also (7)).

Proposition 3.1. We have, for all b ∈ B+
W and w ∈ W ,

(i) IndF (∆(b)) ≃ RΓc(X(bF ))[N + ℓ(b)],
(ii) IndF (∇(b)) ≃ RΓ(X(bF ))[N + ℓ(b)],

(iii) IndF (L(w)) ≃ IC(X(wF ),KX(wF ))[N + ℓ(w)].

Proof. Let b ∈ B+
W and jb : O(b) −→ B×B be the map considered in §1.2. Since we

are working with GF -equivariant sheaves, we shall consider jb as a GF -equivariant
map only. By base change on (11), we get an isomorphism

ι∗(∆(b)) = ι∗(jb)!(KO(b))[N + ℓ(b)]
∼
−→ (j′b)!(KX(b))[N + ℓ(b)]

from which we deduce (i) after taking the global section functor RΓ(B,−). The
isomorphism (ii) is obtained in a similar way using the smooth base change on (11).

For (iii), we follow the proof of [15, Lemma 4.3]. We fix an F -stable Borel
subgroup B0 of G, an F -stable maximal torus T0 of B0 and we identify B with
G/B0 and W with NG(T0)/T0. Let π : G → G/B0 be the canonical map and
L : G→ G, g 7→ g−1F (g) be the Lang map. Let Xw = L−1(B0wB0). The varieties
B0wB0 and Xw are stable by right multiplication by B0. The map π : G→ G/B0

is a principal bundle and, by definition, we have π(Xw) = X(wF ). Let us now
consider the following commutative diagram:

Xw

πw

��

ϕ
// G×B0wB0

ψ

��

p2 // B0wB0

X(wF )
ιw // O(w),

where πw (resp. ιw) denotes the restriction of π (resp. ι), ϕ(g) = (g,L(g)),
ψ(g, h) = (gB0,

ghB0) and p2 is the second projection. By abuse of notation we will

still denote by L(w) its restriction to the closed subvariety O(w) of B×B. We have
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π∗
w(ιw)

∗(L(w)) ≃ ϕ∗ψ∗(L(w)). Since ψ is a smooth map (with fibers isomorphic to
B0 ×B0), we have

ψ∗(L(w)) ≃ IC(G×B0wB0,KG×B0wB0
)[N + ℓ(w)].

As G is smooth, this shows that

ψ∗(L(w)) ≃ KG ⊠ IC(B0wB0,KB0wB0
)[N + ℓ(w)]

≃ p∗2IC(B0wB0,KB0wB0
)[N + ℓ(w)].

The map p2 ◦ϕ is the restriction of L to a map Xw −→ B0wB0. Since this map is
étale (hence smooth), one gets that

π∗
w(ιw)

∗(L(w)) ≃ IC(Xw,KL−1(B0wB0))[N + ℓ(w)].

As πw is a principal bundle, this forces

(ιw)
∗L(w) ≃ IC(X(wF ),KX(wF ))[N + ℓ(w)],

as expected. �

4. Applications

4.1. Invariance under conjugation by BW . Let b, c ∈ BW . Using the results
of the previous sections we obtain a sequence of isomorphisms in Db(KGF -mod)

IndF ∆(cbF (c−1))
∼
−→ IndF

(
∆(c) ⊙∆(b)⊙∆(F (c−1))

)

∼
−→ IndF

(
F ∗∆(F (c−1))⊙∆(c)⊙∆(b)

)
(by Prop. 2.4)

∼
−→ IndF

(
∆(c−1)⊙∆(c) ⊙∆(b)

)
(by (8))

∼
−→ IndF ∆(b).

By Proposition 3.1 this has the following consequence, which was conjectured in [10,
Conj. 3.1.7].

Theorem 4.1. Let b,b′ ∈ B+
W . If bF and b′F are conjugate under BW then for

every i ∈ Z the KGF -modules Hi
c

(
X(bF )

)
and Hi

c

(
X(b′F )

)
are isomorphic.

