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Abstract

This paper aims at studying the influence of material heterogeneity on the sta-
bility of explicit time marching schemes for the high-order spectral element
discretisation of wave propagation problems. A periodic fluctuation of the den-
sity and stiffness parameters is considered, where the period is related to the
characteristic element size of the mesh. A new stability criterion is derived
analytically for quadratic and cubic one-dimensional spectral elements in het-
erogeneous materials by using a standard Von Neumann analysis. The analysis
presented illustrates the effect of material heterogeneity on the stability limit
and also reveals the origin of instabilities that are often observed when the sta-
bility limit derived for homogeneous materials is adapted by simply changing
the velocity of the wave to account for the material heterogeneity. Several ex-
tensions of the results derived for quadratic and cubic one-dimensional spectral
elements are discussed, including higher order approximations, different period-
icity of the material parameters and higher dimensions. Extensive numerical
results demonstrate the validity of the new stability limits derived for hetero-

geneous materials with periodic fluctuation. Finally numerical examples of the
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stability for randomly fluctuating material properties are also presented, dis-
cussing the applicability of the theoretical limits derived for material properties
with periodic fluctuation.

Keywords: spectral element method, explicit time integration, stability,

heterogeneous media, high-order

1. Introduction

Explicit time marching schemes for high-order spectral element discretisa-
tions of wave propagation problems are known to be conditionally stable [1].
For a homogeneous one-dimensional problem with constant element size, the

stability criterion is given by
a=—— <oy, (1)

where c is the wave velocity, At is the time step, and h is the characteristic ele-
ment size. The stability limit, oy, is a scalar that depends upon the polynomial
order p and the dimensionality of the problem d. Its value can be derived ana-
lytically for homogeneous media [1, 2, 3, 4, 5]. Table 1 summarises the values for
polynomial approximations up to order p = 5 when the spectral element method
is combined with the Leap-Frog time marching scheme. For regular meshes in
d dimensions, the value of the stability limit is simply that for one-dimensional

problems divided by v/d.

Table 1: Approximate value of the stability limit aj; for spectral elements of polynomial

order p with the Leap-Frog scheme assuming a regular mesh and constant wave velocity.

p=1 1 2 3 4 5

1D | 1.00 0.40 0.23 0.14 0.10
2D | 070 0.28 0.16 0.10 0.07
3D | 0.57 0.23 0.13 0.08 0.05
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The results in Table 1 are derived for homogeneous material parameters and
regular meshes. Numerical tests showing the negative influence of the deforma-
tion of the elements on the stability are reported in [1]. Some hints can also be
found about the error induced by the presence of a discontinuity or heterogene-
ity of the material properties [6, 7, 1], but no general stability criteria exists in
that case. A rule of thumb extending Equation (1) is typically applied, in which
(i) the polynomial order is indirectly taken into account by choosing h as the
smallest distance between two interpolation points in an element, (ii) element-
wise maximum, average, or local value of the velocity c(x) is chosen, and (iii) a
heuristic value of the stability criteria aps is considered. Most authors (see for
instance [8, 9, 10]) choose a stability criterion close to 0.3-0.4, but it can go
as high as 0.6 [11, 12], or as low as 0.07 for non-conforming meshes [13] (with
a discontinuous Galerkin approach). As with any heuristic criterion, the risk
is either to run into unstable cases by considering a high value or to waste
computational resources by employing a low value.

This paper aims at describing the influence of material heterogeneity on
the stability of explicit time marching schemes for the high-order spectral el-
ement discretisation of wave propagation problems. A periodic fluctuation of
the density and stiffness parameters is considered, whose period is related to
the characteristic element size h. A classical Von Neumann stability analysis
is performed for quadratic and cubic spectral elements in one dimension. This
analysis not only provides an analytical stability limit but also demonstrates
that a heuristic approach can lead to unstable simulations or to unnecessary ex-
pensive simulations when the stability limit derived for the homogeneous case is
adapted by simply changing the velocity of the wave to account for the material
heterogeneity. It is worth noting that this is true even for relative low orders
of approximation (e.g. p = 2). Several extensions of the results derived for
quadratic and cubic one-dimensional spectral elements are discussed, including
higher order approximations, different periodicity of the material parameters
and higher dimensions. A number of numerical examples are presented to show

the validity of the stability limits obtained. These values are also compared with
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the stability limits that would be derived from the results available in the liter-
ature for homogeneous materials. Finally, the paper presents several numerical
examples to discuss the validity of the stability limits obtained for periodically
fluctuating material properties when applied to problems with randomnly fluc-

tuating material properties.

2. Problem statement and discretisation

2.1. Weak formulation

Let us consider the one-dimensional acoustic wave equation in a heteroge-

neous medium {2 characterised by a density function n(z) and a Lamé parameter

v(x),

2u(z,t t

R L ) B (C N ST R Y CX SN e)
where u(x,t) is a scalar field, f(z,t) denotes a time-dependent external force
and T denotes the final time. The problem is closed by considering appropriate

initial and boundary conditions, namely

u(z,0) = up(x), w = wvp(x), for z € Q. (3)

and

w(z,t) = uq(t), for x € dQ x (0,T], (4)

where, to simplify the presentation, only Dirichlet boundary conditions are con-
sidered.

The weak statement equivalent to the strong form (2), is obtained by multi-
plying Equation (2) by a test function w(z), integrating in the whole domain and
performing an integration by parts of the term with second order spatial deriva-
tives. The resulting weak form reads: find u(x,t) € W; such that u(x,t) = uq(t)
on 90 x [0,7] and

2'LL$ w\x u\x
J R R S I L
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for all w(z) € H§(), where

Wy ={u|u(-,t) € H'(Q),t € [0,T] and u(z,t) = ug(w,t) for (z,t) € O x [0,T]} .

(6)

2.2. Spatial and temporal discretisation

The spatial domain is discretised in elements Q; = [z;,2;41] and a nodal
approximation of the solution is considered within each element using the Gauss-
Lobatto-Legendre (GLL) points, denoted by {x;,z;1,...,%ip—1,%i+1}. The
first and last GLL points within an element correspond to the vertices, x; and

Zi+1, respectively. The approximate solution within an element €;, “2 = Un|q,;

is given by
up (@, t) = Ni(@)U;(t) + Nit1(2)Uiga (t) + Z Nij(2)Us;(t), (7)

where {N;,N;1,...,N;p—1,N;y1} are Lagrange polynomials of degree p and
{Ui,Uin,...,Uip—1,Uit1} denote the time-dependent values of the solution at
the nodal points.

Introducing the approximation of the solution in the weak formulation of
Equation (5) and selecting the space of the weighting functions to be the same
as the space of the interpolation functions, leads to the semi-discrete system of
ordinary differential equations

MddQTIQJ + KU =F, (8)
where the mass matrix M, the stiffness matrix K and the forcing vector F are
given by

Mij:/nNZ-deQ, Kl = %Ni%dﬁ, Fi:/NifdQ (9)
Q Q €T o0x Q

and computed by assembling the elemental contributions.

