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CONFLUENCE OF MEROMORPHIC SOLUTIONS OF ¢-DIFFERENCE

EQUATIONS.

THOMAS DREYFUS

ABSTRACT. In this paper, we consider a g-analogue of the Borel-Laplace summation
where ¢ > 1 is a real parameter. In particular, we show that the Borel-Laplace summa-
tion of a divergent power series solution of a linear differential equation can be uniformly
approximated on a convenient sector, by a meromorphic solution of a corresponding
family of linear ¢-difference equations. We perform the computations for the basic hy-
pergeometric series. Following Sauloy, we prove how a basis of solutions of a linear
differential equation can be uniformly approximated on a convenient domain by a basis
of solutions of a corresponding family of linear g-difference equations. This leads us to
the approximations of Stokes matrices and monodromy matrices of the linear differential

equation by matrices with entries that are invariants by the multiplication by gq.
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2 THOMAS DREYFUS

INTRODUCTION

When ¢ tends to 1, the g-difference operator d, := f % “tends” to the usual
derivation. Hence every differential equation may be discretized by a ¢-difference equation.
Given a linear differential equation A and a family of linear g-difference equations A, that
discretize A, we wonder if there exists a basis of solutions of A,, that converges as g goes

to 1 to a given basis of solutions of A. This question has been studied in the Fuchsian
case (see [Sau00]) and the main goal of this paper is to consider the general situation.
The problem is that for non-Fuchsian linear differential equations, the fundamental
solution, i.e., the invertible solution matrix, given by the Hukuhara-Turrittin theorem
involves divergent formal power series. However, we may apply to them a Borel-Laplace
summation process in order to obtain a fundamental solution that is analytic on a
convenient sector. To extend the work of Sauloy to the non-Fuchsian case, we have to
approximate the Borel-Laplace summation of a given formal power series solution of a
linear differential equation, by a g-analogue of the Borel-Laplace summation applied to a
formal power series solution of a corresponding family of linear g-difference equations. Our
main result, Theorem 4.5, gives a confluence® result of this nature. Then, we use our main
result to prove that under convenient assumptions, a basis of meromorphic solutions of a
linear differential equation, not necessarily Fuchsian, can be uniformly approximated on a
convenient domain by a basis of solutions of a corresponding family of linear g-difference
equations. This leads us to the approximations of Stokes matrices and monodromy ma-
trices of the linear differential equation by matrices with entries that are invariants by the
multiplication by q. We also perform the computations for the basic hypergeometric series.

* 3k 3k

Let ¢ > 1 be a real parameter, and let us define the dilatation operator o,

oq(f(2)) = f(qz).

See Remark 4.6 for the reason why we consider ¢ real, and not ¢ complex number such

that |g| > 1, like others papers present in the literature. We define ¢, := Ug:{d, which

converges formally to J := zdiz when ¢ — 1. Let us consider
5QY(ZaQ) = B(Z)Y(ZaQ)
¥(x) = BEY(),

where B(z) € M,, ((C(z)), that is a m by m square matrix with coefficients in C(z). We

are going to recall the main result of [Sau00] in the particular case where the above matrix
B(z) does not depend upon ¢ and ¢ > 1 is real. Notice that a part of what follows
now is purely local at z = 0, which means that we could consider systems that have
coefficients in the field of germs of meromorphic functions in the neighborhood of z = 0,
but for the simplicity of exposition, we have assumed that the coefficients are rational.
In [Sau00], Sauloy assumes that the systems are Fuchsian at 0 and the linear differential
system has exponents at 0 which are non resonant (see [Sau00], §1, for a precise definition).
The Frobenius algorithm provides a local fundamental solution at z = 0, i)o(z), of the
linear differential system 8Y (z) = B(2)Y (z). This solution can be analytically continued
into an analytic solution on C*, minus a finite number of lines and half lines of the

form Ryga := {xa‘x E]O,oo[} and R>1 5 := {xﬁ’x S [1,00[}, with «, 8 € C*. Notice that

*Throughout the paper, we will use the word “confluence” to describe the g-degeneracy when ¢ — 1.
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in Sauloy’s paper, the lines and half lines are in fact respectively g-spirals and ¢-half-spirals
since the author considers the case where ¢ is a complex number such that |g| > 1.

In [Sau00], §1, the author uses a g-analogue of the Frobenius algorithm to construct
a local fundamental matrix solution at z = 0, ®g(z,q), of the family of linear g¢-
difference systems 6,Y(z,q) = B(2)Y (z,q), which is for a fixed ¢, meromorphic on C*
and has its poles contained in a finite number of g-spirals of the form ¢« := {¢"a, n € Z}
and ¢V B := {¢"B,n € N*}, with «, 8 € C*. Sauloy proves that ®¢(z,q) converges uni-
formly to i)o(z) when ¢ — 1, in every compact subset of its domain of definition.

Let us assume that the systems are Fuchsian at co and the linear differential system
has exponents at oo which are non resonant. Let us consider ®,(z,q) and ®(z), the
corresponding fundamental solutions at infinity of the linear 6 and d,-systems. Sauloy

-1
shows that the Birkhoff connection matrix P(z,q) := (@oo(z,q)) ®y(z,q), which is

~ ~ -1 ~
invariant under the action of o, converges to P(z) := (@oo(z)) ®o(z) when ¢ — 1.
The matrix P(z) is locally constant and the monodromy matrices at the intermediates
singularities (those different from 0 and oo) of the linear differential system can be
expressed with the values of P(z).

The goal of this paper is to prove similar results in the non-Fuchsian case. The question
implies difficulties of very different nature than in the Fuchsian case, since divergent
formal power series may appear as solutions. The prototypical example is the Euler
equation and one possible g-deformation:

200y(2,q) + ylz,q) = =z

z269(z)  + ylz) = =
which admits respectively the formal divergent solutions:
oo [ee]
Z(—l)n[n]!qznﬂ, and Z(—l)”n!z”"‘l,
n=0 n=0
where [n]; = [Tiolllq, g == (1 + ...+ ql_l) if | € N*, and [0], := 1. In this example, the
first formal power series converges coefficientwise to the second when ¢ — 1. However,

there exist also analytic solutions of the linear differential equation. For example, if
d # 7[27] the following functions are solutions:

ocetd ,—(/z
e
dc.
L e

More generally, given a formal power series solution of a linear differential equation in
coefficients that are germs of meromorphic functions, it is well known (see §1) that we
may apply to it several Borel and Laplace transformations to obtain a germ of analytic
solution on a sector of the form

S(a,b) = {z € (E‘ arg(z) E]a,b[},

where C denotes the Riemann surface of the logarithm.

The situation is similar in the ¢-difference case. Consider a linear ¢-difference system
with coefficients that are germs of meromorphic functions, and assume that the slopes
belongs to Z (see [RSZ13] for the definition). Like in the differential case, formal power
series appear as solutions. The authors of [RSZ13] show how to transform a formal
fundamental solution into fundamental solutions which entries are meromorphic on a
punctured neighborhood of 0 in C*. Then, it is shown how the meromorphic fundamental
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solutions are linked with the local meromorphic classification of g-difference equations.
It is natural to study the behavior, as q goes to 1 of their meromorphic fundamental
solutions. Unfortunately, there are two difficulties for this approach:

e In [RSZ13] it is used the Birkhoff-Guenter normal form which has no known
analogous in the differential case. Study the behavior of the normal form as ¢
goes to 1 seems to be very complicated.

e Although there are several g-analogues of the Borel and Laplace transformations,
see [DVZ09, MZ00, Ram92, RZ02, Zha99, Zha00, Zha01, Zha02, Zha03], we do not
know how to express the meromorphic fundamental solutions using a g-analogue
of the Borel-Laplace summation.

* % %

Let us state now our main result, Theorem 4.5, in a particular case. Let z — }AL(Z, q),h
be formal power series solutions of

b (2)670(2,9) +- -+ bo(2)h(z,¢) = 0

bn(2)0"h(2)  +---+bo(2)h(z) = 0,
where by, ..., b, € C[z]. We assume that h converges coefficientwise to h when qg — 1.
We prove that for ¢ > 1 sufficiently close to 1, we may apply to h several g-analogues of
the Borel and Laplace transformation and obtain S, (ﬁ), solution of the family of linear

g-difference equations that is for ¢ fixed meromorphic on C*. Moreover, S, (ﬁ) converges

uniformly on a convenient domain to the Borel-Laplace summation of h when q — 1.
Notice that although this theorem deal with a problem which is purely local at z = 0, we
have assumed that the equations have coefficients in C[z], instead of the ring of germs of
analytic functions, since we need this assumption to prove the theorem. Another result of
same nature can be found in [DVZ09], Theorem 2.6. See Remark 4.7 for the comparison
of the setting of this result and our theorem.

In the appendix, we introduce another g-Laplace transformation and prove an analo-
gous result for the associated g-Borel-Laplace summation. See Theorem A .4.

In §7, we consider the basic hypergeometric series ,ps. Let us choose r,s € N
with r>s+1, a1,...,00,01,...,0s € C\ (=N) with different images in C/Z,
let p := ¢~ '/==1) "and consider, see [GRO4],

P, P
1+s—7r
rPs 2 (1 - Jg) z
BB17 . ’BBS
(14s—r)n
(" ip)a - (0™ 9 (1-p)

B—n(n—l)/Q(_l)n(l+s—r) P

)

= (2;2)n (P15 D)0 - - - (P55 )

where (a;p)ns1 := (1 —ap™)(a;p), and (a;p)o := 1, for a € C. The above series converge
coefficientwise when ¢ — 1 t

F. B ; <—1)1+87TZ = i (@)n - - (or)n (71)n(1+s—7‘)2n
o Bi,. .., Bs 7 ‘ nzon!(ﬁl)n...(ﬁs)n
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where, (a)p+1 := (o +n)(a), and (a)p := 1 for « € C*. We prove that the series ,ps
and ,Fs do not satisfy the assumptions of our main result, Theorem 4.5. However, we
perform explicitly the computation of a ¢-Borel-Laplace summation of ,¢s, using others
g-analogues of the Borel and Laplace transformations, and prove the convergence when
q — 1 to the classical Borel-Laplace summation of ,Fs. See Theorem 7.4. See also
[Zha02], §2, for the case r = 2,5 = 0.

In §8, we apply our main result to prove that we can uniformly approximate on a
convenient domain a basis of solutions of a linear differential equation by a basis of solutions
of a corresponding family of linear g¢-difference equations. Our theorem holds in the non-
Fuchsian case but does not recover Sauloy’s result in the Fuchsian case. In other words,
the two results are complementary.

In §8.2, we are interested in the case where the linear §, and J-equations have formal
coeflicients and we want to prove the convergence, in a sense we specify later, of a basis of
formal solutions of a family of linear d4-equations, to the Hukuhara-Turrittin solution of a
linear §-equation. A problem is the size of the field of constants. A fundamental solution
of a linear differential system is defined modulo an invertible matrix with complex entries,
while a fundamental solution of a linear g-difference system is defined modulo a matrix
with entries in Mg, the field of functions invariant under the action of oy, i.e., the field of
meromorphic functions over the torus C* \ ¢”. This field can be identified with the field
of elliptic functions. The consequence of this is that we have to choose very carefully our
basis of solutions of the family of linear §,-equations in order to have the convergence.
For example, if we consider

Sqy(z,q) = (27" +1y(z,q)

0g(z) = (1 +Dy2),
the solutions of the linear d-equation are of the form g(z) = a (e‘fl + z) with a € C.
Let us introduce the Jacobi theta function

0,(:) = Y =5 — [T (g ) (1rq ) (1eg ),

nel n=0

which is analytic on C*, vanishes on the discrete g-spiral —¢%, with simple zeros, and
satisfies:

0404(2) = 204(2) = Oy (z_l) .

