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¢-DEFORMATION OF MEROMORPHIC SOLUTIONS OF LINEAR
DIFFERENTIAL EQUATIONS.

THOMAS DREYFUS

ABSTRACT. In this paper, we consider the behaviour, when ¢ goes to 1, of the set of a
convenient basis of meromorphic solutions of a family of linear g-difference equations.
In particular, we show that, under convenient assumptions, such basis of meromorphic
solutions converges, when g goes to 1, to a basis of meromorphic solutions of a linear
differential equation. We also explain that given a linear differential equation of order
at least two, which has a Newton polygon that has only slopes of multiplicities one, and
a basis of meromorphic solutions, we may build a family of linear g-difference equations
that discretizes the linear differential equation, such that a convenient family of basis of
meromorphic solutions is a g-deformation of the given basis of meromorphic solutions of
the linear differential equation.
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INTRODUCTION
Let ¢ > 1 be a real parameter, and let us define the dilatation operator o,
oq(f(2)) = f(gz).
When q tends to 1, the g-difference operator d, := (Z;_{()i “tends” to the derivation

6:=z% dz Hence every differential equatlon may be discretized by a g-difference equatlon

Given a linear differential equation A and a basis of meromorphic solutions of A we
wonder if we can build A, family of hnear g-difference equations that is a q—deformatlon of
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*Throughout the paper, we will say that the family of objects (Xq)q>1 is a g-deformation of the object

X if X, converges, in a certain sense, to X when ¢ — 1.
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2 THOMAS DREYFUS

A, and a convenient family of basis of meromorphic solutions of A, that is a g-deformation

of the basis of meromorphic solutions of A. The goal of this paper is to give an answer to
this problem.

% 3k ok

Let us consider
6qY(za Q) = B(Z)Y(Za Q)

Y(z) = BR)Y(2),

where B(z), is a m by m square matrix with coefficients that are germs of meromorphic
functions at z = 0. We are going to recall the main result of [Sau00] in the particular
case where the above matrix B(z) does not depend upon ¢ and ¢ > 1 is real. In [Sau00],
Sauloy assumes that the systems are Fuchsian at 0 and the linear differential system
has exponents at 0 which are non resonant (see [Sau00], §1, for a precise definition).
The Frobenius algorithm provides a local fundamental solution, i.e, an invertible solution
matrix, at z = 0, ®o(z), of the linear differential system Y (z) = B(2)Y (z). This solution
can be analytically continued into an analytic solution on C*, minus a finite number
of lines and half lines of the form Ryga := {wa‘x €]0, oo[} and R>1 5 := {aﬁﬂ‘a: €1, oo[},
with a, € C*. Note that in Sauloy’s paper, the lines and half lines are in fact respectively
g-spirals and g-half-spirals since the author considers the case where g is a complex number
such that |g| > 1.

In [Sau00], §1, the author uses a g-analogue of the Frobenius algorithm to construct a
local fundamental matrix solution at z = 0, ®y(z, q), of the family of linear g¢-difference
systems 6,Y (z,q) = B(2)Y (2,q), which is for a fixed ¢, meromorphic on C* and has
its poles contained in a finite number of g-spirals of the form ¢« := {¢"a,n € Z}
and ¢V 3 :={¢"B,n € N*}, with o, 3 € C*. Sauloy proves that ®g(z,q) converges
uniformly to P (z) when ¢ — 1, in every compact subset of its domain of definition.

The problem in the non Fuchsian case is more difficult. Divergent formal power series
may appear as solutions of the linear differential systems, but we may apply to them a
Borel-Laplace summation process in order to obtain the existence of germs of meromorphic
solutions on sectors of the Riemann surface of the logarithm. See [Bal94, Ber92, LR90,
LR95, Mal95, MR92, Ram93, RM90, Sin09, vdPS03]. The same situation occurs in the
g-difference case. See [Béz92, Bugll, DSK05, DVRSZ03, DVZ09, Drel4a, Drel4b, MZ00,
Ram92, RS07, RS09, RSZ13, RZ02, Sau04b, Sau04a, Trj33, vdPR07, Zha99, Zha00, Zha01,
Zha02, Zha03]. Let us give more precisions on [RSZ13]. We refer to §2 for more details.
The authors of [RSZ13] consider a linear g-difference system having coefficients that are
germs of meromorphic functions, and having integral slopes. See [RSZ13], §2.2, for a
precise definition. In this case, the work of Birkhoff and Guenther implies that after an
analytic gauge transformation, such system may be put into a very simple form, that is
in the Birkhoff-Guenther normal form. Moreover, after a formal gauge transformation,
a system in the Birkhoff-Guenther normal form may be put into a diagonal bloc system.
Then, the authors of [RSZ13] build a set of meromorphic gauge transformations, that
make the same transformations as the formal gauge transformation, with germs of entries,
having poles contained in a finite number of g-spirals of the form ¢%a, with a € C*.
Moreover, the meromorphic gauge transformations they build are uniquely determined by
the set of poles and their multiplicities.

* % %k

The paper is organized as follows. In §1, we make an overview of the local study of the lin-
ear differential equations. In particular, we remind how a meromorphic linear differential
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operator may be factorized, with formal power series, or with germs of meromorphic func-
tions on some sectors of the Riemann surface of the logarithm. Given a linear differential
equation, with coefficients that are germs of meromorphic functions, we also remind the
existence of basis of solutions that are germs of meromorphic functions on some sectors of
the Riemann surface of the logarithm. In §2, we summarize the work of [RSZ13]. We recall
how they attach to a convenient linear g-difference system, a set of meromorphic funda-
mental solution. In §3, we explain how, under convenient assumptions, we may express
the meromorphic solutions of [RSZ13], using Jackson integral, that is a ¢g-discretization of
the classical integral. In §4 we consider ¢ as a real parameter we make converges to 1.
In §4.1 we prove a preliminary result of confluence’. See Theorem 4.5 for a more precise
statement.

Theorem. Let us consider a linear differential equation A and a family of linear q-
difference equations Ag that discretizes A. Then, under convenient assumptions, a family
of basis of meromorphic solutions of Ay given by [RSZ13], converges, when q goes to 1, to

a basis of meromorphic solutions of A.

We apply the above result in §4.2, in a particular example, and in §4.3, where we prove
our main result. See Theorem 4.15 for a more precise statement and [vdPS03], §3.3, for
the definition of the Newton polygon.

Theorem. Let us consider a linear differential equation A of order at least two, assume
that its Newton polygon has only slopes of multiplicities one, and let us fix a certain basis of
meromorphic solutions ofﬁ. Then, there exists Ay, family of linear q-difference equations,
that is a q-deformation of A, and there exists a family of basis of meromorphic solutions of
A, given by [RSZ13], that is a q-deformation of the given basis of meromorphic solutions
of A.

Note that we construct explicitly the family A,, and the family of basis of meromorphic
solutions of A,;. Remark also that confluence problems in the non Fuchsian case were
considered in the papers [DVZ09, Dreldb, Zha02], but this article is, to the best of
our knowledge, the first to give a confluence result of the solutions built in [RSZ13]
in the case where the linear g¢-difference equations have several slopes. We refer to
Remarks 4.8 and 4.9 for a rough statement of the results in [DVZ09, Dreldb]. Note
also that the results of [DVZ09] are deeply used in §4.3, in order to construct the family A,.

1. LOCAL STUDY OF LINEAR DIFFERENTIAL EQUATIONS

In this section, we make a short overview of the local formal and analytic study of linear
differential equations. See [vdPS03] for more details.

1.1. Local formal study of linear differential equations. Let C[[z]] be the ring of

formal power series, C((z)) := C[[2]][z7!] be its fraction field, § := 2z, and consider a
monic linear differential equation in coefficients in C((2)):
(1.1) P(j) = 0.
Once for all, we fix a determination of the complex logarithm over C we call log. For
a € C, we write 2% := e21°8(*) As we can see in [vdPS03], Theorem 3.1, there exist
fl, e fm € U C ((zl/”)), such that we have the factorization

vEN*

ﬁ:(a—fm)...(é—ﬁ).

fThroughout the paper, we will use the word “confluence” to describe the g-degeneracy when g — 1.
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Moreover, for all 1 < j < k <m, vg (fj) <y (fk), where vy denotes the z-valuation.
It follows that (1.1) is equivalent to

fi 1 0

(1.2) §Y = CY, where C :=
-1
0 I

Until the end of the section, we are going to assume that fl, ey fm € C((2))-

The goal of this subsection is to give an explicit form of a fundamental solution for (1.2)
in coefficients in a field we are going to introduce now.

