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1. INTRODUCTION

Consider a Hamiltonian system of 2n differential equations

¢ = +275
(Xu) :
D = —%I.

A first integral is a function of the ¢; and p; which is constant along the solutions of (Xpyz).
The system is called (meromorphically) Liouwville integrable (or completely integrable) when
it admits n (meromorphic) first integrals F1,..., F, which are functionally independent
(their differentials are linearly independent) and in involution (their Poisson brackets vanish
or, equivalently, the associated Hamiltonian vector fields X g commute). We refer to the
reference books [AMTS], [Aud08] for more on this topic; see also Section 2 for definitions.

The Ziglin-Morales-Ramis theory (see [MRR10, [Aud08] for statements and applications)
provides mathematical tools to check when a system is non-integrable. This is particularly
useful as Hamiltonian systems generally come as parametrized families. The non-integrability
criteria allow one to discard the vast majority of values of the parameters for which the
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system is not integrable. The principle is as follows. First, we find a particular solution I'
of the system (Xp) (generally from an invariant plane found from symmetries) and we
compute variational equations (VE,), i.e. systems of linear differential equations governing
a Taylor expansion of a solution of (Xz) along the particular solution I". The Liouville
integrability of (Xp) induces integrability conditions on the variational equations (VE,),
which in turn imply properties of their monodromy or differential Galois groups. Technically,
the Morales-Ramis-Sim6 theorem states that if (Xp) is integrable, then the Lie algebras of
the differential Galois groups of all variational equations (VE,) must be abelian (all these
terms are defined in Section 2).

The strength of this criterion is that it turns a geometric condition (integrability) into an
algebraic one (abelianity of a Lie algebra), thus paving the way for possible computations.
However, although there exist general algorithms to compute differential Galois groups
of reducible systems such as the variational equations (VE,) ([Fenl5) Retl14] or [vdHOT]),
none of them are currently even close to being practical or implemented at this time.
Furthermore, the size of the variational equations (VE,) grows fast, so only a method which
uses the structure of the system to make it simpler has a chance of being efficient. The
main goal of the present paper is to explain how to use the structure of the system to make
it simpler, which will allow us to check efficiently whether its Lie algebra is abelian or not.

Over the past decade, several approaches have been devised to concretely apply this
Morales-Ramis-Sim6 integrability criterion.

For Hamiltonians of the form H = > | 1p? 4+ V(g), where V is a potential in
q, the first variational equation is often a direct sum of Lamé equations of the form
y"(z) = (n(n + 1)p(z) + B) y(x), where p denotes the Weierstrass function associated to
an elliptic curve. In this case, Morales has elaborated a local criterion to find obstructions
to integrability on higher variational equations via local computations (see Lemmas 11 and
12 in [MRRO1] Page 79, and Proposition 7, Page 81). Maciejewski, Przybylska and Duval
have elaborated techniques to handle variational equations for the case of Hamiltonians with
potentials ([MP06l, [DM09, [DM14, [DMI5]); see also the works of Combot and coauthors
[Com13l, I[CK12, BCSED14].

Another approach is to determine numerical trajectories and compute numerical mon-
odromies around these. Although it is difficult to obtain rigorous proofs by these methods,
they provide surprisingly precise information. They have been developed, for example, by
Martinez and Simé [MS09], by Simon and Simo6 in the Atwood paper [PPR*10|, by Simon
in the more recent [SimI4al [Sim14b] and by Salnikov [Sall4l [Sall3].

The general strategy for turning numerical evidence into rigorous proofs is to show that
a certain commutator is non-zero. This in turn yields calculations of integrals and of
residues, which can be achieved algorithmically due to their D-finiteness. This is used by
Martinez and Sim6 in [MS09] and later systematized by Combot and coauthors, see e.g.
[CK12 [Com13, BCSED14].
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The approach that we develop in this paper follows previous work by two of the authors
in [AMCW13|, AMWT1l, [AMWI12]. We establish a reduction method. Consider the p-th
variational equation (VE,) : Y’ = A(z)Y’, where the coefficients of A(x) are in a differential
field k. Given an invertible matrix P(x) (a gauge transformation matrix), performing the
linear change of variable Z = P(z)Y produces an equivalent linear differential system for 7,
denoted by Z' = P(x)[A(z)] Z. The principle of reduction methods is to look for a gauge
transformation P(z) such that the resulting system Z’' = P(z)[A(z)] Z is “as simplified as
possible”.

Let G denote the differential Galois group of (VE,) and g be the Lie algebra of G.
Following traditional works of Kolchin and Kovacic, we will say that we have a reduced form
when P(z)[A(z)] € g(k) (see Subsection [2.3.3)). Despite the apparent technicality of this
definition, the Kolchin-Kovacic theory shows why this is a desirable form. This is similar to
the Lie-Vessiot-Guldberg theories of reduction of connections (see [BSMR10, BSMR12] for
the latter and their connections with the Kolchin-Kovacic theory of reduced forms). Our
strategy in this paper is to compute such a reduction matrix P(x) efficiently.

After this reduction process, the Lie algebra g is easily read and its abelianity (or not) is
given in the process. Furthermore, if g is abelian, then this process will have prepared the
system to allow an efficient reduction of the next variational equation.

Our strategy can be summarized as follows. The p-th variational equation (VE,) is a
differential system of the form Y’ = A(z)Y where A(x) has the form

A(z) = :
0= (S
In the Morales-Ramis-Simo situation (see Subsection [2.5)), we may assume that the A4;(x)

are in reduced form and that the Lie algebra of the differential Galois group of the block
diagonal system

: Ai(z)| 0

1 _ ) . _ 1

Y' = AdlagK with Adlag ( 0 ‘ Ay (ZL') >

has an abelian Lie algebra. We show (Theorem in Subsection that the reduction
matrix may be chosen of the form

P(z) = ( S fi((ix)si I?i )

where Id denotes the identity matrix, where the S; are easily found from S(x) and where
the unknown functions f;(z) remain to be found. In Subsection we show how standard
linear algebra allows us to find these f;(x) as rational solutions of first order linear
differential equations y’' = A(x)y + >, ¢;b;i(x) where the ¢; are constant and where A(z) and
the b;(z) are in a convenient field.

Structure of the paper. In Section 2, we recall the necessary notions of Liouville
integrability of Hamiltonian systems, differential Galois groups, reduced forms of linear
differential systems and the Morales-Ramis-Simé integrability condition. This section
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contains only previously known material. In Section 3, we solve a problem that is interesting
in its own right : given a block triangular differential system whose diagonal blocks are in
reduced form and have an abelian Lie algebra, we give a practical procedure to put the
system into reduced form (and hence compute its differential Galois group). In Section
4, we show how to reduce the Morales-Ramis-Simé condition to the latter problem and
thereby provide an effective version of the Morales-Ramis-Sim6 integrability criterion. In
Section 5, we demonstrate the efficiency of the method by computing the reduced form and
the differential Galois groups of the first three variational equations on a four dimensional
example, originally considered in [CDMP10].

Acknowledgments. We would like to thank G. Casale, T. Combot, A. Maciejewski,
J.-J. Morales, M. Przybylska, J.-P. Ramis and M.F. Singer for inspiring conversations
regarding the material elaborated here. This paper was initiated at an EMS conference in
Bedlewo and significantly improved in Wuhan where T. Dreyfus and J.-A. Weil were invited
by the Chinese Academy of Science and the ANR project g-diff. T. Dreyfus is supported by
the Labex CIMI in Toulouse.

2. THE MORALES-RAMIS-SIMO INTEGRABILITY CONDITION

2.1. Hamiltonian Systems and Liouville Integrability. Let (M, w) be a complex
analytic symplectic manifold of complex dimension 2n with n € N*. Since M is locally
isomorphic to an open connected domain U < C?”, Darboux’s theorem allows us to choose

a set of local coordinates (¢, p) = (q1 .--qn, P1...Pn) in which the symplectic form w
is expressed as J := [ _Iodn e ], where Id,, denotes the identity matrix of size n. In

these coordinates, given a function H € C?(U) : U — C (the Hamiltonian), we define a
Hamiltonian system over U < C?" as the differential equation given by the vector field

§ O 0 5ol 0
Zopi dg; & dq; dpi’

Xy :=JVH =

corresponding to the Hamiltonian differential system
(2.1) Qi:%(q,p), piz—%(q,p), fori=1...n.

