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On Kernel Derivative Approximation with Random Fourier Features

Zoltan Szabd
CMAP, Ecole Polytechnique
Route de Saclay, 91128 Palaiseau, France
zoltan.szabo@polytechnique.edu

Abstract

Random Fourier features (RFF) represent
one of the most popular and wide-spread
techniques in machine learning to scale up
kernel algorithms. Despite the numerous suc-
cessful applications of RFFs; unfortunately,
quite little is understood theoretically on
their optimality and limitations of their per-
formance. Only recently, precise statistical-
computational trade-offs have been estab-
lished for RFFs in the approximation of ker-
nel values, kernel ridge regression, kernel
PCA and SVM classification. Our goal is to
spark the investigation of optimality of RFF-
based approximations in tasks involving not
only function values but derivatives, which
naturally lead to optimization problems with
kernel derivatives. Particularly, in this pa-
per, we focus on the approximation quality
of RFFs for kernel derivatives and prove that
the existing finite-sample guarantees can be
improved exponentially in terms of the do-
main where they hold, using recent tools from
unbounded empirical process theory. Our
result implies that the same approximation
guarantee is attainable for kernel derivatives
using RFF as achieved for kernel values.

1 INTRODUCTION

Kernel techniques [3, 30, 17] are among the most influ-
ential and widely-applied tools, with significant impact
on virtually all areas of machine learning and statis-
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tics. Their versatility stems from the function class as-
sociated to a kernel called reproducing kernel Hilbert
space (RKHS) [2] which shows tremendous success in
modelling complex relations.

The key property that makes kernel methods compu-
tationally feasible and the optimization over RKHS
tractable is the representer theorem [11, 25, 40]. Par-
ticularly, given samples {(z;,v;)}; C X xR, consider
the regularized empirical risk minimization problem
specified by a kernel k : X x X — R, the associated
RKHS 7, ¢ RY, a loss function V : R x R — R29,
and a penalty parameter A > 0:

min Jo(f) =~ SV f@) A AR, ()
=1

feH

where Hy, is the Hilbert space defined by the following
two properties:

1. k(-,z) € Hy (Vz € X),! and

2. f(z) = (f,k(,2))q, (Vo € X,Vf € Hy), which is
called the reproducing property.

Examples falling under (1) include e.g., kernel ridge
regression with the squared loss or soft-classification
with the hinge loss:

V(f(zi),yi) = (f(z) — yz’)z,
V(f(xi),y:) = max(1 — y; f(z:),0).

(1) is an optimization problem over a function class
(Hy) which could generally be intractable. Thanks to
the specific structure of RKHS, however, the represen-
ter theorem enables one to parameterize the optimal
solution of (1) by finitely many coeflicients:

FO)=> cik(-,z5), ¢ €R. (2)
j=1

'k(-,z) denotes the function y € X + k(y, ) € R while

keeping x € X fixed.
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As aresult, (1) becomes a finite-dimensional optimiza-
tion problem determined by the pairwise similarities
of the samples [k(z;, z;)]:

ceRn

) ~ 1 n n
min Jy(c) := - ZV yi,chk(xi,xj)
i=1 j=1

XY ek, ()

i=1j=1

where the second term follows from the reproducing
property of kernels.

However, in many learning problems such as non-
linear variable selection [20, 21], (multi-task) gradi-
ent learning [39], semi-supervised or Hermite learn-
ing with gradient information [42, 26], or density esti-
mation with infinite-dimensional exponential families
[28], apparently considering the derivative information

(0P f(x;) :== w, X := R%) other than just

8}:1 afd
the function values (f (Xm)) turns out to be beneficial.
In these tasks containing derivatives, (1) is generalized
with loss functions V; : R+ 5 R20 (5 = 1,... n;
|I;] denotes the cardinality of I;) to the form

i J(7) =3V (10 (0P £ e, ) + A 1,
(4)

The solution of this minimization task —similar to
(1)—enjoys a finite-dimensional parameterization [42]:

n

FO) =2 cipd® k(- x;),

j=1pel,

(Cj,p € R))

Z;‘i:l(Pq‘,‘HZq‘,)k
where 0P 9k(x,y) := o P k(5Y)  Hence, the op-
orT oo 914

timization in (4) can be reduced to

min J (c) =
1 n n
SO D9 SRICLINENY:
i=1 j=1pel, pel;

+)‘Z Z Z Z CipCj.q0® (x4, %), (5)

i=1pel; j=1q¢cl;

where ¢ = (ci,p)ie{1 mbpel; € R2-i=1 151 and we
used the derivative-reproducing property of kernels

P f(x)=(f, 6p’0k(-,x)>}ck .