Let
E:=:"!C [2_1} .
We define formally the differential ring,

R :=C((2)) [log, (za)}{e(c , (e (X) )XEE] )
with the following rules:

(1) The symbols log, <z5>~ c and (e (X) )X . only satisfy the following relations:
ac S

zg+g = z“zb, e (Xl + Xg) = e (Xl) e (XQ) ,

2 = 29¢C((2)) for € Z, e(0) = 1
(2) The following rules of differentiation
dlog = 1, 520 = Zizg, de (X) = 0 (X) e (X) ,
equip the ring with a differential structure, since these rules go to the quotient as
can be readily checked.
Proposition 3.22 in [vdPS03] tell us that the ring R is an integral domain and its field of

fractions K has field of constants equal to C.
Let L € M,,(C), that is a complex m x m matrix. Let L = P(D—i—N) p-1

with D = Diag (cﬁ), d; € C, N nilpotent, DN = ND and P € GL,,(C), that is a com-

plex invertible m x m matrix, be the Jordan decomposition of the square matrix L. We
construct the matrix

2% .= PDiag (zg’) eNlosp—1 ¢ GL,, (K).

One may check that it satisfies

§2F = L2t = 21
Of course, if @ € C and (a) € M;(C) is the corresponding matrix, we have 20 = (),
Note that the intuitive interpretations of these symbols (resp. of the matrix z%)

are log = log(z), 2% = ¢@108() and e (X) = ¢ (resp. is eﬁog(z)). Let f be one these above

functions (resp. an entry of the above matrix). Then f has a natural interpretation as
an analytic function on C, where C is the Riemann surface of the logarithm. We will use
the analytic function instead of the symbol when we will consider asymptotic solutions
in §1.2. For the time being, however, we see them only as symbols.
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Let us consider (1.2). The Hukuhara-Turrittin theorem (see Theorem 3.1 in [vdPS03]
for a statement that is trivially equivalent to the following) says that there exists a fun-
damental solution for (1.2) of the form (for x € N*, Id, denotes the identity matrix of
size K)

fl(z)Diag (zzle (X1> X Idpyy - ey zzre (Xr) X Idmr)
zzle (Xl) x Idy,,
= .FNI(Z) )

Zlre (XT) x Id,,

where
o« Hec GLm(C((z))),

o EjEMmj((C), for 1 <7 <7 with > m; = m,
. XJEE,forlgjgr.

Note that the Hukuhara-Turrittin theorem works also for an arbitrary linear differential
system in coefficients in C((z)) with integral slopes. See [vdPS03], §3.3, for a precise
definition.

1.2. Local analytic study of linear differential equations. Let C{z} be the ring of
germs of analytic functions in the neighbourhood of z = 0, and C({z}) be its fraction
field, that is the field of germs of meromorphic functions in the neighbourhood of z = 0.
If a,b € R with a < b, we define A(a,b) as the ring of functions that are analytic in some
punctured neighbourhood of 0 in

S(a,b) := {z € @‘ arg(z) E]a,b[}.

In this subsection, we assume that (1.1) is a linear differential equation having coefficients
in C({z}). We are interested in the existence of a basis of solutions of (1.1), that belongs
to A(a,b), for some a < b.

We define the family of continuous map (ps),cc, from the Riemann surface of the

logarithm to itself, that sends z to e*1°8(*). One has py o p. = ppe for any b,c € C.
For f € A(a,b) and ¢ € C, we define p. (f) := f(2°).

Definition 1.1. (1) Let k € N*. We define the formal Borel transform of order k, By, as
follows:

Be: Cll2ll  — ClK]]

Zagzg — Z(laj— ﬁ)&,

(eN ten I’

where I' is the Gamma function.

(2) Let d € R and k € N*. Let f be a function such that there exists ¢ > 0, such
that f € A(d —e,d + ¢). We say that f belongs to Iﬁlg, if f admits an analytic continuation
defined on S(d — ,d + ¢) that we will still call f, with exponential growth of order k at
infinity. This means that there exist constants .J, L > 0, such that for ¢ € S(d —¢,d + ¢):

F(QI < Texp (LICI*).
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(3) Let d € R and k € N*. We define the Laplace transformations of order 1 and k in the
direction d as follow (see [Bal94], Page 13, for a justification that the maps are defined)

cf: B — A(d—5.d+3)
;o [T o g,
0

Ll Hf — A(d- 35 d+ 37)
g — proLiopi(g).

(4) Let d € R, k € N* and h € C[[z]]. We say that i € S¢ if Bk( ) € C{z} NHY. In this

case, we set
5 () i= tho B (W) e A4 gd+ ).

()LetdERandhEC(( )). We 5aythath€MS if there exist k1,...,kr € N, N € N

and hk1 € Sk yen hk € S such that 2Nh = hk1 -+ hk In this case, we set
ad _ —Ng&d (% -Ngd (% o
§9(h) =27 NG (hy ) 4+ + 27N (hk) € A( “dt 25)
where € := max(k1, ..., k).

We still consider (1.2). Let H be the matrix given by Hukuhara-Turrittin theorem. Note
that the next theorem works also for an arbitrary linear differential system in coefficients
in C({z}) with integral slopes.

Theorem 1.2 ([Bal94], Theorem 2, §6.4, and Theorem 1, §7.2). There exists & C R,
finite modulo 277, called the set of singular directions of (1.2), such that for all d € R\i,
the entries of ( gk) = H and ﬁ,...,fm belong to 1\7{[@1. Let S¢ (f]) = §d (ﬁjk>
Moreover, there exists € > 0 such that we get an analytic fundamental solution

Sd (ﬁ) Diag (ezl log(2) A1 xIdm, b ,eZT log(z)eXTXId’"T) e GL,, (A <d ,d + ))
2 2e

for the linear differential system having coefficients in A <d - ,d~+ T >

2e 2e
5(7) 1 o
(13) oY =5(C)V, with §(C) = o
o
0 54 (fm)

Note that for all d € R\ X, we have also

P (5 Fn) o (- ) = (58 () - (0~ 5(7)).

which gives us an analytic basis of solutions of (1.1), that belongs to the

ringA(d—2 d+2s)

As a matter of fact, as we can see in Page 239 of [vdPS03],

Sé (ﬁ[) Diag (ezl log(2) gAuxTdmy - oLr log(z)e/\""XIme> € GL,, <A <dl — gg,dH_l + 22)) )

where the directions dj, dj4+1 € 3 are chosen such that ldi, disa [N Y=0.
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Note that by definition, the analyticity holds on a subset of C. Ramis has used the

. . cd (7 D L1 log(2) ;A1 xIdm Ly 1og(2) JAr xIdmm, .
family of solutions <S (H) Diag (e 1 e 1,...,e e ))deR\i to build
topological generators for the local differential Galois group of (1.2). See Chapter 8 of
[vdPS03] for more details. Remark also that the above family of solutions are involved

in the local analytic classification of linear differential equations in coefficients in C({z})
with integral slopes.

2. LOCAL STUDY OF LINEAR g-DIFFERENCE EQUATIONS

In this section, we make a short overview of the local formal and analytic classification
of linear g-difference equations. See [RSZ13] for more details.

2.1. Local formal study of linear ¢-difference equations. Let ¢ > 1 be fixed. Let
us consider the monic linear g-difference equation in coefficients in C({z})

Qy) =0.

As we can deduce from [MZ00], §3.1, a g-difference operator may be factorized: there exist
g1, gm € C{2"})\ {0}, for some v € N*, with for all 1 < j < k < m, vy (g;) < vo (gr),
such that

Q= (0g = 9gm)--- (04— 1)
The g-difference equation Q(y) = 0 is equivalent to P(y) = 0 with (remind that ¢, =
P :=(0q— fm)...- (04 — f1),
where f1 := gql__ll, coisfm = g;”__ll.
Until the end of the section we will assume that g1, ..., g, € C({z}) \ {0}.
It follows that P(y) = 0 is equivalent to

1+(g—-1fi ¢—1 0

oq—Id
1)

(2.1) oY = CY, where C :=
- qg—1
0 1+ (g —1)fm

Remark 2.1. The opposite of vy (g1), - - -, v0 (g9m) equal to the slopes of Q. The multiplicity
of the slope —vg (g;) for 1 < j < m corresponds to the number m; € N, of g; having
valuation vg (g;j). See [RSZ13], §2.2, for a precise definition.

Let Ky be a sub-field of C((z)), stable by o,. Let A,B € GLy, (Ky). The two g¢-
difference systems, o,Y = AY and o,Y = BY are equivalent over Kjy, if there ex-
ists P € GL,,(Kj), called gauge transformation, such that

A = P[Blg, := (0,P)BP".
In particular,
oY = BY <= 0, (PY) = APY.

