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BUILDING MEROMORPHIC SOLUTIONS OF ¢-DIFFERENCE
EQUATIONS USING A BOREL-LAPLACE SUMMATION.

THOMAS DREYFUS

ABSTRACT. After introducing g-analogs of the Borel and Laplace transformations, we
prove that to every formal power series solution of a linear g¢-difference equation with
rational coefficients, we may apply several g-Borel and Laplace transformations of con-
venient orders and convenient direction in order to construct a solution of the same
equation that is meromorphic on C*. We use this theorem to construct explicitly an in-
vertible matrix solution of a linear g-difference system with rational coefficients, of which
entries are meromorphic on C*. Moreover, when the system has two slopes and is put in
the Birkhoff-Guenther normal form, we show how the solutions we compute are related
to the one constructed by Ramis, Sauloy and Zhang.
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INTRODUCTION

Let us consider a formal power series h solution of a linear differential equation in
coefficients in C(z), where z is a complex variable. Then, see [Bal94, [Ram85, Mal95,
vdPS03|, we may apply to h several Borel and Laplace transformations of convenient
orders and convenient direction, in order to obtain a solution that is meromorphic in
the neighborhood of the origin on a sector of the Riemann surface of the logarithm, and
that is asymptotic to h. This summation process play an important role in differential
Galois theory since, for instance, it is involved in the local analytic classification of linear
differential equations. See [vdPS03].

The analytic and algebraic theory of g-difference equations has recently obtained
many contributions in the spirit of Birkhoff program. See [RSZ13]. As in the differential
case, the summation of formal power series solutions of linear g-difference equations in
coefficients in C(z) play a major role. The main goal of this paper is to explain how to
transform such power series into solutions that are meromorphic on C*, using g-analogs
of the Borel and Laplace transformations.
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X 3k 3k

Throughout this paper, ¢ will be a fixed complex number with |¢| > 1. Let us consider as
an example, the g-version of the Euler equation

200y +y = %,

where o, is the dilatation operator that sends y(z) to y(¢z). The latter equation admits
as a solution the formal power series with complex coefficients

~ 2(041)
h:= Z(—l)éq 2 ML
£eN
To construct a meromorphic solution of the above equation, we use the Theta function

b+l —— —— —0 -
Oy(x) =3 ¢~ #=][0-aTH0+¢ )M +g7"2T),
ez leN

which is analytic on C*, vanishes on the discrete g-spiral —¢% := {—¢",n € Z}, with simple
zero, and satisfies

0404(2) = 204(2) = ©4 (zil) .
Then, for all A € (C* / qZ) \{—1} the following function Sé” (iL), which is asymptotic to h,
is solution of the same equation as h and is meromorphic on C* with simple poles on the
g-spiral —\¢”:

1 1

S (k) ::eeZqu“ x or (23]

More generally, consider a formal power series solution of a linear g-difference equation
in coefficients in C(z). Although there are several g-analogs of the Borel and Laplace
transformations, see [Abd60l [Abd64l [Drel4l, [DVZ09), MZ00, Ram92, RZ02) [Zha99l [Zha00,
Zha01l, [Zha02l [Zha03], and we know the existence of a solution of the same equation that
is meromorphic on C*, see [Pra86], we did not know until this paper how to compute in
general such solution using g-analogs of the Borel and Laplace transformations.

Let (1, K) € QsoxN* with K € uN*, and A € C*/¢% 'Z. Following [Ram92, [Zha02], we
define the g-analogs of the Borel and Laplace transformations we will use, see Definition [[.T]
for more precisions:

. ' —ue-n B i f(qé)\)
B> azt =) g L f— e )

¢eN (eN 1 Y
c c eK—17Z @ql/H >

We now present our main result, see Theorem [[LT0] and Proposition [[T4] for a more
precise statement.

Theorem. Let h be a formal power series solution of a linear q-difference equation in co-

efficients in C(z). There exist k1, ...,k € Qso, n, K € N* and a finite set ¥ C (C*/q"ilz,
we may compute from the q-difference equation, such that for all A € (C*/q”ilz) \ X,

Al (7 A A A

S ()= e £ ool

wo | 0By o 0B,, (h)

is meromorphic on C*, and is solution of the same equation as h. Moreover, S([]A] (ﬁ) is

asymptotic to h and, for |z| close to 0 it has pole of order at most 1 that are contained in
the q*/m-spiral —\g" 'Z.
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In §21 we give two applications of our main result. Consider a linear g-difference system
of the form

o,Y = BY,

where B € GL,, ((C(z)), that is an invertible matrix with entries in C(z). Praagman

in [Pra86] has proved that the above equation admits a fundamental solution, that is
an invertible matrix solution, of which entries are meromorphic on C*. The proof is
based on purely theoretical argument and is not constructive. Using the formal local
classification of g-difference systems of [vdPRO7], and our main result, we show how to
construct a fundamental solution of o,Y" = BY’, of which entries are meromorphic on C*.
See Corollary 23]

On the other side, the meromorphic solutions play a major role in Galois theory of
g-difference equations, see [Bugll) [Bugl2, DVRSZ03), Roq08], RS07, [RS09, RSZ13 [Sau00,
Sau03l, [Sau04al [Sau04b]. In particular the meromorphic solutions are used to prove the
descent of the Galois group to the field C, instead of the field of functions invariant
under the action of o4, that is, the field of meromorphic functions on the torus C*\ q~.
Note that this latter field can be identified with the field of elliptic functions. In [RSZ13]
the meromorphic solutions are obtained via successive gauge transformation. We show
in a particular case, see Theorem 2.5, how the solutions we compute with ¢-Borel and
g-Laplace transformations are related to the meromorphic solutions appearing in [RSZ13].

