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INTEGRAL EXOTIC SHEAVES AND THE MODULAR
LUSZTIG-VOGAN BIJECTION

PRAMOD N. ACHAR, WILLIAM HARDESTY, AND SIMON RICHE

ABSTRACT. Let G be a reductive group over an algebraically closed field k of
very good characteristic. The Lusztig—Vogan bijection is a bijection between
the set of dominant weights for G and the set of irreducible G-equivariant
vector bundles on nilpotent orbits, conjectured by Lusztig and Vogan inde-
pendently, and constructed in full generality by Bezrukavnikov. In charac-
teristic 0, this bijection is related to the theory of 2-sided cells in the affine
Weyl group, and plays a key role in the proof of the Humphreys conjecture on
support varieties of tilting modules for quantum groups at a root of unity.

In this paper, we prove that the Lusztig—Vogan bijection is (in a way made
precise in the body of the paper) independent of the characteristic of k. This
allows us to extend all of its known properties from the characteristic-0 setting
to the general case. We also expect this result to be a step towards a proof of
the Humphreys conjecture on support varieties of tilting modules for reductive
groups in positive characteristic.

1. INTRODUCTION

1.1. The Lusztig—Vogan bijection. Let k be an algebraically closed field, and
let Gk be a connected reductive algebraic group over k, with simply connected
derived subgroup. Assume that the characteristic of k is very good for Gy. Let X*
be the set of dominant weights for Gy, and let A} denote its nilpotent cone. Let

o = (0.1 O C N is a nilpotent orbit, and
k= ’ V is an irreducible Gg-equivariant vector bundle on &

> {(z,V) |z €Ny and V € Irr(Zg, (z))}/(Gk-conjugacy).

In the second line above, Zg, (x) C G is the stabilizer of z for the adjoint action,
and Irr(Zg, (x)) is the set of isomorphism classes of irreducible Zg, (z)-representa-
tions. The Lusztig—Vogan bijection for Gy is a certain natural bijection

(1.1) Xt & Q.

For k = C, the existence of this bijection was conjectured independently by
Lusztig [Lu, §10.8] and, in a rather different framework, by Vogan [Vo, Lecture 8§].
Its existence was proved in [Al] for G¢ = GL,(C) and in [B1] for arbitrary Gc.
The techniques of [B1] were adapted to positive characteristic in [A3].

This bijection is much better understood in the case k = C. For instance, in
this case the bijection was described explicitly in [A2] in the case G¢ = GL,(C).
Moreover, it was proved by Bezrukavnikov that this bijection is compatible with
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2 PRAMOD N. ACHAR, WILLIAM HARDESTY, AND SIMON RICHE

Lusztig’s bijection between two-sided cells in affine Weyl groups and nilpotent or-
bits [Lu], in the sense that the first component of the pair attached to a dominant
weight A is the orbit attached to the cell containing the minimal length represen-
tative in the double coset of X\ for the finite Weyl group.’ On the other hand,
essentially nothing is known about the bijection in the case when char(k) > 0.

1.2. Independence of k: orbits. The goal of this paper is to show that the
bijection (1.1) is “independent of k.” To make sense of this statement, we must
first explain how to identify the various sets ) as k varies. (Of course, the left-
hand side of (1.1) depends only on the root datum.) This requires working with
an integral version of our group. Let @ be a complete discrete valuation ring with
residue field F (algebraically closed, of characteristic p > 0) and fraction field K (of
characteristic 0). Let G be a split connected reductive group over O, with simply
connected derived subgroup, and assume that p is very good for G. We choose an
algebraic closure K of K, and denote by G, resp. G, the base change of G to F,
resp. K.

As a first step, the Bala—Carter theorem parametrizes nilpotent orbits using only
information from the root datum of G, so it gives us a canonical bijection

(1.2) {nilpotent orbits for Gz} = {nilpotent orbits for Gr},

which will be denoted BC.

As a first compatibility property, one may wonder whether the nilpotent orbits
0% and OF attached to a dominant weight A by the Lusztig-Vogan bijections for
Gr and Gx match under this bijection. We prove that this fact indeed holds.

Theorem 1.1. For any A € X+, we have 6% = BC(Y).

1.3. Independence of k: representations of stabilizers. To go further in the
comparison of the bijections, we must compare representations of centralizers of
nilpotent elements over the two fields. To do this, we will work with McNinch’s
notion of balanced nilpotent sections, which are certain well-behaved nilpotent ele-
ments in the Lie algebra of G (over Q). We denote by z such a section, and by xp,
xx the nilpotent elements in the Lie algebras of Gr and Gx obtained from z. We
will also denote by Zg(z) the centralizer of x in G; then the base change Zg(z)F
of Zg(x) to F is the scheme-theoretic centralizer of zr in G and the base change
Z(x)g of Zg(z) to K is the scheme-theoretic centralizer of zg in Gg.

The second author has shown [H2] that Zg(z) is a smooth group scheme over Q.
In the companion paper | ], we study the representation theory of disconnected
reductive groups, and we use this study here to establish the following result.

Proposition 1.2. Let x be a balanced nilpotent section. There exists a canonical
isomorphism of Grothendieck groups

d: K(Zg(z)g) = K(Za(2)r).

Moreover, the change-of-basis matriz relating the basis indexed by lrr(Zg(x)g) to
that indezed by lrr(Zg(x)r) is upper-triangular, so there exists a canonical bijection

Irr(Za(x)g) Srr(Zg(2)r).

IThis fact is not emphasized very explicitly in Bezrukavnikov’s paper. In fact it follows from
the agreement of the bijection constructed in [B1] with another such bijection, constructed using
different methods in [B2], and for which this property is obvious from construction. This agreement
is justified in [B4, Remark 6].
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Implicit in this statement is the assertion that Irr(Zg(x)g) and Irr(Zg(z)r) are
(partially) ordered, so that “upper-triangular” makes sense; in fact, the results
of | ] show that the category of representations of the reductive quotient of
Z(x)r admits a natural highest-weight structure. The map d in Proposition 1.2
is a “decomposition map” in the sense of Serre [S1]; it sends irreducible Zg(x)g-
modules to “Weyl modules” (i.e. standard objects) for Zg(z)p.

Since balanced nilpotent sections exist for each nilpotent Gg-orbit (and are essen-

tially unique) due to results of McNinch | ], combining (1.2) and Proposition 1.2,
we obtain a canonical bijection
(1.3) QF & QF.

The main result of the paper is the following.

Theorem 1.3. Let G be a split connected reductive group over Q. The following
diagram commutes:

Lusztig—Vogan bijection (1.1) for G

~ K

X+ 21(143)
QO

~

Lusztig—Vogan bijection (1.1) for Gr

Note that this result in particular subsumes Theorem 1.1.

1.4. Modular reduction. To prove Theorem 1.3, we must dig into the construc-
tion of the bijection (1.1). This involves the notion of perverse-coherent sheaves on
the nilpotent cones M and My and Gg and Gr. To compare the two, we again
need some intermediary that lives over Q. It may be possible to work directly with
“perverse-coherent sheaves” on an O-form of the nilpotent cone, but this presents
certain technical challenges, and this is not the approach we take in the present
paper. Instead, we work with the closely related notion of exotic sheaves on the
Springer resolution N , in part because the foundations needed to define and study
them over Q are already available [BR], and also because the structure of the
corresponding t-structure is much more rigid than that of the perverse-coherent t-
structure (in fact it is defined by an exceptional sequence, and its heart is a highest
weight category).

The technique of using sheaves with coefficients in a local ring is quite classical
in the setting of constructible sheaves. Here we have to work with coherent sheaves,
and even though this technique also makes sense in this context, it turns out to be
much harder to use. In particular, there is no elementary analogue over O of the
“stratification by G-orbits” for N or MVg. One can study the (coherent) pullback
of a complex of coherent sheaves to a point in the nilpotent cone, but this operation
is not exact, so it is more difficult to use. To overcome this difficulty, we introduce
and work with “integral versions” of Slodowy slices, which might be of independent
interest.

1.5. Reduced standard objects. By definition, the closure of the orbit attached
to A by the Lusztig—Vogan bijection is the support of a certain simple perverse-
coherent sheaf on the nilpotent cone. Every such simple object is a quotient of a
certain “standard” object—but this is not useful for studying supports, because
all standard objects have full support in the nilpotent cone. Instead, we need
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to construct some “smaller” objects which still surject onto our simple perverse-
coherent sheaves. These objects, which we call “reduced standard objects,” are
obtained by “modular reduction” from the corresponding simple perverse-coherent
sheaf over K. (The idea of such a construction goes back at least to work of
Cline—Parshall-Scott [CPS].) These objects are different from the corresponding
simple perverse-coherent sheaf, but as a step towards Theorem 1.3 we prove that
the support of the reduced standard object associated with A is BC(ﬁlIf).

1.6. Motivation. Our main motivation for considering the problem studied in the
present paper comes from the Humphreys conjecture on support varieties of in-
decomposable tilting modules for Gg [[Hu]. This conjecture predicts that these
support varieties are closures of nilpotent Gp-orbits determined by Lusztig’s bijec-
tion between two-sided cells and nilpotent orbits. This conjecture was proved in
type A by the second author [[T1], and in [ ], adapting some constructions
of Bezrukavnikov (in the analogous setting of quantum groups at a root of unity)
we proved it in large characteristic; however outside of type A this conjecture is
still open for “reasonable” prime characteristics. A priori, to a dominant weight
A one can attach two nilpotent Gp-orbits which could describe support varieties
of tilting modules with a highest weight attached to A (in a way we will not try
to make precise; see [ ] for more details): either &% or BC(€F). The orbit
that appears “naturally” in this problem is €%, but the one used by Humphreys
is BC(0X). Theorem 1.1 shows that these orbits coincide; this provides at least
evidence for the conjecture, and hopefully a further tool to attack it.

1.7. Contents of the paper. We begin in Section 2 with generalities on reductive
groups, the nilpotent cone, and the Springer resolution. This section also reviews
the construction of the Lusztig—Vogan bijection (1.1) in terms of simple perverse-
coherent sheaves. In Section 3, we introduce and study an (@-analogue of a Slodowy
slice to a nilpotent orbit. This will serve as an important technical tool later in the
paper.

In Section 4, we define the exotic t-structure and record some of its basic proper-
ties. (This construction builds on general results on exceptional collections defined
over complete discrete valuation rings, proved in Appendix A.) As an application,
in Section 5, we use exotic sheaves to define a new class of perverse-coherent sheaves
over F, called reduced standard objects. The main result of Section 5 is a kind of
first approximation to Theorem 1.1: it asserts that the supports of reduced stan-
dard objects correspond via (1.2) to nilpotent orbits arising from the Lusztig—Vogan
bijection for K. Finally, in Section 6 we prove Theorem 1.3.

1.8. Convention. At various points in the paper we consider certain schemes and
affine group schemes that could be defined over various base rings. To avoid confu-
sion we use subscripts to specify the base ring of schemes. (However we do not use
subscripts for morphisms, since the ring under consideration is always clear from
context.) In order to avoid notational clutter, we will sometimes affix a single sub-
script k to some constructions like products or categories of equivariant coherent
sheaves, writing e.g. Cth(X)]k instead of Cthk(Xk).

1.9. Acknowledgments. P.A. is grateful to David Vogan for suggesting a thesis
problem in 1998 that is still keeping him busy 20 years later!
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2. NOTATION AND PRELIMINARIES

2.1. Reductive groups. Let O be a complete discrete valuation ring with residue
field F, and denote by K the fraction field of @. We assume throughout that F is
algebraically closed, of characteristic p > 0, and that K has characteristic 0. We
also fix an algebraic closure K of K.

Let G be a split connected reductive group over Q with simply connected derived
subgroup, and let 7" C G be a split maximal torus. This group corresponds to
some root datum (X, XV, R, RY), where X is the character lattice of T', and XV
is the cocharacter lattice. The assumption that G has a simply connected derived
subgroup corresponds to the assumption that XV /ZR" has no torsion.

We assume that p is very good for each component of the root system R. Let
W be the Weyl group of R (or of ), and let wg € W be its longest element.

Choose, once and for all, a positive subsystem R™ C R. Let B C G be the sub-
group generated by the maximal torus T' and by the root subgroups corresponding
to the negative roots.

Denote the Lie algebras of G, B, and T by g, b, and t, respectively. As an
O-module, b decomposes as

b=tdn where n= @ Oa-
ae—Rt
We set
G[F = Spec(F) XSpec(@)G7 G]K = Spec(K) xSpeC(@)G7 GK = Spec(K) XSpec((D))G'
Their Lie algebras can be described as
or=F®0g, oxk=K®og or=K®og

respectively, see e.g. [Ri, §2.1] for details. Similar notation is used for the groups
or Lie algebras obtained from B or T by change of scalars. The following fact is
probably known to experts.

Lemma 2.1. There is a symmetric G-invariant perfect pairing (—,—) : gx g — O.
Proof. Let Z¢ denote the split torus over @ whose cocharacter group is given by
X.(Z2) ={x € XY | a(x) =0 for all a € R}.

(The notation is justified by the fact that over an algebraically closed field, this
construction gives the identity component of the center of G.) Note that X, (Zg)N
ZRY = 0. The free abelian group X,.(Z&) @ ZR" has the same rank as XV, so
XY /(X.(Z&) ® ZRY) is torsion; more precisely, this quotient identifies with the

quotient Homy(ZR,Z)/ZR. By the definition of very good primes, p does not
divide the order of this group. Thus, after tensoring with O, the map

(2.1) 0@z (X.(2%) ®ZRY) - 0 ®z X

is an isomorphism.
It follows from the definition that XY /X, (Zg) is torsion-free. Let

XVZXV/X*(Z%) and X:{A€X|)\|X*(Z%):O}
Let G be the split reductive group over O with root datum (X, X", R, RV). There

are obvious morphisms of root data (X*(Z¢), X.(Z¢),2,9) — (X, XY, R, R") and
(X,XV,R,RY) = (X,XY,R,RY). They give rise to group homomorphisms

Ze —G— G
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and to Lie algebra homomorphisms
(2.2) Lie(Z%) — g — §.

We claim that (2.2) is a short exact sequence of O-modules. Since all three spaces
are free over O, this claim follows from the corresponding statement over F, which
is well known (see, e.g., [Le, §2.1.4]).

Next, we claim that (2.2) splits as a sequence of Lie algebras. Recall that the Lie
algebra t can be identified with O ®7 XY. The subalgebra Lie(Zg) C t is identified
with O ®7 (X.(Z2)) C t. On the other hand, let t = ORY C t be the span of the
coroots. Then (2.1) implies that t 2 Lie(Z2) @ t, so that

0=t® P ga = Lie(Zg) @10 P go-
aER aER

Of course, [g,g] Nt is contained in the span of the coroots, so t® @ g, is a Lie
subalgebra of g. It is a complement to Lie(Zg), and it is isomorphic to g.
The adjoint action of G preserves the decomposition

02 Lie(Z2) @ g.

Moreover, it acts trivially on Lie(Zg), and its action on g factors through the map
G — G. Equip Lie(Zg) with any symmetric perfect pairing.

We must now find a G-equivariant symmetric perfect pairing on g. Let G be the
split, simply connected semisimple Q-group scheme with the same root system as
G, and let G — G be the natural map. The induced map of Lie algebras

g9

is an isomorphism, again because it becomes an isomorphism after base change to
F. (Here we are again using the fact that p is very good; cf. [Le, Corollary 2.3.7].)
We have reduced the problem to that of finding a G-equivariant symmetric perfect
pairing on g, i.e., to the case of a semisimple, simply connected group.

Since every such group is the product of some number of quasisimple, simply
connected groups, we may assume that G is quasisimple. If G is of exceptional type,
then it follows from [SS, §§1.4.8-1.4.9] that the Killing form on g is a perfect pairing.

If G is of classical type, then it admits a “defining representation” G — GL,(0).
Consider the induced map

p:a— gl,(0)

and equip g with the pairing (X,Y") — tr(p(X)p(Y)). This pairing induces nonde-
generate pairings over both K and F (see [SS, §1.5.3] and [Le, Corollary 2.5.8 and
Proposition 2.5.10]), so it must be a perfect pairing over O. 0

Lemma 2.2. The groups Gx and Gy are standard in the sense of | , 83.1].

