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Abstract

We give a new proof that free Burnside groups of sufficiently large
even exponents are infinite. The method is very flexible and can also be
used to study (partially) periodic quotients of any group which admits an
action on a hyperbolic space satisfying a weak form of acylindricity.
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1 Introduction

Historical background

A group G has exponent n € N, if g" = 1 for every g € G. In 1902, Burnside
asked whether every finitely generated group of finite exponent was necessarily
finite [6]. Despite its simplicity, this question remained open for a long time and
motivated many developments in group theory. The class of groups of exponent
n forms a group variety whose free elements are the free Burnside groups of
exponent n. More concretely, the free Burnside group of rank r and exponent
n, that we denote by B,.(n), admits the following presentation

B,(n) = (a1,...,a, | 2", Vz).

A major breakthrough in the subject was achieved by Novikov and Adian in 1968
[31]. They proved that B,.(n) is infinite provided r > 2 and n is a sufficiently
large odd exponent. Later Ol’shanski provided an alternative proof of the same
result [32]. Despite these progresses the case of even exponents held up longer.
It was only in the early 90’s that Ivanov [26] and Lysenok [28] independently
proved that free Burnside groups of sufficiently large even exponents are also
infinite.

The aforementioned results rely (more or less explicitly) on an iterated ver-
sion of small cancellation theory (using combinatorics on words and/or reasoning
on van Kampen diagrams). Historically, the respective works of Novikov-Adian
and Ol’shanskil appeared before the theory of hyperbolic spaces/groups was
formalized and developed by Gromov in [20]. However working with groups
acting on hyperbolic spaces provides a perfect framework offering new insights
into small cancellation theory. See for instance [22, 12] for a survey on the topic.
Using this geometric point of view, Delzant and Gromov revisited the Burnside
problem making an ezplicit use of hyperbolic geometry [16]. Nevertheless their
work only applies to odd exponents.

Main results. In this article we provide a new approach to the free Burnside
groups of even exponents based on the geometrical ideas of Delzant and Gromov
[16]. More precisely we prove the following statement (compare with Ivanov [26]
and Lysenok [28]).

Theorem 1.1. Let r > 2. There exists a critical exponent ng € N such that
for every integer n = ng, the free Burnside group B,(n) is infinite.



Not only is our approach substantially shorter than the one of Lysenok and
Ivanov (200 and 300 pages respectively) it also gives a way to produce (par-
tially) periodic quotients of many groups as soon as they carry a certain form of
negative curvature, far beyond the single instance of hyperbolic groups. Let us
mention a few examples. The next theorem is originally due to Ol’shanskii and
Ivanov [33, 27] answering a question of Gromov [20]. Given an arbitrary group
G, we write G™ for the (normal) subgroup of G generated by the n-th power of
all its elements.

Theorem 1.2 (Ol’shanskii-Ivanov [27]). Let G be a non-elementary hyperbolic
group. There exist p,ng € N, such that for every integer n > ngy that is a
multiple of p, the quotient G/G™ is infinite. Moreover

() G"={1}.

n>1

More generally if G is a group acting acylindrically on a Gromov hyperbolic
space X (see Section 5.2 for a precise definition) then for arbitrarily large ex-
ponents n € N, we are able to produce a partially n-periodic quotient of G
(Theorem 5.7), i.e. a quotient @ of G such that

(i) every elliptic subgroup of G (for its action on X) embeds in @,
(ii) for every ¢ € @, either ¢ is the image of an elliptic element of G or ¢" = 1.

Applied to the mapping class group of a surface acting on the curve graph it
yields the following statement

Theorem 1.3. Let X be a compact surface of genus g with k boundary compo-
nents such that 3g+k—3 > 1. There exist p,ng € N such that for every integer
n = ng which is a multiple of p, there exists a quotient @ of the mapping class
group MCG(X) with the following properties.

(i) If E is a subgroup of MCG(X) that does not contain a pseudo-Anosov
element, then the projection MCG(X) — Q induces an isomorphism from
FE onto its image.

(ii) Let f be a pseudo-Anosov element of MCG(X). FEither f* =1 in Q or f
coincide in QQ with a periodic or a reducible element.

(iii) There are infinitely many elements in Q which are not the image of a
periodic or reducible element of MCG(X). Any non-trivial element in the
kernel of MCG(X) — Q is pseudo-Anosov.

Bass-Serre theory also provides examples of groups acylindrically on a tree
for which our approach works (Theorem 5.15). For instance if G = A% B is a free
product, the corresponding quotient () corresponds to the n-periodic product of
A and B, see for instance [1]. Note that the same strategy could also be used to
study the outer automorphism group of free Burnside groups of even exponents,
extending some other work of the author [9]. Nevertheless to limit the length
of the article we decided not to detail that part.



A geometrical approach

Let us highlight a few important ideas involved in the proofs. For simplicity
we restrict our attention to free Burnside groups as this case already covers
all the difficulties. As shown by Ivanov and Lysenok, free Burnside groups of
(sufficiently large) odd or even exponent have a considerably different algebraic
structure. For instance if n is odd, every finite subgroup of B,.(n) is cyclic. By
contrast if n is even, B,.(n) contains arbitrarily long direct products of dihedral
groups. Nevertheless the global strategy to study those groups remains the
same.

A sequence of approximation groups. Let n € N be a large exponent.
All known strategies for studying Burnside groups start in the same way: one
produces by induction an approzimation sequence of hyperbolic groups

FT:GQ—»Gl—»GQ'”—»Gk—»G]H_l—»... (1)

whose direct limit is exactly B,.(n). At each step Gj11 is obtained from Gy by
adding new relations of the form hA™ = 1, where h runs over the set of all “small”
loxodromic elements of G. The goal is to prevent this sequence to collapse to
a finite group. This is achieved by small cancellation arguments. The novelty
of our method is to use a geometric point of view on small cancellation ¢ la
Delzant-Gromov in the context of torsion groups of even exponent.

Geometric small cancellation. Let S be a finite set and R a collection of
cyclically reduced words of F(.S). Assume for simplicity that R is invariant under
taking cyclic permutations and inverses and write £ for the length of its shortest
element. Given A € (0,1), the group presentation (S|R) satisfies the classical
C"”(\) small cancellation condition® if every prefix u of two distinct relations in
R has length at most |u| < Al. For small values of A, one understands precisely
the properties of the corresponding group G = F(S)/{R)). For instance if
A < 1/6, then G is hyperbolic. The C”()\) condition can advantageously be
reformulated as follows. Let X be the Cayley graph of F(S) with respect to
S. The presentation (S|R) satisfies the C” () condition if for every distinct
r1,72 € R, the overlap between the respective axes of r; and r3 has length less
then A\¢, where /¢ is also the smallest translation length of an element in R.
With this idea in mind, one can extend the small cancellation theory to the
context of hyperbolic groups [20, 34, 15] (or more generally of groups acting
on a hyperbolic space). Let G be a non-elementary group acting properly co-
compactly by isometries on a hyperbolic space X and R a subset of G, which
is invariant under conjugation. Roughly speaking we will say that R satisfies
a small cancellation condition if given any two distinct r1,79 € R, the length
A(ri,72) on which the respective axes of 1 and 7o fellow travel is very small
compare to the translation lengths ||r1] and |[r2|| (see Figure 1). In this sit-

IThe more classical small cancellation condition C’()) requires that the length of any piece
u contained in a relation r satisfies |u| < Alr|. We use here the stronger, uniform condition
C"(X\) where the length of pieces is small compared to any relation in R.



Figure 1: Overlap between two relations seen in the hyperbolic space X. The
translation length ||r;|| of r; is roughly the distance between x and r;z.

uation, the quotient G = G/((R)) is still a non-elementary hyperbolic group
[20, 15, 34]. Under this hypothesis, Gromov explains in [21] how to let this
group act on a hyperbolic space X whose geometry is finer than the one of the
Cayley graph of G, see also [16, 8, 10]. Assume for instance that G is a quo-
tient of the form G = G/({(h")) where h is a loxodromic element and n a (large)
exponent. Then M = X /G can be seen as an orbifold (whose fundamental
group is G and universal cover is X) and comes with an analog of Margulis’
thin/thick decomposition for hyperbolic manifolds. The thin part corresponds
to the neighborhood of a single singular point whose isotropy group is exactly
the maximal finite subgroup F' C G containing the image of h. The pre-image
in X of the thin part is roughly speaking the collection of all G-translates of
an F-invariant hyperbolic disc D C X. Moreover there exists a natural map
q: F — D,,, where D,,, is the dihedral group of order 2n, such that the action
of F on D is identified via ¢ to the natural action of D,, on the disc.

Adopting this point of view, we associate to each approximation group Gy
in (1) a hyperbolic space X; on which Gy, acts properly co-compactly. The goal
will be to prove that, at each step, the new relations defining Gy1 will satisfy
a small cancellation condition in the above sense (i.e. relative to the action of
G, on the space X ). It has the following main advantage: almost every needed
property of the relations defining Gy, is captured by the hyperbolicity of Xj.
Consequently when studying the quotient map Gy — Gjy1 one can completely
forget the relations defining G, and rely only on the geometry of Xj. Following
Delzant-Gromov [16], this allows us to formulate — unlike in [31, 32, 28, 26] — the
induction hypothesis used to build the approximation sequence (1) in a rather
compact form (see Proposition 5.1).



A Margulis’ lemma. As mentioned above, the main challenge when building
the approximation sequence (1) is to make sure that Gy, is not eventually finite.
This will not happen if, at each step, the relations (of the form h™ = 1) used
to define G411 from Gy, satisfy a small cancellation condition. Therefore, given
any two loxodromic elements g1, g2 € G which do not generate an elementary
subgroup, one needs to control uniformly, independently of k, the ratio

A(glv g2)
max {[lg1], [gall} ®

where A(g1, g2) measures the “overlap” between the respective axes of g; and
g2 in X (see Figure 1). If X was a simply connected manifold with pinched
negative sectional curvature, such estimate would follow from Margulis’ Lemma.
However hyperbolicity only provides an upper bound for the curvature of the
space. To bypass this difficulty, one usually uses assumptions on the action of
the group (e.g. the fact that the action is proper co-compact or acylindrical).
For instance, a first (naive) attempt to bound the ratio (2) could work as follows.
Suppose that g1,92 € Gy are two loxodromic elements such that A(gy,gs) >
N max{||g1]l, lg=]|}- It is a standard exercise of hyperbolic geometry to see that
there exists a point x € X}, such that for every ¢ € [0, N — 1], the commutator
[g1, 93] moves x by at most 1008, (where 6 is the hyperbolicity constant of
Xk), see Figure 2. In particular, if N exceeds the number of elements in the

Axis(g1)
gr 92
./\.’/—\. ;
95 o
Axis(g2)

Figure 2: The point x is hardly moved by the commutator [g1, g3].

set {u € G : |uz — x| < 1000}, then g1 commutes with a power of go, thus
(g1, g2) is non-elementary. So, roughly speaking, the ratio (2) is bounded above
by the cardinality of the (almost) stabilizers of points in Xj. This strategy
has a major weakness though: if n is an even exponent, the cardinality of
finite subgroups is not uniformly bounded along the sequence (G} ). During the
process we will indeed encounter points in X with arbitrarily large stabilizers.
Hence this method cannot be used to keep the ratio (2) uniformly bounded.
Any refinement of the above argument using acylindrical actions of G on Xy
— see for instance [25, 14] — shall fail in the same way.



To bypass this difficulty one associates to the action of G on X} several
numerical invariants:

(i) A(Gk, Xk, d) is characterized as follows: if S is any finite subset of Gy
generating a non-elementary subgroup, then the set of points in X} which
are moved by a distance at most d by every element of S has diameter at
most A(Gg, Xk, d) (see Definition 3.2).

(ii) v(Gg, Xk) is the smallest integer m with the following property: let g, h €
G}, with h loxodromic . If g, hgh™!, h?gh™2, ..., h™gh™™ generate an
elementary subgroup, then so do g and h (see Definition 3.4).

The quantity A(Gy, X, d) can be thought of as a local version of the ratio
(2). Indeed, its definition only involves “small” elements. Combined with the
v-invariant one recovers the following global analogue of Margulis’ Lemma: if
g1, 92 € G do not generate an elementary subgroup, then

A(g1,92) < [V(Gr, Xi) + 2] max {[|g1], [|g2]|} + A(G, X, 4005 ) + 10000y,

see for instance [11, Proposition 3.34] or Lemma 3.6. Consequently, in order to
make sure that for every k € N, the relations defining Gy from Gy, satisfy a
suitable small cancellation condition, it suffices to control (among others) the
values of A(Gg, Xk, 4000;) and v(Gj, Xi) all along the approximation sequence
(1). This was done in [11] in the absence of even torsion.

As soon as even torsion is involved, the situation becomes much more del-
icate. In particular, the v-invariant does not behave very well when passing
to a quotient (see for instance the discussion and examples at the beginning
of Section 4.7.2). It results from the fact that the algebraic structure of finite
subgroups of B,.(n) is rather intricate, see for instance Lysenok [29].

Remark 1.4. Note that Hull also developed a small cancellation theory in the
context of acylindrically hyperbolic groups [25]. However this work does not pro-
vide the necessary tools to control the small cancellation parameters along the
sequence (1) and thus to build infinite torsion groups with bounded exponents.
As we explained above, it is not possible to control the acylidricity parameters
for the action of G on Xj. The purpose of this article is precisely to develop
the implements needed to bypass this difficulty.

Structure of elementary subgroups. As we mentioned earlier, if n is odd,
then every maximal finite subgroup of B,.(n) is isomorphic to the cyclic group
Z,,. Moreover finite subgroups “stabilize” along the approximation sequence (1).
More precisely we have the following property: if Fj is a non-trivial finite sub-
group of some Gy, then for every ¢ > k, every finite subgroup of Gy containing
the image of Fy actually comes from a finite subgroup F' of G which already
contains Fy. By contrast, if n is even, finite subgroups may “grow” when taking
successive quotients. Let us illustrate this fact with the following toy example.



Example 1.5. Assume that n is a (large) even exponent. Start with the free
group Gy = F5 generated by a and b and set

G1 = Go/((a", ", (ba)").

In G1 the elements sg = a"/27 s1=b"2 and s = (ba)"/2 all generate a subgroup
isomorphic to Zs. Consequently in the quotient

Ga = G1/(((s051)"; (5052)"))

sp and s generate a subgroup isomorphic to the dihedral group D,, of order
2n. In particular, s commutes with the involution u; = 50(3031)"/ 2, Similarly
59 commutes with the involution uy = s0(s0s2)"/2. Form now the quotient

G3 = Ga/{((u1uz)")).

Note that sg, u; and us generate a subgroup isomorphic to Zs x D,,. In this
example, F1 = (sg) = Zs is a finite subgroup of G;. Its image in G4 (respectively
G3) embeds in Fy = (sg,s1) = D, (respectively F5 = (sq,u1,u2) = Za X
D,,). However Fy (respectively F3) is not the image of a finite subgroup of
G (respectively G2). We stopped our example after three steps. However one
can proceed further and embeds Fj in an arbitrarily large product of the form
Zo X ---xX 72y xD,.

The previous example suggests that Gy — and thus B,.(n) — contains nested
copies of dihedral groups. As mentioned above, one of the advantages of the
space X (compare to the Cayley graph of Gj) is that one “sees” some of these
dihedral groups acting as the isometry group of a disc. Unfortunately this is not
sufficient to capture all the properties of finite subgroups of Gj. To sort a bit
this nested structure, we introduce the notion of dihedral germ. A dihedral germ
of Gy, is an elliptic subgroup C' (for its action on X}) containing a subgroup Cy
which is normalized by a loxodromic element and such that [C' : Cp] is a power
of 2. As suggested by the terminology, the dihedral germs are exactly the finite
subgroups of G that may eventually grow in G 1, i.e. be embedded in a larger
finite subgroup of Gy41 that does not come from Gj. This typically arises as
follows.

Example 1.6. Assume that A is a finite subgroup of G and C a subgroup of A
of index 2 which is normalized by a loxodromic element h € G. In particular,
A is a dihedral germ. Suppose for simplicity that h™ is trivial in Ggy;. Let
a € A\ C. Seen in Gj41, the group C has index 2 in both A = (C,a) and
B = (C, h"/ 2). In particular, A and B generate an elementary subgroup E of
Gj+1 which is (most of the time) isomorphic to F = A *¢ B and such that
E/C = Dg,. As an element of Gj;; the product t = ah”/? has infinite order.
However, since B,.(n) is the direct limit of (G}), we have t" = 1 in G, for some
¢ > k+ 1. The image in Gy of E is actually isomorphic to E/(t") which is a
finite group that strictly contains the dihedral germ A. Nevertheless there is
no finite subgroup F' of G containing A such that the canonical quotient map
Gj, — Gy induces an isomorphism from F' onto E/(t").



It turns out that the dihedral germs of Gy, are exactly its 2-subgroups (when
studying general periodic quotients different from free Burnside groups, those
dihedral germs are slightly more complicated). A careful analysis of dihedral
germs allows us to prove that every finite subgroup of G embeds in a direct
product of the form D,, x D, x --- x D,,, where ny is the largest power of 2
dividing n, see also [26, 28]. In particular, finite subgroups of G share many
identities with finite dihedral groups. Those identities can be used to control
a variation on the wv-invariant which captures both geometric and algebraic
features of the groups G and behaves better when taking quotients (see Defi-
nition 3.12). Once we control the v-invariant along the sequence (1), a uniform
estimate of the quantity A(Gy, Xk, d) follows rather easily (Proposition 3.5).
Those two invariants (together with the injectivity radius of G}, acting on X})
provide a sufficient control to show that each group Gy1 is actually a small can-
cellation quotient of G. Therefore it is hyperbolic and non-elementary, which
ensures that at the limit B,.(n) is infinite.

Critical exponent. All these arguments actually only work provided n is
divisible by a large power of 2, namely 128 for free Burnside groups. Neverthe-
less, given any two integers p,n € N, the group B,(pn) naturally maps onto
B, (n). Since Burnside groups of large odd exponents are known to be infinite,
we can conclude that free Burnside groups of sufficiently large exponents are
infinite. The works of Ivanov [26] and Lysenok [28] have a similar restriction.
They require n to be divisible by 2° and 16 respectively. Using [29] as a “black
box” our proof can be adapted for large exponents n which are only divisible
by 16. However for completeness and simplicity we preferred to detail our own
understanding of finite subgroups of B,.(n).

According to Theorem 1.1, there exists a critical exponent Ny such that for
every integer n > Ny, the group B,.(n) is infinite. In our method, Ny is directly
related to the parameters of the Small cancellation Theorem, see Equations
(21)—(23). Since our approach to small cancellation is qualitative we do not
provide an explicit value of Ny. Nevertheless, for a general group G we stress
how this critical exponent depends on the action of G on a hyperbolic space
X (see Theorem 5.4). An interested reader could go through all the arguments
with a quantitative point of view to get an estimate of Ny. However the resulting
Ny would most likely be very large.

Outline of the paper

The proof that we present here is essentially self-contained. Beside hyperbolic
geometry, the arguments only rely on geometrical small cancellation theory
which is now well understood. See for instance [12, 22| for a survey on the
topic. For the benefit of the reader we did not attempt to write the shortest
possible proof. In particular, we added in the course of the article numerous
discussions, examples and figures to highlight the main difficulties and illustrate
the important results.



In Section 2 we make a short review of hyperbolic geometry. We define
in Section 3 all the geometric and algebraic invariants needed to control the
small cancellation parameters when building the approximation sequence (1).
In Section 4 we first review the main properties of small cancellation theory.
Given a group G acting on a hyperbolic space, the goal is to understand the
properties of the quotient G' obtained from G by adjoining relations of the form
h™ =1, where n is a large even integer. In particular, we study the elementary
subgroups of G' (Section 4.6) as well as the geometric/algebraic invariants of
G (Section 4.7). This section follows closely the work of Delzant-Gromov [16].
Section 5 collects all the previous work. We first state and prove the induction
hypothesis used to produce the approximation sequence (1), see Proposition 5.1.
Then we apply our main result (Theorem 5.4) to various examples (Section 5.3)
such as free Burnside groups, periodic quotients of hyperbolic groups, etc.

Acknowledgment. The author is grateful to the Centre Henri Lebesgue ANR-
11-LABX-0020-01 for creating an attractive mathematical environment. He ac-
knowledges support from the Agence Nationale de la Recherche under Grant
Dagger ANR-16-CE40-0006-01. He is greatly indebted to Thomas Delzant for
his valuable comments and suggestions that helped improving the exposition of
the article.

2 Hyperbolic geometry

We recall here a few basic facts about hyperbolic spaces in the sense of Gromov
[20]. A reader familiar with the subject can directly jump to Section 3 where
we define the important invariants associated to the action of a group on a
hyperbolic space. We included precise references for the quantitative results.
Some of the them only provides a proof in the context of geodesic metric spaces.
However, by relaxing if necessary the constants, which we do here, the same
arguments work in the more general setting of length spaces. For the rest, we
refer the reader to Gromov’s original article [20] or the numerous literature on
the subject, e.g. [7, 19, 2, 5].

2.1 General facts

Four point inequality. Let X be a metric length space. In this article all the
paths are rectifiable and parametrized by arc length. Given two points z,y € X,
we write |z —y|x or simply |z — y| for the distance between them. The Gromov
product of three points z,y, z € X is defined as

(y). =5 (Jz =2l +ly =2 =z —yl).

DN =

Let § € R%. We assume that X is d-hyperbolic, i.e. for every z,y,2,t € X we
have

(z,y); = min{(z,2),,(z,9),} — d. (3)

10



or equivalently
[z —yl+ |z —tf <max{le —z[+ [y — 1| |o —t| + [y — 2]} +26. (4

In this context, the Gromov product has the following useful interpretation. For
every x,y,z € X, the quantity (y,z), is roughly the distance between x and
any geodesic [y, z] between y and z. More precisely, we have

(y,2), <d(x,[y,2]) < (y,2), + 49,

see for instance [7, Chapitre 3, Lemme 2.7].

Boundary at infinity. Let o be a base point in X. A sequence (y,,) of points
of X converges at infinity if (yn,ym)o diverges to infinity as n and m tend to
infinity. The set S of all such sequences is endowed with an equivalence relation
defined as follows: two sequences (y,,) and (y,,) are equivalent if

lim (yn,y,,), = +00.

n—oo

The boundary at infinity of X, denoted by 0X is the quotient of & by this
equivalence relation. If the sequence (y,) is an element in the class of £ € 90X,
we say that (y,) converges to & and write

lim g, = €.

n—oo

The Gromov product of three points can be extended to the boundary: given
x € X and y,z € X UJX, we define

(y,z), = inf {liminf (Yn, 2n), @ lim y, =y, lim z, = z}
n—oo n—oo

n—-+oo

Let x € X. Let (y,) and (z,) be two sequences of points of X respectively
converging to y and z in X UJX. Tt follows from (3) that

(y,z), <lminf (y,,2z,), <lmsup (yn, z,), < (y,2), + k6, (5)

n—+00 n——+oo

where k is the number of points in {y, 2z} which belong to X. Moreover, for
every t € X, for every x,y,z € X U0X, the four point inequality (3) leads to

<$7 Z>t Z min {<(£, y>t ) <y’ Z>t} — 0. (6)

The isometry group of X naturally acts on 0X preserving Gromov’s products.

Busemann cocycles. To every point £ € 9X, we would like to associate
a Busemann cocycle. However the space X is neither locally compact, nor
geodesic. To that end we proceeds as follows. Given any point £ € 0X and a
base point 0 € X, we first define a map b: X — R by

b(z) = (0,&), — (z,8),

11



and then let
c: XxX — R

(z,y)  — b(z)—b(y).
The map c is obviously a cocycle, i.e.
c(xy,x3) = c(x1,x2) + c(x2,x3), V1,209,235 € X.

We call ¢ a Busemann cocycle at & (based at 0). Note that ¢ does depend on the
base point o. Nevertheless for every z,y € X,

o)~ (9.9, ~ .0, ]| <3 @)
et - | J

In particular, any two cocycles at £ differ by at most 65. Moreover c is almost
1-Lipschitz, i.e.
|C(.’E,y)| < |I‘*y|+25, Vx,yEX. (8)

Lemma 2.1. Let £ € 0X and ¢ a Busemann cocycle at £. For every x,y,y’ € X
we have

ly =9/ < le(y )] + 2max {(2,€), . z.€),, } +86.

Proof. Let (z,) be a sequence of points of X converging to £. It follows from
the four point inequality that for every n € N,

=9/ < lly = 2al = 1t/ = 2all + 2max {(, 20, , (@, 2),, | +26

< |zl = sz, |+ 2max { (@, 20), (@, 20),, | + 26
see for instance [10, Lemma 2.2 (ii)]. The conclusion follows by taking the limit
and applying (5). O

We denote by d, X the set of all Busemann cocycles obtained as above. The
isometry group of X naturally acts on 0, X: if g is an isometry of X and ¢
a Busemann cocycle at £ € 0X, then the map gc: X x X — R defined by

(gc)(z,2') = e(g~tz,g712") is a Busemann cocycle at g€.

Quasi-geodesics. Let x € R} and { € Ry. A (k,{)-quasi-isometric em-
bedding is a map f: X; — X5 between two metric spaces such that for every
z, v € X1,

ke =2 | =< |f(x) — f(2))| < k| —2'| + L.

A (k, £)-quasi-geodesic is a (k, £)-quasi-isometric embedding v: I — X from an
interval I of R into X. Recall that all the paths we consider are rectifiable by
arc length. Hence, if v: I — X is a (k, £)-quasi-geodesic, we have the following
more accurate inequalities:

s =t =< |y(s) = () < s =], Vs, tel
A path is an L-local (k,?)-quasi-geodesic if its restriction to any interval of

length L is a (k, f)-quasi-geodesic. If v: Ry — X is (k, £)-quasi-geodesic, then
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there exists a unique point £ € 90X such that for every sequence of real numbers
(t,,) diverging to infinity we have lim, o v(t,) = . We view £ as the endpoint
at infinity of v and write £ = ~(00). In this article, we mostly work with
local (1, £)-quasi-geodesics. Therefore we use the version of the stability of local
quasi-geodesics below. We refer to [5, Theorem 1.13] for the proof.

