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Low-and high-frequency Stoneley waves, reflection and transmission
at a Cauchy /relaxed micromorphic interface
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Patrizio Neff ® and Angela Madeo®

Abstract

In this paper we study the reflective properties of a 2D interface separating a homogeneous solid from a
band-gap metamaterial by modeling it as an interface between a classical Cauchy continuum and a relaxed
micromorphic medium. We show that the proposed model is able to predict the onset of Stoneley interface
waves at the considered interface both at low and high-frequency regimes. More precisely, critical angles for
the incident wave can be identified, beyond which classical Stoneley waves, as well as microstructure-related
Stoneley waves appear. We show that this onset of Stoneley waves, both at low and high frequencies, strongly
depends on the relative mechanical properties of the two media. We suggest that a suitable tailoring of the
relative stiffnesses of the two media can be used to conceive “smart interfaces” giving rise to wide frequency
bounds where total reflection or total transmission may occur.
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1 Introduction

In this paper, we rigorously study the two-dimensional problem of reflection and transmission of elastic waves
at an interface between a homogeneous solid and a band-gap metamaterial modeled as a Cauchy medium and
a relaxed micromorphic medium, respectively.

We propose a systematic revision of the reflection/transmission problem at a Cauchy/Cauchy interface in
order to set up our notation and to carry out clearly all analytical results concerning the critical incident angles,
giving rise to Stoneley interface weaves. This systematic presentation allows us to readily generalize the adopted
techniques to the case of reflection and transmission at an interface separating a Cauchy medium from a relaxed
micromorphic one. We observe in this latter case the existence of high-frequency critical angles of incidence,
which are able to determine the onset of microstructure-related Stoneley interface waves. We clearly show that
both low and high-frequency interface waves are directly related to the relative stiffnesses of the two media and
can discriminate between total reflection and total transmission phenomena.

Recent years have seen the abrupt development of acoustic metamaterials whose mechanical properties allow
unorthodox material behaviors such as band-gaps ([I7, 36} [37]), cloaking ([4, [5 27, B5]), focusing ([7, 12, B33]),
wave-guiding ([I3,[34]) etc. The bulk behavior of these metamaterials has gathered the attention of the scientific
community via the refinement of mathematical techniques, such as Bloch-Floquet analysis or homogenization
techniques (6l [16]). More recently, filtering properties of bulk periodic media, i.e. the onset of so-called
band-gaps and non-linear dispersion, has been given attention in the framework of enriched continuum models
([3, 8L I8, 1] 20} 2T, 22] 23, 24, 25| 26|, 28] 29] B0]). Although bulk media are investigated in detail, the study
of the reflective/refractive properties at the boundary of such metamaterials is far from being well understood.
Good knowledge of the reflective and transmittive properties of such interfaces could be a key point for the
conception of metamaterials systems, which would completely transform the idea we currently have about
reflection and transmission of elastic waves at the interface between two solids. It is for this reason that
many authors convey their research towards so-called “metasurfaces” ([I4, 15} [38]), i.e. relatively thin layers
of metamaterials whose microstructure is able to interact with the incident wave-front in such a way that the
resulting reflection/transmission patterns exhibit exotic properties, such as total reflection or total transmission,
conversion of a bulk incident wave in interface waves, etc.

Notwithstanding the paramount importance these metasurfaces may have for technological advancements
in the field of noise absorption or stealth, they show limitations in the sense that they work for relatively
small frequency ranges, for which the wavelength of the incident wave is comparable to the thickness of the
metasurface itself. This restricts the range of applicability of such devices, above all for what concerns low
frequencies which would result in very thick metasurfaces.

In this paper, we choose a different approach for modeling the reflective and diffractive properties of an
interface which separates a bulk homogeneous material from a bulk metamaterial. This interface does not itself
contain any internal structure, but its refractive properties can be modulated by acting on the relative stiffnesses
of the two materials on each side. The homogeneous material is modeled via a classical linear-elastic Cauchy
model, while the metamaterial is described by the linear relaxed micromorphic model, an enriched continuum
model which already proved its effectiveness in the description of the bulk behavior of certain metamaterials
([18, 19, 20]).

We are able to clearly show that when the homogeneous material is “stiffer” than the considered meta-
material, zones of very high (sometimes total) transmission can be found both at low and high frequencies.
More precisely, we find that high-frequency total transmission is discriminated by a critical angle, beyond which
total transmission gradually shifts towards total reflection. Engineering systems of this type could be fruit-
fully exploited for the conception of wave filters and polarizers, for non-destructive evaluation or for selective
cloaking.

On the other hand, we show that when the homogeneous system is “softer” than the metamaterial, broadband
total reflection can be achieved for almost all frequencies and angles of incidence. This could be of paramount
importance for the conception of wave screens able to isolate from noise and/or vibrations. We are also able to
show that such total reflection phenomena are related to the onset of classical Stoneley interface Wavesﬂ at low
frequencies ([32]) and of new microstructure-related interface waves at higher frequencies.

We explicitly remark that no precise microstructure is targeted in this paper, since the presented results
could be generalized to any specific metamaterial without changing the overall results. This is due to the fact
that the properties we unveil here only depend on the “relative stiffnesses” of the considered media and not on
the absolute stiffness of the metamaterial itself.

The considerations drawn in this paper thus open the way for the conception of new metastructures for wave
front manipulation with all the possible applications aforementioned applications.

nterface waves propagating at the interface between an elastic solid and air are called Rayleigh waves, after Lord Rayleigh,
who was the first to show their existence ([31]). Interface waves propagating at the surface between two solids are called Stoneley
waves.



1.1 Notational agreement

Let R3*3 be the set of all real 3 x 3 second order tensors (matrices) which we denote by capital letters. A
simple and a double contraction between tensors of any suitable order is denoted by - and : respectively, while
the scalar product of such tensors by (-, )H The Einstein sum convention is implied throughout this text unless
otherwise specified. The standard Euclidean scalar product on R3*3 is given by (X, Y )gsxs = tr(X - YT) and
consequently the Frobenius tensor norm is || X ||* = (X, X )raxs- From now on, for the sake of notational brevity,
we omit the scalar product indices R3, R3*3 when no confusion arises. The identity tensor on R3*3 will be
denoted by 1; then, tr(X) = (X, 1).

Consider a body which occupies a bounded open set By, C R3 and assume that the boundary 9By, is a
smooth surface of class C2. An elastic material fills the domain B;, and we denote by ¥ any material surface
embedded in By,. The outward unit normal to 9B, will be denoted by v as will the outward unit normal to a
surface ¥ embedded in By, (see Fig. [1)).

Figure 1: Schematic representation of the body By, the surface ¥ and the sub-bodies B} and B} .

Given a field a defined on the surface X, we set

[a]] = a™ —a7, (1.1)
which defines a measure of the jump of a through the material surface 3, where
U= Gm [ = Gim [ (1.2)
zE€BL\Z zeBI\E
T3 z—2

with B}, Bzr being the two subdomains which result from splitting By, by the surface ¥ (see again Fig. .
The Lebesgue spaces of square integrable functions, vectors or tensors fields on By, with values on R, R?, R3*3
respectively, are denoted by L?(Br). Moreover we introduce the standard Sobolev spacesEl

2 2 2
H'(Br) = {u e L(B1) | Vu € L2(Br), Nl s,y = Il ) + IVl 2,
2 2 2
H(curl; Br) = {v € L*(By)| curlv € LA(BL), o] 3 curtiny = l0l2e(s,) + ||cur1v|\L2(BL)} ,
H(div; Br) = {U € L*(By)|divv € L*(By), HUH?{(div;BL) = ||U||2L2(BL) + ||diVU||2L2(BL)} ; (1.3)

of functions v and vector fields v respectively.
For vector fields v with components in H'(Br) and for tensor fields P with rows in H(curl; Br) (resp.
H(div; Br,)), i.e.
v = (v1,v9,v3)7, v; € H'(Br), P = (Pl ,PI' PI)T P e H(curl;By)resp. P; € H(div; By), i=1,2,3,
we define -y
Vo = (Vo)T, (V)T (Vuz) )T,

Curl P = ((curl P)T, (curl P,)7, (curl P3)T)7T, (1.5)
Div P = (divPy, divPs, divPs)T.

The corresponding Sobolev spaces are denoted by H'(By), H(Div; Br,), H(Curl; By).

2FOI‘ example, (A . 'U)i = Ai]"Uj, (A . B)zk = Aiijk, A:B= Aiiji, (C . B)ijk = Cijpoka (C : B)l = Ci]'poj, <’U,‘LU> =v-w=
ViW;, <A, B> = AijBij, etc.

3The operators V, curl and div are the classical gradient, curl and divergence operators. In symbols, for a field u of any order,
(Vu); = uy, for a vector field v, (curlv); = €455 vg,; and for a field w of order greater than 1, divw = wy ;.




2 Governing equations and energy flux

Let to > 0 be a fixed time and consider a bounded domain By, C R3. The action functional of the system at
hand is defined as

A= /Oto /BL(J — W)dXdt, (2.1)

where J is the kinetic and W the potential energy of the system.

2.1 Governing equations for the classical linear elastic Cauchy model

Let u be the classical macroscopic displacement field and p the macroscopic mass density. Then, the kinetic
energy for a classical, linear-elastic, isotropic Cauchy medium takes the fornﬁ

1 2
T = 5ol (2.2)
The linear elastic strain energy density for the isotropic case is given by
A
W = p||sym Vul|* + §(tr(sym Vu))?, (2.3)

where 1 and \ are the classical Lamé parameters. Applying the least action principle allows us to derive the
equations of motion in strong form which, expressed equivalently in compact and index form, are respectively
given by

pu = Divo, PUi = Tijj, (2.4)

where
o =2usym Vu + Atr(sym Vu)1, oij = p(uij + uji) + Mk 1 0ij, (2.5)

is the classical symmetric Cauchy stress tensor for isotropic materials.

2.2 Governing equations for the relaxed micromorphic model

The kinetic energy in the isotropic relaxed micromorphic model takes the following form [23] 206]
1 2 1 2
J = 5ol + 5012, (26)

where u is the macroscopic displacement field and P € R3*3 is the non-symmetric micro-distortion tensor
which accounts for independent micro-motions at lower scales, p is the apparent macroscopic density and 7 is
the micro-inertia density.

The strain energy for an isotropic relaxed micromorphic medium is given by [23] 26]

Ae
W = pie ||sym(Vu — P)||* + ?(tr(Vu — P)? + pie ||skew(Vu — P)]?

} 2 >\micro 2 ,UfeLg 2
+ Mmicro ||sym P||” + T(tr P)* + — [|Curl P||”. (2.7)

Minimizing the action functional (i.e. imposing 0.4 = 0, integrating by parts a suitable number of times and
taking arbitrary variations du and P for the kinematic fields), allows us to obtain the strong form of the bulk
equations of motion ([10, 24 25], 29])

puy = Divo, PUitt = Oijj,
(2.8)
NPy = o —s5—Curlm, NPiji = 0ij — Sij — Mik pEjkp,

where

o =2pesym(Vu — P) + Ao tr(Vu — P) 1 + 2p. skew(Vu — P),
$ = 2pmicro SYM P 4+ Amicro (tr P) 1, (2.9)
m= ,ueLi Curl P,

4Here and in the sequel, we denote by the subscript ,¢ the partial derivative with respect to time.



€jkp is the Levi-Civita tensor and the equivalent index form of the introduced quantities reads
Gij = pe(uiy — Pij +uji — Pji) + MU — Prr)dij + pre(uiy — Pij — uji + Pji),
Sij = Nmicro(Pij + P]z) + )\microPkk(sijy (210)
Mk = pel? Pia bEkba-

Here, m is the moment stress tensor, . > 0 is called the Cosserat couple modulus and L. > 0 is a characteristic
length scale.

2.3 Conservation of total energy and energy flux

The mechanical system we are considering is conservative and, therefore, the energy must be conserved in the
sense that the following differential form of a continuity equation must hold:

E, +divH =0, (2.11)

where £ = J + W is the total energy of the system and H is the energy flux vector, whose explicit expression
is computed in the following subsections for a classical Cauchy medium and a relaxed micromorphic one.

The conservation of energy plays an important role when considering a surface of discontinuity between
two continuous media, i.e. it prescribes continuity of the normal component of the energy flux H across the
considered interface. The tangent part of the energy flux vector H is not subjected to the same restriction, so
that we can observe the onset of Stoneley waves along the interface. Such interface waves do not have to satisfy
the conservation of energy at the interface. On the other hand, when considering waves with non-vanishing
normal component, it is necessary to check that they contribute to the normal part of the energy flux in such
a way that it is conserved at the interface. The definition of the normal part of the flux for different waves will
allow us to introduce the concepts of reflection and transmission coefficients as a measure of the partition of
the energy of the incident wave between reflected and transmitted waves. Nevertheless, one must keep in mind
that such reflection and transmission coefficients do not contain any information about the possible presence of
Stoneley waves.

2.3.1 Classical Cauchy medium

In the case of a Cauchy medium we have, differentiating expressions (2.2)) and (2.3) with respect to time and
using definition ([2.5)

E,=Jd,+W,=pusuu)+ {((2usym Vu+ Atr(sym Vu)1),sym V(u ) = p (ug, u ) + (o,sym V(uyg)) .

We now replace pu 4 from the equations of motion (2.4) and we use the fact that, given the symmetry of the
Cauchy stress tensor o, (o,sym V(uy)) = (o, V(u,)) = Div(c - u,) — Dive - uy to get

E,=Divo-uy+Div(c-uy) —Dive -uy = Div(o - uy). (2.12)

Thus, by comparing (2.12)) to the conservation of energy (2.11)), we can deduce that the energy flux in a Cauchy
continuum is given by (see e.g. [1])

H=—0-uy, Hy, = —0oipup . (2.13)

2.3.2 Relaxed micromorphic model

In the case of a relaxed micromorphic medium we have, differentiating equations (2.6 and (2.7)) with respect
to timd?]

