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EXTREMAL SOLUTIONS FOR QUASILINEAR PARABOLIC
SYSTEMS IN TRAPPING REGIONS

SIEGFRIED CARL AND DUMITRU MOTREANU

ABSTRACT. We consider the initial-Dirichlet boundary value problem for quasi-
linear parabolic systems in a cylindrical domain @ = € x (0,7) of the form
(i =1, 2)

ou

B_ti B Apiui = fi(.’lﬁ,t,ULUQ, vul’VUQ) in @,

with a diagonal (p1,p2)-Laplacian as leading elliptic operator, and with a lower
order vector field f = (f1, f2) that may depend also on the gradient of the solution
u = (ul, ug). We establish an enclosure and existence result for weak solutions in
terms of trapping regions which stand for rectangles formed by pairs of appropri-
ately defined sub-supersolutions, and prove the existence of extremal solutions
within trapping regions without imposing any monotonicity conditions on the
lower order vector field. Finally, we provide conditions that allow us to construct
trapping regions. It should be noted that the results obtained in this paper
may be extended to more general quasilinear systems, where the p;-Laplacian is
replaced by a general divergence form Leray-Lions operator div A;(z, t, u;, Vu;).

1. INTRODUCTION

Let Q@ C RY be a bounded domain with Lipschitz boundary 9, Q = Q x
(0,7), and T' = 9Q x (0,7), with 7 > 0, and let W1Pi(Q) and W&’pi(ﬂ), i
1,2, denote the usual Sobolev spaces with dual spaces (W1Pi(Q))* and W14 (Q),
respectively, where ¢; is the Holder conjugate satisfying 1/p; + 1/q; = 1. For the
sake of simplicity we assume throughout this paper 2 < p; < oco. Then W1Pi(Q)
C LX) ¢ (WWPi(Q)* as well as W, P (Q) C L*(Q) C (Wy"(Q))* forms an
evolution triple with all the embeddings being dense and compact, cf. [10].

Further we set X; = LPi(0,7; WHP(Q)), Xo; = LPi(0, T; Wol’p(ﬂ)), and introduce
the Leray-Lions spaces W;, and W, defined by

W,={ueX,;:ueX}, Wy={ueXy:ueXj}
where the derivative v’ := 0u/0t is understood in the sense of vector-valued dis-
tributions, and X} = L9(0,7; (W1Pi(Q))*) is the dual space of X;, resp. X% =
L%(0, T; (Wol Pi(2))*) is the dual of Xp;. The spaces W; and Wy, endowed with the
graph norm of the operator 0/0t

lullw, = llullx, + v'llxz,  ullwe, = llullxo, + 1vllxg,
are Banach spaces which are separable and reflexive due to the separability and

reflexivity of X; and X, and Xo; and Xj;, respectively. It is well known that the
embedding W; < C([0,7], L3(R)) (resp. Wy; — C([0,7], L*(2))) is continuous,
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and by Aubin’s lemma the embedding W; << LPi(Q) (resp. Wy, —— LPi(Q)) is
compact due to the compact embedding W1Pi(Q) s LPi(Q).
The notation (-, -) stands for any of the dual pairings between X; and X*, Xy, and

X, WHPi(Q) and (W'Pi(Q))*, and W()l’pi(ﬂ) and W14 (Q)), such as for example,
if f € X and u € Xj, then

(f,u) = /OT(f(t),u(t)) dt.

In what follows we denote by L;u := «' = Ou/0t the time derivative operator with
its domain of definition, D(L;), given by
D(L;) = {u € Xo; : v’ € X§;; and u(-,0) =0} .

It is known that the linear operator L; : D(L;) C Xo; — X, is closed, densely
defined and maximal monotone, e.g., cf. [10, Chap. 32]. Finally, for any number
r € R we set 7+ := max{£r,0}, sor =rt —r~.

In this paper we consider the initial-Dirichlet boundary value problem for the
following quasilinear parabolic system of the form (i = 1,2)
(1.1) u; — Ap,u; = fim,t,ur, ug, Vug, Vug) in Q, wilr =0, u;(-,0)]q =0,

where Ay, u = div(|Vu|Pi~2Vu) is the p;-Laplacian operator, and the right-hand side
vector field (f1, f2) : @ x RxR xRN xRY — R? is a Carathéodory map, i.e., (z,t) —
fi(,t,51,589,€&1,&) is measurable in @ for all (sq,s2,£1,&) in R x R x RV x RV,
and (s1,s2,&1,&2) = fi(x,t,51,52,&1, &) is continuous in R x R x RY x R for a.a.

(z,1) € Q.
Definition 1.1. A weak solution of problem (1.1) is a pair (ui,us) € Wy X Woo
such that u;(-,0) =0 on Q, f;(-, -, u1,u2, Vuy, Vug) € X, for i = 1,2, and

(uf, v1) -l-/ Vi [P~ 2Vu Vo = (f1(, -, u1, ug, Vg, Vug), v1),
Q

<U’/27U2> +/ ‘VU/2|p2_2Vu2VU2 - <f2('7 '7“17“27VU’17VU2)7UQ>
Q

for all (vi,v2) € Xo1 X Xoo.

Remark 1.2. Note, here and throughout this paper we use the notation fQ' =
fQ -dxdt. Further we remark that homogeneous initial- and boundary conditions

in (1.1) have been assumed without loss of generality. Inhomogeneous initial-and
boundary values of W, functions can be considered without any difficulties.