The integrals are computed using a numerical quadrature defined over the
reference element. In a standard finite element method, Gauss-Legendre quadra-
tures are considered, providing the highest order possible for a given set of inte-

gration points. However, this formulation leads to a dense global mass matrix.



o In the so-called spectral element method (SEM) [14, 15], the quadrature points

o are selected to be the same as the nodal points (i.e. the GLL distribution),
&1 leading to a diagonal global mass matrix.

The main benefit of the SEM is its efficiency when combined with an explicit

time marching algorithm. In this work, the classical second-order accurate Leap-

Frog scheme is considered. At each time step, the solution is advanced in time

according to
Ut =2U" - U™ + APM ! (F" - KU"), (10)

& where it is worth emphasising that, in the context of the SEM, each time step
&3 only involves the solution of a trivial system of equations with diagonal mass

6 Mmatrix.

e 3. Stability analysis for quadratic spectral elements

In this section, the model problem of Equation (2) is considered in 2 = R
with no external forces and the classical Von Neumann stability analysis is
performed for the SEM with quadratic elements. A one-dimensional uniform

mesh is considered where the element size is defined as
h:xzqu —x;, YiE€EZ (11)

and the material properties are considered periodic, with period equal to the

element size h, that is
v(@) =~(x+rh) and n(z)=n(zx+rh), Yref, Vrelk (12)

e J.1. Dispersion relations

The SEM produces the following semi-discrete equations

12U, . ‘ A , ,
Mi—s + (K1 Uia + K\ Uian + KjUi + K} Uiy + K1 Uig) =0,
2 (13)
ot (KU + KU + K Ui ) =0, (14)



for a vertex and an interior node of a quadratic element respectively where, using
the corresponding GLL quadrature points, the terms of the mass and stiffness

matrix are given by

. h i1 2h . 2 i1 16
M'Z:*iv M":iia KZ:751 7 ) K":iiv
i =3 in = 5 37, (5% +7%i1) il =507
(15)
i i i,1 8 i i 1
Ki—l,l = Ki,l =K;" = _?Th%’ K; = Ki+1 = 371 (3%‘ - 2%'71)- (16)
Assuming plane wave solutions
U, = ayel (kh=wnt) U1 = age! (+1/2kh—wni) (17)

with I = v/—1, Equations (13) and (14) lead to the following generalised eigen-

value problem

~ [ O1 — [ 01

Q2 Qg
where
R 2cos(kh) K}, + K] Kiy e THh/2 4 i oTkh/2 )
Kf,le_lkh/Q + Kf_lyle”“h/2 Kii:11
and
_ MZZ 0
- (20)

i,1
0 M

The characteristic equation of the generalised eigenvalue problem (18) is

hwh 4 2 2 hwh 2 2 2
with
i + 2 1 vy + 2 1 3y — 2y .
03:774_ 7’1, 2:—477(7 + ’7’1), (5:—27’y 7,1, w = sin(kh/2).
M+ 201 ¢ 3 cy U
(22)

&7 The parameter ¢, has units of velocity whereas § > 0, § and w are dimensionless.
s The parameter § may be positive or negative, depending on the sign of 3v;—2; ;.

o The homogeneous case (v; = ;1 and n; = ;1) corresponds to 8 =¢ =1 and

0 Ci =vi/n = %,1/771‘,1-
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It is worth mentioning that the velocity c, corresponds to the approxima-

tion of \/fQ v(x)/ [, n(x) by using the GLL quadrature with three integration
points.

The roots of the characteristic polynomial of Equation (21) are

wl =2 (3)2 ((662 — 6w?) — /(687 — dw2)? — 245%2), (23)

2
wi o =2 (c—*) ((662 —0w?) + /(632 — 6w?)? — 246%12), (24)
which reduce to the roots of the homogeneous case considered in [1] when g =
0=1.
The Taylor series expansion of the two roots leads to

146 — 2432

Wiy = Gk {1 Ve

k*h? + O(k4h4)} : (25)

2432
w%’2:czk2{ b —(1+0)—

373 (146)(1 —2B%)k*h? + O(k‘*h‘*)] ., (26)

2432
where it can be observed that Equation (25) corresponds to an approximation of
the dispersion relation of the wave equation whereas Equation (26) corresponds
to a parasitic wave.

It is worth noting that the particular case of a medium with § —23% = 1 in-
duces a superconvergent phenomenon as the Taylor expansion of Equation (25)
is of order four. Superconvergence has been previously reported for homoge-
neous medium [1] but the analysis presented here shows that this behaviour
can also be obtained for a heterogeneous medium. However, it is important to
note that the objective of the Taylor expansion of the roots is to distinguish the
parasitic wave from the physical wave rather than to extract any conclusions

about the accuracy of the roots as the element size h tends to zero.

3.2. Stability for the Leap-Frog scheme

The dispersion relations for the SEM with a Leap-Frog time integrator are

given by

4 ., <w,2L’lAt

Az Sin 5 ) = w%yl, for 1 =1,2. (27)
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The stability of the discrete scheme is controlled by the conditions UJ%JAt2 <4
for [ = 1,2, that is

2
max{ sup w,%’l(w),O} SV (28)

=12 | wel-1,1]

The supremum of the roots is found by studying the zeros of 5‘w,217l /0w for
I = 1,2. Firstly, Bwil/aw only vanishes if § = —1 or w = 0. If § = —1,
wil = 4c2w?/h?, whose maximum is 4c2/h%. Otherwise, the supremum is
attained for w = 0 or in the bounds of the interval, namely w = —1 and w = 1.

Observing that wf | (—1) = wf (1) = 22(68% — 5 — /(657 — )% — 245%) /M7,

leads to (the second value includes the maximum obtained for the special case

when 6 = —1)

2
o w} (@) = 275 max {o, 662 — 0 — /(657 —0)2 — 2452} . (29)
Secondly, 8wi72/6w only vanishes when 6 = —1 or w = 0. If § = —1, the

roots takes a constant value wj , = 24(f8c,/h)?. Otherwise, observing that
wi%,2(0) = 24(Bc,/h)? and that at the bounds of the interval w,zm(—l) =
w%,z(l) =2c2(668% — § + /(682 — §)2 — 24532)/h?, leads to

sup  wj 5(w) = 2;—% max {1262, 662 — 0 +/(68% — )2 — 24ﬂ2} . (30)

we[—1,1]
The stability condition is therefore given by

At
o= C*h < aur, (31)

with

— min ) YO 2
aM'_mm{(w?\/ﬁﬁQ—é—&—\/(652—5)2—2452}' (32)

It can be observed that the well known homogeneous stability condition ay; =

1/4/6 ~ 0.40 (see Table 1) is recovered when 3 = 6 = 1.

3.3. Discussion
The positivity of the polynomial function P(8,d) = (682 — dw?)? — 243%w?

is discussed next as the square root of this function appears in the stability
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constant of Equation (32). It is worth noting that the parameters 8 and § can
be expressed as a function of the ratios Q = 7;,1/7 and @, = 1;,1/7; and the

velocity ¢, can be expressed as a function of Q., @, and the ratio ¢ = ~; /n; as

s (142Q,)? 1+42Q, 2 21+2Q,
=—" 0=(3-2Q,)——, i =c;i———. (33
p 3Q,(1+2Q5) ( Q7)1+2Q7 * 1+20Q, (33)
Rewriting the polynomial as a function of the ratios of the material properties
leads to
Qr(1+2Q,)? 2
“Arag)r (@ Qn) = (2042Qy) — Quw’(3 - 2Q4))” ~8Qu?(1420Q:),
n

(34)
and by considering the right-hand side function as a polynomial in @), with posi-
tive leading term, its minimum is attained at @, = (2—4Q, +3Q,w?)/(2Q,w?).
After simplification, the minimum is obtained as

2 2
%?Qﬁiggﬁfp@me=3%%a—w%. (3)
As w? € [0,1], the minimum is always positive and it is attained for w? = 1.
Therefore, it is concluded that P(3,4) > 0 for all Q and Q,,.

