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Dunkl spectral multipliers with values in UMD

lattices

Luc Deleaval - Christoph Kriegler
December 5, 2016

Abstract

We show a Hoérmander spectral multiplier theorem for A = Ap ® Idy acting on the
Bochner space LP (]Rd7 h2;Y), where Ag is the Dunkl Laplacian, h2 a weight function in-
variant under the action of a reflection group and Y is a UMD Banach lattice. We follow
hereby a transference method developed by Bonami-Clerc and Dai-Xu, passing through a
Marcinkiewicz multiplier theorem on the sphere. We hereby generalize works for Ag = —A
acting on LP(R%,dz) by Girardi-Weis, Hytoénen and others before. We apply our main

result to maximal regularity for Cauchy problems involving A.
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1 Introduction

Let f be a bounded function on (0, 0o) and u(f) the operator on LP(R%) defined by [f(—A)g]

[u(fg] = F(I€>)5(€). Hormander’s theorem on Fourier multipliers [38, Theorem 2.5] asserts

Mathematics subject classification: 42A45, 42B25, 47A60.
Key words: Spectral multiplier theorems, UMD valued LP spaces, Dunkl Laplacian.



that u(f) : LP(R?) — LP(R?) is bounded for any p € (1,00) provided that for some integer o
strictly larger than %, and g = 2,

. 1 2R ) dk
(L.1) 1913 = max sup o | ]

This theorem has many refinements and generalizations to various similar contexts. Namely, one
can ask for different exponents ¢ € [1,00) in , and generalize to non-integer « there to get
larger (for smaller ¢ and for smaller o) admissible classes HY = {f € Lj,.(0,00) : [ fllaee < oo}
of multiplier functions f (see Subsection . Moreover, it has been a deeply studied question
over the last years to know to what extent one can replace the ordinary Laplacian subjacent
to Hormander’s theorem by other operators A acting on some LP(2) space. A theorem of
Hormander type holds true for many elliptic differential operators A, including sub-laplacians
on Lie groups of polynomial growth, Schrédinger operators and elliptic operators on Riemannian
manifolds, see [3], 211 [34] [35]. More recently, spectral multipliers have been studied for operators
acting on LP(Q) only for a strict subset of (1,00) of exponents [9, 18| [T9, [20] [48] 49], for
abstract operators acting on Banach spaces [45], and for operators acting on product sets
Oy xQy [61L68,169]. A spectral multiplier theorem means then that the linear and multiplicative

mapping
(1.2) Hf; — B(X), f— f(4),

is bounded, where typically X = LP(€Q). One important consequence of a spectral multiplier
theorem as in (|1.2]) is the boundedness of Bochner-Riesz means associated with A. Namely, we
put for 5, R >0
P (1-t/R)? 0<t<R
fr(t) =
0 t>0.

Then fg belongs to Hg' (with uniform norm bound for R > 0) if and only if 8 > a — %, for
q €[1,00) and o > %, see [20, p. 11] and [47]. Thus the boundedness of (1.2)) yields boundedness

of the Bochner-Riesz means for fg(A) if 3 > a — L. For other applications of a Hérmander
spectral multiplier theorem, see at the end of Subsection [3.2

On the other hand, in the particular case of A = —A, another direction of generalization
of Hormander’s theorem is possible. Namely, [13], 37, 39, 4T, 54, [63], 67, [74] have studied for
which Banach spaces Y, the operator f(—A) ® Idy, initially defined on LP(R%) ® Idy extends
to a bounded operator on LP(R%;Y) for any f belonging to some Hérmander class Hy (or some
Mihlin class, which corresponds essentially to ¢ = oo in 7—[3) A necessary condition is that Y
is a UMD space. Moreover, the Fourier type [37], and Rademacher type/cotype [41] of Y play
a role when one strives for better or best possible derivation order a.

In this article, we extend this latter programme partly to Dunkl operators, in place of the
pure Laplacian. “Partly” refers to the fact that we treat only radial multipliers (see [69] for
multivariate Dunkl spectral multipliers in the case Y = C, but with nevertheless restriction on
the underlying reflection group), we restrict to the subclass of Y being a UMD lattice, and we
do not talk about operator valued spectral multipliers, i.e. f in is a function with values
in{T'e B(X): T\A\—A)~t=(\—A)~!T for all A € p(A)} (although this last part would be
possible to some extent).

Roughly speaking, Dunkl operators are parameterized (with a continuous set of parameters
k) deformations of the partial derivatives and involve a reflection group W associated with a
root system R (see Subsection 2.5.1. for their definition). A basic motivation for the study of



these operators comes from the theory of spherical functions in analysis on Lie groups, which can
be, in several situations, regarded as only the W-invariant part of a theory of Dunkl operators.
Indeed, these operators play the role of derivatives for a generalized Laplacian A, (the so-called
Dunkl Laplacian), whose restriction to W-invariant functions is given by

ResA, = A+ Z m(a)a—a

aER <a’ .>7

and this formula coincides for particular root systems and particular values of x to the radial
part of the Laplace-Beltrami operator of a Riemannian symmetric space of Euclidean type (see
[29]). More generally, Dunkl operators have significantly contributed to the development of har-
monic analysis associated with a root system and to the theory of multivariable hypergeometric
functions. They also naturally appear in various other areas of mathematics, which include
for instance, the theory of stochastic processes with values in a Weyl chamber or the theory
of integrable quantum many body systems of Calogero-Moser-Sutherland type. As regards the
harmonic analysis of Dunkl operators and their related objects, the subjacent analytic struc-
ture has a rich analogy with the Fourier analysis. However, there are still many problems to
be solved and the theory is still at its infancy. One of the main obstruction is the lack of an
explicit formula for the operator V,, which intertwines the commutative algebra of Dunkl oper-
ators with the algebra of standard differential operators with constant coefficients. Apart from
the case W = Z¢ where the known formula for V} allows to tackle and bypass some difficulties,
many tools of harmonic analysis are not accessible. However, in this paper, we do not restrict
ourselves to this particular reflection group, and all our results on Dunkl spectral multipliers
are stated and proven for a general reflection group.

Coming back in particular to our Hg Hormander theorem, the order of derivation o and the
integration parameter g that we get are

d 1
(1.3) aeN, a> -+ + =

=1
5 5’ q

where d + 2v, is the doubling dimension of the Dunkl weight h2 on R?. Note that usually,
one cannot expect to get a Hérmander 4§ multiplier theorem for o < % + v, (see e.g. [35]),

dy 41 d 1 d

and that 7—[22+7“+2+6 — H{ MECRIERA RPN Hs —M", for € > 0, the exponents being sharp in
these embeddings (see Lemma 2.). Our main Theorem, see Theorem and the section
Preliminaries for precisions, states as follows.

Theorem 1.1 Let 1 < p < 0o and Y = Y () be a UMD Banach lattice. Let A be the
Dunkl Laplacian on R, associated with both a general finite reflection group and a nonnegative
multiplicity function k. Let « be as above in . Assume that m : (0,00) — C belongs to H.
Then m(A) ® Idy extends to a bounded operator on LP(RY h2;Y).

One of the features of the vector valued character of this theorem is that an operator of the
form B = Idp» ® By will commute with A (or powers of A) and therefore, spectral theory of
a sum AP + B is at hand. Consequently, we apply Theorem to existence, uniqueness and
(maximal) regularity of solutions of Cauchy problems or time independent problems involving
AP 4+ B, where A is the Dunkl Laplacian, 8 > 0 is arbitrary and B is as above, see Section

Theorem has several ancestors and variants in the literature, where often the lattice
property of Y is not needed. We mention here Girardi and Weis [37] resp. Hytoénen [4I] for
operator valued resp. scalar valued Fourier multipliers on UMD valued LP spaces. Note that
in these two works, the Fourier type resp. Rademacher type/cotype enters in the admissible



choice of the derivation order a« = [d/type Y| + 1, which is not necessary in our theorem,
i.e. the value type Y in the derivation order « improves to the best value 2, when applied
to the case of the pure Laplacian, i.e. x = 0. However, we have to add 1/2 to « due to the
value ¢ = 1 as explained above, and need the lattice property of Y, whereas Hytonen only
needs particular partial derivatives of the multiplier symbol, and Girardi’s and Weis’ result also
applies to operator valued multiplier symbols. As a predecessor of all these results, we mention
the UMD space valued singular integrals of convolution type [5], [12]. More recently, in [7, 8] the
boundedness of vector valued, but holomorphic, spectral multipliers associated with Hermite
and Bessel operators is established, in the case that Y = [H, X]p is a complex interpolation
space between a Hilbert space and a UMD space. Note that according to [60, Corollary p. 216],
this case is an intermediate case between the bare UMD space case and the UMD lattice case.
The methods of proof that we use for Theorem [I.1] are:

e Maximal estimates for semigroups associated with the Dunkl operator on R? and on the
sphere S9! [25];

e Square function estimates on LP(2;Y (£)')), which is the same as R-boundedness for the
space LP(Q;Y) as soon as Y is a UMD lattice;

e H® functional calculus, in particular for vector valued diffusion semigroups [70;

e A reduction method to spherical harmonics, developed in [I0] 24} 25, [26], which uses
Cesaro means, that is, smoothed approximate identities similar to the Bochner-Riesz
means fg(A) above.

The H* functional calculus moreover is our starting point upon which we build the Hg' func-
tional calculus. This replaces the usually used selfadjoint calculus approach, which defines f(A)
in on L2(Q)NLP(£2), and which by density gives an a priori meaning to f(A) as an operator
acting on LP(9). Note that on LP(£;Y'), there is no selfadjoint calculus at hand, since L?(£2;Y")
is not a Hilbert space in general.

We end this introduction with an overview of the following sections. In Section [2] we define
and recall the central notions for this article, namely diffusion semigroups, UMD lattices, R-
boundedness and square functions, functional calculus and Dunkl analysis. In Section [3] we
then develop the proof of the spectral multiplier theorem. In a first place, in Subsection [3.1
we show a Marcinkiewicz multiplier Theorem [3.2] and then in Subsection [3.2] we deduce the
Hoérmander multiplier Theorem [3.13] We end the article with some illustrative applications to
maximal regularity in Section [4

Note that in the article, the symbol < means an inequality up to a constant independent of
the relevant variables.

2 Preliminaries

In this section, we define and recall the central notions of the article and we prove several
lemmas which will be relevant for the sequel.