Let us introduce operators as follows:
(1.2)  L:D(L1)x D(La) = X, X Xgo : (Lu,v) := (Liuy,v1) + (Laug, va),
U = (ul,u2) ~ D(Ll) X D(Lz) C Xo1 X Xp2, v = (’01,1}2) € Xo1 X Xoo2,

(13) Au = (—Aplul, —Ap2UQ) : X01 X X02 — Xékl X X8<27 defined by
2 2
(Au,v) = 3 (~ D) = 3 / Vg P2V g Vo,
k=1 k=1"@
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and the Nemytskij operators Ny, generated by the right-hand side f; through
Nfz.(ul, UQ)(CIJ', t) = fl(ac, t, ur, us, Vul, VUQ),

which under certain growth conditions specified later give rise to the operator Ny :
X()l X XOQ — X(Tl X ng defined by

2
(1.4) (N¢(u),v) = Z/ Jr(z, t,u1,u2, Vur, Vug)vy.
k=1"¢

With the operators introduced above, Definition 1.1 is equivalent to the following
operator equation: Find u = (uy,us) € D(L1) x D(Lg2) such that

(1.5) (Lu + Au,v) = (N¢(u),v) forall ve Xg= Xg1 x Xpo.

We next introduce our basic notion of trapping region formed by a pair of sub-
supersolution.

Definition 1.3. We say that u = (u;,uy), ©u = (a1, u2) € W1 x Wa form a pair of
sub-supersolution for problem (1.1) if the following holds true:
(i) w; <wj ae. in@Q, u; <0<7; ae. onQx0,u, <0<uonl fori=1,2.
(ii) fl(-, Uy, w2, Vg, VU)Q), fl(-, Uy, wo, VU, VUJ2) € X(>I)<17
f2('7 +, W1, Ug, le; vﬂ2)7 f2('7 ) w17ﬂ27 vw17 VﬂQ) S XE)kQ
(iii)

<Q,1,U1> + /CVQ \V@l\p1_2Vg1Vvl - <f1('7 ',Ql,wz,VQl,VU)Q),”Ul>

+<Q/2, U2> +/ ’vﬂ2‘p2_2vu2vf02 - <f2('7 <, Wi, Uy, VUJ1, Vﬂ2)97)2> S 07
Q
and

(uh, v1) +/ VP2V Vo, — (f1(-, -, 11, wa, Vi, Vws), v1)
Q

+ (T, v2) +/ Ve |P2 2V Vg — (fa(-, -, wi, T2, Vwy, Vaiz), va) > 0
Q

for all (v1,v2) € Xo1 X Xg2 with v; > 0, and all (wy, we) € Wy x Wy with

w, <w; <y fori=1,2.

Definition 1.4. If u = (u;,us),u = (uy,u2) is a pair of sub-supersolution, then
the rectangle [u,u] = [uy,U1] X [us, Us| is called a trapping region. Here we have
denoted [u;, u;] = {u € X; : u; <u <7; ae. in Q}.

Remark 1.5. The two inequalities of Definition 1.3 are equivalent to the following
four inequalities (in their respective corresponding weak form):

Q,l - Ap1@1 - fl(x7t7y17w27 v@l) va) < 07 for all wa € [Q27a2]7

uh — Ayt — fo(z,t,wi, uy, Vwy, Vuy) < for all wy € [uy, u1],

fa( ) <0
ﬂll — Aplﬂl — fl(x,t,ﬂl,wg, Vi, sz) >0, forall wy € [QQ,EQ],
fa( ) >0, forall wy € [uy,u].

—/ — — _
Uy — Ap,u2 — fo(x, t, w1, U2, Vwy, Vo
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In the present paper we establish an enclosure and existence result for solutions of
the parabolic system (1.1) in terms of trapping regions which stand for rectangles
formed by pairs of sub-supersolutions. This provides not only the existence of
solutions, but also their location in trapping regions in the sense of Definition 1.3.
First, we prove an abstract result when the trapping region is prescribed by a given
pair of sub-supersolution.

Second, by applying the abstract result, we prove the existence of extremal so-
lutions within trapping regions without imposing any monotonicity conditions on
the lower order vector field. More precisely, we prove the existence of minimal and
maximal solutions within a trapping region, where the notion mazimal and mini-
mal refer to the partial ordering of vector-valued functions introduced by the order
cone L7 (Q) x L (Q). Finally, we establish the existence of positive and negative
solutions of (1.1) under verifiable conditions on the vector field (fi, f2)..

The main difficulty in our study is represented by the fact that the right-hand side
(f1, f2) in the system depends not only on the solution (up,us) but on its gradient
(Vuy, Vusg), too. It is for the first time that this is considered for an evolutionary
system of quasilinear equations. It should be noted that the results obtained in this
paper may be extended to more general quasilinear systems, where the p;-Laplacian
is replaced by a general divergence form Leray-Lions operator div A;(x,t, u;, Vu;).
Only for the sake of simplifying the presentation and in order to emphasize the main
idea, we have restricted to the quasiliear parabolic system (1.1) as the model case.
The elliptic counterpart of system (1.1) was treated in [3]. However, the quasilinear
parabolic system considered here is by no means a straightforward extension of
the elliptic case, and requires new tools for its treatment. Existence and enclosure
results for parabolic systems with linear elliptic diagonal operators and right-hand
side vector fields not depending on the gradient have been obtained earlier in [5, 6, 7].
A parabolic equation whose leading differential operator is d;u — Apu, so containing
the p-Laplacian and actually corresponding to the equation case of our system,
but without gradient dependence in the right-hand side, is studied in [2]. In [1],
under strong regularity assumptions on the data, existence of classical solutions of
parabolic systems have been studied with linear elliptic diagonal operators having
Holder continuous coefficients, and right-hand side vector fields that are allowed to
depend on the gradient but are required to satisfy Holder conditions with respect to
the space-time variables and local Lipschitz conditions with respect to the dependent
variables.