Proof. Any split connected reductive group over a field of characteristic 0 is stan-
dard; so the claim about G is clear. Since gr admits a nondegenerate Gp-invariant
symmetric bilinear form (see Lemma 2.1), the group G satisfies Jantzen’s “stan-
dard assumptions.” According to [ , Remark 4.4], this implies that Gp is stan-
dard. g
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2.2. The Springer resolution. Let
N =G xPn.

The group G acts on this scheme in the obvious way, so we may consider the
bounded derived category

DPCoh®(N)
of G-equivariant coherent sheaves on N.

Lemma 2.3. There ezists a G-equivariant isomorphism N = G xB (g/b)*.

Proof. Choose a G-equivariant perfect pairing (—, —) : g x g — O as in Lemma 2.1.

This induces a B-equivariant isomorphism n — (g/b)*. O
Let
7:N =g
be the map given by 7(g,2) = Ad(g)(z). This map is proper, and gives rise to a

functor

7. : DPCoh®(N) — DPCoh®(g).
There is also an obvious map p : =Y /B. Any B-representation that is finitely
generated over @ gives rise to a G-equivariant coherent sheaf on G/B. In particular,

any A\ € X defines a B-module structure on the free rank-1 O-modules. The
corresponding (invertible) sheaf on G /B will be denoted Og,5()), and we set

Ox(A) :==p"Oc/B ().

We denote by ./\715, J\~/‘]K7 and /\N/K the schemes obtained from N by change of scalars
from O to F, K, or K, respectively. We can then consider the corresponding derived
categories of coherent sheaves D Coh®(A)g, DPCoh®(A)x and DPCoh®(N)g, and

the functors .. The change-of-scalars functors for coherent sheaves on N will be
denoted by

F(—) : D’Coh®(N) — DPCoh® (N ),

K(—) : D"Coh®(N) — DPCoh® (N,

K(-) : D*Coh%(N) = DPCoh® (N
These functors commute with the functors 7, in the sense that there exist canonical
isomorphisms of functors

(2.3) Fom, =7, oF, Kom, 27, oK, Ko, 27, oK.

2.3. The nilpotent cone and perverse-coherent sheaves. In this subsection
we fix k € {F, K}, and let N denote the variety of nilpotent elements in gg. (There
are subtleties involved in finding the correct definition of the nilpotent scheme over
0. We will not address those here, and we will work with the nilpotent variety only
over an algebraically closed field, where the results of [J2] are available.) There are
maps
W:NF—)NF, W:NK%NK,

both given by m(g,z) = Ad(g)(x). Note that for k € {F,K} the map 7 defined
in §2.2 factors as ™ = ¢ o m, where i : N < gy is the inclusion map.
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The bounded derived category of G-equivariant coherent sheaves on N will be
denoted by

DPCoh®(N)y.
Since 7 is proper, it gives rise to a functor
7, : DPCoh®(N)y — DCoh®(N)y.
For A € X, set
(2.4) AR (k) := 7. O g (wo ) and VR (k) := 1. O g (N).
Let & C N be a Gi-orbit. We define the star of this orbit to be the open subvariety

(2.5) St(0) = U 0.
0' C Ny a Gg-orbit
oco’
Let ig : € < St(0) be the embedding of & as a (reduced) closed subscheme of its
star.
The category DPCoh®(N)y is equipped with a remarkable t-structure called the
perverse-coherent t-structure. Its heart is denoted by

PCoh(N )y,

and objects in the heart are called perverse-coherent sheaves. For background on
this t-structure, the reader is referred to [AB, A4].

We will not recall the definition of the perverse-coherent t-structure in detail here,
but we do recall some of its key properties. For this, recall the definition of the
support supp(F) of a complex F of coherent sheaves on a scheme, see e.g. | ,
§4.1] for references; this support is a closed subset of the underlying topological
space of the given scheme. We will also consider the order < on X such that A < p
iff 4 — A is a sum of positive roots. Finally, as in §1.1 we set

O C Ny is a nilpotent orbit, and
V is an irreducible Gg-equivariant vector bundle on & [

O = {(ﬁ, V)

The the following properties hold:

(1) The perverse-coherent t-structure is bounded, and every object in the heart
PCoh(N )k has finite length.

(2) If & C N is an orbit that is open in the support of F € PCoh(N ), then
H?(F)|st(o) vanishes for i # i codim &.

(3) The objects AR°(k) and VY°(k) lie in PCoh(AN). Moreover,

k ifA=pu
H APC(k), VP¢(k)) = ’
om( ’\( ) ’L( ) {O otherwise.

(4) Fix a nonzero map cy : AY(k) — VX(k), and set
LY(k) = im(cy : AR (k) — VY(k)).

Then £8°(k) is a simple object in PCoh(N\'). Moreover, every simple object
is isomorphic to £8°(k) for a unique A € X*, and each composition factor
of the kernel of the surjection AY°(k) — £5°(k), resp. of the cokernel of the
embedding £3°(k) < V}°(k), is of the form £¢(k) with u < A.
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(5) Let & C Nk be a nilpotent orbit, and let V be an irreducible G-equivariant
vector bundle on &. There is unique simple perverse-coherent sheaf

10(0,V)

that is characterized by the following properties: it is supported on @,
and H%C"dimﬁ(IC(ﬁ7 V))lst(e) = i6+V. Moreover, every simple object is
isomorphic to ZC(&, V) for a unique pair (,V) € Q.
Note that items (4) and (5) give two different classifications of the simple objects
in PCoh(N)k: one is parametrized by X T, and the other by ().

Definition 2.4. Let k € {F,K}. The Lusztig- Vogan bijection for Gy is the bijection
Xt &

determined by the following condition: A € X corresponds to (€,V) € € if
LY(k) = IC(0,V).

One can also interpret the Lusztig—Vogan bijection from a slightly different point
of view if one chooses, for any Gy-orbit & C N, a representative o € 0. Let us
denote by Zg, (z¢) the centralizer of 24, and by Z§(ze) its reductive quotient
(i.e. the quotient of Zg, (x4) by its unipotent radical). Our assumptions imply
that the natural morphism Gx/Zg, (z¢) — € is an isomorphism of varieties (see
e.g. | , Proposition 12]); hence pullback along the embedding {z¢} — € defines
an equivalence of categories

Coh“(6) = Rep(Zg, (z6)),

where Rep(Zg, (z¢)) is the category of finite-dimensional Z¢, (x)-representations.
In particular, we deduce a bijection between the sets of simple objects in these two
categories. Since every irreducible Zg, (2¢)-module factors through the quotient
map Za, (z6) = 254 (xe), we obtain a bijection between the set of isomorphism
classes of irreducible Gi-equivariant vector bundles on & and the set of isomorphism

classes of simple Z§%(x¢)-modules. Thus, Q gets identified with the set

Q= {(ﬁ ,L)
and the Lusztig—Vogan bijection for G can be thought of as a bijection
(2.6) Xt &

The image of A € X* under this bijection will be denoted (0%, LX).

O C N is a nilpotent orbit, and
L is an irreducible Z4(z¢)-module |’

2.4. Graded versions. We will denote by Gy, the multiplicative group over O,
and by (Gn)r and (G,)g its base change to F and K respectively. Then G, acts
on g by z+-x = 2 2z. This makes the coordinate ring O(g) into a graded ring
concentrated in even, nonnegative degrees. This G,-action preserves n C g, and
it induces a Gp,-action on N. The Gu-actions on N and on g commute with the
actions of G. The map 7 : N = g is G X Gy-equivariant, so one may consider the
functor
o : DPCoh®Cm (N) — DPCoh®*Cm(g).

Similar remarks apply to the F- and K-versions of these spaces. Moreover, we
also have change-of-scalars functors F : D*Coh®*®m(g) — DPCoh®*®=(g)p and
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K : DPCoh®*Cm(g) — DPCohC*Cm (9)x, and they commute with 7, as in (2.3).
For k € {F, K}, the (G,,)x-action on g preserves N, so we also have functors

7y : DPCoh®*Cm (A1), — DPCoh®*Cm(N),.

We write F — F(1) for the autoequivalence of any of these categories that
twists the Gpy-equivariant structure by the tautological character of Gy,. In the
Gm-equivariant setting, we modify (2.4) to include a normalization of the (Gy,)k-
action, as follows: we set

AR (k) := m O g (wo ) (G A) and  V(k) := 1.0 5 (M) (=duwor),
where §) is the length of a minimal element v of the Weyl group such that vA €
—X*. (See [A4, §2.3].)

The definition of the perverse-coherent t-structure carries over to the (Gy,)k-
equivariant setting. The heart of the resulting t-structure is denoted by

PCoh®= (A) € DPCoh®*Cm (A,

This category is stable under (1). Properties (1) and (2) from §2.3 remain true as
stated for PCoh®m (N, but the remaining properties must be modified as follows:

(3) The objects AX(k) and V°(k) lie in PCoh®™ (N);. Moreover,

k if A\=pand k=0
Hom(AP® (k), VP (k) (k)) = ’
om (A3 I, Vi (k) (k) {0 otherwise.

(4) Fix a nonzero map cy : AY°(k) — VX°(k), and set
LY(k) = im(cy : AR (k) — VY(k)).
Then £5°(k) is a simple object in PCoh(N')i. Moreover, every simple object
is isomorphic to £5°(k)(k) for a unique pair (A, k) € X* x Z, and each
composition factor of the kernel of the surjection AY¢(k) — £X°(k), resp. of
the cokernel of the embedding £5°(k) — V3°(k), is of the form LP¢(k){m)
with g < A
(5) Let 0 C Nk be a nilpotent orbit, and let V be an irreducible (G X Gy,)x-
equivariant vector bundle on &. There is a unique simple perverse-coherent
sheaf
IC(o,V)
that is characterized by the following properties: it is supported on @,
and H%COdimﬁ(IC(ﬁ, V))lst(e) = i6+V. Moreover, every simple object is
isomorphic to ZC(0, V) for a unique pair (&, V).
Note that in part (5), the simple objects are parametrized not by €, but instead
by the larger set Q]E’ = consisting of pairs (£,V) where V is a (G x Gy, )k-equivariant
vector bundle, rather than a G-equivariant vector bundle. Comparing parts (4)
and (5), we see that there is a graded Lusztig—Vogan bijection

X+t xZ & Q.

The extra G,-action is crucial for some applications, but for most of this paper, we
will work without this Gy-action. (One exception is the proof of Proposition 5.2,
where the Gp,-action plays an important role.) However, there is no loss in doing
so: as explained in [AH, §3], the graded Lusztig—Vogan bijection is completely
determined by the ordinary (ungraded) Lusztig—Vogan bijection. In particular, the
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main theorem of this paper implies that the graded Lusztig—Vogan bijection is also
independent of k.

3. BALANCED NILPOTENT SECTIONS AND ASSOCIATED SLODOWY SLICES

3.1. Balanced nilpotent sections and their centralizers. Elements of g are
in a canonical bijection with the O-points of the O-scheme g. Following [ 1,
such points will be called sections. Any section = € g, considered as a morphism
Spec(0Q) — g, determines by base change an F-point zp of gr (in other words,
an element of the F-vector space gr) and a K-point zx of gx (in other words, an
element of the K-vector space gk). The image of zx in g will be denoted .

We will denote by

Za(x), Za(x)r, Za(@)k, Za(x)g
the scheme-theoretic centralizer of x in G, of zf in GF, of xk in Gk, and of zx in
Gr, respectively. We then have canonical identifications
Zg(z)r = Spec(F) Xspec(0) Za (),
Zg(x)x = Spec(K) Xgpec(0) Za (),
Zg(x)g = Spec(K) Xspec(0) Za (7).
Note also that if we set

39(@)r = {y € gr | [xr, y] = 0},
o(@)x == {y € gk | [zx,y] = 0},
30(2)z = {y € og | [2g,y] = 0}
then by [J1, Equation 1.7.2(7)] we have
(3.1) Lie(Zg(x)r) = 3¢(2)r, Lie(Zg (7)) =3q(x)x, Lie(Za(2)g) = 3¢(7)x-
Finally, we remark that Lemma 2.2 and | , Proposition 4.2] imply that Zg(x)p

is a smooth group scheme. (Of course, Zg(x)x and Zg(z)x are also smooth.)
Following | , Definition 1.4.1], a section z will be called balanced if

dim(Zg(z)r) = dim(Zg(2)k).

(The remarks above show that our terminology is indeed compatible with that
in [ ].) On the other hand, a section x will be called nilpotent if xzx is a
nilpotent element in gg. By [ , Lemma 2.4.1], if z is nilpotent then xy is a
nilpotent element in gr. The sections which we will be mostly interested in are the
balanced nilpotent sections.

=3

Remark 3.1. By invariance of the dimension under field extensions (see e.g. [GW,
Proposition 5.38]) we have dim(Z¢(z)x) = dim(Zg(x)x). Hence the “balanced”
condition can also be stated purely in terms of algebraically closed fields by requiring
that dim(Zg(2)r) = dim(Zg(z)g).

We refer e.g. to | , Definition 3.2.1] or [J2, Definition 5.3] for the definition
of a cocharacter associated with a nilpotent element. Recall also that under our
assumptions there exists a canonical bijection from the set of nilpotent orbits of
Gg in g to the set of nilpotent Gg-orbits in gg, see | , §4.1] for references.
This bijection will be called the Bala—Carter bijection, and denoted BC. It sat-
isfies dim(€) = dim(BC(0)) for any Gg-orbit €. By work of Spaltenstein (see
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again [ , §4.1] for references), it is known also that BC is a bijection of posets,
for the orders given by inclusions of closures of nilpotent orbits.
The main properties of balanced nilpotent sections proved in | | and needed

below are summarized in the following theorem.

Theorem 3.2 (McNinch). If y € gr is a nilpotent element, then there exists a
balanced nilpotent section x and a cocharacter ¢ : Gy, — G such that

(1) y = ar;

(2) Spec(F) Xspec(@) ¢ is a cocharacter associated with xg;

(3) Spec(K) Xspec(o) ¢ s a cocharacter associated with vg;

(4) BC(GK . ZL’K) = G]F cXR.
Moreover, if ' is another balanced nilpotent section such that xp is Gg-conjugate
to y, then there exists g € G(Q) such that ©’' = g - x.

Proof. The existence of z and ¢ follow from | , Theorem 4.5.2] and the argu-
ments in | , Proof of Corollary 9.2.2]. Concerning uniqueness, since the mor-
phism G(0) — G(F) is surjective (by | , Théoreéme 18.5.17]) we can assume
that 2 = y. In this case the claim is proved in | , Corollary 7.3.2]. O

The other important property we will use is the following.

Theorem 3.3. Let x € g be a balanced nilpotent section. Then the O-group scheme
Za(z) is smooth over ©. Moreover, the groups of connected components of the
algebraic groups Spec(F) X spec(0) Za(x) and Spec(K) X Spec(0) Za () have the same
cardinality.

Proof. These claims are proved in [[2, Theorem 1.6, Theorem 1.8]. A different
argument for smoothness is also given in §3.4 below. (|

3.2. Integral Slodowy slices for balanced nilpotent sections. We continue
with the setting of §3.1, and fix a balanced nilpotent section x and a cocharacter
¢ : G — G such that Spec(F) Xgpec(0) ¢ is a cocharacter associated with zy, and
Spec(K) x Spec(0) ¢ 18 a cocharacter associated with zz. Our goal is to define a
“Slodowy slice” in g attached to x.

Lemma 3.4. The Q-submodule [z, g] C g is a direct summand in g.

d
Proof. Consider the right exact sequence of Q-modules g 2d@), g— g/[x,g9] — 0.
After tensoring with F or K, one obtains analogous right exact sequences over those
fields. In particular, we have

dimF ®q (g/[z, g]) = dim gr — rank(ad(zr)) = dim 34(2)r,
dimK ®g (g/[z, g]) = dim gg — rank(ad(zk)) = dim 34(z)k.
Since Zg(x)r and Zg(z)x are smooth (so that their dimension coincides with that of

their Lie algebra), and since z is balanced, using (3.1) we see that these dimensions
are equal. Therefore, g/[z, g] is a torsion-free O-module, and the lemma follows. O

We now consider the Gy,-action on g determined by ¢ via the adjoint action.
Then x has weight 2 for this action (because this is true by assumption over K),
and the submodule [z, g] C g is G-stable. We fix a G,,-stable complement M C g
for this submodule (which exists by Lemma 3.4).