Ei=pus,us)+ (P Pu) + 2pesym(Vu — P),sym(Vuy — Pt)) + (A tr(Vu — P)1, Vu — Py)
+ (2uc skew(Vu — P),skew(Vu; — Py)) 4+ (2pmicro sSym P, sym Py) 4+ (Amicro (tr P)1, Py)

+ {peL2 Curl P, Curl Py ) , (2.17)
5Let ¢ be a vector field and A a second order tensor field. Then
(V, A) = Div(ep - A) — (¢, Div A). (2.14)
Taking ¢ = u; and A =& we have
(Vu,t,0) = Div(uy - ) — (u¢, Dive) . (2.15)
Furthermore, we have the following identity
(m,Curl P¢) = Div ((mT -Py): z—:) + (Curlm, Py), (2.16)

which follows from the identity div(v X w) = w-curlv — v - curl w, where v, w are suitable vector fields, X is the usual vector product
and : is the double contraction between tensors.



or equivalentlyﬁ suitably collecting terms and using definitions ([2.9) for 7, s and m:

E,=p{usup)+n{P, Pu)+ 2uesym(Vu — P) + A tr(Vu — P),sym(Vu,, — P,))
+ (2 skew(Vu — P),skew(Vu; — P)) + (2lmicro Sym P + Amicro(tr P)1, sym P,y + <,ueL§ Curl P, CurlRt>
=p <U7t, u,tt> + n <P,t,P,tt> -+ <5, Vu7t> — <5 — S, ‘P7t> + (m, CurlRt> . (218)

We can now replace pu y and n Py by the governing equations (2.8)) and use (2.15) and (2.16) to finally get

E,={uy,Divo) + (P;,0 —s — Curlm) + Div (u, - 7) — (uy,Dive) — (0 — s, Py) + (m, Curl Py)
=Div(c" - uy) — (Curlm, Py) + Div ((m” - Py) : ) 4+ (Curlm, Py) = Div (7 -y + (m” - Py) ). (2.19)

Thus, by comparison of (2.19) with (2.11)), the energy flux for a relaxed micromorphic medium is given by

H = —5T Ut — (mT . Pt) HESN Hk = —uiyﬁik - mihPijytsjhk, (220)

)

where : is the double contraction between tensors.

3 Boundary conditions

3.1 Boundary conditions on an interface between two classical Cauchy media

As it is well known (see e.g. [I}[11] 26]), the boundary conditions which can be imposed at an interface between
two Cauchy media are continuity of displacement or continuity of forcem For the displacement, this means

[u] =0=u" =u", (3.1)

where 4~ is the macroscopic displacement on the “minus” side (the 1 < 0 half-plane) and u™ is the macroscopic
displacement on the “plus” side (the z; > 0 half-plane).
As for the jump of force we have

(M=0=f"=f", (3.2)

where f~ and fT are the surface force vectors on the “minus” and on the “plus” side, respectively. We recall
that in a Cauchy medium, f = o - v, v being the outward unit normal to the surface and o being the Cauchy

stress tensor given by (12.5)).

3.2 Boundary conditions on an interface between a classical Cauchy medium and
a relaxed micromorphic medium

In this article we will be imposing two kinds of boundary conditions between a Cauchy and a relaxed micro-
morphic medium (see [26] for a detailed discussion). The first kind is that of a free microstructure, i.e. we allow
the microstructure to vibrate freely. The second kind is that of a fixed microstructure, i.e. we do not allow any
movement of the microstructure at the interface. For a derivation of these types of boundary conditions see
[26].

As mentioned, we impose continuity of displacement, i.e.

u =ut, (3.3)

where now the “plus” side is occupied by the relaxed micromorphic mediumﬂ Imposing continuity of displace-
ment also implies continuity of forceﬂ ie.

f=t

where f = o - v is the surface force calculated on the Cauchy side and the force for the relaxed micromorphic
model is given by
ti = Eijyj; (34)

SWe explicitly recall that given a symmetric tensor S, a skew-symmetric tensor A and a generic tensor C, we have (S,C) =
(S,sym C) and (A, C) = (A, skew C).

"It is also well known that if no surface forces are present at the considered interface, imposing continuity of displacement
implies continuity of forces and vice versa. Both such continuity conditions must then be satisfied at the interface.

8In the following, it will be natural to collect variables of the relaxed medium in two vectors v1 and ve, so that the components
of the displacement ut will be denoted by vt = (v%, v%, v%)T, see equations , .

9This fact can be deduced from the minimization of the action functional. Indeed, imposing the variation to be zero, we find
the boundary condition [[(F,du)]] = 0= fu™ —tu~ = 0, which implies f = ¢ since we impose continuity of displacement.



where v is the outward unit normal vector to the interface and ¢ is given in .

The least action principle provides us with another jump duality condition for the case of the connection
between a Cauchy and a relaxed micromorphic medium. This extra jump condition specifies what we call “free
microstructure” or “fixed microstructure” (see [26]).

In order to define the two types of boundary conditions we are interested in, we need the concept of double
force 7 which is the dual quantity of the micro-distortion tensor P and is defined as [26]

T=-—Mm-€-V, Tiyj =—MikEkjhVh, (3.5)

where the involved quantities have been defined in (2.9).

3.2.1 Free microstructure

In this case, the macroscopic displacement is continuous while the microstructure of the relaxed micromorphic
medium is free to move at the interface ([I8, [19] 26]). Leaving the interface free to move means that P is
arbitrary, which, on the other hand, implies the double force 7 must vanish. We have then

Figure [2| gives a schematic representation of this boundary condition.
Cauchy medium & relaxed micromorphic medium &
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Figure 2: Schematic representation of a macro internal clamp with free microstructure at a Cauchy/relaxed-
micromorphic interface [19] [26].

3.2.2 Fixed microstructure

This is the case in which we impose that the microstructure on the relaxed micromorphic side does not vibrate
at the interface. The boundary conditions in this case are (see [QG}M

Observe that in equations and the components tangent to the interface do not have to be assigned
when considering a relaxed micromorphic medium. This is explained in detail in [26] 28|, [29], where the pecu-
liarities of the relaxed micromorphic model are presented. In Figure [3] we give a schematic representation of the
realization of this boundary condition between a homogeneous material and a metamaterial.

10Let us remark again that the first condition (continuity of displacement) implies the second one when no surface forces are
applied at the interface. On the other hand, imposing the tangent part of P to be equal to zero implies that the double force 7 is
left arbitrary.

11We remark here that only the tangent part of the double force in or of the micro-distortion tensor in must be
assigned ([28] 29]). This is peculiar of the relaxed micromorphic model and is related to the fact that only Curl P appears in the
energy. In a standard Mindlin-Eringen model, where the whole V P appears in the energy, the whole double force 7 (or alternatively
the whole micro-distortion tensor P) must be assigned at the interface. Finally, in an internal variable model (no derivatives of P
in the energy), no conditions on P or 7 must be assigned at the considered interface.
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Figure 3: Schematic representation of a macro internal clamp with fixed microstructure at a Cauchy/relaxed-
micromorphic interface [19} [26].

We explicitly remark (and we will show this fact in all detail in the remainder of this paper) that the
boundary condition of Fig. [2|is the only one which allows to obtain an equivalent Cauchy/Cauchy system when
considering low frequencies. Indeed, in this case, since the tensor P is left free, it can adjust itself in order
to recover a Cauchy medium in the homogenized limit. On the other hand, the boundary condition of Fig.
imposes an artificial value on P along the interface, so that the effect of the microstructure is forced to be
present in the considered system. It is for this reason that a Cauchy/Cauchy interface cannot be recovered as
a homogenized limit of the system shown in Fig.

4 Wave propagation, reflection and transmission at an interface be-
tween two Cauchy media

We now want to study wave propagation, reflection and transmission at the interface between two Cauchy media
in two space dimensions. To that end, we agree on the following conventions.

When we discuss reflection and transmission, we assume that the surface of discontinuity (the interface
between the two media) from which the wave reflects and refracts is the zy axis (z; = 0). Furthermore, we
assume that the incident wave hits the interface at the origin 0(0,0).

Cauchy medium & Xy Cauchy medium @

uo, AT, p ut,at,p*

X1

O

Figure 4: Schematic representation of a Cauchy/Cauchy interface with an incident, a reflected and a transmitted wave
for the case of an incident out-of-plane SH wave. The indices 4, r,t stand for “incident”, “reflected” and “transmitted”
respectively.

Incident waves propagate from —oo in the ;1 < 0 half-plane towards the interface, reflected waves propagate
from the interface towards —oo in the z; < 0 half-plane and refracted (or, equivalently, transmitted) waves
propagate from the interface towards +oo in the 27 > 0 half-plane. Remark that, since we consider 2D wave
propagation, the incident wave can hit the interface at an arbitrary angle. In Figure [ we graphically present



the schematics of the reflection and transmission of elastic waves at a Cauchy/Cauchy interface for the simple
case of an incident out-of-plane SH wave.

As is classical, we will consider both in-plane (in the (z122)— plane) and out-of-plane (along the x3 direction)
motions. Nevertheless, all the considered components of the displacement, namely w1, us and ug will only depend
on the x1,zs space components (plane wave hypothesis). We hence write

U= (ul(xl,x2,t),u2(x1,xg,t),ug(xl,mg,t))T. (4.1)

As will be evident, depending on the type of wave (longitudinal, SV shear or SH shear)E some components
of these fields will be equal to zero.

We now make a small digression on wave propagation in classical Cauchy media. These results are of course
well known (see e.g. [Il [I1]), however, we present them here in detail following our notation, so that we can
carry all the results and considerations over to the relaxed micromorphic model as a natural extension.

4.1 'Wave propagation in Cauchy media

We start by writing the governing equations (2.4)) for the special case where the displacement only depends on
the in-plane space variables 1 and x3. Plugging u as in (4.1)) into (2.4) gives the following system of PDEs:

pury = 2p+Nurir + (p+ Nug12 + s 20 (4.2)

puzse = (204 Nug 22 + (1 + Nur 12 + prug 1
puzse = (us11 + uz22). (4.3)

We remark that the first two equations are coupled, while the third is uncoupled from the first two.

We now formulate the plane wave ansatz, according to which the displacement vector u takes the same value
at all points lying on the same orthogonal line to the (z122)—plane (no dependence on z3). Moreover, we also
consider that the displacement field is periodic in space. In symbols, the plane-wave ansatz reads

u= {p\ei(@:,k)—wt) _ ,(z)\ei(zlkl—i-kaQ—wt), (44

us = 1;3 pil{@ky—wt) _ 1;3 ei(w1k1+x2k2—wt)7 (4.5)

where 7,2 = (121\1, QZQ)T is the vector of amplitudes, k = (ky,k2)T is the wave-vector, which fixes the direction of
propagation of the considered wave and x = (x1,22)7 is the position vector. Moreover, 123 is a scalar amplitude
for the third component of the displacement. We explicitly remark that in equation we consider (with a
slight abuse of notation) u = (u1,u2)” to be the vector involving only the in-plane displacement components
uy and ug which are coupled via equations (4.2)). We start by considering the first system of coupled equations

and we plug the plane-wave ansatz (4.4]) into (4.2)), so obtaining

(w? — 2k} — c%ké)% - C%/k’ﬂlezz =0,

70%/1431]{212}\1 + (w2 — CQLII{}% — CQSk%)'IZQ = O, (46)
where we made the abbreviations
2+ A I A
2 2 2 2 2
o R R s 47
L P S P v L S P (4.7)

where p, A are the Lamé parameters of the material and p is its apparent density. This system of algebraic
equations can be written compactly as A - 1) = 0, where A is the matrix of coefficients

w? — ki — ik} —ct kiks

2 2 _ 212 212
—cykiks w? —cpky — ki

A= (4.8)

For A - @Z = 0 to have a solution other than the trivial one, we impose det A = 0. We have (see Appendix [A| for
a detailed calculation of this expression)

2 2 2 2 2 2
(u42A) (W +K3) — p?) (1 (k7 + K3) — pw?)
p2
12Following classical nomenclature ([I]) we call longitudinal (or L) waves those waves whose displacement vector is in the same
direction of the wave vector. Moreover SV waves are shear waves whose displacement vectors is orthogonal to the wave vector and

lies in the (z1z2)—plane. SH waves are shear waves whose displacement vector is orthogonal to the wave vector and lies in a plane
orthogonal to the (z122)—plane.

det A =

. (4.9)
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We now solve the algebraic equation det A = 0 with respect to the first component k; of the wave-vector k
(as will be evident in section the second component of the wave-vector ko is always known when imposing
boundary conditions)

(2u+N) (b +E3) — pw?) (1 (K + Kk3) — pw?) =0,
(2u+A) (kf+k§) —pw? =0 or ,u(k%—i—k%) — pw? =0,
2 pw’ P 2

k=L k2 or k?=Lw?-—k2 4.10
1 2M_~_>\ 2 u 2 ( )

2 2
ki =ty o — k2 or ki =)o — k2, (4.11)
7 Cs

As we will show in the remainder of this subsection, the first or second solution in is associated to
what we call a longitudinal or SV shear wave, respectively. The choice of sign for these solutions is related to
the direction of propagation of the considered wave (positive for incident and transmitted waves, negative for
reflected Waves)E

We will show later on in detail that, once boundary conditions are imposed at a given interface between
two Cauchy media, the value of the component ko of the wave-vector k can be considered to be known. We
will see that ko is always real and positive, which means that, according to , the first component k; of
the wave-vector can be either real or purely imaginary, depending on the values of the frequency and of the
material parameters. Two scenarios are then possible:

1. both k; and ko are real: This means that, according to the wave ansatz , we have a harmonic wave
which propagates in the direction given by the wave-vector k lying in the (z1x2)— plane. The wave-vector
of the considered wave has two non-vanishing components in the (zix2)—plane. A simplified illustration
of this case is given in Fig.

Incident wave Transmitted wave

ANAN,\ N .
ARAVARV U

Figure 5: Schematic representation of an incident wave which propagates after hitting the interface. For graphical
simplicity, only normal incidence and normal transmission are depicted.

2. ko is real and k; purely imaginary: In this case, according to equation , the wave continues to
propagate in the xs direction (along the interface), but decays with a negative exponential in the z;
direction (away from the interface). Such a wave propagating only along the interface is known as a
Stoneley interface wave (2, [32]). An illustration of this phenomenon is given in Fig. [6]

13As a matter of fact, the sign + or — in expressions is uniquely determined by imposing that the solution preserves
the conservation of energy at the considered interface. For Cauchy media, as well as for isotropic relaxed micromorphic media, it
turns out that one must choose positive ki for transmitted and incident waves and negative k1 for reflected ones (according to our
convention). On the other hand, there exist some cases, as for example the case of anisotropic relaxed micromorphic media, for
which these results are not straightforward and negative k1 may appear also for transmitted waves, giving rise to so-called negative
refraction phenomena. These unorthodox reflective properties are not the object of the present paper and will be discussed in
subsequent works, where applications of the anisotropic relaxed micromorphic model will be presented.

11



L]
' Stonelev wave

o

Evanescent wave

Incident wave

Figure 6: Schematic representation of an incident wave which is transformed into a interface wave along the interface
and decays exponentially away from it (Stoneley wave).