2.1 Symmetric contraction semigroups

Definition 2.1 Let (Q, ) be a o-finite measure space. Let (T})i>0 be a family of operators
which act boundedly on LP(Q) for any 1 < p < co. Then (T})i>o0 is called symmetric contraction
semigroup (on Q), if



1. (T})t>0 is a strongly continuous semigroup on LP () for any 1 < p < 0o;
2. Ty is selfadjoint on L?(Q) for any t > 0;
3. N TellLe)—rr) <1 foranyt >0 and 1 < p < oco.
If in addition we have
1. T} is a positive operator for any t = 0;

2. Ty(1) = 1 (note that Ty is bounded on L™ () by selfadjointness and boundedness on
LY(Q)),

then (Ty)i>o0 is called a diffusion semigroup on .

For a thorough study of diffusion semigroups, we refer the reader to [62] and [40] in the
scalar and the vector valued case respectively.

2.2 UMD lattices

In this article, UMD lattices, i.e. Banach lattices which enjoy the UMD property, play a
prevalent role. For a general treatment of Banach lattices and their geometric properties, we
refer the reader to [52, Chapter 1]. We recall now definitions and some useful properties. A
Banach space Y is called UMD space if the Hilbert transform

H:IP(R) - IP(R), Hf(z) = PV — / Ly

RT Y

extends to a bounded operator on LP(R;Y), for some (equivalently for all) 1 < p < oo [42
Theorem 5.1]. The importance of the UMD property in harmonic analysis was recognized
for the first time by Burkholder [I4] [T5], see also his survey [I6]. He settled a geometric
characterization via a convex functional [14] and together with Bourgain [I1], they showed that
the UMD property can be expressed by boundedness of Y-valued martingale sequences. As a
survey for UMD lattices and their properties in connection with results in harmonic analysis,
we refer the reader to [60].

We tacitly shall use several times the following almost trivial observation.

Lemma 2.2 Let 1 < p < oo, (Q,p) be a measure space and Y = Y (') a Banach function
lattice on (Y, u). Let M : LP(;Y) — LP(;Y) be a sublinear bounded operator on LP(2;Y),
i.e.

[M(f + g)(w, )| < [M(f)(w, )]+ M(g)(w,w")]

for almost all w € Q and W' € Q. Let further T : D C LP(;Y) — LP(;Y) be a densely
defined sublinear operator. If |T f(w,w’)| < ¢|M f(w,w")| for f € D and almost all w € Q and
w' e, then [|T fl|Le vy < cl|M|| || fllriyy for any f € D.

Proof : This follows immediately from the fact that LP(€Q;Y") is a Banach function lattice on
Q x ¥, that f < g is then given by f(w,w’) < g(w,w’) almost everywhere, and that |f| < |g|
implies || f]] < ||lg|| in a Banach lattice. [ |



2.3 R-boundedness and square functions

Let X be a Banach space and 7 C B(X). Then 7 is called R-bounded if there is some C < 00
such that for any n € N, any z1,...,z, € X and any T1,...,T, € 7, we have

n n
E e Ty E €LTE
k=1 k=1

where the €, are i.i.d. Rademacher variables on some probability space, that is, Prob(ex =
+1) = 1. The least admissible constant C is called R-bound of T and is denoted by R(). Note
that trivially, we always have R({T'}) = ||T|| for any T € B(X).

Let Y = Y (€) be a B-convex Banach lattice. Then we have the norm equivalence

n n 1
D eny| = ‘ <Z|yk|2)2
Y k=1

k=1
uniformly in n € N [53]. In particular, this also applies to LP(;Y), 1 < p < oo, since this will
also be a B-convex Banach lattice. We deduce the following lemma.

E < CE

X

)

X

(2.1) E

Y

Lemma 2.3 Let T be a bounded (linear) operator on a B-convex Banach lattice Y (Q). Then
its tensor extension T ® Idgz, initially defined on Y (Q') ® £2 C Y (V5 £2) is again bounded, on
Y (V5 02). In particular, if Y () is a UMD lattice, then Y (Q;€%) is also a UMD lattice.

Proof : Let (ex)r be the canonical basis of £2. We have
— 2 H
[reun(Cuoa)], .. = ()
k=1 k=1
<R
< RUTHE||Y e,
k=1
= 3
(Z \yk|2)
k=1

This shows the first part. For the second part, we note that if (') is UMD, then the Hilbert
transform H : LP(R;Y) — LP(R;Y) is bounded for all 1 < p < oo. Since LP(R;Y) is again a
B-convex Banach lattice, by the first part, we have that H : LP(R; Y (€'; £2)) — LP(R; Y (5 2))
is bounded. Hence by definition, Y (€';¢?) is a UMD (lattice). [ |

=E|3 aTu]
§ > enTur||
k=1

~ T||]

Y

2.4 Holomorphic (H*) and Hérmander (H;) functional calculus

In this subsection, we recall the necessary background on functional calculus that we will treat
in this article. Let —A be a generator of an analytic semigroup (7).ex; on some Banach
space X, that is, 6 € (0,F], X5 = {z € C\{0} : |argz| < J}, the mapping z ~ T, from
¥s to B(X) is analytic, T4, = T.T, for any z,w € ¥s, and lim,cx, |.j—o o7 = z for any
strict subsector X5:. We assume that (T}).cx, is a bounded analytic semigroup, which means
supcx,, || 1% < oo for any §" < 4.

It is well-known [36], Theorem 4.6, p. 101] that this is equivalent to A being pseudo-w-
sectorial for w = § — 4, that is,

1. A is closed and densely defined on X;



2. The spectrum o(A) is contained in 3, (in [0, 00) if w = 0);
3. For any w’ > w, we have SUD, co\5, [AA = A)7L] < o0,

We say that A is w-sectorial if it is pseudo-w-sectorial and has moreover dense range. In the
sequel, we will always assume that A has dense range, to avoid technical difficulties. If A does
not have dense range, but X is reflexive, which will always be the case in this article, then we
may take the injective part Ag of A on R(A) C X [50, Proposition 15.2], which then does have
dense range. Here, R(A) stands for the range of A. Then —A generates an analytic semigroup
on X if and only if so does —Ag on R(A). This parallel will continue this section, i.e. the
functional calculus for Ay can be extended to A in an obvious way, see [44], Illustration 4.87].
For 6 € (0, ), let

H™(Xg) ={f: X9 — C: f analytic and bounded}
equipped with the uniform norm || f| .. Let further
HE(Sg)={f € H®(Zp): 3C,e>0: [f(z)| < Cmin(|z], |2|7)}.

For an w-sectorial operator A and 6 € (w,7), one can define a functional calculus H§®(Xy) —
B(X), f — f(A) extending the ad hoc rational calculus, by using a Cauchy integral formula.
If moreover, there exists a constant C' < oo such that [[f(A)]| < C||f|lcc,0, then A is said
to have bounded H°(Xy) calculus and the above functional calculus can be extended to a
bounded Banach algebra homomorphism H*(Xy) — B(X). This calculus also has the property
f2(A) =T, for f,(\) = exp(—2]), 2 € Xz .

Lemma 2.4 Letw € (0,7) and A be an w-sectorial operator on X having an H*(3g) calculus

for some 0 € (w, 7). Let (fn)n be a sequence in H>®(Xg) such that f,(X\) — f(X) for any A € Ty

and sup,, || fnllco.0 < 00. Then for any x € X, f(A)z = lim,, f,(A)z.

Proof : See [50, Theorem 9.6] or |23, Lemma 2.1]. [ |
The following classical lemma will be useful at several instances A proof for the case p =1

can be found e.g. in [42], Proposition 2.1.1], and for a detailed study of the case p = oo, see [51].

Lemma 2.5 Let p =1 orp = 0o and T : LP(Q2) — LP(Q) be a bounded operator. Let'Y be
any Banach space. Then T @ Idy : LP(Q) ® Idy — LP(Q;Y) extends to a bounded operator on
Lr(Q) @Y C LP(;Y) (equality here if p = 1) with norm ||T|| Lr(Q)— Lr(0)-

Proof : Suppose first p = co. We have

HT ® Idy (Z S @ yi) H
k

: = esSSUpP, cgd—1 ZTfk(x)kaY
k

Lo (Y

= essSUp,cga—1  Sup
lly* Iy« <1

Tka(x)<yk7y*>‘
p

= SUp esSSUp,cga-1

Tka(w)<yk7y*>|

[ly* Iy <1 k
< swp (Tl | 30 O
lly=lly=<1 & Le

= Tl .
T Lo -1, zk:fk@)yk L)



where the last equality follows by going the steps before backwards, with T' replaced by Idj
and ||T|| taken as a fixed factor.

Now the claim for p = 1 follows essentially from duality. Namely, fix >, fr @ yx, € L' ® Y,
and take in the following the supremum over those ), g; ® 2 € L ® Y* of norm less than 1.
Then

|retn)Y neow|  <swl(Telan) Y fowd aoa)
k k l

LY(Y)

= sup Z(Tfk,gzﬂyk’zﬁ

k,l

= sup <Z fk ® Yk, (T* (24 Idy*) Zgl X Zl>
k l

<sup| Yo s o, T i [ Yoo 2
k l

LY(Y)

ka@yk‘
k

= |Tp1-1

Ly(y)

We record the following proposition for later use.
Proposition 2.6 Let Ty = exp(—tA) be a symmetric contraction semigroup on ).

1. Let'Y be a UMD lattice. Then T} extends to a bounded analytic semigroup on LP(€;Y)
for any 1 < p < co. Moreover, its negative generator A has a bounded H*(Xg) calculus
Jor some 0 < 7.

2. LetY be a general Banach space and 1 < p < oco. Then T} extends to a contractive strongly
continuous semigroup on LP(Q;Y).

Proof : 1. See [70, Theorem 4].

2. According to Lemma T; extends to a contraction on L'(Q;Y) and L>*(Q) ® Y, and
thus, by complex interpolation [6 5.1.2 Theorem part 2] also for any 1 < p < co. The semigroup
property of T; is clear. To prove the strong continuity, we can restrict to a dense subspace of
LP(;Y). Since we have p < oo, LP(Q) ® Y is such a dense subspace, and for f =", fi ® yx,
we clearly have (T; @ Idy ) f = >, Tife @ Yk = D) fu @y as t — 0. [ |

For further information on the H* calculus, we refer e.g. to [50]. We now turn to Hérmander
function classes and their calculi.