Lemma 3.5. All the Gy, -weights on M are nonpositive.
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Proof. 1t is sufficient to prove a similar claim for the (G, )z-weights on K ®g M.
Now by assumption Spec(K) Xspec(0) ¢ 18 a cocharacter of G associated with
rg. By [J2, Lemma 5.7 and Proposition 5.8], we see that [xg, gg] contains all the

(Gm)g-weight spaces of gg of positive weight, which implies our claim. O

We now set
Sy =x+M C g
(Contrary to what the notation might suggest, this scheme depends not only on z,
but of course also on ¢ and M.) If we define a G,-action on g via z-y = 27 2¢p(z2) -y,
then S, is a Gy,-stable closed subscheme of g, and the weights of G, on O(S,) are
nonnegative, the weight-0 subspace consisting of the constants O C O(S,). We will
also denote by
a : G X Spec(0) Se— 9

the morphism induced by the adjoint action.

3.3. Some properties of Slodowy slices over fields. We continue with the
setting of §3.2, and let k be either F or K. We will consider the affine subspace

SE =y + (k®o M) C gy

(which is a variant of the Slodowy slices constructed in [S1]). This variety is endowed
with an action of (G, )k (induced by the G, -action on S, considered above) which
contracts it to {7y }. We will denote by a¥ : Gy x S¥ — gi the base change of a, to
k, i.e. the morphism induced by the adjoint action.

k

< is smooth (and hence, in particular, flat).

Proposition 3.6. The morphism a

Proof. We observe that the differential of aX at the point (1,zy) identifies with
the morphism gi x (k ®p M) — gx sending (y,y’) to [z, y] + y’. This differential
is surjective since k ®g M is a complement to [z, gx| in gk, which proves that
a¥ is smooth at (1,zy). Since the locus of points of Gy x S¥ where this map is

smooth is open, and stable under the (G x Gy, )x-action defined by (g, 2) - (h,y) =
(ghe(2)~1, 272p(2) - y), this locus must then be the whole of Gy x Sk. O

Since a¥ is flat, it is open (see e.g. [(:\W, Theorem 14.33]). Let
V= (af)(Gx x SE)

T

be its image (an open subset of gg).

Lemma 3.7. The following square is Cartesian, where the vertical maps are the
closed embeddings and the horizontal maps are induced by the adjoint action:

G]k X {{L‘k} —_— Gk-l‘k

! /

G x St ——— VE

Proof. By smoothness of a% (see Proposition 3.6), the fiber product (Gy x S¥) Xy
(Gk - zx) is smooth over G - x, and hence a smooth variety, of dimension dim(Gy).
By Gik-equivariance, we have

(Gk X SE) Xy (G]k . xk) = Gk X (SH; n (Gk . xk)),

where on the right-hand side we consider the scheme-theoretic intersection. (This
follows e.g. from [S], Lemma 4 on p. 26] applied to the composition (Gy x S¥) Xy
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(Gy - 7)) — Gy x S¥ — Gy, where the second map is the projection.) It follows in
particular that the right-hand side is smooth. Since the projection

Gg % (Sgﬂ; n (G]k . (Ek)) — Sﬂ; n (Gk . :L']k)

is smooth, using [Sta, Tag 02K5] we deduce that S¥ N (Gy - x) is smooth and of
dimension 0, and hence a disjoint union of points. On the other hand this variety
admits a (G, )x-action which contracts it to xy; we deduce that S¥N(Gy-zy) = {xk},
which implies the desired identification. (I

Corollary 3.8. In the following diagram, every square is cartesian:

G x {zk} — (G x 8¥) xg, Nk —— G x SE

l l |

R —— St(Gk . a:k) e Vlu.g

| |

Ng ————— o

The vertical maps between the top two rows are smooth and surjective. The vertical
maps between the bottom two rows are open embeddings.

3.4. Smoothness of centralizers. In this subsection we sketch a different proof
of the smoothness claim in Theorem 3.3. No details of this proof will be used in the
rest of the paper. We first remark that the smoothness of Zg(x) follows easily once
we know that this group scheme is flat over Q; see [[H2, Lemma 1.5] for details.
By Theorem 3.2, there exists a cocharacter ¢ : Gy, — G such that Spec(F) x ¢ is
associated with 2 and Spec(K) x ¢ is associated with 2. Then we can consider an
“integral Slodowy slice” S, as constructed in §3.2. By a variant of [Ri, Lemma 4.1.1]
(for discrete valuation rings instead of localizations of Z) one can deduce from
Proposition 3.6 (in the case k = ) that a, is flat. Hence to conclude it suffices
to prove that the following diagram is Cartesian, where the horizontal maps are
induced by the adjoint action and the vertical maps are the closed embeddings:

Za(x) x {z} —— {a}

I /

GxS, — g.

However, it follows from Lemma 3.7 that the base change of this diagram to K is
Cartesian. Since the O-scheme (G x S;) x4 {z} is flat by flatness of a,, this implies
that the composition

(Gx &) xg{z} 2 G xS = S,

(where the second map is the projection) factors through the embedding {z} < S,.
Hence we have

(G x 8p) xg {a} = (G x{z}) x4 {z} = Zg(x),
which finishes the proof.
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4. INTEGRAL EXOTIC SHEAVES

In this section, we will work with the category DPCoh®*®m (/\7) (cf. §2.4), rather
than DbCth(./\7 ), mainly because we anticipate that this may be useful for future
applications. However, the G,-action plays no role in any of the arguments. Ap-
propriate analogues of the statements in this section hold for DbCth(/\7 ), and we
will use these versions elsewhere in the paper.

The goal of this section is to construct a t-structure on DPCoh®*®m(A) (as
well as on the F- and K-versions) using the machinery from Appendix A, called
the exotic t-structure. In the case of field coefficients, this t-structure has been
extensively studied in the literature [A4, , B3, |, but over O, some of the
statements in this section are new.

4.1. Generators of the derived category of coherent sheaves. The starting
point is the extended affine braid group action constructed in [BR]. Note that that
paper works with the scheme G xZ (g/b)*. By Lemma 2.3, we may apply those
results to N

Let Wext := W x X be the extended affine Weyl group. Recall that in general this
group is not a Coxeter group, but it is endowed with a natural length function and
with a “Bruhat order;” see | | for details and references. Recall also that every
element w € Wey; determines an element of the extended affine braid group Bext,
denoted by Ty,. The main result of [BR] associates to T, a certain autoequivalence
of DPCoh®*Cm (./\7 ), denoted by Jr,,. Given A € X, regard it as an element of Wy,
and consider its right coset for the finite Weyl group WA C Wey. Let wy be the
unique element of minimal length in W A. Following | , §3.3], for E € {K, O, F},
we set

w

VS(E) = T, (Og,)  and  A(E) = Tr _,)1(Og,)-

Lemma 4.1. For all A € X, we have

K(V§(0) = V(K), F(VS(0)) = VS(F),

K(AY(0)) = AR (K), F(AS(0)) = AX(F).
Proof. This follows from the fact that the functors Jr, commute with change of
scalars (see [BR, §1.2]). O

Lemma 4.2. For any E € {K,0,F}, the category D*Coh®*C= (N)g is generated
as a triangulated category by objects of the form Og (A)(k) with A € X and k € Z.

Proof. In the case where E is a field, this is proved in [A3, Corollary 5.8] or | ,
Corollary 2.7]. Here, therefore, we will only treat the case where E = Q. (However,
the reader can easily modify this argument to handle the field case as well.) Recall
that there is an equivalence of categories

DPCoh®*Cm (A} 22 DPCohB*Cm (n),

Moreover, setting n* := Homg(n, ), the category Coh®*®m(n) can (and will) be
identified with the category of finitely generated B-equivariant graded modules
over the ring O(n) = Symg(n*). From now on, all O(n)-modules will implicitly be
assumed to be finitely generated.

Let M € Coh”*®=(n). By [S1, Proposition 2], there exists a (B x Gy, )-stable
O-submodule M’ C M which is of finite type over @ and which generates M as
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an O(n)-module. Then by [S1, Proposition 3] there exists a (B X G,,)-module M"”
which is free over O and surjects to M’; in this way we see that M is a quotient of
a (B x Gy, )-equivariant free O(n)-module, and then that M admits a resolution

e PP Pl PP M0

where each P* is a (B x Gy, )-equivariant free O(n)-module. Since O(n) is isomorphic
to a ring of polynomials (in rk(n) many variables) with coefficients in Q), it has finite
global dimension, say d. Let @ be the kernel of P41 — P2 and consider the
exact sequence

0-Q—-P 5. ... 5P 5 M—o.

A routine homological algebra argument shows that as a (graded) O(n)-module,
@ must be projective. Since O(n) is a graded polynomial ring over a noetherian
local ring, a suitable variant of Nakayama’s lemma implies that every projective
graded O(n)-module is free. We have shown that M admits a finite resolution
by B-equivariant free O(n)-modules, and hence that DPCoh®*Cm (J\N/ ) is at least
generated by (G x Gy, )-equivariant vector bundles.

Let M be a B-equivariant free O(n)-module. We will show (by induction on
the rank of M over O(n)) that M admits a filtration whose subquotients are B-
equivariant free O(n)-modules of rank 1. Such objects correspond to (G x Gy,)-
equivariant line bundles, so this claim will prove the lemma.

Write the grading on M as M = @, ., M. Assume without loss of generality
that My # 0, and that My = 0 for & < 0. Then M, is a B-representation and a
free O-module of finite rank. As a T-representation, it decomposes as a direct sum

My = €D (Mo)s,

AeX

where each (M), is again a free @-module of finite rank. Choose some A such that
(My)x # 0, and such that A is minimal for this property with respect to the partial
order < on X considered in §2.3. Then choose an element v € (My), that is part of
some Q-basis for (Mp)x. Then the O-span Q- v is a Dist(B)-submodule of My, and
hence also a B-submodule by [J1, Lemma 1.7.15]. (This statement is applicable here
since B is smooth, and hence infinitesimally flat; see [J1, §1.10.11].) Let M’ C M
be the O(n)-submodule generated by v. This is a B-equivariant submodule of M
that is free over O(n) of rank 1.

Because v was chosen to be of minimal degree with respect to the grading on
M, it is easy to see that it must also be part of some O(n)-basis for M. In other
words, the quotient M"” := M/M’ is again a B-equivariant free O(n)-module (of
rank lower than that of M). By induction, M" admits a B-equivariant filtration
whose subquotients are free over O(n) of rank 1, and hence so does M. O

Let us temporarily regard X as a subset of the real vector space R ®7 X. In
the latter, it makes sense to take the convex hull of any finite set of elements. For
A e X, we set

conv(A) = (A + ZR) N (convex hull of W - X in R ®z X),
conv’(\) = conv(\) ~ W - A

(Recall that R is the root system of G.) It is well known that when A and u are
dominant, we have conv(\) C conv(y) if and only if A < . As a consequence, for
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arbitrary A, u € X, we have
(4.1) € conv?(\) = A ¢ conv(u).

Lemma 4.3. For any E € {K,0,F}, the category D*Coh®*C= (Mg is generated
as a triangulated category by objects of the form V*(E)(k) with A € X and k € Z.

Proof. Consider the preorder < on X given by u < A if g € conv(A). By (4.1), the
equivalence classes for this preorder are precisely the W-orbits in X. For A € X let
Deonv(nys Tesp. Deonvo(ny, be the full triangulated subcategory of DPCoh&*Cm (/\N/')
generated by objects of the form O g (u1)(k) with k € Z and p € conv()), resp. p €
conv’(A). By Lemma 4.2, the union of the Degny(y) is all of DPCoh@*Cm (./\N/')

It is therefore enough to prove that each Dcony(y) is generated by the objects
%ZX(E)%) with 1 € conv(A). We will prove this by induction with respect to the
preorder < on A. The base case is A = 0. Since %‘E)X(]E) = Of, the claim holds in
this case.

We now turn to the general case. It can be deduced from | , Lemma 3.1]
(see also the proof of | , Proposition 3.7])? that for all A € X, we have

VE(E) = O (M) (02)  (mod Deonyon))-

where J) is the length of a minimal element v € W such that v is dominant. This
means that there exists an object F and a diagram

VS(E) & F 5 0g(0)(6)
such that the cones of both f and g lie in Dconyo(n). Next, (4.1) implies that
conv?(\) = UVECOWO(A) conv(v). By induction, Deonyo(y) is generated by the objects

65"(]E)<k) with v € conv®(\). The diagram above then shows that the subcate-

gory generated by the Vi*(E)(k) with p € conv(A) contains Deonyo(n) and all the
O (vA)(k) for v € W. The result follows. O

4.2. Exceptional sequences. Let <g,, be the Bruhat order on X, i.e., the order
defined so that A <g,, p iff wy is smaller than w,, is the Bruhat order of Wey. Let
<’ be any refinement of <g,, to a total order such that (X, <’) is isomorphic to
(Z>0,<), and such that

A € conv® (1) = A< .

(This last condition makes sense by (4.1).)

Proposition 4.4. For E € {K,Q,F}, the category DbCthXGm(J\Nf')E is graded
Hom-finite, the collection {VS*(E)}rex is a graded exceptional sequence (with re-
spect to the order <’ above), and the collection {AJ(E)}rex is a dual sequence.

Proof. In the case where E is a field, the claim follows from the discussion in [ ,
§2.5]. Let us now consider the case where E = Q. First, the objects V¥(E) generate

2Although | | works with field coefficients, the specific statements cited here are essentially
minor variations on [BRR, Lemma 1.11.3], which holds for E = O as well. It is left to the reader to
check that the arguments we need go through for general E.
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DPCoh®*®= (A)g by Lemma 4.3. It is proved in | , Proposition 5.4] that we
have

O fA=pandn=%k=0,

0 otherwise.

Hom(ASY(0), Vi (0)[n) (k) = {

(More precisely, in | | the coefficients considered are a localization of Z; the
present setting is completely analogous.) Similar arguments show that the collection
{6‘;\" (E)}aex satisfies the conditions on Hom-groups that define graded exceptional
sequences. Then Remark A.7 ensures that DPCoh®*®m (/\7 )E is graded Hom-finite,

and Lemma A.8 tells us that the sequence {&‘;\X(E)}Aex is dual to {%‘f\x(]E)}Aex.
(I

4.3. Exotic t-structures. In view 0~f Proposition 4.4, using Theorem A.11 we
obtain a t-structure on DPCoh®*Cm (M)E, called the exotic t-structure. The heart
of this t-structure will be denoted by

ExCoh®»(N)g,  E e {K,Q,F}.

In accordance with the conventions in the rest of the paper, when E = O, we
usually omit the subscript and denote the category simply by ExCoh®= (). (Note
that although we need to choose a total order <’ that refines <g,, in order to
invoke Theorem A.11, the resulting t-structure is independent of that choice; see
Remark A.12(2).)

Lemma 4.5. Let F,G in D"Coh®*®=(N)g.
(1) The functor K(—) induces an isomorphism

K ®0 Hom(F,G) = Hom(K(F),K(G)).
(2) There exists a natural short exact sequence
F ©o Hom(F,G) < Hom(F(F),F(G)) — Tor? (F, Hom(F, G[1]))
where the first map induced by the functor F(—).

Proof. We explain the proof of (2); the proof of (1) is similar and easier. As
in [ , Proof of Proposition 5.4], the functor F induces an isomorphism

L ~
F ®g RHom(F,G) — RHom(F(F),F(G)).
Applying the functor F @5 (—) to the truncation triangle 7<oRHom(F,G) —

RHom(F,G) — 7>1RHom(F,G) W, and using this isomorphism we deduce a
distinguished triangle

L L
F &g 7<oR Hom(F,G) — RHom(F(F),F(G)) — F &g 751 RHom(F,G) L,
which induces an exact sequence
L L
H™(F @0 751 RHom(F, G)) — HY(F ®g 7<oRHom(F, G)) — Hom(F(F),F(G))

L L
— HY(F ®¢ 751 RHom(F, G)) — H'(F ®¢ 7<o R Hom(F, G)).

in cohomology. Since the functor F ®& (—) is right exact the fifth term in this
sequence vanishes, and the second one identifies with F @ Hom(F,G). And since
HJ/(F @5 M) = 0 for j < —2 and any O-module M, the first term vanishes and the
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fourth one identifies with Tor? (F, Hom(F, G[1])). We therefore obtain the desired
short exact sequence. ([

Thanks to Lemma 4.1 and Lemma 4.5, we are in the setting of §A.5. We will
invoke some results from that section below.