2. EXISTENCE OF SOLUTIONS IN TRAPPING REGIONS

Given a pair of sub-supersolution v = (uy,usy), ©w = (uy,uz) € Wi x Wy for
problem (1.1), the following hypothesis on the right-hand side vector field (fi, f2)
is supposed:

(H1) For i = 1,2, the functions f; : @ x R x R x RN x RV — R are Carathéodory
and satisfy the growth conditions

(2.1) | fi(w,t,81,82,81,8)| < ki(z,t) + cl<‘§1|% + \gﬂ%))

(2.2) | fam,t, 51, 80,81,&)| < kao(x,t) + 02(151\% 4+ |§2‘§_§)’
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for a.a. (z,t) € Q, for all (s1,s2) € [u(z,t),u(z,t)], and for all & € RY,
with constants ¢; > 0, and functions k; € LY (Q).

Corresponding to the trapping region [u, u] we consider the truncation operators
T;: X; — X; (i =1,2) given by

w;(x,t) it w(x,t) <z, t),
(2.3) (Tyu)(x,t) = u(z,t) if  w(x,t) <wu(z,t) <u(z,t),

wi(x,t) if  wu(x,t) > u(z,t).
The operators T; are known to be continuous and bounded.

In addition, we consider the cut-off functions b; : @ x R — R (i = 1,2) defined
by
—(u;(x,t) — s)Pi7t if s <wy(x,t),

(2.4) bi(z,t,s) =< 0 it w(x,t) < s <w(x,t),
,1).

(s — iz, t))Pit it s>u(z
The functions b; are Carathéodory with the growth
(2.5) b (2, t, 8)| < ki(,t) + &]s[Pi!
for a.a. (z,t) € Q, for all s € R, with constants ¢ > 0, and functions ki € LT ().

Furthermore, there are positive constants agi) and ag) such that
(2.6) /le-(;c,t, wu > af” [ull i, o) — as’, ¥ ue LM (Q).

By (2.5) it turns out that the associated Nemytskij operators B; : LPi(Q) — L% (Q)
defined by B;(u;)(z,t) = b;j(x,t,u;(z,t)) are well defined, continuous and bounded.
From (2.1) and (2.2 it follows that the Nemytskij operators Ny, : [u,u] —
L%(Q) C X (i =1,2) are well defined, continuous and bounded.
Let Tu := (Tyuy, Tous), then T : X7 x Xo — X7 X X5 is continuous and bounded,
and thus the compositions Ny, o T are well defined and

(2.7) Ny, oT : X1 x Xo = X, is bounded and continuous,
which implies that the operator Ny oT': X1 x Xo — X x X5 given by

2
(2.8) (NfoT(u),v) = Z/ fr(z,t, Tvuy, Toug, VTiuy, VIous)vg
k=1"@

is bounded and continuous as well. In order to handle system (1.1) (or equivalently

(1.5)), we consider next the following truncated, auxiliary problem: Find (u1,u2) €
D(Ly) x D(L9) such that

(2.9) (Lu+ Au+ AB(u),v) = (NpoT(u),v) forall ve Xy= Xo x Xog,

where the operators L, A, Ny o T are given by (1.2), (1.3) and (2.8), respectively,
and A\ = (A1, A2) with Ay > 0 and A2 > 0 to be chosen appropriately, and AB(u) :=
(M Bi1(u1), A2Ba(uz)). Our next goal is to show the existence of solutions for the
truncated, auxiliary problem (2.9) using an abstract surjectivity result for evolution
equations, see [4, Theorem 2.152]), which adapted to the situation of problem (2.9)
reads as follows.



Theorem 2.1. Let L : D(L) C Xo — X§ be as given by (1.2) with Xo := X1 X
Xo2, and let A: Xg — X be bounded, demicontinuous, and pseudomonotone with
respect to D(L). If A is coercive, then L + A : D(L) — X[ is surjective, i.e.,
(L+ A)(D(L)) = X;.

Problem (2.9) can equivalently be reformulated as
(2.10) we D(L): Lu+ Au=0, with A=A+AXB—-NgoT.

Lemma 2.2. The operator A=A+ AXB — NyoT : Xog — X is pseudomonotone
with respect to the domain D(L) = D(Ly1) x D(L2).

Proof. As for the definition of pseudomonotone with respect to the domain D(L1) x
D(Ls) we refer to [4, Definition 2.151]. In order to prove this, let (u,) = (uin, u2y) C
D(L) = D(L1) x D(Lg) be a sequence such that w;, — u; in Xo;, u}, — u} in X,
fori=1,2, ie., up, = u= (uy,uz) in Wy = Wy x Wy and
(2.11) lim sup(A(uy,), uy, —u) < 0.

n— o0

We have to show that

(2.12) Aup) = A(u) in X§ = X3 x X5y and (A(up), un) — (A(u),u).

It is known that Wy = Wy x Wyg is compactly embedded in LP1(Q) x LP2(Q) (see
[4, Theorem 2.141]) which yields

(2.13) Uiy, — u;  in LP(Q) for i = 1,2.

Since B : LP1(Q) x LP2(Q) — L1 (Q) x L%(Q) is continuous and bounded, we get
from (2.13)

(2.14) lim (B(uy), u, —u) = 0.

n—oo
From w, — u = (uj,u2) in Wy = Wy x Wy, we infer that (u,) is, in particular,
bounded in Xo = Xo1 x Xg2, and thus Ny o T'(uy,) is bounded in L9 (Q) x LT (Q)
due to (H1), which by taking into account (2.8) and (2.13) yields

(2.15) nlLrgO(Nf o T(up), un, —u) = 0.

Then by (2.14) and (2.15) we infer that

(2.16) nh_)rg()()\ B(up) — Ny oT(up),un —u) = 0.