Definition 2.7 Let p € [1,00) and a > %. We define the Hormander class by

Hy = {f :(0,00) = C bounded and continuous, sup ||¢f(R-)|lwaem) < oo}
R>0 ?

=1 Fllacg

Here ¢ is any C°(0,00) function different from the constant 0 function (different choices of
functions ¢ resulting in equivalent norms) and wg (R) is the classical Sobolev space.

The Hormander classes have the following properties.



Lemma 2.8 1. Assume that « € N and 1 < p < oo. Then a locally integrable function
f:(0,00) = C belongs to the Hormander class Hy, if and only if

2:sup/R ‘ j—;f(t)’pdt/t<oo,

if and only if

2R kdk p
s [, ol an <o

and the above quantities are equivalent to || f||%,«.
P

2. We have the continuous embeddings H> (%) — Hg — Hy — ’Hg for 0 e (0,m), p<gq
and o > 3+ % — é.

3. Hy is a Banach algebra for the pointwise multiplication.
4. The mapping Hy — Hy, m +— m((-)"), is an isomorphism for any v > 0.

Proof : See [44], Section 4.2.1] for everything except the second claimed equivalence in 1. For
the latter, we note that for 0 <1 < k, we have

/ arofas | s e+ /12|f(t)|”dt

according to [T, Theorem 5.2]. Now for a function g € W}(R,2R), take f(t) = g(Rt), and
substitute this in the above formula. One readily obtains that the first displayed term in 1. is
dominated by the second displayed term. The converse estimate is trivial. [ ]

We can base a Hérmander functional calculus on the H* calculus by the following procedure.

[0

o calculus if for some 0 €

Definition 2.9 We say that a 0-sectorial operator has a bounded H
(0,m) and any f € H*(Zy), [[f(A)] < Cllfllag (< C"l| flloo.0)-

In this case, the H>(3y) calculus can be extended to a bounded Banach algebra homomorphism
Hy — B(X) in the following way. Let

={f:(0,00) = C: foexp e W (R )}

equipped with the norm ||fHW; = ||f oexp HW;(R)~ Note that for any 6 € (0,7), the space
H>(X9) N Wy is dense in W' [47]. Since Wy < H., by the above density, we get a bounded
mapping W;' — B(X) extending the H>® calculus.

Definition 2.10 Let (¢r)rez be a sequence of functions in C°(0,00) with the properties that
suppgy C [2871 28 and Y, o, ok(t) = 1 for all t > 0. Then (¢i)rez is called a dyadic
partition of unity.

Let (¢x)rez be a dyadic partition of unity. For f € H;, we have that ¢ f € Wy, hence
(¢rf)(A) is well-defined. Then it can be shown that for any x € X, > (érf)(A)x converges
as n — oo and that it is independent of the choice of (¢y)rez. This defines the operator f(A),
which in turn yields a bounded Banach algebra homomorphism H{ — B(X), f + f(A). This
is the Hormander functional calculus. For details of this procedure, we refer to [44, Sections
4.2.3 - 4.2.6).



2.5 Dunkl transform, hA-harmonic expansion, weighted space on the
unit sphere

2.5.1 The Dunkl transform

We recall some basic concepts of Dunkl operators which will be needed in the article. For
more details on Dunkl’s analysis, the reader may especially consult [33] 59] and the references
therein. We can all the same point out that the theory was originally developed by Dunkl
to bypass the classical approach to the construction of orthogonal polynomials as spherical
functions on homogeneous spaces. The introduction of the differential-difference operators (and
their related objects) now called Dunkl operators turned out to be a powerful tool in harmonic
analysis associated with Coxeter groups, in the theory of multivariable special functions, in
the theory of stochastic processes with values in Weyl chambers or in the theory of integrable
quantum many body systems of Calogero-Moser-Sutherland type, for instance.

Let d € N\ {0}. Let W C O(R?) be a finite reflection group associated with a reduced root
system R (not necessarily crystallographic) and let k : R — [0, +o0[ be a multiplicity function,
that is, a W-invariant function. The (rational) Dunkl operators Dy on R4, introduced in [32],
are the following s-deformations of directional derivatives J¢ by reflections

f(x) = f(oa(x))

d
<(,U,C¥> <§,Oé>, z €R )

Dgf(a) =0cf(a) + Y r(a)

aER 4

where (-, ) denotes the standard Euclidean inner product, o, denotes the reflection with respect
to the hyperplane orthogonal to o and R denotes a positive subsystem of R. The definition
is of course independent of the choice of the positive subsystem since x is W-invariant. These
operators map P2 to P?_;, where PZ is the space of homogeneous polynomials of degree n in
d variables, and they mutually commute. The Dunkl Laplacian is A, f = Zle(D;)Q f, where
(€i)1<i<a is the canonical basis of R?, and can be written explicitly as follows (see [32])

(aaf(ﬂf) laf? fz) - f(Ua(@))
(ar, ) 2 (v, )2 '

Apf@)=Af(z)+2 Y k()

a€ER 4

It generates a semigroup Hy on LP(R? h2), 1 < p < oo, which is a diffusion semigroup in the
sense of Definition [30, Theorem 2.6] (see also [56] [58]), where the weight h2 defined on R¢

by
nix) = ] I, o)
a€ER ¢

is invariant under the action of W and homogeneous of degree 2+, with

Ve = Z k().

aER 4

The Dunkl operators give rise to a rich analytic structure since they are also intertwined with
the usual derivatives. Indeed, there exists a unique linear isomorphism V,; (called intertwining
operator) on P = (P, -, P2 such that

Va(Pl) =Pl Vi, =1y, DiVe=Vide VEER

d
|7;\0

Unfortunately, the intertwining operator is explicitly known only in some special cases but for
a general reflection group, we all the same have the following significant Laplace-type represen-
tation due to Rosler (see [57]): for every = € R?, there exists a unique probability measure du’?,
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compactly supported in the convex hull of the orbit of z under the action of W (among other
properties) such that for any P € P

ViP(x) = » P(&)du (8),

and this formula allows to extend it to various larger function spaces. For y € C¢, let
E.(x,y) =V, (e<"y>)(x), z e RY,

where (-,-) denotes the bilinear extension of the Euclidean inner product to C? x C?. Then
E.(-,y) is the unique real-analytic solution of the spectral problem

Dif=(&y)f VEeR!,  f(0)=1,

and moreover, E,. extends to a holomorphic function on C* x C¢, see [B5]. This kernel, the so-
called Dunkl kernel, gives rise to an integral transform which generalizes the Euclidean Fourier
transform. For every f € L*(R¢ h2), the Dunkl transform of f, denoted by F, f, is defined by

Fuf@) = [ Buliz ) {6y, o R

where ¢! = fRd e’”‘””2/2hi(x)dx is a Mehta-type constant. We point out that the Dunkl
transform coincides with the Euclidean Fourier transform when x = 0 (since Dg = 0¢ and
Vo = 1d) and that it is more or less a Hankel transform when d = 1 (and then W ~ Zs).

The Dunkl transform has the following properties, where for a given Banach lattice Y =
Y (€)), we denote by LP(R?, h%;Y) the Bochner space of classes of functions f : R? — Y such
that

Il = ([ 15082 0000) " < o

with the standard modification if p = co. If Y = C, we usually omit Y in the notations.

Lemma 2.11 1. If f € LY(R%, h2) then F,.f € Co(R?).
2. Fy is an isomorphism of the Schwartz class S(R?) onto itself, and F2f(x) = f(—x).
8. The Dunkl transform has a unique extension to an isometric isomorphism of L?(R% h2).

4. Let f € LY(RY, h2). If Fof is in L*(R%, h2), then we have the inversion formula
£@) = e [ | Bulin, ) )1 ()
5. For f € S(RY), we have A.(f) = F [~|I€|12Fxf(€)], and the semigroup HY generated by

the Dunkl Laplacian satisfies HE(f) = F e 11 7, f(€)].

6. For m : (0,00) — C a bounded measurable function and Y a Banach space, T, (f) =
FAm(|E1)Fuf(&)] is a well defined element of Co(R%Y) for f € S(RY) @Y.

7. Let Y be a UMD lattice and 1 < p < co. Then —A, is an w-sectorial operator for some
w< 5 on LP(R?, h2;Y), in particular injective with dense range.

) T
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8. LetY be a UMD lattice and 1 < p < co. Let q € [1,00) and o > % Let A = —A, be the

negative generator of the Dunkl heat semigroup HF on LP(R% h2;Y). Let w < 6 € (0, )
such that A is w-sectorial on LP(RY h2;Y).

s M

(a) Suppose that for any m € HZ(Xg), the above operator T, initially defined on
S(RY) @Y, extends to a bounded operator on LP(R*,h2;Y) and | T,| < Clm||#a.
Then A has a Hormander Hg calculus and m(A) = Ty, for m € Hy and m(t) =
m(t?).