In the lemma below we mention the notion of highest weight categories. For
the definition of this notion (due, in slightly different terms, to Cline-Pashall-Scott
and Beilinson-Ginzburg—Soergel), we refer e.g. to | , §3.5].

Lemma 4.6. (1) For any E € {K,Q,F}, the category ExCoh®(N)g is noe-
therian. If E is a field, it is also artinian. N N
(2) For anyE € {K,Q,F}, the objects VS*(E) and AS*(E) lie in ExCoh® (N)g.
(3) When E is a field, ExCoh®= (N)g is a highest-weight category.
(4) In ExCoh®=(N), the objects V$*(0) and ASX(Q) are torsion-free.
Proof. (1) This is immediate from Theorem A.11.
(2) When E is a field, this is proved in | , §3.4] (see also [AR, Proposi-

tion 8.5]). Suppose now that E = Q. To prove that %i"(@) lies in the heart, it is
enough to show that

Hom(V(0), Vi(0) [n] (k) = 0

for all n < 0 and all 4 € X. If this were nonzero, the same considerations as
in | , Proof of Proposition 5.4] would tell us that Hom (V¥ (F), VX (F)[n](k)) is
also nonzero for some n < 0, contradicting the fact that 63"(1@‘) € ExCoh®= (A)p.

Consider now the object H°(A$*(0)). Since F(—) is right t-exact, we have

H°(F(H°(AS(0)))) = HO(F(AS(0))) = H°(AS(F)) 2= AS(F).
In other words, after applying F(—) to the distinguished triangle
r<T1AR(0) - AF(0) » HOAS(0) S,

the second and third terms become isomorphic, so we must have F(Tgfl&i"(@ )=
0. But it is easily checked that F(—) kills no nonzero object, so 7<~"1A$X(Q) = 0,
and A$X(0) = HO(A$X(0)) belongs to ExCoh® (N), as desired.

(3) See | , §3.5] or [AR, Proposition 8.5].

(4) For V§¥(0), this follows from part (2) and Lemma A.14. For A$*(0),

this follows from Lemma A.17(2) and the fact that ]F(ﬁix(@)) & ﬁi"(]F) lies in
ExCoh® (). 0

4.4. Simple objects and their O-versions. For each A € X, fix some map
ex = e (0) : AF(0) — V§X(0)

that is a generator of the free O-module Hom(ﬁ‘j\x(@), 6‘;\"(@)) Such a map be-
comes an isomorphism after passage to the quotient category

DPCoh@*Em (./\N/')@,gf)\/DbCOhGXGm (/\7)()),<'>\-

We denote the base change of this map to K or F by ¢y (K) or cy(F), respectively.
As in §A .4, we set

L\(E) := im(c\(E) : AZ(E) — V$X(E))  for E € {K,Q,F}
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and

the unique maximal subobject of Vex(@)) containing £, A(0)

L(0) =
A (0) = and such that £+( )/L£(Q) is a torsion object.

As explained in §A.4, if E € {K,F} the objects E,\(E) are simple, and the
assignment (A, n) — Lx(E)(n) induces a bijection between X x Z and the set of

isomorphism classes of simple objects in ExCoh®= (/\7 )E-
Concerning the case E = O, Lemma A.18 tells us that

K(£A(0)) = K(L{(0)) 2 LA(K).

That lemma also tells us that £, (Q) and Z; (O) are torsion-free objects. We define
the reduced standard and reduced costandard objects for Ny by

AVI(F) =F(£A(0))  and  VY(F) = F(£}(0)),

respectively. These objects belong to ExCoh®m (/\7 )r, and there is a sequence of
canonical maps

(4.2) ASH(F) = AYUEF) — Lx(F) = VY(F) < VS(F).

Here the first (resp. fourth) morphism is obtained from the morphism Kfj\x(@) —
L£(0), resp. Zj{ (0) — %3"(@) by application of the functor F. The surjectivity,
resp. injectivity, of this morphism is checked in the proof of Lemma A.18. The
second, resp. third, morphism in (4.2) is the prOJectlon to the top, resp. embeddmg
of the socle; see again Lemma A.18. Moreover, £y (F) is also the top of Aex( ),
resp. the socle of 63"(1&4‘)

5. SUPPORTS OF REDUCED STANDARD OBJECTS

5.1. Reduced standard and costandard perverse-coherent sheaves. Below
we will need the following fact, proved in [A4, Proposition 2.6]. In this statement,
dom(\) denotes the unique dominant weight in the W-orbit of a weight A € X.

Lemma 5.1. Let k € {F,K}. The functor m, : D*Coh®(N)y — D"Coh®(N)y is
t-exact for the exotic and perverse-coherent t-structures. For A € X, we have
A() = AP (K pe e X+
T AT (k) = Ao (K); X {ch NOBUPYES oF

. 6?\){(]1{) vg;:m(k) (k), otherwise.

We define the reduced standard and costandard objects in PCoh(N )y by setting

(5.1) AYIUE) = m AL (F)  and  VEA(E) = m VL (F)

wo A wo A

for A € XT. These objects are perverse-coherent since 7, is t-exact. Moreover,
applying 7. to the sequence (4.2) (for the weight woA) provides a sequence of
surjections and injections

(5:2) AR(F) — AFI(F) - LY (F) < VXI(F) < VX°(F).
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5.2. Statement. In view of Theorem 3.2, there exists a collection (z; : j € J)
of balanced nilpotent sections of g and a collection (¢; : j € J) of cocharacters
Gm — G such that
(1) forany j € J, the cocharacter Spec(F) X gpec(0) ¥, Tesp. Spec(K) X Spec(0) Pi s
is associated with x;x, resp. TR
(2) for any j € J we have BC(Gg - z;%) = Gr - T 5;
(3) the set (x;r:j € J), resp. (z;5 : j € J), is a set of representatives for the
nilpotent orbits of G, resp. Gx.

For j € J, we denote by ¢; : Spec(0Q) — g the inclusion of the point associated with
x;, and by 4} its base change to F.
We will use the representatives (x5 : j € J), resp. (xj’K : j € J), to define the

Lusztig-Vogan bijections over F and K as in (2.6). The goal of this section is to
prove the following.

Proposition 5.2. For any A € X*, we have
supp(AY(F)) = supp(Vi(F)) = BC(OF).
Moreover, if j € J is such that T, € ﬁ;ﬁ, then
(1) the complexzes of @-modules (@j)*fr*EA((D)) and (zj)*fr*Z;\r(@) are concen-

trated in degrees < % codim (0% );
(2) the Zg(xj)-modules

HE o@D ((0))* 7. £2(0))  and  HE <8O0 (1) . L5 (0))
are free over O, and we have isomorphisms of Zg(xj)z-modules
K 0 HE () (1)) 7. £,(0)) = Ly(K),
K @ HE <1m(7)((0,)* 7. £ (0)) = L (K)
and isomorphisms of Zg(x;)r-modules
F @0 HE 80 (1) 7, £(0) 2 HE 802 ()" AT4(F)),
F g HE “8m(0) (1) 7, L5 (0)) 2 HE 5 () T3 (F)).

5.3. Generalities on support. We start with the following general remark. Let
X be a flat noetherian @-scheme, and denote by Xr and Xg its base-change to ¥
and K respectively. Then we have natural “change of scalars” functors

F: D~ Coh(X) — D~ Coh(Xy), K:D Coh(X)— D~ Coh(Xg),

which can be described either as the derived functors of the functors Coh(X) —
Coh(Xr) and Coh(X) — Coh(X) sending F to F®g F and K®g F respectively, or
as the derived pullbacks under the projection morphisms Xr — X and X — X.

Let now x be an O-point of X, and denote by zr and z the closed points in Xy
and Xg obtained by base change.

Lemma 5.3. For any F in D~ Coh(X), we have

xg € supp(K(F)) = ar € supp(F(F)).
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Proof. This claim follows from the arguments in | , 84.4]. (In the end, this
proof boils down to the obvious fact that if M is a finitely generated OQ-module
such that K ®g M # 0, then F ®qg M # 0.) O

Lemma 5.4. Letk € {E@, and let F € PCoh(N ). Its support supp(F) is the
union of the orbit closures O where O runs over the nilpotent Gy-orbits such that
some IC(0,V) occurs as a composition factor of F.

Proof. We will use the various properties recalled in §2.3. Let Z be the union of
orbit closures described above. It is immediate from property (5) that supp(F) C Z.
To prove equality, we proceed by induction on the length of a composition series of
F. If F is simple, equality holds by property (5) again. Otherwise, choose a short
exact sequence

0F - F—=F =0

with F” simple, say F"' = ZC(0",V"). Let Z' be the set defined analogously to Z
for F’, so that Z = Z’ U ¢”. By induction supp(F’) = Z’'. Property (2) of §2.3
implies that for every orbit ¢ that is open in Z, at least one of Hz codim ﬁ(f/”St(ﬁ)
or Hz codim& (g )lst(e) is nonzero, and that the cohomology sheaves vanish on

St(©) in all degrees other than 1 codim &. We deduce that Hz codim & ( F) Ist(e) # 0,

and hence that supp(F) = Z. O

5.4. Proof of Proposition 5.2. We are now in a situation to prove Proposi-
tion 5.2. Note that the objects Vi*4(F) and A4 (F) make sense in the (G x Gy, )p-
equivariant setting (cf. §2.4). Since they are also perverse-coherent, the claims in
Proposition 5.2 will follow from the following more general result. Here we denote
by Zaxe,, (x;) the centralizer of z; in G X Gy, where G, acts on g as in §2.4. We
also denote by Zgxe,, (%;)F, resp. Zaxe,, (¢j)g, the base change of this O-group

scheme to T, resp. K. (The following proof is the one point in the paper where it
is crucial to work with the extra Gy-action.)

Proposition 5.5. Let F € D*Coh®*®»(N) be an object such that both K (F)
and m,JF(F) are perverse-coherent sheaves, and such that there is a nilpotent G-
orbit O with supp(m.K(F)) = &. Then

supp(m F(F)) = BC(O).

If moreover K(F) 2 IC(0,V) for some simple (G x Gy, )z-equivariant vector bundle
YV on O, and if j € J is such that T;g € O, then the complex (1;)*T.F is concen-

trated in degrees < %codim(ﬁ), its cohomology in degree %codim(ﬁ) is free over
O, and we have an isomorphism of Zgxg,, (2;)g-modules

(5.3) K g Hz dm(@) ()7, F) 2 HO(u*V),
where u : {z,5} — O is the embedding, and an isomorphism of Zgxg,,(2;)r-
modules

(5.4) F ®g H? ©0dm(9)((4,)*%, F) = H2 codim(@) ((4F)* 7, F(F)).

Proof. Let us first show that supp(m.F(F)) D BC(&). It is enough to show that

supp(7.F(F)) D BC(&). This follows from Lemma 5.3 using X = g.
For the opposite containment, let &’ be a nilpotent Gg-orbit that is open in
supp(mF(F)). For brevity, let d = %codim 0'. Let k € J be such that x5 € 07,
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and consider an integral Slodowy slice S as constructed in §3.2 (for the balanced
nilpotent section xj and the cocharacter ). Let a : G X & — g be the action
map, and let ak Gg x SK 0%, resp. a¥ : Gr x S — g, be its base change to
K, resp. to F. We will make use of the natural induction equivalence

(5.5) 6 : DPCoh®*®n (@ x 8) = DPCoh®»(S),

as well as the corresponding equivalences 0y and . (Here, Gy, acts on G x S and
S as in Section 3.)

By property (2) from §2.3, we know that (m.[F(F))|s¢(e)[d] is a coherent sheaf
(i.e., a complex whose cohomology is concentrated in degree 0) supported on &”.
From the diagram in Corollary 3.8 and the flat base change theorem (which is
applicable thanks to Proposition 3.6), we conclude that (a¥)*7,[F(F)[d] is a coherent
sheaf on Gy x ST supported (set-theoretically) on Gy x {x)r}, and hence, after
passing through (5.5), that the object

O (a¥)* 7. F(F)[d] = F G (607, F)(d]

is a coherent sheaf supported (set-theoretically) on xy, .

Let G = 0a*7,F|d] € D*Coh®»(S). This can be thought of as a complex of
finitely generated graded O(S)-modules. In particular, each graded component of
this complex is bounded and finitely generated over . Recall a bounded complex
of finitely generated @-modules M is isomorphic to a free @-module (considered as
a complex concentrated in degree 0) iff we have H79(F ®5 M) = 0. The previous

paragraph tells us that H”?(F ®5 G) = 0, so G belongs to Coh®= (S), and is free as
an O-module. It follows that K®g G is nonzero. Retracing the steps in the previous

paragraph, we find that (F*K(f))|5t(ﬁu) # 0, where 0" := Gy - z), % is the orbit
such that BC(&") = ¢". Tt follows that ¢ = 0, i.e. that ' = BC(&), and then
that supp(IF(F)) = BC(0).

Suppose now that 7.K(F) = ZC(0,V) for some V as in the statement, and
that k = j. Let V be the (simple) Zgxg,, (x;)g-representation corresponding to V.

Recall that there is an isomorphism

(5.6) ZaxGn (77) = Gm X Za(z;),
where G,, acts on Zg(x;) by conjugation via the cocharacter ¢; (see, for in-
stance, [All, Eq. (2.6)]). Moreover, the induced action of (G, ) on the reductive

quotient of Zg(z;)g is trivial, so the copy of (Gu)z on the base change to K of
the right-hand side of (5.6) acts on the irreducible representation V' by a single
character.

Let t : {z;} — S be the inclusion map, and let tg, resp. tr, be its base change
to K, resp. F. In the notation of the statement of the proposition, we have

(5.7) V =H(u*V).
By property (5) from §2.3, our assumption implies that

K @06 = (") 7.K(F)ld] = tz,V.
It is easily checked that the (G, )g-action on the left-hand side coming from (5.5)
is identified with the (G, )g-action on right-hand side coming from (5.6). In partic-
ular, the graded O(S*)-module K ®g G is concentrated in a single grading degree.
Therefore, G is also concentrated in a single grading degree, so it is supported
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scheme-theoretically on x;: there is a free O-module Vg such that G = ¢,Vp, and
such that

(58) V2K®g Vo.

Since the inclusion map #; factors as
(2} 585G xSy,
we see that
(1) 7o F 2 t°G = t°1, Vi —d).
This object has cohomology only in degrees < d, and its cohomology in degree d is
identified with Vp. In view of (5.7) and (5.8), we deduce (5.3). Similarly we have

(43)" 7 F(F) = t5F(G) = tite. (F @0 Vo)[~d,

which implies (5.4). We leave it to the reader to check that the isomorphisms
constructed in this way are Zgxg,, (¢;)g-equivariant and Zgxg,, (¢;)r-equivariant

m

respectively. |

Remark 5.6. (1) In the setting of Proposition 5.5, since m,[F(F) is a perverse-
coherent sheaf whose support is BC(&), its restriction to St(BC(0)) is a
coherent sheaf placed in degree % codim(&), and supported on an infinites-
imal neighborhood of ¢ := BC(&). We claim that this coherent sheaf is in
fact supported scheme-theoretically on &” (so that it coincides with the vec-
tor bundle associated with the module Hz COdim(ﬁ)((Z?)*fr*F(f))). Indeed,
if U is the image of a¥, we have U NNy = St(6”) (see Corollary 3.8). There-
fore, it suffices to show that the coherent sheaf 7,F(F)[y([5 codim(&”)] is
supported scheme-theoretically on ¢”’. Now the map af : Gp x S¥ — U
is flat and surjective, and hence faithfully flat. Our proof shows that
(aF)* 7. F(F)|u[2 codim(€”)] is supported on Gy x {x;r}, which implies
our claim.

(2) Under the identification provided by (5.6), the (G )r- or (Gu)g-action
on the unipotent radical of Zg(z;)r or Zg(x;)x is contracting (see [J2,
Proposition 5.8] and [AH, §2]). Since Gy, acts on the module Vg constructed
later in the proof with a single weight, the unipotent radical must act
trivially on the resulting (G X Zg(z;))r- or (Gm X Zg(2;))g-representation.
In particular, in Proposition 5.2, the Zg(x;)r-modules

H% COdim(ﬁ@((l?)*Af\Ed (]F)) and H% codim(ﬁ?)((%‘)*vf\ed (]F))

factor through modules for the reductive quotient of Zg(z;)r. (See [H2,
§4.2] for similar arguments in a more general context.)