Compared to (3) where the kernel values determine the
objective, (5) is determined by the kernel derivatives
8p’qk(xi, X ) .

While kernel techniques are extremely powerful due
to their modelling capabilities, this flexibility comes
with a price, often they are computationally expensive.
In order to mitigate this computational bottleneck,
several approaches have been proposed in the litera-
ture such as the Nystréom and sub-sampling methods
[37, 9, 22], sketching [1, 38], or random Fourier features
(RFF) [18, 19] and their approximate memory-reduced
variants and structured extensions [12, 7, 4].

The focus of the current submission is on RFF, ar-
guably the simplest and most influential approxima-
tion scheme among these approaches.? The RFF
method constructs a random, low-dimensional, explicit
Fourier feature map (p) for a continuous, bounded,
shift-invariant kernel k& : R? x R? — R relying on the
Bochner’s theorem:

k(x,y) = (p(x), ¢(y)) ;

The advantage of such a feature map becomes appar-
ent after applying the parametrization:

f(x) = (w,0(x)), weR™ (6)

This parameterization can be considered as an ap-
proximate version of the reproducing property f(x) =
(fik(,%))g¢,: f € Iy is changed to w € R™ and
k(-,x) € Hy to o(x) € R™. (6) allows one to lever-
age fast solvers for kernel machines in the primal [(1)
or (4)]. This idea has been applied in a wide range
of areas such as causal discovery [15], fast function-
to-function regression [16], independence testing [41],
convolution neural networks [6], prediction and filter-
ing in dynamical systems [8], or bandit optimization
[13].

¢ : R R™.

Despite the tremendous practical success of RFF-s, its
theoretical understanding is quite limited, with only a
few optimal guarantees [29, 23, 27, 14, 33, 31].

e Concerning the approximation quality of kernel val-
ues, the uniform finite-sample bounds of [18, 32]
show that

(LRl sup  [k(x,y) — k(x.y)]

X,YESm
logm
m Y

= OP <8m|

where 8,, C R? is compact, |8,,| is its diameter, m
is the number of RFFs, O,(-) means convergence in
probability. [29] recently proved an exponentially
tighter finite-sample bound in terms of |8,,| giving

log sm|> -

S XSm)

kBl va = Ous ( L

2 As a recognition of its influence, the work [18] won the

10-year test-of-time award at NIPS-2017.
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where O,..(-) denotes almost sure convergence.
This bound is optimal w.r.t. m and [8,,|, as it is
known from the characteristic function literature [5].

e In terms of generalization, [19] showed that
O(1/+/n) generalization error can be attained using
m = my, = O(n) RFFs, where n denotes the num-
ber of training samples. This bound is somewhat
pessimistic, leaving the usefulness of RFFs open.
Recently [23] proved that O (1/4/n) generalization
performance is attainable in the context of kernel
ridge regression, with m,, = o(n) = O (y/nlogn)
RFFs. This result settles RFFs in the least-squares
setting with Tikhonov regularization.

e [27] has investigated the computational-statistical
trade-offs of RFFs in kernel principal component
analysis (KPCA). Their result shows that depending
on the eigenvalue decay behavior of the covariance
operator associated to the kernel, m, = O(n?3)
(polynomial decay) or m,, = O (y/n) (exponential
decay) RFFs are sufficient to match the statistical
performance of KPCA, where n denotes the number
of samples. [33] proved a similar result showing that
my, = O (y/nlogn) number of RFFs is sufficient for
the optimal statistical performance provided that
the spectrum of the covariance operator follows an
exponential decay, and presented a streaming algo-
rithm for KPCA relying on the classical Oja’s up-
dates, achieving the same statistical performance.

e Results of similar flavour have recently been showed
in SVM classification with the 0-1 loss [31].

In contrast to the previous results, the focus of our
paper is the investigation of problems involving ker-
nel derivatives [see (4) and (5)]. The idea applied in
practice is to formally differentiate (6) giving

P f(x) = 9P f(x) = (w, 9Pp(x)), (8)

which is then used in the primal [(4)], and optimized
for w. From the dual point of view [(5)], this means
that implicitly the kernel derivatives are approximated
via RFFs. The problem we raise in this paper is how
accurate these kernel derivative approximations are.