Acknowledgments. The author would like to thank Changgui Zhang, Jacques Sauloy,
and the anonymous referees, for their suggestions to improve the quality of the paper.

1. MEROMORPHIC SOLUTIONS OF LINEAR g-DIFFERENCE EQUATIONS.

Let C[[2]] be the ring of formal power series and let h € C[[z]] be a solution of a linear
¢-difference equation in coefficients in C(z). The formal series i might diverges but we will
see that we can construct from iL, a solution of the same equation that is meromorphic
on C*, and that is asymptotic to h. In L1l we define g-analogs of Borel and Laplace
transformations. In §I.2] we prove that we might apply several ¢-Borel and ¢-Laplace
transformations to h, to construct a solution of the same linear g-difference equation that
is meromorphic on C*, and that is asymptotic to h.

1.1. Definition of g¢-analogs of Borel and Laplace transformations. We start
with the definition of the g-Borel and the g¢-Laplace transformations. Note that the
g-Borel transformation was originally introduced in [Ram92]. When ¢ > 1 is real and
1= K =1, we recover the ¢g-Laplace transformation and the functional space introduced
in [Zha02], Theorem 1.2.1. Earlier introductions of g-Laplace transformations can be
found in [Abd60, [Abd64]. Those latter behave differently than our g-Laplace transfor-
mation, since they involve g-deformations of the exponential, instead of the Theta function.

Throughout the paper, we will say that two analytic functions are equal if their analytic
continuation coincide. We fix, once for all a determination of the logarithm over the
Riemann surface of the logarithm we call log. If a € C, then, we write ¢ instead of e®108(9).
One has ¢®tP = ¢2¢P, for all o, 8 € C.
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Definition 1.1. Let (u, K) € Qs x N* with K € uN*, and A € C*/¢K 2,
(1) We define the ¢-Borel transformation of order p as follows

Bu: Cll-ll  — CIKl

—0(2—1)

Zagzz — Zagq 2p Cg.

LeN leN

(2) Let M(C*,0) be the field of functions that are meromorphic on some punctured neigh-
borhood of 0 in C*. An element f of M(C*,0) is said to belongs to HLMK if there exist € > 0
and a connected domain 2 C C, such that:
° U {zG(C* 2=\ <6‘q€)\‘}CQ.
LeK—17,
e The function f can be continued to an analytic function on Q with ¢'/#-exponential
growth of order 1 at infinity, which means that there exist constants L, M > 0,
such that for all z € Q:

F()] < L|®ygum(M]2])]
An element f of M(C*0) is said to belongs to H, g, if there exists a finite

set X C (C*/qK_IZ, such that for all X € ((C*/qK_IZ) \ X, we have f € HLMK

(3) Because of Lemma [[L3] below, the following map is defined and is called g-Laplace
transformation of order u:

L =Y — M(C,0)

f (N
(K17, @ql/u (q# )\)

z

]

For |z| close to 0, the function ﬁ;[j: % (f) (2) has poles of order at most 1 that are contained

/K K7y

in the ¢/ % -spiral —¢

Remark 1.2. The necessity of the factor £ in EE:}K will appear clearly in Remark [[7]

The following lemma generalizes [Zha02], Lemma 1.3.1, when ¢ is not real. Since the
proof is basically the same, it will be only sketched.

Lemma 1.3. Let (u, K) € Qs¢ x N* with K € uN*, ¢ > 0 and let us define
Q.= ﬂ {z eCr

leK—17
There exists C > 0 such that we have on the domain §:

’@ql/u(z)‘ >C ‘@|q|1/u(|z|)‘ .

eql/u(z)
e‘q‘l/u(lzl)

have to prove that we have the inequality for

z € Qﬂ{z e C*|z| € {1, ]q\l/“} } =:T.

o]zl

/m

Proof. Since the function is invariant under the action of a;

= O/, We just

We remind that © g/m (z) is analytic on C* and vanishes on the discrete q'/F-spiral —g%/m.

e L . . . .
Therefore, the function f := % is continuous and does not vanish on I'. Since I
lq|*/#
is compact, f admits a minimum C' > 0 on I'. This yields the result. ]

The following lemma will be needed in §I.21
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Lemma 1.4. Let (1, K) € Qs x N* with K € uN*, h € C[[2]], A € C*/¢5'Z and
g€ HE‘]K Then

o BA!L (O‘;/Kﬁ) = O';/KBH (ﬁ), where O';/K =0k
° B (zaq/“h) —CB ( )
o £l (o/%g) = ot/ 2P, (g).

o L0 (Cg) = 20y LD (9).