Consider a non-punctual integral curve I' of (2.1)). A meromorphic function F : U — C
is called a meromorphic first integral of along I if it is constant along integral curves
in a neighborhood of T, or equivalently when Xy (F) = 0. Observe that the Hamiltonian is
a first integral of (2.1)), as we clearly have Xy (H) = 0.

The Poisson bracket {,} of two meromorphic functions f,g € C2?(U) is de-

fined by {f, g} = (Vf,JVg). In the Darboux coordinates, its expression is
2 of 0 of ¢

{f,qg}= Z —f—g — —f—g The Poisson bracket endows the set of first integrals with a
& 0qi Opi  0p; 0q;

structure of Lie algebra. A function F is a first integral of (2.1)) if and only if {F', H} = 0,
ie. H and F' are in involution. Also, note that Xp py = [Xr, XH], so the involution
condition means that the associated Hamiltonian vector fields commute.
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A Hamiltonian system with n degrees of freedom is called Liouville integrable by mero-
morphic first integrals along the integral curve I if it possesses n first integrals (including
the Hamiltonian) meromorphic over U which are functionally independent and in pairwise
involution.

2.2. Variational Equations. Among the various approaches to the study of meromorphic
integrability of complex Hamiltonian systems, we choose a Ziglin-Morales-Ramis type of
approach. Concretely, our starting points are the Morales-Ramis theorem [MRRO1] and
its generalization, the Morales-Ramis-Sim¢ theorem [MRRSO7, MRR10]. These two results
give necessary conditions for the meromorphic integrability of Hamiltonian systems. Here,
we need to introduce the notion of variational equation of order p € N* along a non-punctual
integral curve of .

Let ®(z,t) be the flow defined by the equation . Given a non-punctual integral curve
I of and zp € I', we let ¢(t) := ®(20, t) denote a temporal parametrization of I". We
define the pt" wariational equation (VEZ) of along I' to be the differential equation

satisfied by the §; := % for j < p. For instance, the first three variational equations

are given by (see [MRRS07], §3.4, Equation (14), Page 860):

(VE3) : o §2 =dZXpg (&1, &) +dpXps
& =d3Xn(&, &, &) + 25 Xu (&, &) + dpXnts.

For p = 1, the first variational equation (VE(lb) is a linear differential equation

& = A&y where Ay := dgXpg = J - Hessy(H) € sp(n, Clo(t))),

where C{¢(t)) denotes the differential field generated by the coefficients of the parametriza-
tion ¢(t). Higher order variational equations are not linear for p > 2. However, for every
(VE{;), one can construct an equivalent linear differential system (LVEg) called the linearized
p'" variational equation (see [MRRS07], §3.4 and [Sim14b]). Indeed, (VEY) is linear in &,
and polynomial in the &; for ¢ < p; however, the §; for i < p are solutions of the linear
differential system (LVE?;l) so that polynomials in the §; also satisfy linear differential
systems, obtained via symmetric powers and tensor constructions. See, for example, §3 of
[AMCWT13] for practical details on these tensor constructions on differential systems.

For example, (VE;) is linear in & and linear in the monomials of degree 2 in the &1, i.e. in
the solutions of the second symmetric power system Y’ = sym?(4;)Y. Hence the system
(LVE%) is lower block-triangular and its diagonal blocks are sym?(A;) and A;. We obtain
(see e.g. IMRRIO, AMWTII] [Sim14b, [CW15]) the following matrices A,, for the first (LVEg):

o) = sym? (Al(x))‘ 0
AQ( )_ ( 52(x) ‘Al(x) )7

3 sym® (A1 () 0 0
P (Ai(z)) | O _ S3o(x sym? (A (z 0
3(@) ( Sz(x) | Az(x) ) 52?2373 = Si(afl)( 2 Ay (x)
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In general, the matrix of (LVEZ) is of the form

2 sym? (A1(x)) ‘ 0
) = (T @) )

In [Sim14b], §4.1, Simon provides explicit formulas for these linearized variational equations.
In what follows, we will identify (VEZ) and (LVE‘Z) and we will just speak of variational
equations of order p. '

The matrix sym’ (A;(z)) has ("Z:l) rows and columns, so that (LVEZ) is a first order linear
differential system of d, := > _, ("::1) = ("*P) — 1 equations. The size d, grows fairly
fast (polynomially of degree n in p) and forbids the use of a generic algorithm to compute
on (LVE];). For this reason, we elaborate a specific algorithm which takes advantage of the
structure of (LVEZ) so that the polynomial growth of the size will become a relatively minor

concern.

2.3. Differential Galois Theory and Reduced Forms. We begin this subsection with
elements of differential Galois theory. We refer to [PS03| or [CH11] [Sin09] for details and
proofs.

2.3.1. The Base Field. Our base field will be k := C{¢(t)), the differential field generated
by the coefficients of the parametrization ¢(¢) (and C is the field of constants, which is
assumed to be algebraically closed). We need to make assumptions about k to elaborate
our algorithms. First we assume that k is an effective field, i.e. that one can compute
representatives of the four operations +, —, X, / and one can effectively test whether two
elements of k are equal, see e.g. [Sin91]. Secondly, we assume that, given any scalar linear
differential equation L(y(x)) = 0 where

L(y(z)) := an(@)y™ (@) + ap-1(2)y" V(@) +--- +ai(@)y () + ap()y(x), with ai() € k,

one can effectively compute a basis of its space of rational solutions, i.e. the solutions
which are in the base field k. The standard example of such a field would be k = C(z)
with C = Q. Singer showed, in [Sin91], Lemma 3.5, that if k is an elementary extension
of C(z) or if k is an algebraic extension of a purely transcendental Liouvillian extension
of C(x), then k satisfies the above two conditions and hence suits our purposes. He also
proved, see Theorem 4.1 in|Sin91], that an algebraic extension of k still satisfies our two
assumptions, which will be useful, as reducing the first variational equation may induce
algebraic extensions.

2.3.2. Differential Galois Theory. Let us consider a linear differential system of the form
Y'(z) = A(x)Y (x), with A(x) € My(k), that is a square matrix of size n € N* in coefficients
in k. A Picard-Vessiot extension for Y'(x) = A(z)Y (z) is a differential field extension K|k,
generated over k by the entries of a fundamental solution matrix and such that the field of
constants of K is C. The Picard-Vessiot extension K exists and is unique up to differential
field isomorphism.
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The differential Galois group G of Y'(x) = A(z)Y (z) is the group of field automorphisms
of the Picard-Vessiot extension K that commute with the derivation and leave all elements
of k invariant. Let U(z) € GLy(K) be a fundamental solution matrix of Y'(z) = A(x)Y ()
with coefficients in K. For any ¢ € G, ¢(U(z)) is also a fundamental solution matrix, so
there exists a constant matrix C, € GLy (C) such that ¢(U(z)) = U(x).Cy,. The map
pu : ¢ — C, is an injective group morphism. An important fact is that G, identified with
Im prr, may be viewed as a linear algebraic subgroup of GL, (@)

Two linear differential equations Y'(z) = A(z)Y(z) and Y'(z) = B(z)Y(z), with
A(z), B(x) € My(k) are said to be equivalent over k (or gauge equivalent over k) when
there exists P(z) € GLy(k), called a gauge transformation matriz, such that

B(z) = P(z) [A(z)] := P(2)A(z)P~(z) + P'(z) P~} (x).
Note that in this case:

Y'(2) = A@@)Y (2) <= [P(2)Y (2)]" = B(z)P(2)Y ().
Conversely, if there exist matrices A(x), B(x) € My(k) and P(z) € GL,(k), such that we
have Y'(x) = A(x)Y (2), Z'(z) = B(z)Z(x) and Z(z) = P(x)Y (x), then

B(z) = P(z) [A(x)].