In conclusion, we can say that when considering wave propagation in 2—dimensional Cauchy media, it is possible
that, given the material parameters, some frequencies exist for which all the energy of the incident wave can be
redirected in Stoneley waves traveling along the interface, thus inhibiting transmission across the interface. Such
waves are also possible at the interface between a Cauchy and a relaxed micromorphic medium, in a generalized
setting. N
Assuming the second component kg of the wave-vector to be known, we now calculate the solution ¢ to
the algebraic equations A - 1) = 0; these solutions make up the kernel (or nullspace) of the matrix A and are
essentially eigenvectors to the eigenvalue 0. Hence, as is common nomenclature ([26]), we call them eigenvectors.
Using the first solution of , we see that it also implies

2
) (4.12)
‘L

Using such relations between k; and ks in the first equation of (4.6, we obtain

2 2 w? 2 2,2\ 7 s [w? 2. 7
w” —cy, CT—kz —cgky | Y1 —cy ?_k2k2¢220a

L L
2 2 2k2_2k2A_2 w—2—k2kA—0
(W* —w” +cpky — cghy)r — ey | = 5 koo =0,
L
(c — k3t — ¢ (4.13)
this implies
~ k ~ ~ cpk ~
hy = ——— 1 & P = 2L 22 = 1. (4.14)
UCJTL k3 w? —c1 k3
So, the eigenvector of the matrix A in this case is given by@
—~ 1 1
Pl = = . (4.15)

cpko ko
\w?2—c? k2 k1
Analogous considerations can be carried out when considering the second solution of (4.11f), which also
implies

2
K2 =2 k2 (4.16)
Cs

14We explicitly remark that the definition of @L given by the first equality allows us to compute the vector @L once k2 is known,
i.e. when imposing boundary conditions. On the other hand, the equivalent definition ’LZL = (1, kg/kl)T allows us to remark that
kl'tZL = (k1, kg)T is still a solution of the equation A - 12; = 0. In this case, the vector of amplitudes is collinear with the wave-vector
k. This allows us to talk about longitudinal waves, since the displacement vector (u1,u2)” given by expression (and hence
the motion) is parallel to the direction of propagation of the traveling wave. We also notice that, given the eigenvector JL, all
vectors aJJ\L, with a € C, are solutions to the equation A - 121\ =0.

12



Using this relation between kq and ko in the second equality of (4.6]) gives

2 2 w? 2 2 -~ s [w? 2.7
w —CL 072 —k'2 —Cskg wl —CV 5 _kQ k2¢2 :0,
S

2 2
2 €L 2 272 2,2\ 7 2 2
<w fc—zw +cpky —cgky | Y1 — ¢y, —2ka kotpg =0,
S

2
Cs

2 2 R o2 R
(S 4 (- ) D - [ -8 ke =0,
2 W 2 ..
1= Cyy | =5 — k3 ko2 =0, (4.17)

(4.18)

22 w2 - R B202 W2 R
koy/w? — k2¢2 1y = 25— @)y & i)y = 25 . 4.19
2 3¢5 Y2 e Y1 & P Facsr/o? — D Y1 (4.19)

Therefore, the eigenvector of the matrix A in this case is given by[”|

this implies

{/;SV = 2 21 2 - ! . (420)
kQCS_w k1

kacsy/w?—k3ck T k2

Finally, replacing the plane-wave ansatz (4.5 for the third component ug of the displacement in equation

giveﬂ

_wzpw?’ei((z,mwt) = p(—k? — kg)wgei(@,k)wt)’
pw® = u(ki +£3),

(4.21)

This relation, compared to the second of equations (4.11]), tells us that the same relation between k; and ko
exists when considering SV or SH waves.

Plane-wave ansatz: solution for the displacement field in a Cauchy medium

We have seen in section how to write the displacement field making use of the concepts of longitudinal, SV
and SH waves.

According to equations (4.4]) and (4.5) and considering the 2D eigenvectors (4.15)) and (4.20)), we can finally

write the solution for the displacement field v = (u1, uz, us3)” as
I g aLwLei(z1k1L+zgk2wat) + asvwsvei(zlkf‘%xzk?ﬂwt)’ (4.22)
when we consider a longitudinal or an SV wave, or

w—=uSH — aSHl[}SHei(zlklsHerngSwat)

; (4.23)

15 Analogously to the case of longitudinal waves, we can remark that the vector (kz, —k1)T is still a solution of the equation
A- 12 = 0. This means that, in this case, the vector of amplitudes lies in the (x122)—plane and is orthogonal to the direction of
propagation given by the wave-vector k. This allows us to introduce the concept of transverse in-plane waves, or “shear vertical”
SV waves, since the displacement (u1,u2)” given by (and hence the motion) is orthogonal to the direction of propagation of
the traveling wave, but lying in the (z12z2)—plane. We also remark that any vector azZSV, with a € C, is solution to the equation
A- 12; = 0. The first equality defining zz; in allows to directly compute 1Z when k2 is known, i.e. when imposing boundary
conditions.

16The component us of the displacement being orthogonal to the (x1x2)—plane and thus to the direction of propagation of the
wave, allows us to talk about transverse, out-of-plane waves or, equivalently, “shear horizontal” SH waves. Such waves have
the same speed cg as the SV waves.

13



when we consider an SH wave. In these formulas, starting from equations (4.15)) and (4.20]), we defined the unit

vectors

of e 0
Yt = % oF |, WV = Aiv bV |, and 9 =1 0 |. (4.24)
A = 1
Finally, a”,a®V,a®H € C are arbitrary constants.

We also explicitly remark that in equations ([#.22) and (4.23)), k¥ and k¥ are related via the first equation
of , k$V and &5V via the second equationq(;@ and k7" and k5H via .

As we already mentioned, ko will be known when imposing boundary conditions, so the only unknowns
in the solution (resp ) remain the scalar amplitudes a”,a®V (resp. a®). We will show in the
following subsection how, using the form (resp. ) for the solution in the problem of reflection and
transmission at an interface between Cauchy media, the unknown amplitudes can be computed by imposing
boundary conditions.

4.2 Interface between two Cauchy media

We now turn to the problem of reflection and transmission of elastic waves at an interface between two Cauchy
media (cf. Fig. . We assume that an incident longitudinal W&V@ propagates on the “minus” side, hits
the interface (which is the zo axis) at the origin of our co-ordinate system and is subsequently reflected into
a longitudinal wave and an SV wave and is transmitted into the second medium on the “plus” side into a
longitudinal wave and an SV wave as well, according to equations . If we send an incident SH wave,
equation tells us that it will reflect and transmit only into SH waves.

4.2.1 Incident longitudinal/SV-transverse wave

According to our previous considerations, and given the linearity of the considered problem, the solution of the
dynamical problem ([2.4)) on the “minus” side can be written a@

u (21, @2, t) = aL,iwL,iei(<a:,kL’i>—wt)+aL,r1/)L,rei(<a:,kL’r>—wt)+aSV,rwSV,rei(<m,kSV’r>—wt) —. uL,i_’_uL,'r_,’_uSV,r‘ (4.25)
As for the “plus” side, the solution is
u+(x1,x2,t) _ aL,t¢L,tei(<z,kL=t>—wt) + aSV,t¢SV,t€i(<z,kSV">—wt) — bt 4 SV, (4.26)

The vectors ¢, 5V and ¢Vt are as in ([4.24).

Now the new task is given an incident wave, i.e. knowing a™? and k™?, to calculate all the respective
parameters of the “new” waves.

We see that the jump condition can be further developed considering that u~ = w4+ ul" + 4SVor
and ut = ub? + 45Vt We equate the first components of

L.,i SV,r Lt

L,r SVt
uy +uy +ug =uy’" +uj

which, evaluating the involved expression at 1 = 0 (the interface), implies

. . L,i . L, . SV, . L, . SV,
aL,zwf,zez(xsz z—wt)_"_aL,rwf,rez(xng r—wt)+aSV,rwISV,rez(x2k2 T—wt) — aL,twlL,tez(xgkz t—wt)+aSV,t¢fV,tez(x2k2 t—wt)7

or, simplifying everywhere the time exponential
i L d L,i Lo i Lor SVr 4 SV.r Lt i L.t SVt 4 SVt
aL,vwl ,zelacgkz + aL,r,L/)I ,7€1£2k2 + a/SV,rwl ,7€1£2k2 — aL,twl, 61x2k2 + aSV,twl B €1£2k2 ) (427)

This must hold for all zo € R. The exponentials in this expression form a family of linearly independent
functions and, therefore, we can safely assume that the coefficients a™? o, a%V'" a®* a5Vt are never all
zero simultaneously. This means, than in order for to hold, we must require that the exponents of the
exponentials are all equal to one another. Canceling out the imaginary unit ¢ and x5, we deduce the fundamental

relation[™]

17The exact same considerations can be carried over when the incident wave is SV transverse.

18With a clear extension of the previously introduced notation, we denote by a and
Ylot pLor Lot o SVir pSVit the amplitudes and eigenvectors of longitudinal incident, reflected, transmitted, in-plane transverse
incident, reflected and transmitted waves respectively. Analogously, a®V>* and ¢°V>* will denote the amplitude and eigenvector
related to in-plane transverse incident waves.

197t is now clear why we said previously that the second components of all wave-vectors are known, since they are all equal to
the second component of the wave-vector of the prescribed incident wave, which is known by definition.

Ly gLir gLit oSVir qSVit
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kQL’i _ kQL,r _ k.QSV,T _ kQL’t _ kgv’t , (4.28)

which is the well-known Snell’s law for in-plane waves (see [IL 2, [T, [39]). Using (4.28) we see that the
exponentials in (4.27)) can be canceled out leaving only

aL7i¢1L’Z + aL’T'l/JlL’T + aSV’T’ll)lsV’T _ G,L’tibf’t + aSV,t,ll)iSVJ’ (429)

Analogously, equating the second components of the displacements in the jump conditions (3.1)), using (4.28)
and the fact that this must hold for all x5 € R, gives

aL,i,(/}él,i + aL7Tw§7T + aSV,r¢§V7T — aL,thLﬂf + aSV,twégVi. (4.30)
As for the jump of force, we remark that the total force on both sides is F~ = fL# 4 fbor 4 fSVir,
Ft = fbt 4 SVit with the f’s being evaluated at x; = 0. The forces are vectors of the form
=1 f2,0", (4.31)
with
fi = O45Vj, (432)

where v = (v1,v9,13)T = (1,0,0)7 is the normal vector to the interface, i.e. to the zo axis@
The force jump condition (3.2) can now be written component-wise as

L Lyr SVyr Lt SVt

ol +0y] +o =01 +o7, (4.33)
L,i L,r SV L SVt

Oy{ T 03] +091" =03 +05 . (4.34)

Calculating the stresses according to eq. (2.5)), where we use the solutions (4.25)) and (4.26) for the displacement
and again using (4.28)) gives

o (o R AGERE) 0t (i X MERET) 0 (e R )
e (T L e (C T N P A T e (4.35)
and
aL,i,u (wfszLz 4 %szlm) n aL,rNJ (wlL,rk2L,r n %L,rle,r) n aSV’Tu (wfv,rkgv,r " ?ﬁgv’rkfv’T)

_ aL’t;ﬁ (wlL,thL,t 4 sz¢le¢) 4 aSV,t'u+ ( 1SV,thSV,t 4 wgv,tklsv,t) . (4.36)

Thus, equations (4.29), (4.30), ([4.35)), (4.36) form an algebraic system for the unknown amplitudes a’", a5V'",
a®t, a®V't from which we can fully calculate the solution.

4.2.2 Incident SH-transverse wave

In this case, the solution on the “minus” side of the interface is
u (21, 0, t) = aSH,inH,iei«x,kSH’i)—wt) + aSH,rwSH,rei(<x,kSH"">—wt), (4.37)

and on the “plus” side

u+(1.1’ IEQ,t) _ aSH,thH,tei(<z,kSH’t>7wt)’ (438)

where the vectors ¢St p3Hr SHt are all equal to (0,0,1)7, according to the third equation of (4.24).
Following the same reasoning as in section [£.2.1] the continuity of displacement condition now only involves the
u3 component, which is the only non-zero one, and reads (evaluating again at x; = 0)

o SHiii(w2k3 ™) + GSHw pi(2ks ™) _ OLSH,tei(zz1~c§H")7 (4.39)

which, since the exponentials build a family of linearly independent functions and if we exclude the case where
all amplitudes aSH:¢ o577 ¢SH?t are identically equal to zero, becomes Snell’s law for out-of-plane motions

kéSH,i _ ka’T _ k§H7t . (4.40)

20We immediately see that the only components of the stress tensor which have a contribution in the calculation of the force
jump are o171 and o2;1.
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Using that, we see that the exponentials in (4.39) cancel out leaving only

@SHi 4 oSHr _ (SHt (4.41)
As for the jump in force in the case of SH waves, the total force on both sides is F~ = f5H7 4 fSHr
Ft = 90t with the f’s being evaluated at 1 = 0. Now the forces are vectors of the form
f = (0,0, f3)T7

where, once again, f; = o;;v;, where v = (1,0,0)7 is the vector normal to the interface@ Condition (3.2) can
now be written as

SH,i SH,r __ _SH,
031 +o5, " =05 (4.42)

The stresses are calculated again by (2.5) and using the solutions (4.38) and (4.37) for the displacement and
using (4.40) gives

1 (aSH’ik:fH’i + aSH’TkISH’T) = y+aSH’tk'fH’t. (4.43)

Equations (#.41)) and (#.43) build a system for the unknown amplitudes a“#7" ¢5H+* which we can solve
and fully determine the solution to the reflection-transmission problem.

4.2.3 A condition for the onset of Stoneley waves at a Cauchy/Cauchy interface

In this subsection we show how we can find explicit conditions for the onset of Stoneley waves at Cauchy/Cauchy
interfaces. This can be done by simply requesting that the quantities under the square roots in equation (4.11)
become negative.

Assume that the incident wave is longitudinal. This means that its speed is given by ¢, = \/(2u= 4+ A7) /p~
and that the wave vector k can now be written as k = (k1, k2) = |k|(sin6;, — cos 6;), where |k| = w/c; and 0; is
the angle of incidence. This incident longitudinal wave gives rise to a longitudinal and a transverse wave both
on the “—” and on the “+” side. Setting the quantity under the square root in the first equation in (4.11]) to
be negative and using the fact that ko = —|k| cos 6;, gives a condition for the appearance of Stoneley waves in
the case of an incident longitudinal wave:

2 2 2
w + w
(62)2—1@ <O@(Cz—)2—k2<0@

CL
Jr — i
2 pPr(2u” + A7)
& cos? 6 . 4.44
O o aut ) (a4)

To establish the previous relation we also used the fact that k';' = ko, as established by Snell’s law in (4.28)).
Similar arguments can be carried out when considering all other possibilities for incident, transmitted and
reflected waves, as detailed in Tables [] and

Incident Wave Transmitted L Transmitted SV Transmitted SH
L cos? 6; > % cos? 6; > % —
SV cos? 6; > % cos? 0; > ZJ:Z; —
SH — — cos? 0; > Ztl’ﬁ

Table 1: Conditions for appearance of transmitted Stoneley waves for all types of waves at a Cauchy/Cauchy interface.