Proof. The two first equalities are straightforward computations. Let us prove the third
equality. Since K € uN*, we obtain K ~'Z + p~' = K~'Z. Then,

=+t
e (odg) = Ly g (a713)
H’vK q - K %+Z>\
LeK-17, @qw (q - )
l
7 g (q /\) 1/K o
- R, oy =0 L (9)
teK—1Z qu/u (21/1(2)
Let us now prove the last equality.
q‘Ayg qz)\)

N (cg) =

=|=
]
—

4
gla°A N
> o) qe))\ = 20,/M L (9)
tex—17 Opm (1

==

0

Remark 1.5. Let us keep the same notations as in Lemma [[4] and assume that

BA!L (ﬁ) € HL):]K Using Lemma [[4] it follows that
o (Lt 0By (h)) = L3 0 By (03/5h) and 2L 0 By (h) = L1 0 By (2h) .

In particular, if we additionally assume that h € C[[z]] is solution of a linear g-difference
equation in coefficients in C[z], then c ]K o B, ( ) € M(C*,0) is solution of the same
equation as h. Since the latter solution belongs to M(C*,0), we obtain automatically that
it belongs to M(C*), the field of functions that are meromorphic on C*.

More generally, if h € C][z]] is solution of a linear g-difference equation in coeffi-
cients in C[z], we wonder if there exists (u, K) € Qs x N* with K € puN* so that

we have BA!L (ﬁ) € H,, . Unfortunately the answer is no as shown the following example

and we will have to apply successively several ¢-Borel and g-Laplace transformations to
obtain a meromorphic solution. See Theorem [L.T0L

- £(e=1)
Ezample 1.6. Let us consider the formal power series h := (Z q 2 : zz) € C[[z]], which

£eN
is solution of the linear g-difference equation

(q22302 —z2(z+1)og + 1) h=1+z
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We claim that for all (u, K) € Qs x N* with K € puN*, we have Bu (ﬁ) ¢ H, . Note
that this series was already used in [MZ00], Page 1872, as a similar counter-example. In
the latter paper, it is shown that the series Bu (ﬁ) belongs to C{(}, the ring of germ of
analytic functions at 0, if and only if ;4 < 1. Using Lemma [[.4], we find that for all j € N,

i €Q, p€Qsoand f €C],

(1.1) B, (zjaéf) = 7
Let 1 < 1. Following (LII), we obtain that B, (ﬁ) is solution of

(q2_3/“C302_3/“ _ q_l/”CQU;_Q/“ _ CU;—l/M + 1) ([;’M (iL)) =1+¢.
Let M > 0. Using the g-difference equation satisfied by O/, (M|(]), we find that
a0
Oy (MIC))
is solution of

3 9_ 2 q_
>3 M (&) g P — g2l () o
1

<
I<]

(1.2) 1€
_Agp—1y1pm (€ 1/n _ 1+¢
Mt () on M+ f = 5
Since p < 1, ([[2) yields that % can be continued to a meromorphic function
lal*/#

on C* with no poles, if i < 1, and with poles of order 1 in the g-spiral ¢ := {¢",n € N}
if 4 = 1. Moreover, for all K € uN*N* \ € (C*/inlZ, L > 0, there exists £ € Z, such
that R

B, (1) (a"3)
@\q\l/u(MMg/K)‘D

Here, we have made the convention, that if the meromorphic function f has a pole

in (p, then |f({y)] = +oo. Hence, for all K € pN*NN* and for all A € C*/qKﬁlZ,
we have Bu (ﬁ) ¢ HE‘]K To conclude, for all (u, K) € Qs x N* with K € puN*, we find

B, (ﬁ) ¢ H,, x. This proves our claim.

> L.

Remark 1.7. Using the expression of ©4, we find that for all k € Z, and all u € Q~o,

k(k—1)

@ql/u (qk/ﬂz) =q 2~ Zk@ql/H(Z).
Following the definition of the g¢-Laplace transformation, we obtain that, for all
(1, K) € Qo x N* with K € uN* and A € C*/¢5 2,

A
L (1) =1.
Using additionally Remark [0 it follows that if £ € N, then for all (u, K) € Qs¢ x N*
with K € uN* and X € C*/qK_IZ, the function BA!L (zg) belongs to HL):]K and

£8 o8, () = o
More generally, if f belongs to C{z}, then for all (u, K) € Qs¢ x N* with K € uN* and
A€ (C*/qK*Z’ the function Bu (f) belongs to HLMK and

ﬁL):]KOBu(f):f-
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We finish the subsection by describing an asymptotic property of the ¢g-Laplace trans-
formation. The following definition is inspirited by [Zha02], Definition 1.3.2.

Definition 1.8. Let us consider(u, K) € Qso x N* with K € uN* X € (C*/qK_lz,
f e M(C*,0) and f := Zﬁz’ € C[[z]]. We say that

1€N
)\ A
f ok F
if for all €, R > 0 sufficiently small, there exist L, M > 0, such that for all £ € N and for
all z in
{zEC* |z| < R}\ U {z eC* z+q5)\‘ <6‘qz)\‘},
LeK—17Z
we have

E(k
2

k-1 L
|f(2)—2fizl < LM*|q| 2 |z]".
i=0

For p € Q- ¢, we define the formal g-Laplace transformation of order p as follows:

Lu: ClEN — Cl)]

00—1)

Zaggf — Zagq 2p zz‘

£eN leN

Using Remark [[L7], for all £ € N, K € uy N*N*, and X € C*/qKﬁlZ, we obtain
£, (<) = ke (¢1)-