With (2.11) and (2.16) and A = A+ A B — Ny o T we finally obtain
(2.17) li?_)solip<Aun, Up —u) <0,

which due to the definition of A given by (1.3) means

lim sup(Auy,, u, — u)
n—o0

(218) = limsup [<_Ap1u1n7 Uln — u1> + <_Apgu2n7 U2n — U,2>} < 0.

n—oo
From the weak convergence u;;, — u; in Xo;, and —A,,, : Xo; — X{; being continu-
ous, bounded and strictly monotone, we get from (2.18) by using

lim (—A, . w;. w;y, —u;) =0
n—)oo< p; Wiy Uin z> ’
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the following equality

limsup [(=Ap u1n — (=Ap ur), uty — u1)
n— 00

+<_Ap2u2n - <_Ap2u2)7u2n - u2>]

= limsup [<_Ap1u1n7u1n - U1> + <_Ap2u2n7 U2n — u2>} < 0.
n— 00

From this we infer by taking into account the strict monotonicity of the p;-Laplacian
that
0 < limsup [(—Apium — (—Ap,us), win —u;) <0,

n—0o0

and thus
(2.19) 0= lim [(—Apium — (—Ap,u), Uin — ui) = Hm (—Ap Wi, Win — ;).

n—o0o n—oo
Since the negative pi-Laplacian —A,, : W, 7 (Q) — (W, (Q))* has the (S} )-
property, it follows that its time-extension —A,, : Xo; — X{j; has the (S, )-property
with respect to D(L;) for i = 1,2 (see [4, Theorem 2.153]), which along with the
weak convergence u;, — u; in Xg; results in

(2.20) Ui — w;  (strongly) in Xg;, i =1, 2.

Now it is straightforward to obtain from (2.20) that (2.12) holds true. The claim that
the operator A is pseudomonotone with respect to D(L1) x D(Ls9) is verified. [

Lemma 2.3. Assume that u = (uy,us), u = (u1,uz) € W1 x Wy is a pair of sub-
supersolution for problem (1.1) such that hypothesis (H1) is satisfied. Then problem
(2.9) has a solution provided A\ > 0 and Ay > 0 are sufficiently large.

Proof. The operators A, B, NyoT : Xo — X are bounded and continuous, and due
to Lemma 2.2, the operator A = A4+A B—N;oT : Xy — X is pseudomonotone with
respect to the domain D(L) = D(Ly) x D(Lg). Thus we may apply Theorem 2.1 to
ensure the existence of solutions of the truncated auxiliary problem (2.9) provided
that A is also coercive, which reads as (note: Xg = Xo1 X Xoo2, u = (u1,u2))

(2.21) WA as fullx, — oo,
]| x
where |ux, = [Ju1llxo; + U2l xo = [[VurllLer (@) + [[Vuzl|1r2 (). Towards this we
have
222) (Auy ) = [IVu]2h 0 + V020220

Using (2.1), (2.2) and Young’s inequality, we find for any positive ¢ and with some
positive constants d; (i = 1,2) that

[(Ny, o T(u),u;)] < /\fz‘(x,t,T1u1,T2u2,VT1U1,VTQU2)U7;\
Q

IA

b2
/ (ki + ¢;(|VTiug [P 4 [V Thug| 90 ugl
Q

< ([[killpe (@) + di)lluall o1 (@)
+e(IVurllze ) + VU2l )

7



(2.23) +C (&) (lurllze ) + luallfre ()

where C'(¢) is a positive constant depending only on €. By means of (2.6), (2.22),
and (2.23), we then arrive at

(Au,u) = (1—8)(\\W1\’£21(Q)+HWzI%(Q))
+ )‘ al ( )) Hu HLm (Q)

(
+(Aeal? — C(e)) |luz |22 Lr2(Q)
—(lk1llar (@) + d)llurll e @) — (Ik2llLaz (@) + da)l|uzl|Lr2 ()
(2.24) —(Alaél) + )\2&%2)).

Choosing € < 1 and \; large enough such that )\iagl) —C(e) > 0, with 7 = 1,2,
from (2.24) we infer that property (2.21) is valid, whence A is coercive. Applying
Theorem 2.1, we obtain the existence of solutions of problem (2.9), which completes
the proof. [

Now we are in the position to prove our main existence and enclosure result.

Theorem 2.4. Assume that u = (uy,us), u = (up,u2) € Wy x Wy is a pair of
sub-supersolution for problem (1.1) such that hypothesis (H1) is satisfied. Then
problem (1.1) has at least one solution u = (uy,us) satisfying the location property
u<u<u.

Proof. By Lemma 2.3 we know that the auxiliary truncated system (2.9) possesses
a solution u = (uy,us) € D(L1) X D(L2) provided A1 > 0 and Ay > 0 are sufficiently
large. We develop a comparison procedure aiming to prove the enclosure u < u <
for any solution w of the auxiliary problem (2.9), which completes the proof of
Theorem 2.4, since then B(u) = 0, and Tu = u, and thus v is a solution of (1.1)
within the trapping region [u,w]. Let us verify the inequality v < @ only, since the
inequality u < u can be shown in a similar way.

Definition 1.3 with the test function (vy, v2) = ((uy—u1)™, (us—u2)™) € Xo1 X Xo2
gives

(@, (w —m@)")

+/Q (|Vﬂ1\p1_2Vﬂ1V(u1 — ﬂ1)+ — fl(', -, s, wo, VU1, ng)(ul — U1)+>

+<al25 (u2 - ﬂ2)+>
+/ (|VU2‘p2_2Vﬂ2V(UQ — ﬂ2)+ — fz(-, w1y, W, VW, VUQ)(UQ — U2)+>
Q
>0
(2.25)

for all (wq, we) € Wi x Wy with u; < w; < a; for i = 1,2. Then (2.25) and system
(2.9) with the test functions (vi,v2) = ((u1 —u1)™, (u2 — U2)™) enable us to find

((ur — 1), (ur — 1)) + ((ug — Uh, (ug — u2)™)