Conversely, if there exist A, B, P € GL,,(Ky) such that o,Y = BY, 0,Z = AZ and

Z = PY | then
A= P|B] oy

Note that the next theorem works also for an arbitrary linear ¢-difference system in coef-
ficients in C((z)) with integral slopes. From [RSZ13], §2.2, we may deduce:
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Theorem 2.2. Let C be defined in (2.1). We have existence and uniqueness of
e Bj € GLp,(C), matrices in the Jordan normal form with 3-m; = m,
o iy < -+ < uy elements of Z,
e G € GLy, (C ((z))), with diagonal entries that have z-valuation O and that have
constant terms equal to 1,
such that:
c=0G [D]Jq , where D := Diag (B2, ..., By2"").

Remark 2.3. The opposite of the p; are the slopes of the Newton polygon of (2.1) and
the m; are the corresponding multiplicities. See [RSZ13], §2.2, for a precise definition.
In particular, the above theorem gives the local formal classification of linear ¢-difference
systems with integral slopes. See [vdPRO07] for the local formal classification of linear
g-difference systems in the general case.

2.2. Local analytic study of linear ¢-difference equations.

Definition 2.4. We say that T' € GL,,(C(z)) is a Birkhoff-Guenther matrix, if there exist

p1 < -+ < pr elements of Z, my, ..., m, positive integers which sum is m, B; € GLy,,(C),

pEp—1
Uj x, mj times my matrices with coefficients in Z Cz", such that

v=[1;

Zlu'l B1
Ujk
T pu—
0 zHr B,

The next theorem says that after an analytic gauge transformation, we may put (2.1) in
the Birkhoff-Guenther normal form. Note that the result is true for any linear g-difference
system in coefficients in C({z}) having integral slopes. This result is used in [RSZ13] to
make the local analytic classification of such g¢-difference systems. From [RSZ13], §3.3.2,
we may deduce:

Theorem 2.5. Let C be defined in (2.1). Let py < -+ < pp, my...,m, and By,..., B,
be defined as in Theorem 2.2. We have the existence of a unique pair (F,T), where

F e GL,, (C({z})), T is a Birkhoff-Guenther matriz of the form

zM By Uj.x
T:= . ,
0 zHr B,
such that
C= F[T]gq.

Let us introduce some notations. Let M(C*) (resp. M(C*,0)) be the field of mero-
morphic functions on C* (resp. meromorphic functions on some punctured neighbourhood
of 0 in C*). Let Ky be a sub-field of M(C*,0) stable by o,. Let A, B € GL;, (Ky). The
two g-difference systems, o,Y = AY and o,Y = BY are equivalent over Ky, if there
exists P € GL,(K)p), called gauge transformation, such that

A = P[Blg, := (0,P)BP™".
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Let us define ¥ C C*, finite modulo ¢Z, as follows (see Theorem 2.2 for the definition of
the matrices By, ..., B, and the integers pi, ..., iy):

Y= U S; i, where S := {—a eCr an_”jSp(Bj) N ¢La " Sp(By,) # @},
1<j<k<r

and Sp denotes the spectrum.

Theorem 2.6 ([RSZ13], Theorem 6.1.2). Let D, T be the matrices defined in Theorems 2.2
and 2.5. For all A\ € C*\ X, there exists an unique matriz

Tdm, i)
AN — € GLy (M(CY)),
0 Id,y,,

solution of T = AWM [D]gq, such that for all 1 < j < k < r, the germs of the entries of

ﬁj[)}i at 0 have all their poles on —\q% with multiplicities at most p, — f -

In §3.3.3 of [RSZ13], it is shown the existence and the uniqueness of

Id,y,, Hjy
= € GLn (C[L2]]),
0 Id,,,
formal gauge transformation, that satisfies
T = H[D)o,.

The matrix AP is g-Gevrey asymptotic to H = > reN Hyt along the divisor —\¢%.
1-— f‘ > 0, there
exists M > 0, such that for all N € N* and all z € W, (||.||,, denotes the infinite norm)

AW (z) - Z Hy2*
=0

Note that if 2V F (see Theorem 2.2 for the definition of F') with N € N has entries
in C[[2]], then 2N FHWM is ¢-Gevrey asymptotic to 2V FH along the divisor —Ag%.

This means that for all W C C*, open set that satisfies inf, cyyc_ygz

< MNqNQ/Q,ul |Z’N.

o0

We still consider (2.1). Let A € GL,, (M(C*)) (see below for the existence of A) be any
solution of

(2.2) o4\ = Diag (B12", ..., B,2"") A = ADiag (B2, ..., B,2"").

From what precede, we obtain that for every A € C*\ X, we get a meromorphic fundamental
solution for (2.1)

U = FAWA € GL,,(M(C*,0)).
We finish the subsection by giving an explicit meromorphic solution of (2.2), but
before, we need to introduce some notations. For a« € C*, let us consider,
—p(e+41) 0(04(2)) O4(z :
O4(z) = ée%q T2 1(2) = m, Aga(2) = @qu(/()l). They satisfy the ¢-

difference equations:
® 0,0, = 20,.

° Uqlq :lq—|—1.
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° 0glga = algq.

Let A be an invertible matrix with complex coefficients and consider now the decompo-
sition in Jordan normal form A = P(D'U)P~!, where D' = Diag(d;) is diagonal, U is a
unipotent upper triangular matrix with D'U = UD’, and P is an invertible matrix with
complex coefficients. Following [Sau00], we construct the matrix:

Aq7A =P (Dlag (Aq,di) 610g(U)lq) Pil € GLm ((C (lq, (AQ7‘1)a€C*) )
that satisfies:
oghga = ANy 4 = Ag A A.

Let a € C* and consider the corresponding matrix (a) € GL;(C). By construction, we
have Aq,a = Aq,(a)'

Then, the following matrix is solution of (2.2)
Ao :=Diag (Ay B, Oq (2)!" x Idp,, ..., Ng.B,O4 (2)"" x Idp,, ) € GLy, (M(CY)).

Note that the family of solutions (U ‘[\)g)Ae(C*\E are involved to build topological

generator for the local Galois group of (2.1). See [RS07, RS09].

3. INTEGRAL REPRESENTATION OF THE MEROMORPHIC SOLUTIONS

Sauloy’s algebraic summation, see [Sau04al, gives an explicit way to compute the
meromorphic solutions of §2.2. Unfortunately, the behaviour of the expression of the
solutions when ¢ goes to 1 seems complicated to understand. Under convenient assump-
tions, we are going to give in this section, another expression of the meromorphic solutions.

For g = 3222, ge2* € C((2)) \ {0} with g, # 0, let to(g) := gn. Throughout the paper,
we will make the convention that ¢y(0) := 0. We remind that vy denotes the z-valuation.
Let us consider f1,..., fm € C({z}) of (2.1) and assume that (non resonance condition)

(3.1) vo(1+(g=1)f;) =vo(1+ (g = 1)fx) = to(1+ (= 1) f;) ¢ ¢"to (1 + (¢ = 1) fx)-

Note that if the Newton polygon of (2.1) has only positive slopes with multiplicity one,
then the non resonance condition is satisfied. The next lemma gives the expression of the
bloc diagonal matrix appearing in Theorem 2.2.

Lemma 3.1. There exists a unique (§;%) := G € GLy, (C((z))), upper triangular with for

all 1 < j <m, vo(g5,;) =0, to(g;,) =1, such that
C=0G {Diag (z”O(H(q*l)fl)tg (14 (q—=1)f1),..., 200+ @Dl (1 4 (g — 1)fm))}
q

Proof. Due to the assumptions we have made on fi,..., fi, For all 1 < 5 < m (resp.
1 < j < k < m) there exists §; ; € C[[z]] with constant term equal to 1 (resp. ;1 € C((2))),
solution of

o@D g (14 (g = 1) f5) 04855 = (1+ (g = 1).f)d5,4
resp.

(3.2) 20D (14 (¢ — 1) fa) 0gdin = (14 (@ — 1) )ik + (@ — Ddja1 k-

For 1 <k < j<m,put ;i :=0. Then (g;1) := G is the unique matrix that satisfies the
required properties. [l
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Remark 3.2. Note that the matrices B; of Theorem 2.2 are all diagonal.

