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q-DEFORMATION OF MEROMORPHIC SOLUTIONS OF LINEAR
DIFFERENTIAL EQUATIONS.

THOMAS DREYFUS

Abstract. In this paper, we consider the behaviour, when q goes to 1, of the set of a
convenient basis of meromorphic solutions of a family of linear q-difference equations.
In particular, we show that, under convenient assumptions, such basis of meromorphic
solutions converges, when q goes to 1, to a basis of meromorphic solutions of a linear
differential equation. We also explain that given a linear differential equation of order
at least two, which has a Newton polygon that has only slopes of multiplicities one, and
a basis of meromorphic solutions, we may build a family of linear q-difference equations
that discretizes the linear differential equation, such that a convenient family of basis of
meromorphic solutions is a q-deformation of the given basis of meromorphic solutions of
the linear differential equation.
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Introduction

Let q > 1 be a real parameter, and let us define the dilatation operator σq
σq
(
f(z)

)
:= f(qz).

When q tends to 1, the q-difference operator δq := σq−Id
(q−1) “tends” to the derivation

δ := z d
dz . Hence every differential equation may be discretized by a q-difference equation.

Given a linear differential equation ∆̃, and a basis of meromorphic solutions of ∆̃, we
wonder if we can build ∆q, family of linear q-difference equations that is a q-deformation∗ of

Date: July 2, 2015.
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Work supported by the labex CIMI.
∗Throughout the paper, we will say that the family of objects (Xq)q>1 is a q-deformation of the object

X̃, if Xq converges, in a certain sense, to X̃, when q → 1.
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2 THOMAS DREYFUS

∆̃, and a convenient family of basis of meromorphic solutions of ∆q, that is a q-deformation
of the basis of meromorphic solutions of ∆̃. The goal of this paper is to give an answer to
this problem.

∗ ∗ ∗
Let us consider 

δqY (z, q) = B(z)Y (z, q)

δỸ (z) = B(z)Ỹ (z),

where B(z), is a m by m square matrix with coefficients that are germs of meromorphic
functions at z = 0. We are going to recall the main result of [Sau00] in the particular
case where the above matrix B(z) does not depend upon q and q > 1 is real. In [Sau00],
Sauloy assumes that the systems are Fuchsian at 0 and the linear differential system
has exponents at 0 which are non resonant (see [Sau00], §1, for a precise definition).
The Frobenius algorithm provides a local fundamental solution, i.e, an invertible solution
matrix, at z = 0, Φ̃0(z), of the linear differential system δỸ (z) = B(z)Ỹ (z). This solution
can be analytically continued into an analytic solution on C∗, minus a finite number
of lines and half lines of the form R>0α :=

{
xα
∣∣∣x ∈]0,∞[

}
and R≥1β :=

{
xβ
∣∣∣x ∈ [1,∞[

}
,

with α, β ∈ C∗. Note that in Sauloy’s paper, the lines and half lines are in fact respectively
q-spirals and q-half-spirals since the author considers the case where q is a complex number
such that |q| > 1.

In [Sau00], §1, the author uses a q-analogue of the Frobenius algorithm to construct a
local fundamental matrix solution at z = 0, Φ0(z, q), of the family of linear q-difference
systems δqY (z, q) = B(z)Y (z, q), which is for a fixed q, meromorphic on C∗ and has
its poles contained in a finite number of q-spirals of the form qZα := {qnα, n ∈ Z}
and qN

∗
β := {qnβ, n ∈ N∗}, with α, β ∈ C∗. Sauloy proves that Φ0(z, q) converges

uniformly to Φ̃0(z) when q → 1, in every compact subset of its domain of definition.

The problem in the non Fuchsian case is more difficult. Divergent formal power series
may appear as solutions of the linear differential systems, but we may apply to them a
Borel-Laplace summation process in order to obtain the existence of germs of meromorphic
solutions on sectors of the Riemann surface of the logarithm. See [Bal94, Ber92, LR90,
LR95, Mal95, MR92, Ram93, RM90, Sin09, vdPS03]. The same situation occurs in the
q-difference case. See [Béz92, Bug11, DSK05, DVRSZ03, DVZ09, Dre14a, Dre14b, MZ00,
Ram92, RS07, RS09, RSZ13, RZ02, Sau04b, Sau04a, Trj33, vdPR07, Zha99, Zha00, Zha01,
Zha02, Zha03]. Let us give more precisions on [RSZ13]. We refer to §2 for more details.
The authors of [RSZ13] consider a linear q-difference system having coefficients that are
germs of meromorphic functions, and having integral slopes. See [RSZ13], §2.2, for a
precise definition. In this case, the work of Birkhoff and Guenther implies that after an
analytic gauge transformation, such system may be put into a very simple form, that is
in the Birkhoff-Guenther normal form. Moreover, after a formal gauge transformation,
a system in the Birkhoff-Guenther normal form may be put into a diagonal bloc system.
Then, the authors of [RSZ13] build a set of meromorphic gauge transformations, that
make the same transformations as the formal gauge transformation, with germs of entries,
having poles contained in a finite number of q-spirals of the form qZα, with α ∈ C∗.
Moreover, the meromorphic gauge transformations they build are uniquely determined by
the set of poles and their multiplicities.

∗ ∗ ∗
The paper is organized as follows. In §1, we make an overview of the local study of the lin-
ear differential equations. In particular, we remind how a meromorphic linear differential
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operator may be factorized, with formal power series, or with germs of meromorphic func-
tions on some sectors of the Riemann surface of the logarithm. Given a linear differential
equation, with coefficients that are germs of meromorphic functions, we also remind the
existence of basis of solutions that are germs of meromorphic functions on some sectors of
the Riemann surface of the logarithm. In §2, we summarize the work of [RSZ13]. We recall
how they attach to a convenient linear q-difference system, a set of meromorphic funda-
mental solution. In §3, we explain how, under convenient assumptions, we may express
the meromorphic solutions of [RSZ13], using Jackson integral, that is a q-discretization of
the classical integral. In §4 we consider q as a real parameter we make converges to 1.
In §4.1 we prove a preliminary result of confluence†. See Theorem 4.5 for a more precise
statement.

Theorem. Let us consider a linear differential equation ∆̃ and a family of linear q-
difference equations ∆q that discretizes ∆̃. Then, under convenient assumptions, a family
of basis of meromorphic solutions of ∆q given by [RSZ13], converges, when q goes to 1, to
a basis of meromorphic solutions of ∆̃.

We apply the above result in §4.2, in a particular example, and in §4.3, where we prove
our main result. See Theorem 4.15 for a more precise statement and [vdPS03], §3.3, for
the definition of the Newton polygon.

Theorem. Let us consider a linear differential equation ∆̃ of order at least two, assume
that its Newton polygon has only slopes of multiplicities one, and let us fix a certain basis of
meromorphic solutions of ∆̃. Then, there exists ∆q, family of linear q-difference equations,
that is a q-deformation of ∆̃, and there exists a family of basis of meromorphic solutions of
∆q given by [RSZ13], that is a q-deformation of the given basis of meromorphic solutions
of ∆̃.

Note that we construct explicitly the family ∆q, and the family of basis of meromorphic
solutions of ∆q. Remark also that confluence problems in the non Fuchsian case were
considered in the papers [DVZ09, Dre14b, Zha02], but this article is, to the best of
our knowledge, the first to give a confluence result of the solutions built in [RSZ13]
in the case where the linear q-difference equations have several slopes. We refer to
Remarks 4.8 and 4.9 for a rough statement of the results in [DVZ09, Dre14b]. Note
also that the results of [DVZ09] are deeply used in §4.3, in order to construct the family ∆q.

1. Local study of linear differential equations

In this section, we make a short overview of the local formal and analytic study of linear
differential equations. See [vdPS03] for more details.

1.1. Local formal study of linear differential equations. Let C[[z]] be the ring of
formal power series, C((z)) := C[[z]][z−1] be its fraction field, δ := z d

dz , and consider a
monic linear differential equation in coefficients in C((z)):
(1.1) P̃ (ỹ) = 0.
Once for all, we fix a determination of the complex logarithm over C̃ we call log. For
a ∈ C, we write za := ea log(z). As we can see in [vdPS03], Theorem 3.1, there exist
f̃1, . . . , f̃m ∈

⋃
ν∈N∗

C
((
z1/ν

))
, such that we have the factorization

P̃ =
(
δ − f̃m

)
. . .
(
δ − f̃1

)
.

†Throughout the paper, we will use the word “confluence” to describe the q-degeneracy when q → 1.
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Moreover, for all 1 ≤ j < k ≤ m, v0
(
f̃j
)
≤ v0

(
f̃k
)
, where v0 denotes the z-valuation.

It follows that (1.1) is equivalent to

(1.2) δỸ = C̃Ỹ , where C̃ :=


f̃1 1 0

. . . . . .
. . . 1

0 f̃m

 .

Until the end of the section, we are going to assume that f̃1, . . . , f̃m ∈ C ((z)).
The goal of this subsection is to give an explicit form of a fundamental solution for (1.2)

in coefficients in a field we are going to introduce now.

Let
E := z−1C

[
z−1

]
.

We define formally the differential ring,

R := C((z))
[
log,

(
zã
)
ã∈C

,
(
e
(
λ̃
) )

λ̃∈E

]
,

with the following rules:
(1) The symbols log,

(
zã
)
ã∈C

and
(
e
(
λ̃
) )

λ̃∈E
only satisfy the following relations:

zã+b̃ = zãzb̃, e
(
λ̃1 + λ̃2

)
= e

(
λ̃1
)
e
(
λ̃2
)
,

zã = zã ∈ C((z)) for ã ∈ Z, e(0) = 1.
(2) The following rules of differentiation

δ log = 1, δzã = ãzã, δe
(
λ̃
)

= δ
(
λ̃
)
e
(
λ̃
)
,

equip the ring with a differential structure, since these rules go to the quotient as
can be readily checked.

Proposition 3.22 in [vdPS03] tell us that the ring R is an integral domain and its field of
fractions K has field of constants equal to C.

Let L̃ ∈ Mm(C), that is a complex m × m matrix. Let L̃ = P̃
(
D̃ + Ñ

)
P̃−1,

with D̃ = Diag
(
d̃i
)
, d̃i ∈ C, Ñ nilpotent, D̃Ñ = ÑD̃ and P̃ ∈ GLm(C), that is a com-

plex invertible m ×m matrix, be the Jordan decomposition of the square matrix L̃. We
construct the matrix

zL̃ := P̃Diag
(
zd̃i
)
eÑ logP̃−1 ∈ GLm (K) .

One may check that it satisfies

δzL̃ = L̃zL̃ = zL̃L̃.

Of course, if ã ∈ C and (ã) ∈ M1(C) is the corresponding matrix, we have zã = z(ã).
Note that the intuitive interpretations of these symbols (resp. of the matrix zL̃)

are log = log(z), zã = eã log(z) and e
(
λ̃
)

= eλ̃ (resp. is eL̃log(z)). Let f̃ be one these above
functions (resp. an entry of the above matrix). Then f̃ has a natural interpretation as
an analytic function on C̃, where C̃ is the Riemann surface of the logarithm. We will use
the analytic function instead of the symbol when we will consider asymptotic solutions
in §1.2. For the time being, however, we see them only as symbols.
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Let us consider (1.2). The Hukuhara-Turrittin theorem (see Theorem 3.1 in [vdPS03]
for a statement that is trivially equivalent to the following) says that there exists a fun-
damental solution for (1.2) of the form (for κ ∈ N∗, Idκ denotes the identity matrix of
size κ)

H̃(z)Diag
(
zL̃1e

(
λ̃1
)
× Idm1 , . . . , z

L̃re
(
λ̃r
)
× Idmr

)

:= H̃(z)


zL̃1e

(
λ̃1
)
× Idm1

. . .
zL̃re

(
λ̃r
)
× Idmr

 ,
where

• H̃ ∈ GLm
(
C ((z))

)
,

• L̃j ∈ Mmj (C), for 1 ≤ j ≤ r with
∑
mj = m,

• λ̃j ∈ E, for 1 ≤ j ≤ r.

