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THE NYQUIST SAMPLING RATE FOR SPIRALING CURVES
PHILIPPE JAMING, FELIPE NEGREIRA AND JOSE LUIS ROMERO

ABSTRACT. We consider the problem of reconstructing a compactly supported
function from samples of its Fourier transform taken along a spiral. We deter-
mine the Nyquist sampling rate in terms of the density of the spiral and show
that below this rate spirals suffer from an approximate form of aliasing. This
sets a limit to the amount of undersampling that compressible signals admit
when sampled along spirals. More precisely, we derive a lower bound on the
condition number for the reconstruction of functions of bounded variation, and
for functions that are sparse in the Haar wavelet basis.

1. INTRODUCTION

1.1. The mobile sampling problem. In this article, we consider the recon-
struction of a compactly supported function from samples of its Fourier transform
taken along certain curves, that we call spiraling. This problem is relevant, for ex-
ample, in magnetic resonance imaging (MRI), where the anatomy and physiology
of a person are captured by moving sensors.

The Fourier sampling problem is equivalent to the sampling problem for ban-
dlimited functions - that is, functions whose Fourier transform are supported on
a given compact set. The most classical setting concerns functions of one real
variable with Fourier transform supported on the unit interval [—1/2,1/2], and
sampled on a grid nZ, with n > 0. The sampling rate n determines whether every
bandlimited function can be reconstructed from its samples: reconstruction fails
if n > 1 and succeeds if n < 1 [41]. The transition value n = 1 is known as the
Nyquist sampling rate, and it is the benchmark for all sampling schemes: modern
sampling strategies that exploit the particular structure of a certain class of signals
are praised because they achieve sub-Nyquist sampling rates.
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The sampling theory for bandlimited functions extends to high dimension and
irregular sampling geometries [6, 16, 27|, and it is instrumental in the analysis
of sampling schemes arising from continuous curves [5]. The key notion is the
Beurling density of a set, which measures the average number of samples per unit
volume.

Beurling’s density, however, does not properly reflect the acquisition cost when
samples are taken along continuous trajectories. In this case, a more relevant
metric is the average length covered by a curve, as a proxy for scanning times
40, 39, 36, 10, 12]. For example, when sampling a function bandlimited to a
compact set 2 C R? along equispaced parallel lines with direction v € S9!,

Lﬁm = {t17+ 7’}/(317]_ teR ke Z},

the critical sampling rate is dictated by the separation between lines n > 0, and
by the measure of the maximal cross section of €2 by hyperplanes perpendicular
to ¢ [40, 39]. With the introduction of an adequate notion of path-density, similar
results hold also for arbitrary families of parallel lines [23].

The analysis of general sampling trajectories in terms of length and density is
very subtle and challenging, and little can be said in full generality [23]. Never-
theless, a solution to the mobile sampling problem is expected to be possible for
concrete parametric families of curves.

1.2. Necessary and sufficient recovery guarantees for spiraling curves. A
first contribution of this article is to give sharp necessary and sufficient conditions
for Fourier sampling for a parametric family of curves, that we call spiraling. The
main examples of these curves are the Archimedes spiral

(1.1) A" = {(nf cos 2w, nl sin 270) : 6 > 0}
and the collection of concentric circles
(1.2) O" = {(z,y) : 2* + y* = °k* k € N},

see Figure 1.

We identify the precise Nyquist rate of these curves in terms of the density
parameter n. To be specific, we say that that I', the image of a curve, is a Fourier
sampling trajectory for € - or a sampling trajectory for the Paley-Wiener space
PW?2(Q) - if the following continuous sampling inequality holds:

(1.3) Al </F\f(€)l2d7il(€) <B|fll;,  fe LX),

where A, B > 0 are stability constants, and H' is the one dimensional Hausdorff
(length) measure (see [33, 26]). Equivalently, I' is a sampling trajectory if it
contains a discrete sampling set (see Section 1.4).

Our first result reads as follows.

Theorem A. Let  C R? be a centered symmetric convex body.



THE NYQUIST SAMPLING RATE FOR SPIRALING CURVES 3

FIGURE 1. Archimedes spiral (left) and concentric circles (right)
with separation 7.

(i) If diam(2)n < 1, then the Archimedes spiral A" and the collection of
concentric circles O" are sampling trajectories for PW?((Q).

(ii) If diam(2)n > 1, then neither the Archimedes spiral A” nor the collection
of concentric circles O" are sampling trajectories for PW?(().

Part (i) in Theorem A is due to Benedetto and Wu in the context of pointwise
sampling [5]. Our contribution is mainly in (7).

1.3. Compressible signals and sampling below the Nyquist rate. Having
identified the Nyquist rate of spiraling curves, we look into undersampling. Mod-
ern sampling schemes exploit the fact that many signals of interest are highly
compressible, and this information is leveraged to sample below the Nyquist rate.
For example, functions defined on the unit square, and obeying a variation bound

F(W) = {f € L*([-1/2,1/2)?) : var(f) < W}

are compactly represented in a wavelet basis. Here, the resolution parameter W
essentially controls the number of active wavelet coefficients [13, 15].

The stability of sampling schemes restricted to such signals is expressed by the
inverse condition number !

nf{[|f = gll 2y Fr9 € FOV), I f = gll, < e}

where pp := H'|r is the arc-measure. Since, e ' F(W) = F(e'W), and F(W) C
F(W)—=F(W) C F(2W), the analysis of the condition number for small e reduces
to the large W asymptotics of the stability margin:

AL, FW)) == mf{[| fll 2 : 1], < L, f € FW)}.

In standard terminology, the condition number of the sampling problem f|T" — f is related
to the reciprocal of this quantity.
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According to Theorem A, the critical value for the reconstruction of functions
defined on the unit square with either A" or O" is ) = v/2/2. We consider spirals
with density slightly under the critical value and prove the following.

Theorem B. Let = (1 +¢)v/2/2 with ¢ € (0,1), and I' = A7 or I' = O". Then
for W > 0,
AL, F(W)) < CeW) V2 (In*(eW) + 1),

where C' > 0 is a universal constant.

Theorem B thus sets a limit to the capacity of spirals to acquire all compressible
signals below the Nyquist rate. Informally, it says that when undersampling by a
small factor (1 —€), one can only recover functions up to resolution W ~ ¢~ with
a stable condition number.

A variant of Theorem B can be formulated in terms of the Haar wavelet. Let
Yn.s be the class of functions on [—1/2,1/2]? with N non-zero Haar coefficients,
all of them taken with scale at most J. We have the following estimate.

Theorem C. Let W > 1,1 = (14+¢)y/2/2 withe € (0,1) and ' = A" or I = O".
Then for N > 1,
AT, Sy ) < CN~ Ve (CN),

where J = C'ln(¢7'N) and C > 0 is a universal constant.

Informally, Theorem C says that when undersampling by a small factor (1 —¢),
on can recover at most N ~ ¢~% Haar coefficients with a stable condition number.
Theorem C complements related results that limit the wavelet-sparsity of dis-
crete signals that can be sampled on unions of parallel lines [8]. Let us mention
that the sparsity model X ; is rather crude. Modern results in sparse recovery
exploit the fine multiscale structure of the wavelet coefficients of natural signals

[3]-

1.4. Overview. The problem of sampling the Fourier transform of a compactly
supported function is equivalent to the sampling problem for the Paley-Wiener of
bandlimited functions. We make essential use of Beurling’s sampling theory. The
sufficient sampling condition in Theorem A follows from Beurling’s gap covering
Theorem [6], as done in [5]. The necessary condition in Theorem A is more
challenging: little of the ample literature on necessary conditions for sampling
(28, 27, 24, 25, 31, 18, 4, 17, 19] is applicable to sampling on curves, because the
new relevant metric (length) is fundamentally different from the one corresponding
to pointwise sampling (cardinality) [23].

Our main results show that spirals behave qualitatively like unions of parallel
lines. While the analysis of sampling on parallel lines is based on periodization
arguments [40, 39] and cross sections of the Fourier spectrum [23], in order to treat
spirals, we develop approximate versions of those tools. The main observation
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is that an adequate sequence of translates of a spiral converges to a union of
parallel lines, locally in the Hausdorff metric. This allows us to apply Beurling’s
characterization of sampling in terms of weak limits [6, 7, 35].

In order to apply weak-limit techniques to curves, we first need to connect point-
wise and continuous sampling. We provide a variation of a result from Ortega-
Cerda on sampling measures [33], and show that, under mild regularity assump-
tions, the continuous sampling inequality (1.3) is equivalent to the existence of a
sampling set contained in the sampling trajectory I' - see Section 3.1 for precise
definitions.