(b) Suppose that there is a C' < oo such that for any m € H§®(2y),

(Al Lr ra,n2:v) = Lo @e 02,y < Cllmllug -

Then A has a Hg calculus, for any m € Hg', T,y defined above extends to a bounded
operator on LP(R? h2;Y) and m(A) = Tp,.
Proof : For parts 1.,2.,3.,4.,5., we refer to [28], [66].
For 6., we note that F,f belongs again to S(R?) ® Y, so & — m(||¢||)F.f(€) belongs to
L'(R?) ® Y. Now apply part 1.
For 7., note that since A, generates a diffusion semigroup, it is pseudo-w-sectorial for some
w < Z on LP(R?, h2;Y) according to Proposition Then the fact that A = —A,, is injective
on LP(R% h%;Y) (equivalently, has dense range, equivalently is w-sectorial) can be seen as
follows. According to [50, Proposition 15.2], it suffices to show that ¢(t + A)~1f — 0 for any
f € LP(RY,A2;Y), as t — 0. Since sup,-q |[t(t + A)7!|| < oo by pseudo-sectoriality of A, it

Y YR

suffices to consider f € S(R?) ® Y. For these f, we have

e+ A7 f = F [P (@] 0

in Cy(R%;Y) by dominated convergence, since |W| < land Fi(f) € S(RY)®Y according to

part 2. By [50, Proposition 15.2], we already know that ¢(t + A) ! f converges in LP(R%, h2;Y),
so by unicity of the limit, it converges to 0 in LP(R? h2;Y).
We turn to 8. It follows from 5. and the representation formula

AN—A)" = —/ eMetAdt
0

for R\ < 0 that Ty, = m(A) for m(t) = (A —¢)~1. This identity can be extended for A € C\X,,
where w < 6§ and o(A) C ¥, by analytic continuation. Then the identity follows for any
m € HG°(3p) from the Cauchy formula defining the H§® calculus. We now show step by step
that T;, = m(A) holds for m € H*(¥y), for m € Wy and for m € H, under either the
assumptions 8. (a) or 8. (b). Each time, it will suffice by linearity and density to show the
identity applied to f ® y with f € S(R?) and y € Y. So let m € H>(Xy). Let

o)) = ((HAA)) € H (%),

1
We have p,(A) — 1 for any A € ¥y and sup,, ||pn/loc,0 = sup, [lp1[lZ, 5 < co. The assumption 8.
(b) readily implies that A has an H*(3y) calculus by Lemma 2.8 2., whereas 8. (a) also implies

12



it via the already provided identity Ty, = m(A) for m € H§°(Xy). Thus, by the Convergence
Lemma [2.4] we have with m,, := mp,,

m(A)(f @ y) =limm,(A)(f @ y)
= lim F.- [mn ([€]) Fe f ()] @y
= F mElP) Faf ()] @y

the first limit in LP(R¢, h2;Y'), the second limit in Cy(R%;Y), by 1. and dominated convergence.

) K

It follows Ty, = m(A) for m € H>(%y), and that A has a Hg' calculus, since
lm(A)|| < lim.sup [jm, ()]
S Timsup
< Il imsup s
S lmllag 1imnsup l[onllo,
S lmllag -
Now let m € W', and my, a sequence in H > ()N W' approximating m in Wg'. We have

m(A)(f ® y) = limmn(A)(f @ y)
=lim Ty, (f @y)
= lim F ! [ ([|€]*) Fe f(€)] @ y
= F. m(lEl?) Fafl @y,

where the last limit holds by W' < L™ (0, 00) and dominated convergence, plus part 1. Thus,
m(A) = T for m € W
Let finally m € Hg'. Let (¢x)rez be a dyadic partition of unity as in Definition Then

n

m(A)(f @) =lim 3 (G ©9) =lim 3 Tz ©3) =Talf @)
the second limit holding by almost the same argument as before in the case W' [ |

We now turn to h-harmonic expansions and analysis on the sphere.

2.5.2 h-harmonic expansions and analysis on the sphere.

For more details on h-harmonic expansions and analysis on the sphere, the reader may consult
the expertly written book of Dai-Xu [26]. For d > 2, we let S~ = {z € R?: ||z| = 1}, and for
1 < p<ooandY aBanach lattice, we let LP(S9~1 h2:Y) be the Bochner space of equivalence

classes of measurable functions f : S%~' — Y such that

p

lorcso-sazary = (an [ 1R <o,
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with the standard modification if p = co. Here, the measure on S¢~! is surface measure and
a;' = [ga—1 hZ(y)dy. By abuse of notation, we also write I fllze(sa-1,n2;v) = [ fllpy-

Let P € PZ. Then P is called an h-harmonic polynomial of degree n if A, P = 0. It is well-
known (see [31]) that a homogeneous polynomial is an h-harmonic polynomial if it is orthogonal
to all polynomials of lower degree with respect to the inner product of L? (Sd_l, h2). For j > 0,
we let proj; : L?(89=1 h2) — L2(S9=1 h2) be the orthogonal projection with image the space
of all h-harmonics of degree j. The projection proj; has the following integral representation

i f(@) = o [ 10y, e 5T

with (see [71, Theorem 3.2, (3.1)])

Pi(ay) = O (@) | @)y e SO

where

d
(2.2) Moo=+ —1
and where C2* is the standard Gegenbauer (or ultraspherical) polynomial of degree j and index
Ak (see [64] for instance). Now, let
! T(As +3)
—1 2\ — 3 kT3
= 1—t)""2dt = —_—
ol = [a-epta—yRp et
Then, according to [72], we define for f € L*(S9~! h2) and g € L'([-1,1],wy,), with wy, the
weight for which the Gegenbauer polynomials are orthogonal, that is wy, (t) = (1 — t2)*~ 32,

fro@ =an [ Vo) )12y

Sd—1

and this generalized convolution, which reduces when x = 0 to the spherical convolution [I7],
satisfies Young-type inequalities [72, Proposition 2.2]. We now state the following lemma, which
will be useful in the sequel.

Lemma 2.12 For j > 0, 1 < p < oo and any Banach space Y, the operator projj exrtends

boundedly to LP(S?=1 h2;Y), and we have, for j large enough, the norm estimate
IPr0j5 || Lo (sa-1,02 V) Lo (s0-1,02,v) S G20

Proof : Let x € S91. Write for any j > 0

oot (6) = |

Sd—1

r 2w - (1 [B22e] ) o).

Thus, by Young-type inequalities for the generalized convolution on the sphere, we have both
the inequalities

- J+ A
lproj} fllor(sa—1,n2) < [[fllLr(sa-1,n2) . C; (1t

. j+>\m Ar

L T ’ cw‘ .
[Iproj} fl oo (sa-1,n2) < || fllLoe(5a-1,n2) SWRRLE N PR
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Besides,

J+ A
v

+ A _1
=00, 222 [ ol -

L ([~1,1]wr,) A
< j+ Ax (2>‘N)j’
PV

where we have used the inequality (see for instance [4, p. 350])

A A (2/\&) j
|Cj (t)l < Cj (1) = 4! Ja
with (z), the so-called Pochhammer symbol. Moreover, since we can write (x), = Fgfc(';)n ),

Stirling’s formula I'(a) ~ v/27a% 2e~% gives us

(2Xe); T2\ +3)
jl T@A\)T(G+1)

We can conclude, for j large enough, that

(2.3) ~ C(\e)j? "1

< j2)\,€
LA([-1,1)ws,) ™

)

J+ A
e

and therefore, we have both the inequalities
ik < 52Xk
||pf0.]j ”Ll(Sd*l,hi)aLl(Sdfl,hi) ~J
. 2N,
[Proj5 1l Loe (sa-1,n2 ) Loo (ge-1,02) S 37"

We can tensorise these estimates to get estimates on Bochner spaces, namely according to

Lemma 2.5
. 2,
Iproj} | e (sa—1,m2:v )5 Lr(sa-1.02:v) S J

L (8471 h2Y)

holds for p = 1,00, (LP(S9"1 h2;Y) replaced by L>°(S9-1 h2)®Y T for p = 00)
which then implies by interpolation [6, 5.1.2 Theorem part 2] that the latter estimates holds
also for p € (1, 00). [ |

We close this section with some facts on both a generalized Poisson and heat semigroup on
(891 h2(y)dy). We first recall their definition (see [25 p. 482]).

Definition 2.13 The Poisson semigroup T} on (S, h%(y)dy) is defined by
Ze JtprOJJ t> 0.
The heat semigroup Hf on (S%=1 h2(y)dy) is defined by
Hif = iefju#”‘ projj f, t>0.

Jj=0

The following statement will be of particular interest.
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Lemma 2.14 Both the Poisson and the heat semigroup are diffusion semigroups.

Proof : That they are semigroups is clear from the fact that the proj} are projections. The
contractivity of Hff on LP(S?"1 k%) for all 1 < p < oo and ¢t > 0 is proved in [25, Proof
of Lemma 2.2]. This yields the strong continuity of both semigroups on L?. Indeed, strong
continuity T/ f — f and Hff — f(t — 0) is clear for elements of the form f = Z;’:O projsg (J
finite), since e — 1 and e~ ¥U+2X«) — 1 uniformly for j = 0,...,.J as t — 0. Now use a 3¢
argument for general f € L?. Then the strong continuity extrapolates on LP by contractivity.
It is proved in [25] Proof of Lemma 2.2] that Hf are positive operators, and [25] (2.10)] yields
then that T} is also a positive operator. We finally show that T)*(1) — 1 and Hf (1) — 1 as
t — oo. This will imply that T}*(1) = 1, and the same for Hf. Indeed, T}, (1) = T{TF(1), so
1 =limg o0 7 (1) = TF limg_s oo Tj(l) =T/ (1). We have

Ty (1) = projg (1) + Y e~ “proj; (1)
Now proj§(1) = 1 and by Lemma [2.12]
HZ@ thI'OJ] H et Ze*t(J 1)||pr0J H <e =0 (t— o).

The same argument applies for H . [ |

3 Spectral multipliers with values in UMD lattices

3.1 Marcinkiewicz-type multiplier theorem for h-harmonic expansions

In this section, we take d € N with d > 2. Let us begin by recalling the definition of the usual
difference operator.

Definition 3.1 Given a sequence (it;)j>0 of complex numbers, we define recursively
Apj =y — pjr, A"y = Alpy — Ay, j=0,n>1
We now state the main result of this section.

Theorem 3.2 Let 1 < p < oo and Y = Y (') be a UMD Banach lattice. Let (uj)j>0 be a
scalar sequence. Suppose that for some integer ng > % + v« = Ax + 1, we have

(Co) sup;sq |pj| < M < oo,
9Jit1

(Cny) supjsg 2d(no=1) Do |A™ | < M < oo.

Then (115)j>0 defines an LP(S4=1 h2;Y) multiplier, that is

< epM||f]
K,p;Y

K
‘pI'OJj f K,p;Y

where the constant ¢, is independent of f and (1;);>0.
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This theorem generalizes the scalar case proved by Dai and Xu in [25]. Therefore, if we
specialize Theorem to Y = C and k = 0, then we recover the famous Marcinkiewicz type
theorem for zonal multipliers due to Bonami-Clerc [10].

The proof, which is divided into several lemmas and a proposition, follows the strategy of
Bonami-Clerc adapted in the Dunkl setting by Dai-Xu. A crucial role in the proof will be
played by several kinds of Littlewood-Paley type g-functions closely related to Cesaro means
for h-harmonic expansions. Let us begin with the following notation. Let (T}");>¢ be the
generalized Poisson semigroup on LP(S9~1 h2;Y). Then we set

(3.1) Pr=T 0y, 0<r<Ll

The first lemma will provide a new equivalent norm on LP(S9~1 h2:Y), in terms of a well
suited g-function.