Note that the Hukuhara-Turrittin theorem works also for an arbitrary linear differential
system in coefficients in C((z)) with integral slopes. See [vdPS03], §3.3, for a precise
definition.

1.2. Local analytic study of linear differential equations. Let C{z} be the ring of
germs of analytic functions in the neighbourhood of z = 0, and C({z}) be its fraction
field, that is the field of germs of meromorphic functions in the neighbourhood of z = 0.
If a, b ∈ R with a < b, we define A(a, b) as the ring of functions that are analytic in some
punctured neighbourhood of 0 in

S(a, b) :=
{
z ∈ C̃

∣∣∣ arg(z) ∈]a, b[
}
.

In this subsection, we assume that (1.1) is a linear differential equation having coefficients
in C({z}). We are interested in the existence of a basis of solutions of (1.1), that belongs
to A(a, b), for some a < b.

We define the family of continuous map (ρa)a∈C, from the Riemann surface of the
logarithm to itself, that sends z to ea log(z). One has ρb ◦ ρc = ρbc for any b, c ∈ C.
For f ∈ A(a, b) and c ∈ C, we define ρc (f) := f(zc).

Definition 1.1. (1) Let k ∈ N∗. We define the formal Borel transform of order k, B̂k as
follows:

B̂k : C[[z]] −→ C[[ζ]]∑
`∈N

a`z
` 7−→

∑
`∈N

a`

Γ
(
1 + `

k

)ζ`,
where Γ is the Gamma function.
(2) Let d ∈ R and k ∈ N∗. Let f be a function such that there exists ε > 0, such
that f ∈ A(d− ε, d+ ε). We say that f belongs to H̃d

k, if f admits an analytic continuation
defined on S(d − ε, d + ε) that we will still call f , with exponential growth of order k at
infinity. This means that there exist constants J, L > 0, such that for ζ ∈ S(d− ε, d+ ε):

|f(ζ)| < J exp
(
L|ζ|k

)
.
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(3) Let d ∈ R and k ∈ N∗. We define the Laplace transformations of order 1 and k in the
direction d as follow (see [Bal94], Page 13, for a justification that the maps are defined)

Ld1 : H̃d
1 −→ A

(
d− π

2 , d+ π
2
)

f 7−→
∫ ∞eid

0
z−1f(ζ)e−( ζz )dζ,

Ldk : H̃d
k −→ A

(
d− π

2k , d+ π
2k
)

g 7−→ ρk ◦ Ld1 ◦ ρ1/k (g) .

(4) Let d ∈ R, k ∈ N∗ and h̃ ∈ C[[z]]. We say that h̃ ∈ S̃dk if B̂k
(
h̃
)
∈ C{z} ∩ H̃d

k. In this
case, we set

S̃d
(
h̃
)

:= Ldk ◦ B̂k
(
h̃
)
∈ A

(
d− π

2k , d+ π

2k

)
.

(5) Let d ∈ R and h̃ ∈ C((z)). We say that h̃ ∈ M̃S
d
if there exist k1, . . . , kr ∈ N∗, N ∈ N

and h̃k1 ∈ S̃dk1
, . . . , h̃kr ∈ S̃dkr such that zN h̃ = h̃k1 + · · ·+ h̃kr . In this case, we set

S̃d
(
h̃
)

:= z−N S̃d
(
h̃k1

)
+ · · ·+ z−N S̃d

(
h̃kr

)
∈ A

(
d− π

2ε, d+ π

2ε

)
,

where ε := max(k1, . . . , kr).

We still consider (1.2). Let H̃ be the matrix given by Hukuhara-Turrittin theorem. Note
that the next theorem works also for an arbitrary linear differential system in coefficients
in C({z}) with integral slopes.

Theorem 1.2 ([Bal94], Theorem 2, §6.4, and Theorem 1, §7.2). There exists Σ̃ ⊂ R,
finite modulo 2πZ, called the set of singular directions of (1.2), such that for all d ∈ R\ Σ̃,
the entries of

(
H̃j,k

)
:= H̃ and f̃1, . . . , f̃m belong to M̃S

d
. Let S̃d

(
H̃
)

:= S̃d
(
H̃j,k

)
.

Moreover, there exists ε > 0 such that we get an analytic fundamental solution

S̃d
(
H̃
)

Diag
(
eL̃1 log(z)eλ̃1×Idm1 , . . . , eL̃r log(z)eλ̃r×Idmr

)
∈ GLm

(
A
(
d− π

2ε, d+ π

2ε

))
,

for the linear differential system having coefficients in A
(
d− π

2ε, d+ π

2ε

)

(1.3) δỸ = S̃d
(
C̃
)
Ỹ , with S̃d

(
C̃
)

:=


S̃d
(
f̃1
)

1 0
. . . . . .

. . . 1
0 S̃d

(
f̃m
)

 .

Note that for all d ∈ R \ Σ̃, we have also

P̃ =
(
δ − f̃m

)
. . .
(
δ − f̃1

)
=
(
δ − S̃d

(
f̃m
))
. . .
(
δ − S̃d

(
f̃1
))
,

which gives us an analytic basis of solutions of (1.1), that belongs to the
ring A

(
d− π

2ε, d+ π

2ε

)
.

As a matter of fact, as we can see in Page 239 of [vdPS03],

S̃d
(
H̃
)

Diag
(
eL̃1 log(z)eλ̃1×Idm1 , . . . , eL̃r log(z)eλ̃r×Idmr

)
∈ GLm

(
A
(
dl −

π

2ε, dl+1 + π

2ε

))
,

where the directions dl, dl+1 ∈ Σ̃ are chosen such that
]
dl, dl+1

[⋂
Σ̃ = ∅.
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Note that by definition, the analyticity holds on a subset of C̃. Ramis has used the
family of solutions

(
S̃d
(
H̃
)

Diag
(
eL̃1 log(z)eλ̃1×Idm1 , . . . , eL̃r log(z)eλ̃r×Idmr

))
d∈R\Σ̃

to build
topological generators for the local differential Galois group of (1.2). See Chapter 8 of
[vdPS03] for more details. Remark also that the above family of solutions are involved
in the local analytic classification of linear differential equations in coefficients in C({z})
with integral slopes.

2. Local study of linear q-difference equations

In this section, we make a short overview of the local formal and analytic classification
of linear q-difference equations. See [RSZ13] for more details.

2.1. Local formal study of linear q-difference equations. Let q > 1 be fixed. Let
us consider the monic linear q-difference equation in coefficients in C({z})

Q(y) = 0.

As we can deduce from [MZ00], §3.1, a q-difference operator may be factorized: there exist
g1, . . . , gm ∈ C({z1/ν})\{0}, for some ν ∈ N∗, with for all 1 ≤ j < k ≤ m, v0 (gj) ≤ v0 (gk),
such that

Q = (σq − gm) . . . (σq − g1).

The q-difference equationQ(y) = 0 is equivalent to P (y) = 0 with (remind that δq = σq−Id
q−1 )

P := (δq − fm) . . . (δq − f1) ,

where f1 := g1−1
q−1 , . . . , fm := gm−1

q−1 .
Until the end of the section we will assume that g1, . . . , gm ∈ C({z}) \ {0}.

It follows that P (y) = 0 is equivalent to

(2.1) σqY = CY, where C :=


1 + (q − 1)f1 q − 1 0

. . . . . .
. . . q − 1

0 1 + (q − 1)fm

 .

Remark 2.1. The opposite of v0 (g1) , . . . , v0 (gm) equal to the slopes of Q. The multiplicity
of the slope −v0 (gj) for 1 ≤ j ≤ m corresponds to the number mj ∈ N, of gi having
valuation v0 (gj). See [RSZ13], §2.2, for a precise definition.

Let K0 be a sub-field of C ((z)), stable by σq. Let A,B ∈ GLm (K0). The two q-
difference systems, σqY = AY and σqY = BY are equivalent over K0, if there ex-
ists P ∈ GLm(K0), called gauge transformation, such that

A = P [B]σq := (σqP )BP−1.

In particular,
σqY = BY ⇐⇒ σq (PY ) = APY.

Conversely, if there exist A,B, P ∈ GLm(K0) such that σqY = BY , σqZ = AZ and
Z = PY , then

A = P [B]σq .

Note that the next theorem works also for an arbitrary linear q-difference system in coef-
ficients in C((z)) with integral slopes. From [RSZ13], §2.2, we may deduce:
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Theorem 2.2. Let C be defined in (2.1). We have existence and uniqueness of
• Bj ∈ GLmj (C), matrices in the Jordan normal form with

∑
mj = m,

• µ1 < · · · < µr elements of Z,
• Ĝ ∈ GLm

(
C ((z))

)
, with diagonal entries that have z-valuation 0 and that have

constant terms equal to 1,
such that:

C = Ĝ [D]σq , where D := Diag (B1z
µ1 , . . . , Brz

µr) .

Remark 2.3. The opposite of the µj are the slopes of the Newton polygon of (2.1) and
the mj are the corresponding multiplicities. See [RSZ13], §2.2, for a precise definition.
In particular, the above theorem gives the local formal classification of linear q-difference
systems with integral slopes. See [vdPR07] for the local formal classification of linear
q-difference systems in the general case.

2.2. Local analytic study of linear q-difference equations.

Definition 2.4. We say that T ∈ GLm(C(z)) is a Birkhoff-Guenther matrix, if there exist
µ1 < · · · < µr elements of Z, m1, . . . ,mr positive integers which sum is m, Bj ∈ GLmj (C),

Uj,k, mj times mk matrices with coefficients in
µk−1∑
ν=µj

Czν , such that

T =



zµ1B1 . . . . . . . . . . . .
. . . . . . Uj,k . . .

. . . . . . . . .
. . . . . .

0 zµrBr


.

The next theorem says that after an analytic gauge transformation, we may put (2.1) in
the Birkhoff-Guenther normal form. Note that the result is true for any linear q-difference
system in coefficients in C({z}) having integral slopes. This result is used in [RSZ13] to
make the local analytic classification of such q-difference systems. From [RSZ13], §3.3.2,
we may deduce:

Theorem 2.5. Let C be defined in (2.1). Let µ1 < · · · < µr, m1 . . . ,mr and B1, . . . , Br
be defined as in Theorem 2.2. We have the existence of a unique pair (F, T ), where
F ∈ GLm

(
C({z})

)
, T is a Birkhoff-Guenther matrix of the form

T :=

z
µ1B1 Uj,k

. . .
0 zµrBr

 ,
such that

C = F [T ]σq .

Let us introduce some notations. Let M(C∗) (resp. M(C∗, 0)) be the field of mero-
morphic functions on C∗ (resp. meromorphic functions on some punctured neighbourhood
of 0 in C∗). Let K0 be a sub-field ofM(C∗, 0) stable by σq. Let A,B ∈ GLm (K0). The
two q-difference systems, σqY = AY and σqY = BY are equivalent over K0, if there
exists P ∈ GLm(K0), called gauge transformation, such that

A = P [B]σq := (σqP )BP−1.
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Let us define Σ ⊂ C∗, finite modulo qZ, as follows (see Theorem 2.2 for the definition of
the matrices B1, . . . , Br and the integers µ1, . . . , µr):

Σ :=
⋃

1≤j<k≤r
Sj,k, where Sj,k :=

{
−a ∈ C∗

∣∣∣qZa−µjSp(Bj) ∩ qZa−µkSp(Bk) 6= ∅
}
,

and Sp denotes the spectrum.