Theorem D. Let I' € R? be a regular trajectory, and Q C R? bounded with
positive measure. Then T is a sampling trajectory for PW?(Q) if and only if there
exists A C I' sampling set for PW?2(Q).

Theorem D shows that two common formulations of the mobile sampling prob-
lem are equivalent [40, 39]. As a further consequence of Theorem D, the sampling
relation (1.3) also expresses the stability of a vast collection of sampling schemes,
where functions are sampled on finite portions of the sampling trajectory I', and
are reconstructed within a precisely described numerical accuracy [37, 38, 7, 1],
and leads to well-understood truncation errors [24, 25| and implementation strate-
gies [21, 42, 34, 20].

As a second step we show that spirals suffer from approzimate aliasing. Aliasing
is the name given in signal processing to the artifacts produced by sampling on a
lattice below the Nyquist rate. Aliasing is also the most obvious obstruction to
subsampling compressible signals, and, heuristically, the success of sub-Nyquist
sampling schemes relies on the fact that they avoid regular patterns [11, 29]. We
quantify the rate of converge of spirals to parallel lines and derive approximate
aliasing for the curves A" (1.1) and O" (1.2). As a consequence we obtain an upper
bound on the stability margin for the reconstruction of functions of bounded vari-
ation (Theorem B) or of functions that have few active Haar coefficients (Theorem
C). These results underscore the need for a certain level of randomness in struc-
tured sampling [9] and for refined multiscale models [2, 3] that apply to generic
signals.

This article is organized as follows: in Section 2 we review standard notions from
sampling theory and provide preliminary results; in Section 3 we derive the char-
acterization of sampling trajectories (Theorem D) and introduce spiraling curves;
in Section 4 we give necessary and sufficient conditions for sampling on spiral-
ing curves, and prove Theorem A; in Section 5 quantify the rate of convergence
of spirals to collections of parallel lines and explore consequences on approximate

aliasing; and in Section 6 we prove the results on sub-Nyquist sampling, Theorems
B and C.
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2. PRELIMINARIES ON POINTWISE SAMPLING

2.1. Notation. Throughout this paper, we will adopt the following notation: on
RY, |-] and (-,-) are the usual Euclidean norm and scalar product. For sets we
will use diamE = sup, e |z — y|, dist(E, F) = infepyer |z — y|. The balls are
denoted by B,.(z) :== {y € R? : |y — x| < r}. For points on R? we will use the
notation z = (x1, ), and additionally, vectors on S! we will written as (Z lq, and
if d = (21, 22) we set d, = (—x,7,). Clockwise rotations in R? will be denoted
by Raong with 6 € [0,1) and where 276 is the angle of rotation. Unless otherwise
stated, measures on R? are assumed to take values in [0, +o0].

Throughout the paper, for A, B € R, A < B means that there exist a constant
C' > 0 independent from A and B such that A < CB. For functions (or measures)
fy9, f < g means that f(x) < Cg(z) for all x where f and g are defined. Further,
A =< B, means A < B < A (and the same for functions or measures). When
we want to particularly stress the dependence of the implicit constant C' on other
factors we may write instead C,, C, Cap, .. ..

2.2. Convex bodies. A set Q C R?is called a convez body if it is convex, compact
and has non-empty interior. A convex body is called centered if 0 € 2° and
symmetric if @ = —. We will frequently use the fact that, for a centered convex
symmetric body (2,

(2.4) QC(1+e)Q%and (1-2)QCQ°, e€(0,1).

2.3. Paley-Wiener spaces. Let us begin by recalling the definition of the stan-
dard function spaces involved in sampling theorems. Here and thereafter we will
consider the normalized version of the Fourier transform:

fle) = [ e @

for f : R? — R integrable. The Fourier transform is then extended to Schwartz
distributions in the usual way.

Definition 2.1. Let Q C R? be a convex body and 1 < p < oco. We define
PWP(Q) as the subset of LP(R?) consisting of Fourier transforms of distributions
supported in €.

The classical Paley-Wiener space corresponds to p = 2, while p = oo yields
the Bernstein space. This latter space models possibly non-decaying bandlimited
signals, although it has some disadvantages for signal processing, such as lack of
invariance under the Hilbert transform. (A remedy to some of these obstacles has
been proposed in [30].)

These spaces can also be characterized in terms of entire functions of exponential
type. This is the so-called Paley-Wiener Theorem, see, e.g., [43, Theorem 2.18].
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Theorem 2.2. Given a convex body Q@ C R? and 1 < p < oo, there exists a
constant ¢ > 0 depending only on S such that every f € PWP(Q) can be extended
to an entire function with

[flz+iy)| S e,y eR?

Paley-Wiener functions also enjoy the following norm control of their analytic
extensions on horizontal lines.

Theorem 2.3. Let f be an entire function in C* with | f(z + iy)| < MedY! for all
z,y € RY and where M,c > 0 are constants. If f(z) € LP(RY) with 1 < p < o0
then for all y € RY,

x + )P dz < e )P dz
[+l < e [ ir)

with the usual modifications when p = oco.

For 1 < p < oo, Theorem 2.3 is referred as the Plancharel-Pélya inequality and
for p = 0o as the Phragmén—Lindeldf principle; see, e.g., [43, Theorem 2.11 and
2.16].

2.4. Sampling sets and Beurling’s gap theorem. A set A C R? it is said to
be sampling for PWP(Q) if

1A, = W lleegny: € PWP(S),

1/p .
where || fllpny = (Xaea [FF) 77, if p < 0o, and || fljee(a) = supren [F(V)]-
A set A C R? is separated if its separation

inf A= N|
AN EANAN
is positive, and it is relatively dense if its gap (or hole)
ap(A) := sup inf |z — A
gap(A) = sup inf |z = A
is finite.
The most effective sufficient condition for sampling bandlimited functions in
high dimension is formulated in terms of gaps, and is due to Beurling [6, 7] - see

also [5, 32].

Theorem 2.4. Let A C R? and R > 0. If gap(A) < 1/(2R) then A is a sampling
set for PW>(Bg/2(0)).

The value 1/(2R) in Theorem 2.4 is critical in the sense that there exists a set
A with gap(A) = 1/(2R) that is not sampling for the spectrum Bg/»(0). On the
other hand, as examples of Theorem 2.4 we note that

(2.5) gap(A”) = gap(0") = /2,
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see e.g. [5, Example 2], and hence these sets are sampling for PW>(Bg/,(0))
whenever nR < 1.

While Theorem 2.4 applies to arbitrary sets, sometimes it is convenient to work
with separated sets. We state without proof the following elementary lemma.

Lemma 2.5. Let A C R, and R > gap(A). Then there exists a separated set
A C A such that gap(A') < R.

2.5. Sampling with different norms. The following classical result shows that
the sampling problems associated with PW?2 and PW*® are almost equivalent.
See [32, Theorem 2.1] for a simple proof.

Theorem 2.6. Let A C R be a separated set,  C RY a compact set of positive
measure and € > 0.

(i) If A is sampling for PW?(Q + B.(0)) then it is sampling for PW>().
(ii) If A is sampling for PW>=(Q + B.(0)) then it is sampling for PW?(Q).

As an application, we obtain the following corollary for convex bodies.

Corollary 2.7. Let A C R? be a separated set, Q C RY a centered conver sym-
metric body and ¢ € (0,1).

(i) If A is sampling for PW?(Q), then it is sampling for PW*((1 — ¢)Q).
(ii) If A is sampling for PW>(Q), then it is sampling for PW?((1 —¢)Q).
Proof. By (2.4), (1 —¢)Q2 C Q°. Since € is compact, this implies that
dist((1 — )9, (2°)°) > &,

and, therefore, (1 —¢)Q + B.(0) C Q. The conclusions now follow from Theorem
2.6. Il

2.6. Characterization of sampling with weak limits.

Definition 2.8. A set A C R? is called a set of uniqueness for PWP(Q) if f €
PWP(Q) with f|p = 0 implies f = 0.

Sampling sets are sets of uniqueness. The converse is not true, but it is a re-
markable insight due to Beurling, that it is still possible to characterize a sampling
set through the uniqueness of what are called its weak limits.