The conditions in Tables [T] and [2] establish that the square of the cosine of the angle of incidence must be
greater than a given quantity (this happens for smaller angles) for Stoneley waves to appear. This means that
it is most likely to observe Stoneley waves when the angle of incidence is smaller than the normal incidence
angle, i.e. for incident waves which are inclined with respect to the surface upon which they hit. Moreover, if

21'We now see that the component of the stress which has an influence in this boundary condition is o31.
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Reflected L Reflected SV
L _ _
SV COS2 91 > ﬁ

SH - -

Incident Wave

Table 2: Conditions for appearance of reflected Stoneley waves for all types of waves at a Cauchy/Cauchy interface.

there exists a strong contrast in stiffness between the two sides and the “—” side is by far stiffer than the “+”
side, then Stoneley waves could be observed for angles closer to normal incidence. On the other hand, if the
“—" side is only slightly stiffer than the “+” side, then Stoneley waves will be observed only for smaller angles
(far from normal incidence). We refer to Appendix for an explicit calculation of all these conditions.

In order to fix ideas, assuming that both materials on the left and on the right have the same density, i.e.
p~ = pT and examining Table |1} we can deduce that Stoneley waves appear only when the expressions on the

right of each inequality are less than one, i.eﬁ

e For an incident L wave, the transmitted L. mode becomes Stoneley only if the Lamé parameters of the
material are chosen in such a way that 2u* + AT > 2= + A™.

e For an incident L wave, the transmitted SV mode becomes Stoneley only if the Lamé parameters of the
material are chosen in such a way that p* > 2~ + A~

e For an incident SV wave, the transmitted L mode becomes Stoneley only if the Lamé parameters of the
material are chosen in such a way that 2u* + A%t > u~.

e For an incident SV wave, the transmitted SV mode becomes Stoneley only if the Lamé parameters of the
material are chosen in such a way that u* > u~.

e For an incident SH wave, the transmitted SH mode (which is the only transmitted mode) becomes Stoneley
only if the Lamé parameters of the material are chosen in such a way that u™ > u~.

e Reflected waves can become Stoneley waves only when the incident wave is SV. The only mode which can
be converted into a Stoneley wave is the L mode when p= > —A~.

All these cases are shown graphically in Figures m @ Figures and demonstrate the case of an
incident L. wave. From Table [I| we deduce that either only the L transmitted mode will be Stoneley or both L
and SV (when p~ = pT). The same is true for the case of an incident SV wave as shown in Figures and
8(b)l For incident SH waves, we only have one transmitted mode which can also be Stoneley as shown in Figure

9(a)l Figure shows the only possible manifestation of a reflected Stoneley wave, which is the L. mode for
the case of an incident SV wave
X2 X2
e @ e @
\ Kb\ gl \ Kb\ of
13
Propagation direction Propagation direction
X1 X1
I~
B[SV kSV,t
KLt Kbt | gsvie

(a)

(b)

Figure 7: Possible manifestations of Stoneley waves at a Cauchy/Cauchy interface for L and SV transmitted modes in
the case of incident L. wave. The vectors in black represent propagative modes, while the vectors in red represent modes
which propagate along the surface only (Stoneley modes).

22In order to respect positive definiteness of the strain energy density, we must require that 2u+ 4+ A1t > 0 and gt > 0.
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Figure 8: Possible manifestations of Stoneley waves at a Cauchy/Cauchy interface for L and SV transmitted modes
in the case of incident SV wave. The vectors in black represent propagative modes, while the vectors in red represent
modes which propagate along the surface only (Stoneley modes).
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Figure 9: Possible manifestations of Stoneley waves at a Cauchy/Cauchy interface for the only SH transmitted mode in
the case of an incident SH wave (a) and for the reflected L mode in the case of an incident SV wave (b). The vectors
in black represent propagative modes, while the vectors in red represent modes which propagate along the surface only
(Stoneley modes).

4.2.4 Determination of the reflection and transmission coefficients

We denote by H; the first (normal) component of the flux vector and we introduce the following quantities

J' = —/ Hi(z,t)dt, J = —/ Hi(z,t)dt, J'= —/ Hi(x,t)dt, (4.45)
T 0 T 0 T 0

where Hi = HE" (or, Hi = H?V"" if we consider an incident SV wave), HT = H" + HZV"" and
H! = HlL’t + Hlsv’t, T being the period of the Wave Then, the reflection and transmission coefficients
are defined as I J

R:?, T:ﬁ' (4.46)
These coefficients tell us what part of the average normal flux of the incident wave is reflected and what part
is transmitted; also, since the system is conservative, we must have R + 7T = 1.

The integrals involved in these expressions are the average normal fluxes of the respective waves (incident,
reflected or transmitted). We use Lemma [1| (provided with proof in Appendix in the computations of these
coefficients.

In order to have a physical meaning, the final solution for the displacement uw must be real, so that we
consider only the real parts of the displacements and stresses for the computation of the flux. For the first

23Qr, in the case of an incident SH wave H{ = HfH’Z,HlT = HfH’T and H’{ = HfH’t.
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component of the flux vector for a longitudinal or SV wave, we have, according to equation (2.13]) and using
the plane-wave ansatz

1 /T 1 /7
— / Hidt = — / Re (—u1,.) Re(011) + Re (—uz2) Re (012) dt
T Jo T Jo

T
-7 / Re (iwawi“z”“*‘*’”) Re ([(2u + \prkr + Mako] mei«z,kwt))
T Jo
+ Re (iwa%@i«z’k%m)) Re (M(%l@ + wzkz)iaei(@”*”t)) dt

o= s Re ([t NP + ATk (193h + 0 Pha)] fal?) (4.47)

As for the case of an SH wave, we have

I I I : :
?/0 Hidt = T/o Re (—us3 ) Re (013) dt = T/o Re (iwael(@’k)*‘”t)) Re (ikluae’«z’k%“’t)) dt

1 2

= = . 4.4
LemmdI] 2Re (,Ukl ‘(1| W) ( 8)
Such expressions for the fluxes, together with the linear decompositions given for H] and H}, allow us to
explicitly compute the reflection and transmission coefficients.

4.3 The particular case of propagative waves

We have seen that, when considering two Cauchy media with an interface, two cases are possible, namely waves
which propagate in the two considered half-planes and Stoneley waves, which only propagate along the interface
but decay away from it. Stoneley waves do not propagate in the considered media and are related to imaginary
values of the first component of the wave number. When considering fully propagative waves (k; and ko both
real) the results provided before can be interpreted on a more immediate physical basis, which we detail in the
present section. The previous ansatz and calculations were performed without any hypothesis on the nature
of the components of k: they were assumed to be either real or imaginary. However, when we consider a
fully propagating wave we will demonstrate that we can recover some classical formulas and results which are
usually found in the literature by considering the vector of direction of propagation of the wave, instead of the
wave-vector k. For a fully propagative wave, the plane-wave ansazt can be written as

w = P k@O =) _ J oillkl(e161+raga)—wt) (4.49)
where |k| is now the wave-number, which is defined as the modulus of the wave-vector k and & = (£, &)7 = %
is the so-called vector of propagation. This real vector ¢ has unit length (£2 + &2 = 1).

By inserting k1 = |k|& and ko = |k|&2 in (4.10) we find
2 2
K[> = = or [K]> = =5, (4.50)
‘L Cs
or,
k| =+ or k| = £, (4.51)
CcrL Cs

where, again, the signs in must be chosen depending on what kind of wave we consider (positive for
incident and transmitted waves, negative for reflected waves). Expressions give the well-known linear
dependence between the frequency w and the wave-number |k| through the speeds ¢;, and cg for longitudinal
and shear waves respectively. Such behavior is known as a “non-dispersive” behavior, which means that in a
Cauchy medium longitudinal and shear waves propagate at a constant speed (cy, for longitudinal and ¢g for
shear waves).

Choosing the first solution in , so that w = |k|cr, and inserting k = |k|¢ into we can can find the
nullspace in the case of a propagative longitudinal wave

1

R 1
b= oy bl = . (4.52)
VIkESE 2 [kIER &

19



Equivalently, choosing the second solution in (4.50) so that w = |k|cs and again inserting k = |k|¢ into
(4.20) we find for the second component of the eigenvector

N v e S w5
kacs\/w? — k3c%  |k|éacs /KPS — [K|2€2c% 213N ’
so the eigenvector for a propagative shear wave if>]]
~ 1
) = S E (4.54)
&

The forms (4.52)) and (4.54) for the eigenvectors of L and SV propagative waves are suggestive because they
allow to immediately visualize the vector of propagation £ and, thus, the eigenvectors ¢ themselves in terms of
the angles formed by the considered propagative wave and the interface (see Figure [L0[ and Table .

X

kL/SVi gl/sv

L

P

Propagation direction

X1

AN

SV SVt
0 k

Figure 10: Illustration of reflection and transmission patterns for propagative waves and Snell’s law at a Cauchy/Cauchy
interface. The second components of all wave-vectors are equal to each other according to (4.28)), forcing the reflected
and transmitted wave-vectors to form angles with the interface as shown here according to (4.58))

In the propagative case, the solutions (4.25)) and (4.26) particularize into

u (21,20, 1) = aLJwL@ez‘((x,\mgLv’")—wt) + aL,er,rei(<x,|k:\£L’r>7wt) + aSV,rwSV,rei(<z,|k|§sv’r>7wt)7 (4.55)

ut (@1, wa,t) = aL,twL,tei(<x,|k\§L’t>—wt) i aSV,thV,tei(<x,|k\§sv’t>—wt). (4.56)

Wave £ 0 Speed of propagation

L,i (Sineil’,—COSHiL,O)T (sinHiL?—coséiL,O)T cr

SV, i (sinﬁfv,—cosﬁfV,O)T (cos@fv,sinﬂisv,O)T cs

L,r (—sin@f7—COSGf,O)T (—sin@f,—cos@f,O)T cr

SV,r (fsiHQTSV,fcostV,O)T (cos&fv,meGEV,O)T cs

L,t (sin 0L, — cos QtL,O)T (sin 0L, — cos Hf,O)T c‘LIr

SVt (sinﬁfv,—coser,O)T (cosﬁfv,sinﬁfvﬂ)T ch

Table 3: Summary of the vectors of direction of propagation and of vibration for all different waves produced at a
Cauchy/Cauchy interface.

Using in (4.55)), (4.56)) and the forms given in Table (3| for the propagation vectors £ and the eigenvectors
as well as expressions (4.51)) and (4.52]), we can remark that the only unknowns are the amplitudes a and the

24We neglected the sign of the |k| in the above calculations. Fixing the direction of propagation will automatically impose the
sign of both |k| and &1, which we then plug into equations (4.52)) or (4.54).
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angles #. The angles 0 of the different waves can be computed in terms of the angle of the incident wave by
using boundary conditions. Indeed, condition (4.28)) can be rewritten in the propagative case as

ey = IR e " = RSV = R = ke (4.57)

which, using equations (4.51)) and (4.52)), as well as the & given in Table [3{and simplifying the frequency, gives
the well-known Snell’s law (Fig. .j

cosOF  cosOF  cos0SV  cosOF  cos0FV (4.58)
¢ cr cs et k[ ’

where we have to choose the speed of the incident wave ¢; = ¢y, if it is longitudinal or ¢; = cg if it is shear.

As already remarked, once the angles of the different propagative waves are computed, the only unknowns
in the solutions (??) and are the scalar amplitudes a, which can be computed as done in subsectionsm
and by imposing boundary conditions. The treatise made in this section does not add new features to
the previous considerations made in section but allows us to visualize the traveling waves according to the
classical Snell’s law and to recover classical results concerning the dispersion curves. Clearly, such reasoning
cannot be repeated for Stoneley waves, for which the more general digression made in section £.2] must be
addressed.

5 Basics on dispersion curves analysis for bulk wave propagation in
relaxed micromorphic media

Since it is useful for the comparison with the literature, we recall here the classical analysis of dispersion curves
for the considered relaxed micromorphic medium (see [9] 23] 26]).

To that end, we make the hypothesis of propagative waves (see eq. ) and we show the plots of the
frequency w against the wave-number |k| which are known as dispersion curves.

We will show that some frequency ranges, known as band-gaps, exist, such that for a given frequency in
this range, no real value of the wave-number |k| can be found. This basically means that the hypothesis of
propagative wave is not satisfied in this range of frequencies and the solution must be more generally written as

ei(m1k1+z2k27wt)’ (51)
where k; and ko are both imaginary, giving rise to evanescent waves (i.e. waves decaying exponentially in both
the x1 and the xo direction).

We explicitly remark here, that this treatise on dispersion curves in the relaxed micromorphic model has
already been performed in [9, 23] 26], but we recall it here for the 2D case in order to have a direct idea on the
band-gap region of the considered medium. The reader who is uniquely interested in the reflective properties
of interfaces and not in the bulk properties of the relaxed micromorphic model can entirely skip this section.

From now on, we set the following parameter abbreviations for characteristic speeds and frequencies:

o pel? . /ue+uc Ae +2ue Ae +ue pe
m n 5 s
2 e micro 2 c micro )\micro 2 micro
wWg = 4(# +’f]‘u )7 Wr =4/ ,LL 1(“ “4 4;7 K ’ (52)

_ \/(3)\@ + 2”@) + (3)\micro + 2Hmicro)
Wp = .

n

As done for the Cauchy case, we suppose that the involved kinematic fields only depend on z; and z2 (no
dependence on the out-of-plane variable z3), i.e.

u = (u1(z1,22,t), u2(21, T2, 1), uz(x1, 202, 8))", P = (P](21,22,t), Py (21,72,1), P{ (21, 22,1))7, (5.3)

where we recall that, according to our notation, PT, i = 1,2, 3 are the rows of the micro-distortion tensor P.

25Equation (#.58)) clarifies why the angles of a different reflected and transmitted waves are chosen to be as in Fig. instead
of choosing the opposite ones.