Theorem 2.6 ([RSZ13], Theorem 6.1.2). Let D,T be the matrices defined in Theorems 2.2
and 2.5. For all λ ∈ C∗ \ Σ, there exists an unique matrix

Ĥ [λ] :=


Idm1 Ĥ

[λ]
j,k

. . .
0 Idmr

 ∈ GLm
(
M(C∗)

)
,

solution of T = Ĥ [λ][D]σq , such that for all 1 ≤ j < k ≤ r, the germs of the entries of
Ĥ

[λ]
j,k at 0 have all their poles on −λqZ with multiplicities at most µk − µj.

In §3.3.3 of [RSZ13], it is shown the existence and the uniqueness of

Ĥ :=

Idm1 Ĥj,k

. . .
0 Idmr

 ∈ GLm
(
C[[z]]

)
,

formal gauge transformation, that satisfies
T = Ĥ[D]σq .

The matrix Ĥ [λ] is q-Gevrey asymptotic to Ĥ :=
∑
`∈N Ĥ`z

` along the divisor −λqZ.
This means that for all W ⊂ C∗, open set that satisfies infz∈W,ζ∈−λqZ

∣∣∣1− z
ζ

∣∣∣ > 0, there
exists M > 0, such that for all N ∈ N∗ and all z ∈W , (‖.‖∞ denotes the infinite norm)∥∥∥∥∥Ĥ [λ](z)−

N−1∑
`=0

Ĥ`z
`

∥∥∥∥∥
∞

≤MNqN
2/2µ1 |z|N .

Note that if zNF (see Theorem 2.2 for the definition of F ) with N ∈ N has entries
in C[[z]], then zNFĤ [λ] is q-Gevrey asymptotic to zNFĤ along the divisor −λqZ.

We still consider (2.1). Let Λ ∈ GLm (M(C∗)) (see below for the existence of Λ) be any
solution of
(2.2) σqΛ = Diag (B1z

µ1 , . . . , Brz
µr) Λ = ΛDiag (B1z

µ1 , . . . , Brz
µr) .

From what precede, we obtain that for every λ ∈ C∗\Σ, we get a meromorphic fundamental
solution for (2.1)

U
[λ]
Λ := FĤ [λ]Λ ∈ GLm(M(C∗, 0)).

We finish the subsection by giving an explicit meromorphic solution of (2.2), but
before, we need to introduce some notations. For a ∈ C∗, let us consider,
Θq(z) :=

∑
`∈Z

q
−`(`+1)

2 z`, lq(z) := δ (Θq(z))
Θq(z)

, Λq,a(z) := Θq(z)
Θq(z/a) . They satisfy the q-

difference equations:

• σqΘq = zΘq.

• σqlq = lq + 1.
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• σqΛq,a = aΛq,a.

Let A be an invertible matrix with complex coefficients and consider now the decompo-
sition in Jordan normal form A = P (D′U)P−1, where D′ = Diag(di) is diagonal, U is a
unipotent upper triangular matrix with D′U = UD′, and P is an invertible matrix with
complex coefficients. Following [Sau00], we construct the matrix:

Λq,A := P
(
Diag (Λq,di) elog(U)lq

)
P−1 ∈ GLm

(
C
(
lq, (Λq,a)a∈C∗

) )
that satisfies:

σqΛq,A = AΛq,A = Λq,AA.
Let a ∈ C∗ and consider the corresponding matrix (a) ∈ GL1(C). By construction, we
have Λq,a = Λq,(a).

Then, the following matrix is solution of (2.2)
Λ0 := Diag (Λq,B1Θq (z)µ1 × Idm1 , . . . ,Λq,BrΘq (z)µr × Idmr) ∈ GLm (M(C∗)) .

Note that the family of solutions
(
U

[λ]
Λ0

)
λ∈C∗\Σ

are involved to build topological
generator for the local Galois group of (2.1). See [RS07, RS09].

3. Integral representation of the meromorphic solutions

Sauloy’s algebraic summation, see [Sau04a], gives an explicit way to compute the
meromorphic solutions of §2.2. Unfortunately, the behaviour of the expression of the
solutions when q goes to 1 seems complicated to understand. Under convenient assump-
tions, we are going to give in this section, another expression of the meromorphic solutions.

For g =
∑∞
`=n g`z

` ∈ C((z)) \ {0} with gn 6= 0, let t0(g) := gn. Throughout the paper,
we will make the convention that t0(0) := 0. We remind that v0 denotes the z-valuation.
Let us consider f1, . . . , fm ∈ C ({z}) of (2.1) and assume that (non resonance condition)

(3.1) v0 (1 + (q − 1)fj) = v0 (1 + (q − 1)fk) =⇒ t0(1 + (q − 1)fj) /∈ qZt0 (1 + (q − 1)fk) .
Note that if the Newton polygon of (2.1) has only positive slopes with multiplicity one,
then the non resonance condition is satisfied. The next lemma gives the expression of the
bloc diagonal matrix appearing in Theorem 2.2.

Lemma 3.1. There exists a unique (ĝj,k) := Ĝ ∈ GLm
(
C((z))

)
, upper triangular with for

all 1 ≤ j ≤ m, v0(ĝj,j) = 0, t0 (ĝj,j) = 1, such that

C = Ĝ
[
Diag

(
zv0(1+(q−1)f1)t0 (1 + (q − 1)f1) , . . . , zv0(1+(q−1)fm)t0 (1 + (q − 1)fm)

)]
σq
.

Proof. Due to the assumptions we have made on f1, . . . , fm, For all 1 ≤ j ≤ m (resp.
1 ≤ j < k ≤ m) there exists ĝj,j ∈ C[[z]] with constant term equal to 1 (resp. ĝj,k ∈ C((z))),
solution of

zv0(1+(q−1)fj)t0 (1 + (q − 1)fj)σq ĝj,j = (1 + (q − 1)fj)ĝj,j
resp.

(3.2) zv0(1+(q−1)fk)t0 (1 + (q − 1)fk)σq ĝj,k = (1 + (q − 1)fj)ĝj,k + (q − 1)ĝj+1,k.

For 1 ≤ k < j ≤ m, put ĝj,k := 0. Then (ĝj,k) := Ĝ is the unique matrix that satisfies the
required properties. �
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Remark 3.2. Note that the matrices Bj of Theorem 2.2 are all diagonal.

Remark 3.3. Using (3.2), we obtain that if for all 1 ≤ j ≤ m, v0(1 + (q − 1)fj) ≤ 0, then
z 7→ Ĝ(z, q) ∈ GLm

(
C[[z]]

)
. More precisely, let 1 ≤ j < k ≤ m. We have

v0 (ĝj,k) = −
k−1∑
`=j

v0(1 + (q − 1)f`).

Let us define Σ ⊂ C∗ as in §2.2 and let Λ ∈ GLm (M(C∗)) be any diagonal matrix
solution of
σqΛ = Diag

(
zv0(1+(q−1)f1)t0 (1 + (q − 1)f1) , . . . , zv0(1+(q−1)fm)t0 (1 + (q − 1)fm)

)
Λ

= ΛDiag
(
zv0(1+(q−1)f1)t0 (1 + (q − 1)f1) , . . . , zv0(1+(q−1)fm)t0 (1 + (q − 1)fm)

)
.

Using Lemma 3.1, we find that for every λ ∈ C∗ \Σ, the fundamental solution for (2.1)
defined in §2.2 is of the form(

u
[λ]
Λ,j,k

)
:= U

[λ]
Λ = FĤ [λ]Λ ∈ GLm(M(C∗, 0)).

We will need a q-discrete analogue of the integration. For N ∈ N∗ ∪ {+∞}, z ∈ C∗, let
us set the Jackson integral

∫ z

q−Nz
f(t)dqt := (q − 1)

−1∑
`=−N

f
(
q`z
)
q`z,

whenever the right hand side converges. Roughly speaking, Jackson integral degenerates
into classical integral when q goes to 1, which means that for a convenient choice of
function f , we have on a convenient domain∫ z

0
f(t)dqt −→

q→1

∫ z

0
f(t)dt.

Note also that for a convenient f , we have

δq

(∫ z

0
f(t)dqt

t

)
= f(z).

Example 3.4. Let m = 2, f1 := −q−1z−1

1+(q−1)q−1z−1 and f2 := 0. Then, for some diagonal matrix
Λ, for some convenient λ ∈ C∗, z ∈ C∗, we have

U
[λ]
Λ (z) :=

(
eq(z−1) u

[λ]
Λ,1,2(z)

0 1

)
.

We want to give an integral formula for the entry u[λ]
Λ,1,2(z). Let us fix λ ∈ C∗, z ∈ C∗ such

that for all N ∈ N, u[λ]
Λ,1,2 is analytic at q−Nz. Iterating the linear q-difference equation

σq
(
u

[λ]
Λ,1,2

)
= (1 + (q − 1)f1)u[λ]

Λ,1,2 + (q − 1),

we find that for all N ∈ N∗, u[λ]
Λ,1,2(z) equals to,

u
[λ]
Λ,1,2

(
q−Nz

) −1∏
`=−N

(
1 + (q − 1)f1

(
q`z
))

+
−1∑

ν=−N
(q − 1)

−1∏
`=ν+1

(
1 + (q − 1)f1

(
q`z
))
.

Using additionally the q-difference equation

σq
(
eq(z−1)

)
= (1 + (q − 1)f1)eq(z−1),
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we find that,

u
[λ]
Λ,1,2(z) = u

[λ]
Λ,1,2

(
q−Nz

) eq(z−1)
eq(qNz−1) + eq(z−1)

∫ z

q−Nz

1
eq(q−1t−1)

dqt

t
.

This solution looks like a solution obtained via a q-deformation of the variation of constants
method. Indeed, using this method, we find a solution of zδỹ − ỹ = z given by

exp(z−1)
∫ z

0
exp(−t−1)dt

t
.

The goal of the next proposition is to generalise this example.

Proposition 3.5. Let λ ∈ C∗ \ Σ. For all 1 ≤ j < k ≤ m, N ∈ N∗, and z ∈ C∗ \ −λqZ
sufficiently close to 0, we have the equality of functions

u
[λ]
Λ,j,k(z) = u

[λ]
Λ,j,k

(
q−Nz

) u
[λ]
Λ,j,j(z)

u
[λ]
Λ,j,j (q−Nz)

+ u
[λ]
Λ,j,j(z)

∫ z

q−Nz

u
[λ]
Λ,j+1,k(t)

u
[λ]
Λ,j,j(qt)

dqt

t
.

Let us fix z0 ∈ C∗ \ −λqZ such that for all integers 1 ≤ j ≤ m, the func-
tion u

[λ]
Λ,j,j is analytic on {q`z0, ` ≤ 0}. If we assume that the following limit exists

lim
N→+∞

t0 (ĝj,k) (q−Nz0)v0(ĝj,k)u
[λ]
Λ,k,k(q−Nz0)

u
[λ]
Λ,j,j(q−Nz0)

=: c[λ]
Λ,j,k(z0), then we obtain that the Jackson

integral
∫ z0

0

u
[λ]
Λ,j+1,k(t)

u
[λ]
Λ,j,j(qt)

dqt

t
is well defined and that we have

u
[λ]
Λ,j,k(z0) = c

[λ]
Λ,j,k(z0)u[λ]

Λ,j,j(z0) + u
[λ]
Λ,j,j(z0)

∫ z0

0

u
[λ]
Λ,j+1,k(t)

u
[λ]
Λ,j,j(qt)

dqt

t
.

Proof. Iterating the linear q-difference equation

σq
(
u

[λ]
Λ,j,k

)
= (1 + (q − 1)fj)u[λ]

Λ,j,k + (q − 1)u[λ]
Λ,j+1,k,

we find for all N ∈ N∗, u[λ]
Λ,j,k(z) equals (we remind that the empty product has value 1)

u
[λ]
Λ,j,k

(
q−Nz

) −1∏
`=−N

(
1 + (q − 1)fj

(
qNz

))
+
−1∑

ν=−N
(q−1)u[λ]

Λ,j+1,k(q
νz)

−1∏
`=ν+1

(
1 + (q − 1)fj

(
q`z
))
.