Proposition 2.2 (Stability of quasi-geodesics). Let ;L € Ry and v: I = X
be an L-local (1,¢)-quasi-geodesic. If L > 4¢ + 80, then the following holds.

(i) For every s, t,t" € I, with t < s <t', we have (y(t),(t'))(s) < £/2+ 20.

(s

(ii) For every x € X, for every y,y € X, lying on v, we have d(z,7y) <
(Y4 )a + /2 + 46,

(i1i) The path «y is a (global) (k, £)-quasi-geodesic, where k = m.

In particular, the Hausdor(f distance between two L-local (1,£)-quasi-geodesics
with the same endpoints (eventually in 0X ) is at most £ + 64.

Although the space X is not geodesic, its boundary satisfies a visibility
property: for every x € X, £ € 90X, for every £ > 10§ and L > 0, there exists an
L-local (1, ¢)-quasi-geodesic v: Ry — X (which is also a global quasi-geodesic)
such that v(0) = z and y(c0) = &, compare with [11, Lemma 2.9].

Lemma 2.3. Let { € Ry and L > 40+ 8. Let v: Ry — X be an L-local
(1,0)-quasi-geodesic and & = v(00) its endpoint at infinity. Let ¢ be a Busemann
cocycle at £. For every s,t € Ry witht > s, we have

le(v(s),7 (1) = [7(s) =7 (B)]] < £+ 8.

Proof. The lemma directly follows from (7) and Proposition 2.2 (i). O

Quasi-convex subsets. Let o € Ry. A subset Y of X is a-quasi-convex
if for every x € X, for every y,y € Y, d(z,Y) < {(y,y')x + a. Assume now
that Y is connected by rectifiable paths. The length metric on Y induced by
the restriction of | . |x to Y is denoted by | . |y. We say that Y is strongly
quasi-convex if it is 20-quasi-convex and for every y,y’ € Y,

ly—v'Ix <ly—v'ly <ly—y'lx +80. (9)

A (1, £)-quasi-geodesic is (¢/2 + 2§)-quasi-convex, compare with the proof of
Proposition 2.2 (ii). More generally, every L-local (1, £)-quasi-geodesic is (£/2 +
46)-quasi-convex, provided L > 4¢ + 89, see Proposition 2.2 (ii). If Y is an
a-quasi-convex subset of X, then for every A > a, its A-neighborhood, that we
denote by Y*4, is 26-quasi-convex [10, Proposition 2.13]. Similarly, for every
A > a + 24, the open A-neighborhood of Y, i.e. the set of points z € X such
that d(x,Y) < A, is strongly quasi-convex [11, Lemma 2.13].

Let  be a point of X. A point y € Y is an n-projection of x on Y is
|z —y| < d(z,Y) +n. A O-projection is simply called a projection.
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Remark. We adopt the convention that the diameter of the empty set is zero,
whereas the distance from a point to the empty set is infinite.

Lemma 2.4 (Compare with [7, Proposition 2.1] or [10, Lemma 2.12]). Let
a € Ry andY an a-quasi-convex subset of X. Let x,2' € X.

(1) If p is an n-projection of x on'Y, then for everyy € Y, we have (z,y), <
a+ 1.

(i) If p and p' are respectively n- and n'-projection of x and &' on'Y then
p = p| <max{|w — 2’| — o — p| — [2" — p'| + 26, ¢},
wheree =2a+d+n+7.

Lemma 2.5 (Compare with [16, Lemme 2.2.2] or [10, Lemma 2.13|). Let
Yi,..., Yy be a collection of subsets of X such that Y; is aj-quasi-convex, for
every j € [1,m]. For all A > 0, we have

diam (Y;™ N ... N Y;i4) < diam (Yﬁ“l*35 n...n Y,,fam+35) + 24+ 46,

m

2.2 Isometries

An isometry g of X is either elliptic (its orbits are bounded) parabolic (its orbits
admit exactly one accumulation point in 0X) or lozodromic (its orbits admit
exactly two accumulation points in X ). In order to measure the action of g on
X we used the translation length and the stable translation length respectively
defined by

lglly = inf lge —a| and [gllF = lim = |g"e — .
zeX

If there is no ambiguity, we will omit the space X from the notations. These
lengths are related by

g™ < llgll < llgllI™ + 85, (10)

compare with [7, Chapitre 10, Proposition 6.4]. In addition, g is loxodromic if
and only if ||g]|*® > 0. In such a case the accumulation points of ¢ in 90X are

g~ = lim ¢7"z and g = lim g"z.
n—oo n—oo

They are the only points of X U 0X, fixed by g.

Lemma 2.6. Let g be a loxodromic isometry of X. Let {,L € Ry, with L >
40+ 85. Let v: R — X be a bi-infinite L-local (1,¢)-quasi-geodesic between g~
and g*. Let Y be a non-empty (g)-invariant a-quasi-convex subset of X. Then
~ lies in the (o + £/2 + 40)-neighborhood of Y.
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Proof. Let x be a point on ~. It follows from the stability of quasi-geodesics
that (g7, 9"). < £/2+ 26 (Proposition 2.2). We fix a point y € Y. Since Y is
a-quasi-convex, we have d(x,Y) < (g7 "y, g"y)+ + «, for every n € N. We pass
to the limit as n approaches infinity and use (5) to get

d(:c,Y)§<gf,g+>w+a+25§a+€/2+45. O

The next lemma is a weak variation on the quasi-convexity of the distance
function in a d-hyperbolic space.

Lemma 2.7 (See [10, Lemma 2.26]). Let x, ' and y be three points of X. If g
is an isometry of X, then |gy — y| < max {|gz — x|, |gz’ — 2|} + 2(z, z’), + 64.

Let S be a set of isometries of X. Its energy is defined by

A(S) = inf max|sx — z|.
z€S seS

Given a number d € R, we denote by Fix(S,d) the set of points which are
moved by S by a distance less than d, i.e.

Fix(S,d) ={x € X : Vge S5, |[gx—=x| <d}. (11)

If the set S = {g} is reduced to a single isometry, then A(S) = ||g| and we
simply write Fix(g,d) for Fix(S, d).

Lemma 2.8. Let S be a set of isometries and d > max{A(S),50}. Then
Fix(S,d) is non-empty and 85-quasi-convex. Moreover it satisfies the follow-
ing properties.

(i) For every x € X \ Fix(S,d), we have

sup |gz — x| > 2d(z, Fix(S, d)) + d — 106.
geSs

(ii) Let x € X and A € Ry. If |gx — x| < d+ 2A for every g € S, then x is
(A + 59)-close to Fix(S,d).

Remark. The “converse” of (ii) is obvious. Indeed the A-neighborhood of Fix(.S, d)
is contained in Fix(S,d + 2A), for every A € R. Although the objects are
defined in a slightly different way, the proof works verbatim as in [10, Proposi-
tion 2.28|. Nevertheless for completeness we reproduce it here.

Proof. We first prove Point (i) when S is reduced to a single element, say g. We
denote by Y the “open version” of Fix(g,d), i.e.

Y={zeX : Vges, |gz—z| <d}.

Since d > A(S), the set Y is non-empty. It is also {g)-invariant and contained in
Fix(g,d). Let € X \ Fix(g,d). Let n > 0 and y be an n-projection of x on Y.
Since z does not belongs to Fix(g,d), one observes that |gy — y| > d — 2n. We
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now fix € € (0,n) such that |gy — y| + ¢ < d and choose a (1, ¢)-quasi-geodesic
~v: I — X joining y to gy, so that 7 is entirely contained in Y (this is where
the strict inequality in the definition of Y plays a role). In particular, y and gy
are respective n-projections of x and gx on 7, which is (g/2 + 26)-quasi-convex.
Consequently Lemma 2.4 yields

d—2n<|gy —y| < max{|gz — x| — 2|z —y| + 61+ 105,3n + 55}.  (12)
Recall that d > 5J. Taking n > 0 arbitrarily small leads to
lgx — x| > 2d(x,Fix(g,d)) + d — 100. (13)

We now prove Point (i) for a general set S. Let € X \ Fix(S,d). Note that
Fix (S, d) is exactly the intersection of all Fix(g,d) where g runs over S. Hence
there exists g € S such that « does not belong to Fix(g,d). Applying (13) we
get

|gx — x| > 2d(z,Fix(g,d)) + d — 106 > 2d(z, Fix(S,d)) + d — 104.

and Point (i) follows. Point (ii) is a direct consequence of Point (i). We are left
to prove that Fix(.9,d) is quasi-convex. Let y and y’ be two points of Fix(S, d).
Let x be a point of X. Lemma 2.7 yields for every g € S,

gz — x| < max{lgy —yl, 9y —y'[} +2 (v, 9'), + 60 <d+2(y, ), + 6.
It follows then from Point (ii) that d(z, Fix(S,d)) < (y,y')= + 8. O

Lemma 2.9. Let ¢, L € Ry, with L > 40+ 86. Let g be a loxodromic isometry
of X. Let v: R — X be a bi-infinite L-local (1,¢)-quasi-geodesic joining g~ to

gt.

(i) For every d > max{||g||,50}, the path v is contained in Fix(g, d+{+247).

(i) Conversely, if ||g|| > 89, the for every d € Ry, the set Fix(g,d) is con-
tained in the A-neighborhood of =y, where

A=Lt@a—pgl+ e+ 13
2 2
Proof. The fist part of the statement is a consequence of Lemma 2.6 applied to
Y = Fix(g,d). Let us focus on the second part. Without loss of generality we
can assume that Fix(g, s) is non-empty. Let 7 > 0 such that ||g|| > 87—+ 84. Let
y € X such that |gy — y| < ||g]| + 7. Consider v: [0, L] — X be a (1, n)-quasi-
geodesic from y to gy. We extend this path to (g)-invariant L-local (1, 2n)-quasi-
geodesic v: R — X by letting v(mL+t) = g"v(t) for every m € Z and t € [0, L).
Let = € Fix(g,d) and p = v(¢) a projection of z on v. Since v is (g)-invariant,
gp = v(t+ L) is also a projection of gz on v. Moreover |gp—p| > ||g|| > 8n+ 89.
Recall that v restricted to [t,t + M] is (n + 20)-quasi-convex. It follows from
the projection a quasi-convex (Lemma 2.4) that

d > gz — x| = 2|z —pl+ |lgll — 4n — 106
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Note that L > ||g|| > 8n + 84. By stability of quasi-geodesics (Proposition 2.2)
we get (97,97)p < n+26. Since v is (£/2 + 46)-quasi-convex, we get

d(z,7) <{97,97), +4/2+65 < |z —pl+ (g7, g"), +€/2+65

1
< §(d_ lgll) +€/2 + 3n + 130.

This holds for every sufficiently small 7, whence the result. O

Lemma 2.10. Let{ € 0X and ¢ a Busemann cocycle at £. Let g be an isometry
of X fixing £ There exists € € {£1}, such that for every x € X, we have
|e(gz, z) +ellgl|>] < 66.

Proof. Let x € X. Let n € N. Observe that

— n—1

c(g"x, x) Z (g" e, g"x) Zg_kc(gx,x).

k=0 k=0

Since g fixes &, for every k € N, the map ¢—*c¢ is a Busemann cocycle at &, and

therefore differs from ¢ by at most 65. Thus |c(¢"x,x) — ne(gz, )| < 6nd. As
Busemann cocycles are almost 1-Lipschitz, we get

1 2
le(gz, z)| < | (g"x,z)|+ 66 < |g"x7$|+ <6+n> 0.

Taking the limit yields |c(gx, x)| < ||g]|* + 60. In particular, the result holds if
g is either elliptic or parabolic.

Assume now that g is loxodromic. There exists ¢ € {£1} such that £ is
the attractive point of g*. We fix n > 0. Note that ||g"| > 8n + 85, for every
sufficiently large n € N. We fix such an exponent n and write h = g**. Let
y € X be a point such that |hy —y| < ||h||+n. We choose a (1,n)-quasi-geodesic
~v:[0,L] — X joining y to hy and extend 7 to a bi-infinite path v: R — X
as follows: for every ¢t € [0, L), for every n € Z, we let y(nL +1t) = hy(t). It
follows from our choice of y that v is an L-local (1, 2n)-quasi-isometry from h~
to h™ = £. Applying Lemma 2.3, we get

le(y, hy) — |hy — yl| < 20+ 80. (14)

Observe that h~!c and ¢ are two cocycles at £ (since h fixes €), hence they differ
by at most 65. The cocycle property yields |c(g"x, z) + ec(y, hy)| < 125. Thus
(14) becomes |c(g"x,x) + €|g"y — y|| < 2n + 200. Recall that c(g"x,x) and
ne(gx, x) differs by at most 6nd. Hence

€ 1 1
clgz,z) + — 19"y —yl| < —lelg"z, @) +elg™y =yl + 65 < 66+ —(2n + 206).

The result follows by taking the limit as n approaches infinity. U
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Lemma 2.11. Let x € X and £ € 0X. Let {,L € Ry with L > 4¢ + 8/.
Let v: Ry — X be an L-local (1,¢)-quasi-geodesic ray from x to . For every
d € Ry, there exists tg € Ry with the following property: if g is an isometry
fizing € and satisfying |gx — x| < d, then there exists € € {1} such that for
every t > tq we have

[yt 4+ llgl1™) — gy ()] < 2€ + 20.

Proof. The path ~ is a global quasi-geodesic (Proposition 2.2) thus there exists
ta € R4 such that for every t > t4, we have |y(t) —x| > d+£/2+34. Let g be an
isometry fixing £ such that |gz — x| < d. It follows from the triangle inequality
that (gx,x), ) > £/2+ 30 whenever t > t4. Let ¢ be a Busemann cocycle at &.
According to Lemma 2.10 there exists € € {£1} such that for every z € X, we
have |c(gz, x) + ¢||g||°°| < 6d. Let t > t4. For simplicity we write y; = v(t) and
y2 = y(t + £|lg||*°). Since « is an L-local (1,¥¢)-quasi-geodesic, ¢(y1,y2) differs
from €||g||°>° by at most £ + 85 (Lemma 2.3). Hence

le(gyr, y2)| < le(gyr, 1) + ey, y2)] < £+ 140.
By Proposition 2.2, (z,£),, < £/2+42§ and (gz, &) gy, < £/2425. The four point
inequality (6) yields

min {(gx, &), (92, x>y2} < (2,8),, +5 < 4/2+36.

It follows from our choice of t; that the minimum cannot by achieved by
(g, x)y,, hence (g, &)y, < /24 30. Applying Lemma 2.1 we get

|gy1 - y2| < |C(gylay2)| + 2max {<(E,§>gy1 ,<1’7§>y2} + 89 < 2€+ 200. O

The same arguments can be used to prove the following lemma.

Lemma 2.12. Let g be a lozodromic isometry. Let L, € Ry, with L > 40+ 8.
Let v: Ry — X be an L-local (1,£)-quasi-geodesic from g~ to g*. Then for
every t € R, for every n € Z, we have

Iv(t+nlg)|™) — g™y (t)| < 2¢+ 206.

2.3 Group action

Classification of actions. Let G be a group acting by isometries on X. Its
limit set A(G) is the set of accumulation points in X of some (hence any) orbit
of G. The action of G on X is elliptic (respectively parabolic, loxodromic, non-
elementary) if A(G) is empty (respectively contains exactly 1 point, exactly 2
points, at least 3 points). If there is no ambiguity regarding the action, we simply
say that G is elliptic (respectively parabolic, loxodromic, non-elementary).
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Elliptic action. Even though X is not necessarily locally compact, a group
G is elliptic if and only if its orbits are bounded [11, Proposition 3.5]. Elliptic
groups actually have very small orbits.

Lemma 2.13 (Compare with [16, Proposition 2.3.4] or [10, Corollary 2.38]).
Let G be an elliptic group of isometries of X. The set Fix(G, 59) is non-empty.
Moreover if Y is a non-empty G-invariant a-quasi-conver subset of X, then
Fix(G, 106) intersects the a-neighborhood of Y.

Loxodromic action. Let G be a loxodromic group. In particular, it contains
a loxodromic isometry, say g |11, Proposition 3.6]. Note that ¢g— and g* are
the two points of A(G). Moreover every element of G preserves {g—,g"}. We
denote by G the subgroup of G fixing pointwise {g~, g™ }. It has index at most
2in G. If G = GT we say that G is preserves the orientation.

Let T be the union of all L-local (1, d)-quasi-geodesics from g~ to g™ with
L > 126. The cylinder Y of G is the set

Y={zxeX : dT)<200}. (15)

It is a strongly quasi-convex subset of X, see [11, Lemma 3.13]. By construction

oY ={g7, g%} = AG).

Lemma 2.14. Let g € G be a loxodromic element. Let F' be an elliptic subgroup
of G normalized by g. Let £, L € Ry, with L > 4¢ + 8. Let v be an L-local
(1, 0)-quasi-geodesic from g~ to g*. Then 7y is contained in Fix(F,{ + 300).

Proof. Since g normalizes F', the set Fix(F, 64) is a (g)-invariant 85-quasi-convex
subset (Lemma 2.8). By Lemma 2.6, the path + is contained in the (¢/2+ 124)-
neighborhood of Fix(F, 66). O

Non-elementary action. The next lemma is an improved version of the
classical ping-pong argument. It provides a simple criterion to ensure that a
group is non-elementary.

Lemma 2.15 (See [11, Lemma 3.24|). Let A > 0. Let x € X. Let G be a group
of isometries of X generated by two elements u and v such that

(i) 2(u*lz, v12), < min{|lur — x|, |ve — 2|} — A — 84,
(i) 2{ux,u=tz), < |ux — x|+ A,
(iii) 2(vz,v1z), < |vz — 2| + A.

Then G is non-elementary.
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Gentle action. In order to complete the description of loxodromic groups
started above, we introduce a (harmless) additional assumption.

Definition 2.16. The action of G on X is gentle if every loxodromic subgroup
H preserving the orientation splits as a semi-direct product H = F x Z where
F consists exactly of all elliptic elements of H.

If every loxodromic subgroup is virtually cyclic, then the action of G is
automatically gentle. From now on we assume that the action of G on X is
gentle. Let H be a loxodromic subgroup of G and H™ the subgroup of H fixing
pointwise A(H). Let F be the set of all elliptic elements of H*. Tt follows from
our assumption that F is an elliptic normal subgroup of H and is maximal for
these properties. The quotient H/F is either isomorphic to Z if H preserves the
orientation (i.e. H = H™") or the infinite dihedral group D+, otherwise. Observe
that if H is generated by two elliptic subgroups, then H cannot preserve the
orientation.

Lemma 2.17. Let H be a loxodromic subgroup of G. If p: H — Dy, is a
morphism whose kernel is elliptic, then this kernel is exactly the mazimal normal
elliptic subgroup F of H.

Proof. By assumption the kernel of p is an elliptic normal subgroup of H, hence
it is contained in F'. Let us prove the other inclusion. We fix a loxodromic
element h € H. According to our assumption, the pre-image under p of any
finite subgroup of D, is elliptic (as a finite extension of an elliptic subgroup).
Hence p(h) belongs to Z* C D... Observe then that p(F') does not contain any
element of Z \ {0}. Indeed otherwise there would exist m € Z\ {0} and v € F
such that p(h™) = p(u). Since the kernel of p is contained in F, the element
h™ should belong to F' which contradicts the fact that h is loxodromic. Hence
p(F') is a finite subgroup of D,. As h normalizes F, its image p(h) normalizes
p(F) which forces p(F') to be trivial. O

Given a loxodromic element g € G, we write E(g) for the subgroup of G
preserving {g~,g"}. It is the maximal elementary subgroup of G containing
g. The group ET(g) stands for the maximal subgroup of E(g) fixing pointwise

{9797}
Definition 2.18. (Primitive element) Let g € G be a loxodromic element. Let

F be the maximal normal elliptic subgroup of E(g). We say that g is primitive
if its image in E7(g)/F = Z generates the group.

3 Invariants of a group action
Let X be a d-hyperbolic length space and G a group acting gently by isometries
on X (see Definition 2.16). Note that for the moment, we have not made any

serious assumption on the group G or the space X. In order to study the
action of G on X we define several numerical invariants. Those quantities will
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be useful later to estimate the small cancellation parameters needed to run
the induction leading to the infiniteness of Burnside groups. We define two
types of invariants. The first kind, namely the injectivity radius inj (G, X), the
acylindricity constant A(G,X) as well as the v-invariant v(G,X) are purely
geometric. Those invariants (or some variations of them) already appeared in
[16, Définition 2.4.1] and [11, Definition 3.40]. Unfortunately they are not sharp
enough to handle even torsion. More precisely the v-invariant, does not behave
well when passing to quotient. Therefore we also define (among others) a strong
variation v (G, X) of the v-invariant, which has a mixed nature: it reflects both
the geometric and algebraic features of G.

3.1 Geometric invariants

Definition 3.1 (Injectivity radius). The injectivity radius of G on X is the
quantity
inj (G, X) =inf{||g||X : g € G loxodromic}

Definition 3.2 (Acylindricity). Let d € Ry. The acylindricity parameter at
scale d, denoted by A(G, X, d), is

A(G, X, d) = sup diam (Fix(S,d)),
ScG

where S runs over all subsets of G generating a non-elementary subgroup.

Definition 3.3. The action of G on the space X is weakly acylindrical if the
map d — A(G, X,d) is bounded above by an affine function of d.

The previous definition is designed to compensate for the fact that we do
not control from below the curvature of X. Its definition is modeled on the
Margulis lemma for manifolds with pinched negative curvature

For our next invariant, we adopt the following terminology borrowed from
Lysenok [28]. A chain of length m is a tuple C = (go,. .., gm) of elements of
G for which there exists h € G such that for every k € [0,m — 1], we have
grkr1 = hgrh™!. The element h is called a conjugating element of C. Note that
such an element is not necessarily unique.

Definition 3.4 (v-invariant). The quantity v(G, X) is the smallest integer v
with the following property: if C = (go, ..., g, ) is a chain of length v generating
an elementary subgroup and h a lozodromic conjugating element of C, then
(go, h) is elementary.

The v-invariant is useful to prove the following local-to-global phenomenon.
Proposition 3.5. For every d € Ry, we have
A(G, X,d) < [v(G,X) +3]d+ A(G, X,40006) + 240.
In particular, if A(G,X,4000) and v(G, X) are finite, then the action of G on

X is weakly acylindrical.
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Before proving Proposition 3.5 we focus on the following lemmas.

Lemma 3.6. Fizx d; = 3200 and dy = 4000. Let g and h be two elements of G
which generate a non-elementary subgroup.

(i) Assume that h is lozodromic. Let L € Ry, with L > 126 and v: R — X
be an L-local (1,6)-quasi-geodesic from h™ to h™. Then

diam (Fix(g, di) 1) < (G, X) [1h]] + A(G, X, ds) + 25.

(ii) Assume that both g and h are loxodromic. There exists L > 120, with the
following property. If vg,vn: R — X are two L-local (1,9)-quasi-geodesics
from g~ to g%, and h™ to h™ respectively, then

diam (7% N7 *) < lgll+pl+v(G, X) max {||g]l, [ A]}+A(G, X, d2)+206.

Remark. A similar statement is proved in [11] closely following the ideas of
Delzant and Gromov [16]. For completeness, we reproduce it here.

Proof. For simplicity we let v = v(G, X). We start with Point (i). Assume that
contrary to our claim,

diam (Fix(g,d1) Ny) > v ||h]| + A(G, X, d2) + 20.

In particular, there exist z = v(s) and 2’ = v(s’) lying in Fix(g, d;) such that
|z — 2’| > v||h|| + A(G, X, d2) + 26. Without loss of generality we can assume
that s < &, so that

S = s> o —a'| > v]|hl] + AG. X,dy) + 25

Since Fix(g,d;) is 80-quasi-convex (Lemma 2.8), v restricted to [s,s'] lies en-
tirely in the 116-neighborhood of Fix(g,d;). We now fix t = s+ A(G, X, d2)+20.
Let r € [s,t] and k € [0,v]. Note that rp = r + k||h]|>® belongs to [s, s’]. Thus
lgv(rr) —~v(rk)| < di + 226. Applying Lemma 2.12 we obtain

[hFghsy(r) =5 (r)] < |gh*y(r) = BEy()] < lgy(ri) — ()| + 448 < dy + 663,

In other words the restriction of v to [s,t] is contained in Fix(S, d3), where S
is the set S = {g,h~1gh,...,h "gh"}. Consequently the diameter of Fix(S, d>)
is larger that A(G, X, ds), and thus S generate an elementary subgroup. Recall
that h is loxodromic. It follows from the definition of v that g and h generate
an elementary subgroup which contradicts our assumption.

We now focus on Point (ii). Up to permuting g and h, we can assume that
111 > llgll. We fix

{=v|h||+A(G,X,d2) +406 and L=~{+|g|+ A -

Let 74,7, R — X as in the statement of Point (ii). Assume that contrary to
our claim we have

diam (7% N y;f*) > [lg]l + (v + 1) ||h]| + A(G, X, d2) + 205 > L + 160.
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We fix two points z,y € X lying in the 8§-neighborhood of both 7, and -y, such
that
|z —y| > L+ 164.

Up to changing the origin of v, and ~;, we can assume that ~,(0) and ~,(0)
are projections of x on 7, and -y, respectively. We write v4(s) and ~(s’) for
projections of y on 7, and 7, respectively. Note that s,s" € (L, c0).

We claim that |y,4(r) — yn(r)| < 570, for every r € [0, L]. Since 74 is an
L-local (1, §)-quasi-geodesic, we have (7,4(0),74(s)), ) < 39 (Proposition 2.2),
thus (z,9),, ) < 196. Similarly (z,y),, ) < 195. Moreover, the quantities
|vg(r) — z| and |y4(r) — z| differ by at most 176. It follows from the four point
inequality — see for instance [10, Lemma 2.2 (2)| — that |y,4(r) — y4(r)| < 579,
which completes the proof of our claim.