8



+ (\Vuﬂpl 2Vu1 \Vﬂﬂpl_QVﬂl)V(ul — ﬂ1)+

(‘VU2|p2 2VU2 — ‘VUle VUQ)V(UQ — ﬂ2)+

_|_
S~

+>\1/ b1 u1 —U1) +/\2/ bg(, , U )(UQ—U2)+

Q Q

_/ (Nfl © T(U’) - fl('a ',ﬂl,lUQ,Vﬂl,V’UJQ)> (’U,l _ﬂ1>+
Q

_ (Nf2 © T(U’) - f2('a ',U)l,ﬂg, VUJ1, Vﬂ2)> (U’Q - ﬂ2>+
Q

<0

(2.26)

for all (wy, wy) € W1 x Wy with u; < w; <; for i = 1,2. Therefore it is permitted
to insert wy = Tiuy and wy = Tous. Then (2.26) implies

((ur =)', (ug =) ™) + ((ug — U, (ug —u2)™)

+)\1/Qb1(-, -,ul)(ul —ﬂl)+ + )\Q/ng(-, ',UQ)(UQ —ﬂ2)+ < 0.
(2.27)
We note that

((wi =)', (g — W)™ >=—H( @) (o)) (i=1,2).

In view of this and by the definition of the cut-off functions b; in (2.4), inequality
(2.27) gives rise to

A /Q (ur — ) HP! + Ag /Q (s — )P < 0.

Thus we are led to u; < w; for ¢ = 1, 2.

Consequently, we know that the solution u = (u,us) of auxiliary truncated
problem (2.9) verifies u < u < u. This makes that T;u; = u; and B;(u;) = 0 for
i = 1,2 (see (2.3) and (2.4)). Clearly, (2.9) becomes (1.1), which completes the
proof. ]

3. EXTREMAL SOLUTIONS IN TRAPPING REGIONS

Given a trapping region [u, u] for problem (1.1) formed by a pair of sub-supersolution,
in this section we are going to show the existence of extremal solutions of (1.1) in
[u,u]. Denote by S the set of all solutions of (1.1) in [u,@|, by extremal solu-
tions we understand maximal and minimal solutions in [u,u] or equivalently, max-
imal and minimal elements of § with respect to the underlying partial ordering in
Wo = W1 x Wye, which is defined by the positive order cone Ly given by

Ly =L7(Q) x LE(Q),
9



where L' (Q) is the set of all nonnegative LPi(Q)-functions. An element u* € S is
called a maximal element of S if w € § and u* < w implies ©v* = w. Similarly, a
minimal element u, of S is defined.

Theorem 3.1. Assume that u = (uy,us), u = (u1,u2) € Wi x Wy is a pair of
sub-supersolution for problem (1.1) such that hypothesis (H1) is satisfied. Then
problem (1.1) has extremal solutions within [u, |, i.e., S has mazximal and minimal
elements.

Proof. By Theorem 2.4, S # (). Let us focus on the assertion regarding the minimal
element of S, because the existence of a maximal element can be proved by analogous
reasoning.

Our basic tool is Zorn’s lemma. To this end we consider a chain C in §. As C
is order bounded, i.e., C is order bounded above by w and below by u, and since
L% (Q) is a regular order cone (see [9, p.28]), we can apply [9, Proposition 1.3.2] to
ensure that there is a sequence u,, = (Uin, u2,) C C, with u,411 < u, for all n > 1
such that

infC = lim wu,,.
n—oo

Following similar estimates as in (2.23) and (2.24), and taking into account that
(u1n, u2,) are solutions of (1.1) belonging to the trapping region [u,u], we obtain
the estimate

1
(3.1) 5 Ulwan (L2 0y + lu2n (72 o)
+(L =) (IVurnll7h: +HVU2nII§iQ(Q))
< ([l zar @) + dl)HulnHLp1 + (k2 o2 (@) + da) [uznllr2 (@)

+C M) (luanllfe g +|\U2nHLp2 )

for every n > 0, with constants C'(n) > 0 and d; > 0, i = 1,2. By (3.1) it follows
that the sequence wu,, = (u1y, u2y) is bounded in X1 X Xgo. Directly from the system
(1.1) with the solution (w1, u2,) we then infer that (u}) = (u},,, ub,) is bounded in
X4 % X3y Consequently, there is a subsequence (again denoted by (u,)) such that
Ui, — u; in Wy, as n — oo, with u; € D(L;) for i = 1,2. Here we have used that
L; is a linear closed operator.

Notice again from equation (1.1) (resp. (1.5) with solution (u,) = (u1y, u2,) and
test function u,, — u we have

(Aup, up — u) = —(Lup, up — u) + (Nf(up), up —u),
which in view of
— (L, up — u) = —(Ly, — Lu, uy — u) — (Luyuy — u) < —(Lu, uy — u),
yields the estimate
(3.2) (Aup, up — u) < —(Lu,up — u) + (N¢(up), up — u),

As the right-hand side of (3.2) tends to zero as n — oo we get by passing to the
limsup in (3.2)
lim sup(Auy, u, —u) <0,

n— o0

10



or equivalently

(3.3) lim sup[(—Ap, Uin, Uip, — U1) + (—ApyUzp, U2y — uz)] < 0.
n—o0
The weak convergence of (u,) = (uin,u2,) as seen above along with (3.3) and

the (S4)-property of —A,, with respect to D(L;) implies the strong convergence
Uip, — u; in Xg; for ¢ = 1,2. This allows us to pass to the limit in

(Lup, + Aup,v) = (Nf(up),v), Vve Xo= X x Xoo,

which proves that inf C = lim,, o u,, = u belongs to §. Therefore Zorn’s Lemma
can be applied providing a minimal element of S. The proof is thus complete. L[]