Definition 2.9. Let A C R? be a closed set and let {A,},>1 be a sequence of
closed sets. Then we say that {A,},>1 converges weakly to A if for all R,e > 0
there exist ng. such that

An N (_Ru R)d CA+ B(076)7
AN (=R,R)* C A, + B(0,¢),

hold for all n > ng.. In such case we write A,, 5 A.
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The type of weak limits that are needed to characterize sampling sets are those
resulting from translates. We will denote the set of weak limits of translates of A
by W(A). Hence, A’ € W(A) if and only if there exists a sequence {x, },eny C R?
such that A + z,, — A’

Theorem 2.10 (Beurling, [7, Theorem 3, pg. 345]). Let Q C R? be a closed
convex set and let A C RY. Then A is a sampling set for PW>=(Q) if and only if
for all weak limits A" € W(A), A’ is a set of uniqueness for PW>(Q).

We will use the following compactness result. See, e.g., [22, Section 4] for proofs.

Lemma 2.11. Let A C R? be a separated set and {Zp}ns1 C RY. Then there exists
a subsequence {,, }r>1 and a separated set A’ C R? such that A + x,, — A’

2.7. Sampling measures. A Borel measure p on R? is said to be sampling for
PWP(Q) if

1L, = oy, f € PWP(Q),

where || fll oy = (fpa |£(@)]" dp)?, if p < 00, and || f| () = esssup,|f].
Viewed in this way, a set A is sampling when the associated point measure

Or 1= Y yeca Ox is @ sampling measure. Let us first notice that sampling measures
are uniformly bounded:

Lemma 2.12. Let Q C R? be a convex body and 1 < p < co. Let j1 be a sampling
measure for PWP(Q). Then, for all R > 0, sup,cga p(Br(z)) < 00.

Proof. First note that it is enough to construct f, € PW?(Q) such that |fy| 2
X(-R,R)4, where the implied constant may depend on R. Indeed, once fy is given, we
define f,(t) := fo(t — =) and note that j/’;(f) = 6*2”””5]%({) so that f, € PWP(Q).

Moreover, since p is sampling, we get

u(Br(x)) < pl(x = R+ R)) S I fallzg = Iflly = Lol

Next, to construct fy, we take ¢ > 0 such that (—¢,¢)? C Q. If we find ¢ €
PWP(—¢,¢) such that, for every R, |p| 2 x(rr) then fo(z1,...,24) = @(x1) X
- X @(xq) will do.

Now let ¢ = X(—c/2,/2) * X(—¢/2,/2) SO that

— 1) has support (—¢,¢);

— 1) = Py where @g(t) = <
every 1 < p < +o0;

— (o is continuous, ¢y > 0 and ¢o(z) = 0 if and only if © = k/e, k € Z \ {0}.
Let us now define ¢(z) = ¢o(z) + @o(z + 1/2¢). Of course, ¢ € PWP(—¢,¢) for
every 1 < p < +oo. Further, ¢ is continuous and does not vanish. Thus, for every

: 2
w) . In particular, py € PWP(—¢,¢) for
T

R, ¢ 2 X(-r,r)- The proof is thus complete. ]
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We now show that for any sampling measure we can extract a weighted sampling
set. The argument mirrors that of [33] for functions on the Bargmann-Fock space.

Theorem 2.13. Let Q C R? be a convex body and 1 < p < oo. Let y1 a Bore-
lian measure in R? such that sup,cga p1(Br(x)) < oco. Let r > 0 and {Q"}, a
(measumble) covering of R with finite multiplicity and sup,, diamQ" < r, and set
= > (@n)dar where a], € Q7 are arbitrary points.
Then there exists a constant Cq,, > 0 such that p is sampling for PWP(Q) if
and only if i is sampling for PWP(QQ) when r < Cq.,.

Remark 2.14. The condition sup,cga pt(Br(z)) < oo is necessary for the state-
ment to hold. Indeed, if p is sampling for PWP(Q2), this is Lemma 2.12. On
the other hand, if uF is sampling for PWP(2) then Lemma 2.12 shows that
Sup,cpa fi(Br(x)) < oo for all R > 0. But, for p > 0 and x € R?,

nBox) < Yo ul@) < u(Bpr(2) S 1.

By (@)NQy 0

since {Q7 }, is a covering with sup,, diam@), < r

Proof of Theorem 2.13. Let f € PWP(Q). First note that since {Q'},, is a cover-
ing of R? of finite multiplicity then

(2.6) [ 1@ duta) =% / 2)|P du(e)

It follows that, u is sampling if

2.7) [ sz = > / ) dpa

and by definition p; is sampling if

2.9 [ 1r@p s = S Is@ru@)).

Next, using the inequality (a + b)? < 2P~(a? + 0P) in each QT we see that

Z/ o) du(z) 2?12/ a2 + 1 f ()P dpu(z)
NS [l

where I(r) =3 fQT |f(x) — f(ab)|” du(z). Similarly,
ICALCAEDS / @) du(z)
“Z/ @ S 100+ 3 [ 15t
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With this, it is sufficient for proving that (2.7) and (2.8) are equivalent to show
that I(r) is small enough when r is small. Precisely, we will now show that there
exist a function ¢(r) with ¢(r) —e 0 such that

r—

29) 10 <o0) [ Il da.

We proceed to prove (2.9). Since f(x) € PWP?(Q) then, by Theorem 2.2, it has a
complex extension f(z 4+ iy) which is an entire function of exponential type (with
constants depending on 2). Hence, in particular, f it is harmonic on C? and
satisfies the mean value theorem that we write in the form f = f * 15 ( )‘XBI( )-

Further iterating this formula, we get f = f % ¢ with ¢ = |Bl( B @ XBi(0) * *
B ( B XB1(0)- Finally, notice that if we iterate sufficiently many times, ¢ is a
compactly supported function of class C'. Thus

F@)— FE@)P = 1(f * 9)(@) — (f * S)al)P
< ([, 1+ —y =i - el -y - i)l dyas)

Let 79 > 0 be such that supp(y¢) C B,,(0), and let z € Q!,. From |z —a| <
diam@), < r and the fact that both x and a], are real we get that ¢(x —y —iz) —
p(al —y —iz) is supported in A.(z) :={y+iz € CV: |y —z| <r+ro,|2| <ro}.
Thus

p
)= slanP < ([ 1+ et —y—i2) = ot~y =i )
Next, we apply Holder’s inequality
0 = F@)P < llplo = =) = e = = iy oy [ IF+ i)y
Ar(x)

where 1/p'+1/p = 1. We bound [¢(z — - —i-) — ¢(ay, —- —@)|[} (A (a by using
the fact that ¢ € C! and then applying the Mean Value Theorem

[o(z —y —iz) —pla, —y —iz)| <7Vl
which holds for all y + iz € C¢. Therefore

(@ =) = (@), = - M 4,y S 771 A (@) PP = P20 =2 ().
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Running the sum over all n we get

Z/T )l dufa)
Z// f(y +i2) dy dz dp(a)

0 [, ) 1 dvdsdute
= )P dydzd .
o(r) / d / = /| i dydedute)

since {Q" },, has finite multiplicity. Fubini’s theorem then implies

p
L|<ro /IR;d/m y\<r+ro )|f(y+22)‘ dydz
S (W)/ fy +i2)P dy dz
|z[<ro

since sup,cpa p4(Briry(z)) < 00. Finally applying Theorem 2.3 we get

0 [ 1.

Eventually multiplying ¢(r) by constants, this gives (2.9). O

Remark 2.15. Theorem 2.13 also extends to the case p = oo, provided that the
conclusion of Lemma 2.12 is assumed to hold, or even under the assumption that
SUp,epd ((Br(z)) < oo for some R > 0.

3. SAMPLING TRAJECTORIES AND SPIRALING CURVES

3.1. Sampling trajectories. A curve is a measurable map v : R — R (which
we do not require to be continuous). A trajectory I' is the image of a curve:
I' :== y(R). The restriction of the one-dimensional Hausdorff measure to I' is
denoted pr := Hi. A trajectory T is called regular if there exists ro > 0 such that
for all » < rg there exist ¢, > 0 for which

(3.10) Hellf“ pr(By(z)) = ¢,

A trajectory T' is called a sampling trajectory for PWP(Q) if ur is a sampling
measure, i.e.,

T / @A (@), e PWPQ),

with the usual modification for p = oco.
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3.2. Characterization of sampling trajectories. Using the general result we
proved for sampling measures, Theorem 2.13, we can show how to extract a sam-
pling set from a sampling trajectory. This is Theorem D presented in the Intro-
duction and that we recall here for the convenience of the reader:

Theorem D. Let I' C R? be a regular trajectory, 2 C R? bounded with positive
measure. Then T is a sampling trajectory for PW?(Q) if and only if there exists
A C T sampling for PW?(Q). Moreover, A can always be chosen to be separated.