We plug w and P from (5.3 into (2.8). The resulting system of equations is presented in Appendix in
component-wise notation. We proceed to make the following change of variables which are motivated by the
Cartan-Lie decomposition of the tensor P:

1 1
pPS = g(P11 + Py + P3), PP =Py —P°% PP =Py-P° Pu,= i(PM + P,y),

1 1 1
Py = §(P17 —Py1), Ppas) = §(P23 + P332), Ppag) = §(P12 — Pyy), (5.4)

with v = 2,3. We can then collect the variables which are coupled (see the equations presented in Appendix

B3 as
T
'Ulz(u17U2>P1DvP2DaPS7P(12)>P[12]) , (5~5)
T
v* = (us, Pagy, Pug)s Pres), Pg)) (5.6)

We make the following plane-wave ansatz:

’Ul _ aei((:mk)—wt) — g/gei(wlkl-‘,—wzktz—wt)7 (57)
'U2 _ X\ei(<x,g>7wt) _ Yei(m{l@«kmgﬁlngwt)’ (58)

and end up with two mutually uncoupled systems of the form (see Appendix for the explicit form of the
matrices A; and Ay)

A -$=0, Ay-x=0, (5.9)
where A; € C™*7, Ay € C5%3, (;A5 € C" and ¥ € C°. Closer examination of the first system reveals that the
components of the kinematic fields involved in these equations are the first and second only, while in the second
system only components involving the out-of-plane direction x3 are always present in every equation. This
means that, in analogy to the case of Cauchy media, we have the same kind of uncoupling between movement
in the (z122)— plane (in-plane) and in the (xox3)— plane (out-of-plane). There is, however, no immediate
distinction of longitudinal and shear waves.

5.1 In-plane variables
We assume a propagating wave in which case the plane-wave ansatz is

ol = gei(lk\(ﬂﬁ1§1+m§2)*wt)’ (5.10)
where & = (£1,&)7 is a real unit vector and ¢ is the vector defined of amplitudes.
The polynomial det A; is of degree 14 in w and of degree 10 in |k|. Solving the equation det A; = 0 with

respect to w gives fourteen solutions of the form
w(lk]) = Fwi(|k]), w2 ([k]), Tws(|k]), wa([k]), Tws(|k]), Lws([k]), Twr(|k]); (5.11)
while solving det A; = 0 with respect to to |k|, gives ten solutions of the form
k|(w) = +[kM|(w), £kP|k(w), £k |w), £kD](w), +kO|(w); (5.12)

in both cases, we keep only the positive values because the wave is traveling in the x; > 0 direction.

Plotting the functions w;(|k|), ¢ = 1,...,7 in the (w, |k|)— plane gives us the dispersion curves for plane
waves propagating in a relaxed micromorphic medium in two space dimensions (see Figure . The results
concerning the dispersive behavior of relaxed micromorphic media are presented in [23] 26] and are recalled in
Appendix for the sake of completeness.
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Wave frequency w '10” 1/5]

Wavenumber k [1/mm

Figure 11: The in-plane dispersion curves of a plane wave propagating in an isotropic relaxed micromorphic continuum
in two space dimensions. The gray region denotes the band-gap, in which propagation cannot occur.

5.2 Out-of-plane-variables

Analogously to the case of in-plane variables, we assume a propagating wave in which case the plane-wave

ansatz is _
2 = X\ei(lkl(wliﬁ‘m&)—@t)’ (5.13)

where & = (£1,&)7 is a real unit vector and ¥ is the vector of amplitudes.
The polynomial det Ay is of degree 10 in @ and of degree 8 in |k|. Solving the equation det Ay = 0 with
respect to w gives ten solutions of the form

B(R) = £@1(|kl), £@a(|Fl), £@s(|Fl), £@a(|F]), £@s(k); (5.14)
while solving det Ay = 0 with respect to to 75, gives eight solutions
k@) = V@), £ED @), £E @), £ED)@). (5.15)

Once again, we only consider the positive values of the w’s and |%\’s since the waves are traveling in the
x1 > 0 direction. The dispersion curves for the out-of-plane variables are presented in Figure [I2]
Extra details are given in [26] and recalled in Appendix

6 Reflective properties of a Cauchy /relaxed micromorphic interface

In this section, closely following what was done for the Cauchy case in section [£I} we look for non-trivial
solutions of the equations imposing det A; = 0 and det A; = 0. Once again, we fix the second component
ko (resp. EQ) of the wave-vector and solve these equations with respect to k; (resp. El) The expressions for
the solutions of these equations are quite complex and we do not present them explicitly here. As discussed
before, we find five and four solutions for the two systems respectivelyiﬂ

£ 5 (kg w), 26 (ko w), £k (kg w), 26 (ko w), £587) (ks w), (6.1)
for the in-plane problem and

5 (g, w), 52 (ko w), £ (e, w), 5 (ko w), (6.2)

26We will show later on that also in the case of an interface between a Cauchy and a relaxed micromorphic medium, the
component k2 of the wave-vector can be considered to be known when imposing the jump conditions holiding at the interface

27Since, as already stated, in this case we cannot a priori distinguish which modes are longitudinal and which are shear, we
slightly shift our notation and use numbers in parentheses instead of describing the nature of the mode.
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Wave frequency w '10” 1/5]

Figure 12: The out-of-plane dispersion curves of a wave propagating in a relaxed micromorphic continuum in two space
dimensions. The gray region depicts the band-gap for out-of-plane quantities.

for the out-of-plane problem. B

Such solutions for ky (resp. k1) depend on the second component ko (resp. k2) of the wave-vector and on
the frequency, but of course also on the values of the material parameters of the relaxed micromorphic model.
We plug these solutions of the characteristic polynomials into the matrix A; (resp. As) and calculate for each

different k (resp. k) the five (resp. four) nullspaces of the matrix. We find

61,63, 63, 61, 60, (6.3)
X33, (6.4)

as solutions to the equations A $ = 0and Ay-X = 0, respectively. We normalize these vectors, thus introducing
the normal vectors

1
6]
i=1,...5,7=1,...4. Finally, we can write the solution to equations (2.8) as

¢(i) —

30, 0= L 50 (6.5)
[X0)]

ol = ald)(l)ei((z,k(l))fwt) + a2¢(2)ei(<z,k<2)>fwt) + a3¢(3)ei(<z,k(3>>7wt) T a4¢(4)ei(<z,k(4)>7wt) + a5¢(5)ei(<z,k(5)>7u}t)7
(6.6)

0 = By Wei(BED) —ot) | g, @) (e k) =at) 4 g @) i((2FO)—wt) | g @) ({2 D) -t) 6.7)
where a;, 8; € Cfori=1,...5,j =1,...,4 are the unknown amplitudes of the different modes of propagation@
We explicitly remark that expressions and for the first component k; and %1 of the wave-vectors,
can give rise, similarly to the Cauchy case, to different scenarios when varying the value of the frequency w and
the material parameters. As a matter of fact, we briefly remarked before that ks can be considered to be known
when imposing jump conditions. Indeed, following analogous steps to those performed to obtain equation
for the interface between two Cauchy media, we can impose the continuity of displacements between a Cauchy
and a relaxed micromorphic medium. Considering the first component of the vector equation for the continuity
of displacement, in which the plane-wave ansatz has been used, one can find, when imposing a longitudinal
incident wave on the Cauchy Sidﬂ

k;,i _ ké,'f’ — kQSV,T‘ — kél),t — kéz),t — kés),t — kéﬁl),t — kés),t. (6.8)

Generalized in-plane Snell’s Law

28We recall again that, once the eigenvalue problem is solved (i.e. once the wave-vector k (resp. K is known) and the eigenvectors
¢ (resp. x) are computed, the only unknowns of the problem remain the five (resp. four) amplitudes a (resp (), which can be
computed by imposing boundary conditions.

29When imposing a longitudinal incident wave on the Cauchy side, kQL’Z is considered to be known. The same reasoning holds

when imposing an incident SV wave; in this case, kQL’i must be replaced by kgv’i in eq. .
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On the other hand, when imposing an out-of-plane shear incident wave, the continuity of displacement at the
interface gives

kSHA — pSHr _ E;l),t _ 7{:’52),15 _ ’k’éB),t _ Egél),t. (6.9)

Generalized out-of-plane Snell’s Law

Equations and tell us that, when fixing the incident wave in the Cauchy medium to be longitudinal
(kX" known), in-plane shear (k5" known) or out-of-plane shear (k5" known), the second components of all
the reflected and transmitted wave-vectors are known. They are the generalized Snell’s law for the case of
a Cauchy/relaxed micromorphic interface. As before, this traces two possible scenarios, given that the value of
ko for the incident wave is always supposed to be real and positive (propagative wave)

1. both ky and ky (resp. ki,ks) are real (when computing ki or ki via (6.1) or (6.2) respectively) so that
one has propagative waves.

2. ky (resp. ks) is real and ki (resp. ki), when computed via (6.1) (resp. (6.2)) is imaginary, so that one
has Stoneley waves propagating only along the interface and decaying away from it.

LY
0000000000
0000000000
_ 0000000000
ki 0000000000
0000000000
0000000000
0000000000
N 0000000000
Propagatmndlrattlon O OOOO O OOOO
0000000000
0060000060
10000000000 ™
40000000000
P000000000
HO0O00O0O000O0
0000000000
0000000000
0000000000
H000000000
A0000000000

Figure 13: Simplified representation of the onset of a interface wave (in red) propagating along the interface between a
homogeneous solid and a metamaterial. Depending on the relative stiffnesses of the two media, each of the existing low
and high-frequency modes can either become Stoneley or remain propagative.

Depending on the values of the frequency, of the material parameters and of the angle of incidence, each of the
five in-plane waves, or of the four out-of-plane waves, can be either propagative or Stoneley. Thus, Stoneley
waves can appear at the considered homogeneous solid/metamaterial interface (see Fig. for a simplified
illustration), both for low and for high-frequency modes.

6.1 Determination of the reflection and transmission coefficients in the case of a
relaxed micromorphic medium

As for the flux, the normal outward pointing vector to the surface (the zo axis) is v = (—1,0,0). This means
that in the expression (2.20]) for the flux, we need only take into account the first component. According to our

definition (2.20)), we have
Hy = —u; 1051 — minPyjjn1, 4,5, h € {1,2,3}. (6.10)

1

This equation for the flux must now be written with respect to the new variables v! and v2. It is a tedious

but easy calculation to see that the following holds

H:= lev}t-(H11~v}1 +H12-U}2+H13-U1>, (6.11)
for the in-plane problem and

H = levi-(H21~v?1 +H22-v?2+H23-v2), (6.12)
for the out-of plane problem, where H'!, H'2, H'3 and H?', H?2, H?3 are matrices of suitable dimensions (found

in Appendix .
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Having calculated the “transmitted” flux, we can now look at the reflection and transmission coefficients for
the case of a Cauchy/relaxed micromorphic interface.
To that end, we again define

1 7 1 7 1 /7
1 —— Hi r_ H'r‘ t I Ht 1
Fez /0 (o t)dt, 7= /O (o t)dt, ' = /O (2, D), (6.13)

where H = HLi, H™ = HL + HSV"" and H' = H. Then the reflection and transmission coefficients are

Jr Jt
R="% T=5 (6.14)

In order to easily compute these coefficients, we again employ Lemma [T} Finally, once again we have that
R+T=1

In the case of a Cauchy/relaxed micromorphic interface, the dependency of the fluxes on the frequency w is
maintained. This is due to the fact that the amplitudes needed to calculate the flux depend on w (dispersive
response), something which is not the case in the Cauchy/Cauchy interface, as was evident in the previous
section.

7 Results

In this section we present our results concerning the reflective properties of an interface between a Cauchy
medium and a relaxed micromorphic medium. We will show that, at low frequencies, the considered interface
can be regarded as an interface between a Cauchy medium and a second Cauchy medium, equivalent to the
relaxed micromorphic oneand with macroscopic stiffnesses Apacro and fimacro, when suitable boundary conditions
are imposed.

Moreover, we will be able to show that critical angles for the incident wave can be identified in the low-
frequency regime, beyond which we can observe the onset of Stoneley waves. These angles are computed from
the relations established in Table [l

In order to present explicit numerical results for the reflective properties of the interface between a Cauchy
and a relaxed micromorphic medium, we chose the values for the parameters of the relaxed micromorphic
medium as shown in Table[d] We explicitly remark that other values of such parameters could be chosen, which
would be more or less close to real metamaterials parameters ([8 I8, [I9]). Nevertheless, the basic results which
we want to show in the present paper are not qualitatively affected by this choice since they only depend on
the relative stiffness of the two media which are considered on the two sides and not on the absolute values of
such stiffnesses.

P [kg/mB] n [kg/m]  pe [Pa]  pe [Pa]  pmicro [Pa]  Amicro [Pa]  Ae [Pa] L [m]
2000 102 2x10° 2x 108 108 108 4 x 108 102

Table 4: Numerical values of the constitutive parameters chosen for the relaxed micromorphic medium.

We can now use the following homogenization formulas, presented in [3, 8], to compute the equivalent
macroscopic coefficients of the Cauchy medium which is approximating the relaxed micromorphic medium at
low frequencies

(2Ne + 3)\6) (QMmicro + 3>\micro)
2(,Ue + Mmicro) + 3(>\e + /\micro) .

He Umicro
He + Mmicro’

2,U/macro + 3>\macro = (71)

Mmacro =

Note that the Cosserat couple modulus p. does not appear in the homogenization formulas (|7.1)).
Using formulas ([7.1)), we compute the stiffnesses Amacro and fimacro 0f the Cauchy medium which is equivalent
to the relaxed micromorphic medium of Table [f] in the low-frequency regime, as in the following Table:

p [kg/mg] )‘macro [Pa] ,U/macro [Pa}
2000 8.25397 x 107  6.66667 x 107

Table 5: Macro parameters of the equivalent Cauchy medium corresponding to the relaxed medium of Table |4f at low
frequencies.
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At this point, we will consider the two cases in which the Cauchy medium on the “—” side (where the
incident wave is traveling) is stiffer or softer than the equivalent Cauchy medium on the “+” side. We will
show how, as expected, this difference in stiffness affects the onset of Stoneley waves at low frequencies and, as
a consequence, the transmission patterns across the considered interface.

We will also show that the relaxed micromorphic model is able to predict the appearance of Stoneley waves
at higher frequencies, which are substantially microstructure-related.

We will finally show that the relaxed micromorphic model also allows for the description of wide frequency
bounds, for which extraordinary reflection is observed. Such frequency bounds go beyond the band-gap region
and are related to the presence of the interface, as well as the relative mechanical properties of the consid-
ered media. In some cases, high-frequency critical angles discriminating between total transmission and total
reflection can also be identified.