Remark 3.2. Assuming hypothesis (H1), the main results of Section 2 and Section
3, Theorem 2.4 and Theorem 3.1, respectively, remain true for the following more
general initial-Dirichlet boundary value problem (i = 1,2): Find u; € Wy; with
u;(+,0) = 0 such that

(3.4) uh + Aju; = fi(x,t,uy,us, Vuy, Vug) + by in Q,

where h; € X;;, and A; : Xo1 — Xj; are given by
Ajui(x,t) Zé?—xkak (x,t, Vui(z,t)),

with coefficients ak, . Q x RY — R satisfying the following hypotheses of Leray-
Lions type:

(A1) a,(f) : Q x RN — R are Carathéodory functions, satisfying the growth con-
dition
0\ (2, 8,6)| < kS (2, 8) + coil€PiTY, for ace. (2,t) €Q, V £ € RY,
where k:(()i) € LY (Q), and ¢, are positive constants.

(A2) For a.e. (z,t) € Q and for all £, ¢ € RY with & # ¢ the following mono-
tonicity condition is satisfied

N

(@l (z,t,6) — 7 (2, £,€)) (& — &) > 0

k=1

(A2) There are positive constants u; and functions k;; € L1(Q) such that
Za(l) (z,t,6)&, > il €|PF + ki1 (x, ), for ae. (z,t) € Q, ¥V & e RY.

The proofs of the main results, Theorem 2.4 and Theorem 3.1, with the more
general leading quasilinear elliptic operator A = (A;, A2) given above, can be done
in a straightforward manner.
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4. CONSTUCTION OF TRAPPING REGIONS

The aim of this section is to provide a construction of specific trapping regions
that will allow us to show the existence of at least one positive solution of the
following initial-Dirichlet boundary value problem (i = 1, 2) with nonnegative initial

values ; € L(_T_O(Q), (Z =1, 2): Find u; € Wy; with ui(-, 0) = 1); such that
(4.1) ul; — Apui = fi(x,t,ur, u2, Vur, Vug) in @,

where we assume hypothesis (H1) to hold true. To make sure that problem (4.1)
with inhomogeneous initial values and homogeneous Dirichlet-boundary conditions
can be handled by the results obtained in the preceding sections, we are going to
transform (4.1) into a problem of the type discussed in Remark 3.2. To this end let
w; € Wy, denote the solutions of the following problem: Find w; € Wy, such that
w;(+,0) = ¢; and

(4.2) wi — Ap,w; =0 in Q.

The existence of a unique solution w; of (4.2) (even for more general initial values
Y; € L2(Q)) follows by standard existence results, see e.g. [10, Theorem 30.A]. Now
we introduce the new function 4; = u; — w;. Then problem (4.1) is transformed

into the following equivalent problem for u; with homogeneous initial and boundary
values: Find u; € Wy; with 4;(-,0) = 0 such that

(4.3) ﬂ;—Api (ﬁl—sz) = fi(a:,t, w1 +wy, Ua+wo, V(ﬁ1+w1), V(ﬂ2+w2))—w§ in Q).

Setting
Aty = —Ap, (4 + w;),
filz,t, 1, G2, Vg, Viig)
= fi(x,t, 01 + w1, to + wo, V(U1 + w1), V(e + we)),
h; = —wg,
then (4.3) results in: Find 4; € Wy; with ;(-,0) =0
(4.4) i+ Ait; = fiz, t, 01, G0, Vg, Vi) + h;  in Q.

which can easily be verified to be of the structure of the homogeneous initial-
Dirichlet boundary value problem (3.4) discussed in Remark 3.2. It should be noted
that hypotheses (H1) for the right-hand sides f; hold true for the right-hand sides
f; of (4.4) as well. Moreover, a pair (u, ) of sub-supersolution for the problem (4.1)
with the inhomogeneous initial values 1; yields a corresponding transformed pair
of sub-supersolutions (@, %) of (4.4), where 4 = u — w and & = @ — w. Therefore,
according to Remark 3.2 we may apply our main results to the problem (4.1). In
a similar way one can deal with inhomogeneous boundary values (in the sense of
traces) as well.

Our goal is to formulate conditions on the right-hand side vector field that will
allow us to construct trapping regions which imply the existence of nonnegative
solutions of (4.1). Assuming homogeneous boundary conditions, we consider two
cases: Homogeneous initial data and inhomogeneous initial data.

Case I: Homogeneous Initial Values

12



To this end, we recall the eigenvalue problem for —A, on I/VO1 P(Q) with 1 < p < 00
which reads as follows

—Apu = AuP?u in Q
(4.5) { u=20 on Of).

It has a first eigenvalue \; ;, > 0, which is characterized by

IV ull;
TLP(Q): uEW()l’p(Q), u#0].

LP(Q)

A1 p = inf

]

Denote by w7, the corresponding LP-normalized positive eigenfunction, i.e.
solves (4.5) with A = A1y, U1y, > 0 in Q, and |||y = 1. In addition to
hypothesis (H1) let us suppose the following hypotheses:

(H2-0) There exist continuously differentiable functions 6; : [0,7] — R, i = 1,2,
such that §; := minyc(g ) 0;(t) > 0, and for a.a. (z,t) € Q

fi(z,t,01(1), 52,0,8) < 01(t), V s2 € [0,05(t)], & € RY,
fa(,t,51,02(t), &1,0) < 05(t), ¥ s1€[0,61(2)], & €RY,
(H3-0) There exist positive constants J, 11, 2 such that for a.a. (z,t) € Q
fi(m,t,s1,82,60,6) = m, ¥V s1€[0,8), [&1] <6, 52 € [0,02(1)], &2 € RY,
fo(w,t,51,82,€1,62) = m2, ¥ s1€[0,01(1)], & €RY, 53 €0,0], [af <6