According to Lemma 2.12, g (respectively h) acts on -y, (respectively ~yp)
almost like a translation of length ||g||>® (respectively ||h||*°). Hence for every
r € R4, such that r < /|

|ghyn (r) — hgyn(r)] < 3165 < dy,

compare with Figure 2. Consequently the path ~;, restricted to [0, £] is contained
in Fix(u,d;) where u = g~'h~tgh. Thus, applying Lemma 2.5 we get

diam (Fix(u,d1) Nyp) = € —0 > v k|| + A(G, X, d2) + 26.

It follows from the previous discussion that u and h generates an elementary
subgroup. Hence g~'hg and h generate an elementary subgroup. Since h is lox-
odromic, g fixes h~ and h', therefore g and h generate an elementary subgroup,
which contradicts our assumption. O

Lemma 3.7. Fix do = 4006. Let g and h be two elements of G which generate
a non-elementary subgroup and set S = {g,h}. If |h|| > 280, then for every
d € Ry we have

diam (Fix(S5,d)) < [v(G, X) + 3] d + A(G, X, ds) + 240.

Proof. For simplicity we write v for v(G, X). Without loss of generality we can
assume that d > A(S). In particular, d > max{||g||, ||| }-

Assume first that ||g|| < 285. We fix L > 126 and an L-local (1,4)-quasi-
geodesic 7y, from h~ to ht. It follows from Lemma 2.9, that Fix(h,d) lies
in the d/2-neighborhood of . On the other hand Fix(g,d) lies in the d/2-
neighborhood of Fix(g,285). Combining these observations with Lemma 2.5 we
get

diam (Fix(S, d)) < diam (Fix(g, 106)*4/2 (y4,F 2)

<d
< diam (Fix(g,285) T N 7;86) +d+ 40
< diam (Fix(g,666) Nyy) + d + 208

1
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It follows then from Lemma 3.6 that
diam (Fix(S,d)) < (v + 1)d + A(G, X, dz) + 226.

Assume now that ||g|| > 286. In particular g is loxodromic. By Lemma 3.6 we
can find 7, and -y, two L-local (1, §)-quasi-geodesics with L > 124, joining g~
to g7 and h™ to hT respectively such that

diam (7;86 N 7;85) < (v+2)d+ A(G, X, dg) + 206.

It follows from Lemma 2.9, that Fix(g, d) and Fix(h, d) lies in the d/2-neighborhood
of 74 and 7, respectively. Using Lemma 2.5 as above we get

diam (Fix (S, d)) diam (’y;dﬂ N ’y,jdm)

< diam (7;86 N 'y;{&s) +d+46
< (v +3)d+ A(G, X, d2) + 244. O

Proof of Proposition 3.5. For simplicity we write v for v(G, X). We distinguish
two cases. Assume first that |g|| < 280, for every g € S. It follows from
Lemma 2.8 that Fix(g, d) is contained in the d/2-neighborhood of Fix(g,286),
for every g € S. Combined with Lemma 2.5 we get

diam (Fix(S, d)) < diam | () Fix(g,280) """ | +d + 45
ges

< diam | () Fix(g,508) | +d + 46
ges

< A(G, X,508) + d + 46.

Assume now that there exists h € S such that ||h| > 285. In particular h is
loxodromic. It follows from our assumption that there exists g € S such that g
and h do not generate an elementary subgroup. Applying Lemma 3.7, we get

diam (Fix(S,d)) < diam (Fix({g, h},d)) < (v + 3)d + A(G, X, 4000) + 240.

In both cases, the diameter of Fix(.S, d) is bounded above by A(G, X, 4000)+240,
whence the result. O

Lemma 3.8. Let P be a parabolic subgroup of G. Let & € X be the unique
accumulation point of P. If the action of G on X is weakly acylindrical, then
Stab(§) is parabolic as well.

Proof. For simplicity we let E = Stab(£). Assume that contrary to our claim
that F is not parabolic. In particular, F contains a loxodromic element h. Up
to replacing h by a power of h we can assume that ||h|| > 80. Let g € P. We
set S = {g,h} and L = ||h|| 4+ 1006. Note that Fix(S, L) has infinite diameter
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(Lemma 2.11). Tt follows from the definition of weak acylindricitay that the
subgroup of G generated by g and h is elementary. Consequently P is contained
in the maximal elementary subgroup F(h) of G containing h. Nevertheless
the subgroups of E(h) are either elliptic or loxodromic, which contradicts our
assumption. O

3.2 Mixed invariants

As explained in the previous section, the combination of the acylindricity pa-
rameter A(G, X,4000) and the v-invariant provides a useful substitute to the
Margulis lemma. Nevertheless the latter invariant does no behave well when
passing to quotient (see Section 4.7). To bypass this difficulty we consider a
stronger version of the v-invariant whose mixed nature combines both geomet-
ric and algebraic features of G. More precisely the algebraic part captures the
properties of a special class of elementary subgroups that we define now.

Dihedral germs and dihedral pairs. Recall that D, stands for the infinite
dihedral group. Given m € N, we denote by

D,, = (s,r|s* (sr)’,r™)

the dihedral group of order 2m and by Z,, the cyclic group of order m. Note
that D; = Zs. By convention Dy is the trivial group. We think of D,, as
the isometry group of the plane preserving a regular m-gon. This motivates the
following terminology. The subgroup (r) is a normal subgroup called the rotation
subgroup. Its elements are also called orientation preserving. The signature is
the morphism e: D,, — Z,, where Z is the quotient of D,, by the rotation
subgroup. An element of D,, that does not preserve the orientation is called a
reflection.

We adopt a similar terminology for D.,. In particular, its rotation subgroup
(or translation subgroup) is the maximal subgroup isomorphic to Z. If m # 2,
the rotation subgroup of D,, is algebraically completely determined: it is the
unique cyclic subgroup of order m. Otherwise it should be thought an implicit
piece of information attached to Ds.

Definition 3.9. A subgroup C of G is called a dihedral germ if it contains an
elliptic subgroup C( which is normalized by a loxodromic element and such that
[C : Cp] is a power of 2.

Note that dihedral germs are elliptic. Being a dihedral germ is invariant
under conjugation. Without any further assumption on the structure of loxo-
dromic subgroups, it is not true in general that being a dihedral germ is invariant
by taking subgroup.

Definition 3.10. A dihedral pair is a pair (E,C) of subgroups such that C
is a dihedral germ which is also normal in E and E/C embeds in a (finite or
infinite) dihedral group. A subgroup E of G has dihedral shape if there exists a
subgroup C such that (F,C) is a dihedral pair.
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Every subgroup with dihedral shape is elementary. Indeed such a group is
virtually the extension of an elliptic subgroup by a cyclic group. Note that the
morphism from F/C to a dihedral group is in general not unique.

Lemma 3.11. Let E be a loxodromic subgroup of G and C a subgroup of E.
Then (E,C) is a dihedral pair if and only if C' is the maximal elliptic normal
subgroup of E.

Proof. Assume that (E,C) is a dihedral pair. In particular, £/C embeds in a
dihedral group. Note that this dihedral group cannot be finite. Indeed otherwise
E would be a finite extension of the elliptic subgroup C, hence an elliptic sub-
group as well. Consequently E/C embeds in Do,. It follows from Lemma 2.17
that C = F. The converse statement is obvious. O

Strong v-invariant.

Definition 3.12 (strong v-invariant). The quantity vy, (G, X) is the smallest
integer v with the following property: if C = (go,...,9,) is a chain generating
an elementary subgroup and h a conjugating element of C such that

e cither h is loxodromic,
e or (go,...,gv—1) is contained in a dihedral germ,
then (go, h) is elementary with dihedral shape.

One observes easily that v(G, X) < vge(G, X). Let us mention an example
where these two invariants are not equal.

Example 3.13. Observe first that if G = G; * G5 is a free product acting
on its Bass-Serre tree T, then v(G,T) < 2. Counsider indeed g,h € G with
h loxodromic such that the subgroup E = (g,hgh~!, h2gh=2) is elementary.
Without loss of generality we can assume that g is non trivial. We first claim
that the subgroup Ey = (g, hgh~!) cannot be elliptic. Assume on the contrary
that Ey fixes a point say ¢ € T. As G is a free product, z is the unique
fixed point of g. Nevertheless hgh~! also fixes = (as it belongs to Ejy), hence g
fixes h~lz. This forces hx = x which contradicts the fact that h is loxodromic
and completes the proof of the claim. Since T is a tree, G does not admit any
finitely generated parabolic subgroup, hence Ej is loxodromic. Observe now that
the elementary subgroup E is generated by Ey and hEgh~'. Consequently h
necessarily belongs to the maximal elementary loxodromic subgroup containing
FEy. Therefore g and h generate an elementary subgroup. This proves that
v(G,T) < 2 as announced.

In this setting, every elliptic subgroup which is normalized by a loxodromic
element is trivial. Hence a subgroup of G is a dihedral germ if an only if it is
a finite 2-group. Let us now consider a more precise example. We fix m € N
and let A = Z7""!. For every i € [0,m], we write g; for a generator of the i-th
factor Zy in A. We denote by GG; the following HNN extension of A

G = <A,h | hgihil = Gi+1, Vi € [[O,m — 1]]>
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Let G = G1 * Z. It follows from the construction that

<90, hgohilv R hmgohim> = <907 s 7g’m> =A

is a dihedral germ. On the other hand, the subgroup (go, h) corresponds to G
which is not virtually cyclic, thus it cannot have dihedral shape. This shows
that v (G,T) > m. In particular, if m > 2, then v(G,T) < vse(G,T).

Note that in this example, the difference between v(G, X) and v, (G, X)
comes from the algebraic structure of elliptic subgroups. It emphases the fact
that vgs (G, X) is not a purely geometric invariant.

Model collections. As we will see later, controlling the strong v-invariant
is a key ingredient to handle even torsion and which was not needed to study
free Burnside groups of odd exponents. It requires a fine understanding of the
structure of dihedral pairs. We complete this section by a last notion designed
to describe those subgroups.

A model collection is a family € of (abstract) torsion groups. Its exponent
= p(€) is the smallest positive integer such that g = 1, for every E € &€, for
every g € E.

Definition 3.14. Let p € N and € be a model collection. We say that a dihedral
pair (E, C) has type (€, p) if there exist k € N and a morphism ¢: E — E, where
E € &€ such that the map ¢ extends to an embedding from F into E/C x D’; xE.

Remark. A reader only interested in free Burnside groups can read the entire
article by taking for € the collection that consists only of the trivial group. The
exponent of this trivial model collection is 1.

We now fix an integer p € N and a model collection £ and write p = u(€)
for its exponent. Saying that (E, C) has type (£, p) means that, up to a residual
factor E € &€, the group E essentially embeds into a direct product of dihedral
groups. In particular, we can exploit the algebraic identities of dihedral groups
to recover information about E. The next two statements give simple but
essential examples of this idea. Other applications will arise later in the article.

Proposition 3.15. Let (E,C) be a dihedral pair with type (E,p). Let C =
(90,91, -+, 9u+2) be a chain of G and h a conjugating element of C. If go and
h belong to a subgroup E, then g,12 belongs to (go, g1, .., Gut1)-

Proof. By assumption, there exist k& € N, a group E € £, and a morphism
¢: E — E, such that ¢ extends to an embedding £ — E/C x D’; x E. For
every i € [0, 3] we let

U; = GiGi+1 " Gitp—1-
Note that it suffices to prove that uzu; ‘ugu;* = 1. To that end, we have to
check that this identity holds in every factor of E/C x D’; x E. It was observed
by Lysenok [28, Proposition 15.10] that if x and y are two elements of D, then

(Yxy ™) (v x 'y ) x(yxy ) = [yi Iy.x]] = 1.
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Hence the identity uzu; ‘uou; ' = 1 holds in E/C as well as in any factor D,,.
On the other hand, we observe that ug = (goh)*h™#. By the very definition of
the exponent p, the element p(ug) € E is trivial and thus so are its conjugates
©(u1), @(uz) and @(uz). Hence the identity usu; ‘upu; ' = 1 also holds in E,
and the proof is complete. O

Let n € N. Let II = D,,, x --- x D,, x E be a direct product of dihedral
groups with some E € £ where p; divides n for every i € [1,k]. The signature
g;: Dy, — Zy induces a morphism IT — (Z2)*, whose kernel is TL = Z,, x - X
Z,, < E is the pure rotation subgroup. Given a subgroup A of II, its reflection
rank is the dimension of the image of A in II/TI (seen as a Zg-vector space).
The next lemma is a variation on Ivanov [26, Lemma 16.2].

Lemma 3.16. Let A be a subgroup of I and r its reflection rank. We assume
that 273 divides n. For every h € TI, normalizing A, there exists a € A with
the following properties.

) a  centralizes A.
() hn/4 1 li A
(ii) [h™/*a=' b] centralizes T1, for every b € T1.

Proof. By assumption, there exist s1,...,s, € A such that A is generated by
S1,...,8, and ANTIIL;. We let

o—(r+2),

a= H [r,s{'...s;"], where r=h
(e1,-er)€{0,1}7

Since h normalizes A, the element a belongs to A. It is sufficient to check that
in each factor of IT the image of h™/*a~! satisfies the announced properties.
Since the exponent of E divides 2-("*2)n, the elements h™/* and a are trivial
in E. Thus so is h"/4a~!. Hence (i) and (ii) hold in E.

We now focus on the dihedral factors. Let ¢ € [[1,k]. Assume first that the
image of A is D, is contained in the rotation group Z,,. Note that 2 divides
2727 Hence (the image of) r lies in the rotation group of D,,. Thus a is
trivial in D,,, while h"™/* belongs to Z,,. Consequently (the image of) h"/4a~!
centralizes Z,,, and thus (the image of) A. Moreover for every b € II, (the image
of) [h™/*a~! b] which coincides with (the image of) [h"/4 b], centralizes D,,.
Assume now that the image of A in D, contains a reflection. By construction
every element of ANIIL is mapped to the rotation subgroup Z,,. Without loss
of generality we can assume that s; is mapped to a reflection of D,,. Let £ be
the subset of all tuples (£1,...,e,) € {0,1}" such that s{*...sS" is mapped to
a reflection in D,,,. As previously the image of r in D,, is a rotation. Hence,
seen in D,,,, we have

[r,s5t...s; .
1 otherwise

o) = {r2 if (€1,...,6,) € Q

Consequently we get in D,

a=r2el = h2*<r+1>m|n.
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Observe that the cardinality of € is 2"~!. Indeed the map sending (e, ...,&,)
to (1 +1,...,&,) induces a bijection from  onto {0,1}" \ Q. It follows that
h"/4 and a coincide in D,,. Thus (i) and (ii) hold in D,,. O

4 Small cancellation theory

Let us recall the main strategy to study the free Burnside group B,.(n). Starting
from the free group F,, we are going to build a sequence of non-elementary
hyperbolic groups

Fr:GO_»Gl_»GQ_»"'_»Gk-H’GkJrl_»...

whose directly limit is exactly B,.(n). The group G4 is obtained from Gy by
adjoining relations of the form A" = 1 where h runs over a subset of “small”
loxodromic elements of Gi. The main difficulty is to make sure that Gpy1
remains a non-elementary hyperbolic group although the exponent n has been
fixed in advance. In this article, we achieve this by using a geometric approach
of small cancellation theory & la Delzant-Gromov [16].

In this section we focus on a single step Gy — Gri1. We present first an
overview small cancellation theory and develop later the required additional
material. For proving infiniteness of Burnside groups we only need to consider
relations of the form h™ = 1. Nevertheless we start our study in a slightly more
general setting as the intermediate results are of independent interest.

4.1 General setting

Let X be a d-hyperbolic length space and G a group acting gently by isometries
on X. Let @ be a collection of pairs (H,Y') where H is a subgroup of G and Y an
H-invariant strongly quasi-convex subset of X. We assume that Q is invariant
under the action of G defined by g-(H,Y) = (gHg™ 1, gY), for every (H,Y) € Q
and every g € G. We denote by K the (normal) subgroup of G generated by all
H where (H,Y) runs over Q. The goal is to study the quotient G = G/K. To
that end, we define two parameters A(Q, X) and inj (Q, X ) which play the role
of the lengths of the largest piece and the smallest relation respectively.

A(Q.X) = sup{diam (Y™ NY;™) « (H1, Y1) # (Hy,Y2) € Q} ,
inj (9, X) inf {||h]| : heH,(H,Y)e Q}.

Remark. As explained above, we will later focus on a particular set of relations.
More precisely the collection @ will be of the form

Q={(Ya, (n")) : heS}

where n is a large integer and S a subset of “small” loxodromic elements of
G, which is invariant under conjugation. Assuming that A(Q, X) is finite will
automatically imply that (h™) is normal in Stab(Y},), for every h € S.

We now fix once for all a number p € R’ . Its value will be made precise
later (see Theorem 4.7). It should be thought of as a very large distance.

29



Comes. Let (H,Y) € Q. The cone of radius p over Y, denoted by Z,(Y)
or simply Z(Y), is the quotient of ¥ x [0, p] by the equivalence relation that
identifies all the points of the form (y,0). The equivalence class of (y,0), denoted
by v, is called the apex or cone point of Z(Y). By abuse of notation, we still
write (y,r) for the equivalence class of (y,r). The map ¢: Y — Z(Y) that sends
y to (y, p) provides a natural embedding from Y to Z(Y). The radial projection
p: Z(Y)\ {v} = Y is the map sending (y,r) to y. We denote by | . |y the
length metric on Y induced by the restriction of | . | to Y. This cone Z(Y') can
be endowed with a metric as described below.

Proposition 4.1. [5, Chapter 1.5, Proposition 5.9]  The cone Z(Y') is endowed
with a metric characterized in the following way. Let x = (y,r) and 2’ = (y',7’)
be two points of Z(Y') then

ch|z — 2’| ;y) = chrchr’ —shrshr’cos0(y,y'), (16)

where 0(y,y’) is the angle at the apex defined by

/
0w ) = mi ly—ylv |

The distance between two points z = (y,r) and ' = (y',7’) of Z(Y") has the
following geometric interpretation. Consider a geodesic triangle in the hyper-
bolic plane Hy such that the lengths of two sides are respectively r and r’ and
the angle between them is 6(y,y’). According to the law of cosines, |z — 2'| is
exactly the length of the third side of the triangle (see Figure 3).

Y
Z(Y) H?

Figure 3: Geometric interpretation of the distance in the cone.

Example 4.2. If Y is a circle whose perimeter is 27 sh p and endowed with the
length metric, then Z(Y) is the closed hyperbolic disc of radius p. If Y is the
real line, then Z(Y)\ {v} is the universal cover of the punctured hyperbolic disc
of radius p.
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In order to compare the metric of Y and Z(Y'), we use the map u: Ry — Ry
characterized as follows

t
ch p(t) = ch? p — sh? pcos <min {w, }) , Vte Ry,
sh p
so that for every y,y’ € Y we have

|e(y) — L(yl)‘z(y) =y —v'ly)-
The next proposition summarizes the properties of p.

Proposition 4.3. The map p is continuous, concave, and non-decreasing. In
addition, for all t € [0, 7shp], we have t < wsh(u(t)/2).

We complete this part with a useful tool to compare two cones.

Lemma 4.4. Let f: Y] — Yy a (1,¢) quasi-isometric embedding between two
metric spaces. The map Z (Y1) — Z(Y3) sending (y,r) to (f(y),r) is again a
(1,€)-quasi-isometric embedding.

Proof. The result is a direct consequence of the geometric interpretation of the
metric on the cones. O

The cone-off space X. The cone-off of radius p over X relative to Q denoted
by XP(Q) (or simply X) is obtained by attaching for every (H,Y) € Q, the cone
Z(Y) on X along Y according to ¢. The subset of X consisting of all apices of
the cones is denoted by V. We endow X with the largest pseudo-metric | . | %
for which all the maps X — X and Z(Y) — X — where (H,Y) runs over Q
— are 1-Lipschitz. It turns out that this pseudo-distance is a length metric on
X [10, Proposition 5.10]. The next lemmas detail the relationship between the
metrics of X and X.
Lemma 4.5 ([10, Lemma 5.8]). For every x,z’ € X, we have

(e —2'l) <o —a'lx < o - @

Lemma 4.6 ([10, Lemma 5.7|). Let (H,Y) € Q. Letx € Z(Y). Let d(z,Y)
be the distance between x and 1(Y') computed with | . |zyy. For all 2’ € X, if
|v —2'| ¢ < d(x,Y) then x' belongs to Z(Y). Moreover |x —x'|x = |z — 2’| z¢v.

X -

Let v be the apex of Z(Y'). It follows from the lemma that, as a set, the ball
B(v, p) (for the metric of X) is nothing but Z(Y") \ ¢(Y"). Moreover the metrics
| . |x and | . |z(y) coincide on B(v, p/3).

The quotient space X. The action of G on X naturally extends to an action
by isometries on X as follows. Let (H,Y) € Q. For every g € G, for every
x = (y,r) in Z(Y), we define gz to be the point of Z(gY") given by gz = (gy, 7).
The space X is the quotient X = X /K. The metric on X induces a pseudo-
metric on X. We write (: X — X for the canonical projection from X to X.
The quotient G = G/ K naturally acts by isometries on X. We denote by V the
image of V in X. For every € X, we usually write Z for its image in X.

31



Small cancellation theorem. The next statement is a combination of Propo-
sition 6.4, Proposition 6.7, Corollary 3.12 and Proposition 3.15 in [10]. See also
[16, Théorémes 5.2.5 et 5.5.2].

Theorem 4.7. There exist 0y, 01, Do, po € R, which do not depend on X, G or
Q, with the following property. Assume that p = po. If 6 < 0o, A(Q, X) < Ay
and inj (Q, X) > 10w sh p, then the following holds

(i) The cone-off space X is §-hyperbolic with § < &,.

(ii) The quotient space X is 6-hyperbolic with § < &;.

(iii) Let (H,Y) € Q. Let v be the image in X of the apex v of Z(Y). The
subgroup Stab(v) C G is isomorphic to the quotient Stab(Y')/H. Moreover

the projection (: X — X induces an isometry from B(v,p/2)/H onto
B(v,p/2).

(iv) For every r € (0,p/20], for every x € X, if d(x,V) > 2r, then the projec-
tion ¢: X — X induces an isometry from B(xz,r) onto B(Z,r).

(v) For everyx € X for every g € K\ {1}, we have [gx — x| > min{2r, p/5},
where r = d(v,V). In particular, K acts freely on X \ V. Moreover, the
projection ¢: X — X induces a covering map X \'V — X \ V.

Remark. Note that the constants dy and Ag (respectively pg) can be chosen
arbitrarily small (respectively large). From now on, we will always assume that
po > 10%05; whereas &y, A¢g < 10719§;. These estimates are absolutely not
optimal. We chose them very generously to ensure that all the inequalities
which we might need later will be satisfied. What really matters is their orders
of magnitude recalled below.

max {dp, Ao} € §1 < p < wshp.

An other important point to remember is the following. The constants &g, Ag
and 7 sh p are used to describe the geometry of X whereas §; and p refers to the
one of X or X. From now on and until the end of Section 4 we assume that X, G
and Q are as in Theorem 4.7. In particular, X and X are respectively §- and 4-
hyperbolic. Up to increasing one constant or the other, we can actually assume
that § = 6. Nevertheless we still keep two distinct notations, to remember which
space we are working in.

Notations. In this section we work with three metric spaces namely X, its cone-
off X and the quotient X. Since the map X —» X is an embedding we use the
same letter x to designate a point of X and its image in X. We write z for
its image in X. Unless stated otherwise, we keep the notation | . | (without
mentioning the space) for the distances in X or X. The metric on X will be
denoted by | . |.
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4.2 A few additional facts regarding the cone-off space

Radial projection. The radial projection p: X\ YV — X is defined as follows.
Its restriction to X is the identity. Given any (H,Y) € Q, the restriction
of p to Z(Y) \ {v}, where v stands for the apex of Z(Y), coincides with the
radial projection defined in the previous paragraph. This map is G-equivariant.
Observe that |z — p(z)| ¢ < p, for every z € X \ V.

Proposition 4.8. Let z,2' € X such that (z,z'), > 0, for every v € V (here
the Gromov product is computed in X ). Then

wshp
2p

2 — 2|y <z —2'x < [z —a'[x .

Proof. In this proof all the Gromov products are computed in X. The first in-
equality directly follows from the fact that the embedding X — X is 1-Lipschitz.
Let us focus on the second inequality. Let 7 > 0 and ~: [a,b] — X be a (1,7)-
quasi-geodesic from x to z’. According to our assumption, up to decreasing 7
we can assume that for every (H,Y) € Q, the diameter of yN Z(Y) is less than
2p. Consequently there exists a partition tg = a < ¢ < -+ <t = b of [a, ]
such that

(i) ~(t;) belongs to X for every i € [0, m];
(i) |y(tig1) —(ti)|x < 2p, for every i € [0, m — 1].

Lemma 4.5 combined with the concavity of the map p tells us that

m—1 m—1
= Vid = v MRS T ED WA ESTRI
m—1
< [y (ti1) = v(t)| x
i=0
<z —2'|x +0.
This inequality holds for every sufficiently small 1 > 0, hence the result. O

Corollary 4.9. Let Z be a subset of X such that (z,2), > _25 forevery z,2' € Z
and v € V (}_Lere the Gromov product is computed in X ). Then the radial
projection p: X \'V — X restricted to Z is a quasi-isometric embedding.