Remark 3.1. Although the statement concerns PW?, we remark that the following
proof is still valid for any PW? with p € [1,00).

Proof. Due to Theorem 2.13 it is enough to show that there exists a separated
set A C T such that its point measure dp = > ., 0y is equivalent to pu =
Yo e (Q))0qr where a) € Q and {Q}}, is a covering of finite multiplicity of
R? with sup, diamQ@" < r, and r is small enough. Moreover, in this case we can
discard those (),, which do not meet I' and work with coverings of I' only.
Assume first that T' (and thus pr) is sampling for PW?(Q). Given r > 0,
let {a’'}, C T' be maximal with respect to |a, — a,,| > r,n # m. Hence, the
family {B,(al)}, is a covering of I" with finite multiplicity (the covering number
being bounded by 4%). Next, set pf := > pr(B,(al))d,r . Taking r < ry so that
(3.10) reads pr(B,(ay,)) = ¢, for all n, we have pu 2 > 04 = 6a,, by setting
A, = {a}}». On the other hand, when either p or p} are sampling, Lemma 2.12
implies sup,, u(B,(al)) < 0o so that also u: < da,. O

~

Theorem D shows the equivalence of two possible models for the mobile sampling
problem [40, 39, 23]. As a consequence, sampling trajectories lead to concrete
reconstruction strategies and numerical implementations, where a finite set of
samples is used, and reconstruction is achieved within a precise numerical accuracy
137, 38, 42, 20, 7, 1].

3.3. Spiraling curves. Let us now describe precisely what we mean by a spiraling
trajectory. The properties we list below have been chosen so that several natural
sampling strategies are covered. Concentric circles and the Archimedes spiral will
be shown to satisfy these properties (see Proposition 3.3). Other examples are
depicted in Figure 3.

A regular trajectory I is called spiraling if the following conditions hold:

(1) (Escape cone). There exists a € (0,1/4) and § € (0,1) such that the
portion of I' contained in the cone

(3.11) Sap = {(pcos2ml,psin2n0): p=> 0, —a <0< [+a}
can be parameterized in polar coordinates as

(3.12) v(0) = (p(0) cos 2m0, p(0) sin 270)
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with 6 € Uyenlk+B8—a, k+5+a] and where p(f) is a non negative function
of class C? in each interval. In particular, this means that, inside the escape
cone, each piece of the trajectory {v(0): 0 € [k + f — o,k + 8+ ]}, joins
one of the boundary lines of the cone to the other one.

We denote [ = (cos 273, sin 2w 3) the bisector vector of the escape cone.
Every piece of the trajectory in the escape cone intersects the half-line RJJ
once.

(2) (Asymptotic radial monotonicity). There exist k, such that for any 6 €
|8 — a, 5+ a] the sequence p(6 + k) is strictly increasing for k > k,,.

In particular, inside the escape cone, two different pieces of the trajec-
tory, {v(0) : 0 € [k+8—a,k+S+a]}and {y(0): 0 € [+ —a,l+[+a]}
with [ # k and [,k > k,, do not intersect.

(3) (Asymptotic flatness). The curvature of v(6), denoted by x(f), tends to
0 as 8 — o0, i.e. for all ¢ > 0 there exist k. € N such that x(0) < e
whenever 0 € [k +  — o,k + 4 o] with k > k..

(4) (Asymptotic equispacing). There are two parameters 7, pg > 0 such that
the sequence 1, = p(k + () has the property

h,?”]k —nk = po.

(5) (Asymptotic velocity). There exist a direction d € S' non-collinear with I
and such that
/
k
lim 7k +5)

TR g
k—+oo |Y'(k + B)]

=y

2

FIGURE 2. Sketch of an spiraling curve.
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Zz

—r 1 \J
N\

FIGURE 3. A spiraling curve based on a set of parallel lines in a
sector (left) and a spiraling curve made of concentric squares (right).

/ S 2
The number 7 :=ny/1 — <l, J> is called the asymptotic separation of I'. For

short, we say that I' is a spiraling trajectory with asymptotic velocity d and
asymptotic separation 7.

Remark 3.2. The class of spiraling curves is invariant under rotations. Indeed, if
we rotate a spiraling curve by angle of 276y with 6, € [0,1) then the resulting
curve is spiraling with parametrization in the escape cone with § = g —60,, & = «,
and

3(0) = (p(0) cos 210, 3(0) sin 270), 0 € | JIk+ B — o,k + B+ al,
k

where 5(0) = p(6 + 6y). The rotated curve has asymptotic velocity Rorg,d, while
the parameters of asymptotic equispacing 7, pg and the asymptotic separation 7
remain unaltered.

Further, spiraling curves are also invariant under some reasonable smooth per-
turbations of the escape cone. More precisely, let us first assume that = 0 so
that the escape cone is S, and let f : S, 0 — Sap be a C? one-to-one function.
Assume the following;:

(1) f((pcos2ma, £psin2ma)) = (pcos2ma/, £psin 2wa’), i.e. f sends the bound-
ary of S, to the boundary of Sy .

(2) There exist a function ¢ : R — R for which f(x1,0) = (¢(x1),0) and ¢ is
asymptotically affine, that is, ¢(x1) — (az1 + b) — 0 when z; — +o00 for
some constants a > 0, b > 0.

(3) If p : [—27a,2ma] — [0, +00) then the curve f((p(0)cos2m8, p(#)sind))
admits a parametrization in polar coordinates (p(6) cos 276, p(6) sin 276)
with p: [-27d/, 27a/] — [0, 4+00).
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Note that, as f is one-to-one, sends the bisector on itself and it be-
haves asymptotically like the increasing linear function azy + b in (xy,0),
f asymptotically preserves radial monotonicity.

(4) The Jacobian of f is uniformly is bounded from above and below, i.e. there
exist A, B > 0 such that Aly| < |J.f(y)| < Bly| for all x € S, , y € R%
Moreover J, 0)f — M when z; — 400, and Md # (1,0).

(5) The Hessian of f goes to 0 when z — oo, i.e. H,f — 0 when |z| — +o0.

Then, if I' is a spiraling trajectory with asymptotic velocity d and asymptotic

equispacing n, f(I') is a spiraling trajectory with asymptotic equispacing an and
Md
|Md]’
As a consequence, we have for example that, combining these smooth per-

asymptotic velocity

turbations with rotations, spiraling curves are invariant by any linear invertible
transformation in R2.

3.4. Examples of spiraling curves.

Proposition 3.3. Let n > 0. Then, the Archimedes spiral A" and the union of
circles O" are spiraling trajectories with asymptotic separation n. Further, any
d € S! can be taken as the asymptotic velocity.

Proof. Step 1 (Regularity). We show first that A" and O" are regular trajectories
in the sense of § 3.1. We define p;(0) := nf and py(0) = >, o 1EX[ke+1)(0) SO
that

A" = {(p1(0) cos 270, p1(0) sin 270) : 6 > 0},
O" = {(p2(0) cos 270, p2(6) sin 276) : 6 > 0}.

Let us begin by proving that (3.10) holds for A"7. Take r € (0,1) and = € A"
and assume initially that |z| < r/2. Then

r/2
(B, (2)) > (B, a(0) = / VOO F @ (@) 6
r/2

=0
=0

> / 211 (0) d = 7r? /4.
0
For |z| > r/2, we proceed as follows. Let y € B,.(x) N A" and write

x = (p1(00) cos 2mhy, p1(6p) sin 2w6y), 6y = 0,
y = (p1(0) cos2mh, p1(0) sin276), 6 > 0.

Therefore,
|z —y| < |p1(6o) cos2mby — p1(0) cos 2m0| + | p1(p) sin 2w6 — p1(6) sin 276)|
< |p1(00)|(|cos 2mBy — cos 20| + |sin 276y — sin 276))
+|p1(00) — p1(0)|(|cos 26| + |sin 276))
< (n+4mp1(600))100 — 0|
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by the Mean Value Theorem. Let us set rg := m, so that |6y — 0| < 19
implies | —y| < r. This allows us to bound the arc-length of B,(z) N A7 from

below by

fo+ro
u(By(x)) = 6 VP (0)2 + (2mpi(6))* dO
0—To0
Bo+ro
> / 27p1(0) A0 = Anmbyr
bo—ro
2 2
plbo) =l

~ Tap(00) 142 T 2477 3
since |z| > r/2, and r € (0,1). In conclusion, for ever r < 1 and every z,
w(B,(x)) 2 2.

The argument for O” is similar, this time replacing p;(0) with p,(8).