6. AGREEMENT OF THE LUSZTIG-VOGAN BIJECTIONS

6.1. Overview. Our goal in this section is to compare the Lusztig—Vogan bijections
for Gx and Gy. To make sense of such a comparison, one first needs to construct
a bijection between the sets {d and Qp introduced in §2.3, which will occupy the
first half of the section.

Recall that after choosing a representative for each nilpotent orbit over K,
resp. over IF, the set Qg, resp. Q, gets identifies with a set denoted Q?K, resp.
(see again §2.3). To construct our bijection Qg & O, we will make a coherent
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choice for these representatives, then construct a bijection between the associated
sets Q?K and , and finally argue that the bijection we obtain does not depend on
our choices.

More specifically, recall that we have fixed in §5.2 balanced nilpotent sections
(z; : j € J), which provide in particular (by base change to F and K) representatives
(xjr:je€J)and (IjK : j € J) for the nilpotent orbits of Gr and G respectively.
Using these choices of representatives we obtain sets Qf and QEK‘ As explained
above, we want to construct a bijection

(6.1) Qe = O

which “extends” the Bala—Carter bijection from §3.1, in the sense that the first
component of the image of a pair (&, V) will be BC(&). Since BC(Gg -z, %) = Gr-
xjr (see Theorem 3.2), constructing such a bijection is equivalent to constructing,
for any j € J, a bijection

(6.2) Irr(Zg(zj)z) = Irr(Zg(z;)w)

between the sets of isomorphism classes of simple modules for Zg ()¢ and Zg(z;)r.
The construction of this bijection is explained (after some preliminaries) in §6.3
below.

6.2. Representation theory of centralizers. We now fix some j € J. The
construction of (6.2) will involve replacing K by a finite extension K’ C K. Note
that in this setting, if we let Q" be the integral closure of O in K’, then O’ is a
complete discrete valuation ring, which is finite (and free) as an @-module, and
has K’ as fraction field (see [S2, Chap. II, Proposition 3]). In particular, since we
assume that F is algebraically closed, the residue field of @ must still be F. Of
course, replacing @ by @ does not change the field K either. For such datum, we
will denote by Zg(z;)or and Zg(z;)xs the base changes of Zg(x;) to O' and K’
respectively.

Let Zg(l'j)%d and Zg(x;)id be the reductive quotients of Zg(z )z and Zg(z;)r
(i.e. the quotients of these groups by their unipotent radical). Because p is assumed
to be very good, we have

o T red,o
(6.3) pt1Za(x)e/Za (x5 = 1 Za(2)5 ) Za(@)r ),
by, for instance, | , Lemma 6.2]. Next, since K’ is a perfect field, the unipotent

radical of Zg(z;)x is defined over K', so that Zg(xj)]%d has a natural K’'-form

Z ()54, which is a connected reductive K'-group. Moreover, for k € {F,K’, K}
the pullback functor induces a bijection

(6.4) Irr(Zg(xj)fd) = Irr(Za(z5)x)

between the corresponding sets of isomorphism classes of simple modules. Below
we will simply identify these two sets via this bijection.

Let k be either F or K. Then Zg(z;)°? is a possibly disconnected reductive
group over k. The representation theory of such groups is studied in the compan-
ion paper | ]; in particular, these results provide a combinatorial description
of Irr(Zg(x;)i*d). We will not need to go into the details of this description. Indeed,
we essentially just need one key fact from that paper: according to | , Theo-
rem 3.7], thanks to (6.3), the category Rep(Zg(z;)5) admits a natural structure
of highest weight category.
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In practice this means that the set Irr(Zg(x;)i°?) carries a partial order <;
(defined explicitly in [ , §3.1]), and that for each simple object L we have a

“standard object” A(L) and a “costandard object” V(L) with maps A(L) - L —
V(L) such that all the composition factors of the kernel, resp. cokernel, of the first,
resp. second, map are strictly smaller than L for the order <;.

6.3. Identification of simple modules. For k € {F,K’, K} we will denote by
K(Zg(z;)k) the Grothendieck group of the category of finite-dimensional algebraic
representations of Zg(x;)x. This group is a free Z-module, with a basis consisting
of the classes of simple representations. Recall that, since Zg(z;)or is flat (see
Theorem 3.3), one has a canonical “decomposition map”

dze())e P K(Za(zj)x) = K(Za(z;)r),

see [S1, Theorem 2]. This map is compatible with field extensions (for K’) in the
obvious sense.

The construction of (6.2) will be given by the following result, which will be
proved in §6.5 below.

Proposition 6.1. There exists a finite extension Ko C K of K such that if K'
contains Ko then

(1) the functor sending a Zg(x;)x/-module V to K @x: V (with its natural
Za(xj)g-module structure) induces a bijection

Irr(Za(z;)x) = Irr(Za(x)g);

(2) dzg(ay), 15 an isomorphism;

(3) for any simple Zg(xj)g-module V, there exists a unique simple Zg(x;)r-
module V' such that the image under dz.,), of the simple Zg(x;)x-
module corresponding to V. (under the bijection of (1)) is the class of
A(V"); in particular, V' is the unique simple module whose class appears
with nonzero coefficient in this image and is mazimal for this property (with
respect to the order <;);

(4) the map V = V' (with V., V' as in (3)) is a bijection

Irr(Za(z)z) = Irr(Za(x))r).

Gluing the bijections (6.2) over all j € J, we deduce the sought-after bijec-
tion (6.1), and hence finally a bijection

(6.5) O = Qp.

The construction of this bijection involves a choice of balanced nilpotent sections;
however the bijection itself does not depend of this choice thanks to the conjugacy
result on balanced nilpotent sections recalled in Theorem 3.2.

6.4. A Levi factor. We continue with the setting of §§6.2—6.3. Proposition 6.1
will be deduced from the results of | , Section 4]. But, since that paper
considers reductive groups over Q', we will need to consider some “nice” Q'-group
scheme which specializes over F to Zg ()i, and over K to Zg(z;)%?. (Note that
there exists no notion of “reductive quotient” over Q.) This group scheme will be

constructed as a kind of “Levi factor” in Zg(z;).
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More precisely, recall that we have also chosen some cocharacter ¢;. We will
denote by Z&°Vi(z;) the centralizer in Zg(x;) of ¢;, and by Z&Vi(x;) its base-
change to k (for k € {F,0Q’,K',K}). For k € {F,K',K}, it is well known that
ZEV (x4)k is a Levi factor of Zg (2 7); in other words the restriction to this subgroup
of the quotient morphism Zg(z;)x — Zg(x;)ie? is an isomorphism (see e.g. [ ,

Proposition 3.2.2]).
Lemma 6.2. The O-group scheme ZE&(x;) is smooth.

Proof. Consider the semidirect product Zg(z;) % Gy, where Gy, acts on Zg(z;) by
conjugation via ;. Then the centralizer in Zg(x;) x Gy of the subgroup {1} x Gy,

is smooth by | , Exp. 11, Corollaire 5.3]. On the other hand, it is easy to check
that this centralizer coincides with Z5°V!(z;) X Gy,. Hence the latter group scheme
is smooth. Using [Sta, Tag 02K5], we deduce that Z5®V!(x;) is smooth. O

For k € {F,K}, the projection Zg(z;)x — Zc(x;)i°d induces a bijection between
the groups of connected components of Zg(z;)x and Zg(z;)°d. Hence the same is
true for the embedding Z&°Vi(z;)k — Zg(7;)k. In view of Theorem 3.3, it follows
that the groups of connected components of Z&™ (z;)r and Z5°¥'(x;)z have the
same cardinality, which we will denote by m.

The decomposition of Z&°Vi(z;)z into connected components defines a decom-

position of the coordinate ring

O(Z& " (x))z) = P O(ZE (z))g e
i=1
where (e1,...,€,) are mutually orthogonal idempotents. Let Ko C K be a finite

extension of K such that all of these elements belong to Ko ®o O(Z&Vi(z;)). From
now on we will assume that K’ contains Ky, and let as above @’ be the integral
closure of O in K'.

Denote by Z5°¥!(x;)or the base change of Z5°¥i(x;) to O'. The arguments in [12,
§3.3] show that each ¢; belongs to O(Z5°Vi(z;)or). Then it is not difficult to check
that the O'-submodule P, 0" - ¢; C O(ZE (x;)0r) is a Hopf subalgebra, and
that it defines a constant finite Q'-group scheme A;, endowed with a morphism

Levi

w;: Za(zj)g" — A;. Moreover, the base change of this morphism to F, resp. K,
identifies with the projection from Z{®!(z;)r, resp. Z&Vi(zj)g, to its group of

connected components. (See [H2, §3.4] for details.)

Lemma 6.3. The kernel Z&V(z;)2, of @ is a reductive group scheme over O/,
and the morphism w identifies A; with the quotient ZEV\(z;)or /ZEV () -

Proof. First we note that O(Z&Vi(x;)3,) is a direct summand of O(Z&V (z;)o/) as
an ’-module, and hence is flat over Q’. Thus our group scheme is flat.

Let now A; be the finite group associated with A;. Then the arguments in the
proof of | , Lemma 4.2] show that the morphism Z&*V(z;)o/(Q') — A; defined
by @ is surjective. We choose a section A; — Z&®V(z;)0/(Q') of this morphism,
and denote by ¢ : A; — Z&*V(z;)o the associated scheme morphism.

The same arguments as in | , Lemma 4.3] show that the natural morphism
of O’-schemes A; x Z&V(z;)8, — Z&V(x;)o is an isomorphism. It follows that
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ZE(24)2, is a smooth O'-group scheme whose base changes to F and K are con-
nected reductive algebraic groups; in other words ZéeVi(;Uj)(%), is a reductive group
scheme over Q.

The final claim in the statement is also clear from these arguments. O

6.5. Proof of Proposition 6.1. We consider the setting of §6.4, and define K as
in §6.4. We will prove that if K’ contains Ky, then Properties (1)—(4) hold.

Property (1) is in fact true for any K’ (regardless of whether it contains Ky
or not): arguing as in [S1, §3.6], this property simply follows from the fact that
any simple Zg(z;)g-modules admits a K’'-form, which follows from Proposition 5.2.
(This property can also be deduced from the general results of | ] under the
assumption that K’ contains Ko; see | , §4.5].)

In order to prove (2)—(4), we consider the Grothendieck groups K(Z&*!(x;)x)
and K(Z&(x;)r) of the categories of finite-dimensional algebraic Z5°Vi(z;)k/ -
modules and ZE°Vi(z;)p-modules respectively. Since these subgroups are Levi fac-
tors in Zg(xj)xr and Zg(z;)r respectively, pullback induces isomorphisms

(6.6) K(Z& (x5)k) = K(Za(z))rr),  K(ZE™(x)r) = K(Za(z;)r).

Moreover, since Z&®V!(x;)o is smooth (see Lemma 6.2), we have a corresponding

decomposition map d ZLevi(q and going back to the definition of this map we see
that the diagram

DA

d .
ZE @ 5)or

K(ZE (x)i) K(ZEV (x)r)

l((‘).ﬁ) l(ﬁﬁ)
dZ (z ')0/
K(Za(zj)w) ———"— K(Za(xj)x)

commutes.

Now the results of | , Section 4] can be applied to the O’-group scheme
ZEV(25)or thanks to Lemma 6.3. With this in mind, Property (2) is an application
of | , Theorem 4.4], and Properties (3)—(4) follow from | , Lemma 4.7].

6.6. Statement. Having explained the construction of (6.1), we can at last state
the main result of this paper.

Theorem 6.4. The following diagram commutes, where the diagonal arrows are
the Lusztig—Vogan bijections for Gx and Gr:

X+

N

O 5 Q.

Given our choice of representatives {z,;% : j € J} for the nilpotent Gg-orbits
and {z;r : j € J} for the nilpotent Gg-orbits, Theorem 6.4 is equivalent to the
property that for any A € X we have

(1) 6f = BC(OX);

(2) if j € Jissuch that 5 = G-z (or equivalently such that ﬁ’;K = GK‘%‘K)’
then the simple Z¢(x;)r-module LY corresponds to the simple Zg(z;)z-
module L§ under the bijection (6.2).
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Concerning (1), we note that by definition we have
supp(L4°(F)) = 6}

On the other hand, in Proposition 5.2 we have proved that

supp(AY(F)) = BC(OY).

X
Now we have a surjection A¥Y(F) — LY°(F) (see (5.2)), so using Lemma 5.4 we
deduce that

(6.7) OF c BC(OY).

Hence all that remains to be proved to obtain (1) is the opposite containment.

6.7. Simple modules for centralizers. In this subsection again we fix some
j € J, and set

XFi={AeX*" |0 =G =z}

Then the Lusztig-Vogan bijection for G induces a bijection between Xj and the
set of isomorphism classes of simple modules for the centralizer Zg(x;)g, sending

A to Lﬂf.

Proposition 6.5. Assume that for any \ € X;r we have 0% = Gy - zjp. Then
the assignment A — LIE\ induces a bijection between Xj' and the set of isomorphism
classes of simple modules for Zg(xj)r. Moreover the following commutes:

x;
~ ~
A= LE Ars LY
'd ™S
Irr(Za(xj)z) = lrr(Za(z))F).

Proof. Under our assumption, each L% is indeed a simple Zg(z;)p-module, and
our assignment is injective because it is obtained by restricting the Lusztig—Vogan
bijection for Gy. What remains to be proved is surjectivity (and the commutativity
of the diagram).

Let us choose a finite extension K’ of K as in Proposition 6.1. If we denote by
M) the Zg(x;)r-module H%COdim(ﬁ&)((lgE)*A&ed(F)), then Proposition 5.2 implies
that the image under the decomposition map dzs,), of the class of the simple
Z(zj)g-module corresponding to LY under the bijection of Proposition 6.1(1) is
[M,]. Using Proposition 6.1(2)—(3), we deduce that the classes ([My] : A € Xj')
form a Z-basis of K(Z¢(z;)r), and moreover that for any A € X;r the class [M)]

coincides with the class of the standard Zg(z;)i*d-module whose top is the image

of LK under (6.2).

On the other hand, the isomorphism classes of simple Zg(z;)r-modules also
form a basis of K(Zg(z;)r), and the classes ([L5] : A € X;r) form a subfamily
of this basis. Moreover, since AF(F) is a quotient of AY’(F) (see (5.2)), the
composition factors of the kernel ker of the surjection AP (F) — LY°(F) are of
the form Lh¢(F) with p < A (see Property (4) in §2.3). The support of these
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composition factors is contained in ﬁif (by Proposition 5.2 and our assumption), so

that Hz COdim(ﬁf)“((ZIJE)* ker) = 0. Hence we have an exact sequence
H%‘:Odim(ﬁg)((z?)* ker) — M, — LI; — 0.

In particular, [M,] has coefficient 1 on [L5] and, for 1 € Xj ~{ A}, if the coefficient
of [My] on [L}] is nonzero, then p < \.

If now V is a Zg(x;)r-module, there exist coefficients (ay : A € Xj) in Z (almost
all zero) such that

Vi= > ax-[M)].

+
AEX

If A is maximal among the elements such that ay # 0, then the remarks above
show that the coefficient of [V] on [LX] (in the basis consisting of classes of simples
modules) is ay, and thus nonzero. If we assume that V is simple, this implies that
V = [X which concludes the proof of surjectivity.

Finally, since LY is a composition factor of My, the remarks above show that it
is smaller than the image of LY under (6.2) (with respect to the order <;). Then a
straightforward induction argument (with respect to this order) implies that these
modules are in fact isomorphic. (I

6.8. Proof of Theorem 6.4. In view of Proposition 6.5, all that remains to be
proved is that the inclusion (6.7) is an equality. First we observe that if ﬁgﬁ is the
zero orbit, then BC(&Y) is also the zero orbit, so that the inclusion (6.7) must be
an equality.