Proof. In this proof all the Gromov products are computed in X. Let 2,2’ € Z.
Let v,y € X be the radial projections of z and z’ respectively. It follows from
the triangle inequality that |z — 2’|y and |y —y/| y differ by at most 2p. In view
of Proposition 4.8 it is sufficient to prove that (y,y’), > 0 for every v € V. The
four point inequality (3) applied in X gives

oy, = min{ (4, 2),, (.2, (+'.9), } — 26,
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Assume that (y, z), < 24. Then z necessarily belongs to the cone Z(Y) for some
(H,Y) € Q. Indeed otherwise z = y is a point of X, and thus (y, z), > 2p. It
follows the from the definition of the radial projection and Lemma 4.6 that z
lies on a geodesic between y and the apex of Z(Y'). As the distance between
two apices is at least 2p, the point v is necessarily the apex of Z(Y"). Hence

(z:2), = lv—zlx = (v:2),

is bounded above by 26, which contradicts our assumption. We prove in the
same way that (y',2’), > 24. On the other hand, according to our assumption
we have (z,z"), > 20. Thus (y,y'), > 0. O

Parabolic subgroups.

Lemma 4.10. Let P be a subgroup of G. If P is parabolic for its action on X,
then so is its action on X.

Proof. Since the embedding X — X is 1-Lipschitz, P cannot be elliptic for its
action on X. Hence it suffices to prove that P does not contain any loxodromic
element (for its action on X). We denote by £ the unique point of A(P) C 0X.
Let L > 1006 and v : Ry — X be an L-local (1,114)-quasi-geodesic ray whose
endpoint at infinity is £&. Let g € P. By Lemma 2.11, there is ty € R4 such
that for every t > to, we have |gy(t) — v(¢)|x < 2p. Since v is infinite, there
exists t > to such that y(¢) belongs to X. It follows then from Lemma 4.5 that

1(lgy(@) — @) < lgv(t) —v()lx < 2p.

Thus |gy(t) — v(t)| < wshp (Proposition 4.3). Consequently ||g|| < msh p, for
every g € P. In particular, P does not contain any loxodromic element for its
action on X. U

4.3 Apex stabilizer in the quotient space.

As we mentioned in the introduction the quotient space M = X /G can be seen
as an orbifold, whose fundamental group is G [16]. Although this is not the
point of view we adopted here, it is a great source of inspiration. According to
Theorem 4.7 (iii), for every (H,Y) € Q, the quotient Stab(Y')/H embeds in G,
which basically means that M is developable, so that its universal cover is X.
This orbifold M also comes with an analog of Margulis’ thin/thick decomposi-
tion for hyperbolic manifolds. The thin part corresponds to the neighborhood
of the cone points (or more precisely their images in M). In particular, if 7
is point in a ball B(,r) centered at a cone point ¥ € V and S a subset of G
moving T by at most p — 2r, then the triangular inequality tells us that every
element in S fixes ¥, hence S generates an elliptic subgroup of G.

In this section we study the structure of X around the apices. In particular,
we prove that the isotropy group of such a point locally acts as a dihedral group
on a hyperbolic disc. To that end we make the following assumption (we refer
to Section 2.3 for the definitions).
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Assumption 4.11 (Cyclic relations). For every (H,Y) € Q, the group H is
loxodromic and Y is its cylinder.

Let (H,Y) € Q. According to our small cancellation assumption, any non-
trivial element in H has a very large translation length. Thus H is necessarily
a cyclic group generated by a loxodromic element.

Local classification of isometries. Let (H,Y) € Q. Note that Stab(Y’) is
the maximal loxodromic subgroup containing H. We write Stab™ (Y") for the
subgroup of Stab(Y) fixing pointwise dY. Its index in Stab(Y’) is at most 2.
Since the action of G on X is gentle, the set F of all elliptic elements of Stab™ (Y)
is a normal subgroup of Stab(Y). Moreover Stab®(Y")/F is isomorphic to Z
while Stab(Y")/F embeds in D,. In other words we have a short exact sequence

1 F —Stab(Y) L L -1,

where L is either Z or D..

Since H is generated by a loxodromic element, its image in L is nZ for
some n € N\ {0}. We write L,, for L/nZ, ie. L, = D,, if L = Dy, and
L, = Z,, if L = Z. Let v be the apex of Z(Y) and © its image in X. Recall
that, according to the small cancellation theorem (Theorem 4.7) the subgroup
Stab(?) is isomorphic to Stab(Y)/H. After taking the quotient by H we get
the following commutative diagram

11— F ——Stab(Y) —— L —— 1

|

1—— F —— Stab(y) —— L, —— 1

where the horizontal lines are short exact sequences. Note that Stab(7) — L,
is a well-defined map. Indeed if (H',Y”) is another pair of Q such that v is this
image of the apex v’ of Z(Y’), then there exists an element u € K such that
(H',Y'") = (uHu~*,uY). Thus the maps ¢q: Stab(Y) — L and ¢’: Stab(Y”’) —
L differ at the source by the conjugation by wu.

By analogy with singularities, the integer n is called the order of the cone
point ¥. As we explained before L,, can be either Z, or D,. In any case
it embeds in D,,. We call the map ¢z: Stab(v) — D,, obtained in this way
the geometric realization of Stab(v). Although it is not made explicit in the
notation, we allow for the moment the order to be different from one apex to
the other. Recall that the elements of D,, are called rotations or reflections
according to their action on the regular n-gon (see Section 3.2). This allows us
to define similar notions for the elements of Stab(o). More precisely, we say that
an element g € Stab(v) is a rotation (respectively a reflection, locally trivial)
at v if its image under gz is a rotation (respectively a reflection, trivial). A
rotation at ¥ is strict if it does not belong to F. A central half-turn at v is a
strict rotation at ¥ which is an involution and centralizes Stab(#) (note that the
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existence of such a half-turn forces n to be even). Given a reflection x € L,
the pre-image under ¢ of (x) is called a reflection group at .

Remark. Being a reflection at v is a local property. Given two distinct apices
0,0 € V, an element § € G can be simultaneously a reflection at v and locally
trivial at ©’. For instance, consider the hyperbolic group

G = <a,b,c | a?,b?, [b,c]> =Zox(Zo X 7)

where the left factor Zs is generated by a, whereas the right factor Zy x Z is
generated by b and ¢. We consider the action of G on its Bass-Serre tree and
blow up every vertex associated to (a conjugate of) Zs X Z to a line (on which
Z, acts trivially). The resulting space X is a tree on which G acts properly
co-compactly by isometries. Fix now a large integer n and define

G =G/((ab)",c")

One checks easily that G is a small cancellation quotient of G. Let 0,7’ € X
be the apices of the cones attached to the relations (ab)™ and ¢™ respectively.
One observes that the image b of b in G is a reflection at ¥ but locally trivial at
©’. This subtlety is a source of difficulty when studying the strong v-invariant
Vetg (G, X).

From now on, we make the following assumption.

Assumption 4.12 (Central half-turn). For every apexr v € V, if the image of
the geometric realization map qz: Stab(v) — D, has even torsion, then Stab(?)
contains central half-turn at v.

Remark. Let us explain quickly how such an assumption can be satisfied. Later,
when building the approximation sequence of B,.(n), we will see that every
loxodromic subgroup of G can be assumed to embed in a product of the form
Do x Dy X -+ x D,,. In particular, if g € Stab(Y) is a primitive element of F,
then ¢™/? is almost central: it commutes with every element in E*+ and anti-
commutes with the ones of E\ E* (i.e. ug"/?u~! = g="/2, for every u € E\E™).
Consequenlty, if H is the subgroup generated by h = ¢", then the image of g™/2
in Stab(Y')/H is a central half-turn.

Geometric realization. As suggested by the above terminology, the projec-
tion ¢z: Stab(v) — D,, captures how Stab(?) acts geometrically on the ball
B(w, p). To make this idea more precise, we are going to build a quasi-isometry
between B(7, p) and a comparison hyperbolic cone D (endowed with the obvious
action of D,,) which is almost gz-equivariant.

We first define a morphism L — Isom(R). Let £ be one of the endpoints at
infinity of Y. Let hy be a primitive element of Stab(Y") whose attractive point
is €.

o If L =Z, then we map the positive generator t of L to the translation by
1] e
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e If L is the dihedral group Do, = <x,y | x2,y2>, then we map x to the
symmetry at 0 and y to the symmetry at ||ho|/°°/2. In particular, t = xy
is mapped to the translation by | ho|>°.

Note that the resulting morphism L — Isom(R) does not depend on the choice
of hy (any two primitive elements in Stab(Y") have the same stable translation
length). We write C for the quotient of R by the image of nZ in Isom(R). It is a
circle whose perimeter is £ = n||ho||*. We denote by D the cone of radius p over
C and write o for its apex. The action of L on R induces an action by isometries
of L,, on D which fixes 0. Observe that the space D is a hyperbolic cone (i.e.
with constant sectional curvature equal to —1 everywhere except maybe at the
apex) whose total angle at the apex o is
o _ nllagl=
shp

It follows from the small cancellation assumption that €2 > 10x. Said differently
D can be decomposed into n copies of a sector of the hyperbolic disc of radius p
whose angle is ||hg||°°/ sh p, so that D,, is the group of isometries of D preserving
this decomposition (see Figure 4).

Figure 4: The comparison D cone for n = 8.

Let us now compare the hyperbolic cone D to the ball B(7,p). Let c¢ be
a Busemann cocycle at £. Recall that H is cyclic. This allows us to build
an H-invariant cocycle c: X x X — R which is at bounded distance from ce.
Indeed as H is amenable there exists an H-invariant mean M : ¢*°(H) — R. For
every z,y € X, we write f;,: H — R for the map sending h to hce(x,y) and
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define ¢(z,y) as the mean of f,,. One checks that ¢ is an H-invariant cocycle.
Recall that H fixes £, hence hcg and c¢ differ by at most 66, for every h € H.
Consequently ¢ and c¢ differ by at most 60 as well. In particular, Lemma 2.10
yields |c(hx, x)| = ||h||*°, for every z € X and h € H.

We now fix an arbitrary base point yo € Y. If L is the infinite dihedral
group, we choose yo in Fix(4,156) where A C Stab(Y') is the pre-image of (x)
by ¢. Such a point always exists by Lemma 2.13. Recall that Y is contained in
the 27§-neighborhood of any L-local (1, §)-quasi-geodesic joining the endpoints
of Y, with L > 124. It follows from Lemma 2.3 that the map ¢: Y — R sending
y to c(yo,y) is an H-equivariant (1, 1500)-quasi-isometric embedding. Moreover,
this application is almost g-equivariant, in the sense that for every y € Y, for
every g € Stab(Y'), we have

le(gy) — a(g)e(y)] < 2000.

Consequently ¢ induces amap @: Y/H — C, such that for every g € Stab(Y)/H,
for every y € Y/H,

|2(97) — as(9)(9)] < 2000.
By Lemma 4.4, ¢ induces a (1, 150d)-quasi-isometric embedding Z(Y/H) — D,
that we again still denote @, so that for every g € Stab(Y')/H, for every Z €
Z(Y/H), we have

6(97) — 45(9)(Z)|p < 2006. (17)
Roughly speaking, this means that Stab(Y)/H acts on Z(Y/H) as L,, does on
D.

Note that Z(Y/H) — which is actually isometric to Z(Y)/H — is endowed
here with the metric defined by (16). Although, as a set of points, Z(Y)/H can
be identified with the closed ball of X of radius p centered at © (Theorem 4.7),
the distance we considered so far is not the exactly the one coming from X.
Nevertheless the embedding Z(Y) — X is 1-Lipschitz. It follows that the map
@: B(v,p) — D induced by @¢: Z(Y/H) — D is such that for every Z,7’ €
B(v, p) we have

7 - 7|5 < lo(@) — ¢(2')|p + 1500. (18)

As we observed previously, the metrics of Z(Y') and X coincide on B(v, p/3).
It follows that the metric on Z(Y/H) and X coincide on B(v, p/3). Hence the
map ¢: B(v,p) — D is a (1,1500)-quasi-isometric embedding when restricted
to B(0,p/3).

Proposition 4.13. Let v € V.

(i) If g € Stab(®) is locally trivial at o, then B(9, p) is contained in Fix(g,d).

(it) If A is a reflection group at o, then there exists a point & € Fix(A, §) with
|o — Z| = p such that for every z € Fix(A,d) N B(v, p/3) we have
min {(z, ), (gz,),} <6,

z

where g is a central half-turn at v.
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(i) If g € Stab(v) is a strict rotation at v, then there evists k € Z, such
that Fix(g*, §) is non-empty and contained in the §-neighborhood of v. In
particular, v is the unique vertex fized by g.

Remark 4.14. Roughly speaking Point (ii) is saying that any point of B(9, p/3)
that is fixed by A lies on the geodesic [Z, §Z| — which goes through @ by Point (iii).
Nevertheless, in our setting, X does not need to be geodesic. Thus a rigorous
statement is the one formulated above.

Remark 4.15. It follows from Point (iii) that if _E' is an elliptic subgroup of G
containing a strict rotation at v, then Fix(F,100) is contained in B(v,146). In
particular, E is a subgroup of Stab(7).

Proof. We use the comparison map @: B(0, p) — D defined during the previous
discussion. Assume first that g is locally trivial at 0, i.e. ¢3(g) = 1. In other
words ¢5(g) acts trivially on D. Combining (17) and (18) we get |gZ — Z|g <
3500, for every € B(v,p). Hence B(7,p) is contained in Fix(g,d), which
completes the proof of (i).

Assume now that g is a strict rotation at . For simplicity, we let r = ¢3(g).
Since r is a non trivial rotation, one checks easily that there exists k € Z such
that r* acts on D as a rotation centered at o whose angle belongs to [€2/4, 3Q/4]
We noticed before that thanks to the small cancellation assumption € > 107.
In particular, for every Z € D, the angle at o between Z and r*z is larger than
7. Consequently

r*z — 2|, =21 —o|p.
Recall that ¢ induces an almost gz-equivariant (1, 1509)-quasi-isometric embed-
ding from B(7, p/3) into D. Hence for every Z € B(7, p/3),

7"z — 2| > 2|z — |5 — 7504

In particular, Fix(g*,d) N B(v, p/3) is contained in B(v,§). Since Fix(g",
106-quasi-convex (Lemma 2.8) the set Fix(g", ) is entirely contained in B(
which completes the proof of (iii).

We are left to prove Point (ii). Let A be a reflection group at o. Without loss
of generality we can assume that ¢;(A) = (x). It follows from Assumption 4.12
that n is even and Stab(?) contains a central-half turn g. We write r for its
image in L,,. Recall that yo is a base point in ¥ N Fix(A, 104) chosen to define
the map @. Let 7 its image in X. It follows from the construction that the
set of fixed point of x is exactly the geodesic of D between @(go) and r@(go).
Note that this geodesic passes through o as the angle € at the apex of D is
larger that 2. Consequently for every d > 0, for every & € B(9, p/3), such that
x3(7) — 3(7)] < d, we have either (0, (7o) p(z) < d/2 o {0, 1(70))g(a) < /2
We carry again this observation in X using the map @: B(9, p) — D to get the
conclusion of (ii). O

5)_is
v,

9),

Vocabulary. In view of the previous statement, we can say that an element
g € G is a strict rotation if there is an apex @ such that g is a strict rotation at
v. Indeed in such a case, g cannot be locally trivial or a reflection at any other
vertex. Note that being a strict rotation is invariant under conjugation.
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4.4 Lifting properties

In Theorem 4.7 (iv) we mention a very important fact: small cancellation does
not affect the small scale geometry of the space. More precisely the projection
¢: X — X is an isometry when restricted on small ball lying sufficiently far
away from apices. This is a key ingredient to lift several figures from X to
X. We complete this picture with other properties of the map (: X = X.
Exceptionally, in this section all the distances are measured either in X or X.

The first step is to explain how one can lift isometrically in X a quasi-convex
subset Z C X as well as its (partial) stabilizer, provided it stays far away from
the apex set V.

Lemma 4.16. Let z,y € X such that (z,y)p > 125, for every v € V. Then
[z —ylx =z -9l

Proof. In this proof all the distances are measure in X or X. We first claim
that (Z,9)s > 108, for every v € V. To that end we fix > 0 and a (1,7)-quasi-
geodesic v1: [a1,b1] — X joining z to y. Note that ~ stays far for V. Indeed,
d(v,v1) = (x,y), —n/2, for every v € V. It follows from Theorem 4.7 (iv) that if
n is sufficiently small, then the image 71 : [a1,b1] — X of 71 in X is an L-local
(1,7n)-quasi-geodesic joining Z to 7 for some L > 41+ 8. Let v € V. Applying
the stability of quasi-geodesics to 4; (Proposition 2.2) we get

120 —1/2 < inf d(gv,m) < d(,7) < (2, 5)5 +n/2 +20.
9

This inequality holds for every sufficiently small 7, which completes the proof
of our first claim.

Let 7 € (0,0) and 4/ € X be a pre-image of 7 such that |z —y'| < |Z — 7| +7.
In particular, (z,y"), = (Z,7)s — n/2, for every v € V. We are going to prove
that y and 3’ are very close, provided 7 is small enough. Let v5: [ag,by] — X
be a (1,n)-quasi-geodesic joining y to y'. Let v € V. Applying the four point
inequality (3) in X, we observe that

<y7yl>v 2 min{(x,y)b } <LE, y/>1;} - 5 2 min{(z,y)v ) <jag>17} - 5 - 77/2 > 85

Reasoning as previously we see that for a sufficiently small value of 7, the image
A2: [ag ,ba] — X of v in X is an L-local (1, n)-quasi-geodesic from 7 to ¢’, where
L > 49486 does not depend on 7. By Proposition 2.2, it is also a (global) (k,n)-
quasi-geodesic joining 7 to itself, where k can be chosen independentely of 7.
Therefore |y — y/| < |ba — a2| < kn as we announced. Applying the triangle
inequality we get |z — y| < |z — ¢'| + k9 < |Z — g| + (k + 1)n. This holds for
every sufficiently small 1 > 0, hence |z — y| < |Z — g|. The converse inequality
follows from the fact that ¢: X — X is 1-Lipschitz. O

Lemma 4.17. Let Z be a subset of X such that (z,2'), > 135, for every
2,2 € Z and every v € V. The map ¢: X — X induces an isometry from Z
onto its image Z. In addition, the following holds.
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(i) Let g € G and z1,22 € Z such that gz1 = Zy. Then there exists a unique
pre-image g € G of g such that gz1 = zo. Moreover for every z,2' € Z, if
gz =2, then gz = 2.

(ii) The projection m: G — G induces an isomorphism from Stab(Z) onto
Stab(Z).

Remark. The statement applies in particular if Z is a-quasi-convex and satisfies
d(v,Z) > a + 134, for every v € V. This slightly weaker version will be more
flexible for later use, though.

Proof. In this proof all the distances are measure in X or X. By Lemma 4.16,
the projection (: X — X induces an isometry from Z onto Z. Let § € G and
21,29 € Z such that gz, = Z. By the very definition of X, there exists a pre-
image g € G of g, such that gz; = z5. Uniqueness follows from the fact that K
acts freely on X \ V — see Theorem 4.7 (v). We now prove that g satisfies the
announced property. Let z, 2’ € Z such that gz = z’. Let v € V. Applying the
four point inequality (3) in X we have

(92,2"), = min {(gz,921), , (22,2'),} — 0 > min {(z,zﬁgqv (22, z’)v} —)

Note that 21, 22, z and z' belongs to Z. Hence, if follows from our assumption
that (gz,2’), > 124, for every v € V. By Lemma 4.16, we get that |gz — 2| =
|gz — Z’| = 0. This completes the proof of (i). Point (ii) follows directly from
(i). O

The next two statements are a variation on [16, Lemme 5.10.1].

Lemma 4.18. Let Z be a subset of X such that (Z,Z'); > 136, for every
2,7 € Z and every v € V. Let Zy be a point of Z and zy € Xa pre-image of Zg
Then there exists a unique subset Z of X containing zy such that the projection
¢: X — X, induces an isometry from Z onto Z. In particular, (z,2"), > (Z,7)5
for every z,2' € Z and every v € V.

Remark. Note that Lemma 4.17 applies to the lifted set Z. Hence, we can lift
any isometry g € G which (partially) preserves Z to an isometry g € G with
the same properties. Lemma 4.18 holds in particular if Z is a-quasi-convex and
satisfies d(v, Z) > a + 134, for every © € V, in which case one can prove that Z
is quasi-convex as well. Nevertheless we will not use this fact here.

Proof. In this proof all the distances are measure in X or X. We define Z as
the set of points z € X being the pre-image of a point Z € Z and such that
|z — 20| = |2 — Zo|. We claim that every z € Z has a pre-image in Z. Let z € Z.
We fix a pre-image z € X of z such that |zg — z| < |Z — Z| + 20. In particular
for every v € V, we have (z, 20), = (%, Z)s — 0, hence (z, z9), > 126. Tt follows
from Lemma 4.16 that |29 — z| = |Zo — Z|. In other words z belongs to Z, which
completes the proof of our claim. Hence the projection (: X — X maps Z onto
Z.
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We now prove that (z,z'), > 124, for every z,2z’ € Z and every v € V.
It follows from the very definition of Z that (z,z0), > (Z,%0)s and (2, 20), >
(Z',Z0)s. Combining the four point inequality (3) with our assumption on Z,
we get

(2,2'), = min {{z,20), , (', 20),} — 0 = min {(Z, %), (¥, Z0)5} — 0 > 126.

It now follows from Lemma 4.16 that the projection (: X — X induces an
isometry from Z onto its image, i.e. Z. This proves the existence of the set Z.
The uniqueness directly follows from the definition of Z. Since Z — Z is an
isometry, (z,2'), = (z,%')s, for every 2,2’ € Z, for every v € V. O

The previous statements explain how to lift in X a quasi-convex subset
Z C X, as well as its (partial) stabilizer, as soon as it stays away from the apex
set V. In particular, it applies to any (1,7)-quasi-geodesic path of X that avoids
the cone points. We focus now on a more delicate operation which consists in
lifting paths of X (and their almost stabilizers) going through one or several
apices. The next statement follows [11, Proposition 5.13].

Proposition 4.19. Let x and y be two points of X. Let v: [a,b] — X be a
path from x to y whose image 3: [a,b] — X is a (1,6)-quasi-geodesic. Let S
be a subset of G and S its image in G. We assume that |gx — x|y < p/100
and |gg — g| < p/100, for every g € S. In addition we suppose that for every
apex © € V satisfying (T, 7)s < p/4, the set S lies in the local kernel at v. Then

lgy — vl = |99y — | for every g € S.

Proof. Since 7 is a (1,5)—qugsi—geodesic and the projection (: X 5 X is 1-
Lipschitz, the path 4 is a (1, §)-quasi-geodesic. Let vy, ..., v,, be the apices of V
which are p/5-close to y. For every j € [1,m], we denote by y(c;) a projection of
v; on 7. By reordering the apices we can always assume that ¢; < cy <+ < ¢y
For simplicity of notation we put ¢p = a and ¢,,+1 = b. Let j € [1,m]. Since
is a (1,9)-quasi-geodesic, we can find b; _ € (¢;_1,¢;] and a; € [¢j,¢j11) with
the following properties.

(0) v = 7(bj—1)|x = 9p/10 and [v; —y(a;)|x = 9p/10,
(ii) v N B(v;,4p/5) is contained in the image of 7 restricted to (bj_1,a;)

In addition, we let ag = a, by, = amy1 = b (see Figure 5). We claim that for
every j € [0,m + 1], for every g € S, we have

197(a;) —7(az)| = lgv(a;) —v(a;)].

The proof is by induction on j. If j = 0 then v(a;) = z. The claim follows
from the fact that the map ¢ : X — X induces an isometry from B(z, p/20)
onto B(Z, p/20) — see Theorem 4.7 (iv). Assume now that our claim is true
for some j € [0,m]. Since 7 is a local quasi-geodesic, a; < b;. We denote
by v; the restriction of v to [a;,b;] and by 7¥; its image in X. In addition we
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B(vj, p) B(vj+1,p)
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Figure 5: The cones intersecting ~.

write Z; (respectively Z;) for the p/50-neighborhood of 7; (respectively 7;). It
follows from the construction that 7; and thus ¥; stay away from any cone point.
Consequently ¢: X — X is an isometry when restricted to the Z; (Lemma 4.17).
Moreover, it induces an isometry from Z; onto Z; (Lemma 4.18).

Let g € S. By assumption its image g in G moves Z and 7 by at most p/100.
Recall that we required 7 to be (1, §)-quasi-geodesic. It follows from Lemma 2.7
that g moves J(a;) and 7(b;) by at most p/50. In particular, §y(a;) and g7(b,)
belongs to Z;. Nevertheless, according to our induction assumption, gy(a;) is
the (unique) lift of g7(a;) that belongs to Z;. Applying Lemma 4.17 (i) we
observe that g(b;) is the unique pre-image in Z; of g¥(b;). In particular,

lg7v(b;) —v(bj)| x = [g7(bj) —3(bj)| < p/50.

If j = m, then a1 = by, thus the claim holds for j + 1. Otherwise, |vj41 —
~(b;)| = 9p/10, thus g necessarily belongs to Stab(v;41). Moreover

<3_93§>17j+1 < d(6j+17:y) + 45 < d(vj-i-l”)/) + 46 < p/47

see for instance by [10, Lemma 2.4]. Since g moves the point v(b;) € B(vjt+1,p)
by at most p/50, it is the (unique) elliptic preimage of g (Theorem 4.7 (v)).
Therefore it moves all the points of B(vjy1,p) by a distance at most J, see
Lemma 2.14. In particular, |gy(a;11) — v(aj11)|x < 0. However, the map
¢: X — X induces an isometry from the ball B(y(aj11), p/20) onto its image,
hence [g7(aj+1) —Y(aj41)|x = |g7(a;j+1) — ¥(aj41)|. This proves our claim for
j + 1. The statement of the lemma follows from our claim for j = m + 1. O

In the previous statement, we assumed that any isometry g € S which hardly
move the endpoints of 7, is actually in the local kernel of every vertex v lying
close to 4. We now explore the situation where some element g might be a
reflection at ©.

Proposition 4.20. Let x and y be two points of X. Let S be a subset of G
and S its image in G. We assume that |gx — x| < p/100 and |gy — 5| < p/100,
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Jor every g € S. In addition we suppose that for every aper v € V, the set
SN Stab(v) is contained in a reflection group at v. Then there exists an element
u € G with the following properties.