The Lie algebra g of the linear algebraic group G < GL, (@) is the tangent space to G
at the identity. Equivalently, it is the set of matrices N such that Id, + eN satisfies the
defining equations of the algebraic group G modulo €2.

Part two of the following proposition is known as the Kolchin-Kovacic reduction theorem.
A proof can be found in [PS03|, Proposition 1.31 and Corollary 1.32. See also [BSMR10],
Theorem 5.8.

Proposition 2.1 (Kolchin-Kovacic reduction theorem). Let us consider the differential
system Y'(x) = A(z)Y (x) with A(z) € My (k). Let G be its differential Galois group and g
be the Lie algebra of G.
(1) Let H c GLy, (é) be a linear algebraic group and h < My (é) be its Lie algebra. If
A(z) belongs to h(k) := h ®z k, then G is contained in a conjugate of H.
(2) Assume that k is a C'-field || and G is connected. Let H > G be a connected linear

algebraic group with Lie algebra by such that A(x) € (k). Then, there exists a gauge
transformation P(z) € H(k) such that P(x)[A(z)] € g(k).

2.3.3. Reduced Forms of Linear Differential Systems. Let A(xz) € My (k), G be the differen-
tial Galois group of Y'(z) = A(x)Y (z) and g its Lie algebra.

We say that the system Y'(z) = A(z)Y () is in reduced form (or in Kolchin-Kovacic reduced
form) when A(z) € g(k) = g ®; k. This section contains a quick survey on reduced forms
and their practical use.

*A field k is a C'-field when every non-constant homogeneous polynomial P over k has a non-trivial zero
provided that the number of its variables is more than its degree. For example, C(z) is a C'-field and any
algebraic extension of a C'-field is a C*-field.
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Following [WNG63|, a Wei-Norman decomposition of A(z) is a finite sum of the form
Alz) = ) ai(2)M;,

where M; has coefficients in C and the a;(z) € k form a basis of the C-vector space spanned by
the entries of A(z). The M; depend on the choice of a;(z) but the C-vector space generated
by the M; is independent of the choice of the a;(x).

Definition 2.2. Let Lie(4) € My (5) denote the Lie algebra generated by the M;. We
define Liegg(A) € M,y (E), called the Lie algebra associated to A, as the algebraic envelope
of the Lie algebra Lie(A), i.e. as the smallest Lie algebra of a linear algebraic group which
contains Lie(A).

Let Lie(A;k) := Lie(A)(k) € M, (k) and Lieyg(A; k) := Lieag(A)(k) € My (k). We
see that the system Y'(z) = A(z)Y () is in reduced form when Lie,,(A; k) = g(k).

These reduced forms have long been studied in the context of inverse problems in
differential Galois theory (see [MS02] and references therein). Their use in direct problems
is more recent. Blazquez and Morales use them in their studies of Lie-Vessiot systems in
[BSMRI10, BSMR12]. Their application to Morales-Ramis theory is initiated in [AMW12]
where Aparicio-Monforte and Weil show how to put the first variational equation in reduced
form. In [AMCW13)|, the same authors with Compoint show that a system is in reduced
form if and only if, for any tensor construction const(A(z)) on A(z), any rational or
hyperexponential solution of Y’ = const(A(z))Y has constant coefficients. One can also
find in [AMCW13| a complete procedure to put a linear differential system into reduced
form when it is irreducible (or completely reducible). This does not really apply here as the
variational equations are generally reducible (and not completely reducible) systems — and
the reduction method of [AMCW13| is far from being efficient yet.

The approach that we elaborate in this paper was initiated (incompletely) in [AMWT11].
It is based on another criterion for reduced form, which is given in the following lemma.

Lemma 2.3. Given A(z) € M, (k), let G be the differential Galois group of Y'(x) =
A(z)Y (x) and g be its Lie algebra. Let H be a connected linear algebraic group whose Lie
algebra b satisfies ) = Lieag(A). Assume that G is connected.

Then Y'(x) = A(x)Y (x) is in reduced form, i.e. G = H and g = b, if and only if, for all
gauge transformation matrices P(x) in H(k), we have h(k) = Lieyg(P[A]; k).

Proof. Follows directly from the Kolchin-Kovacic reduction theorem, see Proposition[2.1] [J

2.4. The Morales-Ramis-Sim6 Integrability Criterion. We are now in position to
state the Morales-Ramis-Simé integrability criterion. See [MRRS0T7] for a proof and §2 for
the definitions.

Theorem 2.4 (Morales-Ramis-Simo6 integrability criterion). Consider a Hamiltonian vector
field Xg and a non-punctual integral curve I'. For p € N*, let G}, be the differential Galois
group of (VEZ), the p wvariational equation along T'. Let gp be the Lie algebra of Gp.
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Assume that the Hamiltonian vector field Xy is Liouville integrable by meromorphic first
integrals along the integral curve I'. Then, for all p € N*, g, is abelian.

Of course, given p € N*, computing the differential Galois group G, of such a big
differential system would be an unrealistic task in practice unless we use the structure of
the system to simplify the computations. We will establish a specific reduction method, i.e.
compute a gauge transformation matrix P,(x) such that P,(z)[A,(x)] € gp(k). After this
reduction process, the Lie algebra g, is easily read and its abelianity (or not) is given in the
process. Furthermore, if g, is abelian, then this process will have prepared the system to
allow an efficient reduction of the next variational equation.

2.5. The Strategy for an effective Morales-Ramis-Simé Criterion. We refer to
and for the notations used in this subsection. Let us fix an integer p > 2. The matrix
of the p* variational equation has the form

o) sym? (A1(x)) ‘ 0
A )‘( 5,0 | Ay )

For each m € {1,...,p}, we let G, denote the differential Galois group of the m!" variational
equation Y'(z) = A, ()Y (z) and g, its Lie algebra. For all m € {1,...,p — 1}, we assume
that we know a gauge transformation matrix P, (z) such that P,,(z)[An(z)] is in reduced
form, i.e. Lieug(Pm[Am]) = gm, and we further assume that each g,, is abelian. We let
Ap red(x) denote the obtained reduced form, that is Ay, req(x) := Py (2)[Am(2)].

Under these hypotheses, we will show in the next section how to put the p** variational
equation Ay(z) into reduced form in an efficient way.

h

Remark 2.5. Our assumptions imply that the first variational equation is in reduced form.
This in turn implies that our base field k is no longer just C{¢) but may be an algebraic
extension of the latter (see [AMCWI13|). In the sequel, our base field k is the algebraic
extension of C{¢) which is needed to put the first variational equation into reduced form.
Since an algebraic extension of a C'-field is a C'-field, we obtain that k is a C'-field provided
that C{¢) is a C'-field. Consequently, we are allowed to use Proposition as soon as C{¢)

is a C'-field. From now on, we assume that k is a C'-field.

Our assumptions also imply (see [AMCW13|, Lemma 32, Page 1513) that, for all
m € {1,...,p — 1}, the differential Galois groups G, are connected. Moreover, both the
groups G, and their Lie algebras g,, are abelian.

Lemma 2.6. The group G, is connected.
Proof. This is a direct application of [MRR10|, Lemma 10. O
As we can see in [AMCW13|, Lemma 14, Page 1508,
Sym”(Py(z))[sym” (A1 (2))] = syn”(A1 rea(2))-

Also, symP (A1 req(x)) is a reduced form of sym”(A;(x)). Indeed, this follows from [AMCW13],
Theorem 1, because any tensor construction on sym?(A;(x)) is a construction on Aj(x).
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Consider the block-diagonal gauge transformation matrix

(S BE) | 0
Q““)"( 0 p,,_l(@)-

Thanks to the above remarks (see also [AM10], §4.5.2), we find that

Q) [A (2] = ( sym? (Sffl(la,:ged(fv)) APL?«ed(x) ) )

where S(z) has entries in k, and the block-diagonal part of Q(z)[Ap(z)] is in reduced form.