Our contribution is to show that the same depen-
dency in terms of m and |§8| can be achieved for kernel
derivatives as attained for kernel values (see (7)). To
the best of our knowledge, the tightest available guar-
antee on kernel derivatives [29] is
logm
—

In this paper, we prove finite sample bounds on the ap-
proximation quality of kernel derivatives, which specif-

||6P7Qk — a/pg\kHLw(SmXSm) = Ou.s. <|Sm

ically imply that

e IOg “Sm|
Hap,qk — 8p’qk||Loc(smxsm) =04 ( — > )

9)

The possibility of such an exponentially improved de-
pendence in terms of |§,,| is rather surprising, as
in case of kernel derivatives the underlying function
classes are no longer uniformly bounded. We circum-
vent this challenge by applying recent tools from un-
bounded empirical process theory [35].

Our paper is structured as follows. We formulate our
problem in Section 2. The main result on the approx-
imation quality of kernel derivatives is presented in
Section 3. Proofs are provided in Section 4.

2 PROBLEM FORMULATION

In this section we formulate our problem after intro-
ducing a few notations.

Notations: N := {0,1,2,...}, N* := N\{0} and R
denotes the set of natural numbers, positive integers
and real numbers respectively. For n € N, n! denotes
its factorial. T(t) = [ 2'"'e™dx is the Gamma
function (¢t > 0); I'(n+1) = n! (n € N). Let n!! denote
the double factorial of n € N, that is, the product of all
numbers from n to 1 that have the same parity as n;
specifically O!! = 1. If n is a positive odd integer, then

VST (2 +1). Forn €N, ¢, := cos(%2 +-) is
the nt" derivative of the cos function. For multi-indices
p,q € N, |p| = Zj:lpj, VP = H;l:l v}’ and we use

6|P|h(x) alpIHng(x y)
P - P,q — s
OPh(x) : AT 07T P (x,y) : T T oo to

nl!l =

denote partial derivatives. {(a,b) = Z?:l a;b; is the
inner product between a € R? and b € R?. a’ is

the transpose of a € R?, ||a|, = \/(a,a) is its Eu-
clidean norm, [ay;. . .;ay] € RXm-1%n is the concate-
nation of vectors a,, € R%. Let § C R% be a Borel
set. ML (8) is the set of Borel probability measures
on & A™ = ®2,A is the m-fold product measure
where A € ML (8). L"(8) is the Banach space of real-
valued, r-power Lebesgue integrable functions on §
(1<r<o0). Af = [ f(w)dA(w), where A € M} (8)
and f € L'(8); specifically for the empirical mea-
sure, Ay, = L3 S0, A f =L 3T fw;) where

i.i.d. . .
Wi = (W)™, "~ A and d,, is the Dirac measure

supported on w € 8. SA = {s; —s2 : 81,82 € 8}. For
positive sequences (an )nen, (bn)nen, an = O(by) (resp.

Qn

an = o(by)) means that {32 . is bounded (resp.

lim,, ;o $* = 0). Positive sequences (an)nen, (bn)nen
are said to be asymptotically equivalent, shortly a,, ~
by, if limy, s oo Z—Z =1. X,, = Op(ry) (resp. Oq.s.(Ty))
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denotes that % is bounded in probability (resp. al-

most surely). The diameter of a compact set A C RY
is defined as |A| := supy yc 4 [[x — ¥y, < oo. The nat-
ural logarithm is denoted by In.

We continue with the formulation of our task. Let
E: R?* x R - R be a continuous, bounded, shift-
invariant kernel. By the Bochner theorem [24], it is
the Fourier transform of a finite, non-negative Borel
measure A:

kooy) =k(x—y) = | e/ dA(w)

(g) /Rd CcOS (wT(X — y)) dA(w) (10)
® /Rd [cos (w”x) cos (wTy) +

sin (w”x) sin (w”y)] dA(w),
= \/Rd <¢w(x)a ¢w(y)>]R2 dA(w)’ (11)

where ¢, (x) = [cos (wx);sin (w'x)]. (a) follows
from the real-valued property of k, and (b) is a con-
sequence of the trigonometric identity cos(a — 8) =
cos(a) cos(8) + sin(«)sin(B). Without loss of gen-
erality, it can be assumed that A € M}r (Rd) since

k(0) = A (R?) and the normalization MxY) vields

%(0)
kxy) _ cos (wT'(x — Aw)
foy o @ T

=P(w), PEM? (RY)
Let p,q € N?. By differentiating® (11) one gets

0P h(x,¥) = [ (0700(x), 0960 1) dA ).
(12)
The resulting expectation can be approximated by the

ii.d.