Finally, as 68% — § is proportional to 2 + @, + 6Q, Q. it is clear that 65% —
o0+ \/m > 0, so the stability constant a s of Equation (32) is always a real
number.

The analysis presented in the previous section not only shows the stability
condition for the periodic heterogeneous media considered. More importantly,
it explains why the stability limit derived from the homogeneous case can lead
to either inefficient simulations or to instabilities if applied to a problem with
heterogeneous material properties. In the absence of theoretical results for het-
erogeneous media, a possible choice for the time step would be to consider the
value of aps of the homogeneous case and the maximum value of the nodal wave

velocities [16, 17], that is
h

maxi{ci}\/é'

However, contrary to the homogeneous case, in the heterogeneous case the

At = (36)

supreme of wp, 2 is not always attained at w = 0. To illustrate the effect of

10
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Figure 1: Ratio between the value of aps for the heterogeneous and homogeneous cases for
different values of the ratios @y = 7;,1/7 and Qy = 7;,1/m;. The red dot indicates the
homogeneous case and the white discontinuous line represents the change of definition of
apr given by maximum in Equation (31). The other symbols correspond to the numerical

experiments presented in Section 3.4.

the heterogeneity in the stability limit, Figure 1 shows the ratio between the
value of a; for the heterogeneous and homogeneous cases for different values of
the ratios (), and @),;. When the ratio between the value of ap; for the heteroge-
neous and homogeneous cases is lower than one, the expression of Equation (36)
will lead to unstable results. In contrast, when the ratio is higher than one, us-
ing Equation (36) will result in an unnecessary increased computational cost.
It is important to emphasise that depending upon the fluctuation of the mate-
rial parameters, the value of a;; for the heterogeneous and homogeneous cases
can differ significantly. For a fluctuation up to one order of magnitude in the
values of v and 7, the ratio between the value of ajs for the heterogeneous
and homogeneous cases varies between 0.2 and 2.2 as shown in Figure 1. The
discontinuous line in Figure 1 denotes the change of definition in the maximum
appearing in the denominator of Equation (32), which corresponds to 6 = —1
or, equivalently, to @,(2Q~ — 3) = 2.

Interestingly, this figure can also be used as a guide for generating the com-

11
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putational mesh. Indeed, the strong asymmetry between the values of the pa-
rameters in the middle of the elements and at the vertices means that it is
preferable to mesh the domain with elements such that the low values of the
parameter 7(x) and the high values of the parameter v(z) fall in the middle
of the elements. In particular, for periodic materials and meshes, it is always
possible to translate the mesh, and therefore to move around in Figure 1 so as
to optimise the time step. Note that such a translation would also impact the

accuracy, which is not considered here.

3.4. Numerical examples

Three numerical examples are presented to validate the stability condition
derived in this Section and to illustrate that using a condition derived for the
homogeneous case can lead to either unstable results or inefficient computations.

The domain 2 = [0,1] is considered and the material parameters are defined as
(&) =i+ (yip — i) sin’(ma/h), () =i+ (i, —m) sin®(wz/h), (37)

where both functions are defined in terms of the values of the material parameter
at the vertices (y; and ;) and at the interior nodes (7,1 and 7;,1).

The analytical solution is given by
u(x,t) = cos(2mt) sin(27x) (38)

and the initial, boundary conditions and source term are derived from the exact
solution as usually done in the method of manufactured solutions. In all the
examples, the solution is advanced in time up to a final time 7" = 10 and the
relative error in the £2(f2) norm is measured. It is worth emphasising that
the objective of the numerical examples is not to evaluate the accuracy of the
numerical scheme but the accuracy of the stability limit derived for quadratic
spectral elements with a periodic fluctuation of the material properties.

The first example considers v; = 1, v,1 = 3, 7, = 1 and 1,7 = 3. The
stability condition given by Equation (32) is aps = 1/v/7 =~ 0.37796. Figure 2

(a) shows the relative error in the £2(€2) norm as a function of the value of «

12
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l()gm (L2 Error)
log (L2 Error)

ATV

0.38 0.385 0.14 0.142 0.144 0.146 0.148 0.15

o

(a) (b)

Figure 2: Relative error in the £2() norm as a function of a = ¢, At/h for (a) Q = 3,Q, = 3
and (b) @, = 7,Qy = 1/5. The discontinuous line represents the stability limit corresponding

to apns.

considered to define the time step At for a uniform mesh with A = 0.01. It
can be clearly observed that when the time step is defined by using a value of
a < ayy stability is guaranteed, whereas a value of a > aj; leads to unstable
results. More precisely, a value of a = 0.378 (i.e, At ~ 3.78 x 1073) leads to an
instability, with a final error of 6.1 x 107 whereas a value of a = 0.37795 (i.e,
At =~ 3.7795 x 1073) leads to stable results, with a final error of 3.77 x 10~%.
In this example, if the time step is computed using the results derived from the
homogeneous case, as detailed in Equation (36), the result is At ~ 4.08 x 1073,
clearly leading to unstable results.

The next example considers a higher fluctuation in the material properties,
namely v; =1, n; =5, v;,1 = 7 and 1;; = 1. The stability condition given by
Equation (32) is ap = 7v/10/150 ~ 0.14757. Figure 2 (b) shows the relative
error in the £2(2) norm as a function of the value of o considered to define the
time step At for a uniform mesh with A = 0.01. As in the previous example, it
can be clearly observed that the stability derived in this section holds.

The previous examples considered material parameters such that the min-
imum in Equation (32) is achieved by the first term, i.e. ap = 1/(8V6).
The last example considers v; = 8, n; = 1, 7,1 = 5 and n;,; = 1. The pa-

13
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Figure 3: Relative error in the £2(Q) norm as a function of a = cyAt/h for v; = 8, n; = 1,
vi,1 = 5 and 7;1 = 1. The discontinuous line represents the stability limit corresponding to

Q-

rameters have been selected to ensure that the minimum in Equation (32) is
achieved by the second term in Equation (32). The value of the stability limit is
ay = V11/5 ~ 0.66332. As in previous examples, Figure 3 shows the relative
error in the £2(2) norm as a function of the value of @ considered to define the
time step At for a uniform mesh with A = 0.01. The results demonstrate the
validity of the stability limit derived in this section. As in the first example,
if the value of the stability limit given by the homogeneous case is considered

unstable results are obtained.

4. Stability analysis for cubic spectral elements

This Section presents the classical Von Neumann stability analysis for the
SEM with cubic elements for the model problem of Equation (2). Analogously
to the quadratic case, a one-dimensional uniform mesh is considered and the

material properties are assumed periodic, with period equal to the element size.