1 & qnz"

Oq(2) = Ii=o(d® —q+ 1)’
but the behavior as ¢ goes to 1 is unclear. If we want to construct a solution of the family
of linear d4-equations that converges to a solution of the linear J-equation, we need to
introduce the g-exponential:

The following function is solution of the J,-equation y(z, q) =

n

eq(2) =) ;&T =[O+ (g-1g " "2).
n=0 q n=0

.
qN
1—q

fies d4eq4(2) = ze4(z). The function, e, (qz_l)_1 + z is solution of the family of linear d,-

It is analytic on C, with simple zeros on the discrete g¢-spiral and satis-

equations and converges uniformly on the compacts of C* to e=*"" + 2z when q — 1. More
generally, we will multiply a fundamental solution of the family of linear d,-equations
by a convenient matrix with entries in Mg, in order to have a confluence result. See
Theorem 8.4 for a precise statement.
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In §8.3, we are interested in the case where the linear 6, and d-equations have coefficients
in C(z). We combine our main result, Theorem 4.5, and what we have just mentioned
above, to prove that under reasonable assumptions, we have the uniform convergence on
a convenient domain of a basis of solutions of a family of linear d,-equations to a basis
of solutions of the corresponding linear §-equation when ¢ — 1. This leads us to the
convergence of the ¢-Stokes matrices, that do not correspond to the ¢-Stokes matrices
present in [RSZ13], to the Stokes matrices. See Theorem 8.10.

In §8.4, following [Sau00], we construct a locally constant matrix, and his values
allow us to obtain the monodromy matrices at the intermediate singularities of the
linear differential system. This result is an analogue of [Sau00], §4, in the irregular
singular case. See Theorem 8.11. The results of §8.3 and §8.4 could be the first step
to a numerical algorithm of approximation of the Stokes and monodromy matrices. See
[FRJT09, FRRJT10, vdHO7, LRR11, Rem12] for results of numerical approximation of
the Stokes matrices and [MS10, Mez11] for results of numerical approximation of the
monodromy matrices.

X 3k 3k

The paper is organized as follows. In §1, we make a short overview of the Stokes
phenomenon of the linear differential equations. In particular, we recall the definition of
the Stokes matrices. In §2, we recall some results that can be found in [RSZ13] on the
local formal study of linear g-difference equations. In §3, we introduce the ¢-Borel and
the g-Laplace transformations.

The §4, is devoted to the statement of our main result, Theorem 4.5, while §5 and §6
are devoted to the proof of Theorem 4.5. In §5, we prove a proposition that deals with the
confluence of meromorphic solutions. In §6.1, we study the confluence of the g-Laplace
transformation. In §6.2, we show Theorem 4.5 in a particular case, and in §6.3, we prove
Theorem 4.5 in the general case.

As told above, in §7, we study basic hypergeometric series, and in §8, we apply our
main result to obtain the uniform convergence on a convenient domain of a basis of
solutions of a family of linear d4-equations to a basis of solutions of the corresponding
linear §-equation when ¢ — 1.

Acknowledgments. This paper was prepared during my thesis, supported by the
region Ile de France. I want to thank my advisor, Lucia Di Vizio, for the interesting
discussions we had during the redaction of the paper. I also want to thank Jean-Pierre
Ramis, Jacques Sauloy and Changgui Zhang for accepting to answer to my numerous
questions about their work. Lastly, I heartily thank the anonymous referee who spent a
great lot of time and effort to help me make the present paper more readable.

1. LOCAL ANALYTIC STUDY OF LINEAR DIFFERENTIAL EQUATIONS

In this section, we make a short overview of the Stokes phenomenon of linear differential
equations. See [Bal94, vdPS03] for more details. See also [Ber92, LR90, LR95, Mal95,
MR92, Ram93, RM90, Sin09).

Let CJ[[z]] be the ring of formal power series and C((z)) := C[[z]][z"}] be its fraction
field. Let K be an intermediate differential field extension: C(z) C K ¢ | J C ((zl/”)).

vEN*
We recall that § = z%. Let us consider the linear differential operator with coefficients
in K
ﬁ = Zmém _|_gm715m—1 + - +50
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The Newton polygon of P is the convex hull of

m
U {6.5) e N xQli <k, j > vy () },
k=0
where vy denotes the z-adic valuation of K. Let {(di,n1),...,(dr,n,)} be a minimal

subset of Z? for the inclusion, with d; < --- < d,, such that the Newton polygon is the

convex hull of
'

U {(z’,j) € N" x Q’i <dg,j=> nk}

k=0
We call slopes of the linear §-equation the positive rational numbers %, and multi-
plicity of the slope %, the integer d;11 — d;.
0 1 ... 0
Let bo,...,bm—1 € K and B := ' ' ’ € M,,(K) be a companion
: 1
—by ... ... —bp_1

matrix. The linear differential system §Y = BY is equivalent to the linear differential
equation 6™ + by 16™ G + -+ + boj = 0. Let P := 0™ + by_16™ L +---+by. We
define the Newton polygon of §Y = BY, as the Newton polygon of P. We also define
the slopes and the multiplicities of the slopes of §Y = BY as the slopes and the multi-

plicities of the slopes of P. Notice that if B € M,, ((C((z))) is not a companion matrix,
we can still define the Newton polygon of §Y = EY/, but we will not need this in this paper.

The linear differential equations §Y = AY and §Y = BY, with A, B € M,,(K) are said
to be equivalent over K if there exists H € GL,,(K), that is an invertible matrix with
coefficients in K, such that

A=H [EL; = HBH '+ 6HH ™"

Notice that in this case:
§Y = BY < § (f[?) = AHY.

Conversely, if there exist A, B € M,,(K) and H € GL,,,(K), such that §Y = BY ,§Z = AZ
and Z = HY, then
A=H|B|,.

One can prove that if the above matrices A, B € M,, (K) are companion matrices, then
they have the same Newton polygon.

Let us consider 6Y = BY, where B € M,, ((C((z))) is a companion matrix, having
slopes k1 < --+ < ky—1 with multiplicity mq,...,m,_1, and let v € N* be minimal such
that all the vk; belongs to N. The Hukuhara-Turrittin theorem (see Theorem 3.1 in
[vdPS03] for a statement that is trivially equivalent to the following) says that there exist

et ()

o ;€ Mml((C),
e )\, ez VrC [2_1/”},
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such that B = H [Diagi (Ij@ + (ﬁi X Idmi)} 5 where
El + 55\1 X Idml
f/k + (55% X Idmk

Roughly speaking, this means that if B €M, (C((z))) is a companion matrix, there exists

a formal fundamental solution of §Y = BY, of the form

H(2)Diag <zziexi(z)“dmi> )

Of course, written like this, this statement is not rigorous, since matrices H(z)
and Diag (zLieAi(Z)XIdmi) can not be multiplied.
Remark that for all n € Z, we have also

B = (z"f[) [Diag (f/z —n x Id 40X x Idmi)}57

which allows us to reduce to the case where the entries of H belongs to C Hzl/ v H

We recall that C is the Riemann surface of the logarithm. If a,b € R with a < b, we
define A(a,b) as the ring of functions that are analytic in some punctured neighborhood
of 0 in

S(a,b) := {z € @‘ arg(z) E]a,b[}.

Let C{z} be the ring of germs of analytic functions in the neighborhood of z = 0,
and C({z}) be its fraction field, that is the field of germs of meromorphic functions in

the neighborhood of z = 0. Let B € M,, (C({z})) be a companion matrix. We are now

interested in the existence of a fundamental solution of the system §Y = BY, we will see
as an equation, that has coefficients in A(a, b), for some a < b.

Once for all, we fix a determination of the complex logarithm over C we call log. We
define the family of continuous map (pq),cc, from the Riemann surface of the loga-

rithm to itself, that sends z to e®'°8(*). One has p, 0 p. = ppe for any b,c € C. For

fi=3faz" € U C ((z””)) and ¢ € Q~q, we set p. <f> =3 fn2 € U C ((Zl/l/»‘
For f € A(a,b)yealjld ¢ € Qsg, we define p. (f) := f(z°). Of course, the Vdeel\%initions of pe

coincide on C({z}).

Definition 1.1. (1) Let k € Q. We define the formal Borel transform of order k, By, as
follows:

B el — i)
%anz — %7F(1+%)C’

where I' is the Gamma function. We remark that we have for all £ € Q-:

Bk =Pk © Bl ©P1/k-

JrIf no confusions is likely to arise we will write Diag (LJF(SL xIdmi) instead

of Diag, (Zl +5X¢ X Idmi). Notice that altough the index ¢ seems here to be useless, he will be

later helpfull when we will consider diagonal bloc matrices with diagonal bloc having several indexes.
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(2) Let d € R and k € Qso. Let f be a function such that there exists ¢ > 0, such
that f € A(d — e,d + ¢). We say that f belongs to Iﬁlg, if f admits an analytic continuation
defined on S(d — €,d + ¢) that we will still call f, with exponential growth of order k at
infinity. This means that there exist constants J, L > 0, such that for ¢ € S(d —e,d + ¢):

F(Q) < Texp (LICI*).

(3) Let d € R and k € Qs¢. We define the Laplace transformations of order 1 and k in the
direction d as follow (see [Bal94], Page 13 for a justification that the maps are defined)

£f: HY — A(d-Z%,d+3)

id

R /Om O (g,

Lf: WY — Ad-Z.d+ )
g > proLfopi(g).
The following proposition will be needed for the proof of our main result, Theorem 4.5.
Proposition 1.2. Let f € C[[2]], let d € R and let § € HY. Then:
B (57) = o8, ().
6B, (zf) = (B (f), where § 1= (%.
cé (6§> =68 (g).
2£4(53) = £4(cg) - 2£4(3)-
Proof. The two first points are straightforward computations. Let us prove the third point.

Making the variable change ¢ + ¢ in the integral, we find that for all ¢ > 1, £¢ commutes
with o4. Then, for all ¢ > 1, we find

Ecll (5q§) = ‘5q£§l (5)
Since g € ]ﬁl‘f, the dominated convergence theorem allow us to take the limit as q goes to 1
dls=\ _ 1; dis =\ _ 1; d(~\ _ spd(~
£1(5) = i 24(6) = st () =021().

Let us prove the last equality. Since g € Iﬁlﬁi, we may perform an integration by part (let g’
be the derivation of g), and we obtain:

w£i(03) = [T e e ag
-/ e (-1+%)ac

=£{(¢g) - =£1(3). O

ooeid

Remark 1.3. Let k € Qxg, let dvg, co,d. € C [zk} and let us consider f e C szH, that
satisfies

(1.1) S di(2)6°f = 0.
=0
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From Proposition 1.2, there exist ¢y,...,¢s € C [zk} with degree less or equal that the
maximum of the degrees of the Ji, such that

S

> a(2)0By (f) =o0.