(i) @ commutes with every element in S;

(it) |guy — uy|x = gy — y| for every g € S;
(iii) either @ is trivial, or S lies in a reflection group at some apexr v € V.

Remark 4.21. Note that if SNStab(?) is not contained in a reflection group at o,
then there is a strict rotation at © which is the product of at most two elements of
S. Indeed given any reflection x of D,,, the geometric realization gz : Stab(v) —
D,, cannot map S N Stab(?) into (x). Consequently the image of S N Stab(?)
either contains a non-trivial rotation or two distinct reflections, whence the
claim. This observation will be useful later to check that the assumptions of the
proposition are fulfilled.

Proof. Assume first that for every apex v € V satisfying (7,9)s < p/4, the set
S lies in the local kernel at ©. We fix ¢ > 0 and u € K such that |z — uy|y <
|Z — 7| + ¢. In addition we take a (1,¢)-quasi-geodesic v: [a,b] — X from z to
uy. It follows from our choice of u that the image 7: [a,b] — X of v is a (1, 2¢)-
quasi-geodesic from T to y. Hence if ¢ is sufficiently small, Proposition 4.19
applies, which completes the proof.

Assume now that there exists a vertex v € V satisfying (7,7)s < p/4 such
that the set S does not lie in the local kernel at . Any element g € S moves
and g by at most p/100. Hence g moves ¢ by at most p (Lemma 2.7). It follows
that S is contained in Stab(?). According to our assumption S is contained in
a reflection group at v.

We now denote by U the set of all elements u € G whose image @ in G
commutes with S. This set is non-empty as it contains the identity. We chose
ug € U such that |tgy — Z| < |ay — Z| + 0, for every u € U. We are going to
prove that for every © € V, if (Z,%o%)s < p/4, then S lies in the local kernel at
. Consider indeed an apex © € V such that (Z, %p%)s < p/4. As @y commutes
with S, the distance |gugy — %oy| = |gy — 7| is bounded above by p/100 for
every g € S. We prove as above that S is contained in a reflection group at .
Suppose now that contrary to our claim S is not in the local kernel at ©. We fix
5 € S a reflection at . According to Proposition 4.13 (ii), there exists a point
Zp € X with |0 — Zo| = p such that for every z € Fix(S,d) N B(v, p/3) we have

min {(2,), , (hz0,v)_} <6,

where h is a central half-turn at ©. Observe that @; = hiig belongs to U.
Indeed, as h centralizes Stab(7), it commutes with S. We now claim that
|u17 — Z| < |toy — Z| — 2p/15. Let 7: [a,b] — X be a (1,§)-quasi-geodesic from
T to uoy. Let Y(t) be the projection of v onto 5. By assumption (%, igg)s < p/4,
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hence |5(t) — 0| < p/4 + 46, see for instance [10, Lemma 2.4]. Let

s =sup{s € laf] : [3(s) 0| > p/3},
sp=inf{s€[t,8] : (s) — 0l > p/3},
so that g— = J(s_) and g4 = J(s4) are at distance exactly p/3 from v and
G- — 51| > p/6 — 8.

Since any element of S moves the endpoint of 4 by at most p/100, the path
7 restricted to [s_,s] is contained in Fix(S,p/50) (Lemma 2.7) hence in
the (p/100 + 7§)-neighborhood of Fix(S,0) (Lemma 2.8). Hence for every
s € (s_,s+) we have

min {(20, )55y » (h20, @)W(S)} < p/100 + 8.

See Figure 6. By continuity it also applies to s_ and s;. Recall that | —g| >

Figure 6: The path 7 going through the ball B(v, p). The grey area corresponds
to Fix(S,0) N B(w, p).

p/10. Up to permuting Z, and hZy, it forces

(70,),_ < p/100 +89, and (20,0)3y, = (hzo,v)_ < p/100 + 86.

Y+

Hence |j— — hij4| < p/50 + 186 [10, Lemma 2.2 (ii)]. On the other hand, since
g— and g lie on a (1, d)-quasi-geodesic between Z and 4oy we have

@ — 0| > |7 — G| + 4 — Gl + |7+ — G0yl — 0
> |5 — 5|+ |§s — od| + p/6 — 75
Combined with the triangle inequality, it yields
|7 = @g| < |7 = F-|+ |7- — hys| + 17+ — Gl < |7 — Gofl — 2p/15.

which completes the proof our claim and contradicts the minimality of ug. Con-
sequently for every v € V, if (Z,4o7)s < p/4, then S lies the local kernel at .
The conclusion now follows from the discussion at the beginning of the proof. [
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4.5 The action of G on X

We now study the general properties of the action of G' on X.
Proposition 4.22. The action of G on X is gentle.

Remark. Recall that the action of G on X is gentle if every loxodromic subgroup
E preserving the orientation splits as E' = F'xZ, where F'is the set of all elliptic
elements of E.

Proof. Let E be a loxodromic subgroup of G, preserving the orientation and Z
its cylinder (see Section 2.3 for the definition). Assume first that there exists an
apex ¥ € V such that d(v, Z) < 206. Let F' be the set of all elliptic elements of E.
Since E preserves the orientation, Z is contained in Fix(F',1006) (Lemma 2.14).
It follows that |4 — v| < 2p, for every @ € F. Consequently F' = E N Stab(?)
and is therefore a (normal) subgroup of E. We now prove that E/F is cyclic.
To that end, we fix a loxodromic element gy € E such that ||go| < ||g]| + 0,
for every loxodromic element g € E. Since gy is a loxodromic element of E, it
sends ¥ to a distinct apex. It follows that ||go|| > p. Let g € E. The element
go acts on Z by translation of length approximately ||go| (Lemma 2.9). Hence
there exists k € Z such that Hgog|| < 9oll/2 + p/10 < [|goll — p/10. Tt follows
from our choice of gg, that g§g is elliptic and thus belongs to . Hence E/F is
a cyclic group generated by the image of gg.

Assume now that d(v, Z) > 200 for every apex v € V. Since Z is 25-quasi-
convex, there exists a subset Z of X such that the projection ¢: X — X induces
an isometry from Z onto Z (Lemma 4.18). It follows then from Lemma 4.17 that
there exists a subgroup E of G such that 7: G — G induces an isomorphism
from E onto E. By construction (z,2'), > 134, for every z, 2 € Z, for every
apex v € V (the Gromov product is computed in X here). Consequently the
radial projection p: X \V — X induces an E-equivariant quasi-isometry from Z
onto p(Z) (Corollary 4.9). This produces a Tg-equivariant quasi-isometry from
p(Z) to Z where 7g stands for the map 7 restricted to E. Since E is loxodromic
and preserves the orientation, the same holds for E. Moreover if F' (respectively
F) stands for the set of elliptic elements of E (respectively E), then 7 sends F
onto F. As the action of G is gentle, E splits as E = F x Z. Hence E splits as
well as E = F x Z. O

Lemma 4.23. The set V contains at least two apices.

Proof. In this proof all the distances are measured in X or X. Let v; be an
apex of V and 7; its image in X. We denote by vy another apex such that
|v1 — va| < |v1 — | + 0, for every v € V\ {v1}. We are going to prove that the
image v, of vy in X is distinct from v;. Let : [a; ,as] — X be a (1, (5) -quasi-
geodesic from vy to ve. Let by = a1 + p/4 and by = as — p/4. For simplicity
we write 1 = y(b1) and z3 = 7(b2). Note that |x; — x2| > 3p/2. Moreover,
(x1,29)y > 125, for every v € V. Indeed otherwise v would be a cone point
distinct from v; but much closer to v; than vs. According to Lemma 4.16, we
have |Z1 — Ta| = |1 — x2|, hence |Z; — Za| > 3p/2. Combined with the triangle
inequality we obtain |0, — Us| > p. O
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Proposition 4.24. Assume that y contains two distinct apices whose order is
at least 3. Then the action of G on X is non-elementary.

Proof. Let v; and v, be those apices. We fix a point # € X such that (v, 2)z <
§ whereas |Z — v1| > p and |Z — U2 > p. Reasoning as in Proposition 4.13 (iii)
we see that Stab(;) contains a rotation g; at o; such that Fix(S;, §) is contained
in B(9;,6), where S; = {g;,3?}, see Figure 7. Applying Lemma 2.8, we get

g1 92T

g,
\

Figure 7: The element g; and go acting on Z. The shaded discs represent
B(v1, p) and B(Us, p) respectively.

2(giz,g; '®)_ < 3% — 2|+306 while |3z —z| > 2T — 1| — 156 > 2p—156

Combined with the four point inequality (3) it yields (5%, g5 %)z < 30. It
follows from Lemma 2.15 that g; and g» generate a non-elementary subgroup.
Hence G is non-elementary. O

4.6 Structure of elementary subgroups

An important step to study further the action of G on X (and its invariants)
is to understand the algebraic structure of its elementary subgroups. As the
map X — X is 1-Lipschitz, the projection 7: G — G maps every elementary
subgroup of G to an elementary subgroup of G. More precisely it sends every
elliptic (respectively parabolic, loxodromic) to an elliptic (respectively elliptic or
parabolic, elementary) subgroup of G. However the nature of these subgroups
(i.e. whether they are elliptic, parabolic, or loxodromic) may change. Indeed
given any element g € G, there always exists h € K such that gh is a loxodromic
element of G. Thus (gh) is loxodromic whereas its image (g) in G can be
anything. New elementary subgroups may also appear in G. This motivates the
following definition.

Definition 4.25. Let E be an elliptic (respectively parabolic, loxodromic) sub-
group of G. We say that E can be lifted if there exists an elliptic (respectively
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parabolic, loxodrom_ic) subgroup F of G (for its action on X )_such that the quo-
tient map m: G — G induces an isomorphism from FE onto E. In this situation
FE is a lift of E.

Note that in this definition we ask F and E to have the same nature. The
idea is that the subgroups of G that can be lifted are as “casy” as the elementary
subgroups of G. Complicated algebraic structures necessarily come for the “new”
elementary subgroups. In the next paragraphs we discuss whether an elementary
subgroup of G can be lifted. If not we use the geometry of small cancellation
theory to describe its properties.

Comparing lifts. We start by proving that the lift of an elliptic subgroup
of G is essentially unique. More precisely, if I, and F, are two lifts of the
same elliptic subgroup F' C G, then F; and F, are conjugated. This result is a
particular case of a more general statement (see Corollary 4.28) that allows to
consider simultaneously elliptic and parabolic subgroups.

Lemma 4.26. Let S be a subset of G such that Fix(S, p/10) is non-empty. Then
the projection m: G — G is one-to-one when restricted to S. In particular, if E
is an elliptic or a parabolic subgroup, the projection m induces an isomorphism
from E onto its image.

Proof. The first part of the statement is a consequence of Theorem 4.7 (v).
Since E is elliptic or parabolic, Fix({1, g}, p/10) is non-empty for every g € F
— see for instance (10). Hence the result. O

Proposition 4.27. Let E be an elliptic or a parabolic subgroup of G (for its
action on X ). Let Sy be a subset of E such that Fix(S1, p/100) is non-empty
and Sy its image in G. Let h € G. Let Sy be a pre-image in G of hSi1h~1 such
that Fix(Sa, p/100) is non-empty. Then there exists hg € G with the following

properties

(i) For every g € S, the element hoghg ' is the (unique) pre-image of hgh™*
m SQ.

(i) If h is lozodromic, then either hg is_ lozodromic, or S is contained in a
reflection group at some verter v € V.

Remark. Observe that hg is not necessarily the pre-image of h.

Proof. Let h € G be an arbitrary pre-image of h. We fix two points z1,z2 € X
lying respectively in Fix(S, p/100) and Fix(Ss, p/100). Note that both Z; and
h~1Z, belongs to Fix(S;, p/100). We claim that S; N Stab(®) is contained in a
reflection group at o, for every © € V. Assume on the contrary that it is not
the case. There exists g € E whose image § is a strict rotation (Remark 4.21).
According to Proposition 4.13 (iii) there exists k& € N such that Fix(g",d) is
contained in B(v,5). On the other hand, since g belongs to E, the element g*
is elliptic or parabolic (as an isometry of X). Hence there exists z € X such
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that |gFz — 2| < 105 — see for instance (10) — and thus |g*Z — | < . This
contradicts the previous point and completes the proof of our claim. It follows
from Proposition 4.20 applied with x = z; and y = h~ 'z, that there exists
u € G, such that @ centralizes S; and

|guh_1x2 — ’U/h_l.’L‘g‘X = ’gﬁ_lig —h7lz,|, Vges. (19)

Moreover either % is trivial or S; lies in a reflection group. We let hg = hu™!.
Let ¢ € S; and ¢’ the (unique) pre-image of hgh~! in Sy. It follows from
(19) that hoghg ' and ¢’ are two pre-images of hgh~' that move o by at most
p/100. Thus hogha1 = ¢’, which proves (i). Assume now that h is loxodromic.
If @ is trivial, then hg is a pre-image of h, hence a loxodromic element (recall
that (: X — X is 1-Lipschitz). On the contrary if % is not trivial, then S is
contained in a reflection group. O

Corollary 4.28. Let Fy and Fy be two subgroups of G. We assume that Fy is
elliptic and Fy generated by a set So such that Fix(S2, p/100) is non-empty. Let
Fy and Fs be their respective images in G. If Fy = F,, then there exists u € G
whose image in G centralizes Fy and such that Fy = uFju~"'.

Remark. Note that the assumption on Fy is automatically satisfied if F5 is
elliptic. In particular, if i and Fj are two elliptic subgroups of G whose images
in G coincide, then they are conjugate.

Proof. Let S be the image of S, in F; = F, and S; the pre-image of S in Fj.
Note that Fix(S1, p/100) is non-empty (Lemma 2.13). According to Proposi-
tion 4.27 applied with S; and S5, there exits u € G such that for every s € Sy,
the element usu~! is the pre-image of 5 in S,. In particular, % commutes with
S, hence ;. Moreover since S, generates Fy, the group v~ ! Fyu is contained in
F). Nevertheless the projection 7: G — G is one-to-one when restricted to F}
(Lemma 4.26). Thus Fy = uFyju~1!. O

Corollary 4.29. Let Fy and Fy be two subgroups of G. We assume that Fy is
elliptic and Fy generated by a set So such that Fix(S2, p/100) is non-empty. Let
F\ and F» be their respective images in G. If Fy and F», are conjugated in G,
then so are Fy and Fy in G.

Lifting elliptic subgroups. We now characterize the elliptic subgroups of
G that can be lifted and explore the structure of the one that cannot be lifted.
The statement generalizes [16, Lemme 5.10.2].

Proposition 4.30 (Lifting elliptic subgroups). An elliptic subgroup F of G
cannot be lifted if and only if it contains a strict rotation. In this case, F fizres
an apex v € V. Moreover, Fix(F,0) is contained in B(v,0). In particular, v is
the only apex fized by F.

Proof. Recall that Fix(F,106) is a non-empty 85-quasi-convex subset of X
(Lemmas 2.13 and 2.8). Assume first that there exists a point z € Fix(F, 106)
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such that d(z,V) > p/3. By Proposition 4.13 (iii), F' does not contain a strict
rotation. We are going to prove that F can be lifted. We write Z for the F-
orbit of Z. It is F-invariant and its diameter is at most 108. It follows that
(z,2)s = p/4, for every 2,72 € Z, for every v € V. According to Lemmas 4.18
and 4.17, there exist a subgroup F of G and an F-invariant subset Z of X with
the following properties: the map (: X — X induces an isometry from Z onto
Z; the projection 7: G — G induces an isomorphism from F onto F'; moreover
(2,2")y > 136 for every z,z' € Z, for every v € V (the Gromov product is com-
puted in X here). In particular, Z is bounded. It follows from Corollary 4.9
that the radial projection p(Z) is a bounded F-invariant subset of X. Hence F'
is an elliptic subgroup of G' (for its action on X), lifting F.

Assume now that d(Z,V) < p/3 for every & € Fix(F,105). Since the set
Fix(F,106) is 85-quasi-convex, there exists ¥ € V such that Fix(F, 106) is con-
tained in B(v,p/3). In particular, F fixes ¥. In addition, F' cannot be lifted.
Indeed if F was a lift of F, then the image in X of Fix(F,106) C X would be
contained in Fix(F,100) \ B(v,p/3). We now claim that F contains a strict
rotation g at ¥. If it was not the case, then F' would be contained in a reflec-
tion group at ©. Thus, there would exist a point ' € Fix(F,105) such that
|Z — 0] > p/2, see Proposition 4.13 (ii), which contradicts the previous observa-
tion. It follows then from Proposition 4.13 (iii) that Fix(F,d) is contained in
B(w,0). O

Corollary 4.31. Let (H,Y) € Q. Let v be the image in X of the apex v of
Z(Y). Let C be a subgroup of Stab(v). If C' can be lifted, then it admits a lift
which is contained in Stab(Y).

Proof. Let I be the maximal elliptic normal subgroup of Stab(Y) and F its
image in G. Recall that we have the following commutative diagram

l——>F——Stab(Y) — > L ——1

|

1— > F— Stab(t) —*> L, — 1

where (L, L,,) is either (Z,Z,) or (Do, Dy,). Since C can be lifted, its image
under ¢z does not contain a non-trivial rotation (Proposition 4.30). The result
follows from diagram chasing. O

We continue with a study of dihedral germs. Let F' be an elliptic subgroup
of G and F its image in G. Observe that if F' is a dihedral germ, then the same
does not necessarily hold for F'. Indeed it may happen that the only loxodromic
elements that are normalizing (a finite index subgroup of) F became elliptic
in G. Nevertheless the converse statement holds. This is the aim of the next
lemmas.

Lemma 4.32. Let (H,Y) € Q. Ewvery elliptic subgroup of Stab(Y") is a dihedral
germ.
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Proof. For simplicity we let F = Stab(Y'). Let ET be the subgroup of E fixing
pointwise Y and F' the maximal elliptic subgroup of E+. Let C be an elliptic
subgroup of E. The intersection Cy = C N E™T is a subgroup of C' with index at
most 2. Let h be a (loxodromic) element in H. Let ¢ € Cy. It follows from the
small cancellation assumption that H is a normal subgroup of E. In particular,
chc™ = h* for some k € Z. Recall that E*/F is isomorphic to Z. Pushing the
previous identity in Z, we get that kK = 1. In other words h commutes with Cj.
Hence C' is a dihedral germ. O

Lemma 4.33. Let C be an elliptic subgroup of G (for its action on X). Let
v e V. If the image of C' in G is contained in a reflection group at v, then C is
a dihedral germ.

Proof. Let C be the image of C'in G. Let (H,Y) € Q such that the apex v of the
cone Z(Y') is a pre-image of ©. There exists an elliptic subgroup C’ of Stab(Y")
such that the projection 7: G — G maps C’ onto C' (Corollary 4.31). In other
words C and C’ are two lifts of C, hence they are conjugated (Corollary 4.28).
Being a dihedral germ is invariant under conjugacy. Thus the conclusion follows
from Lemma 4.32. O

Lemma 4.34 (Lifting dihedral germs). Let C' be an elliptic subgroup of G (for
its action on X ) and C its image in G. If C is a dihedral germ, then so is C.

Proof. By assumption there exists a subgroup Cy of C' which is normalized by
a loxodromic element, say h, and such that [C' : Cp] = 2 for some k € N.
We write C for the pre-image of Cp in C. Note that [C' : Cy] = 2F. Tt
follows from Proposition 4.27 applied with S; = S, = Cj that there exists
ho € G normalizing Cy. Moreover either hg is loxodromic or Cy is contained
in a reflection group at some apex v € V. If hy is loxodromic, then C is
automatically a dihedral germ. Assume now that Cj is contained in a reflection
group at v. If follows from Lemma 4.33 that Cy is a dihedral germ. Hence it
contains a subgroup C7 which is normalized by a loxodromic element of G and
such that [Cy : C1] = 2™ for some m € N. Thus [C : O] = 2¥*™ and C is a
dihedral germ. O

The next lemma is formally not needed. However it illustrates the role
played by dihedral germs. As we observed earlier, every elliptic subgroup F' of
G yields an elliptic subgroup F' of G. However it could happen that F is strictly
contained in an elliptic subgroup, which does not already come from a subgroup
of G containing F. In this case F' is necessarily a dihedral germ. As suggested
by the name, dihedral germs are exactly the elliptic subgroups of G which can
eventually “grow” when passing to the quotient G.

Lemma 4.35. Let C' be an elliptic subgroup of G (for its action on X ) and C:’
its image in G. Assume that there exists an elliptic subgroup A containing C
which cannot be lifted. Then C is a dihedral germ.
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Proof. This is just a reformulation of Lemma 4.33. Indeed according to Propo-
sition 4.30, there exists ¥ € V such that A is contained in Stab(®). Since C' can
be lifted, it does not contain a strict rotation at & (Proposition 4.30) and thus
lies in a reflection group at o. O

We complete our discussion on elliptic subgroups with some preparatory
work for the study of loxodromic subgroups. If such a group E does not preserve
the orientation, it can be decomposed as £ = A & B, where C has index 2 in
both A and B. As the cylinder of E is contained in Fix(C, 100) (Lemma 2.14),
C can also be lifted. We describe in this context what is the structure of A or

B.

Lemma 4.36. Let A be an elliptic subgroup of G Assume that A contains a
subgroup C' of index 2 that can be lifted. Let a € A\ C. Then there exists i € G
such that

(i) (C,u) is an elliptic subgroup that can be lifted;

(ii) a='a centralizes C; and
(iii) a® = u>.
Remark. Observe that if @ is trivial, then A is isomorphic to C' x (a) = C x Z,.
In general the map a — u extends to an (abstract) epimorphism from A onto
(C,u).
Proof. If A can be lifted, then the statement obviously holds. Assume now that
A cannot be lifted. There exists ¥ € V such that A is contained in Stab(?)
(Proposition 4.30). Let gy: Stab(v) — D, be corresponding the geometric
realization. Since C' can be lifted, ¢3(C) is either trivial or equal to (x) where
X is a reﬂectjon of D,,. Let t be a generator of the rotation group Z,, C D,,.
Recall that C' has index 2 in A and A cannot be lifted in G. It follows that n is

even and B -
ao(A) = (a:(0),¢"2).

In particular, ¢;(@)t™/? belongs to ¢5(C). According to Assumption 4.12, Stab(7)
contains a central half-turn at v that we denote by g. Note that ¢z mapb g to
t"/2. We let @ = ag. We observe that a—'@ = § centralizes C and a® = 4%. By
construction (C,4) and C' have the same image under ¢;. Consequently (C, i)
is contained in a reflection group at v, hence can be lifted, which completes the
proof. O

Another crucial ingredient to describe loxodromic subgroups of G, is to un-
derstand the normalizer of elliptic subgroups that can be lifted, see for instance
Proposition 4.42. This is the purpose of the next proposition.

Proposition 4.37 (Lifting normalizer). Let F' be an elliptic subgroup of G and
F its image in G. For every h € Norm(F) there exists hg € Norm(F) such that
h=Yhg centralizes F. If in addition h? belongs to F', then one can choose hg
such that h: € F and h? = hZ.
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Remark 4.38. The result can be reformulated in the following way. Let N(F')
and C(F) be the respective normalizer and centralizer of F' in G. We define
N(F) and C(F) in the same way. The projection 7: G — G does not nec-
essarily map N(F) onto N(F). Nevertheless it induces an epimorphism from
N(F)/C(F) onto N(F)/C(F). Actually Lemma 4.26 implies that this map is

an isomorphism, but we will not need this fact here.

Proof. Applying Proposition 4.27 with S; = S = F, we see that there exists
ho € G such that for every g € G, the element hogha1 is the pre-image of hgh ™!
in F. In particular, hy normalizes F' and h~'hq centralizes F. Let us now focus
on the second part of the statement. We assume that A € G normalizes F' and
h? € F. In particular, I’ = (F,h) is an elliptic subgroup of G. Observe that
there exists hy € G such that h='h; centralizes F', h?> = h?, and (F, h;) is an
elliptic subgroup that can be lifted. Indeed, if (F, h) can be lifted, it suffices to
take hy = h, otherwise the conclusion follows from Lemma 4.36. Let F} be a lift
of F{ = (F,hy) and h; the pre-image of h; in F]. There exists u € G such that
 centralizes ' and uFu~! is the pre-image of F in F| (Corollary 4.28). We
choose hg = u~*hyu. By construction h; normalizes uFu~! and h? belongs to
uFu~'. Consequently ho normalizes F' and h3 belongs to F'. Since 4 centralizes
F, it commutes with h? = h?, thus h®> = hZ. Moreover hi'hq centralizes F,
hence so does h—1hg. ]

Lifting parabolic subgroups. The first result is not needed for the rest of
the study. However, we believe that it may help the reader by clarifying the
structure of parabolic subgroups in G. As we mentioned earlier, since (: X — X
is 1-Lipschitz, the image by the projection 7: G — G of a parabolic subgroup
of G is either elliptic or parabolic. The next statement tells us that the former
case does not happen.

Lemma 4.39. Let E be an elementary subgroup of G and E its image in G.
Assume that there exist d € Ry and a subset S generating E such that Fix(S, d)
is non-empty. If E is parabolic (for its action on X ) then E is parabolic (for
its action on X ).

Remark. Note that the assumption automatically holds if F is finitely generated.

Proof. Since E is parabolic, it has a unique fixed point in 9X. Thus according
to Lemma 2.11 we can assume that Fix(S, p/100) is non-empty. We just need
to prove that E cannot be elliptic. Assume on the contrary that it is. We
distinguish two cases. Suppose first that £ can be lifted and let E’ be a lift of
E (recall that by definition E’ is elliptic). Applying Corollary 4.28 with Sy = S,
we get that E and E’ are conjugate, which contradicts the fact that £ and E’
have different nature. Suppose now that E cannot be lifted. In particular,
there exists g € E whose image g in E is a strict rotation (Proposition 4.30).
By Proposition 4.13 (iii), there exists k¥ € Z such that Fix(g*, ) is contained
in B(v,6) for some apex © € V. On the other hand, g¥ cannot be loxodromic,
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hence [g¥||x < 10d. Thus there exists € X such that [g"z — 2| < 104, thus Z
belongs to Fix(g*,d) \ B(v,6), which yields another contradiction. O

Proposition 4.40 (Lifting parabolic subgroups). Lezzp be parabolic subgroup
of G. Assume that there exist d € Ry and a subset S generating P such that
Fix(S,d) is non-empty. Then P can be lifted.