Monte-Carlo technique using wi., = (w;)7; ~ A

j=1
as

oPak(x,y) = / (0P o (%), 0% (¥)) gz A (w)

Ra

= S (P60, (9, 096, (1)
j=1

= (pp(x), Pa(¥))g2m - (13)
where A, = L Z;’;l 0w, and
eolx) = <= (0700, ()T, = 0Ppo(x) € B (14)
= = (8 e (0730 10 (X)),

3By the dominated convergence theorem, the differen-
tiation is valid if [, [wP 9| dA(w) < oo.

Specifically, if p = q = 0 then (13) reduces to the
celebrated RFF technique [18]:

~

k(x,y) = (po(x), o (¥))g2m »

(cos (wa) ;sin (wa));n

po(x) = j 3 -1

-

Our goal is to prove that similar to p = q = 0 [(7)],
fast approximation of kernel derivatives [(9)] is attain-
able. Alternatively, we establish that the derivative
(see ¢p and (13)-(14)) of the RFF feature map (po) is
as efficient for kernel derivative approximation as g
for kernel value approximation.

3 MAIN RESULT

In this section we present our main result on the uni-
form approximation quality of kernel derivatives using
RFFs. Its proof is available in Section 4.

Theorem (Uniform guarantee on kernel deriva-
tive approximation). Suppose that k R x
R? — R is a continuous, bounded and shift-

For p,q € N9 assume Coq =

\/fRd lwPta|? w2 dA(w)/opq < oo and for some
constant K > 1, the following Bernstein condition
holds:

p+q|n |
[ e < San
re (0pq) 2

mvariant kernel.

n=23,..., (15)

where op q = \/f]Rd |wP+a|® dA(w). Let Ly, = %,

Cy = 144/61n(2) + 1, Cy = 36K[In(2) + 1] and C3 =
76 (1 + )

In2(2)
set 8§ C RY,

Then for any t > 0 and compact

A" ({w1:m : ||8p’qk - mHLw(st) =

6’3\/d1n (16|S|Cp,q+4) Cl CQ
Op,q ( \/m + \/7% + E—i_

+2\4/\$ [\/H L2’"t]> }) <2t

e Growth of |S,,|: The theorem proves the same de-
pendence on m and |8,,| as is known [see (9)] for
kernel values (p = q = 0). The result implies that

Remarks.

m—r o0

(S xS0m) 0 a.s.

o7k — Pk ..

if |8,,| = e,
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¢ Requirements for p = q = 0: In this case g0 =

L,

o 2 qA (w) = 1, thus (15) holds (K = 1)
R? (00,0)" - e

— The only requirement is the finiteness of Co ¢ =
Jga |w||2dA(w), which is identical to that im-
posed in [29, Theorem 1] for kernel values.

o [°(8 x 8§)-based L"(8 x 8) guarantee: From the
theorem above one can also get (see Section 4) the
following L"(8 x 8) guarantee, where r € [1, 00).

Under the same conditions and notations as in the
theorem, for any ¢t > 0

A™ ({m:m : Hap’qk - m| L7(8x8) =

7284 |7 [ C31/2d1n (16]8[Cp q + 4)
Op,q +

291 (4 4+ 1) vm

C: Cy 246 Lt .
*m*wm[mz])})f% |

This shows that ||8p’qk: — @HU

Ous. (318l ¥ /108 TS ,]).

[Sim| — oo as m — oo then dp-af is a consistent
estimator of P9k in L"(S,, X 8,,)-norm provided

that m =28, % \/10g [Sm] === 0.

e Bernstein condition with [p;q] # 0: Next we
illustrate how the Bernstein condition in (15) trans-
lates to the efficient estimation of ‘not too large’-
order kernel derivatives in case of the Gaussian
kernel. For simplicity let us consider the Gaus-
sian kernel in one dimension (d = 1); in this case
A=N (0,02) is a normal distribution with mean
zero and variance o2. Let r = p+ ¢ € NT and
denote the Lh.s. of (15) as

ol dAw)
Vil aage)]

By the analytical formula for the absolute moments
of normal random variables

(8mX8m)
Consequently, if

A n(A) =

1 if nr is even

nr - 1!
o (nr ) {\/z if nr is odd

(o2 (2r — D] 2

Arn(A) =

if nr is even

(nr— 1N {1
\/g if nr is odd
B (2r — )13 - (1)

Since A, ,(A) does not depend on o, one can assume
that 0 = /[ [w[?dA(w) = 1 and A = N (0,1).