D
sym (641,red) ApOWd ) is abelian.

Furthermore, Lie,q (

3. REDUCTION OF LINEAR DIFFERENTIAL SYSTEMS WITH A REDUCED ABELIAN
DIAGONAL PART

The previous subsection shows that finding a reduced form for the p'* variational equation
now amounts to finding a reduced form for

sym” (A1 red(T)) ‘ 0 )
A(x) = A = ; (k).
(@)1= QoA )] = (DL 0 e i
The submatrices sym” (A eq(x)) and Ap_q ,eq(z) belong respectively to My, (k) and

Moy (K), with ny := ("FP7") and ng := ("*77) - L.

Y4
Wo have A(z) = Auig(0) + Auis(z), where Aug(z) i= (ZE et 0 )
p—1,re
0 0

and Agyp(z) := ( S@) [0 ) . We have seen that Y'(z) = Agiag(x)Y (2) is in reduced form

and Lie,lg (Adiag) is abelian. The aim of this section is to show how to use those hypotheses
to put the full system Y'(z) = A(2)Y (z) in reduced form.

3.1. The Diagonal and Off-Diagonal Subalgebras. We refer to for the no-
tations used in this subsection. Let Mj,...,Ms € M, (@) be a basis of Lieayg (Adiag)
and let By,...,B, € My (@) be a basis of Lieyg (Asub). We define the vector space
b := Liealg (Adiag) @ Liealg (Asub). Note that Lieyg(A) < b, and b is the Lie algebra of a
linear algebraic group. Let us sum up some elementary properties of f in the two following
lemmas:

Ni(z) | 0
Ny i(x) ‘ Ny(z)

< Cl(zx) 8 ) ’ ( 02(23?) 8 ) € Lieaig (Asub; k).
o st (el ehefs)

Lemma 3.1. Let us consider a matriz ( > € b(k) and matrices
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| Ni) | 0 0 |0 ‘
(2) The matric <N271(m)N2(m) AGID and the Lie bracket

Ny (z) ‘ 0 0 ‘ 0 . )
[( Noa (@) ‘ O A ‘ 0 belong to Lieag (Asub; k).  Furthermore
Liealg (Asub: k) is an ideal in h(k).

Proof. (1) A straightforward computation shows the first point of the lemma.
Ni(z) | 0 )( 0 0) ( 0 0)
2) We h = € h(k) and
(2) We have ( Noa(@) | Ma(@) ) \Ci@ [0 Na@)Ci(w) [0 ) € ) an

[( J]VVQZ(Z% Nzo(ff) ) ’ ( Cl(z:z:) 8 )] - ( Nz(w)Cl(:r)gcl(a:)Nl(x) 8 ) € h(k).

We prove that they belong to Lie, (Asub; k) using that fact that the diagonal
blocks of the two matrices are zero. The latter Lie bracket identity also shows that

Liealg (Asub; k) is an ideal in h(k).

g

Lemma 3.2. For all B(z) € Lieyg (Asubs k), we have exp(B(z)) = Id, + B(x) and
log(Id, + B(z)) = B(z). This induces two bijective maps which are inverses of each other

exp : Liealg (Asub; k) — {Id,[1 + B(x), B(x) € Liealg (Asub; k) }
B(x) — Id,, + B(z)
log: {Idy + B(x), B(x) € Lieas (Aupik) | — Licutg (Asub; k)
Id,, + B(z) — B(x).

Proof. Let B(x) € Lieyg (Asubsk). The equality exp(B(z)) = Idy, + B(z) is a di-
rect consequence of the first point of Lemma The same argument shows that
log(Id, + B(z)) = B(z). It follows directly that exp and log are bijective on the wished
sets and inverses of each other. 0

3.2. The Shape of the Reduction Matrix. We refer to and for the notations
and definitions used in this subsection. The aim of this subsection is to prove:

Theorem 3.3. There exists a gauge transformation
P(a) € {1d, + B(x), B(®) € Licu (Aupik) |,
such that Y'(z) = P(z)[A(x)]Y (z) is in reduced form.

Let G be the differential Galois group of Y'(x) = A(x)Y(x). By construction, we
have G = G, where G, is the differential Galois group of the p-th variational equation
Y'(xz) = Ap(z)Y (z). Let H be the connected linear algebraic group with Lie algebra b.
Before proving Theorem [3.3] we start with a key lemma.
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Lemma 3.4. There exists a unipotent gauge transformation P(x), of the form P(x) =

( Z{Z(]I(I;) Idon2 ) € H(k), such that Y'(z) = P(z)[A(z)]Y (z) is in reduced form.

Proof. Let Hy be the connected linear algebraic group with Lie algebra Liey, (A;k).
We have the inclusions G € Hy € H. As G = Gp, Lemma shows that G is
connected. So we may use the second point of Proposition to obtain the exis-

tence of Q(z):= < Z;;)Efj; D2O($) ) € Hy(k) such that the linear differential system
Di'(x)| 0

Y'(z) = Q(z)[A(x)]Y (#) is in reduced form. Let R(x) := < 0 ‘ D, () > € H(k)

~o Id,, | 0
so that R(x)Q(x) = < D5 (2)Sa(@) ‘ Tdn, ) € H(k). Consequently, to prove the lemma,

it is sufficient to prove that Y'(z) = R(x)Q(z)[A(z)]Y (z) is in reduced form. We have to
prove that Lieas (@[A], k> = Liealg (R@[A]; k). Let H RO be the algebraic group whose

Lie algebra is Lieyg (R@[A]) Thanks to the first point of Proposition , the group H RO

contains G. Since Y'(z) = Q(x)[A(2)]Y (#) is in reduced form, @ is an algebraic group
whose Lie algebra is Liegg (@[A]) This implies that Lieyg (@[AL k) C Lieglg (R@[A]; k).

Let K|k denote the Picard-Vessiot extension for the equation Y'(z) = A(z)Y(x)

L Ul(a:) ‘ 0 . 4
and let U(z) := ( Una (2) | Ua(@) € GLy(K), with U;(z) € GLy, (K) be a fundamen-
Gi |0

Ga1 | G
G; € GLy, (@) Let Ggup be the subgroup of elements of G of the form ginl Ic? )
2,1 no

A direct computation shows that Gy, is a normal subgroup of G. Therefore, G =~
Gsub X G/Ggyp. Due to [PS03|, Proposition 1.34, (2), Gaiag := G/Gsub is isomorphic
to the differential Galois group of Y'(z) = Agiag(2)Y (z). Let us write Q(z)[A(z)] =:
< Dy (x)[symp (Al,red(x))] ‘ 0

A2,1 (I‘) ‘ D2($) [Ap—lﬂ’ed(x N
in k. We use the relation G ~ Gy, X Ggiag and the fact that Y'(z) = Q(z)[A(x)]Y (z) is
in reduced form to find that

. ~ . D P (A1 e 0 . 0 |0

tal solution. The elements of G are of the form ( ) e GL, (@), with

7l ) , for some matrix A, () in coefficients

A direct computation shows that

~ symp (A ,re (l‘)) 0
(3.1) R(z)Q(x)[A(z)] = ( Dz—l(x)A;l(xd)Dl(x) Ap 1 rea() ) .

By construction,
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. ~ . symP (A1 e 0 . 0 0
Lical (RQ[A];k) c Llealg( y (0 Lred) g ) (k) @ Lica, ( 572 i 0 ) (K).