Proposition 1.9. Let us consider (u, K) € Qso x N* with K € uN*, X\ € (C*/inlZ,

f e M(C*0) and f := Zf,(z € C[[¢]] such that f NLMK f. Let (u1, K1) € Qsg x N*
€N

with Ky € p1 N* and K/K; € N*, let us choose an identification of \, as an element of

C*/qulZ and assume that f € HL);}

A Al A (i
£ e ()~ e B (1))

Ky Then, we have

where
pot =

Proof. Let us fix €, R > 0 sufficiently small. Due to f N;[AMK f, there exist L, M > 0, such
that for all £ € N and for all ¢ in

{cectcl<rjy U {cec <+qu} <g\qﬁy} =T,
leK-17
we have
k— k(k—1
(1.3) \f@) S R < g S e
=0

Let I'y := {z e C*

|z] < R} \ U {z eC*|z+ qg)\‘ <e ‘qé)\‘ } We want to prove the
teKT'Z
existence of C' € Ry such that for all z € I'y, for all k € N, we have

-~ o k(k—1)
Ll (D (2) = L () ()] < CMMg] 77 |2,
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k—1
Let us fix k € N and let f*) = Z f;¢'. In virtue of Remark [7, we find that, for
=0

all z € I'1, we have the equality
£ e (D) (2) = Loy (F9) )| = |l i, (£ = 79 (2)].

Since K/K; € N*, we have I'y C I". Then, the inequality (L3]) can be used in the following
computation:

£ (£ = 1) (=)

k—1
F@N =" fid“ N
=0

K1
S D o
Yiex1z gt A
€5y ®q1/p.1 2
k(k=1) f1q gtk
< LMF|g| 2 —
< ol = Y

1
1 1 TR
K q
le 1 Z eql/ul < P

By straightforward computations, we find that the latter quantity is equal to

j -1 ik Lk
K1/m = ol k.t
k(k—1) K1 )\ Kigr1 \¥z
k %51 q q-tq
LM ]q‘ 2p _K1 E @qmﬂ 2 E PREETRRIS))
j=1 ez | grigkiq 2 )\

Ki/m L oge Tk
k(k=1) 119 z gET qr 2
S LMk|Q| 2p ? Z ®q1/u1 1+L —ﬁ®|q|1/“‘1 HT
1 j=1 q K1 )\ q™ q K1 )\
J
_ Ki/m K_1® ( 4‘)
k(k—1) k(k—1) q 1 =Tyt
S LMk’q‘ 2p ‘q’ 2pq ’Z‘k% Z |q| 1 q +3/K1 )\ .
1

k
: Ty z
j=1 gm ®q1/u1 (m)
J
g @\q\l/m (

=
010 i (s )

under the action of o, and is continuous on I'y. With the same reasoning as in the proof
of Lemma [[3], we establish the existence of Cy > 0, such that for all z € T'y, and for all

J € {L"'aKl/lu’l},

___z
PERETESDY

For j € {1,...,K1/m}, let us define f;(z) := which is invariant

fj (Z) < C().
Hence,
k(k k(k—1) Ki/m

—1) 1
LM*|q| 2 |g) 21 [zFEL ST p
K &

k(k—1

-1 k(k—1) k(k—1)
< CoLMP"g|" 2 |q| 21 |2|F = CoLM"|q| =" |z|.
This completes the proof. O
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1.2. Main result. The goal of this subsection is to prove that if a linear g-difference
equation with rational coefficients admits a formal power series h as a solution, then
we may apply to h several g-Borel and g-Laplace transformations of convenient orders
and convenient direction in order to obtain a solution of the same equation that belongs
to M(C*). First, we introduce some notations.

For R € {C[z],C(2)} and n € N*, we define Dp,, as the ring of g-difference operators
of the form:
m .
> b/,
i=l

where b; € R, I,m € Z, | < m, and aé/" = 0gi/n- Let DR oo = U Dr,,. To simplify the

neN*
notations, we will write Dp instead of Dg ;.

Let P € DR . The Newton polygon of P is the convex hull of the

m

U{.) e@xzZ]j > w(v)},

1=l
where vy denotes the z-adic valuation. Let (dy,n1),..., (drr1,nr+1) With dy < -+ < dyy1,
be a minimal subset of Q x Z for the inclusion, such that the lower part of the boundary
of the Newton polygon of P is the convex hull of (di,n1),...,(dry1,n041). If 7 > 0, we
call slopes of P the rational numbers %,
integer d;+1 — d;. We call positive slopes of P, the set of slopes that belongs to Qsq. If
r = 0, we make the convention that the g-difference equation has an unique slope equals
to 0.

and multiplicity of the slope % the

Let h € C[[z]] \ {0} be a solution of a linear g-difference equation in coefficients in
C(z). Let C((z)) be the fraction field of C[[z]] and let m + 1 € N* be the dimen-

sion of the C(z)-vectorial subspace of C((z)), spanned by 1 and {O’é (iL) S N}. Let
P = 4ol 4+ am-100"" + - 4+ ag € D¢y and a € Clz] with ged(a, ap, ..., a,) = 1 and
P (ﬁ) = a. Until the end of the subsection, we assume that P has slopes strictly bigger
than 0. Let p; < --- < u, be the positive slopes of the equation and set p,+1 := 400.
Let (k1,...,ky) be defined as:
ri =t =

Let K € N* (resp. n € N*) be minimal, such that for all : € {1,...,r}, % € N* (resp.
such that f@% € N*). Note that % € N*, and therefore Hy, x C Hy, ». In what follows,

1z

we are going to identify the elements of C*/¢™ # as elements of C* /qulZ. We now state

the main result of the paper.