Using additionally the q-difference equation

σq
(
u

[λ]
Λ,j,j

)
= (1 + (q − 1)fj)u[λ]

Λ,j,j ,

we find that

u
[λ]
Λ,j,k(z) = u

[λ]
Λ,j,k

(
q−Nz

) u
[λ]
Λ,j,j (z)

u
[λ]
Λ,j,j (q−Nz)

+ u
[λ]
Λ,j,j(z)

∫ z

q−Nz

u
[λ]
Λ,j+1,k(t)

u
[λ]
Λ,j,j(qt)

dqt

t
.

Then, we obtain that u[λ]
Λ,j,k(z) equals to

(3.3)
u

[λ]
Λ,j,k

(
q−Nz

)
t0 (ĝj,k) (q−Nz)v0(ĝj,k)u

[λ]
Λ,k,k (q−Nz)

t0 (ĝj,k) (q−Nz)v0(ĝj,k)u
[λ]
Λ,k,k

(
q−Nz

)
u

[λ]
Λ,j,j (q−Nz)

u
[λ]
Λ,j,j (z)

+ u
[λ]
Λ,j,j(z)

∫ z

q−Nz

u
[λ]
Λ,j+1,k(t)

u
[λ]
Λ,j,j(qt)

dqt

t
.
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Let us fix z0 ∈ C∗ \ −λqZ such that for all integers 1 ≤ j ≤ m, u[λ]
Λ,j,j is analytic on

{q`z0, ` ≤ 0} and assume now that the following limit exists

(3.4) lim
N→+∞

t0 (ĝj,k) (q−Nz0)v0(ĝj,k)u
[λ]
Λ,k,k(q−Nz0)

u
[λ]
Λ,j,j(q−Nz0)

=: c[λ]
Λ,j,k(z0).

We remind that v0 (ĝk,k) = 0. Then, the function
u

[λ]
Λ,j,k

t0 (ĝj,k) zv0(ĝj,k)u
[λ]
Λ,k,k

is q-Gevrey

asymptotic to the series ĝj,k

t0(ĝj,k)zv0(ĝj,k)
ĝk,k
∈ C[[z]] along the divisor −λqZ. Since ĝk,k has

constant term equal to 1, we find that

lim
N→+∞

u
[λ]
Λ,j,k(q−Nz0)

t0 (ĝj,k) (q−Nz0)v0(ĝj,k)u
[λ]
Λ,k,k(q−Nz0)

= 1.

Then, we use this limit, (3.3) and (3.4), to deduce that the Jackson integral∫ z0

0

u
[λ]
Λ,j+1,k(t)

u
[λ]
Λ,j,j(qt)

dqt

t
is well defined and that we have

u
[λ]
Λ,j,k(z0) = c

[λ]
Λ,j,k(z0)u[λ]

Λ,j,j(z0) + u
[λ]
Λ,j,j(z0)

∫ z0

0

u
[λ]
Λ,j+1,k(t)

u
[λ]
Λ,j,j(qt)

dqt

t
.

�

4. q-dependency of meromorphic solutions of linear differential equations.

From now, we see q as a parameter in ]1,∞[. When we say that q is close to 1,
we mean that q will be in the neighbourhood of 1 in ]1,∞[. Formally, we have the
convergence lim

q→1
δq = δ. In §4.1 we state and prove a preliminary result about confluence.

Given a linear differential equation ∆̃ and a family of linear q-difference equations ∆q, we
state that under convenient assumptions, a family of basis of meromorphic solutions of ∆q

defined in §2.2 converges, when q goes to 1, to a basis of meromorphic solutions of ∆̃. In
§4.2, we use the result of §4.1 on an example using an approach that will be generalized in
§4.3, where we state and prove our main result. Under convenient assumptions, we prove
that given a linear differential equation ∆̃ and a basis of meromorphic solutions, we may
define a family of linear q-difference equations ∆q, that is a q-deformation of ∆̃, and for
every q close to 1, a basis of meromorphic solutions of ∆q, that is one of these defined in
§2.2, and that converges, when q goes to 1, to the given basis of meromorphic solutions of
∆̃. We refer to §1, §2, §3 for the notations used in this section.

4.1. Confluence of meromorphic solutions of linear differential equations. Let
us consider a family of equations (see below for the definition of the coefficients){

∆q := (δq − fm(z, q)) . . . (δq − f1(z, q))
∆̃ :=

(
δ − f̃m(z)

)
. . .
(
δ − f̃1(z)

)
.

As in §1, §2, we are going to see the equations as systems:{
δqY (z, q) = C(z, q)Y (z, q)
δỸ (z) = C̃(z)Ỹ (z).

Let us assume that:
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(H1) For all q, z 7→ f1(z, q) ∈ C({z}), . . . , z 7→ fm(z, q) ∈ C({z}). Furthermore, assume
that ∆̃ is a linear differential system in coefficients in C({z}) and f̃1, . . . , f̃m ∈ C((z)).
(H2) For all 1 ≤ j ≤ m, t0 (fj) and arg (t0 (fj)) converge when q → 1. Moreover, we
assume that for q sufficiently close to 1, v0 (1 + (q − 1)fj) is constant, satisfies for all
1 ≤ j < k ≤ m, v0 (1 + (q − 1)fj) ≤ v0 (1 + (q − 1)fk) and the non resonance condition
(3.1) is satisfied.
(H3) For all 1 ≤ j < k ≤ m, v0

(
f̃j
)
≤ v0

(
f̃k
)
.

Previous assumptions and Lemma 3.1 imply the existence of a set of singular directions
Σ̃ ⊂ R, finite modulo 2π, such that for all λ ∈ C∗ with d := arg(λ) ∈ R \ Σ̃, for all q close
to 1, for every z 7→ Λ(z, q) ∈ GLm (M(C∗)), family of diagonal matrices solution of

(4.1)
σqΛ = Diag

(
zv0(1+(q−1)f1)t0 (1 + (q − 1)f1) , . . . , zv0(1+(q−1)fm)t0 (1 + (q − 1)fm)

)
Λ

= ΛDiag
(
zv0(1+(q−1)f1)t0 (1 + (q − 1)f1) , . . . , zv0(1+(q−1)fm)t0 (1 + (q − 1)fm)

)
,

we may consider
(
u

[λ]
Λ,j,k(z, q)

)
:= U

[λ]
Λ (z, q), the fundamental solution for

the q-difference system δqY (z, q) = C(z, q)Y (z, q), which is defined in §2.2, and
S̃d
(
H̃
)

Diag
(
eL̃1 log(z)eλ̃1×Idm1 , . . . , eL̃r log(z)eλ̃r×Idmr

)
, the fundamental solution for the

system δỸ (z) = C̃(z)Ỹ (z), which is defined in §1.2. Until the end of the subsection, we
fix λ ∈ C∗ with d := arg(λ) ∈ R \ Σ̃. Theorem 1.2 states that

∆̃ =
(
δ − S̃d

(
f̃m
))
. . .
(
δ − S̃d

(
f̃1
))
.

Until the end of the subsection, we fix a, ε > 0 and we set

Dd,a,ε :=
{
z ∈ C̃

∣∣∣z ∈ S (d− ε, d+ ε) , with |z| < a
}
.

Definition 4.1. Let z 7→ f(z, q) that is meromorphic on any compact subset of Dd,a,ε for
q close to 1. We say that f ∈ Bd,a,ε if for every K, compact subset of Dd,a,ε, there exist
q0 > 1, N0 ∈ N∗, and M0 > 0, such that for all q ∈]1, q0[, N > N0, z ∈ K,∣∣∣f (q−Nz, q)∣∣∣ < M0.

Remark 4.2. Note that Bd,a,ε is a ring.

Until the end of the subsection, we fix z 7→ Λ(z, q) ∈ GLm (M(C∗)), family of diagonal
matrices solution of (4.1). We assume that:
(H4) For all 1 ≤ j ≤ m, we have the uniform convergence in every compact subset
of Dd,a,ε to the function with no zeroes on Dd,a,ε

lim
q→1

u
[λ]
Λ,j,j(z, q) =: ũdΛ,j,j(z) ∈ A(d− ε, d+ ε).

(H5) For all 1 ≤ j < m,

u
[λ]
Λ,j+1,j+1

zσq
(
u

[λ]
Λ,j,j

) ∈ Bd,a,ε.
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Remark 4.3. In §4.3, we will show that on a convenient framework,
• we may chose the matrix Λ such that (H4) is satisfied,
• there exists a direction d ∈ R, and a, ε > 0 such that (H5) is satisfied.

Let (ĝj,k(z, q)) := Ĝ(z, q) be the formal matrix defined in Lemma 3.1 that satisfies

C(z, q) = Ĝ(z, q)
[
Diag

(
zv0(1+(q−1)f1)t0 (1 + (q − 1)f1) , . . . , zv0(1+(q−1)fm)t0 (1 + (q − 1)fm)

)]
σq
.

We are going to see in the proof of Theorem 4.5, that we may define(
ũdΛ,j,k(z)

)
= ŨdΛ(z) ∈ GLm(A(d− ε, d+ ε)), upper triangular matrix with diagonal terms

defined in (H4), as follows: for all 1 ≤ j < k ≤ m, for all z ∈ Dd,a,ε, set

ũdΛ,j,k(z) := ũdΛ,j,j(z)
∫ z

0

ũdΛ,j+1,k(t)
ũdΛ,j,j(t)

dt

t
.

One may check that whether it is defined, ŨdΛ is a fundamental solution for

δỸ (z) = C̃(z)Ỹ (z).

Remark 4.4. Note that ŨdΛ is not necessarily one of the fundamental solution defined in
§1.2. However, since they are meromorphic fundamental solution for the same linear differ-
ential system, there exists CΛ,d ∈ GLm(C), such that ŨdΛCΛ,d equals to the corresponding
fundamental solution defined in §1.2.

We may now state the main result of the subsection.

Theorem 4.5. We have uniform convergence

lim
q→1

U
[λ]
Λ (z, q) = ŨdΛ(z),

in every the compact subset of Dd,a,ε.

Before proving the theorem, we prove two lemmas. We refer to §3 for the definition of
the Jackson integral.

Lemma 4.6. Let f ∈ Bd,a,ε that converges uniformly to f̃ ∈ A(d − ε, d + ε) in every
compact subset of Dd,a,ε, when q goes to 1. Then, for all z ∈ Dd,a,ε, for all q close to 1,∫ z

0
f(t, q)dqt is well defined and belongs to Bd,a,ε (resp.

∫ z

0
f̃(t)dt is well defined and

belongs to A(d− ε, d+ ε)). Moreover, we have the uniform convergence

lim
q→1

∫ z

0
f(t, q)dqt =

∫ z

0
f̃(t)dt,

in every compact subset of Dd,a,ε.

Proof of Lemma 4.6. Let K, be a compact subset of Dd,a,ε, q0 > 1, N0 ∈ N∗, and M0 > 0,
such that for all q ∈]1, q0[, N > N0, z ∈ K, we have∣∣∣f (q−Nz, q)∣∣∣ < M0.

We now use the uniform convergence of f on a compact subset of Dd,a,ε that contains{
q−Nz

∣∣∣z ∈ K, 1 ≤ N ≤ N0, q ∈]1, q0[
}
, to deduce that there exist q1 > 1, and M1 > 0,

such that for all q ∈]1, q1[, N ∈ N∗, z ∈ K, we have
∣∣∣f (q−Nz, q)∣∣∣ < M1. It follows that
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for all q close to 1, for all z ∈ K, the Jackson integral
∫ z
0 f(t, q)dqt is well defined and for

all N ∈ N∗,

(4.2)
∣∣∣∣∣
∫ q−Nz

0
f(t, q)dqt

∣∣∣∣∣ ≤ ∣∣∣q−Nz∣∣∣M1.