Proof. Let € be the unique point of 9X fixed by P and Z be a point in the set
Fix(S,d). Let L > 1005 and ¥: Ry — X be an L-local (1, 116)-quasi-geodesic
ray starting at T whose endpoint at infinity is £&. According to Lemma 2.11, there
exists to such that for every ¢ > tg, for every g € S, we have |gy(t) —7(t)| < 426.
It follows that d(5(t),V) = p/2, for every t > to. Indeed otherwise, there would
exist ¥ € V such that S, and thus P, is contained in Stab(), which contradicts
our assumption.

Let Z be the p/10-neighborhood of 7 restricted to [tg,00). It is a 25-quasi-
convex subset. According to our claim that (z,z'); > p/10 for every 2,2 € Z
and © € V. It follows from Lemma 4.18 that there exist a subset Z of X
such that the map ¢: X — X induces an isometry from Z onto Z. Moreover
(2,2")y > p/10 for every z,2" € Z and v € V (the Gromov product are com-
puted in X here). In particular, there exists an L-local (1, 115)—quasi—geodesic
ray 7: [to,00) — X contained in Z such that 7 oy = 7 and Z is its p/10
neighborhood. We write £ € dX for the endpoint at infinity of .

We now claim that P is contained in the image of Stab(¢) by the projection
7: G — G. Let g € P. As we observed, |gy(t) —7(t)| < 426, for every t > to. It
follows from Lemma 4.17 applied to Z that there exists a pre-image g € G of g
such that for every t > to, we have |gy(t) — y(t)| x < 424. In particular, g fixes
&, which completes the proof our first claim.

We denote by P the pre-image of P in Stab(¢). We now claim that P
is parabolic for its action on X. To that end, it suffices to show that P is
parabolic for its action on X (Lemma 4.10). We are going to prove that P is
not elliptic and does not contain a loxodromic element. As P is parabolic, it
has unbounded orbits. The map ¢: X — X being 1-Lipschitz, the group P has
unbounded orbits, and thus cannot be elliptic (for its action on X ). Let g€ P
and g its image in P. According to Lemma 2.11 there exist t; > tg and e € {1}
such that for every ¢ > ¢; we have |gy(t) —v(t +¢l|g]F)|x < 424. In particular,

if ¢ is sufficiently large both ~(¢) and g-y(t) belong to Z. Since (: X — X is an
isometry when restricted to Z, we get

lgll x < lgv(t) — ()| x < [g3(t) — ()| < 426.

This inequality holds for every g € P. Therefore P cannot contain a loxodromic
element for its action on X, which completes the proof of our second claim.

As P is a parabolic subgroup, the projection 7: G — G is one-to-one when
restricted to P (Lemma 4.26). Hence P is a lift of P. O

Lifting loxodromic subgroups. It G does not contain any element of order
2, then one can prove that all its loxodromic subgroups can be lifted. This is
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typically what is happening when studying Burnside groups of odd exponent.
As shown by the next example this is unfortunately no more the case in the
presence of even torsion.

Example 4.41. Assume for instance that G is the group defined by
G=Z2,%Z,={a,bla"=b"=1).

If n is a sufficiently large even integer, it is a small cancellation quotient of
the free group Fs generated by a and b. The subgroup <a”/2,b"/2> = Dy is
loxodromic but cannot be lifted.

In general we show that every loxodromic subgroup of G is an (abstract)
subdirect product of an elementary subgroup of G and either Z or D..

Proposition 4.42 (Lifting loxodromic subgroups). Let E be a lovodromic sub-
group of G and F the mazimal normal elliptic subgroup of E. There exist a lift
F of F, an elementary subgroup E' of G containing F, and an epimorphism
0: E — E' with the following properties.

(i) (E',F) is a dihedral pair.
(ii) The morphism w0 0 is the identity when restricted to F.
(iii) The map 0 induces an embedding from E into E/F x E'.

Proof. Since the action of G on X is gentle (Proposition 4.22), the group F fits
in a short exact sequence

1 F > ELL -1,

where L is either Z or Do,. The cylinder Z of E is contained in Fix(F,1006)
(Lemma 2.14). In particular, Fix(F,1008) N ¢(X) is non-empty. It follows from
Proposition 4.30 that F' admits a lift in G that we denote by F. The subgroup
F is a dihedral germ, hence so is F' (Lemma 4.34). We now claim that there
exists an elementary subgroup E’ of G containing F' as a normal subgroup such
that the canonical section F' — F extends to an epimorphism 6: £ — E’. To
that end we distinguish two cases.

Case 1. Assume that E preserves the orientation, i.e. L = Z. Then E splits
as a semi-direct product E = F' x L. Let h be a primitive element of £ (i.e. an
element whose image under g generates L). According to Proposition 4.37 there
exists hg € Norm(F) such that h='hg centralizes F. Let E’ be the subgroup
of G generated by F and hy. The canonical section F' — F extends to an
epimorphism #: E — E’ sending h to hg.
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Case 2. Assume that £ does not preserve the orientation, so that L = D.
Let x1, %2 € Do be two reflections generating L. Let @1,as € E be pre-images
of x; and x5 respectively. By construction a; normalizes F' and a? belongs to
F. According to Proposition 4.37 there exists b; € Norm(F') with the following
properties: d;lgi centralizes F'; b7 belongs to F; and a? = Ef. Let E’ be the
subgroup of G generated by F, a1, and ay. The canonical isomorphism F — F
extends to an epimorphism 0: E — E’ sending @; to b;.

In both cases we have build the map announced in the claim. As 6 extends
the canonical section F' — F, the composition 706 is the identity when restricted
to F. Moreover  induces an epimorphism E/F — E’/F. Any quotient of a
dihedral group is still a dihedral group. Hence (E’, F) is a dihedral pair. In
particular, E’ is elementary. One checks that the map E — E/F x E’ induced
by 6 is an embedding. O

In the remainder of this section we revisit the previous statement and ex-
plore further the structure certain loxodromic subgroups that cannot be lifted.
As suggested by Example 4.41 such a group E often does not preserves the ori-
entation. In particular, it splits as £ = A *& B where C is the maximal elliptic
normal subgroup of £ and has index 2 in both A and B. If E could be lifted,
then obviously so would A and B. Nevertheless the converse is false. This is
the purpose of the first proposition. The second one discusses the case where A
or B cannot be lifted.

Proposition 4.43. Let A and B be two elliptic subgroups of G. Denote by A
and B their respective images in G. Assume that their intersection C = AN B
has index 2 in both A and B so that E = A x5 B is elementary. There exists
u € G with the following properties.

(i) The image @ of u in G centralizes C.

(ii) The subgroup ANuBu~! contains the pre-image of C in A, and (A,uBu~1)
is elementary.

Proof. Recall that the quotient map 7: G — G induces an isomorphism from
A and B onto A and B respectively (Lemma 4.26). Let C4 (respectively Cp)
be the pre-image of C in A (respectively B). According to Corollary 4.28, there
exits u € G whose image @ in G centralizes C' such that Cy = uCpu~!. It
follows that Cy C AN uBu~!. Moreover this elliptic subgroup has index 2 in
both A and uBu~!, hence E, is elementary. O

Before moving to the case where A or B cannot be lifted, let us illustrate
the previous statement with an example.

Example 4.44. Let G be the group defined by
G = <a17a27bac ‘ a%vagvbz,cza [alac]v [G‘Q?CD = (DOO X ZQ) *Zy D.

acting on its Cayley graph X. In this description the elements aj, as and
¢ (respectively b and c¢) generate the factor Do, X Zgy (respectively D). In
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particular, the amalgamated subgroup is Zy = {(¢). Set s = ajas and r = be. If
n is a sufficiently large integer the group G' = G/{(s™,r™)) is a small cancellation
quotient of G. Assume in addition that n is even. It follows that @ = 7/2
commutes with ¢. Consequently the subgroup E generated by a;, &~ 'a;u and
¢ is loxodromic and isomorphic to Dy x Zs. Note that E cannot be lifted in G.
Indeed since Zy = {c) is malnormal in D, = (b,¢) every loxodromic subgroup
of G is isomorphic to either Z or Do,. Observe that E also splits as £ = Axa B
where A = (a1,¢), B = (u'a,u,¢), and C = (¢). As 4 commutes with b, the
group B is actually B = a~'Au. We are in a configuration where both A and
B are elliptic subgroups which can be lifted.

As described in Proposition 4.43, a partial conjugation by % maps E to a
new elementary subgroup F, = A which is not necessarily loxodromic. In this
precise example, it turns out that £, can be lifted in G. This is not always the
case though. Indeed we can run the same construction with E' = (@, 4~ a1, ¢).
It is a loxodromic subgroup of G isomorphic to Do, X Z3. On the other hand,
it splits as £/ = AgsB’ where B’ = (u~'ayt,¢). In this case B! = (aj,as,c)
is an elliptic subgroup of G, which is isomorphic to D,, X Z, and thus cannot
be lifted. Nevertheless, in both cases, E, or E! is the image (by the natural
quotient map) of an elementary subgroup of G, which was not the case for £
or E'.

Proposition 4.45. Let E be a loxodromic subgroup of G that splits as E =
Axg B, where C is the mazimal elliptic normal subgroup of E and has index 2
in both A and B. Assume that there exists © € V such that A contains a strict
rotation at U. Let g;: Stab(v) — D, be the associated geometric realization
map and r € D,, a generator of the rotation group. If n is divisible by 4, then
one of the following holds

(i) q(C) is trivial and
@ (4) = (x"/?),
(ii) q5(C) is a reflection group generated by say x € D,, and

1o (8) = (oY

Suppose now that there exist a subgroup Eq C A and an element h € G such
that hEqh™! is contained in A and A = (Ey,C). Then either Ey contains a
strict rotation, in which case h fizes U or the first case above fails and gz maps
Ey onto (x"/4xr—m/4).

Remark. Our assumption on A exactly means that A cannot be lifted (Propo-
sition 4.30). It follows from Remark 4.15 that A is contained in Stab(), hence
the image under gz of C' or A is well defined. It is important to note that in
the second part of the statement h is not necessarily an element of Stab(?). In
particular, if A does not fix o, the last conclusion tells us that C and Ej are two
reflection groups at v; geometrically we can think that one is the conjugate of
the other by a quarter-turn at v.
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Proof. The first part of the proof is essentially a variation on Lemma 4.36. Since
the cylinder of E is contained in Fix(C,100) (Lemma 2.14) the subgroup C
can be lifted and thus does not contain a strict rotation (Proposition 4.30). In
particular, C is either locally trivial at ¥ or a reflection group at . Assume first
that ¢z maps C to the trivial group. By assumption A contains a strict rotation
at ¥ whereas [A : C] = 2, which forces

g (A) = <r”/2>.

Assume now that gz maps C to a reflection group generated by say x € D,,.
Reasoning as above we observe that

%(A) = <Xarn/2> = <X7 I‘n/4xr_”/4> .

This completes the first part of the statement.
Let us focus now on the second half of the proposition. Suppose first that
Ejy contains a strict rotation (which is necessarily at ©). Then hEgh~! contains
a strict rotation at Ao, which as an element of A has to fix #. Strict rotations
having a single fixed vertex (Proposition 4.13) it yields ko = ©. Suppose now
that Ey does not contain a strict rotation. In particular, ¢z maps both Fy and
C to subgroups of D,, which are trivial or reflection groups. Since Ey and C
generates A, the only possible configuration for g;(A) to contain a non-trivial
rotation is the one where gz(Ep) and ¢5(C) are two distinct reflection groups.
Consequently the first case above fails, and ¢5(Eg) = (r™/*xr—"/%), see Figure 8
O

|E0

R S

Q

Figure 8: The action of E on B(7,p). One assumes here that Ey does not
contain a strict rotation. The shaded areas represent Fix(C,¢) and Fix(Fy,d)
respectively.
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4.7 Invariants of GG acting on X

This section is devoted to the study of the numerical invariants associated to the
action of G on X, namely inj (G,X), A(G, X, d) and vge(G, X) (see Section 3
for the definitions). As we explained earlier, the first two are purely geomet-
ric, whereas the last one has a mixed nature and captures both geometric and
algebraic features of G.

4.7.1 Geometric invariants
The injectivity radius.

Proposition 4.46 (Compare with [16, Lemma 5.11.1]). Let N be a subgroup
of G containing K and N its image in G. We denote by £ the infimum over
the stable translation length (in X ) of lozodromic elements of N which do not
belong to Stab(Y") for some (H,Y) € Q. Then

inj (N, X) > min {x¢,6},
where k = §/7sh(106).

Remark. By convention, if N does not contain any loxodromic element then
inj (N , X ) is infinite, in which case the statement is void.

Proof. Let g be a loxodromic element of N. We need to show that ||g[|>* >
min {x¢,6}. By (10) we have m||g||> > ||g"|| — 83, for every m € N. Therefore
it suffices to find an integer m such that

g™l > mmin {x¢, 5} +85.

We denote by m the largest integer satisfying m min {nf,g} < 26. Assume
that [[g™| is smaller than mmin {x¢,6} + 85. In particular, [|g™| < 104.
Thus Fix(g™,109) is non empty. Moreover d(Z,V) > p — 50, for every Z €
Fix(g™,105). Indeed if it was not the case, g™ would fix an apex ¥ € V which
contradicts the fact that g is loxodromic. Hence Z = Fix(g™,205) contains a
point in ¢(X). Note also that Z is a 85-quasi-convex subset. Thus (z, 2’} > p/2,
for every 2,7 € Z and ¥ € V. By Lemma 4.18, there exists a subset Z of X such
that the map ( : X — X induces an isometry from Z onto Z and the projec-
tion 7 : G — G induces an isomorphism from Stab(Z) onto Stab(Z). Observe
that g preserves Z. We denote by g the preimage of g in Stab(Z). Since the
kernel K is contained in N, the element g belongs to N. By construction g is a
loxodromic element which does not belong to any Stab(Y) where (H,Y) € Q.
Hence ||g||*° > £. As we noticed before Z contains a point in z € ((X). Let
z € X be its pre-image in Z. It follows from Lemma 4.5, that

pllg™z —zlx) <lg™z — 2lx <197 — 2% < 206 < 2p.
By Proposition 4.3,
ml <m|g]|™ < |g"z — 2|y < 7sh(100) = K716,

which contradicts the maximality of m. O
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Acylindricity.

Proposition 4.47 (Compare with [16, Lemma 5.9.5]). For every dy € [0, p/10],
we have

A(G, X, do) < A(G,X,dy) +3dy, where dy = msh(2dp).

Proof. Let S be a subset of G generating a non-elementary subgroup. Let
do € [0, p/10]. The goal is to bound from above the diameter of Z, = Fix(S, do).
Without loss of generality we can assume that this set is non-empty. Observe
that d(z,V) > p — do/2, for every € Z. Indeed if it was not the case, every
element of S would fix a common apex ¥ € V, contradicting the fact that S
generates a non-elementary subgroup. Let Z be the dg-neighborhood of Z;.
Since Zy is 83-quasi-convex (Lemma 2.8), we have (z,%'); > p/4, for every
z,7 € Z and v € V. According to Lemma 4.18 there exists a subset Z of
X such that the projection ¢: X — X induces an isometry from Z onto Z.
Moreover (z,2'), > p/4, for every z,2’ € Z and v € V (the Gromov product is
computed here in X) We denote by Z, the pre-image of Zy in Z. Let g € S.
By construction gz belongs to Z for every z € Z,. Consequently there exists
a (unique) g € G such that for every z € Z, we have |gz — 2|y = [gZ — Z|
(Lemma 4.17). We denote by S the set of all g € G obtained in this way. Note
that S does not generate an elementary subgroup, otherwise so would S. Let
ze Zpand z € X its pre-image in Zy. Let y = p(z) be the radial projection of
z. Since Z lies in the 3dp/2-neighborhood of ((X) we have |z — y|y < 3do/2.
Combining the triangle inequality with Lemma 4.5, we get for every g € S,

1 (lgy —yl) < lgy —ylx <lgz — 2|3 + 3do < |9z — 2| + 3do < 4do < 2p.

By Proposition 4.3, we get that y lies in Fix(S,d;) € X. Assume that z’ is
another point in Zy. As previously we denote by 2/ € X its pre-image in Zj
and by y" = p(z’) the radial projection of z’. In particular, y’ also belongs to
Fix(S,d1) € X and |2’ — /|y < 3dp/2. It follows from the triangle inequality
that

|z —Z'| < |z — 2|y <ly—y'|+ 3do < diam (Fix(S, d1)) + 3dp.
This inequality holds for every z, 2’ € Fix(S,dy). Hence

diam (Fix(S, do)) < diam (Fix(S,d1)) + 3do. O

4.7.2 Mixed invariants

In view of Propositions 4.47 and 3.5, the v-invariant of G' can be used to control
the acylindricity invariant A(G, X,d) of the quotient G. If we want to iterate
the procedure we need to control as well the v-invariant of G. Let us start
with an informal discussion to emphasizes the difficulties that may arise along
the way. For simplicity let us assume that G' (hence G) does not contain any
parabolic subgroup. Indeed those subgroups will not be a source of trouble.
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If G has no even torsion, one can prove using only geometrical arguments
the following dichotomy — see for instance the proof of [11, Proposition 5.28].
Given any chain C = (o, ..., Jm) generating an elementary subgroup of G and
h € G a loxodromic conjugating element of C,

(i) either (g, h) is elementary,

(ii) or the chain C can be lifted to a chain C = (go,. .., gm) in G which gen-
erates an elementary subgroup of G and where one of the conjugating
elements h of C is a pre-image of h.

In the latter case, h is necessarily loxodromic. If in addition m > v(G, X), we
can conclude that (gg, h) and thus (go, h) is elementary. It follows then that
v(G, X) < v(G, X).

Unfortunately this strategy fails in the presence of even torsion. In Proposi-
tion 4.37 we observed the following phenomenon. Let F' be an elliptic subgroup
of G and F its image in G. If h is an element of G normalizing F', then there
exists an element hy € G normalizing ' whose action by conjugation on F
coincide with the one of h on F. However hg is not necessarily a pre-image
of h. In particular, if & is loxodromic, there is no reason that hg should be
loxodromic as well. The same issue arises when lifting chain. If a chain in G
admits a loxodromic conjugating element, there is no reason that its lift in G
(provided it exists) has a loxodromic conjugating element. This motivates the
definition of the strong v-invariant (see Definition 3.12). However this is not
the only obstruction. As illustrated by the next example, the above dichotomy
may fail anyway.

Example 4.48. Start with the hyperbolic group
G = <a,b,c | a®, 0%, 2, [a,c] = 1> = Dy *z, (Zo x Zs),

acting on its Cayley graph X. In this description a and b (respectively a and
¢) generate the factor Dy, (respectively Zy x Z3). The amalgamated group is
Zs = {a). Set r = ab. Let n € N be large integer divisible by 4, so that the
group

G =G/{r").

is a small cancellation quotient of G. It follows from the additional relations
that @ and b generate a copy of D,,. In particular, 7~ "/4a7"/4 is an involution
which commutes with a, so that the subgroup

E= <a7f*”/4af”/4, 5> =Zy x Dy

is loxodromic. We denote by ¢ = (7~™/4@F"/*)é the translation in the dihedral
factor of E. Finally set

go=r""ar"*, gi=a, and g, =tgt '
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Figure 9: The action of E and #/* on the space X. The shaded discs respec-
tively represent B(v,p) and B(tv, p) where v is the cone point associated to
the relation 7 = 1.

Note that (go, g1, 7o) is a subgroup of E which is also isomorphic to Zs x Do,
(see Figure 9). As ¢ commutes with g;, we observe that

g1 =hgoh™* and go =hgih~', where h=t"4

Hence (go, g1, g2) is a chain which generates an elementary subgroup of G. The
reader can check that (go,h) is not an elementary subgroup of G. It cannot
either be lifted to a chain which generates an elementary subgroup of G.

In the previous example, the difficulty comes from the fact that the subgroup
(G0, J1,32) generated by the chain is a loxodromic subgroup of G that cannot
be lifted. Note that (go, 1) is an elliptic subgroup that cannot be lifted either.
As described in Proposition 4.45, g; is obtained from go by conjugation by a
quarter turn.

This discussion suggests that the conjugation by a quarter turn rotation
plays an important role. This is the place where algebra enters the stage. Take
v € V. Let I be the kernel of the geometric realization map ¢z — D,,. Assume
as in our example that n is divisible by 4. Let 7 be strict rotation at v. From a
geometric point of view, conjugating F' by 7 is not a trackable operation. Indeed
this will send an element § which is locally trivial at o to 7g7— ! which is still
locally trivial at ¥. Hence one cannot distinguish § and 7g7—! from their action
on B(#,p). This does not mean that g and 7 commutes though. Nevertheless
if we had a better understanding of the algebraic structure of Stab(v), more
precisely if we knew that Stab(v) is essentially a subproduct of dihedral groups,
it could be possible to find a suitable quarter turn at o which truly commutes
with a prescribed subset of F' (see Lemma 3.16).

With additional algebraic hypotheses we are actually able to prove that if
m is sufficiently large, any chain C = (go, . . ., §m) will satisfy a variation on the
above dichotomy, which salvages the original strategy.

Additional assumption. We now begin a systematic study of the mixed
invariants. As we pointed out above, we require some additional hypothesis on
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the algebraic structure of elementary subgroups.

We fix once for all an even integer n and write ng for the largest power of
2 dividing n. We also choose a model collection &, i.e. a family of (abstract)
torsion groups and assume that its exponent p = p(€) divides n. We suppose
in addition that for every E € &, the exponent of E/Z(E) divides n/2, where
Z(E) stands for the center of E. From now on, we substitute Assumption 4.12
on vertex stabilizers for the following stronger hypotheses. Recall that a dihedral
pair (E,C) has type (€,n2) if there exist k¥ € N, and a morphism ¢: E — E,
where E € € such that ¢ extends to an embedding from F into E/C x Dﬁz xE
(see Definition 3.14).

Assumption 4.49 (Structure of elementary subgroups). Every dihedral pair of
G has type (E,n32).

Assumption 4.50 (Relations). For every (H,Y') € Q, there exists a primitive
element g € G such that H = (g").

Let us now mention a few consequences of these new assumptions.

Lemma 4.51. Every elliptic subgroup of a loxodromic subgroup of G is a dihe-
dral germ.

Proof. Let E be a loxodromic subgroup of G and F' its maximal elliptic normal
subgroup. Let g € FE be a loxodromic element. According to Assumption 4.49
there exists a group E’ of exponent n such that E embeds in E/F x E’. Hence
g™ centralizes F'. We conclude as in Lemma 4.32. O

Lemma 4.52. Letv € V. The cone point v has ordern. The group Stab(v) con-
tains a central half-turn at ©. There exist k € N and a morphism @: Stab(v) —
E, where E € € such that the geometric realization qz: Stab(v) — D, together
with @ extend to an embedding from Stab(v) into D,, x DX x E.

ny

Remark. In particular, Assumption 4.12 holds.

Proof. Fix (H,Y) € Q such that 7: G — G maps E = Stab(Y') onto Stab(v).
Let F' be the maximal elliptic normal subgroup of E. According to Assump-
tion 4.49, there exist an integer k£ € N, and a morphism ¢: E — E, where
E € &, such that ¢ extends to an embedding from FE into E/F x D’;Q x E.
We write a: E — DZ2 X E for the map obtained by composing the embedding
E < E/F x D x E with the natural projection onto DX x E. Note that a
is one-to-one when restricted to F. Recall that E/F is either Z or Do,. We
denote by t a generator of the maximal infinite cyclic subgroup of E/F. By
Assumption 4.50, there exists a pre-image g € E of t such that H = (¢g"). In
particular, n is the order of . By assumption, the exponent of DQQ x E divides n.
Hence a(H) is trivial. It follows that o induces a map a: Stab(v) — DX x E
whose restriction to F (the image of F in G) is an embedding. Hence the
morphism Stab(v) — D,, x D x E given by ¢ and @ is an embedding.
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We are left to prove existence of a central half turn. To that end we claim
that for every u € E,
" ?ug™™? c uH. (20)

Let v in E. Recall that the exponents of E and E/Z(E) respectively divide n
and n/2, hence

MP—u=ug™, where g=p(g)andu=p(u).

gn/2ugf
The same identities are also satisfied by the images of g and u is any factor D,,,.
Assume now that u belongs to E* (the maximal subgroup of E preserving the
orientation). Then g"/? commutes with u (one checks indeed that in each factor
of E/F x D% x E, we have g"?ug="/? = u). Assume now that u € E\ ET.
In other words the image of u in E/F is a reflection. We similarly check that
¢"/?ug"/? = wug™, which completes the proves of our claim. As we already
observed a(g") = 1, hence the image of g"/? in Stab() is a non trivial rotation
of order 2 at ©. It follows from (20) that it is also central in Stab(v), thus it is
a central half-turn at . O

Model collection for G. We now prove that the elementary subgroups of G
satisfy a condition similar to Assumption 4.49.

Proposition 4.53. Dihedral pairs of G (for its action on X ) have type (€,n2).

Remark 4.54. Note that the model collection £ is the same as the one of As-
sumption 4.49. In particular, we deduce as in Lemma 4.51 that every elliptic
subgroup contained in a loxodromic subgroup of G is a dihedral germ.

Proof. Let (E,C) be a dihedral pair. We distinguish several cases. Assume
first that F is either an elliptic subgroup that can be lifted in G or a parabolic
subgroup. Note that in the latter case E can also be lifted in G. Indeed E is the
extension of an elliptic subgroup, namely C, by a finitely generated subgroup.
Thus there exist d € Ry and a finite subset S generated E such that Fix(S,d)
is non-empty. It follows then from Proposition 4.40 that E can be lifted. Let
E be a lift of £ and C the pre-image of C' in E. According to Lemma 4.34, C
is a dihedral germ. It follows that (E,C) is a dihedral pair. Hence the result
follows from Assumption 4.49 applied to (E,C).