Since Di(x) and Ds(x) are invertible matrices, Lieyg < AO 8 ) (k) and
Ao
: 0 K : . . :
Lie,g < D2_1 451D ‘ 0 ) (k) have the same dimension. Due to the inclusion
Lieal, (@[A]; k) C Liea (R@[A]; k) we obtain that
. 0 |0 : 0 |0
(3.2) Llealg ( 4271 0 ) (k) = Llealg ( D271A2’1D1 ‘ 0 ) (k)

Using the facts that the systems Y'(z) = Agiag(2)Y (z) and Y'(z) = Q(2)[A(2)]Y (z) are
in reduced form and G' >~ Ggu, X Ggiag, We find that

. symp (Al,red) ‘ 0 ot D1[Symp (Al,red)] ‘ 0
Llealg ( 0 ‘ Ap—l,red (k) B Llealg 0 ‘ D2 [Ap—l,red] (k)

Combined with , this proves that Lie,, <RC~2[A];k) C Lieyg (@[A];k). Since
we have an inclusion Lieyy (@[A];k) C Lie,lg (R@[A];k), we obtain the equality
Lieal, (R@[A];k) — Liea (@[A];k). In other words, Y'(z) = R(z)0(x)[A(2)]Y (x) is
in reduced form. 0
Proof of Theorem[3.3 It follows from Lemma that a reduction matrix can always be

chosen of the form P(x) = ( ]I\[d(r;) Ido ) € H(k), where N(z) € My, (k). By a
ng
0 0

N(z) |0 > € h(k). But with the same

reasoning as in the proof of Lemma we obtain that log(P(x)) € Lieag (Asub; k). This
concludes the proof of Theorem O

straightforward computation, we find log(P(x)) =

The following corollary will be crucial for the reduction procedure of

Corollary 3.5. Assume that, for all gauge transformations of the form
P(zx) € {Idn + B(x), B(x) € Liea (Asub; K) } we have Lie(A;k) = Lie(P[A]:k). Then,
Y'(z) = A(x)Y (x) is in reduced form.

Proof. Theorem provides a B(x) € Lieas (Asub; k) and P(x) = Id, + B(x) such that
the system Y'(x) = P(x)[A(z)]Y(x) is in reduced form. In virtue of the hypothesis,
Lie(A; k) = Lie(P[A]; k). This implies that Lie,s(A; k) = g(k), where g is the Lie algebra
of the differential Galois group G of Y'(z) = A(z)Y (x). This proves that Y'(z) = A(x)Y (z)
is in reduced form. O
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3.3. The Adjoint Action. We refer to §2.3] and for the notations and definitions
used in this subsection. In we have proved the existence of a gauge transformation

matrix P(z) € {Idn + B(x), B(x) € Lieay (Asub; K) } such that Y'(z) = P(z)[A(2)]Y (z) is
in reduced form. Let By,...,B, € M, (é) denote a basis of Lieayg (Asub)-

Proposition 3.6. If P(z) := Id, + Z fi(x)Bi, with f;(x) € k and B; € Lieag (Asup), then
=1

o

P(2)[A(x)] = A(z) + Y fil@)[Bi, Adging @ 2 fila

i=1
Proof. Due to the first point of Lemma we have the equalities P~ =Id, — Z fi(zx
and P(x)A( )+ 2 fi(x)BiAgdiag (). As A(x) = Agdiag () + Asup (), we use Lemma

3.1 and find that

P(x)A(z) P~ ()

(Adiag( + Asub + Z f] B Adlag ) (Id Z )

[

+ Z f] B Adlag Z Adlag Bk

() + Z fi(@)[Bi, Adiag()]-
i=1

Similarly, we have

P'(z)P7 () = <Z £l (:c)Bz-> <Idn = fj(w)Bj> = > f(@)B.
i=1 Jj=1 '

This yields the desired result. O

We have seen in Lemma that Lieay (Asub; k) is an ideal in h(k). In particular, for
all B(x) € Liealg (Asub: k), the bracket [B(x), Adiag()] is in Liealy (Asub: k). This implies
that the k-linear map W := [e, Agjae ()], which is the adjoint action of Lieayy (Adiag: k) on
Liealg (Asub; k), is well defined:

v Liealg (Asub; k) — Liealg (Asub; k)
B(x) > [B(z), Adiag(7)]-

The following lemma will be necessary in Note that the proof of the lemma gives a
complete description of a finite set containing the eigenvalues of .
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Lemma 3.7. The eigenvalues of the linear map ¥ belong to k.

Furthermore, there exists a basis of constant matrices, such that the matriz of the linear
map U in this basis is block-diagonal, with blocks that are upper-triangular matrices with
only one eigenvalue.

Proof. Let My,...,Mse M, (@) be a basis of Liealg (Adiag), Which is abelian. We may
é

write Agiag(x) = Z gi(x)M; with g;(z) € k. Let ¥; := [o, M;]| denote the adjoint action
i=1

of M; on Liegig (Asun). As the matrices M; commute pairwise, the Jacobi identity on
Lie brackets implies that the ¥, also commute pairwise. The ¥; have coefficients in the
algebraically closed field C and commute pairwise, and therefore they are simultaneously
triangularizable in a basis (C}) of Liegg (Asub). By construction, the Cj; are constant
matrices. Each Cj lies in a characteristic space of ¥; associated with an eigenvalue A, ;.
We define \j(z) := 2;;1 gi(x)Nij. As U = Z?zlgi(:n)\lfi, we see that the \;j(z) € k
are the eigenvalues of ¥ and that the matrix of ¥ is triangular in the basis (C;) of

Liealg (Asub§ k) : O

Remark 3.8. One may refine this proof to predict the eigenvalues of V.  Let

Y1(x), ..., Yw(x) € k be the eigenvalues of Agiag(x). The above reasoning shows the ex-
Li(x) 0
istence of P; € GL, (E), such that PlAdiag(x)Pfl =: , where for
0 L, (z)

1 <i < w, Li(x) is a matriz in coefficients in k, with only one eigenvalue ~v;(x).

In the proof of Lemma we have proved the existence of a basis of constant matrices,
such that the matriz of the linear map W in this basis is block-diagonal, with blocks that
are upper-triangular matrices corresponding to convenient restriction of the linear maps
Vi Xij — Xi;Li(x) — Lj(2) X, ;. For 1 < i,j < w, the map V,;; admits only one
eigenvalue that is equal to v;(x) — vj(x) € k. Then, the eigenvalues of V are of the form
{vi(x) —v(),1 <i,j < w}. Now the diagonal blocks are symmetric powers of Ay req(x);
the latter has an abelian associated Lie algebra and is triangular. It follows that the ~;(x)
are linear combinations (with integer coefficients) of the eigenvalues of Ay eq(x), so that the
eigenvalues of W also are linear combinations (with integer coefficients) of the eigenvalues of

Al,red(x)'

3.4. Decreasing the Dimension of Lie(A;k). We refer to §2.3] and for
the notations and definitions used in this subsection. The aim of this section is to
find a gauge transformation P(x) such that Y'(z) = P(x)[A(z)]Y(x) is in reduced
form. Thanks to Corollary it is sufficient to compute a gauge transformation

P(x) e {Idn + B(z), B(x) € Lieyyg (Asub; k) } such that, for every gauge transformation
O(z) e {Idn + B(x), B(z) € Licay; (Asup: k) } we have Lie(P[A];k) C Lie (@[P[A]]; k).
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The k-linear adjoint map ¥ = [e, Agiqg] : Lieas (Asub; k) — Lieas (Asub; k) has its
eigenvalues \1(z), ..., A\x(7) in k (see Lemma and its minimal polynomial has the form

= H (X — Ni(x))™,  with m; € N*.
=1

For each eigenvalue \;(x), we let E), := ker (¥ — \;(z)Id,)™") be the corresponding
characteristic space. So we have the standard decomposition Lie,ls (Asun; k) = @, Ey,.
Of course, the E), are W-invariant subspaces. Now Lieyjy (Asub; k) is also a W-invariant
subspace of Lieyg (Asub; k). As the Ey, have each a basis formed of constant matrices

(Lemma , Proposition implies that we thus have
Liealg (Asub; k) = (‘B (E/\i ﬂ Liealg (Asub; k)) .
i=1

In the reduction process, we may (and will) hence perform a reduction on each Ej,
separately. So, without loss of generality, we now assume that ¥ has one eigenvalue A\(x) € k
and Iy (X) = (X — A\(x))™, for some m € N*.