Exploiting the analytical expression obtained for

A, n(A) one can show (Section 4) that for

— r=1: (15) holds with K = 1 since 4;,(A) < 2.

— r =2: K =2 is a suitable choice in (15).

—r = 3 and r = 4: Asymptotic argument shows
that (15) can not hold.

It is an interesting open question whether one can

relax (15) while maintaining similar rates, and what

are the trade-offs.

Higher-order derivatives: In the Gaussian exam-
ple we saw that (15) holds for < 2, but it is not sat-
isfied for r > 2. For kernels with spectral densities
proportional to emw (¢ € NT; the £ = 1 choice re-
duces to the Gaussian kernel), it turns out that (15)
is fulfilled with r < 2f-order derivatives; for com-
pleteness the proof is available in Section A (sup-
plement). In other words, kernels with faster de-
caying spectral densities can guarantee the efficient
RFF-based estimation of kernel derivatives, without
deterioration in the |§| and m-dependence.

Difficulty: The fundamental difficulty one has to
tackle to arrive at the stated theorem is as follows.

By differentiating (10) one gets

ap’qk(x,y):/R:up(—w)qc|p+q| (wh(x—y)) dA(w).

By defining

92(w) = WP (~w)epp g (w'2) (17)
the error we would like to control can be rewritten
as the supremum of the empirical process

sup 0P Uk(x, y) — IPk(x,¥)| = sup | (A = An)gsl;
x,y€S ZESA

where G := {g, : 2 € Sp}. For p=q = 0 (i.e., the
classical RFF-based kernel approximation)

ga(w) = cos (w'z) (z € 8a)
which is a uniformly bounded family of functions:

Sup [|gzll oo (gay < 1.

zZESA
This uniform boundedness is the classical assump-
tion of empirical process theory, which was exploited
by [29] to get the optimal rates. For p,q € N¢\{0},
however, the functions g, are unbounded and so G
is no longer uniformly bounded in L (]Rd). There-
fore, one has to control unbounded empirical pro-
cesses for which only few tools are available.

The key idea of our paper is to apply a recent tech-
nique which bounds the supremum as a weighted
sum of bracketing entropies of G at multiple scales.
By estimating these bracketing entropies and opti-
mizing the scale the result will follow. This is what
we detail in the next section.
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4 PROOFS

We provide the proofs of the results (main theorem and
its consequence, remark on the Bernstein condition for
Gaussian kernel) presented in Section 3. We start by
introducing a few additional notations specific to this
section.

Notations: The volume of A C R? is defined
as vol(A) = [,1dx. ~(a,b) = fob e~te1dt is
the incomplete Gamma function (¢ > 0, b > 0)
that satisfies y(a + 1,b) = avy(a,b) — b%* and
’y(%,b) = /merf (\/5)7 where erf(b) = %fob et dt
is the error function (b > 0). Let (F,p) be a met-
ric space. The r-covering number of F is defined
as the size of the smallest r-net, i.e., N(r,F,p) =
inf {£>1:3(f;)f2; s.t. FCU_ B,(fj,r)}, where
B,(s,r) = {f € F : p(f,s) < r} is the closed ball
with center s € F and radius r. For a set of real-
valued functions F and r > 0, the cardinality of the
minimal r-bracketing of F is defined as N(r, F, p) =
inf{n > 1:3{(fj,r, fi,v)}i=1, fj,0, f,u € F (Vj) such
that p(fj,, fjv) <randVfeF 3j fin < f < fiuv}.

The proof of the main theorem is structured as
follows.

1. First, we rescale and reformulate the approxima-
tion error as the suprema of unbounded empirical
processes, for which bounds in terms of bracketing
entropies at multiple scales can be obtained.

2. Then, we bound the bracketing entropies via Lip-
schitz continuity.

3. Finally, the scale is optimized.

Step 1. It follows from (17) that,

ng” = HgZ”LQ(Rd,A) = \/TQE

< \/ lwPta|? dA(w) .
Rd

=i0p,q

Define f,(w) := %) 5o that

2 (w
Op,q
Ifzl <1 Vze8a = sup|f]| <1, (18)
fEF

where F := {f, : z € 8a}. The target quantity can be
rewritten in supremum of empirical process form as

sup ’ap’qk(xay) - ap,qk(x,y)’ = Sup |Agz - Amgz|
X,y€S8 zZESA

= 0p,qsup [(A = Ap) f| = opq A = Al £
fer

By the Bernstein condition [(15)] the following uniform

bound holds:

|wPFa|n
sup A< [ )
fz:2E8A R4 (Up,q)

