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Abstract — This paper discusses the dynamical behavior of a randomly-fluctuating heterogeneous
continuum model of the ballast. The Young’s modulus is modeled as a random field parameterized by its
average, its variance and a correlation model. A numerical model of the ballast and the surrounding soil is
then constructed based on an explicit spectral element solver. This model allows to describe numerically
the wave field generated, as well as to construct dispersion relation for the ballast-soil model. The
influence of heterogeneity is discussed by comparison with a similar homogeneous model.
Keywords — Wave propagation, Stochastic media , Railway track, Dispersion Curves.

1 Introduction

The competition with other means of transportation has increased the demand for performance in the
railway industry. The dynamical loads caused by the passage of high-speed trains accelerate track de-
terioration and damage neighbor buildings [1]. In order to study this problem two classes of numerical
models are used to try predict this behavior: (1) discrete approaches, in which each grain of the ballast
is represented by a rigid body and interacts with its neighbors through nonlinear contact forces (using
molecular dynamics or non-smooth contact dynamics); and (2) continuum approaches, in which the bal-
last is replaced by a homogenized continuum and the classical Finite Element Method (FEM, or similar)
can be used to solve the problem. The discrete approaches are today capable of solving only a few
meters-length of ballast. The absence of an efficient scheme for parallelization over large clusters of
computers [2] and the coupling between the grains and the soil [3] remains an open problems. On the
other hand, the methods based on continuum mechanics (like FEM) can solve very large models thanks
to efficient parallelization schemes. However, a homogeneous continuum cannot represent the complex
fields of stress and strain present in the actual mechanical system.

The dynamical behavior of ballast can be completely described by its dispersion curve. The nu-
merical simulation of dispersion curves in railway tracks is usually performed on homogeneous me-
dia [4, 5, 6]. The most advanced models consider 3D finite elements and model reduction [7]. Unfortu-
nately, these homogeneous models cannot reproduce accurately the experimental observations [8]. The
discrete nature of the material and the complex interaction between the grains produce a ”non trivial”
mechanical behavior. It is necessary to consider the granular character of the material. The simulation of
wave propagation in granular media for simple geometries has been treated using discrete models, and
has succeeded in reproducing a wide range of experiments [9, 10]. The influence of pre-stress on the
wave velocity in particular can be simulated [11] as well as the influence of the pressure in the grain net-
work [12]. The simple addition of random "heterogeneity" in a spring network allows to reproduce the
complex frequency response seen in measurements of sound propagation in a granular system [13]. Note
that [9] observed the coexistence of an attenuated coherent signal and the "coda", which is a classical
feature of seismic signals [14].

The objective of this work is use a statistical approach to model the mechanical properties of the
ballast layer. This statistical approach aims to reproduce in a continuum model the heterogeneity of the
stress field in a discrete granular model. The mechanical properties (in practice the Young’s modulus)
are modeled as stochastic random fields. This approach was introduced in [15] and we apply it here to
the construction of dispersion curves of ballasted railway tracks in the frequency-wave-number domain.
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Figure 1: Geometry, mesh, and boundary conditions for the wave propagation analysis.

2 Numerical Framework

2.1 Geometry and boundary conditions

Three models were built, one of those models can be seen in the Fig.1, it was based in a 250000 elements,
with 375 degree of freedoms in each element, given ≈ 94x106 degrees of freedom. This model is 32
meters long. One prescribed force was impose as excitation. A rickers pulse with amplitude 1 and
central frequency 30 Hz, for the other models the central frequency were modified. The Fig. 1 show also
the region where vertical load is applied in the top of the ballast layer, and the mesh used. This kind of
load condition was used in order to excite the "same modes" that the train usually applied in the ballast
layer.

The other two models had 320000 and 380000 elements with 120x106 and 142x106 degrees of free-
dom. They only difference is the length of the railway, one is 40 and the other 48 meters long. The
excitation for this models are 100 and 210Hz. Due the large number of degree of freedoms present in
the model we choose a parallelizable and scalable code. This code, called SEM3D, it solve the dynamic
equation in a time domain, using a explicit time integration [16, 17].

Two kind of simulations were performed in each model, homogeneous and heterogeneous for the
ballast material. The statistical mean of the mechanical properties was keep the same in this two models.
The Fig.2 show the position of the captures used to record the displacement field in the model. Three
rows of captures were put inside of the ballast co-linear to the longitudinal axis, placed in the top, half,
and the bottom of the ballast layer.

A stochastic model was used to describe the mechanical properties of the ballast. More details about
this kind of model can be found in [15]. The mechanical properties used in the soil are the same of the
mean properties of the ballast, the follow: Vs = 150m/s, Vp = 380m/s, and ρ = 1500kg/m3.