As above, we let E\ := ker ((¥ — A\(z)Id,)™) and, for i € {0,...,m}, let Egi) =
ker ((\Il - )\(x)Idg)i). We have the standard flag decomposition Ey = @;", E/(\Z)/Egl_l).
And, last, we recall that for M(x) € Eg\i)/E/(\ifl), we have

(3.3) U(M(x)) = Ma)M(z) + M(z), with M(z)e B{ Y.

3.4.1. Reduction on One Level of a Characteristic Space. Let us first pretend that we know
a basis C1,...,C; of Eg\m) /E/(\m_l) (formed of constant matrices Cj, this is possible due to

lemma such that Csiq,...,Cy form a basis of g(k) N (E/(\m)/Egm_l)) This means that

Ci,...,Cs could be “removed” by a gauge transformation.

We decompose A(x) as A(z) ) + Eaz )C;, where A(z) € E/(\mfl). Our gauge

transformation matrix is of the form P(z) = Id, + 2 fi(z)C; with fi(x) e k. As ¥(C;) =
i=1

AMx)C; + C;, with C; € Egm_l), we apply Proposition to obtain:
t t
P[A] = A(z) + ). fi(z)C 2 x) fi(x) - fl(x)) Ci.
i=1 i=1

We see that, in order to achieve reduction in Egm) /Eg\m_l), we should have

fl(x) = Mz) fi(x) + a;(x) forall ie{l,...,s}.
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In other words, the differential equation y'(z) = A(z)y(z) + a;(x) should have a rational
solution for each i € {1,...,s}.

In practice, we do not know the C; nor the a;(z) so we now show how to compute them.

Let Bjy,..., By denote a basis of Eg\m)/E/(\mfl), formed of constant matrices. We will find
candidates for the C; by computing which combinations of the B; may be “removed” from

t
A(z) by a gauge transformation as above. We decompose A(z) as A(z) = A(z) + 2 bi(x)B;.
i=1

t
There exist (yet unknown) constants ¢; ; such that B; = Z ¢; ;Cj, so that:
j=1

¢ ¢ ¢ ¢
A(z) = A(z) + ) bi(x) (Z cmcj) = Ax)+ ) (Z cmbi(:r)) Cj.
i=1 j=1 j=1 \i=1
So, the calculation from the previous paragraph shows that there should exist g;(z) € k
¢
such that, for j € {1,...,s}, g;(z) = A(x)g;(z) + Z ¢;i,jbi(z). The way to find s, the g;(x)
i=1

and the ¢; ; is given by Lemma (which is proved here for convenience but is well known
to specialists).

Lemma 3.9. Let A(z),b1(x), ..., bi(x) be elements of k. The set of tuples (g(x),c1,...,¢ct) €
t
k x C' such that g (x) = Ma)g(z) + Z c;bi(z) is a C-vector space. Moreover, one can
i=1
effectively compute a basis of this vector space.

Proof. Let Ly be the linear differential operator of order ¢ whose solution space is spanned
by bi(z),...,b(z). Let L := Ly - (% — A(z)), where the product is the composition,
i.e. the usual product in the non-commutative Ore ring k[%]. One readily sees that a
function g(z) € k satisfies L(g(z)) = 0 if and only if Ly (¢'(z) — A(x)g(z)) = 0, i.e. if there

t
exist constants ¢; € C such that ¢'(z) — A(z)g(z) = 2 ¢ibi(z). Hence, the set of tuples
1=1

t
(9(x),c1,...,c) ek x C' such that g (z) = Mzx)g(z) + Z ¢ibi(x) is isomorphic with the set
i=1

of rational solutions g(x) of L. The latter is a vector space whose basis can be effectively

computed, see §2.3.1] O

Lemma allows us to compute easily, see §2.3.1] a dimension s € N and a basis
((gj(m),g(,vj))) . of elements in k x C' such that the equation y'(z) = Mx)y(z) +
j=1l..s

t
Z ¢ jbi(x) has a rational solution y(z) = g;(x). The unknown functions a;(z) that we were
i=1
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looking for are thus given by a;(z) = Z ¢, jbi(z)

Via the incomplete basis theorem, we construct a constant invertible matrix @ € GL; (@)
whose first s columns are the ¢(, ;). We may view Q as the base change matrix from the

basis (B;)i_; of E /E(m Y to a new basis (Cj)iy of E(m)/E ™D Let 7i,; denote the

entries of Q

Lemma 3.10. Let se N, (gj(z )) —1,..,s, and (7;j) be computed as in the above paragraph.

Forie {1,...,t}, let fi(x 2 vi,595(x). Finally, let P)(\ m = = Id, + Zf, )B;. Then

P)(\m) s a partial reduction matmx, in the sense that

(3.4) Lica (P§m) [A]; k) A (E§m> /Egm*”) — g(k) N (Eg”” /Egm*U) .

t
Furthermore, for all Q(z) := 1d, + Z hi(z)C; with hsy1(x), ..., h(x) € k, we have

i=s+1
Lie(P{™[A]; k) = Lie (@[P§m>[A]];k).

Proof. We apply the first point of Proposition (because G is connected, see the proof of
Lemma to deduce that g(k) S Lie,g (P)(\m) [A]; k). Then,

(3.5) o) 0 (B /ES"Y) < Liew, (PU[ALK) o (B /BCY).

We want to prove the equality. By construction, C4,...,Cs vanish in the construction
of P [A] so that Csy1,...,C; now form a basis of Liealg ( pim [A]; k) N (E/(\m)/E/(\m_l))

Due to Theorem H, there exists R(z) = Id, + 2 hi(z)C; + R(x), with hi(z) € k,

i=s+1

R(x) € Eg\m*l), such that
(3.6) o0 n (BU/EY) = Liews (BIP{™[AIK) o (BI/EY).
But by construction, we have the inclusion
(87)  Lie(P{"[A];k) n <E§m)/E§m_”) < Lie (RP{[AT1 ) o (B /E("Y)).

Combining (3.5} , and proves .

Let Q(z) := Id, + Z hi(z)C; with hsi1(z), ..., h(z) € k. By construction, we have

t=s+1

88 Lie(P AL o (E/EY) = Lie (QLA ALK o (E7/E).
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Let 5']- = U(C;) — Mx)Cj. We use l} and the fact that ¥ is k-linear plus Proposition
to deduce the existence of A(x) € Lie(P)(\m) [A]; k) n (Eg\m)/EE\mfl)) such that

t

(3.9) P (2)[A(2)] - Q@)[P{ (@) [A(@)]] = A@@) + Y hi(2)Ch.

i=s+1

Let j € {s+1,...,t}. We know that C; € Lie(P)(\m)[A];k). By definition, the matrix
CN']- = U(C;) — AM(z)C; belongs to Lie(P)(\m) [A4]; k) n E&mfl). Due to , it also belongs to
t
Lie (@[P)(\m) [A]];k) ) Eg\m_l). Then, Z hi(:r)CN’j belongs to Lie(Pﬁm) [A4]; k) n Eg\m_l)
1=s+1

and Lie (@[Pﬁm) [A]]; k) N Eg\m*l). We combine this fact and l) to deduce

Lie(P{" [4]:k) n B{" ) = Lie (QLP{"[All: k) ~ V.
Combining (3.8)) and this equality, we find the result. ]

3.4.2. The Full Reduction Procedure. The reduction procedure now is easy to establish by
iterating the above process. By assumption, all variational equations of lower order are in
reduced form and have an abelian associated Lie algebra.

Choose an eigenvalue A(z) € Spec(¥) of the adjoint map ¥ = [e, Agiq,]. Let Ey := E/(\m) be
the corresponding characteristic space. Let [ := m.

Compute a constant basis (B;);—1.¢ of E/(\l)/Eg\l_l) and compute the partial reduction

t
matrix P)(\l) = 1d, + 2 fi(z)B; as in Lemma [3.10, Perform the transformation A(z) :=
i=1
P)(\l)(x)[A(x)], let [ :=1—1 and iterate this paragraph until [ = 0.

m

When all these successive steps are performed, let Py\(x) := HPAU) (z). Note that, by
=1
construction, the matrices Pﬁl)(x) commute pairwise so the order does not matter in the
latter product.
Now perform this for all eigenvalues A\(x) € Spec(¥). The resulting matrix is a reduced
form.