Step 2 (The other conditions). We choose d € S! and verify that A" and O" satisfy
the conditions of §3.3 with asymptotic velocity d. Write d = (— sin 276y, cos 2m0y)
with 6y € [0,1), and 3 = 278. Thus [ = d, = (cos 2rby, sin 276,).

We start with A". For the escape cone (3.11), we choose any a € (0,1/4), and
parametrize the portion of the curve inside the cone with v = y4» as in (3.12),
and using the function p;(0) = nf restricted to each [k+6y — o, k+ 6y + ], k € N.
Then p;(0) is strictly increasing and in particular the monotonicity condition is
satisfied. Also, the curvature
24 (2m0)?

T (1 4 (2m6)2)3/2
converges to 0 as § — oo. Hence, the asymptotic flatness condition holds. For the
asymptotic equispacing condition, we let py := nfy and simply note that

p1(k + B) = p1(k + 0o) = n(k + 0y) = nk + po,

for all £ € N, so there is nothing to prove. Finally, we check that d is the
asymptotic velocity:

Ak +B) L Ak +6)

K An (9)

im ————=
P Pt B P+ o)

, Py (k + 0p)(cos 2mby, sin 2m6y) + 2mp1 (k + 6p)(— sin 276y, cos 2m6)
= lim

¢ Vi (R +00)2 + 2mpr(k + 60))?
lim (cos 2wy, sin 276y) + 27 (k + Oy) (— sin 276y, cos 276))
k V1+2r(k + 6,)2

— (—sin 276y, cos 276y = d.
We now consider O". Since this curve is rotation invariant, we may assume that
d=(0,1) and [ = (1,0). The escape cone (3.11) is then parametrized with g = 0
and any a € (0,1/4) by setting p2(0) = >, kX k—ak+a](0) X1y (0). Then py(0+
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k) is increasing for any 6 € [—a,a] and kon(0) = Y, nLkX[k‘—a,k—l-a](G)X[k,k—i-l)(e)-
Therefore the monotonicity and asymptotic flatness conditions hold. The asymp-
totic equispacing condition also holds with py = 0 because ps(k) = nk for all
k € Z. Lastly, we calculate the asymptotic velocity:

i Jor (k) pa(R)(, 0) +27rp2(k)(0 D) _ iy 2740, 1)
760 (F) ko /ph(k)2+ (2mpa(k))? ko 2mk

= (0,1)=d.

U
3.5. Bessel bounds. The following Bessel bounds follow from [26, Theorem 3.2].

Proposition 3.4. Let I' be either the spiral A" or the concentric circles O". Then,
there exist an independent constant C' > 0 such that for all 1 < p < oo, R > 0
and f € PWP(Bg(0))

11y < ™7+ RUP)| 1],

with the usual modifications when p = oo. Moreover, the same conclusion holds
for the rotated Archimedes spirals Rorg, A".

4. NECESSARY CONDITIONS FOR SAMPLING ON SPIRALING CURVES

4.1. General results. In this section we derive necessary conditions for sampling
on spiraling curves, comparing the asymptotic equispacing of such a curve to the
diameter of the Fourier spectrum. The following key lemma shows that spiraling
curves can be locally approximated by unions of lines.

Lemma 4.1. Let I' be a spiraling trajectory with asymptotic velocity d and as-
ymptotic separation 7. Then the collection of equispaced parallel lines

(4.13) Ly, ={td+7kd, :t € Rk € Z}
is a weak limit of translates of I', i.e. Ly € W(L).
Proof. Throughout the proof we use the notation of §3.3.
Step 1. Reduction of the problem.

Let us first slightly simplify the setting. Since the notion of spiraling trajectory
is invariant under rotation, we may assume that the escape cone is S, , and, thus,
B =0 and I=1:=(1, 0). We then write d = (di,dp). As 1= |d|2 =di+d3 and
d is not collinear with l then dy # 0.Thus i = dld dgdl and dL = dld — —z It
follows that, if n = 7/|ds|, then

Li.=Lg, = {sd+nji:s€R, j €L}

Note that 7 = n|dy| = /1 —d? =n\/1 — <J: f)2.

Step 2. Reparametrization of the trajectory.
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We set Ay :=T" — (1, 0) and, from now on, we fix R, > 0. Our aim is to show
that there exist ky (depending on R, ¢) such that; for all k > ko,

(4.14) AxN (=R, R)* C Ly, + B:(0),
(4.15) Lz, N (=R, R)* C Ay + B.(0).
First, a simple computation shows that
Ly, N(=R,R)* C Lo :={td+nji: [t|<Tr,j=—Jn.....Jr}

with Tk = |d£ and Jgp = {% (1—{—

2

dy
da

ﬂ . Instead of (4.15), we will thus prove
(4.16) Ly C Ay + B-(0).

Next, as m — 400 and Lj is a bounded set, there is a k; such that, if k > kq,
the translate of the escape cone by 7, contains Ly. Moreover, as np — kn — pg, we
can assume that, for k > ki, |nx — kn — po| < €/2. From now on, we will assume
that k > k.

For each n let 1, : I, — R? be a re-parametrization by arc-length of v(6) on
the interval [n — a,n + a] such that 0 € [, and ¢,(0) = v(n) = (7,,0). Write
IF¥ = I, NR*. As the restriction of ¢, to I, joins the line R(cos a, —sina) to
the point (n,,0) and 1, — +oo, it follows that the length of I, |I,| — +o0.
Similarly, || — 4o00. (See Figure 4).

Mp — +00

FIGURE 4. The arc-length of 1, is at least as large as twice the
distance of 71, to S,0.

Therefore, there exists n; such that, for all n > nq,
[—2Tg, 2TR| C I,.
A Taylor expansion of ¢, at 0 reads

2
) — (1,,0) ~ 14,0)] < 10 sup (5.

SEIn
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This implies
2
i3

(4.17) [on () = (110, 0) — td] < [t] - [¢4,(0) = d | + 2 sup [¢n(5)].

2 SEIn
On the other hand, by definition we know that

60 = 20 ) = sup k(s).

B |’y’(n)| 7 s€ln s€[n—a,n+a]

As 7 is a spiraling curve, lim,, [¢,(0) — d | = limy, supses, |¥n(s)| = 0 and lim,, , —
nn = po. Therefore, there exists ny > ny such that, for n > ns
= = pol < 2/6, [W,(0) = dl < £/ (12T),  sup |u7(s)] < &/ (12Tp).
s€ln

It then follows from (4.17) that, for all ¢ € [-2Tg, 2TR], for n > ns
(4.18) [n(t) = (1 + po, 0) — td] < /2.

In other words, the trajectory stays at distance at most /2 from the segment
joining the lines {xs = —R} to the line {xry = R}, passing through the point
(nn + po, 0) and directed by d. See Figure 5.

F1cuRE 5. Illustration of (4.18).

Step 3. Proof of (4.16).

We are now in position to prove (4.16). Let j € {—Jg,...,Jg} and n =k + j.
If k£ > k1 + Jg then n > k; so that (4.18) holds, that is

[ (8) = ((k+ )0+ po,0) — td] < /2
for t € [-Tr, Tg|. Additionally, if k > ny + Jg, |mx — kn — po| < £/2. Altogether,
td + i — (ass (8) = med)| < [td + ((k + )0+ po, 0) = iy (8)|+[kn+po—me| <
which is exactly (4.16).

Step 4. Proof of (4.14).
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It is a bit more complicated to identify the pieces of the trajectory that go
through a given square. The first part of this step consists in identifying those
pieces.

We want to prove that, given R, e > 0 for k sufficiently large

(I = (m,0)) N (=R, R)* C Ly, + B:(0).
Defining Qg r := (. — R, mr + R) x (—R, R), this can be rewritten as
(4.19) TN Qur C {td+ (nj+m)i: t €R,j € Z} + B.(0).

First, let no be the smallest n € N for which {¢,(t) : t € L,} N Qrr # 0.
In particular (7, 0) is at distance at most R from the trajectory of ¢, (t). As
Nx — +oo when k — oo, this implies that ng — oo when & — oo. Then,
we can take £k large enough so that ny > k,, where k, is the constant of radial
monotonicity. This means that

n Qk,R C U {¢n(t) 1t e ]n} N Qk,R7
nzk,

and thus we can use the monotonicity property to order from left to right all
trajectories {1, (t) : t € I,,} which intersect Qx r (see Figure 6).

FIGURE 6. Curves in Qi r ordered from left to right.

From now on, we will assume that n > k, for any piece of trajectory {¢,(t) :
t € I,,} considered.