14



s 4.1. Dispersion relations

Following the procedure presented in Section 3.1, the characteristic equation

of the generalised eigenvalue problem for cubic spectral elements is

hwy, \ ° hwp, \ * hwy, \ 2
< "> 2(261w2+45A1)( ; h) +120(15B2262w2)< : ") —72008%w? = 0,

Cy * *
(39)
with
2= 367 (vivia + 27%i1%,2 + 7i,274) (40)
(5 3yvi iy + 37i2%) (20 + 5151 4 5mi2)
1 vi(vivs 27i1% i,27i
52:767(77,1+ YinYi2 ¥ %i2%) (41)
4c? NiNi, 11i,2
1 (3vi+71  3i+via 52+ 7i1+v
A1:182( ’724._71,14_ 714.'71,2_"_5 71+71,-1+’Y,2), (42)
Cx 1i,2 Mi,1 i
1127, — 571 — by
51:72 i i1 7,2’ (43)
Cx 27’1'
5y = 30 (i1 + mi,2) B B i& (% + 71 n i + 7%2> (44)
(275 +5mi1 +5mi2) 4t ’ 7,2 i1

s The parameter ¢, has units of velocity while g > 0, A; > 0, 61, d2 and w are
17 dimensionless. The parameters d; and d2 may be positive or negative. The
s homogeneous case (y; = v;,1 = Y2 and 1; = 1,1 = 17;,2) corresponds to § =
w Ay =01 =02 =1and Ci = ’Yi/m = ’Yi,l/m,l = %’,2/771‘,2-

The roots of the characteristic polynomial of Equation (39) are

ah = 55 [or) o) + 2] (45)
wl g = %22 [ol(w) - % <03(w) + Zzgi;) + ? <03(w) - 28) 1] . (46)
e oo 282) B 221

o1 (w) = %(251& FA5AY),  oa(w) = 02(w) — 40156 — 26,?),  (48)

) = (/o) = ) + 0(0)) " (49)

15



o(w) = “1é”) (305(w) — o3 (w)) + 36005%w>. (50)

170 As expected, the roots obtained here reduce to the homogeneous case con-
i sidered in [1] when 8= A4 = 4§ = = 1.
The Taylor series expansions of o1, 03 + 03/03 and 3 — 03/03 up to second

order are given by

o1 = 304; + O(k*h?), (51)
03 4 02 /05 = 31310013 4 32/310(342 — 25829~ /3 + O(k?*h?), (52)
03 — 0 /o3 = 31/3100'/3 — 3%/310(342 — 282)9~ /3 + O(k*h?), (53)

12 where ¥ = 94; (A% — B?) + /3(9A4% — 832)I and it is worth noting that ¥ is
173 complex because 94?2 — 832 > 0 (see Appendix A.2).
Using the polar representation of ¥ and the De Moivre’s theorem [18], the

Taylor series expansions of o3 + 02 /03 and o3 — 02 /03 can be written as

03 + 09/03 = 204/3(3A% — 252) cos(0/3) + O(k*h?), (54)
03 — 03/03 = 204/3(343 — 262) sin(0/3) + O(k*h?), (55)

30047 —87)
9A;1 (AT —pB%)
These expressions lead to the following Taylor expansions of the roots in

Equations (45), (46) and (47)

wpy = c2k? {]112 <30A1 +204/3(3A2 — 252) cos(9/3)> + 0(1)} , (57)
wp 5 = k? [hlz (30,41 —204/3(3A% — 2532) cos((0 + w)/3)> + 0(1)} . (58)

wj, 5 = ik [hlz <30A1 —204/3(3A2 — 2532) cos((0 — 7r)/3)> + 0(1)}

= ck* [1+ O(k*h?)]. (59)

where

tan(f) = (56)

s where it can be observed that Equation (59) corresponds to an approximation

s of the dispersion relation of the wave equation whereas Equations (57) and (58)
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correspond to two parasitic waves. As pointed out in Section 3.1, the objective
of presenting the Taylor expansion of the roots is to distinguish the parasitic
waves from the physical wave and not to analyse the accuracy of the roots as
the element size h tends to zero.

To show that 304; = 20,/3(347 —2/32) cos((6 — 7)/3) (i.e. the root wy 3
corresponds to the physical wave), the roots of the polynomial S(z) = 423 —
3x — cos(¢) are considered, namely cos(¢/3), cos((2m + ¢)/3) and cos((4m +
#)/3). As z, = 3A1(3A7 — 28%)/(2|9]) is a root of S(z) for ¢ = O — =, it
is clear that z, must be equal to one of the three roots x; = cos((6 — 7)/3),
x9 = cos((0 + m)/3) and x3 = cos((# + 37)/3). The polar decomposition of
¥ implies 0 < @ < 7 because sinf = I{V}/|¥| > 0. Therefore z; € (1/2,1),
ze € (—1/2,1/2) and x3 € (—1,—1/2). Finally, the positivity of 8 implies
that 304,/(20/3(342 — 242)) = 1/(2/1 — 262/(943)) > 1/2 and therefore
2, = x1, which implies that the third root wy, 3 corresponds to the physical

wave.

4.2. Stability for the Leap-Frog scheme

The dispersion relations for the SEM with a Leap-Frog time integrator are

given by

4 w? At
At?sin2< ol )w%,l, for 1 =1,2,3. (60)

The stability of the discrete scheme is controlled by the conditions

2
S 2 <
lI=nl?J2)7(3 {w;[ugl] wh’l(w)’ O} - At (61)

In this case, the maximum of the functions cannot be obtained explicitly so
the strategy described in [1] is followed. Setting kh = 2nK and A, = h*wj, ;/c3,
for [ = 1,2, 3, and using that wi,l are the roots of the characteristic polynomial,
leads to

P(\) = A\ —90A; A7 + 180082\ — 4w?T(\;) = 0. (62)

with w = sin(7K) and T(\;) = 6177 + 6052, + 180032.
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Taking the derivative of Equation (62) with respect to K and noting that
the maximum of );, and consequently the maximum of w,zlyl, is attained when
d\/dK = 0, leads to

wyV1—w?T(\) =0. (63)

Equation (63) contains three classes of solutions. As discussed in Appendix
A, the only two solutions relevant from the point of view of the stability of the

Leap-Frog scheme are

Yo =15 <3A1 +4/942 — 852> . oxa= [n + 73+ :j ; (64)

where 7; = 0;(1) for i = 1,2, 3.

The stability condition is therefore given by

a= < awm, (65)

with

M i (Vs ) (66)

It is worth noting that for a homogeneous medium the polynomial 7', which
reduces to the case presented in [1], has no real roots and there are only two
classes of solutions. It can also be observed that the well known homogeneous
stability condition aps = 2/4/6(7 + v/29) & 0.23 (see Table 1) is recovered when
B=A1=6 =06=1

4.83. Numerical examples

Three numerical examples are considered to validate the stability condition
derived in this Section and to illustrate that using a condition derived for the
homogeneous case can lead to either unstable results or inefficient simulations.