Since
∫ z

0 f(t, q)dqt is a series of analytic functions, we obtain that for all q close to 1,
z 7→

∫ z
0 f(t, q)dqt is analytic on K. To deduce

∫ z
0 f(t, q)dqt ∈ Bd,a,ε, we use (4.2).

The facts that
∫ z

0
f̃(t)dt is well defined, belongs to A(d − ε, d + ε) and the uniform

convergence

lim
q→1

∫ z

0
f(t, q)dqt =

∫ z

0
f̃(t)dt,

in every compact subset of Dd,a,ε, is a straightforward application of the dominated con-
vergence theorem, we may apply because of (4.2). �

Lemma 4.7. For all 1 ≤ j < k ≤ m, for all z ∈ Dd,a,ε, for all q close to 1, the following
limit exists

lim
N→+∞

t0 (ĝj,k(z, q)) (q−Nz)v0(ĝj,k)u
[λ]
Λ,k,k(q−Nz, q)

u
[λ]
Λ,j,j(q−Nz, q)

=: c[λ]
Λ,j,k(z, q).

Moreover we have the uniform convergence lim
q→1

c
[λ]
Λ,j,k(z, q) = 0 on the compact subset of

Dd,a,ε.

Proof of Lemma 4.7. Let us fix 1 ≤ j < k ≤ m. Due to the hypothesis (H5), we have the
uniform convergence on the compact subset of Dd,a,ε

lim
q→1

lim
N→+∞

u
[λ]
Λ,k,k(q−Nz, q)

u
[λ]
Λ,j,j(q−N+1z, q)

= 0.

We additionally use

u
[λ]
Λ,k,k(q−Nz, q)

u
[λ]
Λ,j,j(q−N+1z, q)

=
u

[λ]
Λ,k,k(q−Nz, q)

(1 + (q − 1)fj(q−Nz, q))u[λ]
Λ,j,j(q−Nz, q)

,

and Remark 3.3, to deduce that for all z ∈ Dd,a,ε, lim
N→+∞

(q−Nz)v0(ĝj,k)u
[λ]
Λ,k,k(q−Nz, q)

u
[λ]
Λ,j,j(q−Nz, q)

,

exists and we have the uniform convergence

lim
q→1

lim
N→+∞

(q−Nz)v0(ĝj,k)u
[λ]
Λ,k,k(q−Nz, q)

u
[λ]
Λ,j,j(q−Nz, q)

= 0,

on the compact subset of Dd,a,ε. Using (3.2) and the fact that (H2) is satisfied, we obtain
that the following limit exists lim

q→1
t0 (ĝj,k(z, q)). This concludes the proof. �

Proof of Theorem 4.5. Let 1 ≤ j ≤ m. The uniform convergence in every compact subset
of Dd,a,ε:

lim
q→1

u
[λ]
Λ,j,j = ũdΛ,j,j

is the assumption (H4). If m = 1 the proof is complete. Assume that m ≥ 2.
Let us fix 1 ≤ j < k ≤ m. Let us prove that ũdΛ,j,k(z) is well defined for z ∈ Dd,a,ε,
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ũdΛ,j,k ∈ A(d− ε, d+ ε) and that we have the uniform convergence in every compact sub-
set of Dd,a,ε:

lim
q→1

u
[λ]
Λ,j,k = ũdΛ,j,k.

Because of Lemma 4.7, we may apply Proposition 3.5 with the pairs {(ν, k)|j ≤ ν < k}.
Then, we obtain that u[λ]

Λ,j,k(z, q) equals

u
[λ]
Λ,j,k(z, q) = c

[λ]
Λ,j,k(z, q)u

[λ]
Λ,j,j(z, q) + u

[λ]
Λ,j,j(z, q)F

[λ]
Λ,j(z, q),

where

F
[λ]
Λ,`(z, q) :=

∫ z

0
c

[λ]
Λ,`+1,k(z, q)

u
[λ]
Λ,`+1,`+1(t, q)

u
[λ]
Λ,`,`(qt, q)

+
u

[λ]
Λ,`+1,`+1(t, q)

u
[λ]
Λ,`,`(qt, q)

F
[λ]
Λ,`+1(t, q)dqt

t
if j ≤ ` ≤ k − 2

F
[λ]
Λ,k−1(z, q) :=

∫ z

0

u
[λ]
Λ,k,k(t, q)

u
[λ]
Λ,k−1,k−1(qt, q)

dqt

t
.

Let us set, whenever the functions are well defined

F̃ dΛ,`(z) :=
∫ z

0

ũdΛ,`+1,`+1(t)
ũdΛ,`,`(t)

F̃ dΛ,`+1(t)dt
t

if j ≤ ` ≤ k − 2

F̃ dΛ,k−1(z) :=
∫ z

0

ũdΛ,k,k(t)
ũdΛ,k−1,k−1(t)

dt

t
.

Because of (H4) and (H5), we may use Lemma 4.6, to deduce that
• F [λ]

Λ,k−1 ∈ Bd,a,ε,
• F̃ dΛ,k−1(z) is well defined for z ∈ Dd,a,ε and F̃ dΛ,k−1 ∈ A(d− ε, d+ ε),
• we have the uniform convergence in every compact subset of Dd,a,ε,

lim
q→1

F
[λ]
Λ,k−1(z, q) = F̃ dΛ,k−1(z).

We now use (H4) and Lemma 4.7, to deduce that for all j ≤ ` ≤ k − 2, we have the
uniform convergence in every compact subset of Dd,a,ε

lim
q→1

c
[λ]
Λ,`+1,k(z, q)

u
[λ]
Λ,`+1,`+1(z, q)

u
[λ]
Λ,`,`(qz, q)

= 0

lim
q→1

u
[λ]
Λ,`+1,`+1(z, q)

zu
[λ]
Λ,`,`(qz, q)

=
ũdΛ,`+1,`+1(z)
zũdΛ,`,`(z)

.

We use the above limits, whose functions involved in the left hand side are elements of
Bd,a,ε (see (H5) and Lemma 4.7), and the fact that Bd,a,ε is a ring (Remark 4.2), to apply
Lemma 4.6 and deduce that if, j < ` < k, and

• F [λ]
Λ,` ∈ Bd,a,ε,

• F̃ dΛ,`(z) is well defined for z ∈ Dd,a,ε and F̃ dΛ,` ∈ A(d− ε, d+ ε),
• we have the uniform convergence in every compact subset of Dd,a,ε,

lim
q→1

F
[λ]
Λ,`(z, q) = F̃ dΛ,`(z),

then
• F [λ]

Λ,`−1 ∈ Bd,a,ε,
• F̃ dΛ,`−1(z) is well defined for z ∈ Dd,a,ε and F̃ dΛ,`−1 ∈ A(d− ε, d+ ε),
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• we have the uniform convergence in every compact subset of Dd,a,ε

lim
q→1

F
[λ]
Λ,`−1(z, q) = F̃ dΛ,`−1(z).

From what precede, ũdΛ,j,k(z) is well defined for z ∈ Dd,a,ε, ũdΛ,j,k ∈ A(d− ε, d+ ε), and we
have the uniform convergence in every compact subset of Dd,a,ε:

lim
q→1

u
[λ]
Λ,j,k = ũdΛ,j,k.

�

We finish this subsection by making some comparison between Theorem 4.5, and two
confluence results of the same nature.

Remark 4.8. We are now going to state [DVZ09], Corollary 2.9, which is the particular case
of [DVZ09], Theorem 2.6, where the coefficients of the family of linear q-difference equa-
tions do not depend upon q. Let p = 1/q and let δp := σ−1

q −Id
p−1 , which converges formally

to δ when p → 1. Let z 7→ ĥ(z, p) ∈ C{z} that converges coefficientwise to h̃(z) ∈ C[[z]]
when p → 1. Assume the existence of b0, . . . , bm ∈ C[z], such that for all p close to 1, we
have 

bm(z)δmp ĥ(z, p) + · · ·+ b0(z)ĥ(z, p) = 0

bm(z)δmh̃(z) + · · ·+ b0(z)h̃(z) = 0.

Moreover, assume that the series B̂1
(
h̃
)
belongs to C{z} and is solution of a linear dif-

ferential equation which is Fuchsian at 0 and infinity and has non resonant exponents
at ∞.

The authors of [DVZ09] conclude that for all convenient d ∈ R,

lim
p→1

ĥ(z, p) = S̃d
(
h̃
)

(z),

uniformly on the compacts of S
(
d− π

2 , d+ π
2
)
, where S̃d

(
h̃
)
is the asymptotic solution of

the linear differential equation that has been defined in §1.2.

Remark 4.9. Let us now state [Dre14b], Theorem 4.5, in the case where the coefficients of
the family of linear q-difference equations do not depend upon q. Let z 7→ ĥ(z, q) ∈ C[[z]]
that converges coefficientwise to h̃(z) ∈ C[[z]] when q → 1. Assume the existence of
polynomials b0, . . . , bm ∈ C[z], such that for all q close to 1, we have

bm(z)δmq ĥ(z, q) + · · ·+ b0(z)ĥ(z, q) = 0

bm(z)δmh̃(z) + · · ·+ b0(z)h̃(z) = 0.

In [Dre14b], we prove that for all convenient d ∈ R, for all q close to 1, we
may apply a q-deformation of the Borel-Laplace summation to ĥ(z, q), to obtain
z 7→ S[d]

(
ĥ
)

(z, q) ∈M(C∗), solution of the same family of δq-equations as ĥ. Moreover,
we have

lim
q→1

S[d]
(
ĥ
)

(z, q) = S̃d
(
h̃
)

(z),

uniformly on the compacts of S
(
d− π

2ε , d+ π
2ε
)
, for some ε > 0. Note that in general,

S[d]
(
ĥ
)
has no link with the meromorphic solutions appearing in §2.2.
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4.2. An example. In §4.3 we will explain how to apply Theorem 4.5. The goal of this
section is to give an idea of the method we are going to use on an example. Since everything
will be proved in §4.3 in full generalities, the proofs in this subsection will be omitted.

Consider
∆̃ :=

(
δ + 2z−2

) (
δ + z−1

)
δ.

We have a formal solution given by the method of the constant variation:

Ũ(z) :=


exp(z−2) exp(z−2)

∫ z

0

exp(t−1)
exp(t−2)

dt

t
exp(z−2)

∫ z

t=0

∫ t

u=0

exp(t−1)
exp(t−2)

1
exp(u−1)

dt

t

du

u

0 exp(z−1) exp(z−1)
∫ z

0

1
exp(t−1)

dt

t
0 0 1

 .

We want to give an analytic meaning of Ũ(z). The entries of the matrix Ũ are analytic
if the integrals converge. The integrals converge if and only if exp(εz−1) and exp(εz−2)
tend to 0 when ε → 0+. Therefore, the entries of Ũ are analytic on the sector S

(
π
2 ,

3π
4

)
and on the sector S

(
5π
4 ,

3π
2

)
. For the simplicity of the exposition, let us drop the second

sector.

0 ∞ 
0

∞ 
0
∞ 

Figure 1. Limit of exp(εz−1) when ε → 0+ (left). Limit of exp(εz−2)
when ε→ 0+ (center). Domain of analyticity of the entries of Ũ(z) (right).

Let us now consider

∆q :=
(
δq + (1 + q)q−2z−2

1 + (q − 1)(1 + q)q−2z−2

)(
δq + q−1z−1

1 + (q − 1)q−1z−1

)
δq.