Theorem 1.10. There exists a finite set £ C C*/q" ', such that if X € ((C*/q"_lz) \ X,
then . R \

B, o--0B,, (h) € HLlK
and fori =1 (resp. i =2,...,i=r—1), ﬁL)jKo---oE;iKoB’m o---o[;’,w (ﬁ) e H K-

Ri+1,
Moreover, the following function

S (h) =P oL oofM 0B o 0B, (h) e M(CY),

Ky —

is solution of

P(h)=P(sP(h)) =accCll.
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Remark 1.11. For |z| close to 0, S([I)‘] (fl) has poles of order at most 1 that are contained
in the ¢'/"-spiral —g" 'Z\.

A similar result was proved by Marotte and Zhang in [MZ00]. They have used the
analytic factorization of P to deduce a summation theorem. We are going to prove the

theorem by a purely algebraical argument based on (ILT]). To illustrate the strategy of the
proof, we treat explicitly the following example.

Ezample 1.12. Let h € C[[2]] be a solution of P (ﬁ) = 1 with
P = 2403 + zag + oy,
and assume that the dimension of the C(z)-vectorial subspace of C((z)), spanned by 1 and

{Ué (ﬁ) 1€ N} is 4. The slopes are 1 and 3/2. With (1), we find @ <B3/2 (ﬁ)) =1,

with
4
Q= (q'¢" + o + 0y,
which has slope 3. We again use (1)) to find R ([;’3 o 1’5’3/2 (ﬁ)) =1, with

R:=((+1)o,+ g " 402,

which has slope —4. In particular, Bso Bs /Q(fl) € C{(¢}. The g-difference equation satisfied

by this latter function implies that if A € ((C*/qg_lz) \ {—1}, then Bs o 33/2(;0 € Hg‘%

With Remark [[L5] we obtain that for such a A :
)\ A A ~
Q (L8 0By o Bya(h)) =1.
Using the same reasoning, we deduce that if

\e ((c*/qfi*lZ)\{—l,eT,e 3 },

then £§ 0 By o Byjs (h) € H}), ,, and

P (577 (k) =1

o ﬁg‘% oBjo0 1’5’3/2 (h) .

Newton polygon of P Newton polygon of @ Newton polygon of R

Before proving the theorem, we need to state and prove a proposition.
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Proposition 1.13. Let K € N*, h € C[[z]], and P € Dey),x with mazimal slopes strictly
bigger than 0, such that P (il) =a € Clz]. Let puy < -+ <y, be the positive slopes of P,

let p > py be a rational number, and let us assume that % € N*. The following statement

hold.

ma
(1) There exists Q := Z bl-(()aé € Dcig,k, such that the series BA!L (ﬁ) satisfies

i=m1
ieK~1z

Q (BA;L (ﬁ)) = BA!L (a). Moreover:
71 _
e The positive slopes of QQ are equal to (,ul_l - ,ufl) gy (b= p™h v if o>

e The positive slopes of @ are equal to (,ul_l —,ufl)il,...,(,u;ll —,ufl)il, if
p= iy, > 1,
e () has maximal slope equal to 0, if 4 = pr,r =1,
(2) For all i € [my,mo) N K~'Z, we have

(1.4) deg () < (ma — i)

m2

(8) Any solution of Q (Bu (ﬁ)) = B, (a) that belongs to M(C*,0) belongs also to H, k.

Proof. (1) We compute explicitly a linear g-difference equation satisfied by Bu (ﬁ) using
Lemma [[4l Let (s1,t1),...,(Sk,tx) with s; < -+ < sg, be a minimal subset of Q x Z
for the inclusion, such that (si,t1),..., (sk,tx) is the lower part of the boundary of the
Newton polygon of P. Since the Newton polygon has r positive slopes, it follows that
th—y < --- <tg. Let us write

S Zamz %

i=s1 j=0
€K~ 1Z

with a;; € C and k; € N. Using (L)), we find the existence of QQ € D¢(¢ x, such that
Q (BA;L (ﬁ)) = BA!L (a), where

i—j/n
amCJU
(1.5) Z Z iG=1
= 51 7=0 q 2~
€K™ Z
Consequently,
e () has positive slopes equal to
U= — th—r bk — th—1 s
_ R e I B e Wwp =t
Sk+1—r Sk—r o Sk Sk—1 I
e () has positive slopes equal to
bp1—r — - th—1 — lp—2 .
s 1 - 7 Yo Pep— if u=pr,r>1,
_ k1 —tE—r _ _ lg—1—tlg—2
Sk+1—r — Sk—r m Sk—1 — Sk—2 I

e () has maximal slope equal to 0, if 4 = p,,r = 1.
Those latter equal to
— — _1 f— — _1 .
(T IR (T T R (TR
resp.
— — 71 pa— pa— 71 .
(:ull_:u 1) 7'-'7(ﬂr31_ﬂ 1) 71f/’L:/’LT7T>1'
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m2
(2) Let us write @ := Z bl-(()a;. Following the proof of (1), we find mgy := s, — %
ieK-1z
Using (LA, we find that the (-degree of by, is tr, and the (-degree of the other b; are

bounded by t + (mg — i)u. Hence, for all i € [m1,mo] N K~17Z,

b,

deg (—Z> < (mg —i)p.