=0

Furthermore, if there exists d € R such that By, ( f) € ]ﬁlg, then we have:
0Lf o By () = £ 0 By (3f) and 6 (F2i 0 By (F)) = £ 0 B (3 (24F)) -

Hence, £ o By, (f) is solution of (1.1). But in general, if f € C[[z]] is solution of a linear 4-

equation with coefficients in C [z], then, for all (d,k) € R x Qs¢, we have By, (f) ¢ Iﬁlg,
and we must apply successively several Borel and Laplace transformations to compute an
analytic solution of the same equation. See Proposition 1.5.

Let us consider §Y = BY, where B € M,, (C({z})) is a companion matrix and let H

be a formal matrix obtained with the Hukuhara-Turrittin theorem. We have seen that we
may assume that H has no poles at 0. Let h € C Hzl/l’” be an entry of H and let us

consider a linear §-equation satisfied by h:
(1.2) b0 h 4 b1 6™ Y+ -+ 4 boh = 0,

with by, # 0 and b; € C ({z””}). Assume that (1.2) has at least one slope differ-

ent from 0. Let dy := max (2,deg (50) , .. deg (5m>), where deg denotes the degree.

Let k1 < -+ < k,—1 be the slopes of (1.2) different from 0, let k, be an integer strictly
bigger than k,_1 and dy, and set k, 1 := +o00. Let (k1,...,K,) be defined by:

“1._ -1 _ 71
Ky =k — k.

We define the rational numbers (ki,...,k;) as follows: We take (ki,...,%,) and
for i = 1,...,49 = r, replace successively k; by «; terms a;x;, where «; is the smallest inte-
ger such that a;k; is greater or equal than dy. Therefore, by construction, all the &; are
greater than dy > 2, kg belongs to N, and ks = Kk, = kr > k1.

Ezample 1.4. Assume that h € C[[z]] is solution of
(21 +2%) 6%k + 20%h + 6h — b = 0,

We have dy = 4, r = 3 and (ki,ko, k3, k4) = (1,2,5,00). Then, we find that
(K1, K2, Kk3) = (2,10/3,5), s =5, and we obtain (ki,...,k5) = (4,4,20/3,20/3,5).

oo
We recall that h € C Hzl/””. Let us write h =: Z hnz". Let B € N* be minimal such

n=0
neN/v

that 8/k1,...,[0/ks belong to N* and for [ € {0,...,5v — 1}, let O = Z BZ/V+n5z”ﬂ.

n=0
Proposition 1.5. Let us keep the same notations as above. There exists iﬁ C R,

finite modulo 2wZ, such that for all I € {0,...,5v — 1}, if d € R\ iﬁ’ the se-
ries fu =B~o0---0 B,;S (E(l)) converges and belongs to IF]I%.

K1
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Moreover, for j =2 (resp. j =3, ..., resp. j = s), fjJ = E%Jl (fj_LO belongs to HL .
J— Kj
Let S4 (ﬁ(l)) = E% (fs,l>. The function

4 (n) :BZ gt (a0 eA( et o ) :A<d—2]:, o )

1s solution of the same linear §-equation than h.

Remark 1.6. We make a priori an abuse of notations, since Sd (?L) may depend on the

choice of the linear differential equation satisfied by h. However, we can directly deduce
from Lemma 2 in [Bal94], §6.2, that S¢ (h) is independent upon the choice of the linear

differential equation satisfied by h. Notice that we will not use this fact.

Remark 1.7. As we can see in Theorem 7.51 in [vdPS03|, the function Sd (ﬁ) is Ks-

Gevrey asymptotic to h on S(d—;,,d—i— 27,1) for every closed subsector W
Ks Ks

of § (d — QLN,d—I— ;L), there exist Ay € R, & > O such that forall N € N*andall z € W
K K
with |z| < 6,5 ’

5(1) () 3 "

Proof of Proposition 1.5. Let § := p,h € C[[2]]. For all I € {0,..., v — 1}, we have

~ Br—1 § e2i7rlj/,81/z

20O (z,9) = prp Y ( )
=0

It follows that there exists f];; C R, finite modulo 27Z, such that for all [ € {0,..., v —1},
if d € R\ X7, then
° fl = [;’,;1 o OBES (71) € ]ﬁl%l if and only if for all integers [ € {0, ..., v — 1},
we have fl,l = B’a 0:--0 Bm: (h(l)) € H%

< (Ap)NT (1 + N) 2,

€2iﬁlj/6uﬁy '

e For j =2 (resp. j =3, ..., resp. j = $), fj = Edfvl (j‘?q) € HL if and only if
Kj_ Kj
forall i € {0,...,pv -1}, fj1 = £df_v (fj—l,l) c HL .
K
Let d € R\iﬁ and let (k),...,x._;) defined as:

1 1 1
Kh_y:=ky_1 and for i <r —1, P .
/ ’ )

)

Due to Theorem 7.51 in [vdPS03] and [Balo4], §7.2, f] i= By o0 By (h) € H,,

T

and for j = 2 (resp. j = 3, ..., resp. j = r — 1), _f]/ = Ei;,l (3_1) € IF]I% With
Lemma 2 in [Bal94], §6.2, this implies that fi = Brﬁ 0---0 l’;’,;s (E(l)) € IF]I% and for j =2
(resp. j =3, ..., resp. j = ), fj = E‘LJ (f] 1 l) S ﬂl‘i With the equivalence we have

written in the begmmng of the proof, We may apply successwely the Borel and Laplace
transformations of the required order to each series R,

To finish, we have to prove that Sd (h) is solution of the same linear J-equation than h.
This is a direct consequence of Theorem 2 in [Bal94], §6.4. O



12 THOMAS DREYFUS

As a matter of fact, as we can see in Page 239 of [vdPS03], Sd (E) belongs to
A (dl — o dpr + ﬁ) where dy, dy41 € S5 are chosen such that |dy, dyi [N 55 = .

If (1.2) has only slope 0, then h € (C{zl/”}. In this case we set f}]; := o, and for
all d € R we set

5 () =
We recall that we consider the equation §Y = BY, where B € M, (C({z})) is a

companion matrix and H := (?L”) e M, ((C Hzl/ v H) is a formal matrix given by the

Hukuhara-Turrittin theorem. The entries of H satisfy linear d-equations with coefficients
in C [ 1/ "} for some v. We may assume that for a given entry, the coefficients of the §-

equation are relatively prime. Let dp be the maximum among 2 and the degrees of the
coeflicients of the equations. Let E be the union of the Z~ , where E}v_ ~has been defined
7u.7

in Proposition 1.5; k; ; € Q be the biggest slope of the equatlon satisfied by ?Lm-; k' be the
maximum of the k; j; and k be an integer strictly bigger than &’ and dy. Let d, dt e R\ 7,
with

_ + n
d 2k<d <d<d <d+2k

and such that ([d_,d[U]d, d*] )ﬂiﬁ = @. Let 8¢ (H (~) = Gd* (?L”) We get two
analytic solutions,

~a- (= . L;log(z) XiXIdmi B
S (H) Diag <e e > € GL,, (A <d k yd + 2k>>

St ( ) Diag (efi 1°g<Z>eXixldmi) € GL, (A (d — g+ ;{))

Note that by definition, the analyticity holds on a subset of C. A computation shows that
there exists a matrix STy € GL,,(C), we call the Stokes matrix in the direction d, such
that:

and

Sd < ) Dlag < L; log(z)exixldmi> — §d7 (H’) Dlag <ezl 10g(z)€f>\:i><1dmi> g\fd
The Stokes matrices belong to the differential Galois group, see Chapter 8 of [vdPS03].

2. LOCAL FORMAL STUDY OF g-DIFFERENCE EQUATIONS

In this section, we summarize results about formal classification of linear ¢-difference
equations. See in particular [RSZ13] for more details. Let ¢ > 1 be fixed. We extend
the action of o, to U C ((zl/”)) by qul/" = ¢log(@/v 1V for v € N*. Let K be an

veN*

intermediate field extension: C(z) C K C U C ((zl/”)), stable by oy.

veEN*
Let us consider the g-difference operator:

m .
P = Z biO'ZI,
i=l
where b; € K, [,m € Z and | < m. The Newton polygon of P is the convex hull of

U {65 ezxali=wd

k=l
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where vy denotes the z-adic valuation of K. Let {(di,n1),...,(dr,n;)} be a minimal
subset of Z? for the inclusion, with d; < --- < d,, such that the Newton polygon is the
convex hull of

O {(dkaj) €2 x Q‘j > nk}
k=1

Ni41—N4

dn=d; and mul-

We call slopes of the linear g-difference equation the rational numbers
tiplicity of the slope %, the integer d; 1 — d;.

Like in §1, let B € GL,,(K) be a companion matrix. As in the differential case,
we can naturally associate to the linear o4-equation o,Y = BY a unitary g¢-difference
operator P = og" + bm_lag%l + -+« + by with coefficients in K. We define the Newton
polygon of o,Y = BY, as the Newton polygon of P. We also define the slopes and the
multiplicities of the slopes of 0,Y = BY as the slopes and the multiplicities of the slopes
of P. Notice that if B € GL,, (C((z))) is not a companion matrix, we can still define the

Newton polygon of o,Y = BY', but we will not need this in this paper.
Let A,B € GL;,,(K). The two g¢-difference systems, 0,Y = AY and 0,Y = BY are
equivalent over K, if there exists P € GL,,(K), called gauge transformation, such that

A = P[Blg, := (0,P)BP".
In particular,
0,Y = BY <= 0, (PY) = APY.

Conversely, if there exist A, B, P € GL,,(K) such that 0,Y = BY, 0,Z = AZ and

Z = PY, then
A = P|[B] oq

If the above matrices A, B € GL,,(K) are companion matrices, then, see [RSZ13], Theo-
rem 2.2.1, they have the same Newton polygon.

Theorem 2.1 ([RSZ13], §2.2). Let B € GL,, ((C((z))) be a companion matriz and let us

consider 04Y = BY . Let u1, ..., uy be the slopes of the q-difference equation, let my ..., my,
be their multiplicities and assume that the p; belong to Z. Then, we have existence of

B; € GLy,(C), H € Ly (C((2))), such that:

— 7D —Mi .
B = H|Diag (= &”%
See [vdPRO7] for a more general result that works for g-difference equation with arbi-
trary slopes. Notice that for all n € Z, we have also
— (" f i gy
B= (z H) [Dlag (Bixq "z )}O_q,
which allow us to reduce to the case where H has entries in C[[z]].