Note that ∆q is a q-deformation of ∆̃. For convenient λ ∈ C∗, for z ∈ S
(
π
2 ,

3π
4

)
, for some

diagonal matrix Λ, we have the existence of z 7→ c
[λ]
Λ,1(z, q), c[λ]

Λ,2(z, q), c[λ]
Λ,3(z, q) meromor-

phic on S
(
π
2 ,

3π
4

)
and invariant under σq, such that U [λ]

Λ (z, q) equals to
eq2(z−2) eq2(z−2)

∫ z

0

eq(t−1)
eq2(q−2t−2)

dqt

t
eq2(z−2)

∫ z

t=0

∫ t

u=0

eq(t−1)
eq2(q−2t−2)

1
eq(q−1u−1)

dqt

t

dqu

u

0 eq(z−1) eq(z−1)
∫ z

0

1
eq(q−1t−1)

dqt

t
0 0 1

C [λ]
Λ (z, q),
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where C [λ]
Λ (z, q) :=

1 c
[λ]
Λ,1(z, q) c

[λ]
Λ,2(z, q)

0 1 c
[λ]
Λ,3(z, q)

0 0 1

. One may check that assumptions of Theo-

rem 4.5 are satisfied. Therefore, there exists a > 0 such that we have uniform convergence

lim
q→1

U
[λ]
Λ (z, q) = Ũ(z),

in every the compact subset of
{
z ∈ S

(
π
2 ,

3π
4

) ∣∣∣|z| < a
}
.

4.3. q-deformation of meromorphic solutions of linear differential equations.
Let us consider a linear differential equation in coefficients in C({z})

∆̃ :=
(
δ − f̃m(z)

)
. . .
(
δ − f̃1(z)

)
,

with m ≥ 2, for all 1 ≤ j ≤ m, f̃j ∈ C((z)), v0
(
f̃1
)
< · · · < v0

(
f̃m
)
and v0

(
f̃m−1

)
< 0.

As in §1, we are going to see the equation as a system δỸ (z) = C̃(z)Ỹ (z).

Remark 4.10. Note that the Newton polygon of ∆̃ havem distinct slopes with multiplicities
one. Moreover, every linear differential equation

m−1∑
`=0

ã`δ
`,

with m ≥ 2, ã0, . . . , ãm−1 ∈ C({z}), and v0 (ãm−1) > · · · > v0 (ã1), v0 (ã1) ≤ v0 (ã0) is of
the wished form.

For 1 ≤ j ≤ m, and d ∈ R, that is not one of the singular directions of
δỸ (z) = C̃(z)Ỹ (z), see Theorem 1.2, let us chose ũdj,j , non zero meromorphic solution
of δũdj,j = S̃d

(
f̃j
)
ũdj,j . Let us introduce, whether it is defined,

(
ũdj,k(z)

)
:= Ũd(z), upper

triangular matrix with, for all 1 ≤ j < k ≤ m,

ũdj,k(z) := ũdj,j(z)
∫ z

0

ũdj+1,k(t)
ũdj,j(t)

dt

t
.

We may check that if it is defined, Ũd(z) is a meromorphic fundamental solution for
δỸ (z) = C̃(z)Ỹ (z). The goal of this subsection is to

• prove that Ũd(z) is well defined for some d ∈ R, and some z ∈ C∗,
• construct a family of linear q-difference equations ∆q that discretizes ∆̃,
• build a family of meromorphic fundamental solution for the family of systems
attached to ∆q, that is, for q close to 1 fixed, one of the meromorphic fundamental
solution defined in §2.2, and that converges to Ũd(z) when q goes to 1.

Step 1: Domain of definition of Ũd(z).

Lemma 4.11. Let us write
∞∑
`=µj

f̃j,`z
` := f̃j, with f̃j,µj 6= 0. There exist ε > 0, d ∈ R,

such that for all z ∈ S(d− ε, d+ ε), and for all 1 ≤ j < m,

lim
x→0+
x∈R>0

∣∣∣∣∣∣∣∣∣∣∣∣

exp
(
f̃j+1,0 log(xz)

) −1∏
`=µj+1

exp
(
−`−1f̃j+1,`(xz)`

)

exp
((
f̃j,0 + 1

)
log(xz)

) −1∏
`=µj

exp
(
−`−1f̃j,`(xz)`

)
∣∣∣∣∣∣∣∣∣∣∣∣

= 0.
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Proof. Since v0
(
f̃1
)
< · · · < v0

(
f̃m
)
≤ 0, it is equivalent to prove the existence of ε > 0,

d ∈ R, such that for all z ∈ S(d− ε, d+ ε), such that for all 1 ≤ j < m,

lim
x→0+
x∈R>0

∣∣∣exp
(
−µ−1

j f̃j,µj (xz)µj
)∣∣∣ =∞.

For all 1 ≤ j < m, lim
x→0+
x∈R>0

∣∣∣exp
(
−µ−1

j f̃j,µj (xz)µj
)∣∣∣ = ∞ if and only if arg(z) be-

longs to the open set
∞⋃

k=−∞

]
arg

(
−f̃j,µj

)
+ 2kπ

µj
− π

2µj
, arg

(
−f̃j,µj

)
+ 2kπ

µj
+ π

2µj

[
. Let

K := µ1 × · · · × µm−1. Let ε0 > 0 such that for all ` ∈ Z, `πK + ε0 does not belong to the
border of

m−1⋂
j=1

µj−1⋃
k=0

]
arg

(
−f̃j,µj

)
+ 2kπ

µj
− π

2µj
, arg

(
−f̃j,µj

)
+ 2kπ

µj
+ π

2µj

[ .
Then, to prove the lemma, it is sufficient to prove the existence of ` ∈ Z, such that

`π

K
+ ε0 ∈

m−1⋂
j=1

µj−1⋃
k=0

]
arg

(
−f̃j,µj

)
+ 2kπ

µj
− π

2µj
, arg

(
−f̃j,µj

)
+ 2kπ

µj
+ π

2µj

[ .
If m = 2, the proof is completed. Assume that m > 2. For 1 ≤ j < m, let Σj , be the set
of integers ` in Z, such that

`π

K
+ ε0 ∈

µj−1⋃
k=0

]
arg

(
−f̃j,µj

)
+ 2kπ

µj
− π

2µj
, arg

(
−f̃j,µj

)
+ 2kπ

µj
+ π

2µj

[
.

Let us write 2K = 2× 2a0 × pa1
1 × · · · × parr , the decomposition of 2K in product of prime

numbers. For p prime number, let vp be p-adic valuation.
We claim that for 1 ≤ j < m, there exists `j ∈ Σj , such that for all ν ∈ {0, . . . , r},

for all 1 ≤ j < k < m, the projections of `j mod p
vpν ( K

µj
)

ν and `k mod p
vpν ( K

µk
)

ν on Z/paνν Z
are equal. For 1 ≤ j < m let us fix an arbitrary `j ∈ Σj . Let ν := 0 and p0 := 2. We

do the following operation. Let 1 ≤ jν < m, such that vpν
(
K
µjν

)
= max

1≤j<m

(
vpν

(
K

µj

))
.

By construction, Σj is an union successive sets of consecutive K
µj

integers separated by K
µj

consecutive integers. Then, for all 1 ≤ j < m with j 6= jν , there exists κj,ν ∈ Z, such that

`′j := `j + κj,ν

ν−1∏
i=0

p
vpi (

K
µj

)
i ∈ Σj , and such that for all 1 ≤ j < k < m, for all 0 ≤ i ≤ ν,

the projections of `′j mod p
vpi (

K
µj

)
i and `′k mod p

vpi (
K
µk

)
i on Z/paii Z are equal. It follows

that we may replace `j by `′j , and reduce to the case where for all 1 ≤ j < k < m, for all

0 ≤ i ≤ ν, the projections of `j mod p
vpi (

K
µj

)
i and `k mod p

vpi (
K
µk

)
i on Z/paii Z are equal.

We do the same operation for ν = 1, . . . , ν = r. This proves our claim.

Let 1 ≤ j−1 < m, such that v2

(
K
µj−1

)
= max

1≤j<m

(
v2

(
K

µj

))
. We remind that Σj is an

union successive sets of consecutive K
µj

integers separated by K
µj

consecutive integers. For
all 1 ≤ j < m with j 6= j−1, we again replace `j by `j + κj

2K
µj
∈ Σj for some κj ∈ Z, to

reduce to the case where for all 1 ≤ j < k < m, for ν ∈ {1, . . . , r} (resp. for ν = 0), the
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projections of `j mod p
vpν ( K

µj
)

ν and `k mod p
vpν ( K

µk
)

ν on Z/paνν Z (resp. on Z/2a0+1Z), are
equal.

Due to the Chinese reminder theorem, there exists an integer 0 ≤ n0 < 2K, such that
for all 1 ≤ j < m,

n0 ≡ `j mod 2K
µj

Z.

Then, we have

n0π

K
+ ε0 ∈

m−1⋂
j=1

µj−1⋃
k=0

]
arg

(
−f̃j,µj

)
+ 2kπ

µj
− π

2µj
, arg

(
−f̃j,µj

)
+ 2kπ

µj
+ π

2µj

[ .
This concludes the proof. �

Without loss of generalities, we may assume that the real number d ∈ R of Lemma 4.11
is not one of the singular directions of δỸ (z) = C̃(z)Ỹ (z) defined in Theorem 1.2. It
follows that:

Corollary 4.12. There exist d ∈ R, and ε > 0, such that
Ũd(z) ∈ GLm(A(d− ε, d+ ε)).

Step 2: Construction of the family of q-difference equations.
We would like to define a convenient family of q-difference equations that discretizes ∆̃,
∆q := (δq − fm(z, q)) . . . (δq − f1(z, q)) with for all 1 ≤ j ≤ m, z 7→ fj(z, q) ∈ C({z}). But
before, let us introduce some notations. Let p = 1/q and define the p-exponential:

ep(z) :=
∞∑
n=0

zn

[n]!p
∈ C{z},

where [n]!p :=
∏n
l=0[l]p, [l]p :=

(
1 + ...+ pl−1

)
. Its radius of convergence is 1

1−p . For all
z ∈ C with |z| < 1

1−p one may check that we have |ep(z)| ≤ ep(|z|). Hence, the dominated
convergence theorem gives that we have the uniform convergence in the compact subset
of C
(4.3) lim

p→1
ep(z) = exp(z).

Let us also define the p-Gamma function

Γp(z) = (1− p)1−z
∞∏
n=0

1− pn+1

1− pn+z .

It converges to the classical Gamma function when p→ 1 and satisfies

Γp(z + 1) = 1− pz

1− p Γp(z).

For ` ∈ N∗, set
B̂p,` : C{z} −→ C{ζ}∑

n≥0
anz

n 7−→
∑
n≥0

an
Γp
(
1 + n

`

)ζn.
Let us now define f1, . . . , fm. Let f̃>0

j :=
∞∑
`=1

f̃j,`z
`, and f̃≤0

j :=
0∑

`=µj
f̃j,`z

` so that

f̃j = f̃>0
j + f̃≤0

j . Since ∆̃ is a linear differential equation in coefficients in C({z}), we
may apply Theorem 1.2, to deduce for all 1 ≤ j ≤ m, the existence of a decomposition

f̃>0
j = f̃>0

j,1 + · · ·+ f̃>0
j,r ,
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with f̃>0
j,k ∈ S̃d`j,k , for some `j,k ∈ N∗.

For all 1 ≤ j ≤ m, let us define f>0
j = f>0

j,1 + · · · + f>0
j,r , where for all 1 ≤ k ≤ r, the

function z 7→ f>0
j,k (z, q) ∈ C{z} is defined such that for all q close to 1,

gj,k := B̂p,`j,k
(
f>0
j,k

)
= B̂`j,k

(
f̃>0
j,k

)
.

Let 1 + (q − 1)f≤0
m := 1 + (q − 1)f̃≤0

m and for all 1 ≤ j < m, let us set
z 7→ f≤0

j (z, q) ∈ C{z−1}, such that for all 1 ≤ j < m,

(4.4)
1 + (q − 1)f≤0

j+1

q
(
1 + (q − 1)f≤0

j

) = 1 + (q − 1)
(
f̃≤0
j+1 − f̃

≤0
j − 1

)
.