Let now & C Nx be an orbit, and assume the claim is known for any p € X7t
such that ﬁ’ff C O~ 0. Then if A € X7t is such that 0X = ¢ and if the embedding
supp(LY°(F)) C supp(Ad(F)) is strict, then there exists some orbit ¢’ C &\ €@
such that 05 = BC(0"). If j € J is such that z;g € 0, then LY is a simple
Zg(z;)p-module, which cannot be isomorphic to any L with p € Xj' (because
the Lusztig—Vogan bijection is a bijection). But there exists no such module by
Proposition 6.5 applied to this choice of j. (This proposition is applicable thanks
to our induction hypothesis.)

6.9. Complement: identification of M,. Let \ € Xj+7 and recall the Zg(z;)r-
module M) introduced in the proof of Proposition 6.5. In the course of this proof
we observed that the class of M) is the class of a standard Zg (z;)54-module, which
can now be identified with A(LY) thanks to Theorem 6.4.

In this subsection we note that one can say more about this module.

Proposition 6.6. For any j € J and X\ € X;r, there exists an isomorphism of
Z¢(zj)r-modules

A(LY) =5 M.

Remark 6.7. Recall that the module M, in Proposition 6.6 was defined in terms
of the perverse-coherent sheaf AL°4(F). If one starts with Vi°4(F) instead, the rea-
soning below can be used to show that the resulting Zg(z;)r-module is isomorphic
to V(LK).
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Proof. To fix notation, we set & = 0.

As seen in the course of the proof of Proposition 6.5, there exists a surjection
My — L]/F\. Our first observation is that in fact Lﬂf\ is the top of M.

For this, let j : St(&) < NF be the inclusion, and recall from [ADB, §4] that there
is a fully faithful functor ji. : PCoh(St(&)) — PCoh(NF) whose image is the full
subcategory consisting of objects with no nontrivial subobject or quotient supported
on Ny \ St(0). Let ig : 0 < St(0) be the embedding of & as a reduced closed
subscheme of St(&). For any vector bundle V on &, we have ZC(0,V) = jiigsV.

Since LY°(F) is the top of A%4(F), it is clear that AL*4(F) has no nonzero quotient
supported on Ny \ St(&). Let F be the unique maximal subobject of ALd(F)
supported on Ny \ St(£). Then the cokernel of F < A4 (F) must lie in the
essential image of j,; in fact, it is identified with j!*(A&ed(F)|St(ﬁ)). According to
Remark 5.6(1), Al:\Ed(]F)|St(ﬁ) is supported scheme-theoretically on &. We therefore
have a short exact sequence

0— F = AYYF) - ZC(0, M)) — 0,

where M is the vector bundle on & corresponding to M. Now, let V' be the
top of My, and let V be the corresponding vector bundle. The quotient map
My — V gives rise to map ZC(0, M) — IC(0,V). Here, IC(0, V) is a semisimple
perverse-coherent sheaf. The map is nonzero on every summand, so it is surjective.
Composing with AYY(F) — ZC(€, M,), we find that ZC(&,V) is a semisimple
quotient of A}4(FF). But since the latter has a simple top, we must have ZC(0, V) =
LY(F), hence V = LE.

Let € be the Serre subcategory of the category of finite-dimensional algebraic
Z(z5)59-modules generated by the simple objects which are smaller than L5 (with
respect to =<;). Since [M,] = [A(LE)], every composition factor of M) satisfies this
condition, so in view of Remark 5.6(2) we have M) € €. On the other hand, by the
general theory of highest-weight categories, the standard object A(L]f\) also belongs
to %, and is the projective cover of LIE in this subcategory. Therefore, there exists
a map A(LIE) — M) whose composition with the surjection My —» LIE is surjective.
It follows that this map is surjective. Since M) and A(LY) have the same number
of composition factors (because they have the same class in K-theory), it must be
an isomorphism. ([

APPENDIX A. EXCEPTIONAL SEQUENCES WITH COEFFICIENTS IN A COMPLETE
LOCAL PRINCIPAL IDEAL DOMAIN

Let E be a complete local principal ideal domain (i.e. either a field or a complete
discrete valuation ring), and let @ be a generator of its unique maximal ideal. Let
T be an E-linear triangulated category. Throughout this section, we impose the
following assumptions on 7:

e 7 is equipped with a Tate twist, i.e., an autoequivalence of triangulated
categories (1) : T — T.
e T is graded Hom-finite, i.e., for any two objects X,Y € T, the E-module

P Hom(X, Y (k)
keZ

is a finitely generated E-module.
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Note that the second assumption implies that no nonzero power of (1) is the identity
functor, and that no nonzero object is isomorphic to a Tate twist of itself.

The aim of this section is to develop a theory of t-structures associated to ex-
ceptional sequences in an E-linear triangulated category. In the case where E is a
field, these constructions are well known (see, for instance [B1, B3]).

A.1. Noetherian t-structures and recollement. We begin by studying trian-
gulated categories generated by a single object. For field coefficients, the following
statement can be found in [B1, Corollary 1]. Recall that an abelian category is said
to be noetherian if every object in it is noetherian, i.e., if every object satisfies the
ascending chain condition on subobjects.

Proposition A.1. Let T be a E-linear triangulated category equipped with a Tate
twist (1) : T — T. Assume that T is graded Hom-finite, and that there exists an
object N € T with the following properties:

(1) T is generated (as a triangulated category) by objects of the form N (k).
(2) We have
0 ifn <0, orifn=0 andk #0,
(A.1) Hom(N,N[n|{k)) =< E ifn=k=0,
a free B-module if n=1 (for any k € Z).

Define an object N as follows:

N cone(N Zid, N) if E is not a field,
0 otherwise.
Finally, let of C T be the smallest full subcategory that is closed under extensions
and contains the objects
(A.2) 0, N(k), N (k) forallk € Z.
Then < is the heart of a bounded t-structure (T<°,T=%) on T, given by
<0 _ the subcategory generated under extensions by objects of the form
N[n|(k) withn >0 and k € Z, ’
720 _ the subcategory generated under extensions by objects of the form
Nn]{k) and N[n](k) withn <0 and k € Z. ’
Moreover, &/ is a noetherian category. If E is a field, it is also artinian.

Proof. We will prove this in the case where E is not a field. The field case is
considerably easier; the appropriate modifications are left to the reader.

We will make extensive use of the “x«” operation from | , §1.3.9]. Recall
that this operation is associative, see | , Lemme 1.3.10]. Let </! be the full

subcategory of T consisting of the objects listed in (A.2). We also set
A= x
k factors
By definition, we have & = (J; 5, ak.
Step 1. The cone of any morphism N — N lies in /. Any such morphism is

a scalar multiple of the identity by assumption. After composing with an auto-
morphism of N (multiplication by a suitable unit in E), we may assume that the
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morphism is multiplication by w”® for some k > 0. We will now prove the claim by
induction on k. For k = 0, it is trivial. For k > 1, we claim more precisely that

(A.3) cone(w®) e Nx---x N C .
—_—
k factors
For k = 1, this holds by definition. For k£ > 2, factor the map as
k—
NZ L5 NE N

The octahedral axiom shows that cone(w”) € cone(ww”~!)*cone(w), and then (A.3)
follows by induction.

Step 2. Calculations of Hom-groups among objects of o/*. We will compute
various Hom-spaces involving the objects in (A.2). Note that Hom(N, N(k)) has
been described in the assumptions of the proposition.

We begin with Hom(N, N (k)). We have an exact sequence

-+ — Hom(N, N(k)) = Hom(N, N (k)) — Hom(N, N(k))
— Hom(N, N[1](k)) = Hom(N, N[1](k)) — --- .

Since Hom(N, N[1](k}) is a free E-module, the map between the fourth and fifth
terms is injective. It follows that

(A.4) Hom(N, N (k)) = {IOE/W i IZ ; 8’

Next, we determine Hom (N, N[n](k)) for n € {0,1}. We have an exact sequence
(A5) -+ — Hom(N, N[n — 1)(k)) = Hom(N, N[n — 1(k))
— Hom(N, N[n)(k)) — Hom(N, N[n](k)) = Hom (N, N[n](k)) — --- .

When n = 0, the first two terms vanish by assumption, so Hom(N, N(k)) is the
kernel of multiplication by w on Hom(N, N(k)). We conclude that

(A.6) Hom(N, N{(k)) =0 for all k € Z.

On the other hand, when n = 1, both maps labelled w in (A.5) are injective, so
Hom(N, N[1){k)) is the cokernel of the first such map. We conclude that

(A7) Hom (N, N[1](k}) = {[OE/ @ i : ; 8

Finally, let us compute Hom(N, N(k)). Consider the sequence
.-+ — Hom(N, N(k)) — Hom(N, N(k))
— Hom (N, N[1](k)) = Hom(N, N[1)(k)) — - -~

Using (A.6) and (A.7), we see that the first term always vanishes, and that the map
on the second line is zero. Therefore, Hom(N, N (k)) = Hom(N, N[1](k)), so

E/w if k=0,
0  ifk#0.

Step 3. We have o/ *x(/*[1]) C (/1[1])*«/. Anobject C belongs to o 1x(a/1[1])
if and only if it occurs in a distinguished triangle X — C — Y[1] — with X, Y €

(A.8) Hom(N, N (k)) = {
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/1. In other words, C is the cone of some map f:Y — X in @/'. Let us consider
all the possibilities for X and Y, and show that in each case, C lies in (&7![1]) * o/:

(1) If f = 0, then C = X @Y[1], so the claim is clear. In particular, this applies
if either X or Y is 0.

(2) Suppose X = N(m) and Y = N(k). If m # k, then f = 0, and we are
done. If m = k, the claim follows from Step 1.

(3) Suppose X = N{(m) and Y = N (k). If m # k, then by (A.4) we have f = 0,
and we are done. Suppose now that m = k. In this case, Hom(Y, X) ¥ E/w
is a field, so if f is nonzero, then it must be the composition of the canonical
map N(m) — N{m) with an automorphism of N(m). By the definition of
N, the cone of the canonical map N{m) — N(m) is N[1](m).

(4) Suppose X = N(m) and Y = N (k). By (A.6), f =0.

(5) Suppose X = N(m) and Y = N (k). If m # k, then by (A.8) we have f = 0,
and we are done. Suppose now that m = k. Since Hom(Y, X) @2 E/w is a
field, any nonzero morphism Y — X is an isomorphism. The claim follows.

Step 4. We have of * (/*[1]) C (*[1]) * &/. It is enough to show that &7* x
('1]) € (#1]) x & for all k > 1. We proceed by induction on k. The case
where k£ = 1 has been done in Step 3. For k£ > 1, we have

AP x (1]) = o (7w (1)) € (T x (1)) %
C(F'N) x o x o C (1)) * .

Here the first inclusion uses the induction hypothesis, and the second one the result
of Step 3.

Step 5. We have of x (/[1]) C ([1]) * &/. Again, it is enough to show that
o x (/*[1]) C (*[1]) * o for all k > 1. For k = 1, this has been done in Step 4.
For k > 1, we have

o # (P [1]) = (o * (/" 1])) % 2 [1] © (% 1]) 5 (o % (/' [1])
C MU x (1)) o = (ML)

as desired.

Step 6. The category 7 is the heart of a bounded t-structure on T as claimed
in the statement of the proposition. According to | , §1.3.11(ii)], Step 5 is
equivalent to the assertion that every morphism in & is admissible in the sense
of | , §1.2.3]. According to | , Proposition 1.2.4], &7 is an admissible abelian
subcategory of 7. Since N generates T, according to | , Proposition 1.3.13],
&/ is the heart of a (unique) ¢-structure on 7.

An explicit description of this t-structure appears in the paragraph preced-
ing | , Proposition 1.3.13]: 7= and 72° are the categories generated under
extensions by &[n] with n > 0 and n < 0, respectively. Of course, we may re-
place o/ by «/'. For T2°, the resulting description is as in the statement of the
present proposition. For 7<% we may further omit N from the description, since
N € N  N[1].

Step 7. FEvery object M € &/ admits a filtration 0 = My C My, C --- C M, = M
such that each subquotient M;/M;_ is isomorphic to either N(k) or N (k) for some
k € Z. This is just a restatement of the fact that o7 is generated under extensions
by the objects N (k) and N{(k), translated into the language of abelian categories.
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Step 8. Let M be a nonzero subobject of N. Then M contains a subobject
isomorphic to N. Choose a filtration of M as in Step 7. The first step in this
filtration, M, is a subobject of M and of N that is isomorphic to some N (k) or
N (k). But by (A.1) and (A.6), we must have M; = N.

Step 9. The category <7 is noetherian. In view of Step 7, it is enough to prove
that the objects N and N are noetherian. We actually claim that N is a simple
object. To prove this, it is enough to show that any nonzero map ¥ — N in < is
surjective. Suppose first that Y = N(k) or Y = N (k). If k # 0, there is no nonzero
map Y — N; if k = 0, we saw in Step 3 that the cone of any nonzero map Y — N
lies in /[1], so the map is surjective. For general Y € 7, the claim then follows
by induction on the length of the filtration from Step 7.

It remains to show that N is noetherian. Suppose we have an ascending chain
of subobjects M; C My C --- in N. By Step 8, M; contains a subobject @) that
is isomorphic to N. The composition of the inclusion maps @ < M; — N may
be identified with w® : N — N for some k& > 0. To show that our ascending
chain is eventually constant, it is enough to show that the chain of subobjects
M;/Q C My/Q C -+ in cok(w” : N — N) is eventually constant. The cokernel of
@k : N — N is described in (A.3): it is a finite extension of simple objects, so it is
noetherian. (]

Remark A.2. In the setting of Proposition A.1, suppose we assume in addition that
Hom(N, N[1](k)) = 0 and that Hom(N, N[2](k)) is a free E-module (for all k € Z).
One can then show that N is a projective object in 7, and that the functor

@Hom(N<fk>, —): o/ — E-gmod
kEZ
is an equivalence of categories, where E-gmod is the category of finitely generated

graded E-modules.

The following fact is probably well-known, but we could not find a reference, so
we include a proof.

Lemma A.3. Let Tg, T, and Ty be triangulated categories, and suppose we have
a recollement diagram

S nk
LS P
Trp—e—= T —u—= Ty .
*— ' _—

L ik

Suppose Tr and Ty are equipped with t-structures, and let </ and <7 be their
hearts, respectively. Let o/ be the heart of the t-structure on T obtained by recolle-
ment. If @/p and oy are noetherian categories, then <7 is as well.

Proof. As explained in [ , §1.4.17.1], the functor ¢ identifies @/F with a Serre
subcategory of /. In particular, any object of &/ that is in the image of o/ is
noetherian.

Let X € «/. We will show that X is noetherian. By | , Proposition 1.4.17(ii)],
we have a right exact sequence

HO(TIMI(X)) — X — H(u™(X)) — 0.

As explained above, the last object is noetherian, so it is enough to prove that
HO(TI'TI(X)) is noetherian. Apply [ , Proposition 1.4.17(ii)] again to obtain a
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left exact sequence

0 — HO(uRHO(IMI(X))) —» HO(ITMI(X)) — HO(IMRIAC (ML X))).
Here, the first term is noetherian. Since II is t-exact, and IToII™ 22 id, the last term
can be identified with H°(TTRII(X)). We have reduced the problem to showing that

the image of HO(IT'II(X)) — HO(IIRII(X)) is noetherian. More generally, we will
show that for any Y € 47, the image of the natural map

HOIMY) — HO(IRY)
is noetherian. Following | , Définition 1.4.22], we denote this image by II,.(Y).
Let Z1 C Zy C - -+ be an ascending chain of subobjects of I, (Y). Then II(Z;) C
II(Z3) C --- is an ascending chain of subobjects of Y € 7. Since Y is noetherian,
this chain is eventually constant: there is a subobject Y’ C Y such that II(Z;) =Y’
for all £ > 0. By discarding finitely many terms from the beginning of our sequence,

we may assume that I1(Z;) =Y’ for all k > 1.
By adjunction, for each k, we have a map

(A.9) HO(TIYY') — Z.

According to | , Proposition 1.4.17(i)], the image of this map has no nonzero
quotient in «7r. On the other hand, Zy, as a subobject of I}, (Y'), has no nonzero
subobject in 7, and hence neither does the image of (A.9). By | , Corol-

laire 1.4.25], we conclude that the image of (A.9) is canonically identified with
I (Y7).