The domain = [0,1] is considered and the material parameters are defined as

v(x) = ¢1 + ¢ sin 2wz /h + ¢3), n(z) = 1 + Yo sin 2mz/h +13)  (67)

where the constants ¢; and v, for i = 1,2,3 are selected so that vy(z;) = v,
Y(@i1) = vi1, Y(@i2) = Yiz, 0(@i) = 16, N(@i1) = ni1 and (@i 2) = ;2.
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Figure 4: Relative error in the £2(Q) norm as a function of & = c,At/h for (a) Q1 =

Qy2 =10, Qp1 = Qp2 =1/10 and (b) Q4,1 =1, Q4,2 = 1/10, Qy1 = Qy,2 = 1/10. The

discontinuous line represents the stability limit corresponding to as.

The analytical solution given in Equation (38) is again considered and the
initial, boundary conditions and source term are derived from the exact solution
as usually done in the method of manufactured solutions. In all the examples,
the solution is advanced in time up to a final time T = 10 and the relative
error in the £2(£2) norm is measured. Analogously to the previous examples in
Section 3.4, the goal is to evaluate the accuracy of the stability limit derived for
cubic spectral elements with a periodic fluctuation of the material properties
and not to study the accuracy of the numerical scheme.

The first example considers v; = 10, v1 = 1, 32 = 1, 3, = 1, ;1 = 10
and 7;2 = 10. The stability condition from Equation (66) is aps ~ 0.03265
and it is given by the first term in the maximum in Equation (66). Figure 4
(a) shows the relative error in the £2() norm as a function of the value of «
considered to define the time step At for a uniform mesh with A = 0.01. It
can be clearly observed that when the time step is defined by using a value of
a < ayy stability is guaranteed, whereas a value of a > «j; leads to unstable
results. In this example, if the time step is computed using the results derived
from the homogeneous case, as detailed in Equation (36), the time step would

be selected as At = 2.15 x 1073 clearly leading to unstable results as it is more
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Yi,2 = 10, n; = 10, ;,;17 = 10 and 7; 2 = 1. The discontinuous line represents the stability

limit corresponding to ajs.

than two times higher than the bound derived for the heterogeneous case, i.e.
At < 8.78 x 107

The second example considers v; = 1, v;1 =1, v;20 = 10, 9, = 1, n;1 = 10
and 7, o = 10. The stability condition from Equation (66) is aps =~ 0.073814 and
it is now given by the second term in the maximum in Equation (66). Figure 4
(b) shows the relative error in the £2(£) norm as a function of the value of «
considered to define the time step At for a uniform mesh with h = 0.01. Again,
the results illustrate the validity of the stability limit found in this Section.
In this example, if the time step is computed using the results derived from
the homogeneous case (At &~ 6.81 x 1073) unstable results are obtained as the
stability limit induces a time step more than four times smaller, i.e. At <
1.55 x 1073,

The last example considers a case where the time step computed using the
homogeneous results leads to stable results but the simulation is less efficient
than if the time step was computed from the heterogeneous bound presented in
this Section. The material parameters are given by v; =1, v;,1 = 1, 7,2 = 10,
ni = 10, m;1 = 10 and n; 2 = 1. Figure 5 shows the relative error in the £2()
norm as a function of the value of o considered to define the time step At

for a uniform mesh with h = 0.01. Once more, the validity of the proposed

20



240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

stability limit is clearly demonstrated. In this case both terms in the maximum
in Equation (66) have a similar value, namely ys = 77.41 and x4 ~ 75.19. If the
time step is computed using the results derived from the homogeneous case, the
time step would be selected as At ~ 2.15 x 1073, exactly the same as in the first
example, leading to stable results here. When compared to the stability limit
for the heterogenerous case (i.e. At~ 4.08 x 1073), the results reveal that the
simulation using the time step computed from the homogeneous case results in
almost twice the cost of the simulation with the time step computed from the

heterogeneous stability limit.

5. Extensions

This Section briefly discusses three extensions of the analysis presented in
detail for quadratic and cubic spectral elements in Sections 3 and 4 respectively.
The extension to high-order polynomial approximations, larger periodicity of the

material parameter fields and higher dimensions are considered.

5.1. Higher order polynomial approximations

The Von Neumann stability analysis described in previous sections can be
extended to any order of the polynomial approximation. A detailed analysis,
as presented for the quadratic and cubic case, is difficult due to the increase
of the degree of the characteristic polynomial with the order of the polynomial
approximation. However, with the aid of a symbolic package it is possible to
obtain an exact expressions of the stability limit for a degree of approximation
p = 4. For higher orders, it is always possible to obtain an accurate approx-
imation of the stability limit by employing standard root finding algorithms
(e.g. Newton-Raphson) to estimate the value of the roots of the characteristic
polynomial.

Two examples are considered to validate the stability condition derived for

p = 4. The domain ©Q = [0,1] is considered and the material parameters are
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Figure 6: Relative error in the £2(Q) norm as a function of At for (a) v; = 10, ;1 = 1,
Yieg=1,7v3=10,m =1,1m,1 =10, 1m,2 =10, m;1 =l and (b) v; =4, vi;1 =2, vi2 =1,
Yi,3 =5, mi =3, m;,1 = 6, m;,2 = 1, ;1 = 4. The discontinuous line represents the stability

limit.
defined as

v(x) = ¢1 + o sin (2mz/h) + ¢z cos (2mx/h) + ¢4 sin® (27w /h) (68a)

n(xz) = 1 + o sin 2wz /h) + 13 cos (2ma/h) + 4 sin? (2w /h) (68Db)

where the constants ¢; and v, for i = 1,...,4, are selected so that v(z;) = v,
Y(zik) = Yig, n(z;) = m; and n(z;x) = m for k = 1...,3. The analytical
solution given in Equation (38) is again considered.

The first example considers v; = 10, v;1 =1, vi2 = 1, 733 = 10, n; = 1,
ni1 = 10, n;2 = 10 and n;; = 1. The stability condition derived with the aid
of a symbolic package is At ~ 5.0197 x 1073, Figure 6 (a) shows the relative
error in the £2(Q) norm as a function of the time step At for a uniform mesh
with h = 0.01. A second example is considered with v; =4, v;1 = 2, vi2 = 1,
Yig =5, i =3, ;1 =6, 7,2 =1 and 1,1 = 4. The stability condition is
At 7 1.3047 x 1073, Figure 6 (b) shows the relative error in the £2(£2) norm as
a function of the time step At.

In both cases, the results demonstrate the validity of the stability limit

obtained for quartic spectral elements.
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5.2. Larger periodicity of the material parameter fields

The extension to problems involving material properties whose periodicity
is larger than a single element is also possible using the Von Neumann analysis
described in previous sections. Once more, the difficulty increases due to the
higher degree of the characteristic polynomial. With the aid of a symbolic pack-
age, it is possible to obtain an exact expressions of the stability limit only for
quadratic spectral elements and periodicity equals to 2h, where h is the char-
acteristic element size. For higher orders approximations with periodicity 2h or
for larger periodicities, it is always possible to obtain an accurate approximation
of the stability limit by employing standard root finding algorithms.