7.1 Cauchy medium which is “stiffer” than the relaxed micromorphic one

In this section we present the reflective properties of a Cauchy/relaxed micromorphic interface for which we
consider that the Cauchy medium on the left side is “stiffer” than the corresponding macroscopic parameters of
the relaxed micromorphic medium in Table[5|on the right side. To that end, we chose the material parameters of
the left Cauchy medium to be those presented in Table [6] and we explicitly remark that these values are greater
than those of Table [5] which are relative to the equivalent Cauchy medium corresponding to the considered
relaxed micromorphic one.

plkg/m?®] A [Pa]  pu[Pa
2000 4x108 2x108

Table 6: Lamé parameters and mass density of the Cauchy medium on the left side of the considered Cauchy/relaxed
micromorphic interface.

For the chosen values of the constitutive parameters, the critical angles of the incident wave giving rise
to Stoneley waves can be calculated using Tables [I] and 2] As already mentioned, this approximation for
the Cauchy/relaxed micromorphic interface is valid in the low-frequency regime (see [30]), where the relaxed
micromorphic medium is well approximated by its Cauchy counterpart with macroscopic stiffnesses Amacro
and fmacro- We explicitly identify in the following figures and the “low-frequency regime”, where the
aforementioned approximation is valid, as well as the critical angles governing the onset of Stoneley waves.

The explicit computed values of these critical angles are given in Table [7]

. Lr L H
Incident wave %7 gLt ¢SVt pSH

crit crit crit crit
L _ _ _ _
337 17 _ _

SV 100 200
SH - - _

Table 7: Critical angles governing the onset of Stoneley waves at the Cauchy/equivalent Cauchy interface between the
two Cauchy media given in Tables [6] and [f] respectively. These values are computed according to the formulas given in
Tables [I| and [2} The superscripts r and ¢ stand for “reflected” and “transmitted”.
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Figure 14: Transmission coefficients as a function of the angle of incidence 6; and of the wave-frequency w for L (a), SV
(b) and SH (c) incident waves for the case of macro-clamp with free microstructure. The origin coincides with normal
incidence (8; = 7/2), while the angle of incidence decreases towards the right until it reaches the value 6; = 0, which
corresponds to the limit case where the incidence is parallel to the interface. The band-gap region is highlighted by two
dashed horizontal lines, where, as expected, we observe no transmission. The low-frequency regime is highlighted by the
bottom horizontal dashed line, while the critical angles for the onset of Stoneley waves are denoted by vertical dashed
lines. The dark blue zone shows that no transmission takes place, while the gradual change from dark blue to red shows
the increase of transmission, red being total transmission.

Figure shows the transmission coefficient for the considered Cauchy/relaxed micromorphic interface, as
a function of the angle of incidence and of the frequency, when the microstructure is free to move at the
interface (P is left arbitrary at the interface). The coloring of this plot is such that the dark blue regions
mean zero transmission, while the gradual change towards red is the increase in transmission (red is total
transmission). Before commenting on the details of the behavior of the transmission coefficient, we recall
that the case of free microstructure boundary condition is the only one which allows us to precisely obtain a
Cauchy/equivalent Cauchy interface in the low-frequency regime, something which is not possible when imposing
the fixed microstructure boundary condition (P;; = 0, i = 2,3, j = 1,2,3) at the interface. As a matter of
fact, it is firmly established that a relaxed micromorphic continuum is equivalent to a Cauchy continuum with
stiffnesses Amacro and fimacro When considering the low-frequency regime (see [30]), but this is proven only for
the bulk medium. When considering an interface between a Cauchy and a relaxed micromorphic medium,
the latter will behave exactly as an equivalent Cauchy medium at low frequencies only if the micro-distortion
tensor P is left free at the interface. Indeed, this tensor will arrange its values at the interface in order to let
the low-frequency reflective properties of the Cauchy /relaxed micromorphic interface be equivalent to those of
a Cauchy/equivalent Cauchy interface. On the other hand, if we impose the fixed microstructure boundary
conditions, the tangential components of the tensor P are forced to vanish at the interface, so that the effect
of the microstructure is artificially introduced in the response of the material even for those low frequencies for
which the bulk material would tend to behave as an equivalent Cauchy medium.
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Having drawn such preliminary conclusions, we can now comment Figures[14] and[15]in detail. For the set of
numerical values of the parameters given in Table[6] and 5] we established that Stoneley waves can appear in the
low-frequency regime only when imposing the incident wave to be SV. In particular, the onset of Stoneley waves
in the low-frequency regime can be observed in this case only for longitudinal reflected and transmitted waves
when the angles of incidence are beyond 6% and 6% respectively. This fact can be retrieved in Figure
in which an increase of the transmission coefficient can be observed in the low-frequency regime corresponding to
QCLr’i: (Stoneley reflected waves are created, producing a decrease of the reflected normal flux and, due to energy
conservation, a consequent increase of the transmitted normal flux). On the other hand, we can notice in the
same figure a decrease of the transmitted energy in the low-frequency regime beyond the critical angle 95}1. This
is sensible, given that beyond the value of 9CLr’itt, transmitted Stoneley waves are created, which do not contribute
to propagative transmitted waves in the relaxed micromorphic continuum. We can also explicitly remark that
such a decrease of transmitted energy beyond er’ii in the low-frequency regime is much more pronounced than
in the corresponding Figures and This means that the creation of transmitted Stoneley waves
contributes to a decrease of the transmitted energy in the low-frequency regime, but a decreasing trend for the
transmission coefficient is observed also for the other cases, when considering angles which are far from normal
incidence. This goes along the common feeling, according to which the more inclined the incident wave is with
respect to the interface, the less transmission one can expect. The same behavior, even if qualitatively and

quantitatively different, can be found in Figure [15(b)| in which an increase of transmission can be observed
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Figure 15: Transmission coefficients as a function of the angle of incidence ; and of the wave-frequency w for L (a), SV
(b) and SH (c) incident waves for the case of macro-clamp with fixed microstructure. The origin coincides with normal
incidence (0; = 7/2), while the angle of incidence decreases towards the right until it reaches the value 6; = 0, which
corresponds to the limit case where the incidence is parallel to the interface. The band-gap region is highlighted by two
dashed horizontal lines, where, as expected, we observe no transmission. The low-frequency regime is highlighted by the
bottom horizontal dashed line, while the critical angles for the onset of Stoneley waves are denoted by vertical dashed
lines. The dark blue zone shows that no transmission takes place, while the gradual change from dark blue to red shows
the increase of transmission, red being total transmission.
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Direct comparison of Figures and allows us to identify the effect that the chosen type of boundary
conditions has on the transmission properties of the interface. We already remarked that, at low frequencies,
common trends can be identified which are related to critical angles determining the onset of Stoneley waves at
the Cauchy/equivalent Cauchy interface. Nevertheless, some differences can also be remarked which are entirely
related to the choice of boundary conditions.

Surprisingly, the effect of boundary conditions intervenes already for low frequencies, meaning that the fact
of imposing the value of P at the interface introduces a tangible effect of the interface microstructured properties
on the overall behavior of the considered system. In particular, we can notice that the fact of forcing P = 0
at the interface globally reduces the low-frequency transmission for angles which are much closer to normal
incidence, than for the case of free microstructure. This means that the fact of considering a microstructure
which is not free to vibrate at the interface, allows for microstructure-related reflections, even if the frequency is
relatively low. Such additional reduction of transmission takes place for incident waves which are very inclined
with respect to the surface (6; < 7/4).

Up to now, we only discussed the transmittive properties of the considered Cauchy/relaxed micromorphic
interface on the low-frequency regime. Some of the features that we discussed on Stoneley waves can be retrieved
by observing Figures [I6] [I7] and [I§ in which the plots of the imaginary part of the first component of the wave
vector ki are given for each mode of the relaxed micromorphic medium, for L, SV and SH incident waves
respectively.
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Figure 16: Values of Im(k1) as a function of the angle of incidence 6; and of the wave-frequency w for the five modes of
the relaxed micromorphic medium and for the case of an incident L. wave. The origin coincides with normal incidence
(8; = m/2), while the angle of incidence decreases towards the right until it reaches the value 6; = 0, which corresponds
to the limit case where the incidence is parallel to the interface. The first two modes (a) and (b) correspond to the L and
SV modes for the equivalent Cauchy continuum at low frequencies. The red color in these plots means that the mode is
Stoneley and does not propagate, while blue means that the mode is propagative.

The blue region denotes Im(k;) = 0 (which implies that k; is real), while Im(k;) is not vanishing in the
red regions. In other words, we can say that for each mode, the red color means that there are Stoneley
waves associated to that mode. The first two modes in Figures [16| and [17] correspond to L and SV Cauchy-like
modes, while the first mode in Figure [[§is the SH Cauchy-like mode in the low-frequency regime. Since we are
considering a relaxed micromorphic medium, three additional modes with respect to the Cauchy case are present
both for the in-plane (Figures and and for the out-of-plane problem (Fig. . For the Cauchy-like modes
we can observe that at low frequencies they are always propagative, except in the case of an incident SV wave,
for which Stoneley longitudinal waves appear beyond er’ii (also Stoneley reflected waves can be observed in this
case, but we do not present the plots of Im(k;) for reflected waves to avoid overburdening).

We can note by inspecting Figures and (Fig. [18|that the presence of Stoneley waves at high frequencies
is much more widespread than at low frequencies for all 5 (resp. 4) modes.
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Figure 17: Values of Im(k1) as a function of the angle of incidence 6; and of the wave-frequency w for the five modes of
the relaxed micromorphic medium and for the case of an incident SV wave. The origin coincides with normal incidence
(0; = m/2), while the angle of incidence decreases towards the right until it reaches the value 6; = 0, which corresponds
to the limit case where the incidence is parallel to the interface. The first two modes (a) and (b) correspond to the L and
SV modes for the equivalent Cauchy continuum at low frequencies. The red color in these plots means that the mode is
Stoneley and does not propagate, while blue means that the mode is propagative.
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Figure 18: Values of Im(k1) as a function of the angle of incidence 6; and of the wave-frequency w for the four modes of
the relaxed micromorphic medium and for the case of an incident SH wave. The origin coincides with normal incidence
(8; = m/2), while the angle of incidence decreases towards the right until it reaches the value 6; = 0, which corresponds
to the limit case where the incidence is parallel to the interface. The first mode (a) corresponds to the SH mode for the
equivalent Cauchy continuum at low frequencies. The red color in these plots means that the mode is Stoneley and does
not propagate, while blue means that the mode is propagative.

We can observe by direct observation of Figures and [18] that high-frequency critical angles exist for
each mode corresponding to which a transition from Stoneley to propagative waves takes place. The value
of such critical angles depends on the frequency for the medium-frequency regime and become constant for
higher frequencies. The influence of the existence of such high-frequency critical angles can be directly observed
on the patterns of the transmission coefficient in Figures and in which high frequency transmission is
observed for angles closer to normal incidence and no transmission is reported for smaller angles due to the
simultaneous presence of Stoneley waves for all modes. We can call such zones in which transmission is equal
to one “extraordinary transmission regions” (see e.g. [27]). Such extraordinary transmission can be used as a
basis for the conception of innovative systems such as selective cloaking and non-destructive evaluation.

We can finally remark that the influence of the choice of boundary conditions on the high-frequency behavior
of the transmission coefficient is still present, but do not determine drastic changes on the transmission patterns

(see Figures [14] and [15)).

7.2 Cauchy medium which is “softer” than the relaxed micromorphic one

In this section we present the reflective properties of a Cauchy/relaxed micromorphic interface for which we
consider that the Cauchy medium on the left is “softer” than the relaxed micromorphic medium on the right in
the same sense as in the previous section. To that end, we choose the material parameters of the left Cauchy
medium to be those presented in the following Table and we explicitly remark that these values are smaller
than those of Table [l

p [kg/m’] A [Pa] 4 [Pa]
2000  2x107 0.7 x 107

Table 8: Lamé parameters of the “softer” Cauchy medium on the left side of the considered Cauchy /relaxed micromorphic
interface.
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With these new parameters we can compute again, following Tables [1] and [2] the critical angles for the
appearance of Stoneley waves at low frequencies. We present these values in Table O}

Incident wave 0% gLt SVt pSHt

crit crit crit crit
37 497 _
L — 100 200
Ve 117 397 _
SV 20 25 100
SH - - - &

100

Table 9: Critical angles governing the onset of Stoneley waves at a Cauchy/equivalent Cauchy interface between the
two Cauchy media given in Tables [§| and [5] respectively. These values are computed according to the formulas given in
Tables |I| and E} The superscripts 7 and ¢ stand for “reflected” and “transmitted”, respectively.

Figures [19 and 20| show the transmission coefficient for the softer Cauchy/relaxed micromorphic interface as
a function of the angle of incidence and of frequency for both boundary conditions. The coloring of this plot
is again such that the dark blue regions mean zero transmission, while the gradual change towards red is the
increase in transmission (red being total transmission).

Table [9] shows that when the incident wave travels in a soft medium and hits the interface separating this
medium from a stiffer one, many critical angles exist which determine the onset of Stoneley waves for all types of
incident wave at low frequencies. Since many more Stoneley waves are created with respect to the previous case
of section[7.1] we would expect less transmission in the low-frequency regime than before. This is indeed the case
if we inspect Figures[I9]and 20} the presence of low-frequency Stoneley waves induces a wides zero-transmission
zone in the low-frequency regime. We can also detect a certain role of boundary conditions in widening these
zero-transmission zones when considering the fixed microstructure boundary condition (see Figure .

Figures and [23] once again show the imaginary part of the first component of the wave-vector ki for
each mode of the relaxed micromorphic medium on the right. We see that Stoneley waves are observed almost
everywhere both at low and high frequencies, with the exception of angles which are very close to normal
incidence. Once again, the blue region denotes Im(k;) = 0 (which implies that k; is real), while Im(k;) is not
vanishing in the red regions, which means that for each mode, the red color denotes that there are Stoneley
waves associated to that mode. The first two modes in Figures [21] and [22| correspond to L and SV Cauchy-like
modes, while the first mode in Figure is the SH Cauchy-like mode in the low-frequency regime. Since we
are considering a relaxed micromorphic medium, three additional modes with respect to the Cauchy case are
present both for the in-plane (Figures[21{and and for the out-of-plane problem. For this choice of parameters
which make the left-side medium “softer” than the corresponding Cauchy medium on the right, we see that the
Cauchy-like modes for all incident waves become Stoneley after a critical angle (clearly denoted on the plots
with a vertical dashed line), something which is in accordance with Table @ Also Stoneley reflected waves can
be observed in this case, but we do not present the plots of Im(k;) for reflected waves to avoid overburdening.