Lemma 3.3 Let 1 < p < oo and Y = Y () be a UMD Banach lattice. Then, for any
f € LP(SY1 h2;Y), we have the two-sided estimate

([0

where in the first inequality we assume that [g., f(y)hi(y)dy = 0.

9 pry

1
EHf”&p;Y < Ir

2 3
dr) <l fllapr

K,p;Y

Proof : The semigroup (T}"):>o is a diffusion semigroup, so its vector-valued extension on
LP(S?1 h2;Y) has an H*(3,) calculus of some angle w < T, thanks to Proposition

PR
According to [70, Proposition 9], we have, for any f € LP(S91 h2:Y), the following square

function estimate L
t‘ sl at
([ gt «)

We next show that we also have the converse estimate to the previous one, under the additional
assumption that [g., f(y)hZ(y)dy = 0. Note that

< O\ fll,psv-
K,p;Y

o0
: k£ _ 1: —jt By K
Jlim Ty f = tlggozge proj f = projf f

]:
is the projection onto the kernel of the negative generator A, of (T}"):>o (its version on
LP(S?1 h2;Y)), according to the decomposition LP(S9~1 h2;Y) = Ker(A,) ® R(4,), valid
for any negative generator of an analytic semigroup on a reflexive space [50, Proposition 15.2].
Since

prois =ax [ Ty =0

our particular f must lie in R(A,). Consider now the part A, of A4, on R(A,) [50, Proposition
15.2], which has dense range. Then according to [50, Lemma 9.13], we have the partition

° < dt o dt
r= [ iy = [ vaanrg,

t
that f € R(A,) N D(Ap). Here, D(A,) stands for the domain of A,. Apply this partition to

W(t) = cte™t - te™t, we get

for ¢ € H§® (Zg—e) of @t integral 1, as an improper integral, under the additional assumption

dt

<f7 g> = C/O <tAPTtﬁfa tAp* Ttn*g>7v
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for any g € LP (S9!, h2;Y*). This implies

1R

> dt
|<fa 9>’ S |<tAth"”"f’ tAp*Tt’ig>|7
0 t

= [TV At s e T )y

< [ b ) TR Sz

s / / , ( / m’tApTﬂf )(y,w) 26?)% : ( / Oo\tAp*Tﬂg)(y,w') df) : do' B (y)dy
(/ 7% s ) dt>%

Applying now the upper estimate for g and on LP" (S9! h2;Y™*), we get

(/ s )H 19l

;Y
Taking the supremum over all g of norm < 1 yields the desired estimate under the additional
assumption f € R(A,) N D(A,). Since R(A )N D(A,) is dense in R(A,) [50, Proposition 9.4],

we deduce
(/ o] )

the lower estimate under the assumptlon Jga1 F(y)hi(y)dy = 0.
We next deduce from ) the stated g-function norm equivalence of the lemma. To this
end, we proceed by a modlﬁcatlon of the proof in [26] p. 38-39]. By the change of variable

t
%
dr) .

’dt

<

Ttﬁ g

H t‘at

K,p*;Y*

[(f.9)] S

(3.2) /]

K,p;Y 5 5 Hf”mp;Ya

K,p;Y

r=e¢ ", we get

ity = ([T Greatfa) = ([ st Zer

Now, we write
1 3
(/[ a- ‘ dr) .
9(f) ( /O "o, T)

We shall show that [lg(f)llxpy S [Ifllpy and [go(S)llspy S l9(f)lls.piy, which completes
the proof.
1
2> 2

Since (1 —r) ~ r|logr| for 3 <r < 1, we have
3 1
2 o .
(3.3) 9(f) S </ (1-r ‘ dr) +</ r\logr|‘—Prf
0 8 é 8T
sup ZW Hprojf f| = Zj21’j\pr0j§-‘f|~
o<r<d —1

The first term on the right hand side, we estimate by

sup P"“f

o<r<:

or

2 j=1
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By Lemma [2.12] we can sum over j > 1 to get

9 K
E‘Prf

sup
0<r<:

N Hf”mp;Y-
K,p;Y

Use now ([3.3) to deduce that

||g(f)||,.;,p;y 5 ||f||f~c,p;Y + ||90(f)Hn,p;Y 5 ||f||m,p;Y~

We have proved the upper estimate of the lemma. For the lower estimate, we simply use
rllogr| < (1 —r) on r € [0,1], to deduce go(f) < g(f), and thus,

Hf”mp;Y 5 ||90(f)||mp;Y 5 ||9(f>||n,p;Y

when [g, 1 f(y)hi(y)dy = 0. n
Now, we shall prove that the Cesaro means of h-harmonic expansions are R-bounded on
LP(S9=1 h2;Y). To this end, we recall some definitions.

Definition 3.4 Foré > 0 and [ € N, we put

A?_<l+l5>_(l+5)(z+5—1)...(5+1) I(l+6+1) @+ 1)

(l-1)...1 ST+ DO+

Then, for j 20 and n > 0, we put

sn 1 5
aj” = —5 An_jXo<j<n-
n

We define the Cesaro means of order § (from now on, just called Cesdro means) by the multiplier
o0
5 .
Spf = aj"proj; f.
§=0

We can state the R-boundedness of the Cesaro means of h-harmonic expansions. Recall that
we have set A\, = g + v — 1.

Lemma 3.5 Let1 <p < oo, Y =Y (Q) be a UMD Banach lattice. Assume that§ > \;. Then
the Cesaro means (S2)n>o are R-bounded on LP(S*1 h2;Y), that is,

(> m)é

o0 3
‘ (Z |ngfj|2> < G
j=0 K,p;Y 7=0 K,p;Y
Proof : By [26], p. 37], we have the estimate
(34)  suplSEf(ee)] < [ Muf(e.) + Muf(—a)], we 5l e,
n=0

where M, is the following well-suited maximal operator for h-harmonic expansions [73, Propo-
sition 2.3] or [25] (1.5)]

M, f(z) = sup Jsai lFW)VilxB.0)l ()i (y)dy

, ze S
0<O<T defl Vn[XB(z,Q)}(y)hi(y)dy
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with B(x,0) = {y € R? : (x,y) > cosf} N {y € R : |ly|| < 1}. It is shown in [25, Proof of
Theorem 2.1] that

M, f(z,w") < csup - /H”\f (x)ds

t>0

where we recall that HY is the generalized heat semigroup on (S¢~1 h2(y)dy). Since it is a
symmetric contraction semigroup, by [70, Theorem 1], the Hopf-Dunford-Schwartz maximal

operator
/ Hf fds

is bounded on LP(S471 h2; Y (Q; %)), Y (€V'; £?) being again a UMD-lattice according to Lemma
2:3] Therefore, we get

(Z 55 ij) 2
=0

M(H)f =sup -
t>0 1

(fj M)

S |[MH

K,p;Y K,p;Y
)(f J>OHLP(Sd 1 R2;Y (S362))

S H fj j>0HLp(sd—l,hg;Y(Q';e‘z))

(f_oj |fj|2)é

K,p;Y

The second lemma we need, under the assumption that the Cesaro means are R-bounded,
provides us a crucial norm inequality involving both the Cesaro means and the generalized
Poisson semigroup (P# in fact) on LP(S9~1 h2;Y).

1 UK

Lemma 3.6 Let 1 <p < oo andY =Y () be a UMD Banach lattice. Let § > 0 and assume
that the Cesaro means (S2)n>0 are R-bounded on LP(S4= h2;Y). If for j > 1, r; € (0,1) and
I; is a subinterval of [r;,1), then

oo 3 1 3
(Stst@nl) | <al(Sa [ 1rsle)
j=1 =1 "I

Proof : The proof follows closely the lines of [26, Lemma 4.3. 5] which itself follows [10]. We
give some details. Firstly, according to [26] p. 41], we have for j > 1, § > 0and 0 <r <1

K,p;Y K,p;Y

|S Pﬁfj CZ|bln] |Sl6fj|27

where bin are scalars satisfying > ;" |b?’n < ¢;5. It follows from the R-boundedness of the

20



Cesaro means

‘ <Z|S T;fJ ) Sc (ZZ“% nj| S f]|2)
K,p;Y j=11=0 K,p;Y
=l (X8t (rocren 0 155) )

K,p;Y

O X 2\ %
N (Z Z‘Xoslsm |b?,nj|fj‘ )
Jj=11=0 K,p;Y
oco My
(X IfJIQ)
j=11=0 #5,p;Y
(oo}
< V@ (ZW)
j=1 K,p;Y
Thus, we have shown
" 2
) (st 0r) (wr)
j=1 K,p;Y Jj=1 K,p;Y

Now let for each j > 1 and n > 1, (1}, 1) _o C I; be a finite sequence such that 7, —r;,—1 =
27", for all 1 <4 < 2™. Then for each n € N, R;,, :=27" Zi:l |Pfﬂfj| is a Riemann sum
over ' of the integral ﬁ S 1 |PF f;]?dr. Thus, by dominated convergence, it follows

J J

1
0o | 3
j=1 J 1;

On the other hand, since for each n > 1, r; <r;; forall 1 <7 <n and j > 1, we have by .

(st ()P
j=1

oo 27

("> ;;m?)

Jj=11:=1

= lim
n— o0

(3.6)

K,p;Y K,p;Y

1

< ZZ’S 7']/"']1 Pffﬂfj)ﬁ)Q

K,p;Y ‘

i=1j=1 w,p;Y
2" oo
<\ (T yimar)
i=1 j=1 KDY
We conclude with (3.6]). [ |

Before stating a proposition which is a key step in the proof of Theorem we need the
following functional which is closely related to the Cesaro means of h-harmonic expansions.

Definition 3.7 Let § > 0. We define the functional gs(f), for given f € LP(S41, h2;Y), by

oo 51 3
= (lezﬂf -S| n)
n=1
Moreover, let (vi)i>1 be a sequence of nonnegative numbers such that

sup — Zuk—M<oo

n>1T
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We define the functional gi(f), for given f € LP(ST1 h2;Y), by

)= (Jsis - sirf )

n=1
Remark 3.8 Note that if in particular v, =1 for all k > 1, then g5 (f) = gs(f)-

The following proposition gives us two important norm inequalities involving the Littlewood-
Paley functions gs(f) and g5 (f).