Remark 3.3. Using (3.2), we obtain that if for all 1 < j < m, vo(1+ (¢ —1)f;) <0, then
2+ G(z,q) € GLy, (C[[z]]) More precisely, let 1 < j < k < m. We have

k-1

vo (Gj6) == > _ vo(1+ (¢ —1)fe).

l=j
Let us define ¥ C C* as in §2.2 and let A € GL,, (M(C*)) be any diagonal matrix
solution of
oA = Diag (2”0(1+(q_1)f1)t0 L1+ (g—1)f1),...,z00Ha@= D)y (1 4 (g — 1)fm)> A
= ADiag (@@= DMt (14 (q = 1) fr) ..., 20 HHE DI (14 (g = 1) fn) ) -

Using Lemma 3.1, we find that for every A € C*\ X, the fundamental solution for (2.1)
defined in §2.2 is of the form

We will need a q—dlscrete analogue of the integration. For N € N* U {400}, z € C*, let
us set the Jackson integral

/iN ft)dgt == (g —1) i f(a'2) a2
¢z {=—N

whenever the right hand side converges. Roughly speaking, Jackson integral degenerates
into classical integral when ¢ goes to 1, which means that for a convenient choice of
function f, we have on a convenient domain

| #wdt — [ rwar

Note also that for a convenient f, we have

o[ 104 -

1

Example 3.4. Let m = 2, f1 := lﬂﬁﬁ and fy := 0. Then, for some diagonal matrix

A, for some convenient A € C*, z € C*, we have

() = (eq%—l) “haalc >> |

We want to give an integral formula for the entry uk\]l o(2). Let us fix A € C*, z € C* such

N

that for all N € N, uk‘}l , is analytic at ¢~ z. Iterating the linear g-difference equation

A A
Oq (UE\,}lz) =1+ (g— 1)]01)“5\7]172 +(qg—1),
we find that for all N € N*, uk‘]l 2(z) equals to,

() TL (14 a0 (o )+ Z a1 I (14 a0 (=),

{=—N {=v+1
Using additionally the g-difference equation

oq (eq(=)) = (14 (g = D fi)eg(= 1),
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we find that,
—1 z
N N (N _CazT) 1 / 1 dgt
U Z)=1u q z)———~—< teglz —_— .
A,1,2( ) A12( ) eq(qu_l) q( ) Nz eq(q_lt_l) t
This solution looks like a solution obtained via a g-deformation of the variation of constants
method. Indeed, using this method, we find a solution of zéy — y = z given by

exp(="1) [ exp(—+ )

The goal of the next proposition is to generalise this example.

Proposition 3.5. Let A\ € C*\ ¥. Forall1 <j <k<m, N € N*, and z € C*\ —\¢*
sufficiently close to 0, we have the equality of functions

(] (]

B DNy Ya?) B 2 ug () dgt
() = o (07) T S ) [
5] NN

Let us fiv 29 € C*\ —A\¢” such that for all integers 1 < j < m, the func-

tion uk‘]“ is analytic on {q’z0,¢ <0}. If we assume that the following limit exists

t A _NZ 'UO(gj k)u[)\} _NZ
0 @) (47" 20) Akild”20) =: CE{\7]j7k(z0), then we obtain that the Jackson

N—+o0 A]]( _NZ())

(A]
20 U dgt
A[’/\]]'Hk() 1s well defined and that we have
0 ugylet)

RY
2 A A 20 up o (8) dgt
) 1(z0) = R Gyl (o) + ) (o) [ A
A,j,g

Proof. Tterating the linear ¢-difference equation

A A A
o4 (uk]] k) =(1+(q— 1)fj)“£\}j’k +(q¢ - 1)UE\}J+1 ke

we find for all N € N*, ug\}] x(2) equals (we remind that the empty product has value 1)

-1

ugy (672) 1 (1+a-1f (aV2))+ > a0l 11 (1+@-1f (a"2))-

(=—N v=—N l=v+1
Using additionally the g-difference equation

oq (us;) = U+ (g = D) f)uy

we find that
(A (]
Ry 2Y —-N YA jj (2) A 2 Up g, k(1) dgt
'LLA] k:(Z) Up A gk (q Z) m uA,j,j(z) s 7111[ ] (qt) s
A7j7j , 2,7

Then, we obtain that uk‘]] (%) equals to

Adyj

(3.3)

4 B a - vo(gs; A _

Blr) e
g uA,',‘ z

0 534) (a2 Duidl (V) (V) 4
A
bl [ Ung+1h(t) dgt
q
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Let us fix 29 € C*\ —AgZ such that for all integers 1 < j < m, s analytic on

A.jd
{q20,¢ < 0} and assume now that the following limit exists
A _ 5. A —_

(3.4) DI Na) 0@ gy (Na0) gy (20)

' N=too N (N — Ak

Up 5.4 (N 2)
(A
YAk

We remind that vo (§x1) = 0. Then, the function

is ¢-Gevre
to (G5k) Z”O(.@j,k)uk\]k . 1 Y
9j,k -
to(9;,6)2 095k g i
constant term equal to 1, we find that

asymptotic to the series € CJ[2]] along the divisor —AgZ. Since gy x has

By
U - Z
lim Al 20) 1

N=00 10 (37%) (quZO)UO(ﬁj,k)uk"]kyk(quZO)
Then, we use this limit, (3.3) and (3.4), to deduce that the Jackson integral
(A
20 Uy s t) d t
/ A[’/\]]H’k()q is well defined and that we have
0 upgylet)

—N

[A]
: A A A 20Uy ;g g (8) dyt
ui 1(20) = en i (0)ui (20) + “E\,]j,j(zO)/o M?
A?j’j

0

4. ¢-DEPENDENCY OF MEROMORPHIC SOLUTIONS OF LINEAR DIFFERENTIAL EQUATIONS.

From now, we see ¢ as a parameter in |1,00[. When we say that ¢ is close to 1,
we mean that ¢ will be in the neighbourhood of 1 in |1,00[. Formally, we have the
convergence lirri dqg = 0. In §4.1 we state and prove a preliminary result about confluence.

q—

Given a linear differential equation A and a family of linear g-difference equations A, we
state that under convenient assumptions, a family of basis of meromorphic solutions of A,
defined in §2.2 converges, when ¢ goes to 1, to a basis of meromorphic solutions of A. In
§4.2, we use the result of §4.1 on an example using an approach that will be generalized in
§4.3, where we state and prove our main result. Under convenient assumptions, we prove
that given a linear differential equation A and a basis of meromorphic solutions, we may
define a family of linear g-difference equations A,, that is a g-deformation of A, and for
every ¢ close to 1, a basis of meromorphic solutions of A, that is one of these defined in
§2.2, and that converges, when g goes to 1, to the given basis of meromorphic solutions of
A. We refer to §1, 82,83 for the notations used in this section.

4.1. Confluence of meromorphic solutions of linear differential equations. Let
us consider a family of equations (see below for the definition of the coefficients)

Ay = (0 = fm(2,9)) - (04 = 1(2,4))
A = (5 — fm(z)) . (5 - fl(Z)) .
As in §1, 82, we are going to see the equations as systems:

{6qY<z,q> = C(2,9)Y(2.q)

Y (z) = C()Y().

Let us assume that:
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(H1) For all ¢, z — fi1(z,q) € C({z}),..., 2 — fm(z,q) € C({z}). Furthermore, assume
that A is a linear differential system in coefficients in C({z}) and fi,..., fm € C((2)).
(H2) For all 1 < j < m, to(f;) and arg(to (f;)) converge when ¢ — 1. Moreover, we
assume that for ¢ sufficiently close to 1, vo(1+ (¢ —1)f;) is constant, satisfies for all
1<j<k<m,vl+(¢g—1)f;) <wvo(l+(¢—1)fr) and the non resonance condition
(3.1) is satisfied.

(H3) For all 1 < j <k <m, v (f;) <vo (fi)-
Previous assumptions and Lemma 3.1 imply the existence of a set of singular directions

3. C R, finite modulo 27, such that for all A € C* with d := arg(\) € R\ 3, for all ¢ close
to 1, for every z — A(z,q) € GLy, (M(C*)), family of diagonal matrices solution of

(4.1)
o,A = Diag (Zvo(1+(q—1)f1)t0 (14 (g—1)f1),...,z00+H@Dim)gg (14 (g — 1)fm)) A
= ADiag (z"00+@ DMty (14 (g —1)f1) ..., 2200+ @DIdtg (14 (¢ = 1) fm))

we may consider (uk\}]k(z,q)) = U /[(\}(z,q), the fundamental solution for
the q—diﬂ"erencg system 0qY (2,q) :~C(z,q)~Y(z,q), which is defined in §2.2, and
S (H) Diag (eL1 log(z) A xldmy - oLr 1°g(z)e’\TXIdmr), the fundamental solution for the

system 0Y (z) = C(2)Y (z), which is defined in §1.2. Until the end of the subsection, we
fix A € C* with d := arg(\) € R\ ¥. Theorem 1.2 states that

A= (5-8(7)). (-5 (7))
Until the end of the subsection, we fix a,e > 0 and we set

Dgor = {ze@‘ze?(d—s,d—i—&?), with |z] <a}.