<—K"? (n=23,...). (19)

The uniform L2?(A) boundedness of F [(18)] with its
Bernstein property [(19)] imply by [35, Theorem 8§]
that for all ¢ > 0 and for all scale S € N

A™ ({wlm : sup |\/E(A — Am)f| >min Eg  (20)
fer S

+% +24v6 [x/ﬂ Lg‘t} }) <27t

where
S
Eg:=2"5%/m+ 142 275\/6H, +
s=0

L,, = 7\/61(

m o 2\/7%7
Ns = N[](2_s7]:> ||||)7
Ho = ln(No + 1),

36K H
vm

H, :=In(Ng + 1),

and Ny is the cardinality of the minimal gen-
eralized bracketing set of F.  Formally, Ny =
No(K) = inf{n > 1 Hfj’L, fj,U S f(j =
1,... ,n), A |fj,L — fj’U‘n < %!(QK)H_Q (n =23,.. .),
and for Vf € F, 3j € {1,...,n} such that f; < f <
fiut

Step 2. We continue the proof by bounding the en-
tropies Hy and H, (s > 1) in (20). Using (15) for the
envelope function F' := sup,cz |f|, we get

A(F") = A ({Jsclelglf]n) =A <§‘;§f|n>

p+q|n |
g/ %dA(w) <Ugn-2 p-23,...
re (0p.a) 2

Hence F' also satisfies the weaker Bernstein condition:
A(F™) < %(2[()”’2 (n = 2,3,...). Consequently,
one can choose Ny = 1 [35, remark after Definition 8],
and Hy = In(No + 1) = In(2).

Next we bound H, (s > 1). The F function class is
Lipschitz continuous in the parameters (fy,, fz, € F):

|fz1 (w) - fZ2 (w)|

= | WP (—w)eiprq) (WT21) — WP(—w)dep g (w22)|
Op,q

= |wP* 9] [clp+q) (W21) — Clptq) (w!22)|

Op.,q

(®) |Pta
w7 (21— 2)] € T o), Nz — 2l
Op.q Op.q

=:G(w)

(@) |wPta|
< = 1
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where we used the Lipschitz property of u — ¢|p1q(u)
(with Lipschitz constant 1) in (a) and the Cauchy-
Bunyakovskii-Schwarz inequality in (b). Thus, by [36,
Theorem 2.7.11, page 164] for any ¢ > 0,

1)
Sas )
<2 iy Sl
where

Il - ¢ R
L

From Lemma 2.5 in [34] it follows that

H2 dA( ) Cpsq

2|M
N(T,M,||-||2)<(||+1> . V>0

for any compact M C R?. Choosing M = 8x, § = 27°
and noting that |Sa| < 2|8|, one can bound the Lh.s.
n (21) as

_s 1
Ny=Nj (27, F|1l) <N s Sas |l
251105 o
d
< (2181Cpa 1)
S —
<2:Kg
where K|S| = 8|8|Cp,q + 1. Thus for any s > 1,
Hy=In(N,+1) < dln (2°Kg+1)
\—Y_/
<2%(Ks)+1)
<d {sln(2) +1In (IE'|5| + 1)}

< sd (@) +In (K5 +1)].

dIn(2Ks|+2)=:K\s|

Hence,

S
Es <14) 27°, /6sK|s| +27%y/m.

s=1
14,/6K s 3°5_,275\/s
36K 1n(2)
+144/61n(2) + ———. (22)
NG

Step 3. By (22), to control Fg as a function of the
scale S, we study the behaviour of h(t) = 27t/t. Tt
is easy to verify that h is monotonically decreasing on

[ﬁ@), oo) as its derivative

1
t—22t — /12t In(2
2 V12 In(2) <0

1
_ 2
h/(t) - 92t =

on [ﬁ,oo). Using this monotonicity, one gets

)< Ji

21n(2) +1 < s, spemﬁcally for all 2 < s since 57, (2) < 1.

x)dz for any s such that 21n(2) <s—1&

Hence, applying change of variables (27% = e i.e.
T = ﬁ) we arrive at
S 1 S
Zz Vs =h(1 )+Z h(s) <=+ [ h(z)dz
s=1 s=2 ~ 2 1
% <JZ | h(z)dz
1 1 51n(2)
=-4 — / e tVtdt
2 In2(2) Jm)
< -+ — / e tVtdt
2 1In2(2) Jo
1 1
I [ﬁerf( SIn(2)) — 23\/51n(2)} .
2 In2(2) L 2
Plugging this estimate in (22) results in
36K1n )
Eg < 7+14\/61 \/7 141/6K|5‘X
1 1 VSl
x| z+— ﬁerf( Sln(?)) :( )
2 "mi) | 2 2
vm 1 1 7
<~ +14 K = ~—
< 5 +14V6y/Kjg 2+1n%(2) 2
Cy
Oy + —2
+C1 + Jm