Proposition 3.9 Let 1 < p < o0 and Y = Y (Q') be a UMD Banach lattice. Let § > 0. If
f e LP(S4L h2;Y) satisfies [gu— f(y)hE(y)dy =0, then

[fllspiy < cp.sllgs ()llwpiy-
Conversely, if the Cesdro means (SS)n>0 are R-bounded on LP(S4=1 h2;Y), then
195 (FMlw.pry < cps M| flls iy
where M = sup,5, = >0, vk

Proof : First, recall that we have set in the proof of Lemma [3.3

of) = (/Olu—r) erf.

It is shown in [26] Section 4.3.2] that g(f)(z) < ¢sg5(f)(z). Therefore, it follows immediately
with Lemma [33]

9 e
EPTJC

1 £lle.py < epllg() iy < epesllgs(F)llsprys

in the case [g.1 f(y)hZ(y)dy = 0.

We proceed to the second stated inequality and suppose that the Cesaro means to an order
index ¢ are R-bounded. We follow closely the lines of [26, Section 4.3.2] but, for the readers’
convenience, we present the proof all the same. First we may assume that n < 2?21 v; < 2n,
since the desired conclusion for general (v;);>1 can be deduced from this case applied to the
two sequences 7; = 1 and U; = M‘luj + 1. Now let uy =1 and pu, =1+ Z?;ll v; for n > 2.
Let further r,, = 1 — ﬁ and f, = P} f. It is shown in [26] p. 44] that

n—1
S0 = Saf” < el 3T fu = Sl 4 en Y S = 2

Jj=1

‘ 2

Therefore, in view of Lemma we are left with the task of establishing the following inequal-
ities

) 1
_ 2 2
(3.7) (Z S5 S, — S5 | ) < elg(F)llnpy
n=1 K,p;Y
and
o0 v n—1 9 %
(3.8) | (Z 1P ISTH fu = S fal ) < llg(f)llnpy-
n=1 J=1 K,p;Y
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We start by showing (3.7). To this end, let n € C*°(R) with n(¢) = 1 for [t| < 1 and 5(t) =0
for |t| > 2. Moreover, for n > 1, let LF and L% be the following multipliers

Lif = Z ( )prOJ]f, Lif=-— ZM( )pI"OJ] :

Comparing symbols of multipliers yields [26, p. 44] for 1 < j<n < N
(3.9) SO o = S0 fn =G+ 6+ 1) PE(SHINT))-

Using this last equality specializing to j = n, we obtain by Lemma [3.6]

a 1] @é+1 5 |2 5 a Un 5 2\ 2
<Z" S5+ f,, — S0 yn> < (Z 3 m(s (L% (f)))‘ )
n=1 Kr,p;Y n=1 K,p;Y
< al Vn, 1 s K(TK 2 %
N (;n?’mﬂ—rn/rn Py (LN(f))‘ dr) -

Obviously, we have [P (L% (f))| = r|L5 (£ P5(f))|. Moreover, the operators L%, are uniformly
bounded in N € N on LP(S%~1 h2;Y). Indeed, a straightforward computation gives us

2N .
K J
N = AIn(£) sy,
Jj=0
Since we have [Al*1p(L)| < N7I71, then
2N
K 1 l l py>0 |S f| 1
|LNf|§WZ|AJHSJf|< TN+ ZA
=0
But ZzN Al ALY then we claim (see (2.3)) that

(l+2)2n

I=1 gl+1 _ pp—l—1
N7 TAy =N- N ~c,

and in view of (3.4), choosing [ > A, the operators L% are uniformly bounded in N € N
on Lp(Sd_l,hi;Y). Now, since they are linear, by Lemma a single operator L% is also
bounded on LP(S91 h2; Y (€Y; L2([0,1];dr))). Therefore,

Tn41
n3 r —r /
n+1 n Jr,

KDY
N Thtl) 9 2 3
< - / —Prf dr)
~ (z_: 3r Tn+1 —Tn Jr, or "
= K,p;Y
Since r,11 — ry = /Ln;,;:b+1 ~ 7 and 1 —7r~ % for all v € [ry,, Tp41], it follows that
N r i o0 T, 1
v, 1 n+1 8 2 2 1 n+1 a 2 2
H(Z’;/ 5P f dr) H < (Z/ o b f| dr
ne1 n=Tpn+1 —Tn Jr, r kY o nJr, r rpY

S g lw.pry-
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Thus, we have proved that

1

N 2
(Z n71|S§L+1fn - ngn|21/n>

n=1

< llg(f)l
K,p;Y

KDY

and letting N — oo yields (3.7). We now turn to the proof of (3.8)), which is similar to the
previous one. Indeed, using Lemma and (3.9), we have

1 1
2\ 2
(Susrsn-sar)|  s|(SuEmEan))
K,p;Y rpY
1
Tn+1 a 2 2
< —Prfl d
<)% zw_m/r et far)
" K,p;Y
1
v 1 fntl) 9 2 \?
< L S I prfla
~ <Z n3 rpe1 — Ty /T or " f T)
n=1 " K3 Y
S Mg le.psy -
We obtain (3.8) by letting N — co. The proof is complete. ]

In view of Remark we immediately obtain the following corollary.

Corollary 3.10 Let 1 <p < oo and Y =Y (') be a UMD Banach lattice. If § > A\, then
||f||f<,p v < Ngs(N)llepy < cllfllepy

where in the first inequality we assume that [g._, f(y)hZ(y)dy = 0.
We now state the last lemma we shall need for the proof of Theorem [3:2}

Lemma 3.11 Let 6 to be the smallest integer strictly larger than A, and let ng = 6 + 1. Let
(1)50 be a sequence as in the hypotheses of Theorem[3.3, i.e. satisfying (Co) and (C,), with
bound M. Write

oo
M, f = p;projf

J=0

the associated multiplier. Then we have

196 (M f)ll,pv < Cllgs (Pl
where the sequence (Vi)k>1 s v = 1+ 26+1 |AI pi|k? and satisfies sup,,>; + > vj < eM.
Proof : Tt is shown in [26] (4.4.2)] that

gs(M,.f) < Cg;3(f)

holds pointwise, with the sequence (v4)r>1 given in the lemma. By Lemma we immediately
deduce

g5 (M f)lpriy < Cllgs (F) e psy -
The statement on (vg)x>1 is shown in [26] p. 47]. [ |
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We are now in a position to prove Theorem [3.2]
Proof of Theorem[3.4: We can assume that py = 0. Indeed,

)
K,p;Y

> ujproj f

j=1

< ol [projg flls,piy +
K,p;Y

> pipro f
3=0
and proj? is bounded on LP(S9~% h2;Y) by Lemma Let § =ng — 1 > \,. Note that
a [, Mu(H) W) (w)dy = projf (My(f)) = 0
if po = 0. According to Lemma the Cesaro means (S2),>0 are R-bounded. Hence by

Proposition [3.9in conjunction with Lemma [3.11

My (Pl S 95 (M (D lwpy S 195 ()l S MLl sy

3.2 A multiplier theorem for the Dunkl transform

Bounded vector-valued multipliers on the sphere S¢ yield bounded vector-valued spectral mul-
tipliers of the Dunkl Laplacian on R? by a transference principle, presented in Theorem
below. In the scalar case, a transference principle from zonal multipliers on S¢ to radial mul-
tipliers on R? was oberved and proved by Bonami-Clerc in [I0], and their strategy has been
recently adapted by Dai-Wang [24] to obtain bounded multipliers for the Dunkl transform on
R¢ from bounded multipliers for h-harmonic expansions on the unit sphere S<.

Let W C O(d) be a finite reflection group associated with a reduced root system R and let
Kk : R — [0, +oo[ be a multiplicity function with associated weight function h2. We transfer this
to §¢ C R¥*!. Namely, for g € W, there exists a unique orthogonal transformation on R*!,
denoted by ¢’ and determined by

g7 = (gz,2441), o' = (x,2441) € RT xR,

Then W’ = {¢’ : g € W} is a finite reflection group on R%*! associated with the reduced root
system R’ = {(«,0) : a € R}. Finally, we let

Iil . R — R-‘rv
(a,0) = k()

and associate with it the weight h2,.
We can now state the following transference principle for the Dunkl transform.

Theorem 3.12 Let Y be a Banach space. Let m : (0,00) = R be a continuous and bounded
function. For e >0 and n >0, let uf, = m(en). Let further M. = M, be the multiplier

(oo}
Mc(f) = m(en)proj;; f.
n=0
Assume that for some 1 < p < oo and any f € LP(S% h2,;Y),

Sglg ||Mef||LP(S'i,hi,;Y) < AHfHLP(Sd,hi,;Y)-
€
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Then m is a radial Dunkl spectral multiplier on LP (R4, h2;Y), that is, for any f € LP(R%, h2;Y),
[T fllLe®ap2v) < CawAllfllLe@anz; vy
where T, is a priori defined on S(RY) @Y by

T (f) = F [m(IEINFe ().

This theorem generalizes the scalar case proved by Dai and Wang in [24]. Therefore, if
we specialize Theorem to Y = C and k = 0, then we recover the standard result due to
Bonami-Clerc [10].

Proof : We follow closely the strategy of [24] Section 3]. Note that continuity of m in 0 is not
needed there.
We first assume that for some ¢q, ¢co >0

Im(t)| < cre” 2, t>0.

In [24] Lemma 3.5], it is shown that the operator T,, has the following integral representation
T f(@) = [ F)K (@)l )y
R L

for a certain K : RY x R? — C, the formula holding for f € S(R?) and a.e. € R Then it
also holds for f € S(R?) ®@ Y. It is now sufficient to prove that

K L
/R d / d <Z fk<y>yk,zgl<x>zl> K (2, y)h2 (@) b2 (y) dady| < cA
k=1 1

=

(3.10)

hO]dS Whenever f = Zk fk ® Z/k S S(Rd) ® Y and g = Zl gl ® 2 c S(Rd) ® Y* haVe Compact
support and satisfy
||f||Lp(Rd,hi;Y) < ]-7 ||g||Lp* (R4, h2;Y*) < 1.

Denote the above double integral by I and let 1 : R? — S¢ be the mapping
P(z) = (¢sin||z||, cos|z]|), for z = ||z]|¢ € R? with £ € S47 1.
For N > 1, let moreover

. R? — NS¢ = {z € R : ||z| = N}
M a e Ng(£).