Definition 4.1. Let z — f(z, ¢) that is meromorphic on any compact subset of D4, . for
q close to 1. We say that f € By, if for every K, compact subset of Dy, ., there exist
qo > 1, Ng € N*, and My > 0, such that for all ¢ €]1,qo[, N > Ny, z € K,

(as0)| <0

Remark 4.2. Note that B, is a ring.

Until the end of the subsection, we fix z — A(z, q) € GL,, (M(C¥)), family of diagonal
matrices solution of (4.1). We assume that:

(H4) For all 1 < j < m, we have the uniform convergence in every compact subset
of Dgq. to the function with no zeroes on Dy, ¢
limul. (2,q) = @l . () € A(d —e,d +€)
q-}l A7j7j ’ q ! A?]?] ? *
(H5) For all 1 < j < m,
(Al

UA j+1,5+1

W < Bd’aﬁ .
Z0q (“A,j,j)
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Remark 4.3. In §4.3, we will show that on a convenient framework,
e we may chose the matrix A such that (H4) is satisfied,
e there exists a direction d € R, and a,e > 0 such that (H5) is satisfied.
Let (§jx(2,9)) := G(z,q) be the formal matrix defined in Lemma 3.1 that satisfies

C(Zv Q) = é(zv Q) |:Dla‘g (ZUO(lJr(qil)fl)tO (1 + (q - 1)f1) y oo 72v0(1+(q71)fm)t0 (1 + (q - 1)fm)):|

oq
We are going to see in the proof of Theorem 4.5, that we may define
(ﬂj{mk (z)) = U{(z) € GLy,,(A(d — &,d + €)), upper triangular matrix with diagonal terms
defined in (H4), as follows: for all 1 < j <k <m, for all z € Dy, set
~d

2y gy p(t) dt

i l2) 1= W (2) [ RS

’ Mo )t

One may check that whether it is defined, ﬁf\l is a fundamental solution for

8Y (2) = C(2)Y (2).

Remark 4.4. Note that U /‘f is not necessarily one of the fundamental solution defined in
§1.2. However, since they are meromorphic fundamental solution for the same linear differ-
ential system, there exists Cy 4 € GLy,(C), such that ﬁffCA,d equals to the corresponding
fundamental solution defined in §1.2.

We may now state the main result of the subsection.
Theorem 4.5. We have uniform convergence

: [A] _ 17d
;;H% UA (27Q) - UA(Z)’

in every the compact subset of Dy g .

Before proving the theorem, we prove two lemmas. We refer to §3 for the definition of
the Jackson integral.

Lemma 4.6. Let f € By, . that converges uniformly to fe Ald—ed+e) in every
compact subset of Dg ., when q goes to 1. Then, for all z € Dgq, for all g close to 1,
z

/ f(t,q)dgt is well defined and belongs to By, (resp. / f(t)dt is well defined and
0 0

belongs to A(d —e,d + ¢)). Moreover, we have the uniform convergence

lim [ ft,q)dt = /0 ’ f(t)dt,

q—1 Jo
in every compact subset of Dg .

Proof of Lemma 4.6. Let K, be a compact subset of Dy, ., g0 > 1, No € N*, and My > 0,
such that for all ¢ €]1, go[, N > Ny, z € K, we have

£ (4" 500)| < Mo
We now use the uniform convergence of f on a compact subset of Dy, . that contains
{q*Nz‘z e K,1< N < Ny,q E]l,qo[}, to deduce that there exist g1 > 1, and M; > 0,
such that for all ¢ €]1,q1[, N € N*, z € K, we have ‘f (q_Nz,qﬂ < M. Tt follows that
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for all ¢ close to 1, for all z € K, the Jackson integral [ f(t,q)d,t is well defined and for
all N € N*,

—N

(4.2) /Oq Zf(t,q)dqt < ‘quz‘Ml.

Since [y f(t,q)dqt is a series of analytic functions, we obtain that for all ¢ close to 1,
z > [ f(t,q)dgt is analytic on K. To deduce [; f(t,q)dqt € Bgq,c, we use (4.2).
z

The facts that / f(t)dt is well defined, belongs to A(d — ¢,d + ¢) and the uniform
convergence 0
z z
tim [ f(t )t = [ Fit).
—1Jo 0
in every compact subset of Dy, ., is a straightforward application of the dominated con-
vergence theorem, we may apply because of (4.2). O

Lemma 4.7. For all1 < j <k <m, for all 2 € Dq ., for all q close to 1, the following
limit exists

. N vwo(ds 1) N _
i 000G @O )
N-S+00 UE;\,]j,j(q_NZaq) IWAASE

Moreover we have the uniform convergence lirri ck‘]jk(z,q) = 0 on the compact subset of
q% J

Dd,a,e .

Proof of Lemma 4.7. Let us fix 1 < j < k < m. Due to the hypothesis (H5), we have the
uniform convergence on the compact subset of Dy, .

UE\)\]k k(q_N%Q)
lim lim [/\]’ ’ =
g—1 NS+ uA,j,j(q_N+lz? q)

We additionally use

A _ A _
UE\,]k,k:(q Nzq) u£\7]k7k(q Nz,q)

Uk\}j,j(q_NHZ, q)  (1+(g—1)fi(¢ Vs, q))ug\)"]j.’j(q—Nz, q)’
(Al

=N \vo(dj,k) -N
q "z Y’ q 249
and Remark 3.3, to deduce that for all z € Dy, NHIE ( ) A’k’k( ),
=

A
<l a)

exists and we have the uniform convergence

— o A _
lim lim (a NZ)UO(gj’k)“R,}k,k(q Nz.q) -0
A _ - Y

g—1 NS Fo00 UE\,]j,j(q Nz q)

on the compact subset of Dy, .. Using (3.2) and the fact that (H2) is satisfied, we obtain
that the following limit exists lin% to (Gj.x(2,¢q)). This concludes the proof. O
q—

Proof of Theorem 4.5. Let 1 < j < m. The uniform convergence in every compact subset
Of Dd,a,a:

O L
My = WA
is the assumption (H4). If m = 1 the proof is complete. Assume that m > 2.

Let us fix 1 <j <k <m. Let us prove that ﬂﬁl\’j,k(z) is well defined for z € Dy,
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ﬁj{ ik € A(d — e,d + €) and that we have the uniform convergence in every compact sub-
set of Dy g
(Al ~d

lim w ., = uf ;1.
q4)1 A’jak A?J»k

Because of Lemma 4.7, we may apply Proposition 3.5 with the pairs {(v, k)|j < v < k}.

Then, we obtain that uk‘]j w(2,q) equals

g o (2,0) = el (2 Qs (2,9) +ul (2,0 (2, q),

where

y 3
“E\,}e,e(qta q) ng,g(qt? q) L

(A

FY ((z,9) = /z Uaknlha)  dgt

Ak—1\Z )= ] (qt.q) b
Upk—1,k-1\9% 4

Let us set, whenever the functions are well defined

B B
: u (t.q) w (t.q) dgt ..
F(z,q) = /O oy gz q) LD T MBIV pN ()™ i< e<k-2

~d
= z uA,e+1,£+1(t) ~ dt .

~d
~ z u t dt
F i (z) = / %/\ﬂf
0 UX g 1 1(t)t
Because of (H4) and (H5), we may use Lemma 4.6, to deduce that
A

® F/[\,;c—l € Baa,e,
o Fj{l’k_l(z) is well defined for z € Dy, and F/‘ik_l € Ald—¢e,d+¢),
e we have the uniform convergence in every compact subset of Dy, ,

. A g
lim FY (2,9) = Fi i (2).

q—1

We now use (H4) and Lemma 4.7, to deduce that for all j < ¢ < k — 2, we have the
uniform convergence in every compact subset of Dy, .

(Al

. A L WAS AR (2,q)
lim Cg\,]Hl,k(z’ Q)W— =0
=1 UAM((]Z; q)

B .
li uA,€+1,e+1(z7 q) _ “A,e+1,£+1(z)
! Zuk\}u(qz, q) Zﬂfl\,e,é(z)

We use the above limits, whose functions involved in the left hand side are elements of
B e (see (H5) and Lemma 4.7), and the fact that By, . is a ring (Remark 4.2), to apply
Lemma 4.6 and deduce that if, j < ¢ < k, and

A
° F/[\,]E € Baae,
o F¢,(2) is well defined for 2 € Dy, and F§, € A(d —¢,d +¢),
e we have the uniform convergence in every compact subset of Dy, ,
: (A] _d
51_{% FA,E(Z’ q) = Fj 4(2),
then
o FY B
Al—1 d,a,es B
. Ff&l’e_l(z) is well defined for z € Dy, and F/C\l,£—1 € Ald—e,d +¢),
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e we have the uniform convergence in every compact subset of Dy, .