We can conclude that it is possible to create an almost perfect total screen, which completely reflects incident
waves for almost all angles of incidence and wave frequencies. This extraordinary possibility can be obtained
by simply tailoring the properties of the left Cauchy medium which has to be chosen to be suitably softer than
the right equivalent Cauchy medium. Regions of extraordinary transmission for very wade ranges of incident
angles and wave frequencies can be engineered, opening the door to exciting applications.
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Figure 19: Transmission coefficients as a function of the angle of incidence 6; and of the wave-frequency w for L (a), SV
(b) and SH (c) incident waves for the case of macro-clamp with free microstructure and for a “softer” Cauchy medium
on the left. The origin coincides with normal incidence (0; = 7/2), while the angle of incidence decreases towards the
right until it reaches the value 6; = 0, which corresponds to the limit case where the incidence is parallel to the interface.
The band-gap region is highlighted by two dashed horizontal lines, where, as expected, we observe no transmission.
The low-frequency regime is highlighted by the bottom horizontal dashed line, while the critical angles for the onset of
Stoneley waves are denoted by vertical dashed lines. The dark blue zone shows that no transmission takes place, while
the gradual change from dark blue to red shows the increase of transmission, red being total transmission.
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Figure 20: Transmission coefficients as a function of the angle of incidence 6; and of the wave-frequency w for L (a), SV
(b) and SH (c) incident waves for the case of macro-clamp with fixed microstructure and for a “softer” Cauchy medium
on the left. The origin coincides with normal incidence (0; = 7/2), while the angle of incidence decreases towards the
right until it reaches the value 6; = 0, which corresponds to the limit case where the incidence is parallel to the interface.
The band-gap region is highlighted by two dashed horizontal lines, where, as expected, we observe no transmission.
The low-frequency regime is highlighted by the bottom horizontal dashed line, while the critical angles for the onset of
Stoneley waves are denoted by vertical dashed lines. The dark blue zone shows that no transmission takes place, while
the gradual change from dark blue to red shows the increase of transmission, red being total transmission.
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Figure 21: Values of Im(k1) as a function of the angle of incidence 6; and of the wave-frequency w for the five modes of
the relaxed micromorphic medium for the case of an incident L wave and a “softer” Cauchy medium on the left. The
origin coincides with normal incidence (6; = 7/2), while the angle of incidence decreases towards the right until it reaches
the value 6; = 0, which corresponds to the limit case where the incidence isparallel to the interface. The first two modes
(a) and (b) correspond to the L and SV modes for the equivalent Cauchy continuum at low frequencies. The red color
in these plots means that the mode is Stoneley and does not propagate, while blue means that the mode is propagative.
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Figure 22: Values of Im(k;) as a function of the angle of incidence 0; and of the wave-frequency w for the five modes
of the relaxed micromorphic medium for the case of an incident SV wave and a “softer” Cauchy medium on the left.
The origin coincides with normal incidence (; = 7/2), while the angle of incidence decreases towards the right until it
reaches the value 0; = 0, which corresponds to the limit case where the incidence is parallel to the interface. The first
two modes (a) and (b) correspond to the L and SV modes for the equivalent Cauchy continuum at low frequencies. The
red color in these plots means that the mode is Stoneley and does not propagate, while blue means that the mode is
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Figure 23: Values of Im(k1) as a function of the angle of incidence ; and of the wave-frequency w for the four modes
of the relaxed micromorphic medium for the case of an incident SH wave and a “softer” Cauchy medium on the left.
The origin coincides with normal incidence (; = 7/2), while the angle of incidence decreases towards the right until it
reaches the value 6; = 0, which corresponds to the limit case where the incidence is parallel to the interface. The first
mode (a) corresponds to the SH mode for the equivalent Cauchy continuum at low frequencies. The red color in these
plots means that the mode is Stoneley and does not propagate, while blue means that the mode is propagative.

8 Conclusions

In this paper we present the detailed study of the reflective and refractive properties of a two-dimensional
interface separating a classical Cauchy medium from a relaxed micromorphic medium. Both media are assumed
to be semi-infinite.

We show in great detail that critical angles of incidence exist, beyond which classical Stoneley waves appear
at low frequencies. It is shown that these critical angles directly depend on the relative mechanical properties of
the two media. Moreover, we unveil the existence of critical angles which give rise to Stoneley waves at higher
frequencies. These Stoneley waves are clearly related to the presence of an underlying microstructure in the
metamaterial.

We show that, due to the onset of low and high-frequency Stoneley waves, wide frequency bounds where
total reflection and/or total transmission occur can be engineered. This total reflection/transmission phe-
nomenon is appealing for applications, in which total screens for elastic waves, such as cloaks or wave-filters,
are desirable. It is clear that the ability of widening the frequency and incident angle intervals for which total
reflection/transmission occur, would be of paramount importance for conceiving new devices which are more
and more performant for wavefront manipulation.

We also clearly show that the simple fact of suitably tailoring the relative stiffnesses of the two media allows
for the possibility of conceiving almost perfect total screens which do not transmit elastic waves for any kind
of incident wave (longitudinal, in-plane and out-of-plane shear) and for almost all (low and high) frequencies
and angles of incidence. Acting on such relative stiffnesses allows to achieve also the opposite situation, where
total transmission occurs for large frequency bounds before a microstructure-related critical angle. This could
be exploited for the conception of selective cloaks which make objects transparent to waves dependently on the
angle of incidence.

Further work will be devoted to extending the present results to the case of anisotropic media and to
considering refection/transmission properties at interfaces between finite media.
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A Appendix for the classical Cauchy model

A.1 Calculation of the determinant of A

We demonstrate the explicit calculation of the determinant of the matrix

Ao w? — clzkf - cfk% 76%/k1k2 ‘ (A1)
—cZ kiks w? — k3 — k32
We have
det A = (w - cl 212 cﬁk%)( 2kl — c2kf) — v kK2
=w' — W G (k] + k3) — w S (kT + k3) + ci 2 (ki + k) + (cf + c5)kik — cvkiks (A.2)

= w — W (kl + kg)(Cl +CS) +Cl Cs(kl + kg) + (Cl +Cs)k1k2 — Cvkle
2u+A+pu Cu+Npu (2u+ N2+ p?
p * p? p?

k?k% Mkle

=w' — W (k] + k3) (k1 + k3) +

= [712 [P%w" — pw® (2 + NE? + (2 + NE + pk? + pk3) + p(20 + Nk + (20 + NES + 2020 + NkE3]

= 5 [ — e M(RE 4 8) = ik + 02) + (2 ) (K + kDuCkE + )]

= o [0 + ) = )2+ )8 + ) = 2+ )8 + ) + 7

= /712 (2p+ A (kT +k3) — pw?) (kY + K3) — pw) - (A.3)

A.2 Lemmal(l

We have the following well-known result.

Lemma 1. Let . |
ul(x,t) _ A(m)el(wt_kx), ug(m,t) _ B(x)ez(wt—kx)
be two functions with A, B : R* — C. Then the following holds

2T

where T is the period of the functions u1,us and B* denotes the complex conjugate.

%/0 Re{ui(z,t)}Re{us(z,t)}dt = iRe(AB*)7 (A4)

Proof. We have:

LT LT {(wt—k) i(wt— k)
= /0 Refus (2, ) Refus(c, )}t = /0 Re (4e ) Re (Be ) dt

1 /T Aei(wtsz) +A*67i(wt7kz) B€i<Wt7km> +B*67i(wt7k1)

dt
2 2

_ 1 T AB 2iwt 2ikx AB* A*B A*B* 2wt 2ikx
=7 ; - ¢ e + + 1 1 e‘ : e”""rdt
periodic periodic
_1/["4B ZA / Re(AB")di = _Re(AB"), (A.5)

where we used the facts the periodic function 62“’)t integrated over its period is zero and that for any complex number

2 € C: Re(z) = . [ |

A.3 Conditions for the appearance of Stoneley waves

We explicitly demonstrate all calculations carried out in order to produce Tables [1f l and [2) I

Incident L, transmitted waves

In this case, k2 = —|k|cos = —= cos 6.
°rL
e L-mode:
2 2 2 2 —\ 2 Fre — -
w 9 w 9 w w 9 5 cr pT(2u” + A7)
— | —k<0=>|—) <kt=|—]| <|— ‘0= cos"O0> ) =—F———"+~. A6
(5) <= (5) <= (5) <(3) wromero>(E) -FGe @9
e SV-mode:

2 + — —
) :”(2;‘_7#1”). (A7)

2 2 2 2
(%) — k3 <0=> <%> <ki= (%) < <i7) cos® 0 = cos® 0 > <
cd Cg Cs CrL

e NS
m-s-‘h [



Incident SV, transmitted waves

In this case, ks = —|k|cos§ = — £ cos 0.
Cs
e L-mode:
w2 w )2 w2 w2 =\ 2 ot
— fk2<0:>(—) <k2:>(—) <(—) 00520$00520>(—S) = A8
(ct) ’ /) 7 \eq cs i) “rewon O
e SV-mode:
w2 w2 w2 w2 =\ 2 ot
=) —kE<o= (= <k2:><—> <(—> 20 => 29><—S> = . A9
Incident SH, transmitted waves
In this case, k2 = —|k|cos = —-= cos .
Cs
e SH-mode:
w\2 w2 w2 w\?2 =\ 2 ot
=) —k<0o= (= <Ic2:>(—) <(—> cos20:>cos.20>(—5> = ) A.10
(C’S" > 2 (c;r ) ? e cg ek p T ( )

Incident Longitudinal, reflected waves

In this case, ka = —|k|cosf = —“ cos¥.
‘L

2 2 2 2 N2
(%) —ki<0=> (%) <ks= (%) < <i7) cos® 0 = cos® 6 > <c—f) =1, (A.11)
Cr ‘L ‘L Cr Cr
which renders the L mode becoming Stoneley in the case of an incident Longitudinal wave, impossible.
e SV-mode:
w )’ w)? w)? w\? e\’
(—_) —k3<0= (—_) < k= (—_) < (—_) cos? 0 = cos? 6 > (%) > 1, (A.12)
Cs Cs Cs ‘r Cs

which renders the SV mode becoming Stoneley in the case of an incident Longitudinal wave, impossible, since ¢, > cg
by definition.

e L-mode:

Incident SV, reflected waves
In this case, ko = —|k|cosf = —“ cos¥.
€s

e L-mode:

2 2 2 2 — 2 _

w 2 w 2 w w 2 2 Cg o
— — k3 <0= | — <ks=|[— <[ = 0= 0> (= = — - A.13
(c;) 2 (cz) 2 (c;) (cg) cos peaes (cz) @ 1Ay A

e SV-mode:
w )’ w )’ w)? w\? Cq 2
(—_) —k3<0=> (—_) <ki= (—_) < (—_) cos® 0 = cos® 6 > <—§> =1, (A.14)
Cs Cs Cs Cs Cs
which renders the SV mode becoming Stoneley in the case of an incident SV wave, impossible.
Incident SH, reflected waves

In this case, ko = —|k|cosf = — = cosf.
S

2 2 2 2 .2
(%) —ki<0= (%) <ki= (%) < (%) cos® § = cos® 6 > <c—§) =1, (A.15)
Cs Cg Cs Cs Cs

which shows that there can be no reflected Stoneley waves in the case of an incident SH wave.

e SH-mode:
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B Appendix for the relaxed micromorphic model

B.1 Governing equations in component-wise notation

)\e + 2NE He + fhe

— fe + A 2
ULt = Tul,ll + wuzl e

A
u1,22 + K P P11 — ?e(Pll,l + P21 + Ps31)

e+ c e — [Mc
_lpetp)p lezp)p

(Ae +2pe)

c+ e e c+)\e 2e
U2, tt = P u222+ﬂ K K K K

Ae
U211 + ————————U1,12 — Pyso — —=(Pi1,2 + Pa2,2 + Ps3,2)
p P P

s

’

e+ c e — Mc
_HeTlep , HeTHep,,,
P P

e + c e c e + c
U3 tt = u(u3,11 + ug,22) — K ’ r (P31 + Pas2) — u(13:’,1,1 + Ps2.2),
2 + )\ )\ + micri >\ + >\mi T Lg
Py = %ul,l + Weuzz — gHe T Hmic R T (P11 + Paa + Ps3) + 'uen (Pi1,22 — Pi2,12),
e + c e — Mec e + c + micro e — HMc + micro ELE
Pioy = uul,2 + He — 1t Ug,1 — He T He T 1 Py — He —He T 1 P + K’ (Pi2,11 — P11,12),
n n n n n
e — Mec e + c + micro e — Hec + micro eL2
P34 = uU3,1 — %Pw - %Pm + HeZe (Pi3,22 + Pi3,11),
- > + > > + micr + + micri Lg
Py ¢ = um,z + fle T He U2,1 — fle — Fe T Pmic °Pia — . ° Po1 + fie (P21,22 — Pa2,12),
n n n n
2 e+)\e )\e e+ micr: )\e+>\mir ELE
Pos 4y = Miuzz + —ui,1 — gHle T Hmic ) T (P11 + Paa + Ps3) + ,un (Pa2,11 — P21,12),
e — Hec e + c + micro e — HMec + micro EL2
Po3 1 = uu:s,z — %P% - %Pw + HeZe (P23,22 + P2s.11),
e + c e — Mec + micro c + e + micro eLg
P14 = uU3,1 - %Pw — %PSI + a (Ps1,22 — Ps2,12),
n n n
+ - + micr + + micr Lz
Pagyr = He T Heyyy — WP% _ Wp& 4 He (Psa.11 — Ps112),

LZ
(P11 + P2 + Ps3) + K’

(P33,22 + Ps13,11)-

)\e e T Mmicro >\e + )\micro
Ps3 4 = ;(Ul,l + ug,2) — Z%Pw -

B.2 Governing equations with new variables
Define the new variable<®)]
1 1
PS = §(P11 + Py + P33), PP =Py —P° PP =Py— P Py = i(PM + P),

1 1
Py = (Piy — Py1), Pasy = §(P23 + Ps2), Prag) = §(P12 — P»1),

1
2

30The definitions are motivated by the Cartan-Lie decomposition of the tensor P.