Theorem 4.1. Assume hypothesis (H1), (H2-0), and (H3-0), where the growth
conditions (2.1), (2.1) of (H1) are supposed to hold for all (s1, s2) within [0, 61(t)] x
[0,02(t)]. Then for e > 0 sufficiently small, system (1.1) (resp. (4.1)), admits
trapping regions of the form:

[t p,, 01()] X [e tUr p,, B2(1)];
which give rise to the existence of a positive solution (uy,us) € [etuyp,,01(t)] X
& Tt s, O2(1)].
Proof. From (H2-0) we immediately get for a.a. (z,t) € Q

9/1 (t) o Apl (91 (t)) - f1 (ZL’, t, 91(15), s2,0, £2) >0,

v S2 € [0702(t)]7 52 € RN;

05(t) — Bp, (02(1)) — fa(x,1, 51, 02(t),£1,0) = 0,

V s1 € [0,(91(t)], & € RV,

Choose ¢ € (0, min{d1,d2}), and take £ > 0 sufficiently small such that

etuy p, () <9, and €t|Vuy p,(z)] <9,

(4.6)

for all x € Q, t € [0,7], @ = 1,2. For a possibly smaller § we can make use of
hypothesis (H3-0) obtaining the following inequalities for a.a. (z,t) € @
fi(z,t,etun p, (), 82,6 tVUL p, (7),82) = 01,

v S2 € [0792(t)]7 52 € RNa

f2 (ZIS‘, t) S51,¢€ tal,pz (.fl?), gla € tval,pg (.CU)) Z n2,

V¥ s1€[0,01(1)], & € RY.
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Choosing € > 0 even smaller (if necessary), enables us to suppose that

- . pi—1
Sy (0) + A (St (@) <

which in view of (4.7) yields

(5 talvpl)/ P1 (5 tul,m) - fi (337 t, 5tal,p1 (5’7)7 52, 5tva1,p1 (x)a 52) <0,
(48) v Sf € [ 9 2( )] £2 € RN . R

(5 tulvpz) Apz (5 tul pz) f2(37a t,s1, 5tu1,p2 (LL'), fla 5tvu1,p2 (x)) <0,

Vsle[o, 1( )] €1€RN.

From (4.6) and (4.8) it follows that
U= (ﬂ’ ﬂ) = (5 tal,plvgta1,p2)v and u = (u_la U_Q) = (91, 92)

constitute a pair of sub-supersolution for (1.1) (resp. (4.1), which completes the
proof. [

An explicit example for the right-hand side vector field (fi, fo) that satisfies
hypotheses (H1), (H2-0), (H3-0) is as follows.

Example 4.2. Let (f1, f2) be given by
. _ 1.1
fi(m,t, 51, 82,1, &) = yusin(|s1 [P ?s1) 4 ¢ arctan(sy) [&1]7 6|7 + ax,
falw,t, 51, 89,81, &) = Y2 sin(|s|P? ?s2) 4 arctan(sy) \§1|%|§2]% + ao,

for all (x,t,51,52,£1,&) € Q@ x R x R x RY x RV with positive constants ~;, o,
satisfying a; > y; (i = 1,2), and

p2(p1 — 1) pi(p2 — 1)}
p1 ’ D2
For 6;, 8; > 0 with 8; > v; + a4, © = 1,2, we define

Qi(t):ﬁit—l—&', tE[O,T].

Let us check that hypotheses (H1), (H2-0), (H3-0) are fulfilled. Regarding (H1) we
have

T 2 2 p1 P
|f1(z,t, 51,52,&1,&2)| <71+ Z(|§1\’” + |§2\’“) +oa1 < al(l + |61 + |§2\q1)

2
— <min{p; — 1,p2 — 1,
.

with some positive constant a1, and for a.a. (x,t) € @, for all (s, s2) € [0,01(t)] x
[0, 02(¢)], and for all (&1,&) € RY x RN, Similarly, for fo.
Regarding (H2-0) we have

fl(x7t701(t)782707§2) S 71 + aq S 51 - ell(t)7

for a.a. (z,t) € Q, for all s, € R, and for all & € RY, and similarly for f5.
Finally, checking (H3-0), we have

f1($,t781,82,£1,€2) Z ai,

for a.a. (x,t) € Q, for all s; € [0,4], for all s3 € R, and for all (£1,&) € RY x RY,
A similar estimate holds true for fs.
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Case II: Inhomogeneous Initial Values

Here we consider nonnegative, nonzero initial values 7. Using the same notation
regarding the first eigenvalue and eigenfunction of the p;-Laplacian, we now assume
the following conditions on the initial values ¢; and on the right-hand side vector
field (f1, f2) of problem (4.1):

(Hy,) i € LT () and there are g; > 0 such that o;uy p, () < 9;(x) for a.e. x € Q.

(H2) There exist continuously differentiable functions 6; : [0,7] — R, i = 1,2,
with 0;(t) > 0, such that ¢; := minyc[o ) 0:(t) > [|9i| 0, and for a.a. (z,t) €
Q

fl(:r:,t,el(t), 82,0,52) < 9/1(75) for all so € [0,92<t)], all & € RN,

fa(,t,51,02(t), &1,0) < O5(t) for all 51 € [0,01(1)], all & € RY,
(H3) There are constants 51 > A1, and B2 > Aq p, such that

lim inf f1($,t,81,82,€1,€2)
5101 ,61—0 5]1)1_1

> 3

uniformly for a.a. (z,t) € Q, all 0 < 53 < fa(t), all & € RY;

lim inf f2(3§',t,81,82,£1,€2)

82—>0+,§2—)0 312)2_1

uniformly for a.a. (z,t) € Q, all 0 < 51 < 61(t), all & € RY;

> (2

Theorem 4.3. Assume hypotheses (Hy,), (H1)-(H3), where the growth conditions
(2.1), (2.2) of (H1) are supposed to hold true for all s = (s1, s2) within the time-
dependent rectangle [0,01(t)] x [0,02(t)] for t € [0,7]. Then, for e > 0 sufficiently
small, system (4.1) admits a trapping region of the form [euy p,, 01(t)] X [€U1 p,, O2(t)],
which gives rise to the existence of a positive solution (u1,u2) € [eU1p,,01(t)] X
1o B2(1)].