We want to determine the eigenvalues of the B; and the z-valuation of the entries of H.
Let bo,...,bm—1 € C((2)), and let us consider the g-difference equation:

(2.1) O';ny + bm_la;nfly + -+ boy = 0.
Let {(d1,n1),...,(dr,n,)} be a minimal subset of Z? for the inclusion, with d; < - < d,

such that the Newton polygon is the convex hull of U {(dk,j) € Z x Z‘j > nk}

k=1
Let pq,...,u; be the slopes of the g¢-difference equation, my ..., my be their multiplic-

ities and assume that the slopes u; = % belongs to Z.
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For d; < j < d;11, let a; be the value at z = 0 of bj(z)z_"i_”i(j_di). We define the
characteristic polynomial associated to the slope p; as follows:

P(’“)(X) — (ad_+1qudi+l(di+1—1)/2Xdi+1—di N ad_quidi(di—l)h) '
From [MZ00], Theorem 3.2.3, we deduce directly the following:

Theorem 2.2. Let B € GL,, (C((z))) be a companion matriz, such that oY = BY s
the linear og4-system equivalent to (2.1). There exist

e B; € GL,,,(C), which are of the form Diag; (T;,), where T;; are upper triangu-
lar matrices with diagonal terms that are equal to the roots of the characteristic
polynomial associated to the slope u;,

e H e GL, ((C((z))), whose entries of the first row of H have z-valuation equal
to 0,

such that

B = H|Diag (-~ B;) }U
q

3. DEFINITION OF ¢-BOREL AND ¢-LAPLACE TRANSFORMATIONS.

The goal of this section is to define g-analogues of the Borel and Laplace transfor-
mations. We will study their behavior as ¢ goes to 1 in §4.2. Remark that there are
several possible definitions of g-analogues of Borel and Laplace transformations. See
[DVZ09, MZ00, Ram92, RZ02, Zha99, Zha00, Zha0l, Zha02, Zha03] for example. Fol-
lowing [DVZ09], we begin by defining a g-Borel transformation we are going to study. In
n ql 1

this section, ¢ > 1 is fixed. Let us recall that for all n € N, [n]}, = E
q p—
=1

Definition 3.1. Let k € Q¢ and let v € N* minimal such that vk € N*. We define l’;’q,k
as follows:

s cf+]] — cfer]
Zalzl — Z l/k: i —
leN leN

Let k € Q>0, let v € N* minimal such that vk € N* and let pg, p1/; be the maps defined
in §1. We remark that we have:

quk :pkoéqvlopl/k'

Definition 3.2. Let d € R and let £k € Qsg. Let f be a function such that there
exists € > 0, such that f € A(d —e,d+¢). We say that f belongs to H—]Iik, if f admits an

analytic continuation defined on S(d — ¢,d + €), that we will still call f, such that there
exist constants .J, L > 0, such that for ( € S(d —e,d + ) (see the introduction for the
definition of e,):

FQ] < Teg (LIGI*).-

For all d € R, we write [d] := ¢%¢'® the discrete logarithmic g¢-spiral through the
point e’ € C*. For d € R we set the Jackson integral:

J, O = =13 5 (de) e,

leZ
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whenever the right hand side converges. Roughly speaking, Jackson integral degenerates
into classical integral when ¢ goes to 1, which means that for a convenient choice of
function f, we have on a convenient domain

coeld

f(() o6 — f(Q)dc.

q—1 0

From now, let p := 1/q E]O, 1[. Let M(C*,0) be the field of functions that are mero-
morphic on some punctured neighborhood of 0 in C*. We define now the g-Laplace trans-
formation.

Definition 3.3. Let k € Q¢ and let py (M(C*,0)) := {p(f)|f € M(C*,0)}. Let d € R.
As we can see in [DVZ09], §4.2, the following maps are well defined and we call them
the g-Laplace transformation of order 1 and k respectively:

e H, — M(C0)
f(Q)
f — /[d] Zeq <qc> q(v

Ll Bl — e (M(C,0)
d
g — Pk05[q,]1op1/k(g)-

For |z| small, the function £, 7(f)(2) has poles of order at most 1 that are contained on

d)

1
the g-spiral (¢ — 1)[d + 7] := ¢*(
Proposition 1.2.

Proposition 3.4. Let f € C[[z]], let d € R, and let g € H3,1~ Then
* Bur (0,f) = 08, F)
* 0By (+F) = Bus (F).
o L (049) =0,Li% ().
o =LY (049) = pLy (¢o) — 2L (9)-

Proof. The three first points are straightforward computations. Let us prove the
last equality. Let z € C~ It is a well known fact and easy to verify

N

— ¢)e*. The following proposition is the g-analogue of

that o, (eq(z)ep(—z)) = eq(2)ep(—2). Since eq(z)ep(—2) is a formal power series with

constant term equals to 1, e;(z)e,(—2) = 1. We have the equalities:

549 (qlez’d> 1

i) = @m0t 3 o
= (¢ — 1)e™ l% ( i) e, (L) ¢
= eid % ( I+1 zd) ( g tle ) (qe ) p(_qlzleid>ql
R ) (o ()
S bne S () () (£ )
. g (et o
= plg— e . <(qz+;ei2) (qi —1) q

m
N

= e (co(¢)) = oLy (9(0).
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O
Remark 3.5. Let k € N* and let d € R. If we consider f € C sz”, solution of a
linear d,-equation with coefficients in C [zk} with Z%q,k ( f) € Hq > then we have:

5, (c[qd]k o By, (f)) =M% 0B, (5qf) and J, (zkﬁﬂ o By (f)) £ 0B, ( ( kf>)

Hence, L([f}k o l’;’qyk ( f) is solution of the same linear J,-equation than f . But in general,

if f € C[[z]] is solution of a linear §,-equation with coefficients in C[z], we will have to
apply successively several g-Borel and g-Laplace transformations in order to compute an
analytic solution of the same equation than f . See Theorem 4.5. We are not going to
give explicit examples of such sitation since the proof that we need strictly more than
one g-Borel and g-Laplace transformation should be very technical.

In §7, we will use other g-analogue of the Borel (resp. Laplace) transformation that has
been originally introduced by Ramis (resp. Zhang). See [Zha02], §1 for the justification
of the convergence of the g-Laplace transformation.

Definition 3.6. (1) We define B, as follows:
By: CllAl]  — Clicr

Zalzl Z l(l 1/2

leN
(2) Let d € R. We define the map L([]d] as follows:

L HY, — M(C*,0)

f %Z((q—l))

n+1 1 id
q e
nez, O, (T

For |z| small, the function Lgd]( f)(2) admits a spiral of poles of order at most 1 that are
contained in the g-spiral (¢ — 1)[d + 7].

Remark 3.7. Let d € R. The maps qul, £([1 }1, B and L([]} are very similar to the ¢-Borel
and the “discrete” g-Laplace transformations introduced in [DVZ09], §4.2. Let f € C[[2]]
such that there exists d € R with g := l§q71 (f) € Hg,l (resp. h := 3(1 (f) € Hg,l)- By
a straightforward computation, we find that E([;l]l (9) and Lgd](h) are respectively equal to
the two “discrete” g-Borel-Laplace summation defined in [DVZ09], Definition 4.12, (1).

We can compare the two g-Borel-Laplace summation processes for formal power series
solutions of a linear o4-equation with coefficients in C({z}) with only slope 1. From
[DVZ09], Theorem 4.14, and Remark 3.7, we deduce directly the following;:

Theorem 3.8. Let h(z) € C[[z]] be a formal power series solution of a linear Tq- equation
with coefficients in C({z}) with only slope 1 and let d € R. Then, the series B, (h) con-

verges and admits an analytic continuation f € HqJ if and only if Bq71 (A> converges and

admits an analytic continuation g € Hil. Moreover for such a d € R, L[[]d](f) E[d]( )
on a convenient domain.
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4. STATEMENT OF THE MAIN RESULT.

From now, we see ¢ as a parameter in |1,00[. We recall that when we say that ¢
is close to 1, we mean that ¢ will be in the neighborhood of 1 in |1,00[. In §4.1, we
prove two preliminaries lemmas that deal with the confluence of formal solutions of family

of linear o, -equations. In §4.2, we state our main result. We consider iL(z,q)
q g>1

(resp. h(z)), formal power series solutions of a family of linear d4-equations (resp. o-

equation) with coefficients in C[z]. We assume that h(z, q) converges coefficientwise to h(z)
when ¢ — 1. We state that under reasonable assumptions, for ¢ close to 1, we may apply
several g-Borel and g-Laplace transformations to ﬁ(z, q), and obtain a solution of the family
of linear d,-equations, that is for ¢ fixed, meromorphic on some punctured neighborhood
of 0 in C*. Moreover, the latter converges as ¢ goes to 1, to the solution of the linear /-
equation, computed with the classical Borel and Laplace transformations.

4.1. Preliminaries on confluence of formal solutions.

Lemma 4.1. Let us consider
Ay = bu(z,9)8] + bma(z,9)000 + ...+ bo(z,q)

A = bp(2)d™ 4 bmo1(2)6™N 4+ .+ b(2),
with z — bi(z,q),bi(2) € C[[z]], and the b; converge coefficientwise to the b; when q — 1.
We assume that the C-vector subspace F C C((2)), of solutions of A (~> =0 has dimen-

sion 1. Let k € Z be the z-valuation of the elements of F\{0}. Let h(z,q) Z hin(q)2" be

a solution of A, (h) = 0, such that ;1_{% hi(q) = hw # 0. Let h(z Z hn2" € F\ {0},
which is uniquely determined by assumption. Then, for all n > K,

lim iLn(q) = hy.
q—1

Proof. We will prove by an induction on n that for all n > &, b, (q) converges as q goes
to 1 to hy. By assumption, h,(q) converges to hy.
Let n > k. Induction hypothesis: assume that for all k € {x,...,n—1}, lin% hi(q) = hg.
q—

Let us prove that Bn(q) converges to T Looking at the linear o4-equation (resp. the
linear d-equation) satisfied by h(z,q) (resp. h(z)), we find a relation of the form:

n(@hn(@) = cn1(@hn-1(a) + oo+ cx(@)hala),
gnhn = En—lhn—l + ...+ Eﬁhﬁn

where ¢;(q), ¢ € C. Since the b; converge coefficientwise to the b; when q — 1, we find that
for all k € {k,...,n}, lim1 ck(q) = ¢.
q—

If ¢, = 0, then we obtain a formal solution of the same linear d-equation than h
with z-valuation equal to n. This is in contradiction with the assumptions of the lemma.
Therefore, ¢, # 0. Using the convergence of ¢,(q) to ¢,, ¢,(q) is not vanishing in the
neighborhood of 1. Because of the induction hypothesis and the convergence of the ¢;(q),
we obtain

lim f, (q) = B

q—1

By induction, we have proved that for all n > &, ﬁn(q) converges as g goes to 1 to hy. O



18 THOMAS DREYFUS

If A and B are matrices with coefficients in C and R € Rsg, we say that |A| < |B]
(resp. |A] < R) if every entry of A has modulus bounded by the modulus of the corre-
sponding entry of B (resp. by R).

Following §3.3.1 of [Sau00], we prove:

Lemma 4.2. Let us consider z — h(z,q), h(z) € C{z}, solution of
bm(z,q)ég”fz(z,q) + bm_l(z,q)é(;”*lfz(z,q) + .. 4 bo(zqh(z,q) = 0

b (2)0™R(2) + bp1(2)0™ 1 h(2) + o+ bo(2)h(z) = 0,
with z — bi(z,q),bi(z) € Clz] and assume that

e The b; converge coefficientwise to the b, when g — 1.
e The series h converges coefficientwise to h when g — 1.

Then, we have

lim (=, 0) = ()
q—)
uniformly on a closed disk centered at 0.

Proof. Let us consider the equations as systems:

6,Y (2,q9) = B(2,q)Y (2,q) and 6Y (2) = B(2)Y (2).

o
Let k € Z and let us write the vector solutions Y(z,q) Z Yi(q)z", =: Z Y,.2"

oo
and the matrices B(z,q) =: Z Bi(q)z*, B(z) =: Z Biz*. For all k > k, we have the

relation:

(4.1) ([k] x 1d — By(q ) ZB ) and (k;xld BO) Y=Y BiVi
i#£k
There exist kg > k, C' € R+, such that for all k£ > kg, for all ¢ close to 1, for all Y € C™,

- ~1 ( Bolg) l

(k% 1d = By) € GL,,(C) and ‘(kxld—éo)lY’: ik 1<~ )ly
=0

([K]qx1d—Bo(q)) € GL(C) and ’([k]q x Id — Bo(q))_lY - <C|Y]

resp.