44



with v = 2,3 and rewrite the equations with respect to these new variables:

2€+)\6 e+ c e c+)\e e 3)\e+2€ e c
ULt = ad w111 + fle T H u1,22 + He 7 He T Ay, 12 — Qufpf?l - 7”135{ - 2ILP(12),2 - QILP[H],Q,
P P p P
e c+Ae e+ c 2e+>\e e 3>\e+2e
U2t = %UIJQ g HeTHe,, a1+ “7“2722 - Q/LPQL,)Q - 7”13,3 2*P(12) 1+ ghe P[12] 15
P P P P
4 e 2 e e + micro eL?; eL(Q; EL(Q; 2 eLC Lc
Pl?tt: B 11 *ﬂ*W,?—Q‘ﬂiu P1D-|-L P1L,)11+ = P1L,)22+ = P2Dz2—*ﬂ P11—|—
3 3 7 31 3 31
_ €
377
2 e 4 e eLg e + Mmicro EL? eL(‘ EL(‘ 2 eLz
PQE,)tt:**/Lul,lJr*'u*uz,QJrLan*QM K P2D+M 'le,jn K P222Jr'u PS1**M <P,§2
3n 3n 3n n n 3n 3n 3
2 2
HELC Lc
- P, P,
31 (12),12 T (12],125
2 2 L? L 2 2bmicr micr 2 peL?
P,it: :U’€+3)\eu171+ Me+3)\eu2’2_lﬁe CPI?I He cP2722_(//4e+3)\e)+(,LL cro + 3A co) _,'_7/16 b
31 31 31 31 7 3
2 ueL 2 ueLz
P3, - = P,
+ - 3 1 227 3 (12),125
e 1 CL 1 cL cL e+ micro 1 CL2 1 CL2
Poy e = Pe —u1,2 + /LUQ 11— e P1?12 -k ch 12 — K CPS - 2%]3(12) + *up(m),u + *up(m),n
7 7 2 2 U] 2 2
1 .U‘CLE 1 .U‘cLi
= — HeZep
+ 2 1 (211~ 5 " [12],225
1 peL? 1 peL? 1 peL? 1 peL? 1 pueL?
Ppiojue = fe —u1,2 — &UQ L ¢ PPy + _He PPis+ *Meip(m),u *Lp(u),zz - Q&P[m] + *Lp[u],u
7 U] 2 7 2 2 2 U] 2
1,U/EL?
+ = ——Pp19),22,
5 5 lo
_|_
Uzt = u(us,u + usz,22) — Q&P(w)@ + Q&P[lii],l —oke Pos)2 + plac < Ppos) 2,
P P P P p
He Me + Mmicro L L ELE 1 MELE 1 1% LE
P, == —2=—T"""P ,7p Ly & =P - = ——CPp
(13),tt " UER] " (13) T (13),11 + " (13),22 T 5 2 1 13,11~ 5 2 [23],125
. 1 peL? . 1 peL? L2 1 peL? 1 peL?
Piayje = *%U:m + i'u < Pasy,11 — 2;P[13] + §TCP[13],11 + %P[w],m + 5%323),12 - iuppg],m,
e 1 ,LLEL¢2; 1 ,UfeLi He + Mmicro HeLg 1 HEL(Q; 1 ,UteL?;
Progyoe = Beugs — = P SHeZep -2 P Ppo: ~HeZep ~HeZe
(23),tt " u3,2 2 (13),12 + 2 1 [13],12 " (23) + " (23),11 T 2 7 (23),22 T 2 7 [23],225
12 2 2 2 2
L2 L2 1 pe L2 . L2 1 e L2
Pag) i = —% + > 17 P3y12 — 3 Ppajie + i'ueTP(m),QQ - Q%P[%] + MSTP[%],H + iue Pag) 0.
Collect the new variables as
T
o' = (U17u2,PRPzD,PS,P(uyP[m]) , (B.1)
T
v’ = (u3,P(13)’P[13]7P(23)7P[23]) . (B.2)

B.3 The matrices A; and A,

The form of the matrices being too complicated to fit in one page, we present both A; and Az in a column-wise sense.

(k% 2He;>\e + kg%) Y 5 iko He*ﬂpc"‘Ae g
k1ko ueﬂ;ﬁrxe (Rf% +k§ 2ucp+>\c) —w?
72ik1“7€ 0
An = 0 y A= —2iks e ; (B.3)
—iky 3>\e:2#e —iko 3>\e+2#e
_Qik2f‘7€ —szl—
27;]62‘%6 22]€1‘u—;
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pelLc
3n

A1z

Ars

Then, the matrix A; is

As for A5 we have:

(k

A21

e L2

A23 -

(5

Then, the matrix As is

2(k7 + k3) e

4,1 Me
3’lk1 p

25, Be
3Zk2 n

2
+k§“"ni) +2“e+l‘nﬂ,w2

As = (Azy, Asz, Ass, Ao, Ass)”
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B.4 Dispersion curves analysis of the relaxed micromorphic model

B.4.1 In-plane variables

First, observe that after replacing the wave form (5.10)) in (2.8]), A1 can be written as (see Appendix for a demon-
stration of these matrices):

Ay = |k|PAf — W?1 —i|k|Bf — CT. (B.10)

We now investigate the behaviour of the polynomial det A; for the two limiting cases |k| — 0 and |k| — oo, the final

goal being to be able to determine the cut-off frequencies and asymptotes of the dispersion curves.
Letting |k| — 0 and using (B.10), the equation A; - v = 0 becomes

W1+Cf)-v' =0 (B.11)

Using expression (B.30) for C{* given in Appendix [B] we get

w0 0 0 0 0 0

0 w? 0 0 0 0 0

0 0 w—u? 0 0 0 0

0 0 0 w? — w? 0 0 0 -t =0. (B.12)
0 0 0 0 w? — w? 0 0

0 0 0 0 0 w? — w? 0

0 0 0 0 0 0 w? —w?

This allows us to deduce that for small values of |k|, the cut-off frequencies of the dispersion curves are w = 0, w = ws,
W = wr, w = wp as shown in Figure [T1]

As for when |k| — oo, we consider the case where the ratio |k|/w remains finite and so instead of studying the whole
system we can simply regard the reduced system

(|k|2Af - w21[) ot =0. (B.13)
The determinant of |k|>AF — w?1 is
det (|k|2Af‘ - an) = W (K2, — WP (kP23 — W) (KPS — w?). (B.14)

If we solve the equation det (\k|2Af‘ — w211) = 0, we find the solution w = 0, which has to be excluded since it violates the
requirement |k|/w finite for |k| — co. The other solutions are w = c¢m|k|, w = cyl|k|, w = ¢p|k|; these are the asymptotes
to the dispersion curves.

Finally, the two horizontal asymptotes are w = w; and w = w; (see Section for the analytical method of how to
find them).

The first, second and fifth modes all have the same asymptote w = ¢ |k| (Figure [24] (a)). Unfortunately, due to the
very complicated expressions for wa(|k|) and ws(|k|), this cannot be analytically reaffirmed; numerically, however, we
find:

lim_Jwi([K]) — emlk]l = 0,
|k| =00

fori=1,2,5.

Figure summarizes the main characteristics of the dispersion curves that we find for an isotropic relaxed micro-
morphic medium (cut-off frequencies, horizontal and oblique asymptotes). Figures (a), (b) andshow in more detail
the oblique and horizontal asymptotes for the different modes.

B.4.2 Out-of-plane variables
Similarly to the in-plane case, we can again write
Ay = |k AR — w1 — i[k|BY — CF. (B.15)

We now investigate the behavior of the polynomial det Ay for the two limiting cases |k| — 0 and [k| — co.
Letting |k| — 0, equation Az - v*> = 0 becomes

w? 0 0 0 0

0 w?—uw? 0 0 0

0 0 w? — w? 0 0 0? =0. (B.16)
0 0 0 w? — w? 0

0 0 0 0 w? — w?
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Figure 24: (a) Three distinct modes have distinct cut-off frequencies but a common asymptote with slope ¢y, (b) Two
distinct modes have the same cut-off frequencies but asymptotes with different slopes ¢y and c,.
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Figure 25: Two modes with horizontal asymptotes w; and w;.
This allows us to deduce that for small values of |F15|7 the cut-off frequencies of the dispersion curves are w = 0, w = ws,
w = wr as shown in Figure [[2} _
We now let |k| — oo and we once again assume that the ratio |k|/w remains finite. Then, the system reduces to

By -v? = (|k[2PAR — w?1) - 0% =0, (B.17)

48



Wherd?’;rl

k23 — w? 0 0 0 0
0 k|22, (362 +€2) — w? RN — L[k &8 RN
E, = 0 GRS k[2c2, (€3 + €3) — w? LIk|2c2.6.6 1|k|2cm &
0 —Lk2e2 616 RN k|22, (2 252) —w? Lek2ez,
0 Lk, 616 L[k 66 11k[2c2,2 k|22, (€3 + 1€3) — w?
(B.18)
The determinant of Es is _
det By = —w? (K22, — )P ([B2 — w?). (B.19)

The solutions of det E2 = 0 obviously are w = 0,w = ¢m,w = ¢y. We have to exclude the first since it violates the

condition that k/w is finite for \E| — oo and so we conclude that the two non-horizontal asymptotes are the two remaining
solutions. Finally, the only horizontal asymptote is w = w: (see Section [B.4.3)).
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Figure 26: (a) First mode with cut-off frequency w;, and second and third modes which overlap for large values of |75|,
all have the same asymptote ¢, (b) The fourth mode has an asymptote with slope cy.

In this case, we have that as |E| — 00, the two modes w2 and w3 overlap. Indeed, it can be checked (numerically)
that ~ ~
lim @ ([k[) — ws([k[)] = 0.

|k]—o0

Furthermore, we again see that the first, second and third modes have the same asymptote w = cmﬁﬂ, a fact which
cannot be analytically shown due to the complicated expressions involved; however, numerically we find that

hm |&i ( |k|) — cm\k:|| =0,
|&|—

fori=1,2,3.
Figure summarizes the main characteristics of the second set of dispersion curves for the relaxed micromorphic
medium. Figures [26] and [27] show in more detail the oblique and horizontal asymptotes for different curves.

B.4.3 How to find the horizontal asymptotes

In order to be sure that the horizontal asymptotes, computed before by splitting the whole problem of the relaxed model
in two uncoupled problems, are w; and w;, we follow what was done in [9].

31We present the form such a matrix takes for the out-of-plane variables in the main text since it has a more transparent form,
being of smaller dimension.
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Figure 27: The fourth mode has the horizontal asymptote w;.

We begin by constructing the following matrix:

Ay

Ao 7 (B.20)

o O O o o o o
o O O o o o o
o O O o o o o
o O O o o o o
o O O o o o o

Ay

0
0
0
0
0

o o o o o

0 0 0 0
0 0 0 O
0 0 0 0
0 0 0 O
0 0 0 0

o o o o o

which is the full matrix of coefficients of the governing equations (2.8)) after making the plane-wave ansatz. Furthermore,
we define the two auxiliary matrices

~ A 0 ~ 1 0
A = , Ay = . (B.21)
0 1s 0 A
We immediately see that L
Ap = A1 Az, (B.22)
which implies that N N
det Ao = det A1 det A2 = det Al det A2. (B23)

Now, the polynomial p(|k|,w) = det Ag is of degree 18 in |k| and only involves even powers of |k|. We can write it as

(K|, w) =Y con(w?)|K[*". (B.24)
h=0

Following the same proof as found in [9], we find again the necessary condition a horizontal asymptote has to satisfy
is c1g(w?) = Olfl This gives us the two solutions

w=w W=w. (B.25)

32This result follows if we divide by |k|'® and let |k| — oo.
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B.5 Decompositions of A; and A,

We recall that

= |k?Af — w?1 —i|k| B — Cf, B.26)
= |k|?AF — W1 — i|k|BSY — CF. (B.27)
The matrices A, BF, CF, AF BE CE, are presented here.
grretie pfuetic  ggesietie 0 0 0
—E16s ue—upcME €2 uc+ue +é2 >\e+2Me 0 0 0
0 0 (€2 + 3¢62) “‘;,53 & “1;,2 (—2e2 + e EEE g, “Zf
Af = 0 0 grlete (€2 — +€3) “;53 (€ -ed)ele g6l 3
0 0 gk = Beks ~616 %
0 0 G —ei6,ekd —eygp ek “252
0 0 —&r16 1T : £182 Me . 0 (€7 - & %
(B.28)
0 0 —Gfe 0 PR e g2
0 0 0 G2 g PetBe g e g 2e
S —&o e 0 0 0 0 0
Bi'=| g £ 4;; 0 0 0 0 0 , (B.29)
£ 32 ;}2“6 gp 2Rc e 0 0 0 0 0
ke ke 0 0 0 0 0
52% & % 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 — 2(ua+;anicro) 0 0 0 0
ct=| o o 0 — 2t i) 0 0 0 . (B.30)
0 0 0 0 — Qute+92e )+ (Gimicro Pomicro) 0 0
0 0 0 0 0 _ 2(M6+Zmicro) 0
0 0 0 0 0 0 —2he
Finally, we have that
= |k|?AT — W1 — i|k|Bff — Cf. (B.31)
As for Az, it can be written in a similar fashion. We have
r 0 0 ° N
0 “C—Lg(lg? +ed)  fg “rae e
e o i mligig)  tligg _eelleg, |, (B.32)
0 ~telicg, velicies “67(51 +163) %5%
0 telice “ellgin mligg  meli@ 4 1g)
0 =gy Heg egy Heg 0 0 0 0 0
begy 0 0 0 0 0 —2etimico) g 0 0
By =| —teg 0 0 0 0 , C¥=10 0 — e 0 0
be gy 0 0 0 0 0 0 0 —2lebimad) g
—Heg, 0 0 0 0 0 0 0 0 — Qﬁ;c
(B.33)
And then, we can write Ay as
= |k|?AF — W1 —i|k|BS — C5. (B.34)
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B.6 Energy flux matrices

The expression for the energy flux in the relaxed micromorphic model for the case of in-plane motion is given by

where

U —
0 —e

He — He 0

0 0

H'? = 0 0

0 0

0 0

0 0

Hy=vly - (H" vy + HZ 0y + H? -0,

—HMe — Hc

—2pe — Ae

0

0

0

0

0

0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
LZpe 0 L2pe
L2pe 0 L2pe

o o O o o

0

0

0
LZpe
LZpe

0

0

0
0

_Lgﬂe

_Lzﬂe
Lgﬂe

0
0

—Lpe

_Lgﬂe

0
0

0 0 0 0
0 0 0 0
—LZpe  LZpe 0 0
—2L2%p. 0 0 0 )
0 —2L21e 0 0
0 0 —L2pe —L2p.
0 0 —L2pe  —L2pe
0 0 2ue 0 2pue+3A
00 0 0 0
00 0 0 0
, H3=| 0 0 0 o0 0
00 0 0 0
00 0 0 0
00 0 0 0

2

o O o o o

(B.35)

—2pte
0

0
0
0
0

(B.36)

In the case of out-of-plane motion, the expression for the energy flux in the relaxed micromorphic model is given by

where

— e — He

H21 —

o o o o o

o O ©o o o o

Hy, =

0 0

0 0

0 0

0 0

0 _LZNe
0 L(Q:He

H23 —

o o o

52

H22 —

o O o o o o

o O o o o o

2 212 22 2 23 2
vy (HT vy + H -v72+H3-U),

o O o o o o

o O ©o o o o

(B.37)

(B.38)
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