Assume now that E is a loxodromic subgroup. In particular, C is its maximal
elliptic normal subgroup (Lemma 3.11). According to Proposition 4.42 there
exist a dihedral pair (E’,C) in G where C is an elliptic subgroup lifting C' and
an epimorphism 6: E — E’ with the following properties.

(i) The morphism 7 o 6 is the identity when restricted to C.
(ii) The map € induces an embedding from E into £/C x E'.

Our assumption applied to (E’, C') says that there exist k& € N, and a morphism
¢: E' — E where E € &, which extends to an embedding E’ < E'/C'x Dk xE.
We claim that ¢ 0 §: E — E extends to a embedding £ — E/C x Dk x E.
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For simplicity we write ¢: E' — D% x E for the composition of E' — E'/C x
D% x E with the canonical projection onto D% x E. It suffices to shows that
Y o6: E — Dk x E induces an embedding from E into E/C x D% x E.
Consider an element g € E which is trivial in £/C x DfLQ x E. In particular, g
belongs to C, hence §(g) € C. Moreover v o 6(g) is trivial. Since ¢ extends to
an embedding from E’ < E'/C x D% x E, the element 6(g) is trivial. On the
other hand, 6 induces an embedding from E into E/C x E', thus § = 1, which
completes the proof our claim.

We finally assume that E is an elliptic subgroup that cannot be lifted in G.
In particular, there exists an apex v € V such that E is contained in Stab(?)
(Proposition 4.30). According to Lemma 4.52 there exist k € N, and a morphism
@: Stab(v) — E, where E € &, which combined with the geometric realization
gs: Stab(v) — D,, provides an embedding from Stab(?) into D,, x D¥_ x E. For
simplicity we write ¢: Stab(t) — DE x E for the composition of Stab(v) <
D, x wa x E with the natural projection onto D’fL2 x E. Composing the
geometric realization ¢z: Stab(v) — D, with the canonical projection D,, —
D,,, leads to a morphism that we denote ¢, : Stab(7) — D,,,. We are going to
prove that ¢4 and 1 extend to an embedding from E into E/C x D, x Df;} x E.

Let F be the kernel of ¢;: Stab(v) — D,,. We first claim that [C' : C'N F)
is a power of 2. Since C is a dihedral germ, it contains a subgroup Cy which
is normalized by a loxodromic element and such that [C' : Cp] = 2™ for some
m € N. Observe that Cy is contained in a reflection group at ©. Indeed
otherwise, any element normalizing Cy would belong to Stab(?) thus they would
be no lozodromic element centralizing Cyy. In particular, [C_’o :CoNF ] is at most
2. On the other hand

IC:CNFCAF:ConF]=[C:ConF=[C:CollCo: Con Fl

Consequently [C' : C'N F] divides [C : Cy N F]. In particular, it is a power of 2
which completes the proof of our claim.

Consider now g € E whose image in E/C x D,,, x D¥_ x E is trivial. First
observe that g belongs to C. It follows from the previous claim that the order
of ¢;(g) is a power of 2. Nevertheless the kernel of the projection D,, — D,,,,
which contains ¢3(g), consists only of element with odd order. Therefore ¢;(g)
is trivial, i.e. g belongs to F. Observe that the map v: Stab(v) — Di’fb2 x E
is an embedding when restricted to F. Since 1(g) = 1, the element g is trivial.
This shows that £ embeds in £/C x D,,, x Dt x E. O

n2

The strong v-invariant. We now start our study of the strong v-invariant.
The ultimate goal is to prove the following statement.

Proposition 4.55. Assume that 2" divides n where v = vy (G, X). Then
Vstg (G, X)) < max {vse (G, X), p + 4}

For simplicity we adopt the following terminology.
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Definition 4.56. A chain C = (go, ..., gm) of G is a strong chain if it satisfies
the following holds

(i) go,---,9m generate an elementary subgroup of G (for its action on X).

(ii) either C admits a loxodromic conjugating element or (go,...,gm—1) is a
dihedral germ.

We define strong chains of G in the exact same way. A strong chain C =
(o, ---,Gm) can be lifted if there exists a strong chain C = (go,...,9m) of G
such that the quotient map 7: G — G sends gy to g for every k € [0,m]. In
this situation we also say that C lifts C. As suggested at the beginning of this
section we first prove the following dichotomy.

Proposition 4.57. Let m > 3 such that 2m+2y, divides n. Let C=1(90,--->Gm)
be a strong chain of G and h a conjugating element of C. Then one of the
following holds.

(i) There exists v € V such that (go, h) is contained in Stab(?).

(i) The subgroup (Jo, h) is lozodromic.

(i4i) There exists a strong chain C' = (g}, ..., q.,) of G which can be lifted and
such that (g17 cee agin—l) = (gh cee ,gm—l)'

We split the proof into several lemmas depending on the nature of the group
generated by C.

Lemma 4.58. Let_C_ = (go,---,Gm) be a strong chain of G. If the subgroup E
of G generated by C is either elliptic and can be lifted or parabolic, then C can
be lifted.

Proof. We first claim that E can always be lifted even if E is parabolic. Indeed
since E is finitely generated Proposition 4.40 applies. Let E be a lift of E.
For every k € [0, m], we denote by gj the pre-image of g, in E. Note that,
contrary to (go,--.,gm), the tuple (go,...,gm) could not be a chain. Never-
theless, according to Proposition 4.27 applied with S1 = {go,...,gm-1} and
So=A{g1,...,9m}, there exists hg € G with the following properties

(i) for every k € [0, m — 1], we have gp41 = hogkhgl.

(ii) if h is loxodromic, then either hq is loxodromic of (go,...,g,—1) is con-
tained in a reflection group.

Thus C = (go,...,9v) is actually a chain and hg a conjugating element of C.
Obviously C generates an elementary subgroup of G. Note that either hg is
loxodromic or {gg,...,g,—1) is a dihedral germ (Lemmas 4.33 and 4.34) hence
the proof is complete. O

Lemma 4.59. Let C = (o, ..., Jm) be a strong chain of G which generates an
elliptic subgroup E of G which cannot be lifted. Let h be a conjugating element
of C. Then either Ey = (Go,---,Gm—1) contains a strict rotation and (go, h) is
contained in Stab(v) for some v € V, or C can be lifted.
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Proof. There exists a (unique) apex ¥ € V such that E is a subgroup of Stab(?)
(Proposition 4.30). Let g;: Stab(v) — D, be the canonical geometric realiza-
tion map. Assume first that Ey = (go,...,gm_1) contains a strict rotation at
. Consequently hEyh~! contains a strict rotation at ho. Since strict rotations
fix a unique cone point we get ht = ©. Thus (go, h) is contained in Stab(v).
Assume now that Ey does not contain a strict rotation at . Since E can-
not be lifted, gz maps gy and g,, to two distinct reflections, and g1,..., Gm—1
to the identity. We denote by C the intersection of E with the kernel of ¢
and let A = (go,C) and B = (g, C). Note that C' is a subgroup of index 2
in both A and B. Let (H,Y) € Q such that the projection 7: G — G maps
Stab(Y) onto Stab(%). We choose a lift A (respectively B) of A (respectively
B) contained in Stab(Y) so that AN B is a lift of C' that we denote by C
(see Corollary 4.31). Let ag,...,am—1 (respectively by,...,b,) the pre-images
of go,.-.,gm—1 (respectively gi,...,Gm) in A (respectively B). As we already
observed §i,...,Gm_1 belong to C, thus ap = by, for all k € [1,m — 1]. Ap-
plying Proposition 4.27 with S; = A and Sy = B, we get that there exists
ho € G such that for every k € [0, m — 1] we have by = hoakhal. If follows
that C = (ag,a1,...,a,-1,b,) is a chain and hg a conjugating element of C. In
addition this chain generates a subgroup of Stab(Y"), which is therefore elemen-
tary. Recall that {(ag,...,a,—1) is an elliptic subgroup of Stab(Y). Hence it is
a dihedral germ (Lemma 4.32). Consequently C is a strong chain of G lifting

C. O

Lemma 4.60. Let m > 3. Let C = (go,---,gm) be a strong chain generating
a lozodromic subgroup E of G. Let h be a conjugating element of C. If 22y
divides n then one of the following holds

(i) The subgroup (go, h) is either lozodromic or contained in Stab(v) for some
veV.

(ii) There ezists a strong chain C' = (gb, ..., d,,) which can be lifted and such
that (gllv cee 7g;n,—1) = (gla cee 7gm71)-

Proof. Assume firs that Ey = (go, - - ., Gm_1) contains a loxodromic element say
t. Since Ey and hEyh~! generate an elementary subgroup, namely E, both
Go and h are contained in the maximal elementary subgroup containing #. In
particular, (go, ) is loxodromic.

Assume now that Ej is elliptic (a subgroup of a loxodromic subgroup cannot
be parabolic). Let C be the maximal normal elliptic subgroup of E. Since E
is generated by two elliptic subgroups (namely Ey and hEgh~!) it does not
preserve the orientation. Hence the quotient E/C is isomorphic to Dy,. We
write

15C—>ELD,—1

for the corresponding short exact sequence. One observes that ¢ maps go and
gm to two distinct reflections, while C' is the normal subgroup of E generated

by 33,915+ Gm—1,G- We let A = (o, C) and B = (gm,C) so that E is
isomorphic to A x~ B. We now distinguish two cases.
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Case 1. Assume first that both A and B can be lifted in G. We denote by
A and B a lift of A and B respectively. According to Proposition 4.43 there
exists u € G whose image @ in G centralizes C' such that E, = (A,uBu™!)
is elementary. We let g, = g, for every k € [0,m — 1] and g}, = ugmu'.
Since @ centralizes C' we observe that C' = (g}, .. .,d,,) is a chain and hy = @h
a conjugating element of C’. Note also that C and C’ only eventually differ
on the last element. We now focus on this new chain. Let ay,...,a,,_; be
the lift of gj,...,g,,_, in A and b},..., b, the lifts of g;,...,g,, in uBu~!.
We now proceed exactly as in the proof of Lemma 4.59. We first observe that
C' = (af,ay,...,al,_4,0,) is a chain for some conjugating element h{ € G.
Moreover it generates a subgroup of E, which is therefore elementary. Recall
that Ey = (go,--.,Gm_1) is an elliptic subgroup of the loxodromic subgroup
E, therefore it is a dihedral germ (Lemma 4.51). Hence C' is a strong chain.
Moreover, as a lift of (go, ..., gm-1), the subgroup (ay,...,a,,_;) is a dihedral
germ as well (Lemma 4.34). Hence C’ is a strong chain of G lifting C’.

Case 2. Assume that either A or B cannot be lifted in G. Up to replacing
(G0s-->Gm) BY (Gm,---,J0), we can assume that A cannot be lifted in G. In
particular, there exists a (unique) apex ¥ € V such that A contains a strict
rotation at o (Proposition 4.30). We write gz: Stab(v) — D,, for the geometric
realization map associated to ¥ and r € D,, for a generator of the rotation
group. Let £y = (g1,...,Gm_2). Observe that A is generated by h=!E;h and
C. Moreover E; is contained in A. If follows from Proposition 4.45 that either
E) contains a strict rotation, in which case (go, k) is a subgroup of Stab(), or
there exists a reflection x € D,, such that

4(C) = (x) and g¢y(E)) = (x), where x' =r"4xr "4

See Figure 10. Let us explore further this second configuration. Recall also that

Figure 10: Lifting chains. The shaded areas represent Fix(4,100), Fix(B,105),
and Fix(C, 104) respectively. The isometry g,,—1 is not on the picture. It is not
clear a priori whether it is a reflection or locally trivial at v.

there exist k& € N, and an abstract group E € £, such that Stab(v) embeds
in D, x D x E (Lemma 4.52). Let F be the normal subgroup of Stab(?)

2
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generated by 33,31, -+,gm—1. Seen as a subgroup of D,, x Dﬁ2 X E, the reflection
rank of Fy is at most m — 1 (see Section 3.2). Recall that 2mT2y divides n.
According to Lemma 3.16 there exists a pre-image @ € Stab(o) of r/4 such that

(i) a centralizes Fy
(ii) [[@,@1],us] = 1, for every @y, ue € Stab(v).

We now let gy = agoa~' and g, = gi for every k € [1,m]. By construction a
commutes with g1, ..., gm_1. Hence C' = (gj, ..., gl,) is a chain with hg = ha~!
as conjugating element. Note also that C and C’ only differ on the first element.
Identity (ii) also tells us that given ¢ € C' and € € {£1}, we have [[a, g§],¢] = 1,
which can be reformulated as
(90)“e(g0)° = (agy"a~") ¢ (ag5a™") = go -

As go normalizes C, so does gj. Since @ commutes with g2, we have (g})? =
g2, hence (g})? belongs to C. Consequently C is a subgroup of index 2 of
A" = (g}, C). In particular, E’ = (A’, B) is elementary. Hence C’ generates an
elementary subgroup. Recall that @ is a preimage of r/*. Hence

%’1(?]6) — I'n/4X/I‘7n/4 —x

On the other hand, ¢; maps C to (x). Consequently g;(A’) = (x) and A’
can be lifted in G. As observed above C’ generates a subgroup E’, which is
either elliptic, parabolic or loxodromic. We let £} = (g0, ...,d,, ). Note that
E) = aEpa~!. Since Ej is an elliptic subgroup of the loxodromic group FE it
is a dihedral germ (Remark 4.54), hence so is Ej. Consequently C’ is a strong
chain. We now distinguish again two cases.

Case 2.1 Assume that E' is not lorodromic. Note that E}) is contained in
A’. Since A’ can be lifted E{ does not contain a strict rotation. If E’ is elliptic
or parabolic, then Lemmas 4.58 and 4.59 tell us that there exists a strong chain
C’ lifting C’.

Case 2.2  Assume that E' is lozodromic. Observe that E} does not contain
a loxodromic element (it lies in the elliptic subgroup A’). We rerun the previous
discussion replacing C and E = A %5 B by C' and E/ = A’ x5 B. In particular,
if B can be lifted, we are back to Case 1. This means that there exists a
strong chain C” which can be lifted and which coincides with C’ except maybe
for the first or the last term. Assume now that B cannot be lifted. Note
that £} = (g},...,g.,_1) coincides with E;, and therefore does not contain a
strict rotation. We permute in Case 2 the role of A and B and produce a new
strong chain C" = (g, ..., g",) such that (g7,...,3"_1) = (g1, -+, Gm—1) which
generates an elementary subgroup of the form E” = A’ x5 B’ where both A’
and B’ are elliptic subgroups which can be lifted. Following Case 1. we observe
that there exists a strong chain C"”” which can be lifted and which coincides with
C" except maybe for the first or the last term. O
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Observe that Proposition 4.57 is combination of Lemmas 4.58, 4.59 and 4.60

Proof of Proposition 4.55. Let m > max{v,u + 4}. Let C = (go,.--,gm) be a
strong chain of G. Let h be a conjugating element of C. According to Proposi-
tion 4.57 one of the following holds.

(i) There exists ¥ € V such that (go, h) is contained in Stab(v).

(ii) The subgroup (go, h) is loxodromic,

(iii) There exists a strong chain C' = (g, . - ., g,) of G which can be lifted such
that (g1,...,9m_1) = (G1s- > Gm—1)-
We study each case separately. Assume first that (go, h) is contained in Stab(v)
for some © € V. Note that h cannot be loxodromic (it fixes ). By the very defini-
tion of strong chain (g, . . ., Gm—1) is a dihedral germ. According to Lemma 4.52
there exist k € N and E € € such that Stab() embeds in D,, x D¥_ x E. Since
m > p+ 2, it follows from Proposition 3.15 that gy and g,, respectively belong
to (G1,---,Gm) and (Go, - - -, Gm—_1)- In other words h normalizes (Go, - - -, Grm—1)-
Hence (go, h) is a cyclic extension of the dihedral germ (go, . .., Gm_1), therefore
it has dihedral shape.
Assume now that (go, h) is loxodromic. Then it automatically has dihedral
shape (Lemma 3.11).
We are left with the last case. Let ¢’ = (g(,...,4,,) be a strong chain of
G lifting the chain C’ given by Point (iii). Let ho be a conjugating element of
C’. Recall that m > v. Thus (g, ho) is an elementary subgroup with dihe-
dral shape. Recall that by Assumption 4.49 every dihedral pair of G has type
(€,n2). Since m —2 > pu+ 2, it follows from Proposition 3.15 that ¢} and g}, _;
respectively belong to (g,...,g5,_1) and (g}, .., gl _o). Recall that C and C’
coincide everywhere but except maybe on the first and the last element. Push-
ing the previous observation in G we get that g; and g,,_; respectively belong
to {(Go, -, Gm—1) and (g1, ..., Gm—2). Hence h normalizes (g1, ..., gm—2) and a

fortiori (go, ..., gm—1). In particular, (go,h) is elementary. If h is loxodromic,
then (go, h) has automatically dihedral shape (Lemma 3.11) Otherwise (go, k) is
a cyclic extension of the dihedral germ (go,. .., Gm—1), and thus it has dihedral

shape. O

5 Periodic groups

5.1 Induction step

The next proposition will play the role of the induction step in the final induction
(see Theorem 5.4). It is the generalization of [16, Lemma 6.2.1] in the presence
of even torsion.

Proposition 5.1. There ezist positive constants d1, Cy and C1 such that for
every positive integer vy, there ezists a critical exponent Ng € N with the fol-
lowing properties. Let € be a model collection of abstract groups whose exponent
p = pu(€) is finite. Let Ny = Ny and n > Ny be a multiple of 2v0+2p.
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Let G be a group acting by isometries on a d-hyperbolic length space X for
some § < 61 and satisfying the following assumptions.

(i) The action of G on X is gentle and non-elementary.

(ii) Dihedral pairs of G have type (€,n2), where na is the largest power of 2
dividing n.

(iii) A(G,X,4005) < (v + 5)Co,
iIlj (G,X) Z 1/00\/N1,
max{vse (G, X), p+ 4} < vp.

We denote by P the set of all primitive loxodromic elements h € G such that
|h]] < 1061. Let K be the (normal) subgroup of G generated by {h™ : h € P}
and G the quotient of G by K. We write m: G — G for the corresponding
quotient map.

Then there exists a §-hyperbolic length space X, with § < 61, on which G
acts by isometries satisfying (i)-(iii). In addition there exists a w-equivariant
map X — X with the following properties.

e The map X — X is C1//N;-Lipschitz.

e If F is an elliptic (respectively pambolifc} subgroup of G, then w induces an
isomorphism from F onto its image F which is also elliptic (respectively
elliptic or parabolic).

o Any elliptic subgroup of G, is either the isomorphic image of an elliptic
subgroup of G, or has finite exponent dividing n.

o Any finitely generated parabolic subgroup of G is the isomorphic image of
a parabolic subgroup of G.

o Let Iy and Fy be two subgroups of G. Assume that Iy is elliptic and Fy is
generated by a set Sa such that Fix(S2,1008;) is non-empty. If the images
of F1 and Fs are conjugated in G, then Fy and Fy are conjugated in G.

Vocabulary. Assume that vy, n and the model collection € have been already
fixed. If G is a group acting on a metric space X satisfying the assumptions
of the proposition, including Points (i)-(iii), we say that (G, X) satisfies the
induction hypotheses relative to (n,E). The proposition says among others that
if (G, X) satisfies the induction hypotheses relative to (n, £), then so does (G, X)

Proof. We start by defining the various constants appearing in the statement.
Let &g, 61, Ag, and pg be the parameters given by the small cancellation theo-
rem (Theorem 4.7). We define x = 61 /msh(1001) (so that we can apply Propo-
sition 4.46). We fix Cy and C; as follows.

Co = wsh(8008;) and Cj = max {1OCO7T sh p, 201}“5} .
0K01
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Observe that §; < Cyp < p < Cy. For every integer N € N we define a rescaling
parameter €y as follows
€ G
N =
VN

Let vg € N. The sequence (ex) converges to 0 as N tends to infinity. Therefore
there exists a critical exponent Ny € N, such that for every integer N > Ny we
have

5N51 < (50, (21)
6]\/‘(1/0 —+ 5)00 § min{Ao, 00} (22)
enk < 1/2. (23)

Let € be a collection of (abstract) groups and p its exponent. We now fix
N1 > Ny. For simplicity we write ¢ instead of en,. Let n > N; be a multiple
of 2v0+2,. In particular, u divides n/2. Consequently for every E € £, the
exponents of E and E/Z(E) respectively divide n and n/2, which means that
the model collection € satisfies the assumptions stated in Section 4.7.2.

Let G be a group acting on a d-hyperbolic space X such that (G, X) satisfies
the induction hypotheses relative to (n,&). We denote by P the set of all
primitive loxodromic elements h € G such that [|h|| < 106;. Let K be the
(normal) subgroup of G generated by {h" : h € P} and G the quotient of
G by K. If P is empty, then G = G. Thus X = X obviously satisfies the
conclusion of the proposition. Otherwise, we are going to prove that G is a
small cancellation quotient of G. To that end we consider the action of G on
the rescaled space £X. According to (21) this space is ed-hyperbolic where
€d < 0g. We define the family O by

o={(t). i) nePr}.

Lemma 5.2. The family Q satisfies the small cancellation hypotheses, i.e.
A(Q,eX) < Ag and inj (Q,eX) > 107 sh p.

Proof. We start with the upper bound of A(Q,cX). Let hy and hs be two
elements of P such that ((h7),Y%,) and ((h3),Y}s,) are distinct. We first claim
that h; and ho generate a non-elementary subgroup. Assume on the contrary
that it is not the case. Let F be the maximal elementary subgroup containing hy
and hgy. This subgroup is necessarily loxodromic. We denote by F' its maximal
elliptic normal subgroup, so that (F,F) is a dihedral pair. According to our
assumption there exists k € N and E € &€ such that F embeds in E/F x wa xE,
where 14 is the largest power of 2 dividing n. Recall that h; and hs are primitive.
Hence up to replacing ho by its inverse, we may assume that hy and ho have
the same image in E/F. Since the exponents of D,, and E divides n, the
images of hT and h} are trivial in D}, x E. Consequently hy = h% and thus
Yh, = Y,. This contradicts the fact that ((h}), Y}, ) and ((h%),Y},) are distinct
and completes the proof of our claim.
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Recall that h; moves the points of Y3, by at most ||h;||cx +65¢d (Lemma 2.9),
while ||h;]|cx < 10ed. Consequently

Y020 N y;h5e0 € Fix({hy, ha}, 8529).
Since h; and hy generate a non-elementary subgroup we obtain
diam (V150 N Y,15°%) < A(G, X, 400e0) < eA(G, X, 4005) < (v + 5)Co.

Using (22) we get A(Q,eX) < Ap. Let us now focus on inj (Q,eX). It follows
from our assumption on inj (Q, X) that

10Cymshp 1 S 107w sh p . 107 shp
\/Nl Co\/Nl - N1 - n '

Let (H,Y) € Q. By construction, any element g € H is the n-th power of a
loxodromic element of G. Consequently

inj (G,eX) > einj (G, X) >

lgll.x = ninj (G,eX) > 107 sh p.

It follows that inj (Q,eX) > 107 sh p. O

On account of the previous lemma, we can now apply the small cancellation
theorem (Theorem 4.7) to the action of G on the rescaled space eX and the
family Q. We denote by X the space obtained by attaching on eX for every
(H,Y) € Q, a cone of radius p over the set Y. The space X is the quotient of X
by K. According to Theorem 4.7, X is a d-hyperbolic length space with § < §;
and G acts by isometries on it. As usual we write V for the set of apices in X
and V for its image in X. We now prove that the action of G on X satisfies the
induction hypotheses relative to (n, €). This action is gentle (Proposition 4.22)
and non-elementary (Proposition 4.24), which provides (i). In addition dihedral
pairs of G have type (€,nz) (Proposition 4.53). Thus (ii) holds. Point (iii) is a
consequence of the following lemma.

Lemma 5.3. The parameters A(G, X), inj (G, X) and vss(G, X) satisfy
(i) A(G,X,4008) < (vo + 5)Co;
(it) inj (G, X) = 1/Cov/Ni;
(iii) max{vsig(G, X), u+ 4} < 1p.
Proof. We start with the upper bound of A(G, X). Proposition 4.47 yields
A(G, X,4000) < A(G,eX,d) + 12006
where d = 7sh(8005). Applying Proposition 3.5 in €X, we obtain that

A(G, X,4000) < A(G,eX,400e0) + [v(G, X) + 4] 7sh(8004, ).
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Since v(G, X) is bounded above by vg(G, X ), hence by v, we get that
A(G, X) < e(vo+5)Co + (v + 4)Co.