by
This proves (2).
(3) Assume now the existence of f € M(C*,0) solution of @ (f) = 0. Let us prove the
existence of a finite set ¥ C C*/¢X "%, such that for all \ € ((C*/qK_IZ) \ X, there exist
My € C*, L,e > 0, such that f admits an analytic continuation on

U {g eCr|le - Aqf] < e]qu] }
leK—17Z

that satisfies

(1.6) P < L|®yum (Mo[c])

Let M € C*. The function, f(C)@‘q‘l/K(M]C])*“/K satisfies a linear ¢-difference equation

‘u/K

N

- B, (a)
(A7) Rar (FQOpe(MIC) ™K = s QPR [T O (VI
with |
o OSA QMR
Bu= 2 g i = 2 el
€K7 ety

Due to (IL4), for all M € C*, the ¢; a(¢) are bounded for || big. Note that for all M € C*,
for all i € K~'7Z, we have:

C@M = M(l_mQ)MCZ‘,l.

mo—1/K
. . 1
Consequently, there exists My € C* such that Z ¢i, M, ()| is bounded by IR (s =m1)
=m
iEK_%Z
for |¢| big. The g-difference equation satisfied by the right-hand side of (7)) implies that it
tends to 0 as |C| tends to infinity. We recall that by construction, ¢, am, = 1. From (L)

and the previous facts, we obtain that for all ¢ € C* with (¢¢ “'Z does not intersect the
poles of the ¢; uy,, there exists a constant L > 0, such that we have for all ¢ € Z:

1 (00) Oy () < 1

In particular, this yields (IL6]). The g-difference equations satisfied by @‘q‘l/K(MOK- |/ K

G‘q‘l/K (M0|C|)H/K
1/ (1Moc])

la|

f S HMK'

and ©,1/u (| Mo¢]) imply that the function is bounded. Hence

0

Proof of Theorem [L.10. Applying successively Proposition [LT3]r times, Z%,ﬂ 0. olg,ir (ﬁ)
has maximal slope equals to 0 and therefore it converges. Proposition [[LI3] yields that
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it belongs also to H, x. Let A € C*/qKﬁ1Z such that the convergent series belongs to

H,[j‘l} - Because of Remark [I.5] for ¢ = 1, the function

ﬁ[)‘]Ko---oﬁ[)‘]Kolg’,ﬂ o---0B,, (it) e M(C*,0)

Ki, K1

satisfies the same linear g-difference equation as the formal power series [;’,%. 4100 -olSA’,iT (ﬁ)
Using additionally Proposition [LI3] we obtain that for i = 1,

EL);],K o--- oﬁl[j‘},K o[;’,..;1 0---0 BHT (il) S Hﬁi-kvi'

1
We apply successively the same reasoning for ¢ = 2,...,¢ = r — 1. We obtain the existence
of ¥/, a finite subset of (C*/qK_IZ, such that for all \ € ((C*/qK_IZ) \ ¥/, the following
composition of functions makes sense

L[M KO"'O‘CLAJ,KOBAHIO"'OBHT (;L) EHHT,K-

Kr—1,
We recall that % € N*, which implies in particular that H,, g C Hy, ,. Therefore, there
exists X, a finite subset of (C*/q"ilz, such that for all \ € ((C*/q"ilz) \ 3, the following

composition of functions makes sense

SN (R) =L oL oot 0B, 0 0B, () € M(C",0).

T Kr—1,
Using again Remark [[LB] we deduce that S([]A] (ﬁ) satisfies the same linear g-difference
equation as h. Since S([JA] (ﬁ) € M(C*,0) is solution of a linear g-difference equation

with rational coefficients, we obtain that S([J)‘] (ﬁ) belongs to M(C*). This concludes the
proof. O

Using Proposition L9 we find that the meromorphic solution of Theorem [0l is as-
ymptotic to h.
Proposition 1.14. Let us keep the same notations as in Theorem [LI0O  For all
RS ((C*/q"ilz) \ X, we have
Al (7 Al 7
5([1 ] (h) S~

Hr,m 770

Remark 1.15. Let us keep the same notations and let A € (C*/q”_lz) \ 2. We wonder
if the map h — Sw (ﬁ) has algebraic properties. We give here a partial answer. Let

us consider f € C(z) such that fh € C[[z]]. Since the slopes of the linear g-difference
equations satisfied by h and fh are the same, we obtain using Remark [[L5] that there
exists a finite set Y/ C (C*/q"_lz, such that for all \ € (C*/q”_lz) \ X,

A 7 Al (7
S (h) = £sP (h).
Let us now state a similar result for the system, which will be used in §21 Let us con-
N N m . N
sider the vector Y = (Yj) € ((C[[z]]) of formal power series, solution of o, = AY,
i<m

with A € GL,,(C(2)). Let {p1,..., -} € (Qs0)", be minimal in r for the inclusion, such
that each entries of the vector Y satisfy a linear ¢-difference equation in coefficients in C|z]
with positive slopes contained in {u1, ..., ur}. Without loss of generality, we may assume
that py < --- < pip. Set pr41 := +00. Let (k1,...,k,) be defined as:

1., -1_ -1

=R T By

Let K € N* (resp. n € N*) be minimal , such that for all i € {1,...,r}, £ € N* (resp.
such that ;> € N*).