< ClY]|.

Since the equations have coefficients in C[z], the first assumption implies the existence
of Cy > 0 such that for all k > &, for all ¢ close to 1, |B(q)| < C§ and )B’k(q)‘ < Ck.
Using additionally (4.1), we can prove by an induction that there exists C; > 0, such that
for all k£ > k, for all ¢q close to 1, we have:

Vi) = |([K]g x 1d = Bo(g)) ZB Wei(q)| < CF
i#k

and

< Ck.

Vi = |(k x 1d = Bo) 'S BYi
ik

Using the dominated convergence theorem, and the second assumption of the lemma, we

obtain the result. U
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4.2. Confluence of a “discrete” g-Borel-Laplace summation. The goal of the sub-
section is to state our main result, Theorem 4.5. See §5, 86 for the proof. We begin with
a definition.

Definition 4.3. Let d € R and let £ € Q>g. Let f be a function such that there
exists € > 0, such that for ¢ close to 1, z — f(z,q) € A(d — e,d + €). We say that f

belongs to ﬁz, if for ¢ close to 1, z — f(z,q) admits an analytic continuation defined
on S(d —e,d + ¢), that we will still call f, such that there exist constants J, L > 0, that
do not depend upon ¢, such that for all z € R<:

‘f (eidz,q)‘ < Jeg (sz) .

Let us consider z ~— h(z,q) € C[[z]], that converges coefficientwise to h(z) € Cl[[z]]
when ¢ — 1. We make the following assumptions:

(A1) There exist
2= bo(2,q),...,bm(z,q) € Clz],

with z-coefficients that converge as ¢ goes to 1, such that for all ¢ close to 1, fz(z,q) is
solution of:

(4.2) b (2,9)04" (y(2,q)) + -+ + bo(z, q)y(z, q) = 0.

Let bo(2), . ..,bm(z) € C[2], be the limit as ¢ tends to 1 of the by(z,q), ..., bm (2, q).
(A2) For q close to 1, the slopes of (4.2) are independent of ¢, and the set of slopes of
(4.2) that are positive coincides with the set of slopes of

(4.3) b (2)8™ (§(2)) + - - + bo(2)3(2) = 0.

Notice that the series h(z) is solution of (4.3).
(A3) There exists ¢; > 0, such that for all « <m and ¢ close to 1:

bi(z,q) —Ez(z)’ <(g—1)cy (E(z)‘ + 1) :

Remark 4.4. (1) Conversely, given equations like (4.2) and (4.3) that satisfies the assump-
tions (A2) and (A3), we would like to know if there exists z — h(z,q) € C[[2]], solution
of (4.2), which converges coefficientwise to h(z) € C|[[z]], solution of (4.3). The answer is
in general no, but Lemma 4.1 gives a sufficient condition.

(2) If for ¢ close to 1, the only slope of (4.3) is 0 then, z — h(z, q), h(z) € C{z} and we
set for all d € R, St[]d] (lAz) := h. Remember that we have set in 61, Sd (E) := h. In this
particular case, applying Lemma 4.2, we obtain that

tim 1 () = 5 (7).

uniformly on a closed disk centered at 0.

From now, we are going to assume that (4.3) has at least one slope strictly bigger than 0.
Let dy := max (2,deg50, e ,deg5m>. Let k1 < -+ < ky—1 be the slopes of (4.3) different
from 0, let k. be an integer strictly bigger than k._; and dy, and set k.41 := —+oo.
Let (k1,...,k,) defined as:

e e

7 41
As in Proposition 1.5, we define the (ki,...,Ks) as follows: we take (ki,...,K,) and
for i = 1,...,7 = r, replace successively k; by «; terms «;k;, where «; is the smallest

integer such that ay;k; is greater or equal than dy. See Example 1.4. Therefore, by
construction, each of the £; is a rational number greater than dy and k; € N*,
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Let § € N* be minimal, such that for all i € {1,... 5} ﬁ/ﬁi € N*. Let us
write 7(z, q) Zh )z" and, for I € {0,..., 5 — 1}, let h(V thﬁ

The main result of the paper is the following. See §1,§3 for the notatlons and §5, §6 for
the proof. See also Theorem A.4 in the appendix for a similar result with a “continuous” g-
Laplace transformation. We recall that the series h, h satisfies the assumptions (A1) to
(A3).

Theorem 4.5. There exists EE C R finite modulo 2nwZ, that contains the set of singular
directions defined in Proposition 1.5, such that if d € R\ Yo andl € {0,...,8 — 1}, then

the series g1 1= =B ~o0---0 B ~ (h(l)) converges and belongs to ﬁi

q;k1

Moreover, for j = 2 (resp. j =3, ..., resp. j = s), gj1 = E[] (gj 1,1) belongs
to ﬁ~ Let S[d] (h( )) = ,C[d]~ (gr,z)- The function

st (h) = ZzS[d]( )eA( Ij,dﬂi)

r

is solution of (4.2). Furthermore, we have

lim 517 (h) = g4 (E) ,

q—1
uniformly on the compacts of ?(d— ﬁ,d—l— ﬁ) \URzlai, where «; are the roots

of by, € Clz], and Sd (E) is the asymptotic solution of (4.3) that has been defined in
Proposition 1.5.

Remark 4.6. After some arrangements, we could probably state and show a similar re-
sult for ¢ not real. As [Sau00], we should make ¢ goes to 1 following a g-spiral of

the form {q()\,)\ € R>0}, for some gy € C fixed with modulus strictly bigger than 1.

The problem here, is that we would obtain at the limit, a solution of the differen-

tial equation that is not classic, since at the limit, we would obtain integrals of the
k

form . 2R Qe -(%) d¢*, instead of Laplace transformations. In order to interpret

qpe’
the limit as the classical Borel-Laplace summation, we have to consider g real.

Remark 4.7. A confluence result of this nature can also be found in [DVZ09], Theo-
rem 2.6. We are going now to state [DVZ09], Corollary 2.9, which is the particular

case where the coefficients of the family of linear ¢-difference equations do not depend

—1
upon ¢. Let p = 1/q and let §, := U‘lp__lld, which converges formally to § when p — 1.

Let z — h(z,q) € C{z} that converges coefficientwise to h(z) € C[[z]] when p — 1. Assume
the existence of by, ..., by, € C[z], such that for all p close to 1, we have

bm(z)églﬁ('z?(ﬁ + ---—}—bo(Z)B(Z,q) =0

b (2)6™h(2)  + ---+Dbo(2)h(z) = 0.

Moreover, assume that the series By (ﬁ) belongs to C{z} and is solution of a linear dif-

ferential equation which is Fuchsian at 0 and infinity and has non resonant exponents
at co.
Let 37 C R be the set of singular directions that has been defined in Proposition 1.5.

The authors of [DVZ09] conclude that for all d ¢ E , the series B, ( ) belongs to HY,
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and
. 7 _od (7
Zl)l_%h(zaq) _S (h’) (Z)v

uniformly on the compacts of S (d — 5,d+ g), where S¢ (E) is the asymptotic solution

of the linear differential equation that has been defined in Proposition 1.5. Notice that
Theorem 4.5 and this theorem have not the same setting, since we consider ,-equations

and not J,-equations. In particular, in our case z — fz(z, q) might be divergent and we

have to replace h by S([Id] (B) in order to have the convergence.

5. LEMMAS ON MEROMORPHIC SOLUTIONS.
The goal of this section is to prove lemmas on meromorphic solutions that will be used
in the proof of Theorem 4.5 in §6. See §4 for the notations. If D(z) € GLy, ((C(z)), we
define 89(D(z)) as the union of the ¢™ z;, where the z; are the poles of D(z) or D(z)~L.

Lemma 5.1. Let a < b. Let us consider ogM(z) = D(z)M(z) with D(z) € GLy, (C(z))

m

and M(z) is s solution in (.A(a, b)) . Then, the entries of M(z) are meromorphic
on S(a,b), with poles contained in S%(D(z)).
Proof. Let z € C*\ S4(D(z)). We use the fact that M(gz) = D(z)M(z) to deduce that
if the entries of M are analytic on a domain U, then there are analytic on the domain
qU = {qz,z € U}. We use the existence of ¢ > 0, such that the entries of M(z) are
analytic for all |2| < e and z € S(a,b), to obtain that the entries of M(z) are meromorphic
on S(a,b), with poles contained in S?(D(z)). O

If ﬁ(z) eM,, ((C(z)), we define St (f)(z)) as the union of the R>jz;, where the z; are
the poles of D(z). We define also Rsq[z] as the set of polynomials with coefficients that
are strictly positive real numbers. We recall that if A and B are matrices with coefficients
in C and R € Ry, we say that |A| < |B| (resp. |A| < R) if every entry of A has modulus
bounded by the modulus of the corresponding entry of B (resp. by R).
Proposition 5.2. Let a < b, z+— Id+ (¢ — 1)D(z,q) € GLy, (C(z)),f)(z) e M,, (C(z))
and let C be a convex set with non empty interior contained in S(a,b) \ S (ﬁ(z)) such

that 0 does not belong to its closure. Let us consider z — M (z,q) ,M(z), 1 x m matrices
with entries continuous on C' and analytic in the interior of C', solutions of

(5qM(Z, Q) = D(Zv Q)M(Z7 q)

SM(z) = D(z)M(z).
We assume that:
(1) There exists ¢y > 0, such that for all q close to 1 and for all z € C,

D(z,q) = D(2)| < (g = Der (|D(2)] + 1),

where 1,, denotes the square matriz of size m with 1 entries everywhere. Notice that this
condition implies that for q close to 1, the entries of D(z,q) have no poles in C.

(ii) There exists wo € C, such that for all q close to 1, M (wg,q) = M (wp). Moreover,
we have ;1_)11% M(w,q) = M (w) uniformly on a compact K contained in C.

(17i) There exists R € C|z], such that for all z € C,

M(z)‘ <|R(2)|.
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Let k be the mazimum of the degrees of the numerators and the denominators of the
entries of D(z), written as the quotient of two coprime polynomials. Let S € Rsg[z] be

a polynomial of degree k, such that for all z € C, S(|z|) > ’f)(z)‘ +|1,|. Under those
assumptions, there exist

e 0(q) > 0 that converges to 1 as ¢ — 1,
e =(q) > 0 that converges to 0 as ¢ — 1,
o Sy € Ruglz] which has degree k and satisfies So(|z|) > S(|z|) for all z € C,

such that for all z € CNR>1 K := {xw € C‘x € [1,00[,w € K}, we have

M(2,q) = M(2)| < (g = 1)3(a)eq= (S0 (|2]) ) +=(a) |R(2)

In particular,

lim M (z,q) = M (2),

uniformly on the compacts of C NR>1 K.

Remark 5.3. The polynomial Sy does not depend upon w and gq.

Before proving the proposition, we need to prove a technical lemma.

Lemma 5.4. Let z— Id+ (¢—1) D(z,q) € GL,, ((C(z)),ﬁ(z) € M,, ((C(z)) that sat-

isfies assumption (i) of Proposition 5.2. Let C be the corresponding con-
vex set and let K be the corresponding compact set defined in Proposition 5.2.