It is shown in [24, Remark 3.1] that given a function h : B(0,N) = {x € R?: ||z|| < N} — R,
there exists a unique function hy supported in {x € NS¢ : arccos(N 'zgi1) < 1} such that

hy(Ynzx) = h(x), x€ B(0,N).

Moreover, it is also shown there that

> (Ve = N2V o2 (SN
(3.11) [ ()b (@)ds = N /B(&N)h( YR ( )( i ) d
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with Al = A\ +
B(0,N). Let h(z

% + vx — 5. Let now N be so large that both f and g are supported in
= || f(z, )||y and fn: NS? — Y be the function defined by

fn(@Wn(x) = f(z),
so that we have hy(z) = || fn(z,-)||ly. As mentioned in [24, p. 4064], it follows from (3.11]) that

>
)

’
2X] 41

[hn (N e,y = 1NN esape, vy SN

Similarly, with h(z) := ||g(z,-)||y~, it follows that

C2Ap 41
HQN(N')”LP*(Sd,hi,;Y*) SN

Recall in the following that @7’;/ (z,y) is the kernel of proj'fl,. We write f5 (Un (y)) = FF(y), g (bn(x)) =
gl(x) and deduce that

‘N” i /Sd /Sd [ m(N~ n)g’ﬁ/(aﬁ,y)l <zk: fzkv(Ny)yk,zl:gﬁv(Nx)ZOhi/(x)hif(y)dwdydu(W’)

=0

= v [ S w2y ) | S RV ()dy, S gk (Ve)z )i (a)da
S \JS5e k ]

n=0
2\
< N2
Sd

_ N2 /S 1My yn v (N ) (@) ly lgn (N, )]

< NAM e (N ) O g () g
20 41 2>\’ +1

< N2% HAN- SN — AL

lgn (N, )|y~ hi2s () da
Y

/Sd [Z m(N~'n) 25 (x, )] SN (Ny, )2 (y)dy

n=0

yhZ, (x)dx

Denote the expression under the modulus in the first line of the above estimate by In. It is
shown in [24] Inspection of the Proof of Theorem 3.1] that limy_,o0 Iy = ¢s,.I holds in the case
Y = Y* = C. Then it also holds for a general Banach space Y, if we take f € SRY) ®Y, g €
S(R?) ® Y*, take consequently a double sum k1> and use Y, Y*-duality both in the deﬁnltlon
of I and Iy. Then line - follows unmedlately7 and we have proved Theorem in the
case where |m(t)| < cie”2". We now prove the theorem removing this assumption on m.

Let thus m be a general multiplier function satisfying the hypotheses of Theorem For
§ >0, put ms(t) = m(t)e %t Then, for any f € S(R?) ® Y, we have

Tons () = B5Tn (f),

where (B5)i>o is the Dunkl Poisson symmetric contraction semigroup on LP(R?, h2;Y), and
we have B§ f — f as 6 — 0, because according to Proposition (PB4)¢ is strongly continuous
on LP(R? h2;Y). On the one hand, we have by the first part of the proof

) K?
[ Toms ”LP(]R",h,%;Y)ﬁLP(]Rd,hi;Y) < sup ||M(m(en)e_‘5")n>0 HLP(Sd,hz/;Y)HLP(Sd,hQ_,;Y)
>0 Z " "
€

< A.
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On the other hand, we write
| T (F)ll Lo e n2;vy = B [IBETn ()| e e p2vy = Hm (| Tons (Ol e @enzivy S Al ll e @anziyy-
6—0 0—0

The proof of the theorem is complete. [ ]

We shall now prove several important consequences of this theorem. The first one provides
us a Hérmander type multiplier theorem for the Dunkl transform.

Theorem 3.13 Let 1 < p < oo andY =Y () be a UMD Banach lattice. Let ng be an integer
>N +1=X +% = %+% + % Assume that the multiplier function m : (0,00) — R belongs to
HT°, that means, is bounded with |m|l. < A and satisfies the following Hérmander condition

1
sup —
rR>0 R

dro

tno

t)’dtgA

Then the spectral multiplier T,,, initially defined for f € S(RY) @Y by

To(f) = Fi [ m€]) Fuf (€)]

extends to a bounded operator on LP(RY h2;Y) with | T |l e R 12 v ) Lr (RO, R2;Y) S Cpng,dA-

This theorem, which generalizes the scalar case proved by Dai-Wang [24], Theorem 4.1], only
concerns radial multipliers. For scalar valued multivariate (i.e. not necessarily radial) spectral
multipliers for Dunkl operators, but only in the particular case where the reflection group W
is (Z/27)%, see [69)].

Proof : It is shown in [24] Proof of Theorem 4.1] that the above condition on m yields that the
sequence (fin)n>o defined by p, = m(en) satisfies the hypotheses (Cp) and (Cy,) of Theorem
with a bound M < c¢A uniformly in € > 0. Note that in Theorem we take S? in place of
5971 as it is stated there verbatim. Then Theorem yields that the hypotheses of Theorem
are satisfied and we apply it to get the desired conclusion. |

Remark 3.14 Let us compare Theoremm 3. 15 with two results on (pure Laplacian) vector-valued
Fourier multiplier theorems. Namely, in [37, Corollary 4 4], it is shown that —A has a H,
calculus on LP(R%:Y) with 1 < p < oo and a = LWJ +1 as soon as Y is a UMD
space (not necessarily a lattice). In fact, even more is shown, i.e. non-radial multiplier symbols
are admitted, and even operator valued ones, in which case the correct version of the multiplier
space HS, involves R-boundedness.

Secondly, in [{1, Theorem 3.1], it is shown that —A has a HS. calculus on LP(R%Y') with
1 <p<ooand a = LWJ + 1 as soon as Y is a UMD space. Here, t denotes the
Rademacher type of Y and q the Rademacher cotype of Y. FEwven more is shown, non-radial
multipliers are allowed and Hyténen had discovered that the partial derivations taken on the
symbol need only to be of order 0 or 1 in each fixed direction.

Let us compare these two results with our Theorem [3.13, when restricted to the trivial mul-
tiplicity function k = 0. Note that the best Fourier type, the best Rademacher type and cotype
all equal 2, so that the derivation order in [37, [{1] becomes then o = L%J + 1. In our case,
we have the (for odd d bigger) number a = |4 + %J + 1. The failure of the boundedness of
the Bochner-Rz’esz multiplier ms(x) = (1 — x)% on LP(RY) for all p € (1,00) for the order
§ < =L and the fact that ms € H§ iff 6 > o — 1 [20, p. 11] shows already in the scalar case
Y = (C that in Theorem m in general, a cannot be chosen less than %. Note also that
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HE — HE < HEL7¢ for € > 0, the exponents being optimal in these two strict embeddings, so
that the multiplier classes from [37, [{1]] on the one hand and Theorem on the other hand
complement each other when applicable to a common setting. Finally, let us emphasize that we
need the UMD space to be a lattice, which is not the case in [T, [41] as well as in many other
vector valued spectral multiplier results in the literature (see the introduction).

From Theorem [3.13] we can also immediately deduce the following corollary on Bochner-
Riesz means.

Corollary 3.15 Let 1 <p < oo andY =Y () be a UMD Banach lattice. Let o > || + 1.
For R > 0, let

arn _ JA—=t/R)* 0<t<R
fR(t)_{o t>R.

Then the Bochner-Riesz means ff(A) associated with the Dunkl Laplacian A are uniformly
bounded in R > 0 on LP(R?, h2;Y).

Proof : Note that by Lemma 8. and Theorem A has a H}° calculus on LP(RY, h2;Y)
for ng an integer > A, + 1. It suffices to note that ||f§||7_1‘1x+17€ < oo for € > 0 (see e.g. [47]) and
to apply Theorem [3.13 [ ]

Note that there is a partial converse of Corollary [3:15] More precisely, if the Bochner-Riesz
means {f3(A4) : R > 0} of a sectorial operator A with H* calculus are R-bounded, then A
must have a H{*! calculus (even R-bounded, ie. {f(A) : Hf”?-zf“ < 1} is an R-bounded

subset of B(LP(R?, h2;Y))), according to [47].

Another application of Theorem [3.13] is the following spectral decomposition of Paley-
Littlewood type. We refer e.g. to [46] for applications of this decomposition to the description
of complex and real interpolation spaces associated with an abstract operator (the Dunkl Lapla-

cian in our case).

Corollary 3.16 Let 1 < p < o0 and Y = Y (') be a UMD Banach lattice. Let (¢n)nez
be a dyadic partition of unity (see Definition . Further let ¢, = ¢ for n = 1 and
g = ZSL:_OO bn, 50 that 307 bp(t) =1 for allt > 0. Denote A = —A,; the Dunkl Laplacian.
Then, for any f € LP(R%, h2;Y), we have the norm description

<Z|gzsn<A>f»2>é (gwnmm?)%

ne”Z

>~

[[f 1Ly = |

K,p;Y K,p;Y

Proof : Once a Hérmander calculus of A on LP(RY, h,;Y') is guaranteed by Theorem [3.13] the
corollary follows from [46, Theorem 4.1] resp. (2.1)), to decompose the norm in Rademacher
sums resp. square sums. [ ]

A Hormander calculus implies by Lemma 2. that the Dunkl Laplacian A has an H*>(X%,,)
calculus for any w € (0, 5). We deduce the following.

~—

Corollary 3.17 Let 1 < p < oo and Y = Y (') be a UMD Banach lattice. Let ¢ € (0,5
For f € LP(R%, h2;Y), define the maximal function M., (f)(x) = Sup.cy, |lexp(—2A4)f(z,-)|ly
Then

1My (N)llsp < Coll Fllpsy-

Moreover, exp(—zA) f(x) converges to f(x) in'Y for almost every x € R?, as z tends to 0 within
the sector Ny.
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Proof : Once an H*(%,,) calculus is guaranteed for w < 5 — ¢ according to the above, the
maximal function boundedness follows from [65, Theorem 2.4.1]. Then the pointwise conver-
gence follows from the proof in [65, Section 2.6 and Discussion after Corollary 1.3.4], see also
[22, Corollary 2]. ]

Remark 3.18 Note that Theorem in the scalar case Y = C, i.e. [24, Theorem 4.1]
autoimproves by interpolation with self-adjoint calculus. That is, since the Dunkl Laplacian
is self-adjoint, T,, will be bounded on L*(R% h2) for any m : (0,00) — C measurable and
bounded. Note that Hgy — L>°(0,00) for a > %, 50 Ty, is bounded on L?(R%, h2) for m € HY.
Then by bilinear interpolation between HY x L*(R, hZ) and HT° x LP(R?, h2), one gets that T,
is bounded on L'(R?, k%) form € HE for 1 > 2|2 -1 and B> 2(ng—1)[3 — 3|+ 1,1 <t < 0.