Proof. Assumption (H2) ensures that for a.a. (x,t) € @ one has
(4.9)
{ 01(t) — Ap, (01()) — fi(z,t,01(t),52,0,&2) >0, 53 €[0,02(t)], & € RY,
05(t) — Ap, (02(t)) — fa(w,t,51,02(t),£1,0) > 0, 51 €[0,0:(t)], & € RY.

Assumption (H3) entails that there exists § > 0 such that for a.a. (z,t) € Q it holds
(4.10)

{ f1($,t,81,$2,51,§2) > )\1,]9151131_17 S1, |£1’ € (076)7 S9 € [0792(t)]7 52 € RN?
f2($,t,81,$2,£1,§2) > )\1,p251272_17 51 € [anl(t)]a 52, ‘EQ' S (0a5)7 gl c RN

Since the continuous functions 60y (t), f2(t) on [0, 7| are positive, we can choose
0 € (0, min{dy,d2}).
Now we take € > 0 sufficiently small such that ¢ < p; and
0 < ey, (z) <90, e|Vuyyp,(z) <dforall x e Q, i=1,2.
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Due to (4.10), for a.a. (z,t) € Q, for all s5 € [0, 02(¢)], & € RY, 51 € [0,01(¢)], and
& € RY we get the inequalities

(4.11) { (5217291), - Am (‘Sgl,pl) - fl(xv tagal,p/y 82,€Vﬂ171£,§2) <0,

(EU1,py)" — Dpy (EULp,) — fo(@,t, 81, EUL p,y, €1,V p,) < 0.
Notice that (4.9) and (4.11) are fulfilled with wy € [eu1y,,61] and Vw,; in place
of s1 and &, respectively, as well as with wy € [eUjp,,02] and Vws in place of
so and &, respectively. It follows that u = (u;,uy) = (Ui p,,cU1p,) and T =
(uy,us2) = (01,02) constitute a pair of sub-supersolution for problem (4.1) in the
sense of Definition 1.3. Therefore, Theorem 2.4 along with Remark 3.2 can be
applied, which guarantees the existence of a (weak) positive solution u = (u,us)
of problem (4.1) within the trapping region [u,u], so there hold

W p, <up <01, el p, < ug < 0.
This completes the proof. ]

As an immediate consequence of Theorem 3.1 and applying a regularity result
given by [8, Theorem 1, Theorem 2| we get the following corollary.

Corollary 4.4. Assume the hypotheses of Theorem 4.3. Then problem (4.1) has
positive extremal solutions in the trapping region [y p,, 01] X [€U1 p,, 02]. Moreover,
u; € CYY(Q2 x (0,7]), where v € (0,1).

Remark 4.5. Hypothesis (Hy,) on the initial data ; can be satisfied by a large
class of functions from L% () such as follows: If ¢;(z) > 0; > 0 then the condition
0it1 p, () < ¢i(x) for a.e. x € Q is obviously satisfied by choosing g; > 0 small
enough, since 0 < @y 5, € C}(Q),, where

Co(Q)1 ={ueCi(): u(x)>0foralzecQ}.
Moreover, U1 ,, even belongs to the interior int(C3(Q)+) of CJ ()4 which is known
to be nonempty and characterized as follows
ou
ov

Therefore, any nonnegative initial value v; € int(Cg(Q)4) satisfies condition (Hy, ).
A simple explicit example for the right-hand side vector field (f1, f2) that satisfies
hypotheses (H1), (H2), (H3) is as follows.

int(Ca()4) ={uecCy(Q)y: u(z) >0 for all 2 € Q and < 0 on 00}.

Example 4.6. Let €, 7, p1, po be as in the statement of problem (1.1). Fix
constants 81 > A1 p,, B2 > A py, 01 >0, 92 > 0, and r > 0 with §; > ||1);|eo, and

2 1 1
- Smin{p1_17p2_1’p2(p1 )7p1(p2 )}
b1 D2

r
We define (f1, f2) : Q x R x R x RV x RNV — R? by

1 1

f1<x7ta S1, 82751552) = 51 Sin(‘sl‘pl_Qsl) + tarctan(81)|§1\F|§2\?,

. _ 1.1
falw,t,s1, 89,61, &) = Pasin(|s2?%s2) + tarctan(sg)|&1]7 €|
for all (z,t,s1,52,£1,62) € Q x R x R x RNV x RV,
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We show that hypotheses (H1), H(2), (H3) of Theorem 4.3 are verified. Indeed,
there holds

T 2 2 pi—1 Pj
i, tsr 52,608 < B+ T (16l + el ) < a1+ 16l + gl )

with a constant a; > 0, for i = 1,2, j = 1,2, i # j, so condition (H1) is satisfied.
Set 0;(t) = Bit + 9; and for all t € [0,7], © = 1,2. It is straightforward to check
that condition (H2) is fulfilled. For instance, one has

fl(x7t701(t)732707£2)| - 61 Sin((ﬁlt + 51)171—1) < 61 - ell(t)

A direct verification shows that condition (H3) is satisfied too. For instance, it
is seen that

x,t, 81,592, &1, , sin(sP1 !
filz ts1,82,61,82) . Busin(s’ )

lim inf = b1
51—01,£61—0 5{1}1_1 o510t 315)1_1

uniformly for a.a. (z,t) € Q, all s5 € R, all & € RV,
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