Two examples are considered to validate the stability condition derived for
quadratic spectral elements and periodicity 2h. The domain = [0, 1] is con-
sidered and the material parameters are defined in Equation (68). In this case,
2h+1y 712k+1

the constants ¢; and ¢, for i = 1,...,4, are selected so that v(z] ,

@A) = 2T (@) = 42k, (@) = 425, (@) = gt @it =

=m 77(%,1 =
nilﬁl, n(2z*) = n* and n(zh) = n?% where the superscript is used to specify
odd and even element numbers.

The first example considers 72¥* = 10, ’yfﬁ“ =1, v =1, 'yf’{ = 10,
nfkﬂ =1, niliﬂ =10, n?* = 10 and nf’i = 1. The stability condition derived
with the aid of a symbolic package is At ~ 1.7167 x 1073, Figure 7 (a) shows
the relative error in the £2(2) norm as a function of the time step At for a

uniform mesh with A = 0.01. A second example is considered with 'yfkﬂ =4,

VAT =2, 9% =1, 928 =5, i =3, 2 =6, nF =1 and 9Pk = 4. The
stability condition is At ~ 3.6820 x 10~3. Figure 7 (b) shows the relative error
in the £2(Q) norm as a function of the time step At.

The results demonstrate the validity of the stability limit obtained for a
larger periodicity of the material parameter fields with quadratic approximation.
It is also worth noting that the magnitude of the material parameters at the
mesh nodes is the same as in the example with p = 4 spectral elements. However,

it is clear from the numerical results in Figures 6 and 7 that the stability limit

is significantly different, being more restrictive for high order approximations.
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5.3. Higher dimensions

Following the methodology described in [1, Section 12.2] (and originally de-
rived in [19, 20]) for homogeneous materials, the results presented in this paper
for one-dimensional problems can be easily extended to higher dimensions when
the functions that describe the material properties can be written as a tensor
product of one-dimensional functions.

Assuming the following decomposition in d dimensions:

d d
n(xlw"axd): H’flk(ﬂfk) ’Y(mla"'vxd): Hryk('rk)v (69)
k=1 k=1

where 1*(z) and v*(z;) denote the one-dimensional material field in the x
direction, it can be shown, using an extension of the original method described in
previous sections, that the roots of the characteristic equation correspond to the
sum of the roots of the one-dimensional characteristic equations corresponding

to one-dimensional material fields

d
wi (W) =Y wi; (w) I=1,...,p, k=1,...,d (70)
k=1
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where wy, ; (w) denotes a root of Equation (21) with parameter fields n*(xy)
and v*(zy). The stability limit can be written as

At < 2 . (71)

d
2
max sup w w) 1,0
1<l<p{we[—1,u (gzl ol )) }

With the aid of a symbolic package, it is possible to find the supremum of

Equation (71) for quadratic elements in two dimensions. For higher orders in
two dimensions, or higher dimensions, the supremum can be found by using
standard root finding algorithms.

Alternatively, an upper bound of the roots of the characteristic polynomial

corresponding to the multi-dimensional problem can be expressed as

d d
2 2
max sup w w)],0p < max sup w w),0
1sisp {we[—m] (; il )> } ; <1§l§p {we[—l,l] () })

(72)
and a conservative stability limit, using results from the one-dimensional anal-
ysis, reads

At < 2 . (73)

d

2
E max sup w w),0
Pt <1<l<p {we[—rl),l] k() })

It is worth noting that, if Equation (72) is an equality, then the stabil-
ity limit derived from a one-dimensional analysis is exact. Furthermore, when
Whil = ... = Wh,d, for I =1,...,p, the stability limit in d dimensions is ob-
tained by dividing the one-dimensional stability limit by v/d. A particular case
corresponds to a medium where the material properties in each dimension co-
incide, that is n'(z1) = ... = n%(x4) and ¥'(21) = ... = y%(24). This confirms
the results detailed in [1] for a homogeneous medium.

In the case of non-tensorised material properties (i.e. when Equation (69) is
not verified), one-dimensional results cannot be employed and the Von Neumann
stability analysis must be repeated for the full multi-dimensional problem.

Two examples in two dimensions are considered to validate the stability

limits derived for the multi-dimensional case with quadratic spectral elements.
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The domain Q = [0, 1]? is considered and the material parameters are defined,

similarly to the one-dimensional case with p = 2 presented in Section 3, as

V(@) = + (v}, — i) sin’(mz/h),  n(2) =0l + (0}, —ni)sin®(rz/h),
(74a)

V2(x) =7 + (V2 — ) sin’(mz/h),  nP(x) =n} + (0, —nf)sin®(nz/h).
(74b)

The first example considers a material with v} =1, v}, = 3,77 = 2,77, =4,
ni =2,nf, =6,n} =4andn?, =8. Figure 8 (a) shows the £(©2) norm of the
solution at time 7" = 10 as a function of A¢. The red and blue discontinuous
lines represent the stability limit of Equations (71) and (73) respectively. It can
be clearly observed that the stability limit derived for the multi-dimensional
problem is exact whereas the stability limit derived from the one-dimensional
analysis is conservative due to the bound introduced in Equation (72). A second
example is considered using a medium that leads to an equality in Equation (72),
meaning that the stability limit in Equation (73) is exact. Figure 8 (b) shows
the £2(Q) norm of the solution at time 7' = 10 as a function of At for a material
with v =1, %171 =3,72 =1, 72-271 =3, 0 =2, 171-171 =6, n? =2 and 7721 =6. In
this case the red and blue lines are overlapped as the two stability limits given

by Equations (71) and (73) coincide.

6. Numerical examples in randomly fluctuating media

This Section presents a number of examples of wave propagation in ran-
domly heterogeneous media. The periodicity hypothesis for the material prop-
erties does not hold and therefore, the stability analyses in Sections 3 and 4
are theoretically not valid. However, the objective is to show that the criteria
developed in this paper still provide reasonable estimates for the stability in

more complex scenarios.
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Figure 8: £2(Q) norm of the solution at time 7' = 10 as a function of At for (a) v} = 1,
Y= =29 =40 =20, =617 =417, =8and (b) 7} = 1,7}, =3,77 =1,
'yfl =3, 771-1 =2, ml ;1 =6, 7]12 =2, 17142 1 = 6. The red and blue discontinuous lines represent the

stability limit of Equations (71) and (73) respectively. In (b), the red and blue lines overlap.

6.1. Stability of wave propagation in quasi-periodic randomly heterogeneous me-
dia

The propagation of a wave in = [0,1] is considered. The domain is
meshed with 20 elements of length h = 0.05. The material properties are
randomly fluctuating within the elements, but always take the same value at
the vertices (see two examples in Figure 9). More specifically, the parame-
ters at all the vertices are 7; = 5 and ~; = 2, whereas within the elements
(one node for quadratic polynomials, and two nodes for cubic polynomials)

they are realisations of independent log-normal random variables with averages

n = E[n(z)] = 5 and v = E[y(z)] = 2 and variances 07 = E[(n(z) — n)?] = 32
and 02 = E[(y(x) — 7)?] = 2. Although there is no analytical solution for this

problem, the same boundary conditions, initial conditions and source term as in
the examples of Section 3.4 are considered. In all the examples, the solution is
advanced in time up to a final time 7' = 10 and the £2(2) norm of the solution
u(z,T) is measured.