< Yo+ 14V6,/dIn (16]8]Cp  + 4)
1 1 7r C
x <2+1n3(2)\2f> +Cl+\/—%—: (),
where we used the fact that erf(b) < 1 for any b > 0,
275V >0, C; = 14,/61n(2), Cy = 36K In(2) and
Kig| = dn (2Ks; +2) = dIn (16/8|Cp.q +4). Let us
choose the scale S such that 27/m < 1, i.e. ln(m)

)

S. In this case, by defining C3 = 7\/6<

we have

C
(#) = 1+ Cy/dIn (16]8|Cpq + 4) + C1 + \/7271

Combining this result with (20), we obtain

Cs3+/d1n (16|8|C 4
v <{wlm|AAm“]—-Z 3\/ n( | | P7q+ )

Jm

Cit1 Cot36K  24v6 {\/ﬂ L;nt} }) -

vm m vm

By redefining C7 and Cy as C; = 144/61n(2) + 1,
C2 = 36K[In(2) + 1] and taking into account the op
normalization, the claimed result follows. O
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The proof of the consequence is as follows. Let
€ [1,00) be fixed. Then

|oPak — Fmak|

LT(8x8) —
= (/ / ’3p’qk(x,y) — P ak(x,y) dedy> T
S§J8

< (/S/Suap’qkap"qk”TLw(sw)dXdy)

= [Hap’qk - a/paMoo(sXs)VOlg(S)}

<

= ||o® 9k — 6/p’q\kHLoo(5 vol* (8).

Xx8)

Using the fact (which follows from [10, Corollary 2.55])

that vol(8) < 2:;/(2%, we obtain
Hapvqk - 8p’qk| Lr(sx8) =
2
o d/2‘8|d r
< ||aPak — Frak]|, [”
Le=(8x8) | 9d (g 4 1)

Hence the main theorem implies the claimed L" (8 x 8)
bound. O

The result on the Bernstein condition for the Gaus-
sian kernel can be obtained as follows. Recall that the
goal is to check (15) and we apply the expression for
Ay n(A) given in (16).

e For r =1:

Alyn(A):/RM"dA(w)

1 if n is even
=(n-1! T .
\/; if n is odd

S-DI<m-1< T

where the last inequality is equivalent to 2 < n.

Hence, (15) is satisfied with K = 1.
e For r = 2: In this case nr is even and Ag ,(A) =

% by (16). For (15), it is enough (K"~2 < K™)
that for some K > 1 and for n = 2,3, ...

n! 1 n
< Zgn < -
Aon(M) S TE & @n- U< 1 2(\/§K)

?;%F( +1) F(TLJrl)
(a) 2™ 1

Z < Z
P 77*2<\/3K>

P 3K\

— < | — . 2
‘l’ﬁ—< 5 ) (23)

In (a) we used that I' (n 4+ 1) < T'(n+1) for n > 2.
(23) holds e.g. with K = 2 since 1 < % <3

e For r = 3: Let us restrict n to even numbers (n = 2/,
¢ € Nt) in (15). By (16), Az,.(A) = <i’(’;7)1%>”, and
(15) can be written as

(60— 1N < (%)!Kﬂ_2,
15¢ -2
S
Z2r(se+1) 2
Using the bound, I' (3¢+ 1) > T'(3¢) = (3¢ — 1)1,
we have that
¢
8 1 (20! 5o
— | =Bl-1)I<=~K Ve e Nt
(15) N S
should also hold. By the Stirling’s formula u! ~

V2mu (%)u, we have
<8)f 27 (30— 1) (34-1)3@;\/W (2@)”

15 VT e - 2 e
as £ — oo. Taking In(-) yields
8
In(Lh.s.) = £1n <15) +1n ( o (30 — 1))

+ (3¢ —1)[In(3¢ — 1) — 1] 4+ In (1//7)
~ (30— 1) (30— 1),

In(rhs.) = In (\/27r(2€)) —1n(2) + 2¢[In(2¢) — 1]

Vel e NT.