Now, let us reduce the picture. For this, we temporarily fix £ and write z = n,
2y =2+ R, 7=2./z_. As n — +oo, we can choose k so that 7 is as near to 1
as we want.

Let Dy =R, (2—,£R)U{(0,0)} for the half-lines starting at 0 and through the
left-corners of Qg and let S be the subcone delimited by these half-lines (and
containing the positive z;-axis).

Let a = z_ — e — 2R|dy /dy|. The choice of a has been made as follows: let ¢,
be the line through (a,0) and directed by d, and set A := €, N {|zs| < 2R}. Then
AcCc{n <z —cetand AN{z; =2 —¢c} #0.



22 PH. JAMING, F. NEGREIRA AND J. L. ROMERO

Similarly, let b = zy +e+2R|d; /da| = z_ +e+2R (1 + |dy /d3]|). Again, let ¢, by
the line directed by d through (b, 0) and set B := £, N {|z| < 2R}. Additionally,
here we define C' := ¢, N S. Then

— B is at distance at least £ on the right of Q g, that is, B C {x; > z; +
e}. Moreover BN {x; = zy + e} # 0. Also B C {z1 < b+ 2R|dy/d1|} and
Bn{xy =b+2R|dy/d1|} # 0. In particular, B joins the boundaries of the strip
{z; + e < x1 < b+ 2R|dy/dy|}.

— (' is included in the strip {zde‘fRle <z < ch;i—_QRchR}. Note that, when
k — +o00, b,z — +oo but b/z_ — 1. It follows that, for k large enough, C' C B.

Note also that, if k is large enough, then A, B,C are included in the larger

escape cone, see Figure 7.

2R

FIGURE 7. The segments are A = [A;, Ay, B = [By, Bs], C = [C4, ().

Next, recall from (4.18) that, if n is large enough, then for |t| < 27k,

[n(t) — (1 + po, 0) — td] < /2.

In particular, as a,b — +oo when k — +oo, if k is large enough, then this
holds for a/n < n < b/n. In other words, for those n’s, the part of the trajectory
{1n(t) : [t| < 2TR} stays at distance less than /2 of the segments {(nn+po, 0)+td :
|t| < 2Tgr}. Those segments are all included in the rhombus delimited by A, B and
the lines {xy = £2R}. In particular, they all join the 2 boundaries of the cone S.
Further, the monotonicity property shows that the curves {1, (¢) : [t| < 2Tg} N S
are ordered from the left to the right when n goes from a/n to b/n.

Now let {¢,,(t) : t € I} be a piece of the trajectory that intersects Qg. It
therefore also intersects S. From the monotonicity property {¢,,(t) : t € I,,} is
either

— on the left of {¢raym(t) 1t € Itapm} NS

— or on the right of {¢y/,(t) : t € Ljpyy} NS

— or one of {¢,(t):t€l,} NS, a/n<n<b/n.
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But, in the first two cases, {{,,(t) : t € I,,} would not intersect Qg so that the
only trajectories that may intersect Qg are {¢,(t) :t € I,} NS, a/n <n < b/n.
Further note that, when [t| = 2Tk, (4.18) implies that |1, (¢)] € {|x2| = 2R —
e/2} C {|xs| > R} provided we choose e < 2R. Tt follows that
FNQerC  |J {n®): It < 2Ts}.
a/n<n<b/n
In sum
FﬂQk,R C U {(nn—l—po,O)—i—tcf: |t’ < 2TR}+B&*/2(O).
a/n<n<b/n
. . . n+
To end with, note that since limy, ﬁ
then, for k£ large enough,

PNQerC  |J {0n+k)+n.0)+td: [t] < 2Tr} + B-(0),

a/n<n<b/n

which is (4.19). Then (4.16) follows. O

= 1 uniformly for any n € (a/n,b/n)

Proposition 4.2. Let I' be a spiraling trajectory with asymptotic velocity de St
and asymptotic separation T > 0. Let €2 be a centered convex body such that

{td, :t e [-1/2r,1/27]} C Q°.
Then T is not a sampling trajectory for PW?(Q).

Proof. Suppose on the contrary that I' is a sampling trajectory for PW?(Q). By
Theorem D, there exist a separated set A C I' that is a sampling set for PW?((Q).
By Lemma 4.1, Ly - € W(T'). Therefore, there exists a sequence {z : k>1} CR?
such that I' + z, = Lg,. By Lemma 2.11, we may pass to a subsequence, and
assume that A 4+ z, — A/, for some set A’ C R2. Since A C T, it follows that
N C Ld_:r'

Since {td| : t € [-1/7,1/7]} C Q°, there exists 7 > 1/7 such that {td, : t €
[—r, 7]} C Q, and we can take 0 < & < 1 such that

{td, :te[-1/m,1/r]} C {td, :t € [-(1 —&)r, (1 —&)r]} C (1 — &)
As A is a sampling set for PW?(Q2), by Corollary 2.7, it is also a sampling set
for PW>((1 — ¢)Q2). Therefore, by Theorem 2.10, A’ is a uniqueness set for
PW®>((1—¢)Q2). However, the non-zero function

f(x) :=sin <E<m, cﬁ))

T

satisfies f =0 on Ly - cf. (4.13), and therefore on A’, and supp(f) C {td, : t €
[—1/27,1/27]} C (1 —¢)Q2. This contradiction shows that I cannot be a sampling
trajectory for PW?2(). O
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4.2. Application to concrete curves. We now have all the elements to prove
our sampling result, Theorem A, for the Archimedes spiral and the concentric
circles. Let us recall the statement and then prove it.

Theorem A. Let  C R? be a centered symmetric convex body.

(i) If diam(2)n < 1, then the Archimedes spiral A" and the collection of
concentric circles O" are sampling trajectories for PW?().

(i) If diam(2)n > 1, then neither the Archimedes spiral A" nor the collection
of concentric circles O" are sampling trajectories for PW?(().

Proof. Let T" be either A" or O". Note first that

(4.20) QC Ediam(ﬂ)/2<0)'
Indeed, if x € Q then by symmetry —z € Q and thus, 2||z|| = ||z — (—2)| <
diam(€2).

For (i), assume that diam(Q)n < 1, and let ¢ > 0 and ' > n be such that
7' (1 + e)diam(Q) < 1. We know from (2.5) that gap(I') = /2. By Lemma 2.5,
there exist a separated set A C I" with gap(A) < 7'/2. Since

/

gap(A)diam(E(Ha)diam(Q)/Q(O)) < %(1 + 6)diam(Q) <

N | —

Theorem 2.4 implies that A is a sampling set of PW (B 4¢)diam()/2(0)). Finally,
applying Theorem 2.6, we have that A is a sampling set for PW?(Bgiam(0) /2(0))
and thus for PW?(Q). We invoke Theorem D to conclude that I' is sampling
trajectory for PW?(Q).

For (i), we first note that exist d € S such that

{td, : t € [~diam(Q)/2, diam(Q2)/2]}
is contained in Q._Indeed, by compactness, we can select x € () with maximal
norm. Then  C B, (0), and herice diam(Q2) < 2[jz|| = ||z — (—2)|| < diam(€2).
Thus, ||z| = diam(Q2)/2. Letting d, := z/||x||, convexity reads
{td, : t € [~diam(Q)/2, diam(Q2)/2]} C Q.
Now suppose that diam(€2)n > 1 and take ¢ € (0, 1) such that
(1—¢)"'1/(2n) = diam(Q)/2.

Therefore,

{td :t e [-1/(2n),1/@]} C 1—e)2 C

where we used (2.4). By Proposition 3.3, I' is spiraling with asymptotic velocity
d and asymptotic separation 7 = 7. We invoke Proposition 4.2 and conclude that
[ is not a sampling trajectory for PW?(Q). O
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5. APPROXIMATE ALIASING

5.1. Rates of convergence for weak limits. We introduce the following class
of curves.

Definition 5.1. Let A > 0 and Q C R? bounded of positive measure. We say
that a regular trajectory I' belongs to the class C(\, Q) if there exists a constant
Cr for which, given e, R > 0 there exists y € R? such that
i) T —y)N(=R,R)* C (nZ x R) + B,.(0),
(i) Iyl < Cr 2,
(i) AU F 1 oy < IFIL, for all f e PWP(Q) with 1 < p < oo.

We now prove that the curves A7 and O" belong to this type of classes. For
technical reasons we extend this result to any rotation Rag,A". As a first step,
we show the following lemma, which quantifies the convergence in Lemma 4.1.