The stability limits of Equation (32) and (66) are modified slightly because

the equivalent velocity c, is not constant throughout the elements. The stability
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Figure 9: Two realisations of the quasi-periodic randomly fluctuating properties for (a)
quadratic and (b) cubic polynomials. The solid and dashed fluctuating lines represent the
two realisations, respectively, and the lower line represents the mesh elements. The circles

indicate the position of the vertices.

limit is therefore taken directly in terms of the time step as

At < hmin (O‘M> : (75)

Cx
where the minimum is taken over all elements of the mesh, and aj); is given
by Equation (32) with element-dependent 8 and §, and (66) with element-
dependent 3, 61, d2 and Ay, for quadratic and cubic polynomials, respectively.
As only 20 elements are considered, there is a strong variability of the time
step (and the actual stability limit) computed for different realisations of the
material properties. Figure 10 presents the probability density function (PDF)
of the time step At computed with Equation (75) for different realisations of the
20 elements-long bar. As this PDF depends on the length, three different lengths
are considered. The estimations of the PDFs are obtained through Monte Carlo
sampling with 100,000 realisations and 50 bins for the histogram. As expected,
it can be observed that the stability limit becomes more stringent for longer
domains, for both quadratic and cubic polynomials. It is also interesting to
note that the heterogeneous stability limit is systematically higher than the
homogeneous stability limit (for this particular setting), which means that using
the homogeneous criterion would yield an unnecessary higher computational

cost.
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Figure 10: Probability density function of the time step A¢ computed with Equation (75) for
(a) quadratic and (b) cubic polynomials. The three solid lines correspond to lengths of 10,
20 and 50 elements respectively (the smallest At corresponds to the longest domain) and the
thin dashed line corresponds to the homogeneous stability criterion of Equation (36) for the

same lengths.

Figure 11 presents stability results, obtained for three different realisations
of the 20-element domain described above. As expected, the stability criterion
is not as precise as in the periodic case, since the theoretical derivation is not
applicable, but it is interesting to note that, for the three realisations considered,
the stability constant is both conservative and accurate. It is conservative in
the sense that instability seems to arise for larger time steps than predicted by
the stability coefficient. It is accurate in the sense that there is a very small
difference between the time step predicted and the time step for which instability
arises. This stability limit is compared to the homogeneous stability criterion of
Equation (36), which confirms the previous observation that the homogeneous
criterion is systematically overly conservative for this particular setting.

Finally, the relative distance to instability provided by the stability limit in
Equation (75) is computed for 1,000 samples of 20 elements of the bar of the
PDF. This relative distance is defined as

Atinstab — At

Dtl=2—m———
Atinstab + At’

(76)

where Atisiap is the time step at which instability emerges for a given sample.
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Figure 11: £2(Q) norm of the solution at time 7' = 10 as a function of At for three realisations
of a quasi-periodic randomly fluctuating case with (a) quadratic and (b) cubic polynomials.
The discontinuous red line represents the heterogeneous stability criterion of Equation (75),
and the discontinuous blue line correspond to the homogeneous stability criterion of Equa-

tion (36).

This coefficient is clearly expected to be small if the stability limit is accu-
rate and it is expected to be positive if the stability limit is conservative. The
PDF for the relative distance to instability is approximated using 50 bins and
represented in Figure 12. It is remarkable that, even though the theory is not
directly applicable because the material properties are not periodic, the stability
criterion is still both accurate and conservative. In particular, it is much more
accurate than the homogeneous stability limit estimated with Equation (36). It
is interesting to note that, even though it is mostly conservative, the homoge-
neous limit does induce instability in some cases (i.e. the dashed curve does not
vanish completely for negative values of the instability limit in Figure 12), at

least in the quadratic case.

6.2. Stability of wave propagation in randomly heterogeneous media

The following set of numerical examples considers the wave propagation in
a randomly heterogeneous medium. The constraint of having the same value

of the material properties in the mesh vertices is removed (see two examples

30



408

409

410

411

412

413

414

415

416

417

418

419

420

422

423

424

425

20 T T T T 20

10 10 ¢

1 = 5@
- A~ <~z
4 N ' RN
.- N - NS

0 = = 0
-1 -0.5 0 0.5 1 1.5 -1 -0.5 0 0.5 1 1.5

Relative distance to instability Relative distance to instability

ability density function

o

Probability density function

Figure 12: Probability density function of the relative distance (in time) to instability for
quadratic (left figure) and cubic polynomials (right figure). The solid lines represent the
heterogeneous stability criterion of Equation (75), and the discontinuous lines correspond to

the homogeneous stability criterion of Equation (36).

in Figure 13) and the applicability of the stability limits derived for periodic
material properties is studied numerically.

The parameters are realisations of statistically homogeneous random fields
with log-normal first-order marginal densities with averages n = E[n(x)] = 5 and
7 = E[y(z)] = 2 and variances o7 = E[(n(x) — n)?] = 32 and 02 = E[(y(z) —
1)2] = 2. As in the previous examples, the random fields of the two parameters
are assumed independent. The solution is advanced in time up to a final time
T =10 and the £2(2) norm of the solution u(T) is measured.

Computing the solution for 1000 realisations of the random fields, either
with quadratic or cubic polynomials, it is possible to construct the PDF of the
relative distance to instability, as in Equation (76). These PDF are represented
in Figure 14. Contrary to the case of the quasi-periodic fields, the heteroge-
neous stability criterion of Equation (75) is not always conservative, although
it remains rather accurate. Comparing this limit to the homogeneous stabil-
ity criterion of Equation (36), it is not very clear which estimate is the most
appropriate for a given simulation. Indeed, in most cases, conservatism would
probably be preferred over precision. Indeed, running into instability forces the

user to restart the simulation completely, while a slightly over-constrained time
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Figure 13: Two realisations of the non-periodic randomly-fluctuating properties for (a)
quadratic and (b) cubic polynomials. The solid and dashed fluctuating lines represent the
two realisations, respectively, and the lower line represents the mesh elements. The circles

indicate the position of the vertices.
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Figure 14: Probability density function of the relative distance (in time) to instability for
quadratic (left figure) and cubic polynomials (right figure). The solid lines represent the
heterogeneous stability criterion of Equation (75), and the discontinuous lines correspond to

the homogeneous stability criterion of Equation (36).

step only means a longer simulation time. This conclusion remains the same for

both quadratic and cubic polynomials.
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6.3. Influence of correlation length

Finally, correlated random fields for the parameters are considered, instead
of the white noise that was considered in previous examples with randomly
fluctuating material properties. The first-order marginal densities of the random
fields are the same as in the previous section. In addition, triangular power
density spectra is considered, with correlation length ¢, = h and ¢, = 3h. From
these random models, realisations can be drawn (using for instance the spectral
representation method [21]) to obtain values of the material parameters at the
vertices and at the interior nodes. Computing the solution for 1,000 realisations
of the random fields, either with quadratic or cubic polynomials, the PDF's of the
relative distance to instability, as in Equation (76), are displayed in Figure 15.
To better analyse the results, the results reported in Figure 14, which formally
corresponds to £. = 0, should be also considered. Similarly to the examples
with randomly fluctuating material properties, the heterogeneous criterion is
overall less conservative and more precise than the homogeneous criterion. As
expected, the two curves are closer when the correlation length increases, since

this corresponds to material properties being close to a homogeneous medium.