Using (22) we obtain A(G, X) < (vg + 5)Co. We now focus on the injectivity
radius of G. Let g be a loxodromic isometry of G. Since dihedral pairs have
type (€,n2) we can write g = giu where k is a positive integer, gy a primitive
element and u an elliptic element centralized by some large power of by gg. In
particular, ||g]|%% = ||go]|S% - Assume now that g does not stabilize any cylinder
Y}, where h € P. It follows that gy does not belong to P. Thus by (10)

90155 = llgoll.x — 8ed > 2ed;
Proposition 4.46 applied with N = G yields

inj (G, X) > min {2exd1,6:}
Combined with (23) we obtain

1
Cov/ Ny’

The upper bound for e (G, X) directly follows from Proposition 4.55. O

inj (G’,X) > 2ek01 =

We now study the properties of the projection 7: G — G. Recall that the
map (: eX — X is 1-Lipschitz. Hence X — X is e-Lipschitz (and 7m-equivariant
by construction). If F' is an elliptic (respectively parabolic) subgroup of G, then
it follows from Lemma 4.26 that 7: G — G induces an isomorphism from F
onto its image F. Moreover, F is elliptic (respectively elliptic or parabolic). Let
F be an elliptic subgroup of G. If F is not the isomorphic image of an elliptic
subgroup of G, then there exists an apex ¥ € V such that F is contained in
Stab(v) (Proposition 4.30). On the other hand, there exist k € N and E € €
such that Stab(?) embeds in D,, x D¥_x E (Lemma 4.52). Since the exponent of
E divides n, the exponent of F is finite and divides n as well. By Proposition 4.40
any finitely generated parabolic subgroup of G is the isomorphic image of a
parabolic subgroup of G. Let F; and F5 be two subgroups of G. Assume that
Fy is elliptic and Fy is generated by a finite set Sy such that Fix(Ss, 1004;)
is non-empty. It follows from our choice of p, that 1006; < p/100. Thus, if
the respective images F; and F, are conjugated in G, then so are Fy and F,
(Corollary 4.29). We have checked all the announced properties of the projection
7: G — G, and the proof of the proposition is completed. O

5.2 Construction of periodic groups

The number of variables in the next statement can be confusing at first sight.
Basically we are stating the fact that the critical exponent N7 does not de-
pend on the group G, but only on certain parameters related to its action on a
hyperbolic space X. More precisely N; is a function of
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e the hyperbolicity constant § of X;

e the invariants inj (G, X), vste(G, X ), and A(G, X, d) for some appropriate
value of d ;

e the structure of subgroups of G with dihedral shape.

A fine understanding of these dependencies can be crucial sometimes, see for
instance [13].

Theorem 5.4. Let 0,r € R, v, € N and set vi = max{v +2,u+6}. There
exist N1 € N such that for every integer n > Ny which is a multiple of 2" pu,
the following holds.

Let € be a model collection of groups whose exponent divides pu. Let G be a
group acting on a 6-hyperbolic length space X such that

e the action of G on X is gentle and non-elementary;

e for every dihedral pair (E,C) the group E embeds in E/C x E for some
Ecé&.

o A(G,X,4000) <7, vse (G, X) < v, and inj (G, X) > 1/r
Then there exists a quotient Q of G with the following properties.

(i) For every elliptic (respectively parabolic) subgroup F of G, the projection
G — Q induces an embedding from F into Q.

(i) For every q € Q, either ¢" =1 or q is the image of an elliptic or parabolic
element of G.

(iii) The projection G — G/G™ induces an epimorphism Q — G/G™. In
particular, if G has no parabolic element, and every elliptic element of G
has finite order dividing n, then Q@ = G/G™.

(iv) For every x € X, the map G — Q is one-to-one when restricted to

{geG : |gz—x| <r}.

(v) There are infinitely many elements of Q which are not the image of an
elliptic or a parabolic element of G.

(vi) The kernel K of G — Q is purely lozodromic (i.e. all its non-trivial ele-
ments are loxodromic). As a normal subgroup K is not finitely generated.

Proof. The main ideas of the proof are the following. Using Proposition 5.1 we
construct by induction a sequence of groups G = Gy = G7; — Go — ... where
GJ+1 is obtained from G} by adding new relations of the form A" where h is a
primitive element of G. Then we choose for the quotient Q = G/K the direct
limit of these groups.
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Critical exponent. Let us define first all the parameters leading to the crit-
ical exponent. For simplicity we let vy = max{v,u + 4} and v1 = vy + 2. The
parameters 61, Cy, C1, and Ny are the one given by Proposition 5.1. We choose
€ > 0 and an integer N1 > Ny such that

6 <61, er <min{(vo +5)Co, 506}, ; and

1
z
Cov Ny VINy

We now a fix an integer n > N; which is divisible by 21 .

The initialization. Let £ be a model collection of groups and G be a group
acting on a d-hyperbolic length space X as in the theorem. Let X be the space
X whose metric has been rescaled by . It follows from our choice of £ and
N; that X is ed-hyperbolic where 0 < d1, A(G, X, 400e0) < (vp + 5)Cp, and
inj (G, Xo) = 1/Coy/N7. In addition max{vsts(G, Xo), u + 4} < 1. In other
words, if Go = G, then (Gy, X() satisfies the induction hypotheses relative to
(n,E).

The induction step. Let £ € N. We assume that we already constructed the
group G}, and the space X}, such that (G, Xj) satisfies the induction hypotheses
relative to (n, ). We denote by Py the set of primitive loxodromic elements
h € G such that ||| x, < 10d;. Let K} be the normal subgroup of G}, generated
by {h",h € Py}. We write Gp41 for the quotient of Gy by K. According
to Proposition 5.1, there exists a metric space X1 such that (Gri1, Xg+1)
satisfies the induction hypotheses relative to (n,£). Moreover X1 comes with
a C1/+/Ni-Lipschitz map Xj — X1 which is mg-equivariant, where 7y : Gy, —
GJ+1 is the canonical projection, and fulfills the following properties.

(P1) If F is an elliptic (respectively parabolic) subgroup of Gy, then 7, induces
an isomorphism from F' onto its image which is also elliptic (respectively
elliptic or parabolic).

(P2) Any elliptic subgroup of Gy is either isomorphic to an elliptic subgroup
of G}, or a finite group whose exponent divides n.

(P3) Any finitely generated parabolic subgroup of G41 is the isomorphic image
of a parabolic subgroup of Gy.

(P4) Let F; and F5 be two subgroups of G;. Assume that F is elliptic and
F;, is generated by a finite set S3 such that Fix(Ss,1004;) is non-empty.
If the images of F; and Fj are conjugated in Ggy1, then F; and Fy are
conjugated in Gy,.

Direct limit. The direct limit of the sequence (G}) is a quotient @ = G/K
of G. We claim that this group satisfies the announced properties. Let F be
a subgroup of G which is either elliptic or parabolic. A proof by induction on
k € N using (P1) shows that for every k € N, the map G — Gy induces an
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isomorphism from F onto its image which is either elliptic or parabolic for the
action of G on Xj. It follows that G — @ induces an isomorphism from F
onto its image, which proves (i).

A proof by induction on k € N using (P2) and (P3) shows that if g € G, is
elliptic or parabolic (for its action on Xj) then either ¢” = 1 or g is the image
of an elliptic or a parabolic element of G (for its action on X). Let ¢ € @ and
g € G be a pre-image of ¢q. For simplicity we still write g for the image of g in
G, Since the map Xy — Xy41 is C1/+/Ni-Lipschitz, we get for every k € N,

o (O e
o1, < (=) ol

As C1/+v/Ny < 1, there exists k € N such that

0o 1
<
||g||X;C Com

< inj (Gk,Xk) .

Consequently g is elliptic or parabolic as an element of Gy. It follows from the
previous observation that one of the following holds.

e The element g coincide in G with an elliptic or a parabolic element of G,
hence ¢ is the image of an elliptic or a parabolic element of G.

e We have ¢" =1 (in Gy), hence ¢" = 1.

This completes the proof of (ii).

All the relation we added to built the sequence of groups (Gy,) have the form
h™ = 1. Hence the projection G — @ induces an epimorphism @ — G/G",
which gives (iii).

Let g be an elliptic or a parabolic element of K. It follows from (i) that the
map G — G/K induces an isomorphism from (g) onto its image. Hence g is
trivial. Consequently K is purely loxodromic. For every k € N, the action of Gy,
on Xy, is non-elementary. It follows that the sequence (Gy) does not ultimately
stabilize. Indeed, otherwise (ii) would fail. Thus K is infinitely generated as a
normal subgroup, which completes the proof of (vi).

Let € X. Let g1,92 € G such that |g;xz — z|x < r. It follows from our
choice of ¢ that Fix(g, 100§;) C X is non empty, where g = gflgg. Assume now
that ¢g; and go have the same image in @), i.e. g is trivial in ). In particular,
there exists ¢ € N such that the image of g in G; is trivial. Recall that the map
X, — Xp41 is 1-Lipschitz for every k € N. In particular, Fix(g, 1006;) C X}, is
non-empty for every k € N. A proof by induction using (P4) show that g = 1.
Hence the quotient map G — @ is one-to-one when restricted to the set

{g€qG : |gz—z|<r},
whence (iv).

We are left to prove (v). Let S be the collection of all elements of @ which
are not the image of an elliptic or a parabolic element of G. Assume contrary
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to our claim that S is finite. Let Sy be a finite pre-image of S in Gy. Using
the same argument as above we observe that there exists ¢ € N, such that
the image of Sy in G; only consists of elliptic and parabolic elements. As we
already observed, the sequence is (G}) is not ultimately constant. Consequently
there exists j > i such that P; is non-empty (recall that P; is a set of primitive
elements of G; such that ||| x; < 104;). We fix g € P;. We claim that g does
not coincide in () with an elliptic or a parabolic element of Gj. Assume on
the contrary that it is the case. There exist an elliptic or a parabolic element
u € G; as well as an index k > j such that g and u coincide in G}. Note that
the set Fix(g,100d;) C Xy is non empty, for every £ > j. A proof by induction
using (P4) shows that g and u are conjugated as elements of G;. It contradicts
the fact that g is loxodromic and w is not, hence the claim is proved. Our claim
has two consequences for the image g of g in Q. First ¢ is not the image of an
elliptic or parabolic element of G, hence g € S. Since every element of Sy is
elliptic in G, ¢ does not belong to S, a contradiction. O

5.3 Examples

One source of examples comes from groups acting acylindrically on a d-hyperbolic
length space X. Let us recall first the definition of acylindricity. For our purpose
we need to keep in mind the parameters that appear in the definition.

Definition 5.5 (Acylindrical action). Let N,L,d € R%. The group G acts
(d, L, N)-acylindrically on X if the following holds: for every x,y € X with
|x—y| > L, the number of elements u € G satisfying |uz—z| < d and |uy—y| < d
is bounded above by N. The group G acts acylindrically on X if for every d > 0
there exist N, L > 0 such that G acts (d, L, N)-acylindrically on X.

Since X is a hyperbolic space, one can decide whether an action is acylin-
drical by looking at a single value of d.

Proposition 5.6 (Dahmani-Guirardel-Osin [14, Proposition 5.31]). The action
of G on X is acylindrical if and only if there exist N, L > 0 such that the action
is (1006, L, N)-acylindrical.

Remark. Dahmani, Guirardel and Osin work in a class of geodesic spaces. Nev-
ertheless, following the proof of [14, Proposition 5.31] one observes that the
statement also holds for length spaces. Moreover one gets the following quanti-
tative statement. Assume that the action of G on X is (1006, L, N)-acylindrical,
then for every d > 0 the action is (d, L(d), N(d))-acylindrical where

L(d) = L+ 4d+ 1006,
d
¥ = (L)

Assume now that the action of G on X is (1006, L, N )-acylindrical. There
exist parameters Ciyi(0, L, N), C, (8, L, N) and C4(9, L, N), which only depend
on 6, L and N, that control the various invariants defined in Section 3. More
precisely
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(i) inj(G,X) = Cinj(0, L, N) > 0, [13, Lemma 3.9|
(ii) »(G,X) < C,(6,L,N) [11, Lemmas 6.12]
(iii) A(G, X,4008) < Ca(6,L, N), [11, Lemma 6.14].

Recall that given a group E, its holomorph is the semi-direct product Hol(E) =
Aut(E) x E. If £y stands for a collection of groups, we let

Hol(Ep) = {Hol(E) : E € &y}

Theorem 5.7. Let §,L,7 € R} and N € N. Let &q be a finite collection of
finite groups. We write p for the exponent of Hol(€y). There exist v1, Ny € N
such that for every integer n > Ny which is a multiple of 2"* i the following
holds.

Let G be a group acting by isometries on a d-hyperbolic length space X.
We assume that this action is (1000, L, N')-acylindrical and non-elementary. In
addition we suppose that every finite subgroup of G with dihedral shape is iso-
morphic to a group of Ey. Then there exists a quotient Q of G with the following
properties.

(i) For every elliptic subgroup F of G, the projection G — @ induces an
embedding from F into Q.

(ii) For every q € Q, either ¢" =1 or q is the image of an elliptic element of
G.

(iii) The projection G — G /G™ induces an epimorphism Q — G/G™.
(iv) For every x € X, the map G — Q is one-to-one when restricted to
{9€G : |gz—z|<r}.
(v) There are infinitely many elements of Q which are not the image of an
elliptic element of G.

(vi) The kernel K of G — Q is purely lozodromic. As a normal subgroup K is
not finitely generated.

Proof. We are going to apply Theorem 5.4. To that end we let we denote by M
the cardinality of the biggest group in €. Up to replacing r by a largest value,
we can assume that

1
r>Ca(6,L,N) and - < Cini(6, L, N).
Recall that p is the exponent of Hol(€p). We now set
v=max{C,(0,L,N),M +1} and vy =max{v+2,u+6}.

and denote by Nj the critical exponent given by Theorem 5.4. Let n > N7 be
an integer divisible by 21 .
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Let G be a group acting on a d-hyperbolic length space X as in the theorem.
It follows from our previous discussion that A(G, X,4000) < r, inj (G, X) > 1/r
and v(G, X) < v. Let us prove that vgs(G,X) < v. Let g,h € G and m > v.
For every k € N, we write gr = h¥gh™*. Suppose that E = {(go,...,gm) is
elementary. Assume first that A is loxodromic. According to our choice of v, we
have m > v(G, X), thus the elements g and h generate an elementary subgroup
of GG. Note that this group is necessarily loxodromic, hence has dihedral shape.
Assume now that Eg = (go, ..., gm—1) is a dihedral germ. Since the action of
G is acylindrical, every loxodromic subgroup of G is virtually cyclic. Hence
Ey is finite. As a dihedral germ it also has dihedral shape. Consequently
Ey is isomorphic to a group in £y hence contains at most M element. Since
m > M + 1, there exist ¢,j € [0,m — 1] with ¢ < j such that g; = g;. In
particular, g;_; = go. It follows that h normalizes (go,...,gm—1). Hence the
subgroup generated by g and h is elementary. More precisely, it is a cyclic
extension of the dihedral germ (go, ..., gm—1), thus it has dihedral shape. This
proves that v > vy, x) and completes the proof of our claim.

We now build an appropriate model collection €. Let (E,C) be a dihedral
pair where FE is infinite. Since C' is finite, it fits into the following short exact
sequence

1-C—FE—-L—1,

where L is either Z or D,,. We choose an element g € E whose image in
L generates the maximal infinite cyclic subgroup of L. Recall that p is the
exponent of Hol(€p). We claim that (g") is a normal subgroup of E. Let
u € E. There exist ¢ € {1} and ¢ € C such that ugu™! = g°c. The value of ¢
depends whether the image of u in L is a reflection or not. Since g normalizes
C its action by conjugation on C' induces an automorphism of C' that we denote
by ¢. One checks that for every p € N,

ughu™! = (g°c)" = gP" PV (c) - % (e)e.
However in the holomorph Hol(C'), whose exponent divides p, we have

1= (¢, )" = (¢, " (c) - % (c)o).

Hence ughu~' = g¢g°*. Consequently (g") is a normal subgroup of E as we
announced. Note also that the exponent of E/{(g") divides pu. Moreover E
embeds in E/C x E/{g").

We denote by £; the collection of quotients E/{g") obtained as above, where
(E, C) runs over all dihedral pairs with F infinite. In addition we let &€ = E,UE;.
It follows from the construction that the exponent of £ divides p. Moreover, for
every dihedral pair (E, C) there exists E € £ such that E embeds in E/C x E.
All the assumptions of Theorem 5.4 are satisfied and the result follows. O

1

Free Burnside groups and periodic groups.

Theorem 5.8. Let r > 2. There exists Ny € N such that for every integer
n > Ny that is a multiple of 128, the free Burnside group B, (n) is not finitely
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presented and therefore infinite. Moreover if no stands for the largest power of
2 dividing n, then every finite subgroup of B,.(n) embeds in D,, x Df;2 for some
ke N.

Proof. Let X be the Cayley graph of the free group F, of rank r. It is -
hyperbolic with § € R’ such that 4000 < 1. It follows that A(F,, X,4000) = 0.
Moreover inj (F,, X) > 1. Every dihedral germ is trivial. Hence vg (G, X) = 1.
We choose for £ the class of group reduced to the trivial one. Its exponent pu =
w(€) is 1. Every subgroup with dihedral shape is trivial or infinite cyclic. Hence
the assumption of Theorem 5.4 are fulfilled. Note that 11 = max{vg(G, X) +
2,0+ 6} = 7. Hence there exists N7 € N such that for every n > N; that is
a multiple of 128, the group B,.(n) is not finitely presented, hence infinite. We
now prove the second assertion. Let

GOZFT—»Gl—»GQ—»"'—»Gk—»Gk+1—»...

be the sequence of of groups produced in the proof of Theorem 5.4, whose direct
limit is B,.(n). Let F be a finite subgroup of B,.(n). By construction there exist
¢ € N and an elliptic subgroup F; of Gy such that Gy — B,.(n) maps Fy onto
F. We assume that £ is the smallest for this property. Recall that each map
G — Gp41 is one-to-one when restricted to an elliptic subgroup. Hence Fy is
actually isomorphic to F. According to our choice of ¢, the subgroup F; cannot
be lifted. Therefore there exists v in the vertex set V, of X, such that Fj is
contained in Stab(v). It follows from Lemma 4.52 that F, embeds in D,, x D¥

na

for some k € N. O

Remark. Although we have not written the details here, a careful reader can
follow the induction in the proof of Theorem 5.4 to show, just as in Ivanov [26] or
Lysenok [28], that the word and the conjugacy problems are solvable in B,.(n).
With the previous notations, the solution of the word problem is based on the
following observation. Given an element g € F,., there exists k € N, which only
depends on the word length of g, such that g is trivial in B,.(n) if and only if
so is it in G. Hence it suffices to run the solution of the word problem in the
hyperbolic group Gi. The conjugacy problem can be solved as follows. Given
g1, 92 € F,., there exists k € N, which only depends on the word length of g; and
go, such that both g; and go are elliptic in Gj. A proof by induction based on
Corollary 4.29 shows that ¢g; and go are conjugated in B,.(n) if and only if so
are they in G. Hence it suffices to run the solution of the conjugacy problem

in Gk

Corollary 5.9 (Compare with Ivanov [26] and Lysenok [28]). Letr > 2. There
exists N1 € N, such that for every integer n > Ny, the group B,.(n) is infinite.

Proof. Recall that free Burnside groups of sufficiently large odd exponents are
infinite, see for instance [16, 10] for a geometric proof. Hence it suffices to observe
that given two integers p,n € N, the group B, (pn) maps onto B,.(n). O
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Theorem 5.10 (Compare with Ol’shankii-Ivanov [27]). Let G be a non-elementary
hyperbolic group. There exist p, Ny € N such that for every integer n > Ny that
is a multiple of p, the quotient G/G™ is infinite. Moreover

(&"={1}.

n>1

Proof. Let €; be the collection of all isomorphism classes of finite subgroups of
G. Since G is hyperbolic, & is finite. We write u for its exponent. Let X be
the Cayley graph of G relative to some finite generating set. The action of G
on this hyperbolic space is acylindrical hence the assumptions of Theorem 5.7
holds. Let v, N1 € N be the parameters given by Theorem 5.7 and set p = 2" .
Observe that the order of every elliptic element of G divides i, hence p. Assume
now that n > Nj is a multiple of p. According to Theorem 5.7 there exists an
infinite quotient @ of G such that the projection G — G/G™ induces a map
@ — G/G™. Moreover every element g € @ satisfies the following dichotomy.
Either ¢" = 1, or g is the image of an elliptic element of G. In the latter case we
have ¢? = 1, and thus ¢" = 1. In other words @ is a quotient of G/G", hence
@ is isomorphic to G/G™ which is therefore infinite.

According to Theorem 5.7 the quotient map G — G/G™ can be made one-to-
one on arbitrarily large balls by enlarging the value of n. Hence the intersection
of all the subgroups G™, when n runs over N \ {0} is trivial. O

Remark. As for free Burnside groups, one can give a precise description of the
finite subgroups of G/G™, provided n is sufficiently large and divisible by p.
One can also prove that the word and the conjugacy problem are solvable in
these periodic quotients.

Relatively hyperbolic groups. Since Gromov’s original paper [20], several
different definitions of relatively hyperbolic groups have emerged, see for in-
stance [4, 17]. These definitions have been shown to be almost equivalent
[4, 37, 24]. For our purpose we will use the following one.

Definition 5.11 (|24, Definition 3.3]). Let G be a group and {P4,..., P} be a
collection of subgroups of G. We say that G is hyperbolic relative to { Py, ..., Py}
if there exist a proper geodesic §-hyperbolic space X and a collection ) of
pairwise disjoint open horoballs satisfying the following properties.

(i) G acts properly by isometries on X and ) is G-invariant.

(if) If U stands for the union of the horoballs of Y then G acts co-compactly
on X \U.

(iii) {Pi,..., Pn} is a set of representatives of the G-orbits of {Stab(Y) : Y €
Y}

The action of G on the space X given by Definition 5.11 is not acylindrical.
Indeed the subgroups P; can be parabolic. This cannot happen with an acylin-
drical action [3, Lemma 2.2]. More generally, the elementary subgroups of G are
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exactly the virtually cyclic subgroups of G and the ones which are conjugated
to a subgroup of some P;. As in the case of groups with an acylindrical action,
one can prove that inj (G, X) is positive whereas v(G, X) and A(G, X,4000) are
finite. Proceeding as in Theorem 5.7 we get the following result.

Theorem 5.12. Let G be a group and { P, ..., Py} be a collection of subgroups
of G such that G is hyperbolic relatively to { Py, ..., Py }. Assume that there are
only finitely many isomorphism classes of finite subgroups with dihedral shape.
There exist p, Ny € N such that every integer n > N1 multiple of p, there exists
a quotient Q of G with the following properties.

(1) if E is a finite subgroup of G or conjugated to some Pj, then the projection
G — Q induces an isomorphism from E onto its image;

it) for every element g € Q, either g™ =1 or g is the image a non-loxodromic
i l t Q, either g™ =1 is the i lozodromi
element of G;

(#ii) there are infinitely many elements in Q which do not belong to the image
of an elementary non-loxodromic subgroup of G.

Remark 5.13. Another possible strategy is to consider the action of G on its
coned-off Cayley I' — see Bowditch [4] — which has the following properties : the
elliptic subgroup for the action of G on I' are precisely the elliptic and parabolic
subgroups for the action of G on X; the action of G on I is acylindrical — see
Osin [35].

Mapping class groups. Let 3 be a compact surface of genus g with & bound-
ary components. In the rest of this paragraph we assume that its complexity
39+ k — 3 is larger than 1. The mapping class group MCG(X) of ¥ is the group
of orientation preserving self homeomorphisms of ¥ defined up to homotopy. A
mapping class f € MCG(X) is

(i) periodic, if it has finite order;

(ii) reducible, if it permutes a collection of essential non-peripheral curves (up
to isotopy);

(iii) pseudo-Anosov, if there exists an homeomorphism in the class of f that
preserves a pair of transverse foliations and rescale these foliations in an
appropriate way.

It follows from Thurston’s work that any element of MCG(X) falls into one
these three categories [38, Theorem 4]. The complex of curves X is a simplicial
complex associated to X. It has been first introduced by Harvey [23]. A d-
simplex of X is a collection of d+ 1 homotopy classes of curves of ¥ that can be
disjointly realized. Masur and Minsky proved that this new space is hyperbolic
[30]. By construction, X is endowed with an action by isometries of MCG(X).
Moreover Bowditch showed that this action is acylindrical [3, Theorem 1.3].
This action provides an other characterization of the elements of MCG(X). An
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element of MCG(X) is periodic or reducible (respectively pseudo-Anosov) if
and only it is elliptic (respectively loxodromic) for the action on the complex of
curves [30]. Recall that MCG(X) contains only finitely many conjugacy classes
of finite subgroups [18, Theorem 7.14]. Hence the next statement is a direct
application of Theorem 5.7.

Theorem 5.14. Let ¥ be a compact surface of genus g with k boundary com-
ponents such that 3g + k —3 > 1. There exist p, Ny € N such that for every
integer n. > Ny which is a multiple of p, there exists a quotient Q of MCG(X)
with the following properties.

(i) If E is a subgroup of MCG(X) that does not contain a pseudo-Anosov
element, then the projection MCG(X) — Q induces an isomorphism from
FE onto its image.

(i) Let f be a pseudo-Anosov element of MCG(X). FEither f* =1 1in Q or f
coincide in QQ with a periodic or a reducible element.

(#ii) There are infinitely many elements in Q which are not the image of a
periodic or reducible element of MCG(X). Any non-trivial element in the
kernel of MCG(X) — Q is pseudo-Anosov.

Amalgamated product. Let G be a group. A subgroup H of G is malnormal
if for every g € G, we have gHg~' N H = {1} unless g belongs to H.

Theorem 5.15. Let A and B be two groups. Let C be a subgroup of A and B
malnormal in A or B. Assume that there exists M € N such that every subgroup
of A (respectively B) that is isomorphic to the extension of a 2-group by finite
cyclic or dihedral group contains at most M elements. There exist p, Ny such
that for every integer n > Ny which is a multiple of p, there exists a quotient Q
of Axc B with the following properties.

(i) The natural projection A xc B — @ induces an embedding of A and B
mto Q.

(i) For every g € Q, if g is not a conjugate of an element of A or B then
gt =1.

(iii) There are infinitely many elements in Q@ which are not conjugate of ele-
ments of A or B.

Proof. We denote by X the Bass-Serre tree associated to the amalgamated
product G = A x¢ B [36]. As C is malnormal in A or B, the action of G on X
is acylindrical. Moreover every loxodromic subgroup is either Z or D,. Hence
every dihedral germ is necessarily a 2-group. Consequently, a finite group with
dihedral shape is isomorphic to the extension of a 2-group by a finite cyclic
or dihedral group. Being finite, such a group is contained in a conjugate of A
or B. Thus is follows from our assumption that G admits only finitely many
isomorphism classes of finite subgroups with dihedral shape. The conclusion
follows from Theorem 5.7. U
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