Finally, we set z 7→ fj(z, q) ∈ C({z}), such that

1 + (q − 1)fj :=
(
1 + (q − 1)f>0

j

) (
1 + (q − 1)f≤0

j

)
.

Lemma 4.13. There exists a > 0 such that the functions f>0
1 , . . . , f>0

m belong to Bd,a,ε.
Moreover, for all 1 ≤ j ≤ m, we have the uniform convergence lim

q→1
fj = S̃d

(
f̃j
)
in every

compact subset of Dd,a,ε.
Proof. By construction, it is sufficient to prove the existence of a > 0 such that the
functions f>0

1 , . . . , f>0
m belong to Bd,a,ε and for all 1 ≤ j ≤ m, we have the uniform

convergence lim
q→1

f>0
j = S̃d

(
f̃>0
j

)
in every compact subset of Dd,a,ε.

In (2.11.1) of [DVZ09], we see that for all 1 ≤ j ≤ m and 1 ≤ k ≤ r we have

f>0
j,k (z, q) =

∫ z
`j,k

q−1

0
gj,k

(
ζ1/`j,k

)
ep
(
pζ/z`j,k

)
dqζ.

Moreover, we have

S̃d
(
f̃>0
j,k (z, q)

)
=
∫ ∞eid`j,k

0
gj,k

(
ζ1/`j,k

)
exp

(
ζ/z`j,k

)
dζ.

In [DVZ09], Page 11, we see that for all f ∈ C{z}, for all p < 1, we have the equality

(4.5)
∫ z

`j,k

q−1

0
B̂p,`j,k (f)

(
ζ1/`j,k

)
ep
(
pζ/z`j,k

)
dqζ = f(z).

Using (4.3), the fact that for all z ∈ C with |z| < 1
1−p , we have |ep(z)| ≤ ep(|z|), and (4.5),

we may apply the dominated convergence theorem, in order to obtain that for all a > 0
sufficiently small, we have the uniform convergence lim

q→1
f>0
j = S̃d

(
f̃>0
j

)
in every compact

subset of Dd,a,ε. Since for every a > 0, Bd,a,ε is a ring, see Remark 4.2, it is now sufficient
to prove the existence of a > 0 such that for all 1 ≤ j ≤ m and 1 ≤ k ≤ r, we have
f>0
j,k ∈ Bd,a,ε.
Let us fix 1 ≤ j ≤ m and 1 ≤ k ≤ r. Because of the definition of S̃d`j,k there exist

Jj,k, Lj,k > 0 such that
|gj,k(ζ)| ≤ Jj,k exp

(
Lj,k|ζ|`j,k

)
.

We remind that for all z ∈ C with |z| < 1
1−p we have | exp(z)| ≤ ep(|z|). Therefore, for all

q close to 1, for all z ∈ Dd,a,ε, we obtain

∣∣∣f>0
j,k (z, q)

∣∣∣ ≤ ∫ z
`j,k

q−1

0
Jj,kep

(
L

1/`j,k
j,k |ζ|

)
ep
(
|pζ/z`j,k |

) |ζ|
ζ
dqζ.
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Let a > 0 with for all 1 ≤ j ≤ m and 1 ≤ k ≤ r, a`j,k < 1/Lj,k. Let us remark that for all
p < 1 for all z ∈ Dd,a,ε, we have the equality of functions

(4.6) B̂p,`j,k

(
Jj,k

1− Lj,kz`j,k

)
= Jj,kep

(
Lj,kζ

`j,k
)
.

Therefore, if we combine (4.5) and (4.6), we find that for all z ∈ Dd,a,ε, for all q close to 1,
there exist θ(z, q), θ′(z, q) real functions, such that (note that the right hand side is well
defined due to a`j,k < 1/Lj,k)

(4.7)

∣∣∣f>0
j,k (z, q)

∣∣∣ ≤ ∫ z
`j,k

q−1

0
Jj,kep

(
L

1/`j,k
j,k |ζ|

)
ep
(
|pζ/z`j,k |

) |ζ|
ζ
dqζ

≤
∣∣∣∣ Jj,k

1−Lj,keiθ(z,q)(eiθ′(z,q)z)`j,k

∣∣∣∣ .
Since a`j,k < 1/Lj,k, this proves that for all 1 ≤ j ≤ m and 1 ≤ k ≤ r, we have f>0

j,k ∈ Bd,a,ε.
This concludes the proof. �

Step 3: Construction of the family of solutions

We consider {
∆q = (δq − fm(z, q)) . . . (δq − f1(z, q))
∆̃ =

(
δ − f̃m(z)

)
. . .
(
δ − f̃1(z)

)
,

where f̃1, . . . , f̃m ∈ C((z)) have been defined in the beginning of the subsection and
f1, . . . , fm have been defined before Lemma 4.13. As in §1, §2, we are going to see the
equations as systems: {

δqY (z, q) = C(z, q)Y (z, q)
δỸ (z) = C̃(z)Ỹ (z).

By construction, we obtain that the assumptions (H1) to (H3) of §4.1 are satisfied.
Without loss of generalities, we may assume that for all λ ∈ C∗ with arg(λ) = d,
for all q close to 1, for all z 7→ Λ(z, q) ∈ GLm (M(C∗)), family of diagonal matrices
solution of (4.1), we may consider U [λ]

Λ (z, q), the fundamental solution for the system
δqY (z, q) = C(z, q)Y (z, q), which is defined in §2.2. Until the end of the subsection, we fix
λ ∈ C∗ with d = arg(λ). We remind that for all 1 ≤ j ≤ m, ũdj,j , is a non zero meromorphic
solution of δũdj,j = S̃d

(
f̃j
)
ũdj,j .

Lemma 4.14. There exists z 7→ Λ(z, q) ∈ GLm (M(C∗)), family of diagonal matri-
ces solution of (4.1), such that for all 1 ≤ j ≤ m, we have the uniform convergence
lim
q→1

u
[λ]
Λ,j,j(z, q) = ũdj,j(z) ∈ A(d− ε, d+ ε), in every compact subset of Dd,a,ε.

Proof. Since two non zero solutions of δỹj = S̃d
(
f̃j
)
ỹj equals up to a multiplication by

a non zero complex number, it is sufficient to prove that for all 1 ≤ j ≤ m, there exists
z 7→ yj(z, q) ∈M(C∗, 0), that satisfies σqyj(z, q) = (1+(q−1)fj(z, q))yj(z, q), such that we
have the uniform convergence lim

q→1
yj(z, q) =: ỹj(z) ∈ A(d− ε, d+ ε), in every the compact

subset of Dd,a,ε.
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Let us fix 1 ≤ j ≤ m. Let us define z 7→ wj(z, q) ∈ M(C∗, 0) ∩ C
{
z−1} with constant

term equals to 1 that satisfies

σqwj
wj

=

(
1 + (q − 1)f≤0

j

)Λ
q,1+(q−1)f̃j,0

−1∏
`=µj

ep`
(
−`−1f̃j,`z

`
)

σq

Λ
q,1+(q−1)f̃j,0

−1∏
`=µj

ep`
(
−`−1f̃j,`z

`
) .

By construction, we have

σq

wj(z, q)Λq,1+(q−1)f̃j,0

−1∏
`=µj

ep`
(
−`−1f̃j,`z

`
)

wj(z, q)Λq,1+(q−1)f̃j,0

−1∏
`=µj

ep`
(
−`−1f̃j,`z

`
) = 1 + (q − 1)f≤0

j .

Let us fix K, a compact subset of Dd,a,ε, and for N ∈ N∗, z ∈ K, set

yj,N (z, q) := wj(z, q)Λq,1+(q−1)f̃j,0

−1∏
`=µj

ep`
(
−`−1f̃j,`z

`
) −1∏
ν=−N

1 + (q − 1)f>0
j (qνz, q).

Lemma 4.13 tell us that f>0
j ∈ Bd,a,ε. Since its valuation is at least 1, we find that

there exists α > 0 such that for all ν < 0, for all z ∈ K, for all q close to 1,
|1 + (q − 1)f>0

j (qνz, q)| < 1 + (q − 1)α|qνz|. Let us introduce the q-exponential

eq(z) :=
∞∑
n=0

zn

[n]!q
=
∞∏
n=0

(
1 + (q − 1)q−n−1z

)
,

where [n]!q :=
∏n
l=0[l]q, [l]q :=

(
1 + ...+ ql−1

)
. It is analytic on C, with simple zeros on the

discrete q-spiral qN
∗

1−q and satisfies δqeq(z) = zeq(z). Using the infinite product expression
of eq, one finds that for all z ∈ K, for all N ∈ N∗, for all q close to 1,

(4.8)

∣∣∣∣∣∣
−1∏

ν=−N
1 + (q − 1)f>0

j (qνz, q)

∣∣∣∣∣∣ ≤
−1∏

ν=−∞
1 + (q − 1)α|qνz| = eq(α|z|).

In particular, the following infinite product is convergent:

yj(z, q) := wj(z, q)Λq,1+(q−1)f̃j,0

−1∏
`=µj

ep`
(
−`−1f̃j,`z

`
) −1∏
ν=−∞

1 + (q − 1)f>0
j (qνz, q).

Moreover, z 7→ yj(z, q) ∈M(C∗, 0), satisfies σqyj(z, q) = (1 + (q − 1)fj(z, q))yj(z, q). To
conclude the proof, it is sufficient to prove the uniform convergence lim

q→1
y(z, q) =: ỹj(z)

in K.
By construction, wj(z−1, q) satisfies a linear q-difference equation of the form (remind

that p = 1/q)
σ−1
q wj(z−1, q) = (1 + (q − 1)2βj(z, q))wj(z−1, q),

where βj(z, q) ∈ Bd,a,ε and z 7→ βj(z, q) ∈ C {z} has constant term equals to 0. Since
z 7→ wj(z, q) ∈ C{z−1} has constant term equal to 1, we obtain that for every ε′ > 0, for
every z ∈ K, we have for q sufficiently close to 1

|wj(z, q)| ≤
∣∣∣∣∣
−1∏

ν=−∞
1 + (q − 1)ε′

(
qνz−1

)∣∣∣∣∣ ≤ eq (ε′|z|−1
)
.
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We may check that for all z ∈ C, eq
(
ε′|z|−1) ≤ exp

(
ε′|z|−1). Therefore, we

have the uniform convergence lim
q→1

wj(z, q) = 1 in K. The uniform convergence

lim
q→1

Λ
q,1+(q−1)f̃j,0

= zf̃j,0 in K can be deduced from Page 1048 of [Sau00]. The uniform

convergence lim
p→1

−1∏
`=µj

ep`
(
−`−1f̃j,`z

`
)

=
−1∏
`=µj

exp
(
−`−1f̃j,`z

`
)
in K is a consequence of the

inequality above (4.3) and (4.3). Because of (4.8), we obtain that for all q > 1, for all
z ∈ C, ∣∣∣∣∣

−1∏
ν=−∞

1 + (q − 1)f>0
j (qνz, q)

∣∣∣∣∣ ≤ eq(α|z|) ≤ exp(α|z|).

Then, the uniform convergence lim
q→1

−1∏
ν=−∞

1 + (q − 1)f>0
j (qνz, q) in K can be deduced

with the dominated convergence theorem. This proves the uniform convergence
lim
q→1

y(z, q) = ỹj(z) in every compact subset of Dd,a,ε. �

Step 4: Statement and proof of the main result.
We are now ready to state the main result of the paper, but before, let us remind some

notations. We still consider{
∆q = (δq − fm(z, q)) . . . (δq − f1(z, q))
∆̃ =

(
δ − f̃m(z)

)
. . .
(
δ − f̃1(z)

)
,

where f̃1, . . . , f̃m ∈ C((z)) have been defined in the beginning of the subsection and
f1, . . . , fm have been defined before Lemma 4.13. As in §1, §2, we are going to see the
equations as systems: {

δqY (z, q) = C(z, q)Y (z, q)
δỸ (z) = C̃(z)Ỹ (z).