4.2. Translation by the full twist π. Recall from §2.2 that to every unipotent
character ρ is attached an F -stable two-sided cell Γρ and invariants aρ and Aρ.
Digne–Michel–Rouquier conjectured in [10, Conj. 3.3.24] a relation between the
cohomology of the Deligne–Lusztig varieties X(bF ) and X(πbF ). We give here a
proof of this conjecture using Theorem 1.1.

Theorem 4.2. Let ρ be a unipotent character of GF and b ∈ B+
W .We have

〈
ρ,Hi

c

(
X(πbF )

)〉

GF =
〈
ρ,Hi−4N+2Aρ

c

(
X(bF )

)〉

GF

for all i ∈ Z.

Proof. Let Fρ ∈ U4Γρ
be the image of ρ under the inverse of (6). Given i ∈ Z and

w ∈ W , Proposition 3.1 shows that

HomD

(
L(w)[i],ResF (Fρ)

)
≃ HomU

(
IndF (L(w))[i],Fρ

)

≃ HomKGF

(
IndF (L(w))[i], ρ

)

≃ HomKGF

(
IHi+N+ℓ(w)

(
X(wF )

)
, ρ
)
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which is zero unless w ∈ Γ with Γρ 4 Γ (see Proposition 2.1). Consequently,
HomD

(
G,ResF (Fρ)

)
= 0 for every G ∈ D≺Γρ

. Using Corollary 1.3 we get the
following isomorphism in D

∆(π−1)⊙ ResF (Fρ) ≃ ResF (Fρ)[2aΓρ
].

Let b ∈ B+
W and i ∈ Z. Using the adjunctions and the previous isomorphism we

obtain

HomU

(
IndF (∆(πb))[i],Fρ

)
≃ HomD

(
∆(πb)[i],ResF (Fρ)

)

≃ HomD

(
∆(b)[i],∆(π−1)⊙ ResF (Fρ)

)

≃ HomD

(
∆(b)[i],ResF (Fρ)[2aΓρ

]
)

≃ HomU

(
IndF (∆(b))[i − 2aΓρ

],Fρ
)
.

By Proposition 3.1, under the equivalence (6) betweenDb
G
(GF ) andDb(KGF -mod)

the previous isomorphism becomes

HomKGF

(
Hi+N+ℓ(πb)
c

(
X(πbF )

)
, ρ
)
≃ HomKGF

(
H
i+N+ℓ(b)−2aΓρ

c

(
X(bF )

)
, ρ
)

and we conclude by taking the dimensions and using the equality ℓ(π) + 2aΓρ
=

4N − 2Aρ which comes from the definition of Aρ. �

As a particular case, the cohomology of the Deligne–Lusztig variety associated
to the full twist is given by

(12) H•
c

(
X(πF )) ≃

⊕

χ∈Irr (WF )

ρ⊕χ(1)χ [2Aρχ − 4N ]

where ρχ is the principal series unipotent character corresponding to χ. This was
first conjectured by Broué–Michel [7, Conj. 2.15(3), (4), (5)]

4.3. Cohomology for roots of the full twist in type A. We finish by stating
some consequences of Theorem 4.2 for groups of type A using the results of [11].
In this section only we assume that G = GLn and F is the standard Frobenius
endomorphism. The following result solves a conjecture of Broué–Michel (see [7,
Conj. 5.7(1)]) in this case.

Theorem 4.3. Assume that (G, F ) is a group of type A. Let d ≥ 1 and w ∈ B+
W

be a d-th root of π. For all i 6= j, we have
〈
Hi
c(X(wF )), Hj

c (X(wF ))
〉

GF = 0.

Proof. By [12, Thm. 1.1] the set of d-th roots of π forms a single conjugacy class.
Therefore by Theorem 4.1 it is sufficient to prove it for a specific d-th root. By [7,
Thm. 3.12] the image of w in W is a regular element, therefore d must be a regular
number (in this case a divisor of n or n− 1). Then the result follows from [11, Cor.
3.2] and (12). �

Remark 4.4. Note that the combination of [11, Cor. 3.2] and (12) gives a complete
proof of the conjecture stated in [11, Conj. 1]. This implies that one can compute
explicitly the cohomology of Deligne–Lusztig varieties attached to roots of π, and
also their parabolic versions for GLn.
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