This interpolation improvement works partially in the UMD-lattice-valued case: According
to [60], a UMD lattice Y is a complex interpolation space Y = [H, Z]y, between a Hilbert space
H = L?(Q) and another UMD lattice Z over Q. But then t above is coupled to the fived number
0 € (0,1) and one cannot shrink 8 below ngb.

4 Application to maximal regularity

In this section we apply Theorem to abstract Cauchy problems involving the Dunkl Lapla-
cian, and show existence, unicity and regularity results for the solutions.

Definition 4.1 Let B be an w-sectorial operator for some w € (0,7), acting on some Banach
space, and let 0 € [w, 7). We say that B is R-O-sectorial if {\(\ — B)™! : X\ € C\Zp} is R-
bounded. In this case, we denote by wr(B) the infimum over all  such that B is R-0-sectorial.

According to Lemma 2. and Lemma 8., Theorem implies that the Dunkl
Laplacian A has an H>(X) calculus for any 6 € (0,7). Thus, also any fractional power A®
has an H*(Xy) calculus for any 6 € (0, ), for any 8 > 0. We then deduce Corollary below
on maximal regularity. To this end, we let B be an w-sectorial operator for some w € (0, 7),
acting on LP(R? h2;Y). We further impose that resolvents of B commute with resolvents of A.
For example B = Idy» ® By, where By is an w-sectorial operator acting on Y. In that case, B is
(R-)w-sectorial on LP(R%, h2;Y) if and only if By is (R-)w-sectorial for a given angle w € (0, 7).
Moreover, it is easily checked that D(B) = LP(R%, h2; D(By)), and the graph norm of D(B) is
the norm of LP(R?%, h2; D(By)), D(By) itself being equipped with the graph norm.

Corollary 4.2 Let A be the Dunkl Laplacian on LP(R® h%:Y) associated with some reflec-
tion group W and weight h,, and B an w-sectorial operator for some w € (0,7), acting on
LP(R? h2;Y) such that resolvents of A and B commute.

1. Assume that for some w € (0,7), B is R-w-sectorial. Then, for any B > 0, AP+ B is closed
on D(AP) N D(B). Moreover, ||APf|| + |Bf|| < C||APf + Bf||, for f € D(A®)n D(B).

2. Assume that for some w € (0,7), B is R-w-sectorial. If Y has property (o) (see e.g. [50,
4.9]), then AP + B is again R-w-sectorial and wr(A® + B) < w(B).

3. Assume that Y has property («). If moreover, wr(B) < Z, then the abstract Cauchy

2
problem

(4.1) {fw(t) + APu(t) + Bu(t) = f(t)

u(0) =0
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has mazimal regularity. This means, for any given T € (0,00],q € (1,00) and f €
L([0,T), LP (R, h2;Y)), the solution u of ([A.1)) exists, is almost everywhere differentiable,
has values in D(AP) N D(B), and there exists C' < oo such that

d
H@U‘ ) + AP u()[| Lago,7), 0 R ,n2 vy + 1BU) | zaqo,r), L0 ®e2 v

< Ol fllzaqo, 1), Lr e, n2;v))-

La([0,T),LP(R4,hZ;Y

Proof : 1. We can apply [43, Theorem 6.3] since A° has an H>(3g) calculus such that
0+w<m.

2. We note that if Y has property («), then also LP(Q;Y") has. In our situation, (Q, u) =
(RZ, h2 (z)dx). Now apply the second part of [43, Theorem 6.3].

3. This follows from part 2. together with [67, Theorem 4.2]. ]

In the above Corollary the domain of A? is given by general theory of (analytic) semi-
groups. We give in the next lemma some supplementary information on the domain.

Lemma 4.3 Let A be a Dunkl Laplacian on LP(R% h2;Y) as in Corollary . Then D =
SRY @Y is a core of AP for any B > 0.

Proof : Assume first that 8 = n belongs to N. According to [27, Theorem 1.9], since D is
dense in LP(R%, h,;Y), it suffices to show that D is invariant under the action of exp(—tA™).
We clearly have for f = 22{:1 ft®yr €D,

K

exp(—tA™) f =Y Fi exp(—t[|€]*") Fu(f1)] @ yr,

k=1

and exp(—t||£]|?>") belongs to S(RY) for any ¢ > 0. Thus, also exp(—t||¢||>")F.(fr) € S(R?)
according to Lemma 2., and, again by Lemma 2., exp(—tA™)f € D.

Now consider the general case 3 > 0. Choose n € N with 8 < n. Then D C D(A™) C D(A?),
where the first embedding is dense by the above and the second embedding holds according to
[50, Theorem 15.15]. It is also dense. Indeed, let f € D(A®). Then f = (1 + A)~Ph for
some h € X := LP(R% h2;Y). By density of D(A"#) in X, we can choose a sequence (g, )n
in D(A" ") such that g, — h in X. Then f, = (1 + A)~"g, belongs to D(A™). Moreover,
JA%F — A5f,llx = [A%(1 + A)Ph — A5(1 % A) gl < [AS(1L+ A) || b = gallx — 0.
Similarly, ||f — f.llx — 0. We have shown the density D(A™) C D(A?) and thus, D C D(A?)
is dense. [ ]

As an illustration, we apply Corollary [£:2] to two partial differential equations involving the
Dunkl Laplacian, one involving a first order time derivative, and one stationary. For simplicity,
we restrict to the one dimensional case d = 1 (that is W = Zs) and § = 1 for the Dunkl
Laplacian. In this case, A takes the form

2
(4.2) Au=— (j e ”) u, we IP(R, |s|?ds),
S S

where k > 0 is the only value (still denoted by k) taken by the multiplicity function (since

there is only one class of conjugation), o(u)(z) = u(—=x), and (R%, h2(s)ds) = (R, |s|**ds). Let
us introduce B being the operator Ap from [50, p. 156]. That is, we take Y = LI(R}H), 1 <
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q < 00, where RT‘l = R x [0, 00). Further, we define the homogeneous second order differential

A= Z aqD?,

lal=2

operator acting on RTFI,

and the homogeneous first order boundary operator

B= ) bD

|B]=1
where a,, bg € C and for a = (ay,...,an41) € Ng T, we let
D = (*i)o‘l*'"*a'rwrlLOC1 oo )
ot T oy

Let wp € [0,7) and assume that
A(é‘) = Z aa(_i)a1+'~~+an+1£‘111 e 5’2‘1“1’1 c Two (5 c Rn+1),
|a|=2

and A(¢&) > [/€||* for some M > 0. For the operator B, we assume the Lopatinskij-Shapiro
condition [50} (7.4)]. That is, we set by = b(o,0,....0,1), ax (&) = Zlﬁlzk a([m_k)(f’)ﬁ for k=0,1,2
and & € R™. We assume bg # 0 for simplicity, and that the characteristic polynomial

aop® + a1 (§)p +az(€) + A =0

has two distinct roots pi with Suy > 0 > Su_, for any ¢ € R™ and A € ¥,,,. We eventually
define the operator B by

D(B) = {u€ W(R}M) : Blu) =0 on 9RYH},

Now we obtain the following existence, unicity and regularity results on partial differential
1
equations involving Az from (4.2) and the differential operator B.

Proposition 4.4 Let 1 < p,q,7 < 0o and 0 < T < co. Let A acting on LP(R,|s|?**ds) and B
acting on LI(RTH) be as above.

1. Assume that wo < 5. Then the Cauchy problem

%u(t, 8, ) — (% + Hld;0)2 u(t, s, z) + Z|a‘:2 aoD*u(t,s,x) = f(t,s,x) (t >0,seER x € ]Ri“)
u(0,s,x) =0 (seR,zeR}M
Zlﬁlzl bgDult, s, x) =0 (t >0, seR, z € (“)RTFI)
for given f € L™((0,T); LP(R, |s|[**ds; LY(R";™))) has a unique solution
u € Lioo((0,T); LP (R, |s[**ds; LI(R}H)))
which is almost everywhere differentiable in t, and there exists a constant C < oo such
that

d d Id-o\’ N
[l +1 (5 +<52) ol 5 aurm]
|| =2
< CIfl
where the four norms here are all in L™((0,T); LP(R, |s|>*ds; L1(R"™1))).
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2. Assume that wg < 7, and that B is invertible, e.g. to given B as above change ag to ag+e€
for some € > 0. Then the problem

— (4 + fiilds_”)Z u(s, ) + 32 0 =2 @aDu(s,z) = f(s,2) (s€ER, z€ R%H)
215121 b D u(s, ) =0 (seR, zedR}™)

for given f € LP(R,|s|**ds; Lq(RiH)) has a unique solution u € LP(R,|s|**ds; Lq(]RT'l))

and there exists a constant C < oo such that

d Id-o\’ N
Hu||—|—H ot uH-l—HZaaD qu sl
|| =2

where the four norms here are all in LP(R, |s|[**ds; LY(R")).

Proof : In [50, 7.9 Corollary], it is shown that B is R-sectorial and that wg(B) < wp.

1. This follows then directly from Corollary part 3. Note hereby that L? (RT’l) indeed
has property (o) [50, p. 128].

2. This follows from Corollary part 1. Note that since B is assumed to be invertible,
A? 4 Bis also invertible according to [43, Theorem 6.3], and we get that ||ul| = |[(A2+B) "1 f|| <
ClIfll .

Remark 4.5 Proposition[{.]] holds as it stands for other powers 8 > 0 than 1 and dimensions
d € N. In part 1. of Proposz'tion for the chosen exponent 8 =1, (but not for > 1), we do
not need the Hormander calculus of A but merely the R-sectoriality of it for some angle < %,
which follows from Proposition [2.6,

Acknowledgments. The authors wish to thank the referee for her/his careful reading of
the manuscript and helpful comments and remarks which improved the quality of the paper.
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