Lemma 5.2. Let n > \/2/2 and 6y € [0,1). Then there exists a constant C
independent from n and 6y such that given R > 1 and 0 < e < 1/2 the inclusion

(RQW%An - (7](77, + 90)7 0)) N (_R7 R)2 - UZ X R+ Be(o)

holds for all n > Ce 'R?. The same inclusion holds for O", translating instead
by (nn,0) and eventually taking a larger constant.

Proof. Let x = (nf cos 2m(0—6y),n0 sin 2m(0—6y)) € Rorg, ATN(R X (=R, R)) with
x1 > n(0o + 1/4). Then, there exist £ € N such that £k —1/4 <6 — 0y < k + 1/4.
We will prove

2
(5.21) oy = mlh+ 6] < 22

Assuming this for a moment, let us show how the lemma would then follow.
Let n > 2R and take y € (Rang,A" — (n(n + 65),0)) N (=R, R)%.. Write y =
x—(n(n+46y),0)) with © € Rang,A". Then x; > n(n+6y) — R, and since n > 2R,
R > 1and 2n > 1, we have z1 > n(6p+1/4). Further, taking the same k as before,

nn+6y) — R < x1 = nb cos 2m(0 — Oy) < nb|cos2m(0 — Oy)| < b < n(k+1/4+6,).
This yields
k>n—1/4—R/n>n/2— R*/e
since n > 1 and n > 1/2 > . Hence, taking n > 685—R2 > 2R we get k > %
and then (5.21) reads |y3 —n(n — k)| = |v1 —n(k+6y)| < e. Therefore, y €
nZ x R + B.(0), as claimed.
Let us now prove (5.21). Using the same notation as before for x € Rorg, A7 N

(R x (=R, R)) with 1 > n(6y + 1/4), we have

k—1/4<6—60y<k+1/4,

—R <nfsin2n(0 — 6y) < R.
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In particular, since arcsin(f) is a strictly increasing function and |arcsin(9)| < 2|6|

for 6 € [-1,1],

1 2R R 2R
60— (k+6) < — -2
6= (k +60)l < 2 nb = nm(k —1/4+ 6y) = nrk

since 6y > 0, k > 1. Next, using the triangle inequality and the fact that
lcosf — 1| < [6]°/2 we get

|z — n(k + 6p)| = [ cos2m(6 — Oy) — n(k + 6)|
< |nfcos2m(0 — 6y) — n(k + 6p) cos2m(0 — 6))|
+ [n(k + 0o) cos 2w (0 — 6) — n(k + 6y)|
1|0 — (k + 60)| + n(k + 6o)|cos 2m(0 — k — 6p) — 1
010 — (k + 00)| + 270 (k + 60)[6 — (k + 6,)[?
2R 4R? R 16R* _ 33R?
< — <K

<_ 42k X 5 ~X 9
ok TN SE T T S T

<
<

since 2n, R,k > 1 > 6y. The proof for O" is similar. O

Proposition 5.3. Let n > v/2/2, 6, € [0,1), and Ry > 0. Then, there exists a
constant C' > 0 independent of n and 6y such that the curves Rarp, A" and O" be-
long to the class C(C(Ry+1), Bg,(0)). Moreover, the constant Cy = CRypgyan, Com
in Definition 5.1 is also independent of n, 6.

Remark 5.4. The proof below also works for 0 < n < V2 /2 but then the constants
CRypg an and Con depend on 7. The reader may check that they satisfy a bound
of the form Cn~1.

Proof of Proposition 5.3. We treat only Raqg, A", the case of O" being similar.
Condition (4i) of Definition 5.1 follows from Proposition 3.4: since n > v/2/2, for
all f € PW(Bg,(0))

— 1
1 oy S 77 + RN, S (Ro+ D21

Conditions (i) and (i¢) follow from the Lemma 5.2. Indeed, let ¢, R > 0 be given.
Without loss of generality, we can assume that ¢ € (0,1/2) and R > 1. Taking
y = (n(n+6p),0) with n = [C(ne)"'R?], and ¢ = ne, Lemma 5.2 gives

(Rargy A" = y) N (=R, R)* C 1 X R + B,(0),
ly| <2Ce™'R?,

as desired. 0
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5.2. Quantitative aliasing. Having quantified the convergence in Lemma 4.1,

we turn into the quantification of aliasing. While a union of lines with sub-Nyquist

density leads to aliasing, we show that spirals suffer from approximate aliasing.
Let us recall the definition of variation of a function f € L'(Q):

varg(f) := sup {/ fdivh : h € CL(Q), |||, < 1} .
Q
When f belongs to the Sobolev space W11(Q) integration by parts shows that
varg(f) = ||vf||L1(Q)'

Lemma 5.5. Let n > 1/2/2, A\ > 0 and consider I' € C(n\, B3(0)). Let Q be
the square of vertices (0,0), (v/2/4,v/2/4), (v/2/2,0) and (v/2/4, —/2/4). Then

given ¢ > 0, there exists g € PW?(Q U —Q) such that

(i) llgll, = 1,

(i) 772119l L2y < €
(iii) var(g) < C (max((n — \/5/2)*1,17)4%1114 (C%) + 1),
() [gllo < Cmax((n—v2/2)7",n),

where C > 0 s a universal constant.

Proof. Let @)y be the square of vertices (—1,0), (0,1), (1,0) and (0,—1). Take
¢ € PW?(Qy) such that ||¢[l, = v/2/2 and

(5.22) |6(x)| < Cre™™”?

for some constant C'; > 0. Note that, integrating in polar coordinates

o]l < 27?01/ e rdr = 47r/ e 53 ds = 247w Cy.
0 0

Also, as ¢ € PW2(Qp) and the area of Qg is 2 and ||¢||, = ||¢[l, = v/2/2, then
Cauchy-Schwartz inequality gives ||¢||, < \Q0]1/2||¢H2 =1.

Define go(x) := fsin (%xl) o(Bx) with 8 = min(1/(2n),v2/2 — 1/(2n)). Note

that, as n > v/2/2, 3 > 0. For ¢, R > 0 to be fixed later take y = y(e, R) as in
Definition 5.1 and set g(z) := go(x — y). Then

e—?my§

26i

(523) g(€) = B8 & —1/(2n), B7&) — B8 & +1/(2n)), A7'6)

= ¢1 — ¢o.
As ¢ € PW?(Qy), the support of ¢; is included in @, := Qo+ (1/(2n),0) and the
support of ¢ in —Q),. We claim that @), C (). To show this, we argue by cases
on 1/(2n). If 1/(2n) < v/2/4 this means that 3 = 1/(2n) and hence the points
(1/(2n),B8) and (1/(2n), —fF) belong to the square (. Also since 1/(2n) — 3 =0
and 1/(2n) + B < v/2/2, both (1/(2n) — 3,0) and (1/(2n) + 3,0) belong to Q. By
convexity this yields Q,, C Q. If 1/(2n) > v/2/4 this means that 3 = v/2/2—1/(2n)
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and hence the points (1/(2n), 8) and (1/(2n), —3) belong to Q). Also in this case
1/(2n) — B = 0 and 1/(2n) + B = V/2/2, so that, again, (1/(2n) — 3,0) and
(1/(2n) + B,0) belong to Q. Thus @, C @ also in this case. Thus, in any case,
supp(¢1) C @ and supp(¢2) C —Q, where @ is the cube defined in the hypothesis.
Altogether, g € PW?(Q U —Q).

@n @

| B B |
1/(2n) 1/(2n)

FIGURE 8. Sketch of both cases: 1/(2n) < v/2/4 (left), 1/(2n) >
V2/4 (right).

Since ) and —(@ only intersect at 0, then ¢, and ¢, have disjoint support up to
a set of measure zero. Hence, using Plancharel we obtain

2 ~12 2 2 2
lglly = llglly = llonlls + lle=ll; = 2ll¢ll; = 1,

which proves (7).