Let Z;, = Z;, /L. (Y"). To prove that Z; C Zy C --- is eventually constant, it is
enough to show that

Z{ C Zé c---C H!*(Y)/H!*(Y’)

is eventually constant. By construction, we have II(Z}) = Y'/Y’ = 0, so each
Z;, lies in (the essential image of) «/p. By adjunction, the inclusion map Z; —
I, (Y) /I, (Y") factors through HO(0.® (111, (Y) /111, (Y"))). Denote the latter object
by Y, and rewrite the chain of subobjects as

ZycZyc---cY”.

Since Y € @/, it is noetherian, and this chain of subobjects is eventually constant.
O

A.2. Exceptional sequences and their duals. The following notion is the main
focus of this appendix. We continue to assume that T is E-linear, equipped with a
Tate twist, and that it is graded Hom-finite.

Definition A.4. Let (I,<) be an ordered set that is isomorphic to a subset of
(Z>0,<). An E-linear graded exceptional sequence in T is a collection of objects
{V.}ier such that the following conditions hold:

(1) If i < 7, then Hom(V,;, V;[n](k)) = 0 for all n, k € Z.

(2) We have Hom(V;, V;[n](k)) = 0 unless n = k = 0, and End(V,;) 2 E.

(3) The collection of objects {V;(k)}icr ez generates T as a triangulated cat-

egory.
There is an ungraded variant of this notion as well (applicable to categories

without a Tate twist), obtained by simply omitting all mentions of (k) from the
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three axioms. All the results in this section are stated in the graded case, but the
corresponding statements in the ungraded case also hold (with the same proofs).
Given a graded exceptional sequence {V;};cr in 7 and an element i € I, we let

T<i, resp. T<i

denote the full triangulated subcategory of 7 generated by the objects of the form
V;(k) with k € Z and j < ¢, resp. j < 1. Let

IL s T<i = T<i/T<i

be the Verdier quotient functor. It is clear that the quotient category 7T<;/7T<; is
generated by the objects of the form IT;(V;)(k).

Definition A.5. Let {V;}ic; be a graded exceptional sequence in 7, and let
{A;}ier be another collection of objects indexed by I. The set {A;};er is said to
be a dual sequence to {V;}ier if for each ¢ € I, we have

(1) If i < 7, then Hom(A,, V;[n](k)) = 0 for all n, k € Z.

(2) For each i € I, we have A; € T<; and II;(A;) = IL;(V,).

The exceptional sequence {V;};cr is said to be dualizable if there exists some
dual sequence to it. (It is easily seen using Lemma A.6 below that a dual sequence
is unique if it exists, which justifies the terminology.)

Lemma A.6. Let {V;}icr be a graded exceptional sequence, and let {A;}icr be a
dual sequence.
(1) If X € T<; then Hom(X, V;[n](k)) = 0 and Hom(A;[n](k), X) = 0 for all
n,k e€Z.
(2) For all X € T<;, the natural maps

Hom(X, V;[n](k)) — Hom(IL;(X), IT;(V;)[n](k)),
Hom (A [n] (k), X) — Hom(IL,(A,)[n) (k). TL,(X))

are isomorphisms for all n,k € Z.
(3) If i # j, we have Hom(A;, V;[n|(k)) =0 for all n, k € Z.
(4) For alli € Z, there are natural isomorphisms

Hom(V;, V;[n](k)) = Hom(A;, A;[n](k)) = Hom(A;, V;[n](k))

E ifn=4k=0,

= Hom(IL;(V;), 1L (V) [n](k)) = {0 otherwise.

Proof. (1) It is enough to check this when X belongs to some class of objects that
generate T-;. For instance, it is enough to prove it in the case where X = V;(m)
for some j < ¢. In this case, the claim holds by definition.

(2) This follows from part (1) by [Ve, Proposition 2.3.3(a), parts (iii) and (v)].

(3) If ¢ > j, this holds by definition. If ¢ < j, then A; € T}, so this follows from
part (1).

(4) Identify II;(A;) with II;(V;). Part (2) tells us that each of the first three
Hom-spaces is naturally isomorphic to the fourth one. The space Hom(V;, V;[n](k))
is as described by definition. O

Remark A.7. In this appendix we assume throughout that the category 7T is graded
Hom-finite. However, if we are given a sequence {V; };c of objects in a triangulated
category 7 (assumed only E-linear and equipped with a Tate twist) satisfying
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the properties in Definition A.4 and a sequence {A;};c; of objects satisfying the
conditions of Definition A.5, then 7 automatically satisfies a stronger finiteness
property; namely, for any objects X,Y the E-module

@ Hom7 (X, Y (m)[n])

n,me”Z

is finitely generated. In fact, Lemma A.6(3)—(4) (whose proof does not involve
the “graded Hom-finite” condition) shows that this condition holds when X = A;
and Y = V;,; the general case follows since the collections {V;(k)}icrrez and
{A;{k)}ic1 kez both generate T as a triangulated category.

Note that the proof of the first isomorphism in Lemma A.6(2) does not involve
the dual sequence in any way; it holds even if the exceptional sequence is not
assumed to be dualizable.

Lemma A.8. Let {V,}icr be a graded exceptional sequence in T, and let {A;}ier
be another sequence of objects in T. This sequence is a dual sequence to {V;}ier if
and only if we have

E ifi=jandn=k=0,
0 otherwise.

Hom(A;, V;[n](k)) = {

Proof. If {A;}ier is a dual sequence, the Hom-groups are as described by parts (3)
and (4) of Lemma A.6.

For the opposite implication, the first condition in Definition A.5 holds by as-
sumption; we need only prove the second condition. For each ¢ € I, there exists
some j such that A; € T<;. Assume that j is minimal with respect to this property,
ie., that A; ¢ T;. If j < 4, our assumptions would imply that Hom(A;, X) = 0
for all X € T<;, which is absurd. We therefore have j > i. Since A; ¢ T.;, we
must have II;(A;) # 0. Since the quotient category 7T<;/7T<; is generated by the
objects II;(V;)(k), we must have

Hom(IL; (A;), IL; (V) [n](k)) # 0

for some integers n,k € Z. As noted above, we may use the first isomorphism
in Lemma A.6(2) even without the assumption that {V;};er is dualizable. That
isomorphism tells us that

Hom(A;, V;[n](k)) # 0.

We therefore have j =i, i.e., A; € T<;.

Next, choose a map ¢ : A; — V; corresponding to a generator of the free E-
module Hom(A;, V;). Let K be the cone of this map, and consider the long exact
sequence

-+« — Hom(V;, V;[n — 1](k)) — Hom(A;, V;[n — 1]{k)) —
Hom(K, V;[n](k)) — Hom(V,;, V;[n](k)) = Hom(A;, V;[n|(k)) = --- .
If £k # 0, or if n # 0,1, then the first, second, fourth, and fifth terms vanish, so
Hom(K, V;[n](k)) = 0 as well. If k = 0 and n = 0, the first two terms vanish, and
the last two terms are isomorphic (the map between them sends id € Hom(V;, V;)
to the generator ¢ € Hom(A;, V;)), so Hom(K,V;) = 0. If k = 0 and n = 1, similar
reasoning with the first two terms yields Hom(K, V;[1]) = 0.
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We have shown that Hom (K, V;[n](k)) = 0 for all n, k € Z. By construction, K €
T<i. Apply Lemma A.6(2) again to conclude that Hom(II;(K),II;(V;)[n|(k)) = 0
for all n, k € Z. It follows that II;(K) = 0, and hence that ¢ : A; — V; becomes an
isomorphism in T<;/7<;, as desired. [

Remark A.9. Lemma A.8 implies that the property of being dualizable, and the
dual sequence, do not depend on the order on I; i.e. if a collection of objects
parametrized by a set [ is exceptional for two different orders < and =< on I, then
it is dualizable as a sequence parametrized by (I, <) iff it is dualizable as a sequence
parametrized by (I, <), and in this case the dual sequences agree.

A.3. The t-structure associated with an exceptional collection.

Proposition A.10. Let {V,;}icr be a dualizable graded exceptional sequence in T .
For each i € I, the quotient functor I1; : T<; — T<i/T<i and the inclusion functor
ti ¢ T<i = T<; both admit left and right adjoints. Together, these functors give a
recollement diagram

R I
T~ '
Tei == T<i =i~ T<i/T<i
~_— &_/
L L
i 11;

“” from the names of

Proof. For brevity, in the proof we will omit the subscript
the various functors in the diagram above.

Step 1. The functor Il admits a right adjoint TI®. Let T,¥ C T<; be the full
triangulated subcategory generated by the objects of the form V,;(k) with k € Z.

We claim that the functor
Olpv : TY = T<i/T<i

is an equivalence of categories. Indeed, lemma A.6(2) implies that this functor is
fully faithful, and since 7<;/7<; is generated by the objects II(V;)(k), it is also
essentially surjective.

Let II® denote the composition

(M7v) !

TSi/T<i 7;V inclusion Tgi-
Lemma A.6(2) again implies that for any X € 7<; and Y € 7,V, the map
(A.10) Hom(X,Y) — Hom(II(X), II(Y))
is an isomorphism. Now let Y/ = II(Y). Then (A.10) can be rewritten as a natural
isomorphism
Hom(X, TI®(Y")) = Hom(II(X), Y"),
so ITR is right adjoint to II.
Step 2. The functor I admits a left adjoint TI“. This is very similar to Step 1.
Let 7;2 C T<; be the full subcategory generated by objects of the form A; (k) with
k € Z, and then define IT* to be the composition

(HlT,A)71

i inclusi
,7%1/,7;1 ’EA mclusion ,7—§2.
We omit further details.
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Step 3. For X € T<;/T<i, the adjunction maps NIIR(X)) — X and X —
I(IT¥(X)) are isomorphisms. This is immediate from the construction of II* and
v,

Step 4. The functor v admits a right adjoint (}. Moreover, for any X € T<;,
there is a functorial distinguished triangle

JRX) = X = TR

where the first two maps are adjunction maps. Complete the adjunction map X —
MRII(X) to a distinguished triangle X’ — X — IIRII(X) —, and then apply II:

I(X') — TI(X) — ODARI(x))) 2 .

Step 3 implies that II(X) — II(ITR(II(X))) is an isomorphism, so II(X’) = 0. We
conclude that X’ lies in T-;. We may rewrite it as X’ = +(X’). By adjunction, we
have

Hom (¢(X"), TRI(X)[~1]) = 0.

Then | , Proposition 1.1.9] (see also [ , Corollaire 1.1.10]) implies that the

triangle ¢(X’) — X — IIRII(X) B, is functorial in X. In particular, there is a

functor (& : T; — T—; such that X’ = [F(X).
Now let Y € T~;, and apply Hom(:Y, —) to our distinguished triangle t.®(X) —
X — TIRTI(X) —. We obtain the long exact sequence

-+ = Hom (.Y, TI”II(X)[~1]) — Hom(sY, ® (X)) — Hom(.Y, X)
— Hom (.Y, TIRII(X)) — - - - .

The first and last terms vanish, so the middle two are naturally isomorphic. This
shows that ™ is right adjoint to .

Step 5. The functor ¢ admits a right adjoint J*. Moreover, for any X € T<i,

there is a functorial distinguished triangle

IUI(X) — X — ul(x) 2,
where the first two maps are adjunction maps. This is very similar to Step 4 and
is left to the reader.

Step 6. For X € T.;, the adjunction maps X — (Ku(X) and (*o(X) — X are
isomorphisms. For the first claim, it is enough to prove that ¢(X) — w(X) is an
isomorphism. Since the composition ¢(X) — tf(X) — ¢(X) is the identity map,
we may instead show that t®1(X) — ¢(X) is an isomorphism. For this, we apply
the distinguished triangle from Step 4 and use the observation that II.(X) = 0.
The proof of the second claim is similar.

We have now checked all the conditions in | , §1.4.3], so the proof is complete.
O

Theorem A.11. Let T be an E-linear triangulated category with a Tate twist.
Assume that T is graded Hom-finite, and that it is equipped with a dualizable graded
exceptional sequence {V;};cr. For eachi € I, let

v cone(V; Zid, Vi) ifE is not a field,
’ 0 if E is a field.



INTEGRAL EXOTIC SHEAVES AND THE MODULAR LUSZTIG-VOGAN BIJECTION 41

Then the categories (T<°, T=°) given by

<0 _ the subcategory generated under extensions by objects of the form
~ Aj[n|(k) withj eI, n>0, and k € Z,

720 _ the subcategory generated under extensions by objects of the form
- V,[n|Kk) and V[n|(k) with j € I, n>0 and k € Z.

form a t-structure on T. The heart o/ = T<NTZ of this t-structure is noetherian.
If E is a field, then <7 is both noetherian and artinian.

Proof Given ¢ € I, let 'T and 7—50 be defined as above, but allowing only A,
V,, and V; with j <.

We will first show that (7'<l ,’7’50) is a t-structure on 7<; whose heart is noe-
therian. We proceed by induction on 4. If i is the minimal element of I, the claim
holds by Proposition A.1. Suppose now that i is not minimal. The claim holds for
(7‘50, 72-0) by induction. We can also equip the quotient category 7<;/7T<; with
a t-structure by Proposition A.1, using N = II;(A;) = I1;(V;). That proposition
tells us that the heart is noetherian; if E is a field, it is also artinian.

By recollement, the following categories give a t-structure on 7<;:

T ={X €Tz | f(X) € T5° and TI(X) € (T<i/T<:)="},
T ={X €Tz | H(X) € TZ" and II(X) € (T<i/T<i)=°}.

By Lemma A.3, the heart of (’7'<<ZO,’ TZ %Y is noetherian (and artinian if E is a field).
It remains to prove that ’ T<0 and '7Z ’T<>10 X e’ <z , consider the
distinguished triangle

Lt (X) = X = TIHII(X) — .

The first term clearly lies in ’7‘50. The explicit construction of II¥' in Proposi-
tion A.10 shows that the last term does as well. We conclude that ’ éo C Téo.

For the opposite containment, it is enough to check that A; €’ Téo for all 7 <.
This is clear if j < 7, and it again follows from the construction in Proposition A.10

for j =i. The proof that T< is similar and will be omitted.
By construction, we have
T = U and 720 = U 7'50
i€l el

Since every object of T belongs to some T<;, it is easy to see that (7=°,72°) is
indeed a t-structure. Its heart is a union of noetherian abelian categories, so it is
noetherian (and, similarly, also artinian if E is a field). O

Remark A.12. (1) For the applications in the present paper, the t-structures
arising from Theorem A.11 have the following important additional prop-
erty: the A; and V; lie in the heart. In the case where E is a field, it is
well known that this implies that the heart is a highest weight category.

(2) Ttis clear from construction that the t-structure considered in Theorem A.11
does not depend on the order < on [.
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A 4. Special objects in the heart. By adjunction, the isomorphism II;(4A;) =
I1;(V;) gives rise to a canonical map A; — V,;. Let

(A.11) L; = im(H°(A;) — H°(V,)).

In the case where E is a field, | , Proposition 1.4.26] tells us that up to Tate
twist, the L; are precisely the simple objects of .

In the case where E is a complete discrete valuation ring, recall that an object
X in an E-linear abelian category is said to be torsion if @™ -idx = 0 for some
n > 1, and torsion-free if w - idx is injective. Note that if X is torsion-free, then
for any other object Y, Hom(Y, X) is a torsion-free E-module.

Lemma A.13. Assume that E is a field. Then H°(A;) has a simple head, and
HO(V,) has a simple socle (both isomorphic to L;).

This is a standard fact in the theory of recollement. For a proof, see [Ju, Propo-
sition 2.28].

Lemma A.14. Assume that E is a complete discrete valuation ring. For each
i € I, the objects HY(V;) and L; are torsion-free.

Proof. Both V; and V; lie in 729, so the long exact sequence in cohomology asso-

ciated with the triangle V; = V; — V; ﬂ> shows that @ -id : HY(V;) — H°(V;)

is injective. Since L; is a subobject of a torsion-free object, it is torsion-free as
well. O

Lemma A.15. Assume that E is a complete discrete valuation ring. For each 1,
there is a unique maximal subobject L C H°(V;) that contains L;, and such that
L /L; is torsion. Moreover, L} and H°(V;)/L} are both torsion-free.

Proof. Since &/ is noetherian, the existence of L] is a consequence of the following
observation: if M, M’ C H°(V;) are two subobjects that both contain L; and such
that M/L; and M'/L; are both torsion, then (M + M')/L; is again torsion.