K;
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Theorem 1.16. There exists a finite set £ C C*/q" ', such that if A € ((C*/q"_lz) \ X,

then
(BeyorroBs, (Y]))]Sm e (HY )"
and fori =1 (resp. i =2,...,i=1r—1),
(Do ol gobuyooby (%) e (A )"

Moreover, the following vector

siN (y) = (gw oL ool 0By o 0B, (y]))]gm c (M(C*))m,

Kr,1 Kp—

is solution of aqSéM (Y/) = ASéM (57) , and satisfies Sé” (57) NL)‘] LY.

T

Proof. The proof is similar to the proof of Theorem [LTOl The only major difference is
that we may need additionally Remark [I.7] to treat the coordinates h of Y that satisfy

By, o--- 0B, ()E(C{C} forie{2,...,r}. O

2. APPLICATIONS

We give two applications of Theorem In §2.11 we obtain an explicit version of a
theorem proved by Praagman: we show how we can compute a fundamental solution of a
linear g-difference system in coefficients in C(z), of which entries are meromorphic on C*.
In §2.2 we explain how the solutions of Theorem are related to the solutions present
in [RSZ13] in a particular case.

If the entries of the matrix A = (fl i,j) € GL,, ((C[[z]]) are solutions of linear ¢-difference
equations in coefficients in C(z), then for a convenient n € N* and convention choice of

A e C* /q”_lz, we may apply the g-Borel and the ¢-Laplace transformations to every
entries of H as in Theorem [T and for such a A € C*/ q”ilZ, we write

S ()= (5 (1)

2.1. Computing a meromorphic fundamental solution of a ¢-difference system.
The goal of this subsection is to show how to compute an invertible matrix solution of
a linear g-difference system in coefficients in C(z), of which entries are meromorphic on C*.

First, we introduce some notations. Note that the Theta function was already
introduced but we recall the expression for the reader’s convenience. Let us consider

I —tty . z _d

the meromorphic functions on C*, ©,( Zq 2 2, Ay(2) = @q(z)%@q(z) and
LeZ

Ac(z) = ‘é’;)) with ¢ € C*, that satisfy the linear ¢-difference equations:

¢ 0,0,=20,.
o 0,ly =1V, + 1

o 0, A =cA..
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Let C € GL,(C) and consider now the decomposition in Jordan normal form
C = P(DN)P~! where DN = ND, D = Diag(d;) is diagonal, N is a nilpotent upper
triangular matrix and P is an invertible matrix with complex coefficients. We construct
the matrix

Ac := P (Diag(Ag )€ M%) P € GLy, (C(£, (Ac)ucc- ))
that satisfies
ogAc = CAc = AcC.
Remark that if ¢ € C* and (¢) € GL;(C) is the corresponding matrix, then by construc-

tion, we have A = A..

Let n € Z,d € N*, with ged(n,d) = 1, if n # 0 and a € C*. We define the d times d
diagonal matrix as follows:

E, 44 := Diag (qu (az)", ..., qu(qdflaz)”).
Let C((z)) (resp. C({z})) be the fraction field of C[[z]] (resp. C{z}) and let
A, B € GL,, ((C((z))) The two g-difference systems, o,Y = AY and o,Y = BY are
said to be formally (resp. analytically) equivalent, if there exists P € GL,, (C((z))) (resp.

P e GL, (C({z}))), called the gauge transformation, such that
B = PlA]g, = (0,P)AP™".
In particular,
oY = AY <= 0, (PY) = BPY.

Conversely, if there exist A, B, P € GL,, ((C((z))) such that oY = AY, 0,Z = BZ and
Z = PY, then
B = P[4] oq

For the proof of the following theorem, see [Bugl2], Theorem 1.18. See also [vdPROT7],
Corollary 1.6.

Theorem 2.1. Let B that belongs to GL,, ((C({z})) There exist integers ny,...,ng € Z
we will assume to be in increasing order, dy, ... ,dg, my,...,my € N*, with gcd(n;, d;) = 1,
> myd; = m, and

o A €GL,(C[:]),

e C; € GL,,,(C),

e q; € Cr,
such that B = fI[A]gq, where A € GLy, ((C(z)) is defined by

oq (Diag (ACi ® Eni,di,ai)) = ADiag (ACi (%4 Eni,di,(li)7
ACI 2 Enl,dl,al
and Diag (ACZ, ® Eni,di,ai) =
ACk ® iy, dyax

Assume now that B € GL,,(C(z)). We want to construct a fundamental solution of
the system o,Y = BY, of which entries are meromorphic on C*. First, remark that the

entries of H satisfy linear g-difference equations in coefficients in C(z) since

B =0, (ﬁ) AH™
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Lemma 2.2. There exist n € N* and a finite set Y C (C*/q"ilz, such that for all
A€ ((C*/q"ilz) \ &, the invertible matriz S([IM (FI) € GL,,, (M(C)), is solution of:
N N1
B=o, (S)N(f))asP (i) .

Proof. Let n € N* and ¥ € C*/¢" 'Z be such that for all \ (C*/q”_lz) \ ¥, we may
apply the ¢ Borel-Laplace summation to every entries of H and to det (I:I ) We apply

Theorem [LT6l We only have to prove that S([IM (I:I ) is invertible. There exists u € Q-g,
such that
det (SPV () ~, det () # 0.

det (P (7)) # 0.