We now show that n=!|g| 2(ur) 18 small enough for an appropriate choice of
and R. First note that sup,¢,7.r.35, (o) [90(2)] < Be|@[ oo gy < BeCi. Then,
combining this with condition (7) of Definition 5.1 and (5.22) we have

sup [g(z)| = sup |go(z)] < sup lgo(z)| + sup [go(x)|
zel zel—y z€(T—y)N(—R,R)? 2¢Br(0)
< sup  |go()| + BCre PR
2ENZXR+Bye(0)

< BCy(e+ e PR,

Since Q U —Q C Bs(0), we can use the condition (iii) of Definition 5.1 together
with interpolation to get

— 2 —
ol < 7 1||g||L1(,l>821F3|g(9:)|

< Mgl sup |g(2)] = Allgoll, sup |g(=)]
xzel’ xel

N

A
% up|g(x)] < A4MACE (= + ),
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And finally taking

¢ 1,2 2 /-2
= — = In“ (487
€ 4871')\012’ R 6 n ( 8 CI/C )7
we conclude that 177"/2[|g]| .2 (,.) < ¢, which is point (ii).
Note that R \
4 2
= = (y 232 In*(C2A/C7)

with Cy = 487 C%.
To estimate the variation of g we use again (5.23) and the fact that ¢ is smooth
and rapidly decreasing combined with Leibniz’s rule:

R " ~ ~ A
var(g) = IVgll, < 7lylBlloll, + IVell, < G In'(C2A/¢) + Ci

2B
where C3 = 71CyCr and Cy = HV;ng Also, (5.23) implies

19lloc < B~ o
Finally, distinguishing the cases 3 = 1/(2n) and 8 = v/2/2 — 1/(2n), we see
that f~! < 2max((n — v/2/2)"',n), and, thus, parts (i7) and (iv) follow taking
C = max(Cs, 2C5, Cy, 2[4 ). O

Proposition 5.6. Let n = (1 +¢)v/2/2 with ¢ € (0,1), and T = A" or T' = O".
Then given ¢ > 0, there exists f € L*([—1/2,1/2]%) such that
D) 11, = 1
(1) W_l/QHme(ur) <G,
(iii) var(f) < C(e71¢2In*(CC2) + 1),
(iv) Ifll < Ce™t,
where C' > 0 is a universal constant.

Proof. By Proposition 5.3, R,/4A" € C(C, B5(0)) for some constant C' > 0. Set
A = Cn7! so that R.uA" € C(nA,B2(0)). Then using Lemma 5.5, we can
construct g € L*(R?) associated with R,/4A" and a given constant ¢ > 0. Define
[ = goR_z. We will prove that f satisfies the conditions (i) — (iv) of the
Proposition.

As in Lemma 5.5, let Q be the cube defined by the vertices (0,0), (v/2/4,v/2/4),
(v/2/2,0) and (v/2/4, —+/2/4). Since supp(g) C Q U —Q and
we have
Point (7) follows from the fact that rotations are norm-invariant transformations

and [|g]|, = 1. To see (i7) note that F= goRTTr/4 and RF‘CWM(A") = R:}TM(A") =
RW/4AU.
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The variation of f can be estimated by the chain rule and (éi¢) of Lemma 5.5:

var(f) = [Vl = IV(G o R_m)ll; <I(VG) e Rersall | IVR-zsall .
. R )\ A
S 193l = var@ S max((n - V22 Gt (03 ) +1
Then (7i7) follows by using the identities 77 (1 +2)Vv2/2 and A= Cntso
that max((n —v/2/2)"',n) = (n —v2/2)"' =1 and A < ' < 5 =< 1. Since
I £l = ll9]l, this argument also yields (w). O

6. COMPRESSIBILITY AND SUB-NYQUIST SAMPLING

6.1. Analog compressibility. We will now work on the cube [—1/2,1/2]?. We
recall the class F (W) defined in the introduction:

FW) :={f e L*[-1/2,1/2]*) : var(f) < W}
The relevant stability margin is
AL, FW) s= inf {| fll oy £l < L, f € FOV)}.

Let us now restate and prove Theorem B.

Theorem B. Let n = (1 +¢)v/2/2 with ¢ € (0,1), and I' = A7 or I' = O". Then
for W > 0,

(6.24) A, FW)) < K(EW) Y2 (In?(eW) + 1),
where K > 0 is a universal constant.

Proof. Let T > 0, set ¢ := ¢~ Y/2T~1/2 and take f given by Proposition 5.6 associ-
ated to (. Then there exist a constant C' > 0 such that

var(f) < ®(T),

where
O(T) := C(TIn*(CeT) + 1),
Since || f[l, = L, 72| ll 2y < ¢ and 5 < 1, we have that

(6.25) A F@(T)) < (1 llouy < 0°¢ S P77

We claim that

®(T)
~ n*(e®(T)) + 1’
Indeed, if CeT > e, then, since ¢ € (0, 1),

CT<LP(T) and T >e/C.

(6.26) if T>C e e

Consequently,
O(T) S Th*(CeT) +1 < Thn*(e®(T)) + T
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from which (6.26) follows. Combining (6.25) and (6.26), we conclude that
(6.27) AL, F(®(T))) < e 2o(T) 2 (In*(e@(T)) + 1),

provided that T > C~ e~ te.

Note that limp_, o ®(T) = +o00, while ®(C~le7te) = e7'e + C. This means

that any number W > e 'e + C can be represented as W = ®(T), for some

> C~'e7te. Therefore, (6.27) reads (6.24) for all W > e~ te + C.
Fmally, if W < ele+ C, then eW < 1, and the right-hand side of (6.24) is
2 1. On the other hand, the Bessel bound in Proposition 3.4 implies that

AT, FOV)) < 2y S 072+ /21 Fll, S 11, S
since n < 1. This completes the proof. U

6.2. Sampling wavelet-sparse signals. We will work with the Haar basis in
L?([-1/2,1/2)%) constructed from the one in L?*([-1/2,1/2]) by tensorization:
from h° = X[-1/2,1/2) and ht = X[-1/2,0) — X[0,1/2) one defines

he () = 270 (221 — k1) 20he (20 — k)

with j > 0, ki, ke = 0,...,27, e € {0,1}?\ {(0,0)}. We denote I the set of all
such triples, and then deﬁne the sparsity classes as

Sng =4 Y phSy L ECHIKN 0K
(J.k,e)el

and the corresponding stability margin
An(T) = it { | Fl g 2 1Fll2 = 1.F € v}
Let us now restate and prove Theorem C.

Theorem C. Let = (1 +¢£)v/2/2 with € € (0,1), and I' = A7 or I' = O". Then
for N > 1,

(6.28) An () < KN~V n* (K N3,
where J = K'In(e7'N), and K > 0 is a universal constant.

Proof. Fix N and let ¢ = N7Y/¢ and take f € L?([~1/2,1/2]%) as in Proposition
5.6. Then

(6.29) IFl,=1 and | fllpg., S N
(6.30) var(f) S L= 'N3In*(CNY3) +1 and | f|l, St
Step 1. Let us consider the class

Syi=Q Y Euhs, R €CHIKN
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of functions with at most N active Haar coefficients without restrictions on the
scale. Let fy the best approximation of f in ¥y. Since the variation of f is
bounded, we can use the following inequality from [13, Theorem 8.2]:

(6.31) If = fully < KNVvar(f) S N7V2L,

where K > 0 is some universal constant. Let P; be the orthogonal projection
onto the span of wavelets with 0 < j < J. Then ||f — Psf|l, < 27/var(f) -
see for example [13, Eq. 2.10] and the references therein, or [14]. In addition,
lf = Prflle S| flla, and therefore interpolation yields

If = Prflly S 277 var(F)2) 11222,
Plugging (6.30) we get
(6.32) If = Prfll, S 277212 < 27021

where we have also used the fact that L > 1 > e¢. Now set fy s := P;fy € XN,
and combine (6.32) and (6.31) to obtain

1f = fnvally <N = Prflla + [1Psf = Prfnlly
<= Prflly+1If = fully S @772+ N7V2)L.
Hence, choosing J =< In(¢~!'N),
(6.33) If = frvall, S N7VL.
Step 2. Write Ay ; = Ay s(I'). Then, using (6.29) and the definition of Ay ;,
Ang = Anallflls < Anallfnally + Anall v = fll,
<ol + Anallfvg = £,
171 gy + 1 g = Fll ey + Anallfvg = £l
KoN7Y% + Koll favg = flly + Ansll fvs = flly,

for some constant Ky and where we have also applied Proposition 3.4 to estimate
/50 = fll 2y Now from (6.33), if

<
(6.34) <

N> 12

and the implicit constant is large enough, then || f — fy ||, < 1/2. Going back to
(6.34) and re-applying (6.33) we get

Ay SNVO L NV2L < N-Voe I (ONY/3).

Note that since L = e !NY3In*(CN'3) + 1, then, for N > L? to hold it is
sufficient to have N > ¢"2N?/31n®(CN'/3), or, equivalently,

N > e S (CNV?).
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Hence, there is a constant ¢ > 0 such that (6.28) holds if N > C'e~6In*(C'N'/3).
On the other hand, if N < C’e%1n**(C’N'/3) then to prove (6.28) is enough to
show Ay, < 1, which, as in the proof of Theorem B, follows from the Bessel
bounds in Proposition 3.4. U
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