Let (z — My, (z,q))weK, (Mw(z))wel(, be a family of 1 X m matrices with entries con-

tinuous on C and analytic in the interior of C, solutions of

0gMw(2,q9) = D(2,9)Mu(2,9)

D(z) z).

2) Moy (
We assume that the matrices (Mw(z, q)) K (Mw(z))weK satisfy:
w

(a) For all q close to 1, for all w € K, My, (w,q) = M, (w).
(b) There exists R € C|z], such that for all z € C, for allw € K:

M, ()| < IR (2)].

SMy(z) =

Under those assumptions, there exists a polynomial So that satisfies the same properties
than the one in Proposition 5.2, such that for all w € K, for all q close to 1, for all N € N
with ¢Nw € C::
My (¢Vw,q) = My (¢Vw)
N
(5.1) = <eqn(So (‘q wD)

Proof of Lemma 5.4. For the reader’s convenience, we will decompose the proof in four
steps.

£ Mu(q"w) =M (q"w.q)
q—1 ’

Step 1: Find another expression o

Let f be a function continuous on C, that is analytic in the interior of C', and let zq, 21 € C.
The generalized mean value theorem (see §1.4 of [KM97]) says that there exists ¢ € C that
belongs to the convex hull of

{f’(zo +x(z1 — 20)) ’a? € [0,1] },



CONFLUENCE OF MEROMORPHIC SOLUTIONS OF ¢-DIFFERENCE EQUATIONS. 23

such that:
flz1) = f(z0) _

21— 20

For all ¢ > 1,w € K,n € N with ¢"w € C, let us define the A, 4,1 as the convex hull of

qn—lwz

{ D (¢""wx) M (q"'wa)

xe[l,q]}.

Because of the generalized mean value theorem, for all n € N, for all ¢ > 1, for all w € K,
with ¢"w € C, there exists Dy, 4 n,—1 that belongs to Ay -1, such that:

M, (¢"w) — My, (¢" 'w) D
q"tw(g—1) T owanh

The linear d,-equation satisfied by M, (z,q) gives that for all n € N, for all ¢ > 1, for
all w € K, with ¢q"w € C:

Mw (qnw7 q) - Mw (qn_lwv Q)

=D (q”flw, q) M, (q”flw, q) i

q—1
In particular, we have
Mo(g"w)=Mu(q"w,g) _  Mo(q"tw) =My (q"wiq)
q—1 o q—1

(5.2)
+ qn_lwﬁw,q,n—l -D (qn_lw’ Q) Mw (qn_lﬂh Q) .

Mo (¢"w) =M (q"w,q)

Step 2: Bound the expression of |

.

Let go > 1 sufficiently close to 1. Let us prove the existence of R;, Ry € C|z], such that
for all n € N, ¢ €]1, qo[, w € K, with ¢"w € C,

My (" w)— My (¢"w,q)

q—1
63 < Ml (1R () + B ()]
b |l bl Tua) | ()1t (g - DenmS (Igel),

where S, ¢; > 0 are given by Proposition 5.2. Using the triangular inequality and (5.2), it is
sufficient to prove the existence of Ry, Re € C[z], such that for alln € N, g €]1, qo[, w € K,
with ¢"w € C,

‘q”’lwf?w,q,n_l — D (¢"w, q) My (" 'w, q)(

(5.4) < (¢ = D( R (¢"w)| + | Rz (¢"w)| )

X (¢ = 1)1+ (¢ = Der)mS (|¢"wl) .

‘ My (" 'w) =M (g7 w,q)
qg—1
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We have for all n € N, ¢ €]1, qo[, w € K, with ¢"w € C,

qn_lw-ﬁw,q,n—l - D (qn_lw, Q) Mw (qn_lwu Q)|

IN

qnilll)Dw,q,n—l - D <qn71w) M, (qnilw)

Let
1 = qn_lw-ﬁw,q,n—l - E (qn—lw) Mw (qn—lw)’ )
7 = |D(¢"'w) My (¢"'w) — D (¢""'w, q) My (¢"~ w)],
75 = |D(¢" w,q) My (¢"w) = D (¢" 1w, q) My (4" w,q) |-

Let us bound 7;. The entries of q”_1w5w7q7n_1 and D (" tw) M, (¢"'w) belong to the
(. n—1 i on—1

convex hull of { Dla wx)iw(q wa)

matrices are bounded by a polynomial, because of the assumption (b) and the fact that

the entries of D are bounded by polynomials. This provides R, € Clz], such that for
all g €]1, qol, for all n € N, for all w € K, with ¢"w € C:

x € [1, q]} The entries of the elements of this set of

T = ‘q"flwﬁw,qm_l -D (q"ilw) Mw (q"ilw)’ < (q—1)|R1 (¢"w)|.

Let us bound 72. Due to the assumptions (i) and (b), there exists Ry € C[z] such that for
all g €]1, qol, for all n € N, for all w € K, with ¢"w € C:

7 =|(D(¢"w) = D (¢"w,9)) M (¢"w)| < (g = 1) |R2 (¢"w)] .
Let us bound the quantity 3. By assumption (i) and the fact that for
all z € C, ’ﬁ(z)‘+ |1,,| < S(]z]), we obtain that for all ¢ €]l,q0[, n € N, w € K,
with ¢" 1w € C:

no= |[D(¢"wq) (M (6" w) = My (" w,q) )|

IN

(| (@ 1w)| + (@ = Ve (|D (@ 'w)| + [1m]) ) | M (a7 ) = My (41w, 0)|
< (14 (g— De)msS (Jg" ) [My (g7 w) = My (¢ 1w, q)]

Since the polynomial S has real positive coefficients, S (]¢" 'w|) < S(J¢"w|). In
particular, for all ¢ €]1,q[, n € N, w € K with ¢" 'w € C:

My, (¢" tw) — My, (¢ 1w, q)
qg—1 '

73 < (¢ — 1)(1 + (¢ — Der)mS (|¢"w]) |

This concludes the proof of (5.4) and yields (5.3), because of the triangular inequality.
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Step 3: Construction of 5.

We recall that « € N is the degree of S. Before constructing Sy, we are going to prove
that for all b > 0 sufficiently big, for all z € C'MR>; K and for all ¢ close to 1

e (bI2]") + (¢ = D)(1R1(q2)] + [Ra(a2)])
(5.5)

+(g = 1)1+ (g = Der)mS(glzegs (bll") < eqr(blaz]").

Using the g-difference equation satisfied by the g-exponential, we find that this inequal-
ity is equivalent to:

eqn | blgz|"”
1+ (¢ — 1Rl 4 (- 1)1 4 (¢ — 1)er)mS(ql2]) < M
eqr (b\z|"€) eqr (b|z|")

— 1t (" — Dbt
This inequality is equivalent to the following:
[Ri(q2)| + [R2(q2)|

eqr (b\z[’{)

Since Rjp, Ry are polynomials, for all b > 0 sufficiently big, for all ¢ €]1,q[ and for
all z € CNR>1 K, this latter inequality is true. This proves (5.5).

We recall that by assumption, 0 does not belong to the closure of C. Using (5.5),
we obtain the existence of a polynomial Sy € Rsg[z] of degree k, such that for
all z € C, So(|z]) > S(|z]), and such that for all z € C NR>; K, for all ¢ close to 1

+ (14 (g = D)er)mS(qlz]) < blrlg [2]" -

eqr (So(l2D)) + (@ = 1) ( [Ri(g2)| + [Ra(q2)] )+
(5.6)

(4= 1)(1+ (¢ = De)mS(alz])eqs (So(|2])) < eg= (Solalz]))-

Step 4 : Conclusion.

We are going now to prove (5.1) with the polynomial Sy we have defined in Step 3. We
will proceed by an induction on n. The step n = 0 is true because of the assumption (a).

Induction hypothesis: let us fix n € N, and assume that if ¢ €]1,q[, w € K,
with ¢"Tlw € C,

‘Mw (a"w) = Mo (@"0.0)| (5 (gl ).

q—1

From (5.3), we obtain that

Moy (¢ w) — Moy (g7 w,q)
q—1

< g (So(lg™wl)) + (g = D) [Rr (¢ w)| + | Ra (g w)]|)

+eqe(So (lg™w]) ) x (g = 1)(1+ (g = Den)msS (g ).
6), we find that

(5.
M, (q”+1w)q—_1\fw (¢" 1w, q) < g (So (\qnﬂw’) )

This concludes the proof of (5.1). O

Using additionally
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Proof of Proposition 5.2. Let K be the compact considered in hypothesis (i7),
with wyg € K C C, so that we have

lim (M(w,q)) = (M(w)),

qg—1

uniformly on K. Let N(w,q) be the matrix, such that N(w,q) has entries that are equal

to the entrywise division of M(w) by M(w,q). Due to the uniform convergence on K
(assumption (7)), the entries of N(w,q) converge uniformly on K to 1, as g goes to 1.
We are going to apply Lemma 5.4, with

(5.7) (Mw(z, q))weK = (M(z,q) X, N(w,q))wEK, and (Mw('z))weK = (M(Z)>weK’

where xj, denotes the Hadamard product, that is (a;) x5, (b;) := (a;b;). If a,b,c € C, we
have:
la—0b] < |e| ™ |a xc—b[—i—‘c*l —1‘ X 10| .

We are going to apply this inequality entrywise, to the entries of M (¢"w,q), M (¢"w)
and N(w,q). Since the entries of N(w,q) tend to 1, we find that there exists d(¢) > 0,
(resp. €(q) > 0) that converges to 1 (resp. converges to 0) as ¢ goes to 1, such that for
all w € K and n € N, with ¢"w € C"

’M (¢"w,q) — M(q”fw)) < d(q) ’M (¢"w, q) x¢ N(w,q) — M (q”w)’ +¢(q) ‘M(q”w)) .
Using the assumption (ii7), there exists R € C[z], such that for all z € C N R> 1K,
‘M(z)’ < |R(z)|. Lemma 5.4 applied to (5.7), gives the existence of a polynomial Sy, that

does not depend upon w, such that for all ¢ close to 1, for all w € K, for all n € N,
with ¢"w € C; we obtain:

M (q"w, q) = M (¢"w)| < (q = D)(@)eq (S0 (Jg"w]) ) +=(a) |R (" w)].

In other words, for ¢ close to 1 and for all z € C N R>1 K, we have

|M(2,q) = M(2)| < (g = D)3(@)eqs (S0 (|2]) ) +2(g) |R(2)

The uniform convergence follows immediately. O

6. PROOF OF THEOREM 4.5.

The goal of this section is to prove Theorem 4.5. In §6.1, we treat the confluence of the
“discrete” ¢-Laplace transformation. In §6.2 we prove Theorem 4.5 in a particular case.
In §6.3, we prove Theorem 4.5 in the general case.

6.1. Confluence of the “discrete” ¢-Laplace transformation.

Lemma 6.1. Let a € C and k € Q. Then, for any ¢ > 1 and z € C*, the following
inequality is true ’eq (azk)‘ < exp ’azk‘. Moreover, we have

: k) _ k
51_% €q (az ) = exp (az ) ,
uniformly on the compacts of C*.