This implies

Corollary 2.3. Let \ € (C*/q"ilz) \S. Then,

S () Diag(Ac, ® Ep,dy0;) € GLin (M(CY)
is solution of oY = BY .
2.2. Local analytic classification of linear ¢-difference equations. Consider a linear
g-difference system in coefficients in C({z}) that will satisfy an additional condition we

explicit above. The next theorem says that after an analytic gauge transformation, we
may put this system in the Birkhoff-Guenther normal form.

Theorem 2.4 ([RSZ13], §3.3.2). Let B € GLm(C({z})) and let us consider integers

Niyeeoy Mgy diy ..., dig,m1, ..., Mg, and matrices C1,...,Cy given by Theorem [21]. Let us
assume that all the d; € N* are equal to 1. Then, there exist
n;—1

o U; ;, m; times m; matrices with coefficients in Z Cz",

v=n;
e FeGL,(C{}),
such that B = F[D]q,, where:
ZMCy
0 Ui j
D =
0 .0 G
In §3.3.3 of [RSZ13], it is shown the existence and the uniqueness of
Id
0 1
=1 € GLy (C[[]),
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formal gauge transformation, that satisfies

D= fI[Diag(z"iCi)} ”
q

In [RSZ13], Theorem 6.1.2, it is proved that if for all i < j we choose \; ; € (C*/q(”f*"i)_IZ
such that

njfnifl

Ny e T A

QU 7
—q",
Qe

for any oy € Sp(C;), that is the spectrum of C;, and any a;r € Sp(Cj), then there exists
an unique matrix

oo
0 ... gl

Al = | e Gl (M),
0 ... ... 0 1

solution of DAl = &, (fl[()‘w')}) Diag(z"C;), such that for all i < j, and for |z| close
to 0, the matrix ]-All[z”} has simple poles contained in the spirals —)\i,jq(”ﬂ' —ni) T2

Assume now that k = 2 and let us define the finite set ' C C*/ q2) 72 a5 follows:

5= {ne g

no—ni—1
Jday € Sp(Ch), ag € Sp(Cy), such that A" ™ ¢g~ = ¢t = Z—;qz} )

The next theorem says that in this case, the above solution is exactly the same as the one
in Theorem [L.16)

Theorem 2.5. Let )\ € (C*/q(m_"l)_lz) \ . Then, the entries of Bpn,—n, (ﬁ1,2) belong
(Al
to H

nz—ni,n2—mni (an

DY
SN (g):gm — (1d HH _
q 0 Id

Proof of Theorem [Z. Using D = fI[Diag(z"iCi)} , we find,
Oq

(21) ZnQO'q (ﬁl,g) CQ = anclﬁLg — ULQ.

Hence, there exist K € N* and a finite set ¥/ C (C*/qulZ, such that if
A€ ((C*/qKﬁlZ) \ ¥’ then the matrix

A (7
N (7). (1d S¢ (Hie *
S (#) - (0 gd ) € GLn (M(C),
is solution of DSéA] (ﬁ) = oy (S([I)‘] (ﬁ)) Diag(z"C;), and Sg‘] (ﬁLQ) has simple poles
that are contained in the ¢'/%-gpirals

_AETZ,
We claim that K = no — ny. Since the no — ny is an integer, we have to prove that each

entry of ﬁLQ satisfies a linear g-difference equation with maximal slope ny — ny. This
is a direct consequence of (ZI]) and the fact that the entries of C; and Cs belong to C.
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Hence K = ny — ny and the properties described just above the theorem tell us that if
A€ (C*/q("2_"1)7lz) does not belongs to neither ¥’ or X, then

S (1) = A0,

To conclude to proof, we have to show that ¥/ C 3. Let \ € ((C*/q("?_"l)ﬂZ) \ ¥ and let
us prove that A ¢ ¥'. Applying Z%nrm to fng, we find using Lemma [[4] that

_ng—nj—1 A

anfmq ang—nl (I:ILQ) CQ — CanQ—nl (IA{LQ) - Bng—m (zimUL?) :

Due to Lemma [2.6] below, the entries of Z%nrm (ﬁl,Q) belong to Hgfm,nrm. Therefore,

we have \ ¢ ¥ O

Lemma 2.6. Let a € C be an eigenvalue of X — CleCQ. Then, « is the quotient of
an eigenvalue of Co by an eigenvalue of C1.

Proof. Let a € C that is not the quotient of an eigenvalue of Cy by an eigenvalue of Cf.
Let us prove that a is not an eigenvalue of X — C| X Cy. This is equivalent to prove
that 1 is not an eigenvalue of X ~— o 'Cy LX 5, which is equivalent to the fact that
X — aC1X — XCs is not bijective. Let X such that aC1 X = XCs. Then, for all
P e C[T], P(aC1)X = XP(Cs). Taking P = Py, the characteristic polynomial associated
to aCq, we find that 0 = X P;(C2). The assumption we have made on « tell us that
aCy and Cy have no eigenvalues in common. This implies that P;(C2) is invertible, and
therefore X = 0. We obtain that X — aC1X — X5 is bijective. Hence, « is not an

eigenvalue of X — C; ' XCs. U
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