Theorem 3.11. Using the algorithm and notations of the above paragraph, let
P@):= ] P& and Aypea(z) = P(z)[Ax)].
A(x)eSpec(¥)

Then the system Y'(x) = A, red(x)Y (x) is in reduced form and P(x) is the corresponding
reduction matriz.

Proof. Define Z;E(:p) as the off-diagonal part of Ap eq(z) as in the rest of this section.
Pick any matrix H(z) € Lieyy (A;;;k) N (E/(\l)/EE\l_l)) for some A(x) € Spec(¥), for
some integer I. Let Q(z) := Id, + H(z). Then, Lemma implies that we have the
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equality Lie(Ap red; k) = Lie (@[Ap,red];k) Now, Lemmas and show that any
matrix in {Idn + B(z), B(xz) € Lieyyg (A;E;k) } is a product of matrices Id, + H(x)

of the above form. It follows that, for every gauge transformation @(x) in the set
{Idn + B(z), B(x) € Lieyg (m;k) }, we have Lie(Ap eq;k) = Lie (@[Ap,red];k)- So,

Corollary [3.5 shows that the system Y'(x) = Ap yeqa(2)Y () is in reduced form and P(x) is
the corresponding reduction matrix. O

4. BACK TO THE MORALES-RAMIS-SIMO INTEGRABILITY CRITERION

4.1. Reducing the First Variational Equation. Initially we assumed that the first
variational equation had been put into reduced form and had an abelian associated Lie
algebra. However, the procedure described in this paper can be also used to put the first
variational equation into reduced form, i.e. to apply effectively the original Morales-Ramis
integrability criterion. This allows us to recover the reduction method established by two of
the authors in [AMW12].

First, factor the first variational equation, i.e. compute an equivalent lower block-
triangular form differential system. (see e.g. [PS03|). Then, apply a reduction procedure
to the irreducible blocks on the diagonal (for example the one of Aparicio-Compoint-Weil
from [AMCWT13]|). This will put these blocks in diagonal form (maybe after an algebraic
extension); otherwise we have an obstruction to integrability (Boucher-Weil criterion, see
[BWO03, MRR10]). If the blocks have dimension 1 or 2, then a faster method using a variant
of the Kovacic algorithm is given in [AMW12].

Once this is done, the method of this paper allows us to reduce the lower triangular
blocks, thus putting the first variational equation into reduced form.

4.2. The Effective Morales-Ramis-Simo6 Integrability Criterion. The Morales-
Ramis-Simé integrability criterion states that if one of the variational equations of a
Hamiltonian system has a differential Galois group whose Lie algebra is not abelian, then it
is not (meromorphically) Liouville integrable. For p € N*, let Y'(z) = A,(z)Y (z) be the
variational equation of order p, let G, be the differential Galois group of Y'(z) = A,(z)Y (z)
and let g, be the Lie algebra of G,,.

As we have seen in §4.1I] we may use the procedure of §3| to put the first variational
equation Y'(z) = Aj(x)Y (z) in reduced form. If g; is not abelian, which can be checked
easily, then the original Morales-Ramis integrability criterion fails. Let p > 2 and assume
that, for all m € {1,...,p — 1}, we know a gauge transformation matrix P,,(x) such that
Pp(x)[Am(x)] is in reduced form, i.e. Lieag(Pn|Am]) = gm. We further assume that each

@gm is abelian. Then, see the p'* variational equation is of the form

Y'(z) = Ap(2)Y (z), where Ap(z) := ( symgz()é)(l‘)) A,p_ol(a?) )
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P

and the matrix Sy(z) has entries in k. Let Q(z) := ( Sym?(Py(z)) | 0 ) and
0 ‘ Pp_l(l')

consider (see

Ale) = QE)[Ar(z)] = ( sym” (gl(lg;r)ed(x)) Ap_1?~ed($) ) :

Let P(x) be the gauge transformation that we have computed in Then,
Aprea(x) := P(x)[A(z)] = P(2)[Q(x)[Ap(2)]]

is in reduced form. If g, is not abelian, which now can be easily checked, the Morales-Ramis-
Sim6 integrability criterion fails. If g, is abelian, we may iterate the same procedure in
order to put Y’'(z) = Ap;1(x)Y (x) in reduced form.

To summarize, for any p = 2, we are able to put the successive variational equations

Y'(z) = A1(2)Y (z),...,Y (z) = Ay(2)Y ()

in reduced form or prove that one of the g; is not abelian.

4.3. A Simplified Reduction Procedure. In view of the applications of this reduction
procedure to the Morales-Ramis-Simé integrability criterion, we have the following shortcut.
We refer to §2) and §3| for the notations used in this subsection. The Morales-Ramis-Simé
integrability criterion implies that, if the Hamiltonian system is integrable, once our reduced
form from Theorem is computed, g, should be abelian for all p € N*. With Lemma
we find that this is equivalent to saying that the resulting adjoint map W.eq = [e, Agiqg]
should be the zero map (because Lieaig(Asup) is always abelian and Lieaig(Aqgiag) is assumed
to be abelian).
So, when performing the reduction, any characteristic space E) corresponding to a non-zero
eigenvalue A(z) € Spec(¥) must vanish. Also, for A = 0, all E(()l) (for I > 2) must vanish too.
As a consequence, if one is only interested in finding an obstruction to integrability but not
necessarily a reduced form, the reduction step in can be significantly simplified.
Indeed (we use the notations from , instead of the equation with parametrized
right-hand side in Lemma , it is enough to look for a rational solution g;(x) to each
equation 3/ (z) = A(x)y(z) +b;(x). If any of these equations does not have a rational solution,
then the adjoint map W,eq of the reduced form will still have the non-zero eigenvalue A(x),
hence yielding an obstruction to abelianity of the associated Lie algebra.
Otherwise, the partial reduction matrix of Lemma [3.10] is easier to compute: just let

t
P)(\m) (x) :=Id, + Z gi(x)B;, compute P/Sm) (x)[A(z)], compute a basis (B;) of the new
i=1

space Ef\m_l) and iterate this reduction as in . Do this for all non-zero eigenvalues of
U. For the zero eigenvalue, proceed similarly for the E(gl) (for all [ > 2). Note that since
A = 0, the problem is slightly easier. Indeed, using the notations from we only have
to check whether every b;(x) admits a primitive g;(z) € k. If any of the b;(x) does not admit
a primitive in k, we obtain an obstruction to abelianity. Otherwise, the partial reduction



EFFECTIVE MORALES-RAMIS-SIMO THEOREM 23

matrix will be Pé ) =1Id, + Z gi(x)B;. If at this stage the process has not stopped, the

partially reduced matrix has an absomated Lie algebra which is abelian so the application of
the Morales-Ramis-Sim6 integrability criterion now makes it necessary to go to the next
higher variational equation.

We may even iterate the process to the next variational equation without finishing the
reduction: the only assumption that was used in our algorithmic construction was that the
Lie algebra associated to the previous variational equation was abelian. However, this is
not very satisfying and one should, at this last step, compute the reduced form by applying
Lemma until the final case A = 0 and m = 1. Since A = 0, the computations here are
slightly easier.