Proof. The coefficients of the series of function defining e, (azk) depend upon the pa-
rameter ¢. By construction, we have for all n € N and all ¢ > 1, n < [n],, and there-
fore n! < [n]; Then, for all ¢ > 1 and z € C*, we have the following inequalities:

[e.9]

(6] <3

k o

<y
n=0

anznk

n!

a™z"

Il

:exp‘azk‘.
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The convergence is then a direct consequence of the dominated convergence theorem, since
the series defining e, (azk) is termwise dominated by the series defining exp ’azk‘. ([l

Let d € R, let k£ € Qs and let f be a function that belongs to ﬁz, see Definition 4.3,
g=pi(f), f€ Iﬁlg, see Definition 1.1, and g := py 4, (f) For the reader’s convenience,

we recall the expressions of the Laplace transformations of order 1 and k that come from
Definitions 1.1 and 3.3:

(0 e deldeha) e )
£%(9)(2,q) l}% o () £4() (2) /0 o @dg,

E[qc,l;g(f) = Pk © ['ﬂ o Pl/k(f), Eﬁ (f) = Pk ©° Eil © P1/k (f) .

Since f € ﬁz, there exist e > 0, constants J, L > 0, such that for all ¢ close to 1, { — f((, q)
is analytic on S(d —¢,d + ¢), and for all { € Rsq:

(6.1) ‘f (eidC,q)‘ < Jeg (L{k) .

Lemma 6.2. In the notation introduced above, let us assume that we have lin%f = f,
q—

uniformly on the compacts of S(d —e,d + ¢). Then, we have

lim 205 (£) (2 0) = ££ (F) (2)
uniformly on the compacts of {z €S(d—5=,d+ 57-) ‘|Z| < 1/L}.

Proof. The expressions of the Laplace transformations of order k allow us to reduce to the
case k = 1. The variable change ¢ — Ce~*@ allows us to reduce to the case d = 0. Let us

fix a an arbitrary compact subset K of {z €S (- Do —|—27r ‘\z| <1/ L}, and let us prove

the uniform convergence on K.
The g¢-Laplace transformation can be seen as a Riemann sum with associated parti-

tion (ql)lez' Moreover, on every compact of |0, co[, the mesh of the partition tends to 0

as q goes to 1. Using the dominated convergence theorem, it is sufficient to prove the
existence of () € (Rso)” that satisfies Zhl < 00, such that for all ¢ close to 1,1 € Z
lEZ

(¢—1)¢'f (d'4)

zeq (¢'11/2)

and z € K,

< hy.

By definition of the ¢-Laplace transformation and (6.1), we have for all z € K,

¢ e (Ld)
2 @]

NG| <@-1))

leZ

Foralll € Z, z € K, ¢ > 1, we have:

ql+1J eq (qu+1)
e @ )| T

q'J (Ld)
z e (¢t /2)|

1+ (q—1)Lg
EECESAE

(6.2)

Let R € Ryg, My < 1, o > 1, such that for all x > R, for all z € K, and for all ¢ €]1, qo|,
‘ 1+ (¢—1)Lx
14+ (¢ —1)qz/z

(6.3) < M;.




28 THOMAS DREYFUS
Let ¢ — lp(q) € Z be the smallest integer that satisfies
qlo(Q) > R.

We will break the series into two parts, and start by treating the convergence
< 4 f (q’ q) o
q ’ 1 _<
of (¢—1 —————— to / z e zd(. Because of (6.2) and (6.3), for
a0 3 oy o f, 0t (6:2) and (6.3
all ¢ €]1,qo[, L > lo(q) and z € K, we have

ql+1J e(] (qu+1)
T e (@)

By iteration, we find that

Using Lemma 6.1, we obtain that |e,(z)| can be bounded for (z,q) € K¢x]1, go[, where Ky
is an arbitrary compact of C. Moreover, the fact that e;(z) vanishes only on %7 implies

that el ( jp can also be bounded for (z,q) € K1x]|1, qo[, where K is an arbitrary compact
of C\ R<g In particular, we find that for all Ry € R+

(6.4) sup _eq(La)
z€[1,Ro], e‘l(Qm/z)
qe] 1q0[

zeK

Then, we obtain that for all ¢ €]1, go[ and for all [ > ly(q),

q q)J eq (quo(Q))
o @)

i RxJ eq(LRx)
z eq(qRx/2)

=0

(q—

l
M 1) < sup
z€[1,q0],
q€]1,q0],
zeK

5| (n)

My
1— M’

RxJ eq(LRx)

where My := sup |(g—1) is a real positive constant. Hence, we have
z€[1,q90], z eq(qu/Z)
a€ll,q0(,
zeK
i q'f (q q) M,
S o0,
l i zeq (¢1/2)| — 1= My
and the dominated convergence theorem gives
oo !
¢ (q q) / S AR«
6.5 lim(q —1) = z e =d(,
= O

uniformly on K.
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lo(g)—1 ql f (qhq)

Let us now treat (¢ — 1) —————~—. Because of (6.4), we may define
2, @)
M J eq(Lx)
3:= sup |———~
2€[0.R], | # €q(q7/7)
q€}17QO[7
zeK

Therefore, for all ¢ close to 1 and for all z € K, we have

lo(g)—-1

lo(9)-1 ; f (ql q)
q ’ ! (g —1)RM;
(¢—1) | < (a—-1) ¢ Ms < < qRMs.
lzz,:oo z eq (¢ /2) lgoo 1-1/q
Consequently, due to the dominated convergence theorem, we have
o@-1 1 f (ql q) R
. q ’ 17 _s
hIIl —1 —_—— = / z e zd ,
lim (g —1) l:z;oo e @/ f(Qem=d¢
uniformly on K. This limit combined with (6.5) yields the result. g

6.2. Proof of Theorem 4.5 in a particular case. In this subsection, we are going to
prove Theorem 4.5 in a particular case. Let us start by recalling some notations. See §1
to §4 for rest of the notations. We consider (4.3), that admits h € C[[z]] as solution
and 50, . ,Em as coefficients. In other words, we have

b (2)8™ (R(2)) + -+ + bo(2)h(2) = 0.

Let dp := max (Q,deg (50) ,. .., deg (Em» Let k1 < --+ < ky—1 be the slopes of (4.3)
different from 0, let k, be an integer strictly bigger than k,_; and dy, and set k.41 := +o0.
Let (k1,...,k,) defined as:

Ei_l = ki_l _ki_-i-ll‘
We define the (ki,...,ks) as follows: We take (k1,...,K,) and for i = 1,...,r, replace
successively k; by «; terms «;k;, where «; is the smallest integer such that a;k; is
greater or equal than dy > 2. See Example 1.4. Let 8 € N* be minimal, such that
for all i € {1,...,s}, B/r; € N*.

In this subsection 6.2, we are going to assume that z — h(z,q), h(z) € C Hzﬂ” Rami-
fication in §6.3 will allow us to reduce to the case tackled in the present subsection. Note
that in this case, we have h = h(©. For the reader’s convenience, we will decompose the
proof of Theorem 4.5 in four steps.

Step 1: Construction of X

Let us consider a general formal power series f e C HZBH (resp. f e C HZB”) that
satisfy a linear d,-equation (resp. d-equation) of order mg with coefficients in C {zﬂ}.

Then, for all i € {1,...,s}, py/z (f) (resp. py /i, (f)) satisfies a linear d,-equation
(resp. d-equation) with coefficients in C[z]. Therefore, Propositions 1.2 and 3.4, com-
bined with the definition of the Borel transformations (see Definitions 1.1 and 3.1) imply
that for all ¢ € {1,...,s}, Bq,’:i (f) (resp. l?gz (ﬂ) satisfies a linear d4-equation (resp. J-
equation) of order independent of ¢ (resp. of the same order than the §,-equation satisfied

A

by B, (f)) with coefficients in C [zﬁ}.
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In particular, for j € {1,...,s}, 3,;7 0---0 B,;S (E) satisfies a linear d-equation that we

will see as a system. We define Y as the union of iﬁ, the set of its singular direction that
has been defined in Proposition 1.5, and the argument of the poles of the differential system
satisfied by the successive Borel transformations. The set 3= C R is finite modulo 27Z.

Step 2: Local convergence of the ¢-Borel transformations.

From what is preceding, Bq,% 0---0 l§q7,;5 (ﬁ) (resp. [;’,;1 0---0 [;’,;S (ﬁ)) satisfies a lin-
ear dg-equation of order m; € N, that we will see as a system 6,Y (¢, q) = E((,q)Y (¢, q)
with ¢ — Id+ (¢ — 1)E((, q) € GLy, ((C (Cﬁ) ) (resp. a linear d-equation of order m; we

will see as a system 0Y (¢) = E(C)Y (¢) with E(¢) € Mml( (C5> ))
Because of Proposition 1.5, Z§~ o ---0 B ( ) is convergent.  Let us prove

that ¢ — Bq,k] o- oB ~ ( ) eC {Cﬁ}. Due to (A2), the slopes of the o4-equation

satisfied by h are mdependent of ¢, and the smallest positive slope is k1. As we can see
n [Ram92], Theorem 4.8, (see also [Béz92]), there exist C1(q),Ca(g) > 0, such that for
alll e N, for all ¢ > 1

’f"(Q)‘ < Cl(q)c2(q)z(m;)1/kl

)

S T
where h(z,q) = Y hi(¢)z. By construction of the #;, we have Z,‘%}_l = Zm;l =k
i=1 i=1

1/k
Since for all [,k € N*, and for all ¢ > 1, ([kl];) < [l];, we find that for all [ € N, for
all ¢ > 1,

fu(g)| < Cu(q 1_1 /1,

Hence, we obtain that { — B ~o---0B ~ ( ) {CB} Applying Lemma 4.2, we find

q,k1 q;Rs

(6.6) limB ~ o- oB~<h):l§~o---ol§H~S(E),

qg—1 q,k1 q,ks K1

uniformly on a closed disk centered at 0.
Step 3: Local convergence of the ¢g-Borel-Laplace summation.

Let d € R\ 2. The variable change ¢ — Ce™™ allows us to reduce to the case d = 0.
By construction of 3=, E(() has no poles for ( € S(—¢,+¢). Because of the assumption
(A3), Propositions 3.4 and 1.2, we deduce that F(¢,q) has no poles for ¢ € S(—¢,¢) and
for ¢ close to 1. Because of Lemma 5.1, the series z — B g OO B ~ (h) (2,9) admits,
for ¢ close to 1, an analytic continuation f1(¢,¢q) defined on S ( g, E). We want now to

prove that fi({,q) converges to f1(¢) on a convenient domain.
Due to Proposition 1.5, there exists By > 0 such that the functions

A1) 5™ f1(¢)
exp (BlC’:”vl)’ Cexp (BlC'“)

K1 — [ ]quc g K1 -1
6q<(l"1 (Blc ) >_1 +(g—1)[#1], BlC’aeq<Blc ) 7

tend to 0 as ¢ € S(—¢,¢) tends to infinity. Using
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we obtain that L’(])N (resp. ﬁ(( ) exp (—Blg’a)) satisfies a linear d,-equation of

i (Bi?)
order mj +1 (resp. a linear d-equation of order m; + 1) with coefficients in C(z). Because
of (6.6), there exists (p > 0, such that f1((p,q) converges to f1({p) as ¢ goes to 1. Let

hGa L 1<)
————=Fo(q) —
¢ (B . exp (Bi(*)
Y(¢q) = : . YB,(Q) = : ;
o , mi f
a ' f1(¢ ? o (0) 6™ f1(Q)
€ (31C 1) exp (Blg“’ﬂ)
where the Fj(q) € C are defined by:
04£1(S, ) 3 f1(¢)
(6.7) — <R = ——F
eq':l (Blcm> ¢=Co P (31§“1> ¢=Co

From what is preceding, there exist ¢ +— Id + (¢ — 1)D(¢,q) € GLp,+1 (C(()) and

D(C) € My 11(C(Q)), such that

Lemma 6.3. Let us consider C, a conver subset of S(—e,e), that con-
tains {C € ?(—51,51)‘|C| > (0/2}, for some €1 €]0,¢], such that 0 does not belong to its
closure. Then, the systems

6Y(C,q) = D(Cq)Y (¢ q)

0Y(C) = DY),
satisfy the assumptions of Proposition 5.2, with K := {C € @“C — (o] < 50} and gy > 0 is
a real positive constant sufficiently small.