~ 201n(2¢).
Since In(Lh.s.) is asymptotically larger than
In(r.h.s.), (15) can not hold.
e For r = 4: nr is even, Ay ,(A) = (4[:”_]1%)” by (16),

and (15) is equivalent to
! n
(An—1)1l <ZK"2(VTx5x3)".
———— 2
ZZr(2n+1)
By using the I'(z + 1) = 2I'(2) recursion, we obtain

(o)D) (2) ()

1. 2. n—1.

>(n=1)"

XF<n+3> < n! K"2
2 ~— —
O(n+1) K-1Kn-1

Since I'(n+32) > I'(n + 1) for all n € Nt and
f(n) = n™ grows faster than g(n) = K™ for any
fixed K, (15) can not be satisfied for all n > 2.
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Supplement

In Section A we prove our remark on the validity of the
Bernstein condition for higher-order derivatives in the
case of kernels with faster spectral decay. The result
extends the example of Gaussian kernels detailed in
the main part of the paper.

A BERNSTEIN CONDITION FOR
HIGHER-ORDER DERIVATIVES

We prove that in the case of kernels with spectral den-
sity decaying as fa(w) o e (¢ € NT), the Bernstein
condition (15) holds for r < 2¢-order derivatives. This
example extends the case of Gaussian kernels where
¢=1and r <2 Let ¢ e NT and the spectral mea-
sure associated with kernel k£ be absolutely continuous
w.r.t. the Lebesgue measure with density

falw) = Cge_“’w

for some ¢y > 0. f is positive and we determine ¢, as:

1:/fA(w)dOJ:/Cgeiwudw=2Cg/ e dw
R R 0

CZOC,UL,]_

e vyd—ldy = 1

2 4(25) -
¢

T (3)

where we used y = w**, w = y21’ dw = —yw 1dy and
the pdf of the Gamma distribution (b = 1, a = 3)

Cy =

20

g(y;a,b) = (Z)y“_le_by, (y>0,a>0,b>0) from
which it follows that
> r
[0 oy
0
Consequently, one obtains
™M F(’r”’é?l)
A= Ayn(A) = fR |w|™dA(w) _ r(%)
n rn N 1)

Vi aa@) {F“;

by using (24) withb=1, a = T;'el and the value of ¢;:

/wdA /|w|rc/e “* du
o0
2265/ whe " dw = %/ e Yyzty Lfldy
0 0

- (57) - Fay

20

Next we assume that r < 24 is fixed and apply induc-
tion to prove (15).

e For n =2, by definition 4, 5 =1 (Vr € NT).

e The induction argument is as follows. By the induc-
tive assumption it is sufficient to show the existence
of K, > 1 such that

Ar,n—i—l

By = <(n+ DK, (25)

rn

since A,.,, < ”'K" 2 and L“ < (n+1)K, imply

2rq1
Arpir < @Kﬁb“*z. By deﬁning Cp = r( 2¢ )

(%)

we obtain
r(nt1)+1 n r(n+1)+1
R G ) RALC DICO LA G )
n r (%) (C,,,)ﬂ;l T rré-é-l) \/a T (Tn-‘rl)
rn+1 T ™™ 2/
:F( 5t ﬂ)@D L (%55 + 5%)
1 — rn 1
Ver T (50 ver T (5
(:)Dr,n 1 rn;gl (gDr,n 1 267;;1
Ve Ve
n+2ie
p, "t
b \/a
Indeed,

— (a): The Gamma function has a global minima
on the positive real line at z,,;, =~ 1.46163, it is
strictly monotonically decreasing on (0, 2,4, ) and
strictly monotonically increasing on (2zin, 00).
The latter implies

F(Zl) < F(ZQ) for zmin < 21 < 22. (26)

Let us choose 2y = " + = and 2o = 2L +
%' z1 < zg since T S %. With this choice (26)

guarantees (a) with D, , =1 if

(d)
me<n+277"n+1+i <
- 20 20|, —
™m+1 r
< R
ST T
If ng := [20zpmin — 2] < n, then (d) holds. This
means that (a) holds with

Dr,n =1

=2Zzi.

if ng <n.

ns — 1 values, (a) is
. . . r(ratt42t)
fulfilled with equality using D, ,, 1= <ot

’ F( 20 +ﬂ)
— (b): We applied the I'(z 4+ 1) = 2I'(z) property.
— (c): It follows from r < 2¢.

For the remaining n =2, ...,

To sum up, we got that

D
B,, <=2 1 ith
o < \/a(n—&— ), wi
1 ifng<n
Drn: F(ngl-‘r%)
= <~ n=2,...,ns—1
F(77§?1+ﬁ) S
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Thus, one can choose