Let z 7→ Λ(z, q) ∈ GLm (M(C∗)), family of diagonal matrices solution of (4.1) that has
been defined in Lemma 4.14. Let λ ∈ C∗ with arg(λ) = d. Let U [λ]

Λ (z, q), be the fundamen-
tal solution for the system δqY (z, q) = C(z, q)Y (z, q), which is defined in §2.2. We remind
that for all 1 ≤ j ≤ m, ũdj,j , is a non zero meromorphic solution of δũdj,j = S̃d

(
f̃j
)
ũdj,j and(

ũdj,k(z)
)

:= Ũd(z) ∈ GLm(A(d− ε, d+ ε)), is an upper triangular matrix fundamental so-
lution for δỸ (z) = C̃(z)Ỹ (z) defined as follows: for all 1 ≤ j < k ≤ m, for all z ∈ Dd,a,ε,
set

ũdj,k(z) := ũdj,j(z)
∫ z

0

ũdj+1,k(t)
ũdj,j(t)

dt

t
.

After replacing a by a smaller positive real number, we may reduce to the case where for
all 1 ≤ j ≤ m, ũdj,j does not vanish on Dd,a,ε.

Theorem 4.15. We have the uniform convergence

lim
q→1

U
[λ]
Λ (z, q) = Ũd(z),

in every the compact subset of Dd,a,ε.

We want to apply Theorem 4.5 to prove Theorem 4.15. We already know that as-
sumptions (H1) to (H3) are satisfied. Because of Lemma 4.14, hypothesis (H4) is also
satisfied. We have to check that the assumption (H5) is satisfied. This is the goal of the
following lemma.
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Lemma 4.16. For all 1 ≤ j < m, we have
u

[λ]
Λ,j+1,j+1

zσq
(
u

[λ]
Λ,j,j

) ∈ Bd,a,ε.

Proof. Let us fix 1 ≤ j < m. Because of (4.4), we obtain
(4.9)

σq

 u
[λ]
Λ,j+1,j+1

zσq
(
u

[λ]
Λ,j,j

)
 = 1 + (q − 1)σq (fj)

1 + (q − 1)σ2
q (fj)

1 + (q − 1)f>0
j+1

1 + (q − 1)f>0
j

(
1 + (q − 1)

(
f̃≤0
j+1 − f̃

≤0
j − 1

)) u
[λ]
Λ,j+1,j+1

zσq
(
u

[λ]
Λ,j,j

) .
We remind, see Lemma 4.11, that for all z ∈ Dd,a,ε,

lim
x→0+
x∈R>0

∣∣∣∣∣∣∣∣∣∣∣∣

exp
(
f̃j+1,0 log(xz)

) −1∏
`=µj+1

exp
(
−`−1f̃j+1,`(xz)`

)

exp
((
f̃j,0 + 1

)
log(xz)

) −1∏
`=µj

exp
(
−`−1f̃j,`(xz)`

)
∣∣∣∣∣∣∣∣∣∣∣∣

= 0.

Then, there exist a′ ∈]0, a[ and M > 0, such that for every z ∈ Dd,a′,ε, for all q sufficiently
close to 1,

(4.10)
∣∣∣1 + (q − 1)

(
f̃≤0
j+1 − f̃

≤0
j − 1

)∣∣∣ > 1 + (q − 1)M |z|µj .

The triangular inequality gives us∣∣∣∣∣1 + (q − 1)σq (fj)
1 + (q − 1)σ2

q (fj)
1 + (q − 1)f>0

j+1

1 + (q − 1)f>0
j

∣∣∣∣∣ ≥
∣∣∣∣∣∣ 1− (q − 1) |σq (fj)|
1 + (q − 1)

∣∣∣σ2
q (fj)

∣∣∣
1− (q − 1)

∣∣∣f>0
j+1

∣∣∣
1 + (q − 1)

∣∣∣f>0
j

∣∣∣
∣∣∣∣∣∣ .

Using this inequality, (4.7), (4.9), and (4.10), we find that there exists a′′ ∈]0, a′[, such
that for every z ∈ Dd,a′′,ε, for all q sufficiently close to 1,

(4.11)

∣∣∣∣∣∣σq
 u

[λ]
Λ,j+1,j+1

zσq
(
u

[λ]
Λ,j,j

)
∣∣∣∣∣∣ >

∣∣∣∣∣∣ u
[λ]
Λ,j+1,j+1

zσq
(
u

[λ]
Λ,j,j

)
∣∣∣∣∣∣ .

We remind that ũdj,j does not vanish on Dd,a,ε. Then, with Lemma 4.14, we obtain that we

have the uniform convergence lim
q→1

u
[λ]
Λ,j+1,j+1

zσq
(
u

[λ]
Λ,j,j

) =
ũdj+1,j+1(z)
zũdj,j(z)

∈ A(d− ε, d+ ε), in every

compact subset of Dd,a,ε. If we combine this fact and (4.11), we find
u

[λ]
Λ,j+1,j+1

zu
[λ]
Λ,j,j

∈ Bd,a,ε.

This proves the lemma. �

References
[Bal94] Werner Balser. From divergent power series to analytic functions, volume 1582 of Lecture Notes

in Mathematics. Springer-Verlag, Berlin, 1994. Theory and application of multisummable
power series.

[Ber92] Daniel Bertrand. Groupes algébriques et équations différentielles linéaires. Astérisque,
(206):Exp. No. 750, 4, 183–204, 1992. Séminaire Bourbaki, Vol. 1991/92.

[Béz92] Jean-Paul Bézivin. Sur les équations fonctionnelles aux q-différences. Aequationes Math., 43(2-
3):159–176, 1992.

[Bug11] Virginie Bugeaud. Classification analytique et théorie de Galois locales des modules aux q-
différences à pentes non entières. C. R. Math. Acad. Sci. Paris, 349(19-20):1037–1039, 2011.

[Dre14a] Thomas Dreyfus. Building meromorphic solutions of q-difference equations using a borel-
laplace summation. To appear in Int. Math. Res. Not. IMRN, 2014.

[Dre14b] Thomas Dreyfus. Confluence of meromorphic solutions of q-difference equations. To appear in
Ann. Inst. Fourier (Grenoble), 2014.



28 THOMAS DREYFUS

[DSK05] Alberto De Sole and Victor G. Kac. On integral representations of q-gamma and q-beta func-
tions. Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl., 16(1):11–
29, 2005.

[DVRSZ03] Lucia Di Vizio, Jean-Pierre Ramis, Jacques Sauloy, and Changgui Zhang. Équations aux q-
différences. Gaz. Math., (96):20–49, 2003.

[DVZ09] Lucia Di Vizio and Changgui Zhang. On q-summation and confluence. Ann. Inst. Fourier
(Grenoble), 59(1):347–392, 2009.

[LR90] Michèle Loday-Richaud. Introduction à la multisommabilité. Gaz. Math., (44):41–63, 1990.
[LR95] Michèle Loday-Richaud. Solutions formelles des systèmes différentiels linéaires méromorphes

et sommation. Exposition. Math., 13(2-3):116–162, 1995.
[Mal95] Bernard Malgrange. Sommation des séries divergentes. Exposition. Math., 13(2-3):163–222,

1995.
[MR92] B. Malgrange and J.-P. Ramis. Fonctions multisommables. Ann. Inst. Fourier (Grenoble),

42(1-2):353–368, 1992.
[MZ00] Fabienne Marotte and Changgui Zhang. Multisommabilité des séries entières solutions

formelles d’une équation aux q-différences linéaire analytique. Ann. Inst. Fourier (Grenoble),
50(6):1859–1890 (2001), 2000.

[Ram92] Jean-Pierre Ramis. About the growth of entire functions solutions of linear algebraic q-
difference equations. Ann. Fac. Sci. Toulouse Math. (6), 1(1):53–94, 1992.

[Ram93] Jean-Pierre Ramis. Séries divergentes et théories asymptotiques. Bull. Soc. Math. France,
121(Panoramas et Syntheses, suppl.):74, 1993.

[RM90] J.-P. Ramis and J. Martinet. Théorie de Galois différentielle et resommation. In Computer
algebra and differential equations, Comput. Math. Appl., pages 117–214. Academic Press,
London, 1990.

[RS07] Jean-Pierre Ramis and Jacques Sauloy. The q-analogue of the wild fundamental group. I. In
Algebraic, analytic and geometric aspects of complex differential equations and their deforma-
tions. Painlevé hierarchies, RIMS Kôkyûroku Bessatsu, B2, pages 167–193. Res. Inst. Math.
Sci. (RIMS), Kyoto, 2007.

[RS09] Jean-Pierre Ramis and Jacques Sauloy. The q-analogue of the wild fundamental group. II.
Astérisque, (323):301–324, 2009.

[RSZ13] Jean-Pierre Ramis, Jacques Sauloy, and Changgui Zhang. Local analytic classification of q-
difference equations. Astérisque, (355):vi+151, 2013.

[RZ02] Jean-Pierre Ramis and Changgui Zhang. Développement asymptotique q-Gevrey et fonction
thêta de Jacobi. C. R. Math. Acad. Sci. Paris, 335(11):899–902, 2002.

[Sau00] Jacques Sauloy. Systèmes aux q-différences singuliers réguliers: classification, matrice de con-
nexion et monodromie. Ann. Inst. Fourier (Grenoble), 50(4):1021–1071, 2000.

[Sau04a] Jacques Sauloy. Algebraic construction of the Stokes sheaf for irregular linear q-difference equa-
tions. Astérisque, (296):227–251, 2004. Analyse complexe, systèmes dynamiques, sommabilité
des séries divergentes et théories galoisiennes. I.

[Sau04b] Jacques Sauloy. La filtration canonique par les pentes d’un module aux q-différences et le
gradué associé. Ann. Inst. Fourier (Grenoble), 54(1):181–210, 2004.

[Sin09] Michael F. Singer. Introduction to the Galois theory of linear differential equations. In Al-
gebraic theory of differential equations, volume 357 of London Math. Soc. Lecture Note Ser.,
pages 1–82. Cambridge Univ. Press, Cambridge, 2009.

[Trj33] Waldemar Joseph Trjitzinsky. Analytic theory of linear q-difference equations. Acta Math.,
61(1):1–38, 1933.

[vdPR07] Marius van der Put and Marc Reversat. Galois theory of q-difference equations. Ann. Fac.
Sci. Toulouse Math. (6), 16(3):665–718, 2007.

[vdPS03] Marius van der Put and Michael F. Singer. Galois theory of linear differential equations,
volume 328 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]. Springer-Verlag, Berlin, 2003.

[Zha99] Changgui Zhang. Développements asymptotiques q-Gevrey et séries Gq-sommables. Ann. Inst.
Fourier (Grenoble), 49(1):vi–vii, x, 227–261, 1999.

[Zha00] Changgui Zhang. Transformations de q-Borel-Laplace au moyen de la fonction thêta de Jacobi.
C. R. Acad. Sci. Paris Sér. I Math., 331(1):31–34, 2000.

[Zha01] Changgui Zhang. Sur la fonction q-gamma de Jackson. Aequationes Math., 62(1-2):60–78,
2001.

[Zha02] Changgui Zhang. Une sommation discrète pour des équations aux q-différences linéaires et à
coefficients analytiques: théorie générale et exemples. In Differential equations and the Stokes
phenomenon, pages 309–329. World Sci. Publ., River Edge, NJ, 2002.



q-DEFORMATION OF MEROMORPHIC SOLUTIONS OF LINEAR DIFFERENTIAL EQUATIONS. 29

[Zha03] Changgui Zhang. Sur les fonctions q-Bessel de Jackson. J. Approx. Theory, 122(2):208–223,
2003.

Université Paul Sabatier - Institut de Mathématiques de Toulouse,
Current address: 118 route de Narbonne, 31062 Toulouse
E-mail address: tdreyfus@math.univ-toulouse.fr