3 Influence of the heterogeneity

3.1 Analysis of the wave patterns

Before describing the dispersion results, we present below general wave patterns obtained in the models
considered. In Fig. 3, snapshots are plotted at different times for the three homogeneous models. Each
line represents a different model, with the upper one corresponding to the lower frequency excitation
and the lower one to the higher frequency excitation. From left to right, we observe snapshots at times
t = 0.05 s, t = 0.15 s and t = 0.25 s, and clearly see a wave emitted at the right of the railway track
propagating to the left. As the soil has the same properties as the ballast, the model is very similar to a
half-space and we indeed see a wave propagating essentially as in a half-space, with very little influence
of the shoulders of the track. The main difference between the three excitation frequencies is that the
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Figure 2: Cut view of the geometry and position of the captures lines. The red lines corresponds to the
position of the captures lines. Three different sets where plotted at the top of the ballast, in the half of
the layer, and on the interface between soil and ballast.

(a) excitation centered at 30 Hz

(b) excitation centered at 100 Hz

(c) excitation centered at 210 Hz

Figure 3: Displacement fields in the homogeneous model with soft soil at times t = 0.05 s (left column),
t = 0.15 s (center column) and t = 0.25 s (right column). The different models are centered around
frequencies 30 Hz (upper line), 100 Hz (central line) and 210 Hz (lower line).

propagating wave has shorter wavelength.
We now consider the simulations in a heterogeneous model, where the soil is homogeneous and

the ballast is heterogeneous. They are plotted in Fig. 4, and several comments can be made. At lower
frequencies, the energy still propagates, but there is a clear concentration of the amplitudes within the
ballast layer. Although the average values of the mechanical parameters in the ballast are the same as
the values in the soil, the overall effect of the heterogeneity is to create a mismatch that retains the
energy within the ballast. At higher frequencies, this effect increases and is completed by the creation
of a strong coda. This coda is seen as a transformation of the coherent energy in the main pulse into a
trailing incoherent energy widely dispersed behind that pulse. Finally at the largest frequency, part of the
coda is not even propagating, remaining right below the input energy. This phenomenon is called strong
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(a) excitation centered at 30 Hz

(b) excitation centered at 100 Hz

(c) excitation centered at 210 Hz

Figure 4: Displacement fields in the heterogeneous model with soft soil at times t = 0.05 s (left column),
t = 0.15 s (center column) and t = 0.25 s (right column). The different models are centered around
frequencies 30 Hz (upper line), 100 Hz (central line) and 210 Hz (lower line).

Figure 5: Dispersion curves for the heterogeneous ballast resting on soft soil, in three positions within
the section of the ballast. Dispersion relations for the shear wave (black dotted line) and pressure wave
(black solid line) in the ballast and soil are also represented.

localization [10], and is a direct consequence of the random heterogeneity of the ballast properties.

3.2 Analysis of the dispersion curves

We start with the homogeneous model of the ballast, with properties matching those of the underlying
soil. The dispersion curves are plotted in Fig. 5. As expected, we retrieve approximately the dispersion
relation for a Rayleigh wave in a homogeneous medium, with a velocity close to that of a shear wave
(indicated by the black dotted line on Fig. 5). Although most of the displacement field corresponds to
shear along the line that we are measuring, a small amount of P wave is also encountered at extremely
low frequency, creating coupling between P and S waves around the excitation point.

The dispersion relations corresponding to the heterogeneous ballast are plotted in Fig. 6. Two impor-
tants effects can be observed: (i) the propagating behavior is dispersive in the low frequency range, with
a very strong slowing of the wave with increasing frequency, similar to that observed in the experimental
work of [18] on unconsolidated granular packings, and (ii) the dispersion relation vanishes at higher fre-
quencies, which is compatible with the localization effect discussed in the previous section. Note that it
does not mean that there is no energy in the system, but only that the energy does not propagate (or has
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Figure 6: Dispersion curves for the heterogeneous ballast resting on soft soil, in three positions within
the section of the ballast. Dispersion relations for the shear wave (black dotted line) and pressure wave
(black solid line) in the ballast and soil are also represented.

a very low energy velocity). We also seem to observe some energy along the P-wave dispersion curve,
which is probably due to a strong coupling of P and S wave on the heterogeneities of the ballast.

4 Conclusions

In this paper, we constructed large scale randomly-fluctuating continuum models of ballasted railway
tracks. These models allowed to construct dispersion curves for the ballasted layers. The importance
of the heterogeneity was stressed very strongly. In particular, it was shown to create relatively slow
waves at medium frequencies and even to induce localization at higher frequencies. It was also shown
that the heterogeneity of the ballast seems relatively more important that the heterogeneity between
ballast and soil. However, this statement should probably be confirmed through a larger set of numerical
experiments.

Because of the geometry of the ballast, and because of its heterogeneity, it is absolutely impossible
to solve the dynamical equations analytically. Computer simulations are therefore an irreplaceable and
unavoidable tool to understand the dynamical behavior of the soil-ballast system. Understanding that
behavior, and using more computer simulations.
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