: (Al _ 7d
gﬂ}f3yz_1(27Q)-—-Fkx—l(z)
From what precede, ﬂﬁi,j’k(z) is well defined for z € Dgq, ﬂj‘l\,j’k € A(d—e,d+¢), and we

have the uniform convergence in every compact subset of Dy, :

O

We finish this subsection by making some comparison between Theorem 4.5, and two
confluence results of the same nature.

Remark 4.8. We are now going to state [DVZ09], Corollary 2.9, which is the particular case

of [DVZ09], Theorem 2.6, where the coefficients of the family of linear g-difference equa-
o ' —1d

tions do not depend upon ¢. Let p = 1/q and let §, := =2——, which converges formally
A p ~

to 0 when p — 1. Let z — h(z,p) € C{z} that converges coefficientwise to h(z) € C][z]]

when p — 1. Assume the existence of by, ..., b, € C[z], such that for all p close to 1, we

have

bm(z)(;;nﬁ(zap) + -+ bO(Z)iL(Z’p) =0

b (2)6™h(2) + - - - + bo(2)h(2) = 0.

Moreover, assume that the series By (ﬁ) belongs to C{z} and is solution of a linear dif-

ferential equation which is Fuchsian at 0 and infinity and has non resonant exponents
at oo.
The authors of [DVZ09] conclude that for all convenient d € R,

lim h(z,p) = 5 (B) (2),

uniformly on the compacts of S (d — 5,d+ g), where S¢ (E) is the asymptotic solution of
the linear differential equation that has been defined in §1.2.

Remark 4.9. Let us now state [Drel4b], Theorem 4.5, in the case where the coefficients of
the family of linear ¢-difference equations do not depend upon ¢. Let z — h(z,q) € C[[z]]
that converges coefficientwise to h(z) € C[[z]] when ¢ — 1. Assume the existence of
polynomials by, ..., b, € C[z], such that for all ¢ close to 1, we have

bm(z)&qﬂﬁ(/Z7Q)+"'+b0(z)}}(2’Q) =0

b (2)6™h(2) 4 - - - + bo(2)(2) = 0.

In [Dreldb], we prove that for all convenient d € R, for all ¢ close to 1, we
may apply a g¢-deformation of the Borel-Laplace summation to h(z,q), to obtain
z — Sld (ﬁ) (z,q) € M(C*), solution of the same family of J,-equations as h. Moreover,
we have

Jiny S (R) (2,9) = 8 (B) (2),

_
2e?

Sldl (il) has no link with the meromorphic solutions appearing in §2.2.

uniformly on the compacts of S (d d+ I-), for some € > 0. Note that in general,
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4.2. An example. In §4.3 we will explain how to apply Theorem 4.5. The goal of this

section is to give an idea of the method we are going to use on an example. Since everything

will be proved in §4.3 in full generalities, the proofs in this subsection will be omitted.
Consider

A= (5+2:72) (54271) 8

We have a formal solution given by the method of the constant variation:

B _ exp(t™ 1)dt B exp(t™1) 1 dt du
exp(=) exp(=) [ o) 1 [ / o 2 =
U(z) == 1 / 1 at
0 exp(= 1) exoe) [ e
0 0 1

We want to give an analytic meaning of ﬁ(z) The entries of the matrix U are analytic
if the integrals converge. The integrals converge if and only if exp(ez~!) and exp(ez72)

tend to 0 when € — 0%. Therefore, the entries of U are analytic on the sector S (g, %f)

and on the sector S (%’r, 37”) For the simplicity of the exposition, let us drop the second

sector.

R
0

FIGURE 1. Limit of exp(ez~!) when ¢ — 0% (left). Limit of exp(ez~2)
when € — 0% (center). Domain of analyticity of the entries of U(z) (right).

Let us now consider

(1+4q)g 272 g 2!
Ay =16 ) 0,
! (qu 1+ (¢—1)(1+q)g 222 Al 1+ (g—1)gtz71)
Note that A, is a g-deformation of A. For convenient \ € C* forze S (”

204
diagonal matrix A, we have the existence of z — ck\]l(z, q) cEi‘]Q(z q), ck\]?)(z, ¢) meromor-

) for some

phic on S (” 3—”) and invariant under oy, such that U /[(\} (z,q) equals to

2 oy [T et dgt -2 /z /t eq(t”") L dgtdgu
(7)) ez )/0 e(q™2t72) t e(27) =0 Ju=0 eqz(q_Qt_Q)eq(chlu_l) t u
? 1 t
0 -1 -1 / dqt
ef](z ) eq(z ) 0 eq(q_lt_l) t
0 0 1

iz, q),
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1 A
A CA,l (Zu Q) A72(Z7 Q)
where C[[\ ] (z,q9):= 1o 1 Ck\}g( z,q) |- One may check that assumptions of Theo-
0 0 1

rem 4.5 are satisfied. Therefore, there exists a > 0 such that we have uniform convergence

: [A] 77
tim U (2,0) = U(2),
w37
in every the compact subset of {z €S ( ) ‘|z| < a}

4.3. g-deformation of meromorphic solutions of linear differential equations.
Let us consider a linear differential equation in coefficients in C({z})

A= (5 - fm(z)) (6 - ﬁ(z)) ,

with m > 2, for all 1 < 7 < m, fj € C((2)), vo (ﬁ) - < g (fm) and g (fm,l) < 0.
As in §1, we are going to see the equation as a system Y (z) = C(2)Y (2).

Remark 4.10. Note that the Newton polygon of A have m distinct slopes with multiplicities
one. Moreover, every linear differential equation

m—1

> @t

=0
with m > 2, ag,...,am—1 € C({z}), and vg (@m—1) > -+ > vo (a1), vo (a1) < vo (ap) is of
the wished form.

For 1 < j < m, and d € R, that is not one of the singular directions of
§Y (z) = C(2)Y (2), see Theorem 1.2, let us chose ¢
= gd

3.3
of 5u (f]> . Let us introduce, whether it is defined, ( ug (2 )) .= U%(z), upper

trlangular matrix Wlth forall 1 <j <k <m,

~d . ~d z ﬁ?—f—l k(t) dt
wha(e) =, (0) [ LG
We may check that if it is defined, U (%) is a meromorphic fundamental solution for
0Y (2) = C(2)Y (z). The goal of this subsection is to
e prove that U%(z) is well defined for some d € R, and some z € C*,

e construct a family of linear g-difference equations A, that discretizes A,

e build a family of meromorphic fundamental solution for the family of systems
attached to A,, that is, for ¢ close to 1 fixed, one of the meromorphic fundamental
solution defined in §2.2, and that converges to U 4(z) when ¢ goes to 1.

non zero meromorphic solution

Step 1: Domain of definition of U%(z).

Lemma 4.11. Let us write Z fj,gzg = fj, with fvj#j # 0. There exist € > 0, d € R,
l=p;
such that for all z € S(d —e,d +¢), and for all1 < j < m,

exp (f]H o log(zz ) H exp ( €_1fj+1,g(xz)e>
. l=pj 41

lim
z—0t

z€R>0 | exp ((fjo + 1) log(xz ) H exp ( £—1E7g($z)£)

b=p;
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Proof. Since vg (fl) <--- < (fm) < 0, it is equivalent to prove the existence of € > 0,
d € R, such that for all z € S(d —e,d + ¢), such that for all 1 < j < m,

lim+ ‘exp (—,uj_lfjw (:):z)“J)‘ = oo.

z—0
IEGR>0
For all 1<j<m, lim ‘exp <—uflfju.(mz)“f)‘ = oo if and only if arg(z) be-
z—0t J i
z€R>0
> ~ 2kmw s ~ 2km
longs to the open set arg (—fju, ) + — — =, arg ( —fju; — + —|. Let
k:UOO] ( J H]) 1 9 14 ( J /"‘J) W 2 1

K :=p X+ X pm—1. Let g9 > 0 such that for all ¢ € Z, E” + g0 does not belong to the
border of

m—1 [u;—1
~ 2k T ~ 2k
arg (— i, )+ — o ang (=i, )+
(U 1 ( ”J) o 2u ( ”]> mio 24 D
Then, to prove the lemma, it is sufficient to prove the existence of ¢ € Z, such that
+ Eﬁ MOI (f )+2k7r s (f )+2k7r+7r
— + <o arg (—fju; — — —,arg (—fju —+—1 .
i o I 14 2,Ufj JsH5 1 2:“’j

If m = 2, the proof is completed. Assume that m > 2. For 1 < j <m, let X, be the set
of integers ¢ in Z, such that

i—1
Im H = 2kr 0w = 2km
— téeog € arg | —fjpu ) + — — =—,arg (—fjpu, ) + — + =
K k:L:JO] (~in) w2 (~Fim) mio 2p