Since L] is a subobject of a torsion-free object, it is torsion-free. If H°(V;)/L}
were not torsion-free, it would have a nonzero torsion subobject M. The preim-
age of M in H°(V;) would enjoy the defining properties of L., contradicting the

maximality of L. O
A.5. Change of scalars. Let O be a complete discrete valuation ring, with frac-
tion field K and residue field F. Assume that we are given the following:
(1) a graded Hom-finite O-linear triangulated category Tp with a graded ex-
ceptional sequence {V?}ie ; and with a dual sequence {A?}ie I;
(2) a graded Hom-finite K-linear triangulated category 7k, and a triangulated
functor K(—) : 7o — Tx which induces an isomorphism
K ®p Hom(X,Y) = Hom(K(X),K(Y))

for all X,Y ¢ To;

(3) a graded Hom-finite F-linear triangulated category Tr, and a triangulated
functor F(—) : Top — Tr such that for all X,Y € Tgp, there is a natural short
exact sequence

(A.12) F ®o Hom(X,Y) < Hom(F(X),F(Y)) — Tor?(F, Hom(X, Y[1]))

where the first map induced by the functor F(—).
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To this, we add the following assumption:
(4) For k € {K,F}, the sequence {k(V?)}ieI is a graded exceptional sequence
in 7.

Lemma A.16. Fork € {K,F}, let
VE=K(V?)  and  AF:=Kk(AD).
Then {A%}ier is a dual sequence to {V¥}.

Proof. The fact that Af € Ty <; and that Hom(A¥, V&[n](k)) = 0 for i > j fol-
low from the corresponding facts over @. Next, note that k(—) induces a functor
of quotient categories To,<i/To,<i = Tk,<i/Tk,<i- We then deduce the fact that
I, (A¥) 2 I1,(V¥) from the commutativity of the following diagram:

To,<i — To,<i/To,<i

| l .

Te,<i — Te<i/Tx,<i

Thanks to Lemma A.16, each of 7g, Tk, and Ty is equipped with a t-structure
provided by Theorem A.11. Denote their hearts by <7y, <%, and o4, respectively.

Lemma A.17. (1) The functor K(=) : To — Tk is t-exact. For X € oy, we
have K(X) = 0 if and only if X is torsion.
(2) The functor F(—) : To — Tg is right t-exact. For X € oy, we have
HY(F(X)) = 0 for all i < —2. Moreover, F(X) € < if and only if X is
torsion-free.

Proof. The t-exactness properties of K(—) and F(—) follow immediately from their
behavior on the exceptional sequence and its dual, combined with the description
of the t-structures from Theorem A.11.

Next, let X € 4/, and consider the map O -id — End(X). If X is torsion, then
after we tensor with K, we get the zero map K -id — K ® End(X) = End(K(X)).
That is, the identity map of K(X) is zero, so K(X) = 0. Conversely, if X is not
torsion, the map O-id — End(X) is injective, and hence so is K-id — End(K(X)).
Since End(K(X)) # 0, we have K(X) # 0.

To show that H(F(X)) = 0 for i < —2, or equivalently that F(X) € T=71, it is
enough to show that Hom(AF[n](k), F(X)) = 0 for n > 2. This follows from (A.12)
and the fact that Hom(A?[n](k), X) = 0 for n > 1.

Finally, if X is torsion-free, then Hom(A2(k), X) = Hom(H°(A?)(k), X) is a
torsion-free @-module, so Tor? (F, Hom(AZ[1](k), X[1])) = 0. We see from (A.12)
then that Hom(AF[1](k), F(X)) = 0, so F(X) € «%. Conversely, if X is not torsion-
free, then it has a nonzero torsion subobject X’ C X. Moreover, Hom(X’, X) is
a torsion O-module, so Tor? (F, Hom(X'[1], X[1])) # 0. In this case, (A.12) shows
that Hom(F(X’)[1],F(X)) # 0, which implies that H~}(F(X)) # 0. O

To distinguish the various versions of (A.11), we now include the coefficient ring
in the notation, as follows:
L;(K) € ok, L;(0), L (0) € o, L;(F) € .
Lemma A.18. (1) For alli € I, we have
K(Li(0)) = K(L; (0)) == Li(K).
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(2) The objects F(L;(0)) and F(L(0)) lie in <. Moreover, F(L;(0)) has a
simple head, and F(L; (Q)) has a simple socle, both isomorphic to L;(F).

Proof. (1) Since K(—) is t-exact, it commutes with H°, and it takes the image
of a morphism in @ to the image of the corresponding morphism in @%. It
follows immediately that K(L;(0)) = L;(K). Next, we have a short exact sequence
0 — L;(0) — L} (0) — T — 0, where T is a torsion object. Since K(T') = 0 by
Lemma A.17(1), we conclude that K(L;(0)) = K(L; (0)).

(2) The first assertion follows from the fact that L;(Q) and L] (Q) are both
torsion-free (see Lemma A.14 and Lemma A.15) and Lemma A.17(2). By definition,
L;(0) is a quotient of HO(A?). Since F(—) is right t-exact, we have an induced
surjective map

HO(F(H'(A7))) — F(Li(0)).

The right t-exactness of F(—) also implies that HO(F(H°(A?))) = HO(F(A?)) =~
HO(AY). That is, F(L;(0)) is a quotient of HY(AL). Since the latter has a simple
head (isomorphic to L;(F)), so does the former.

Next, we claim that F(H?(V?)) is a subobject of H(VY). (Note that this lies in
o because HO(V?) is torsion-free by Lemma A.14, see Lemma A.17(2).) Indeed,
consider the truncation distinguished triangle H(VY) — V? — 721v? . Apply
F(—) to obtain the triangle

F(HY(VY)) = Vi = F(r2'V]) — .

Lemma A.17(2) implies that the third term lies in 77F20. Therefore, the long exact se-

quence in cohomology shows that we have an injective map F(H O(V;Q)) — HOY(VE).
Finally, consider the short exact sequence

0— LF (0) - H'(V?) = HY(V?)/L} (0) — 0.

We have seen in Lemma A.15 that all three terms are torsion-free, so applying
F yields a short exact sequence in <%. In particular, F(L] (0)) is a subobject of
F(HY(V?)), and hence (by the previous paragraph) of H°(VY). Since the latter

has a simple socle (isomorphic to L;(F)), so does F(L; (0)). O
REFERENCES
[A1] P. Achar, Equivariant coherent sheaves on the nilpotent cone for complex reductive Lie
groups, Ph.D. thesis, Massachusetts Institute of Technology, 2001.
[A2] P. Achar, On the equivariant K-theory of the nilpotent cone in the general linear group,
Represent. Theory 8 (2004), 180—211.
[A3] P. Achar, Perverse coherent sheaves on the nilpotent cone in good characteristic, Recent

developments in Lie algebras, groups and representation theory, Proc. Sympos. Pure
Math., vol. 86, Amer. Math. Soc., 2012, pp. 1-23.

[A4] P. Achar, On exotic and perverse-coherent sheaves, in Representations of reductive
groups, 11-49, Progr. Math. 312, Birkh&user/Springer, 2015.

[AH] P. Achar and W. Hardesty, Calculations with graded perverse-coherent sheaves, preprint
arXiv:1806.07780.

[AHR1] P. Achar, W. Hardesty, and S. Riche, On the Humphreys conjecture on support varieties
of tilting modules, preprint arXiv:1707.07740, to appear in Transform. Groups.

[AHR2] P. Achar, W. Hardesty, and S. Riche, Representation theory of disconnected reductive
groups, preprint arXiv:1810.06851.

[AHJR] P. Achar, A. Henderson, D. Juteau, and S. Riche, Modular generalized Springer corre-
spondence III: exceptional groups, Math. Ann. 369 (2017), 247-300.


https://arxiv.org/abs/1806.07780
https://arxiv.org/abs/1707.07740
https://arxiv.org/abs/1810.06851

INTEGRAL EXOTIC SHEAVES AND THE MODULAR LUSZTIG-VOGAN BIJECTION 45

[AR] P. Achar and L. Rider, The affine Grassmannian and the Springer resolution in posi-
tive characteristic, Compos. Math. 152 (2016), 2627-2677, with an appendix joint with
S. Riche.

[AB] D. Arinkin and R. Bezrukavnikov, Perverse coherent sheaves, Mosc. Math. J. 10 (2010),
3-29, 271.

[BBD] A. Beilinson, J. Bernstein, and P. Deligne, Faisceauz pervers, in Analyse et topologie sur
les espaces singuliers, I (Luminy, 1981), 5-171, Astérisque 100, Soc. Math. France, 1982.

[B1] R. Bezrukavnikov, Quasi-exceptional sets and equivariant coherent sheaves on the nilpo-
tent cone, Represent. Theory 7 (2003), 1-18.
[B2] R. Bezrukavnikov, On tensor categories attached to cells in affine Weyl groups, in Repre-

sentation theory of algebraic groups and quantum groups, 69-90, Adv. Stud. Pure Math.
40, Math. Soc. Japan, 2004.

(B3] R. Bezrukavnikov, Cohomology of tilting modules over quantum groups and t-structures
on derived categories of coherent sheaves, Invent. Math. 166 (2006), 327-357.
[B4] R. Bezrukavnikov, Perverse sheaves on affine flags and nilpotent cone of the Langlands

dual group, Israel J. Math. 170 (2009), 185-206.

[BR] R. Bezrukavnikov and S. Riche, Affine braid group actions on Springer resolutions, Ann.
Sci. Ec. Norm. Supér. 45 (2012), 535-599.

[CPS] E. Cline, B. Parshall, and L. Scott, Reduced standard modules and cohomology, Trans.
Amer. Math. Soc. 361 (2009), 5223-5261.

[SGA3] M. Demazure, A. Grothendieck, et. al., Schémas en groupes II. Groupes de type multipli-
catif, et structure des schémas en groupes généraux, Séminaire de Géometrie Algébrique
du Bois-Marie 1962/64 (SGA 3), Lecture Notes in Math., 152, Springer-Verlag, 1970.

[GW] U. Gortz and T. Wedhorn, Algebraic geometry I, Vieweg + Teubner, 2010.

[EGA4] A. Grothendieck, Eléments de géométrie algébrique. IV. Etude locale des schémas et des
morphismes de schémas IV, rédigé avec la collaboration de J. Dieudonné, Inst. Hautes
Etudes Sci. Publ. Math. 32 (1967), 5-361.

[H1] W. Hardesty, On support varieties and the Humphreys conjecture in type A, Adv. in
Math. 329 (2018), 392-421.

[H2] W. Hardesty, On the centralizer of a balanced nilpotent section, preprint arXiv:
1810.06157.

[Hu] J. E. Humphreys, Comparing modular representations of semisimple groups and their
Lie algebras, in Modular interfaces (Riverside, CA, 1995), 69-80, AMS/IP Stud. Adv.
Math., 4, Amer. Math. Soc., 1997.

[J1] J. C. Jantzen, Representations of algebraic groups, second edition, Mathematical surveys
and monographs 107, Amer. Math. Soc., 2003.

[J2] J. C. Jantzen, Nilpotent orbits in representation theory, in Lie theory, 1-211, Progr.
Math. 228, Birkh&user Boston, 2004.

[Ju] D. Juteau, Decomposition numbers for perverse sheaves, Ann. Inst. Fourier 59 (2009),
1177-1229.
[Le] E. Letellier, Fourier transforms of invariant functions on finite reductive Lie algebras,

Lecture Notes in Mathematics 1859, Springer-Verlag, 2005.

[Lu] G. Lusztig, Cells in affine Weyl groups. IV, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 36
(1989), 297-328.

[MR1] C. Mautner and S. Riche, On the exotic t-structure in positive characteristic, Int. Math.
Res. Not. IMRN 2016, 5727-5774.

[MR2] C.Mautner and S. Riche, Ezotic tilting sheaves, parity sheaves on affine Grassmannians,
and the Mirkovié—Vilonen conjecture, J. Eur. Math. Soc. 20 (2018), 2259-2332.

[McN] G. McNinch, On the nilpotent orbits of a reductive group over a local field, preprint,
2016.

[MT1] G. McNinch and D. Testerman, Completely reducible SL(2)-homomorphisms, Trans.
Amer. Math. Soc. 359 (2007), 4489-4510.

[MT2] G. McNinch and D. Testerman, Central subalgebras of the centralizer of a mnilpotent
element, Proc. Amer. Math. Soc. 144 (2016), 2383-2397.

[Ri] S. Riche, Kostant section, universal centralizer, and a modular derived Satake equiva-
lence, Math. Z. 286 (2017), 223-261.
[S1] J.-P. Serre, Groupe de Grothendieck des schémas en groupes réductifs déployés, Publ.

Math. LH.E.S. 34 (1968), 37-52.


https://arxiv.org/abs/1810.06157
https://arxiv.org/abs/1810.06157

46

[s2)
S1

[SS]
[Sta]
[Ve]

[Vo]

PRAMOD N. ACHAR, WILLIAM HARDESTY, AND SIMON RICHE

J. P. Serre, Local fields, Graduate Texts in Mathematics 67, Springer-Verlag, 1979.

P. Slodowy, Simple singularities and simple algebraic groups, Lecture Notes in Math. 815,
Springer, 1980.

T. A. Springer, R. Steinberg, Conjugacy classes, in Seminar on Algebraic Groups and
Related Finite Groups (The Institute for Advanced Study, Princeton, N.J., 1968/69),
167-266, Lecture Notes in Mathematics 131, Springer, 1970.

The Stacks Project Authors, Stacks project, http://stacks.math.columbia.edu, 2018.
J.-L. Verdier, Des catégories dérivées des catégories abéliennes, Astérisque 239, Soc.
Math. France, 1996.

D. A. Vogan, The method of coadjoint orbits for real reductive groups, in Representation
theory of Lie groups (Park City, UT, 1998), 179-238, IAS/Park City Math. Ser., vol. 8,
Amer. Math. Soc., 2000.

DEPARTMENT OF MATHEMATICS, LOUISIANA STATE UNIVERSITY, BATON ROUGE, LA 70803,

U.S.A.

E-mail address: pramod@math.lsu.edu

DEPARTMENT OF MATHEMATICS, LOUISIANA STATE UNIVERSITY, BATON ROUGE, LA 70803,

U.S.A.

E-mail address: whardesty@lsu.edu

UNIVERSITE CLERMONT AUVERGNE, CNRS, LMBP, F-63000 CLERMONT-FERRAND, FRANCE.
E-mail address: simon.riche@uca.fr


http://stacks.math.columbia.edu

	1. Introduction
	1.1. The Lusztig–Vogan bijection
	1.2. Independence of k: orbits
	1.3. Independence of k: representations of stabilizers
	1.4. Modular reduction
	1.5. Reduced standard objects
	1.6. Motivation
	1.7. Contents of the paper
	1.8. Convention
	1.9. Acknowledgments

	2. Notation and preliminaries
	2.1. Reductive groups
	2.2. The Springer resolution
	2.3. The nilpotent cone and perverse-coherent sheaves
	2.4. Graded versions

	3. Balanced nilpotent sections and associated Slodowy slices
	3.1. Balanced nilpotent sections and their centralizers
	3.2. Integral Slodowy slices for balanced nilpotent sections
	3.3. Some properties of Slodowy slices over fields
	3.4. Smoothness of centralizers

	4. Integral exotic sheaves
	4.1. Generators of the derived category of coherent sheaves
	4.2. Exceptional sequences
	4.3. Exotic t-structures
	4.4. Simple objects and their O-versions

	5. Supports of reduced standard objects
	5.1. Reduced standard and costandard perverse-coherent sheaves
	5.2. Statement
	5.3. Generalities on support
	5.4. Proof of Proposition 5.2

	6. Agreement of the Lusztig–Vogan bijections
	6.1. Overview
	6.2. Representation theory of centralizers
	6.3. Identification of simple modules
	6.4. A Levi factor
	6.5. Proof of Proposition 6.1
	6.6. Statement
	6.7. Simple modules for centralizers
	6.8. Proof of Theorem 6.4
	6.9. Complement: identification of Mlambda

	Appendix A. Exceptional sequences with coefficients in a complete local principal ideal domain
	A.1. Noetherian t-structures and recollement
	A.2. Exceptional sequences and their duals
	A.3. The t-structure associated with an exceptional collection
	A.4. Special objects in the heart
	A.5. Change of scalars

	References