5. AN EXAMPLE

Consider the Hamiltonian with potential given by H := %p% 3 1p2+V, where the potential
is given by

q2
V=" (94 +43).
a3
This potential appears at the end of the [CDMP10] where the authors present it as a case

where their necessary conditions are all satisfied so that one could guess that the system
might be integrable, but it is left as an open case. The corresponding Hamiltonian system is

q = P1
qQ2 = P2
(Xg) : 5 = 3% (391%+¢2?)
1 3 q124+ 2
Do -3 Q1q13fI2

Using the method of Darboux points and homothetic solutions (see [CDMP10] or the papers
by the same authors or the papers by Combot in the references), we find a (rather obvious)
pencil of particular solutions

@1 =A2,q2 = V=3q1 = V=3 x,p1 = 1 = \,p2 = V—=3p1 = V=3

To simplify the expression of later results, we choose A = 4§33/, / mgi_l;

the pencil now

depends on a free parameter m and our particular solutions are:

_ A 493/4, | i _ 1/4 | i
]_—413/ m2_17p2—123/ m

5.1. First Variational Equation. The first variational equation has matrix A; with

g = 4i3%/ x,qp = 12:3'4

0 0 1 0
0 0 0 1
A = 3 m2—1 —iv3( )
8 ma:2 82 0 0
—i\/g(mQ—l) _ m2—1

82 8x2



24 EFFECTIVE MORALES-RAMIS-SIMO THEOREM

Following §4.1] we find a reduction matrix for this first variational equation:

T 1 i3 1
—iz\/3  —iV/3 1 —i/34/3

—i/3 0 1/2 m+1 i/6v/3(m—1)

So, the reduced form of the first variational equation is

0 0 0 0
0 0 0 0
Al,red = 0 0 1 m+l 0
2 x
o0 o —fmd

The associated Lie algebra is one dimensional (and abelian). We hence turn to the second
variational equation.

5.2. Second Variational Equation. The matrix of the second variational equation is

o) = sym2(A1($))‘ 0
A2”‘< 5) A1<x>)'

We start with the partial reduction matrix

_( Sym?*(Pi(z))| ©

to obtain ) ‘
sym® (A1 red(x)) 0
A = A = :
(@)1= Qual)Aa(o)] = (22O
where
00 0 0O 0 0 0 L 5 1
00 0 0 0 0 0 5 —1 ~1
Soa(z) = o 00 L I 1 10/3iv/3  10/3iv/3  10/3iv3
xm m ma? m max? m m
0 1 L 1 1 —10/3iv/3  —10/3iv/3  —10/3iv/3
T mz?2  zm T mad maz? ma3 ma?2 Tm

1
with ¢y = — (1 +14) (m? — 1) V2. 35,

The off-diagonal Lie algebra by, is generated by four matrices and calculation shows
that it has dimension 10. The matrix ¥ of the adjoint action [Agiag,®] on hs,p has
eigenvalues [—3fa2, —2f2, — f2,0, f2,2f2, 3 f2], where fo := mQ—;l (eigenvalue of Aj ,cq), and is

diagonalizable. Applying our algorithm produces the reduced form

SyIIl2 (Al,red(x)) ‘ 0
AQ,red(x) ( SQ,red(x) ‘ Al,red(x) )
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where
00 0 0000 0 O
00 0 0 0000 -20
Sl =100 L 5000 0 0
00 0 - 0000 0 0

We remark that Lie(Aj ;cq) is one-dimensional (because xAs ;.4 is a constant matrix) whereas
its algebraic envelope Lieyyg (A2 req) is two dimensional. This follows from the fact that
an algebraic Lie algebra contains both the semi-simple and nilpotent part of each of its

elements. This can also be seen by solving the reduced system. This is now very easy and

m+1
2

the Picard-Vessiot extension is k(z | In(x)), which has transcendence degree two over k.
A simple calculation (or a look at the Picard-Vessiot extension) shows that Lie (A3 yeq) is
again abelian so we may proceed to the third variational equation.

5.3. Third Variational Equation. We do what we did for the second variational equation;
we perform the first partial reduction on the diagonal to obtain

sym? £
A(z) = Q31(x)[As(z)] = ( ’ é‘fll(r;)al( . As r(e)d(l“) ) '

The off-diagonal Lie algebra by, now has dimension 33. The matrix ¥ of the adjoint
action [Adiag, ®] on hgyp is no longer diagonalizable. Letting again f := mT;l, the minimal
polynomial Iy (X) of U is

X2 (X - )2 (X + £2)2 (X = 2£2)° (X +2£2)° (X = 3f2) (X +3f2) (X —4f2) (X +4f2).

Our reduction procedure turns S31(z) into 53 ,eq(v) := M3, where M3 is the matrix

o0 o0 0 oO0 0o 0 O o 000O0O O OO O O O
oo0o0o o0 00 O O -1 0 O0OO0OO0OO0OTO OOTUO 0 O
0 0 % 0 0 0 0 0 O 0 000O0 O OO O O0 O
00 0 —% 00 0 0 0 0 000O0O O OO O O O
oo o0 0 OO0 0 0 0 0o 000O0-1 00 0 0 O
00 0 0 O % 0 0 0 o 0000 O O0OO0O-2 00
00 0 0 0 0 —% 0 0 0 000O0O O OO O =220
00 0 O 0 0 O % 0 0 0000 O OO O O O
o0 o0 0 00 0 0 0 0o 000O0O O OO O O O
o0 o0 0 OO0 0o 0 o —% 0000 O OO O 0

The associated Lie algebra Liegq(As req) is still two-dimensional and is still abelian. Actually,
the reduced system is easily solved and its Picard-Vessiot extension is the same as that of
V Es so they still have the same (abelian) differential Galois group.
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6. CONCLUSION

The reduction procedure established in this paper gives an effective version of the
Morales-Ramis-Simé criterion in the sense that it allows us to effectively test whether
an p-th variational equation has an abelian Lie algebra. However, when the first p — 1
variational equations have an abelian Lie algebra but the p-th does not, there is no known
way to measure a prior: which p would be needed. So, one may apply the reduction
iteratively to higher and higher order but there is no criterion for determining when to stop.
Also, when all variational equations have an abelian Lie algebra, the system could still be
non-integrable (but one would see this on the variational equations along another particular
solution).

This reduction procedure will also allow further study of how the dimensions of the Galois
groups of the successive variational equations evolve, both in integrable and non-integrable
situations.

The reduced form may also be combined with the methods of [AMBSW11l [Sim14b| for
finding Taylor expansions of first integrals. Once the system is in reduced form, the results
of [AMCW13] show that the Taylor expansions of a first integral, along the particular
solution I'; have constant coefficients. So, once the system is in reduced form, the (eventual)
first integrals are easily found. In that sense, our reduced forms appear as pre-normal forms
along I'. Pushing the reduction further to develop a normal form theory would be a natural
development.

The concepts of variational equations are mutatis mutandis the same for general
(non-Hamiltonian) dynamical systems (see e.g. [Cas09] or [CW15|, where several notions
of variational equations are compared). The notion of Liouville integrability may be
generalized to these contexts by Bogoyavlenskij integrability: the notion of involution
of first integrals is replaced by the (equivalent) notion of commuting vector fields,
see [AZI10, BCO5, Bog96, [CBI7|]. The Morales-Ramis-Simé theory is generalized in
(JAZ10, [Cas09]) to any kind of ordinary differential systems. The reader may remark that,
in this paper, we essentially never use the symplectic structure of the Hamiltonian system
from which we started. Hence, the reduction methods that we developed in the (symplectic)
Morales-Ramis-Sim6 context extends naturally to any Bogoyavlenskij integrable differential
system.

Our reduction procedure is interesting in its own right because it applies to other kinds of
"solvable" situations that can be found in the context of differential Galois theories. Indeed,
consider a differential system of the form Y’ = A(x)Y where A(z) has the form

. Al(x) O
Alw) = ( 5) | A(@) ) '
Al (l’) 0

0 As(z)
abelian associated Lie algebra. Our reduction procedure readily extends to this (slightly

Assume that the block-diagonal part ( ) is in reduced form and has an
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more general) situation and puts the system into reduced form. In particular, it may be
viewed as a way to pre-simplify the solutions.

Last, we mention the case of diagonals with a non-abelian Lie algebra. In [CW15], Casale
and Weil develop a similar reduction technique to a family of systems in the above form but

where ( Aléx) i (233) ) has a non-abelian Lie algebra. Mixing these ideas and the ones
2

developed in this work may provide a way toward a reduction method for general reducible
linear differential systems.
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