Let us write 2K = 2 x 2% x p{* x --- x p%", the decomposition of 2K in product of prime
numbers. For p prime number, let v, be p-adic valuation.
We claim that for 1 < j < m, there exists ¢; € X;, such that for all v € {0,...,r},

vpy (5,5) o ()
for all 1 < j < k < m, the projections of £; mod p,,p "7 and ¢, mod p,, "R on Z/pW 7

are equal. For 1 < j <m let us fix an arbitrary ¢; € ;. Let v := 0 and pp := 2. We

K
do the following operation. Let 1 < j, < m, such that vy, (%) = max (Upy ())
v <g<m Nj

By construction, 3J; is an union successive sets of consecutive MK integers separated by NK

consecutive 1ntegers Then, for all 1 < j < m with j # j,, there exists x;, € Z, such that
s ()

Z =1 —I—HJ,,lep M e ¥;, and such that for all 1 <j <k <m, forall 0 <7 < v,

=0

. , vp; () , vp, () o
the projections of £; mod p; "’ and £; mod p, *" on Z/p;Z are equal. It follows
that we may replace ¢; by f;-, and reduce to the case where for all 1 < j < k < m, for all

vp, (£) o, (L)

0 <@ < v, the projections of £; mod pl-pl "7" and ¢; mod pZ P on Z/pi"Z are equal.
We do the same operation for v = 1,...,v = r. This proves our claim.
K
Let 1 < j_1 < m, such that vg ( K ) = max (’Ug ()) We remind that ¥; is an
Hj_q 1<j<m 1

union successive sets of consecutive uﬁ integers separated by consecutlve integers. For
J

all 1 < j < m with j # j_1, we again replace ¢; by /; —|—/€j E ¥; for some k; € Z, to
reduce to the case where for all 1 < j <k <m, for v € {1,. r} (resp. for v = 0), the
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Vo (55 Vo ()
projections of ¢; mod p,,p " and ¢, mod p,” """ on Z/p®Z (resp. on Z/2%T1Z), are
equal.
Due to the Chinese reminder theorem, there exists an integer 0 < ng < 2K, such that

forall 1 <j < m,

2K
ng =¢; mod —Z.
Hj
Then, we have

n07r+€ Em—l “61 g( ]? >+2k:7r T g( f >+2k7T+ ™
— 0 arg ( —fju; — — —,arg | —fiu, _ —
K JL M)y 2p, ST g 2p,

This concludes the proof. ]

Without loss of generalities, we may assume that the real number d € R of Lemma 4.11
is not one of the singular directions of 0Y (z) = C(z)Y(z) defined in Theorem 1.2. It
follows that:

Corollary 4.12. There exist d € R, and € > 0, such that
Ul(z) € GLp(A(d —e,d +¢€)).

Step 2: Construction of the family of ¢-difference equations.
We would like to define a convenient family of g-difference equations that discretizes 5,
Ag:=(0g — fm(2,9)) ... (04 — f1(z,q)) with for all 1 < j < m, 2z — f;(z,q) € C({z}). But
before, let us introduce some notations. Let p = 1/q and define the p-exponential:

e¢] n

z
ep(2) == Z W € C{z},
n=0 p
where [n];) = [Tieollp, [Up == (1 + .. —|—pl*1). Its radius of convergence is flp. For all

z € C with |2] < ﬁ one may check that we have |e,(2)| < ep(|2]). Hence, the dominated

convergence theorem gives that we have the uniform convergence in the compact subset
of C

(4.3) }gﬂl ep(z) = exp(2).

Let us also define the p-Gamma function

1 o0 1 _pn+1
Tp(2)=(1-p)' 7 [ T pnte

n=0

It converges to the classical Gamma function when p — 1 and satisfies

1-—p®
Dp(z+1) = =Ty (e).

For ¢ € N*, set
Byo: C{z} — C{¢} .
Zanz" — 27" ¢,
n>0 n>0 Fp (1 + %)
Let us now define fi,...,fn. Let fj>0 = Zfﬂzf, and [ = Z fiez" so that
(=1 l=p;
fi= fj>0 + fjgo_ Since A is a linear differential equation in coefficients in C({z}), we
may apply Theorem 1.2, to deduce for all 1 < j < m, the existence of a decomposition

fj>0:f?10+“'+fj?r07
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with f € Sd , for some /;;, € N*.
For all 1 S ] < m, let us define fj>0 = fflo f , where for all 1 < k < r, the
function z fj>£(z, q) € C{z} is defined such that for all g close to 1,

R 0 _ R >0
9ik =By, (177) = Be, (F70).
Let 1+ (¢ — DfS0 := 14+ (¢ — 1)f3% and for all 1 < j < m, let us set

m

N fjéo(z,q) € C{z7'}, such that for all 1 < j < m,

(4.4)

1+(q— 1)f]%ro1 7<0  7<0
— 14 (q—1)(F=° — =0 1),
q (1 +(q - 1)fj§0> (4=1) <f3“ J )

Finally, we set 2z — f;(z,q) € C({#}), such that
a0 = (15008 (1 0 1)

Lemma 4.13. There exists a > 0 such that the functions f1>0, ooy 20 belong to Baae-

Moreover, for all 1 < j < m, we have the uniform convergence lin’i fi= 54 (E) in every
q—
compact subset of Dg g .

Proof. By construction, it is sufficient to prove the existence of a > 0 such that the
functions 7%, ..., f>9 belong to Bgoe and for all 1 <j <m, we have the uniform

convergence lirrjlL fj>0 = 54 ( ffo) in every compact subset of D, .
q—

In (2.11.1) of [DVZ09], we see that for all 1 < j <m and 1 < k < r we have

Lk

fflg(z,q) = /Oqf1 ik (Cl/ﬂj,k> ep (pc/zﬁj,k) d
Moreover, we have
ooeid[',
Ch (ff,?(z, Q)) = /0 " 95k (CI/ZM> exp (C/z@%k> dc.

In [DVZ09], Page 11, we see that for all f € C{z}, for all p < 1, we have the equality

Lok
=T A ]
(4.5) L B (0 (70) e (e di¢ = £12).
Using (4.3), the fact that for all z € C with |z| < ﬁ, we have |e,(2)| < ep(|2]), and (4.5),

we may apply the dominated convergence theorem, in order to obtain that for all a > 0
sufficiently small, we have the uniform convergence hm J; >0 — gd ( f >O) in every compact

subset of Dy 4. Since for every a > 0, By, is a rmg, see Remark 4.2, it is now sufficient
to prove the existence of @ > 0 such that for all 1 < j < mand 1 < k < r, we have

ff;? S IB%d,a,e‘
Let us fix 1 < j < mand 1 < k < r. Because of the definition of S@ljk there exist

Jj k> Ljx > 0 such that
19;6(O] < Jjkexp (Lj,k C’gj,k) )

We remind that for all z € C with |z| < ﬁ we have |exp(z)| < ep(|z]). Therefore, for all
q close to 1, for all z € Dy, ., we obtain

z J:k

0] < [T Dy (L1010 e (1/2041)
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Let a >0 with forall 1 <j<mand1<k<r,abi+ < 1/Lj . Let us remark that for all
p < 1forall z € Dgq., we have the equality of functions

~ ik )
(46) Bp,éj’k (M) = Jj7k€p (Lj,k;(_,.e],k) .

LchZ J

Therefore, if we combine (4.5) and (4.6), we find that for all z € Dy, ., for all ¢ close to 1,
there exist 6(z,q), #'(z, q) real functions, such that (note that the right hand side is well
defined due to a®%* < 1/L; )

Lk

50G0] < [T Duen (L0 e (1c/2041) e

Jjk
1-L; eif(z) (319,<Z’Q)z)ej,k ’

(4.7)

IN

Since abi+ < 1/L; 1, this proves that forall 1 < j <mand 1 <k <7, we have f € By
This concludes the proof. O

Step 3: Construction of the family of solutions

We consider

Ay = (09— fm(2,4)) - (6 — f1(2,q))
B = (3-Ful2)- (5-A2).

where f1,...,fm € C((2)) have been defined in the beginning of the subsection and
fi,---, fm have been defined before Lemma 4.13. As in §1,82, we are going to see the
equations as systems:

{%Y(z,q) = ClY(5a)
Y (2) = C(2)Y(2).