7. Concluding remarks

The stability of an explicit time marching algorithm for the spectral ele-
ment method in a medium with periodically fluctuating material parameters
has been discussed. A detailed Von Neumann stability analysis is presented for
quadratic and cubic polynomial approximations under the assumption of peri-
odic heterogeneous media with period equal to the characteristic element size.
The theoretical stability limits are demonstrated to be valid using numerical
examples. More important, the analysis reveals the origin of instabilities that
are often observed when the stability limit derived for homogeneous materials
is adapted by simply changing the velocity of the wave to account for the ma-

terial heterogeneity. The numerical examples show that adapting homogeneous
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Figure 15: Probability density function of the relative distance (in time) to instability for
1000 realisations of correlated samples. The solid lines represent the heterogeneous stability
criterion of Equation (75) and the discontinuous lines correspond to the homogeneous stability

criterion of Equation (36).

formulae for heterogeneous media leads to either instability or to unnecessary
increased computational resources.

Extensions of the results derived for quadratic and cubic one-dimensional
spectral elements are discussed, including higher order approximations, differ-
ent periodicity of the material parameters and higher dimensions. The main
limitation of the analysis presented here is that exact formulas can only be de-
rived when the degree of the characteristic polynomial is low (i.e. moderate

polynomial orders of approximation, moderate period of the material parame-
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ters compared to the element sizes), despite the methodology is still applicable
when combined with a root finding algorithm.

Extensive numerical results demonstrate the validity of the new stability
limits derived for heterogeneous materials with periodic fluctuation. In addition,
further numerical experiments of the stability for randomly fluctuating material
properties are presented. These numerical experiments reveal that the stability
limits derived for periodically fluctuating material properties are precise when
the material parameters take the same value at the vertices of the mesh. In

contrast, for fully randomly fluctuating material properties its accuracy is lower.
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Appendix A. Solutions of Equation (63)

The three classes of solutions of Equation (63) and their relevance to the

stability of the Leap-Frog scheme are discussed in this Appendix.

Appendiz A.1. Solutions corresponding to w =0

Introducing w = 0 into the characteristic polynomial of Equation (62), the

following cubic equation is obtained
AP — 90417 4 18003\, = 0, (A1)

whose solutions are

x1=0, x2=15 (3A1 + \/QA% — 8&2) , Xx3=15 <3A1 — \/QA% — 8ﬁ2> .

(A.2)
Using the definition of the parameters A; and (3, and after algebraic manipula-
tions, it can be shown that the condition 94% — 832 > 0 is equivalent to

(i +7i,1)? n (i +3i2)” | (i +7i)” + (37 + 7i,2)? 87
11,2 1niMi,1 5179 5174 51i,17i,2

5
+ 2 ((2% +7%,1)° + dvivie + 2912 + %—2,2> >0 (A.3)

which is clearly satisfied for any choice of the material parameters. Therefore,
the three solutions in Equation (A.2) are always real. More importantly, the
maximum of the three solutions is always attained by x2, meaning that this is

the only relevant solution for the stability of the Leap-Frog scheme.

Appendiz A.2. Solutions corresponding to w? = 1

Introducing w? = 1 into the characteristic polynomial of Equation (62), the

following cubic equation is obtained
AP — 301 (1)A] + 609(1)\; — 203(1) = 0, (A.4)
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and the three roots are

Xo =T +7s+ 2, (A.5)
T3
1 3
X5—71—<T3+72>+\[<T3—T2>I (A.6)
2 T3 2 T3
T2 V3 T2
—rm—= YoV, g A
w=n-p(n+2) -2 (n-2) (A7)

where 7; = 0;(1) for i = 1,2, 3.

From the definitions in Equations (48) and (49), it is clear that 71 and 7
are real, whereas 73 can be real or complex.

If 73 is real, then x4 is real and x5 and yg are complex. In this case only x4
is relevant from the point of view of the stability of the Leap-Frog scheme.

If 73 is complex then it can be shown that 7 = |73| by using Equation (49).

This implies that x4, x5 and xg are real and they can be rewritten as

Xa = T1 + 2R{73}, (A.8)
X5 = 11— R{m3} — V33{ms}, (A.9)
X6 =11 — R{73} + V33{rs}, (A.10)

It is possible to prove that y4 is always the maximum of the three roots and
therefore it is the only relevant from the point of view of the stability of the
Leap-Frog scheme. Using the polar representation of a complex number, 75 can
be written as 73 = \/7z[cos(f) + isin()]'/? where tan(0) = /75 — 72/7. It is
worth noting that 75 — 72 > 0 because of the assumption of 73 being complex.

The application of the De Moivre’s theorem [18] leads to
R{r3} = /T2 cos(6/3), {13} = /T2sin(6/3). (A.11)

Finally, it can be observed that, if 8 € [0,7), then ${m3} > 0. This clearly
implies that xs > 5. More importantly, 6 € [0, 7) leads to 3R{73} > V33{73},
which is equivalent to x4 > Xxg. An analogous argument can be used to prove
that x4 > x5 > x6 when 6 € (—m,0]. It is worth mentioning that the case § = 7

corresponds to 73 being real.
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Appendiz A.3. Solutions corresponding to the roots of the polynomial T

The number of real roots of the polynomial T" depends upon the param-
eters 01 and d2. If §; # 0 the two roots of T are real, namely —30(dy +
\/W)/dl. If 1 = 0 and d2 # 0, there is only one real root, that is
—308%/82. Finally, if 6; = do = 0, T has no real roots.

Introducing A\; = —30(dy + /62 — 23261) /61 in Equation (62) leads to

<52 + \/53 — 25251) (252 + 3A151) + 2,@251(51 — 1) =0, (A12)

provided that §; # 0. Analogously, introducing \; = —3032 /8 in Equation (62)
leads to

B2+ 05(3A; +285) = 0, (A.13)

provided that §; = 0 and do # 0.

From Equation (62), it is clear that the solutions corresponding to the roots
of T correspond to the solutions described in Appendix A.1 (i.e. when w = 0)
with extra restrictions on the material parameters given by Equations (A.12)
and (A.13). Therefore, the solutions corresponding to the roots of the polyno-
mial T are already included by the solutions given by Equation (A.2).

Appendiz A.4. Positivity of the solutions x2 and x4

The positivity of the two solutions relevant to the stability of the Leap-Frog
scheme, namely y2 and x4, is discussed next. The positivity of ys is clear as
B >0, A; > 0 and, as previously discussed, 947 — 832 > 0.

In order to discuss the positivity of x4, two cases are considered. If 73 is
complex, it is possible to show that x4 = 71 + 2R{73} > 0 because 71 > 0 and
cos(0/3) > 0,¥8 € (—m,m). It is worth noting that the condition 7, > 0 is
equivalent to

459?: n %’1;7_71.%2 n 3’Yi77":"27i,1 n 3%77":1%,2 S
which is clearly satisfied for any combination of the material parameters. Fi-

0, (A.14)

nally, if 73 is real it is easy to show that 7 + 75 + :—i > 0 because it is the
maximum root and the polynomial P of Equation (62) satisfies that P(0) < 0
and )\lim P(\;) > 0.

1 —> 00
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