By construction, we obtain that the assumptions (H1) to (H3) of §4.1 are satisfied.
Without loss of generalities, we may assume that for all A € C* with arg(\) = d,
for all ¢ close to 1, for all z— A(z,q) € GL,, (M(C*)), family of diagonal matrices
solution of (4.1), we may consider U/[\A] (z,q), the fundamental solution for the system
0, (2,q) = C(z,q)Y (2, q), which is defined in §2.2. Until the end of the subsection, we fix
A € C* with d = arg(\). We remind that for all 1 < j < m, ¢, is a non zero meromorphic

337
: ~d _ &d
solution of 6uj; =S (fj) U

Lemma 4.14. There exists z — A(z,q) € GL,, (M(C*)), family of diagonal matri-
ces solution of (4.1), such that for all 1 < j < m, we have the uniform convergence

(]

hmuA”

(z,q) = u”( z) € A(d —e,d+¢), in every compact subset of Dg .

Proof. Since two non zero solutions of dy; = Sd (E) y; equals up to a multiplication by

a non zero complex number, it is sufficient to prove that for all 1 < j < m, there exists

2z y;(z,q) € M(C*,0), that satisfies oqy;(2,q) = (14+(q—1) f;(2,q))y;(2, q), such that we

have the uniform convergence lin% yi(2,q) =1 yj(2) € A(d — €,d + €), in every the compact
q—

subset of Dgqc.
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Let us fix 1 < j < m. Let us define z — w;(z,q) € M(C*,0) N C{z~!} with constant
term equals to 1 that satisfies

(1 + (g — 1)fj§0) ( 117 H ept (—E_lfj,gze)>

_/J,]

wj ~
” (A%H(q Do, H 6 (‘g_lfj’gze))

_/'LJ

IqWj _

By construction, we have

—1
(wj(z DAy 14170 11 e (_E_lfj’fzg))

—,uj =1+ (q 1) jSO.
-1z ¢
Wi (5 DA 1) R H e (~07Fie')
t=p;
Let us fix K, a compact subset of Dy, ., and for N € N*, z € K, set
—1
vz 0) = wi(z A g T e (<0 e ) H L+ (g = 1f7"(¢"2 ).

EZ,U,J'

Lemma 4.13 tell us that fj>0 € Bgge. Since its valuation is at least 1, we find that
there exists @ > 0 such that for all v < 0, for all z € K, for all ¢ close to 1,
11+ (¢ — 1)fj>0(q”z,q)] <14 (q— 1)a|q”z|. Let us introduce the g-exponential

eq(z) == Z B H<1+ z),

n=0

where [n ] = Hl 0[ lg, Ug := (1 + ..+ qlil). It is analytic on C, with simple zeros on the

(2) = zeq(2). Using the infinite product expression
of e4, one finds that for all z € K, for all N € N*, for all ¢ close to 1,
—~1 -1
(4.8) I 1+@-07%z 0| < [I 14 (@—Dalg’z| = eq(alz)).
v=—N v=—00

In particular, the following infinite product is convergent:

17 >0
B0 = 0 DN 7, H eyt (—€7 ez ) H L+ (g = 1) f7%(¢"2,9):
Moreover, z — y;(z,q) € M(C*,0), satisfies o4y,(z,q) = (1 + (¢ — 1) f;(2,9))y;(z,q). To
conclude the proof, it is sufficient to prove the uniform convergence hm y(z,q) =: y;(2)
in K.
By construction, w; (271, q) satisfies a linear g-difference equation of the form (remind

that p = 1/q)

o wi(z7h ) = (1+ (¢ = 1)°Bi (2, 9))w; (27, q),
where ((z,q) € Byqe and z — Bj(z,¢q) € C{z} has constant term equals to 0. Since
2+ w;(z,q) € C{z71} has constant term equal to 1, we obtain that for every &’ > 0, for

every z € K, we have for ¢ suﬂiciently close to 1
< e (5’|z|_1) :

|w]ZQ|< H1+q_1 ( )

V=—00
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We may check that for all z € C, e,(¢'|2|7!) < exp(e’|z|7!). Therefore, we
have the uniform convergence lin% wj(z,q) =1 in K.  The uniform convergence
q—

lim A — 250 in K can be deduced from Page 1048 of [Sau00]. The uniform

g1 a1+(@-1)f50
—1 —1
. 17 0 17 A .
convergence Il)l_)ni 41_/{ €pt (—€ fiez ) = eH exp (—€ fiez ) in K is a consequence of the
=1 =
inequality above (4.3) and (4.3). Because of (4.8), we obtain that for all ¢ > 1, for all

z € C,
-1

IT 1+ @00 209

V=—00

< eq(alz]) < exp(alz]).

~1
Then, the uniform convergence lin% H 1+(qg— 1)fj>0(q”z,q) in K can be deduced
q—

v=—00

with the dominated convergence theorem.  This proves the uniform convergence
lin% y(2,q) = y;(2) in every compact subset of Dy, .. O
q—

Step 4: Statement and proof of the main result.

We are now ready to state the main result of the paper, but before, let us remind some
notations. We still consider

{Aq = (5 fn(=.0)) . (5 — fi(2.0))

A = (-Fn@). (- 10),

where fi,...,fm € C((2)) have been defined in the beginning of the subsection and
fi,---, fm have been defined before Lemma 4.13. As in §1,82, we are going to see the
equations as systems:

5Y (2) = C(2)Y(2).

Let z — A(z,q) € GL,, (M(C*)), family of diagonal matrices solution of (4.1) that has
been defined in Lemma 4.14. Let A € C* with arg(\) = d. Let Uk\](z, q), be the fundamen-

tal solution for the system 6,Y (2, q) = C(2,q)Y (%, ¢), which is defined in §2.2. We remind
that for all 1 < j < m, ﬁ;lm

{cwz,q) = C(2.9)Y(24q)

is a non zero meromorphic solution of (5&3{ ;= Sd ( f;) ﬁ;{ ; and
(ﬂ?k(z)) := U%2) € GLy(A(d — €, d + €)), is an upper triangular matrix fundamental so-
lution for 0Y (2) = C(2)Y (%) defined as follows: for all 1 < j <k <m, for all z € Dy,
set J
2 uf (1) dt
us . (2) == a5 (2 ——
)= ) [

After replacing a by a smaller positive real number, we may reduce to the case where for
all 1 < j <m, 17% does not vanish on Dy, .

Theorem 4.15. We have the uniform convergence
: (A] _ 77d
(%1—% UA (27 Q) =U (Z)7
in every the compact subset of Dy qpc.

We want to apply Theorem 4.5 to prove Theorem 4.15. We already know that as-
sumptions (H1) to (H3) are satisfied. Because of Lemma 4.14, hypothesis (H4) is also
satisfied. We have to check that the assumption (H5) is satisfied. This is the goal of the
following lemma.
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uN
Aj+1,5+1

2oy (ufps;)

Proof. Let us fix 1 < j < m. Because of (4.4), we obtain

Lemma 4.16. For all 1 < j < m, we have €Byge-

(4.9)
A . Doy (f;) 1+ (g — 1) 20 Uiy

o, Aj+ig+l | _ 1+ (g —1)og (f;) J+1 (1 Y (g—1) (J?% _ 50 _ 1)) _AgtlgHl
o () @D () T la =11 T ey ()

We remind, see Lemma 4.11, that for all z € Dy,
-1

exp (JZH,O log(wz)) H exp <—£*1ﬁ+1,g(mz)é>
. l=pj1

lim =0.
z—0t

z€R>0 | exp ((f] o+ 1) log(zz ) H exp ( 1fj75(mz)£)
=y,

Then, there exist a’ €]0,a[ and M > 0, such that for every z € Dy ., for all ¢ sufficiently
close to 1,

(4.10) 14+ @-1) (F - 0= 1) > 14 (g = )Mz,

The triangular inequality gives us
‘1 4 (g = Doy () 1+ la= DI 1= (@ =DJoy (1)) 1~ (@ = D[]
L (a=Dog () 1+ (@ =D | 7 |14 (g = 1) |02 (F)] 1+ (@ = D) | 7]

Using this inequality, (4.7), (4.9), and (4.10), we find that there exists a” €]0,d’[, such
that for every z € Dg 4 ., for all ¢ sufficiently close to 1,

>

(A A

(411) O_q A7]+1[7]]+1 A7‘7+1[7‘7]+1
%0q (uA,J,J) Z0q (uAJJ)
We remind that ﬂ;{ ; does not vanish on Dy 4 .. Then, with Lemma 4.14, we obtain that we
“k\]‘ 1,541 iy 4a(2)
have the uniform convergence lim —2t/+ — Jtc’lj—'— € A(d —e,d+¢€), in every
=1 5o (ul (2)
a\"A,j,5 3 J
N
compact subset of Dg, .. If we combine this fact and (4.11), we find % € Byogpe-
2ULC
. 7]7]
This proves the lemma. ]
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