Proof of the lemma. We are going to check separately the three assumptions of Proposi-
tion 5.2.

(7) Because of the assumption (A3), Propositions 3.4 and 1.2, we obtain the existence
of ¢; > 0, such that for all { € C,

B(¢ ) = BQ)| < (g Der (|BQO|+ 1m,) -
With the g¢-difference equation satisfied by e s (Blg"””~1>, this implies that we have the
q
existence of ¢o > 0, such that for ¢ close to 1, for ¢ € C,
D) = D(O)| < (a=Vea (| D] + L) -

(73) Let i € {0,...,m1}. Due to (6.6) and Lemma 6.1, F;(q) converges to 1 as ¢q goes to 1.
Then, we have for all i € {0,...,m1}

Mo o] (o)



32 THOMAS DREYFUS

uniformly on a compact set with non empty interior containing (y. Let us choose g9 > 0
small enough, such that we have the uniform convergence on K := {C € @‘\C — (ol < 60}

5 f1(¢.q) 8 f1(¢)
e ~ (Blg":l) exp (Blg":l)

q-1

and such that K is included in C. Because of (6.7), Fi(q) and

are equal at (.

(7i7) From the choice of Bj, we have the existence of R € C[(], such that for ( € C, for
all i € {0,...,m; —1}:

< [R(Q)]-

5 (f1(Q)) exp (~Bi¢™)

We need now the following elementary lemma.
Lemma 6.4. For all z € C, for all ¢ > 1, we have e (121)* < eq (|(1 + q)z]).

Proof of the lemma. Let us remark that the two functions are equal at z = 0. The lemma
is now a direct consequence of the g-difference equation

02< eq (121)” ): 1+2(¢® =Dzl + (@ =122 e (2])°
e (IT+0)2D) )~ T+ 1+ )@@~ DIl + (¢ — 12ql2 g (|(1+ @)2])’

L 2(g?— 1)z (g2~ 1)22 2
T (1)@ D @D = L =

since

We finish now the proof of Theorem 4.5, in the particular case
z h(z,q),h(z) € C HZBH Let us define d (resp. €) as the maximum of the de-

grees of the numerators and the denominators of the entries of D(() (resp. E(C)),
written as the quotient of two coprime polynomials. Using the differential equation

satisfied by exp (—BlC”:”vl), we find that d < max(€, k7). Because of Remark 1.3, and the

definition of dy and K1 (see the beginning of the subsection), € < dy < k1. Hence d < Ry
Proposition 5.2 applied to the systems

6‘1Y(€7Q) = D(CuQ)Y(€7Q)

Y(() = DY(C),

implies that there exist R, Sy € Cl[z], §(q),e(q) that converge respectively to 1 and 0
as ¢ — 1, such that

AR A
eq (Blﬁ';l) exp (Blf’;l

7| (¢ = D(@)e 7(S0 (I¢]) ) +2(a) |R(C)] -

There exists a polynomial S; with degree ki, such that for || sufficiently big and for
all g close to 1,

e (B16™) ea(su(ich)| < ez (1500)"

By construction, k1 > 2, (see the beginning of the subsection). Using Lemma 6.4, we
obtain that for |(| sufficiently big,

e (19901)" < ep(19Q)1)” < ea(1+ 015101 ).
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Since Fy(q) converges to 1 and the fact that fl(C) exp (—BlC‘a) is bounded by a polyno-
mial, the triangular inequality yields
=0
fie EL%.
Moreover, due to Proposition 5.2, we have lirri fi = ]?1, uniformly on the compacts
q—

of CNR> 1 K := {xw € C‘:c €100, w € K} Hence, we find that there exists e5 €]0, 1],

such that lin% fi= fl, uniformly on the compacts of S(—eg,€2). We may now apply
q—
Lemma 6.2 to obtain the existence of Ly > 0, such that we have

tim £ (1) (¢.0) = £2 (1) (©).

qg—1 4:k1
) - T T
uniformly on the compacts of {C es (—N, —i-N) ‘]C\ < LO}.
2,%1 2/@1
If s > 1, we apply for j = 2 (resp. j =3, ..., resp. j = s) the same reasoning with the

analytic continuation of
, (.Y o ol Ve ~ (B
fJ(C’q)eq“j (B]C ]) o ﬁqﬁ/j: (fj_l)eq“j (B]C ]>
and N _ _ ~
Fi(Q)exp (=Bj¢™ ) = L2— (fi-1) exp (~Bj¢™).
where B; > 0 are chosen sufficiently large. We again use Propositions 1.2 and 3.4 to
prove that they satisfy linear §, and d-equations with coefficients in C(¢), which are the

R . N ~\ -1
same as the linear §, and J-equations satisfied by Bq,@ 0---0 Bq,ﬁs (h) eq@ (BjC“J') and
B‘% o:--0 B/ZS (h) exp (—Banj).

We have proved the existence of L; > 0, such that we have

i 519 (1) = 3 (B)

q—1 q

uniformly on the compacts of {z €S (—ﬁ, —i—ﬁ) ‘]z\ < Ll}.
Step 4: Global convergence of the ¢-Borel-Laplace summation.

To finish the proof in the particular case z — h(z,q),h(z) € C Hzﬁﬂ, we have to prove
that o
lim 59 (1) = 8° (R),

q—1
uniformly on the compacts of g(—ﬁd—ﬁ) \ UR>1a;, where a; are the roots

of by, € C[z]. Let Ko be an arbitrary compact of S (—ﬁ, +ﬁ) \ UR>10;, and let us
prove the uniform convergence on Kjy. Without loss of generality, we may assume that K

is convex and has non empty intersection with the open disk of radius L; (we recall that
L; was defined in the end of Step 3) centered at 0.

From Remark 3.5 (resp. Proposition 1.5), we deduce that S([IO} (ﬁ) (resp. S° (ﬁ)) is
solution of the same linear d4,-equation than h (resp. the same linear d-equation than 71)

Let |z9] < L1 with 29 € Ky. We are going to use Proposition 5.2 with C' = Kj and with
the systems

6Y(2,9) = F(2,9Y(z,9)

YV(x) = FRY(),
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where

Y (¢ q) = (5,8 (R) Gila)) V(Q) = (55" () )

i€{0,...m—1}’ i€{0,...m—1}’

z—~1d+(¢—1)F(z,q) € GLy, (C(z))’ﬁ(z) = M <C(z)>’

and G;(q) € C are defined such that:

5yS () Gila)

= 5 ()

2=20 2=20

The assumption (z) of Proposition 5.2 is satisfied because of the assumption (A3), and
the two others are trivially satisfied, since Ky is bounded.

This yields lirri S’g]] (ﬁ) =50 (?L) uniformly on Ky, and completes the proof in the
q—

particular case z — h(z,q), h(z) € C Hzﬂ”

6.3. Proof of Theorem 4.5 in the general case. In this subsection, we are going
to prove Theorem 4.5 in the general case. See §1 to §4 for the notations. We recall

B—1
that for all [ € {0,...,3 — 1}, we define ) € C[[2#]], so that h = Z 200, Let us
1=0
5—1
set 3o 1= U Y= (see Step 1in §6.2). Let d € R\ . After considering z — ze " we

=0
may assume that d = 0.

Looking at the term with z-degree congruent to j modulo 8, for j =0,...,7 =8 —1,
we find that the equation satisfied by h is equivalent to the following family of J,-linear
equations:

0 = Y doku(zq)0kh 0 (z,q)
ol

o
Il

Z d,@—l,kz,l(z’ q)(S(];iL(l) (Zu Q)v
k,l

where z > dji; € C {zﬂ} . Let 1 € {0,...,8 — 1}. Following the equalities

B-1}, (€2i7rlj/ﬁz’ q)

U
z h( )(Z,Q) - Z 62i7rlj/5ﬁ 3
‘]:

_ B-17, (ezmlj/ﬂz>
=0

17 (1 _
z h()(z) = Z T

we obtain that for all [ € {0,...,8 — 1}, ﬁ(l)(z,q) (resp. ?L(l)) satisfies a linear g¢-
difference (resp. differential) equation with coefficients in (C[zﬁ]. Moreover, for

all 1 € {0,...,5—1}, h®), converges coefficientwise to D and the equations they sat-
isfy have coefficients that check the assumptions (A2) and (A3).

Because of the fact that 0 € R\iﬁ’ Proposition 1.5 implies that for alll € {0,...,5 — 1},
there exists S° (E(l)), asymptotic solution of the same linear d-equation than D). These
latter can be computed with Laplace and Borel transformations.

Using the case z — h(z,q),h(z) € C Hzﬂ” (see §6.2), we can compute for ¢ close

tol, and [ € {0,...,8—1}, z+— S([]O] (ﬁ(l)) € M(C*,0), solution of the same family of
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linear d4-equations than h(®. Because of Remark 3.5, we find:

0 = > doki(z )55 S (ﬁ(l))
K

0 = ng_Lk,l(Z,Q)égSt[zm (ﬁ(l))'
k.l

B
Hence, we obtain that for ¢ close to 1, Sg)] (h) = Z zlS([IO] (h(l)) satisfies the same lin-
1=0
ear J;-equation than h. We apply now the theorem in the case z — h(z, ), h(z) € C Hzﬂﬂ
previously treated, to prove the existence of Lo > 0, such that we have

iy 591 () = (1) = 48 (1)

uniformly on the compacts of {z €S (— QZT’JFﬁ) ‘\z| < Lg}. To conclude, we have to
prove

im SO (3) = 3° (A
tim 557 () = 5" (7).
uniformly on the compacts of g(—ﬁ,—i—ﬁ) \ UR>1c;, where «; are the
roots of by € C[z].  This is the same reasoning than for the particular case
z h(z,q),h(z) € C Hzﬁﬂ (see Step 4 in §6.2). This completes the proof of our main
result, Theorem 4.5.

7. BASIC HYPERGEOMETRIC SERIES.

We refer the reader to [GR04] for more details about basic hypergeometric series. We
recall that p = 1/q. In this section, we will say that two functions are equal if their analytic
continuations coincide. Let 7,5 € N, let ay,...,a,,by,...,bs € C\¢", with different images
in C*/q”, and let us consider the formal power series

Aiy...,0¢ o]
ar;P)n---Qr;P)n . n(n— 1+s—r n
Tcps( ip, 2 ) = (01;)n - (803 7) ] ((—1) p 1)/2) 2",

bi... . b, = (0:P)n(b1;p)n - - - (bs; p

where (a;p)p+1 == (1 — ap™)(a;p), and (a;p)g := 1, for a € C. Assume now

T

that r > s+ 1 and [Ja; # 0. In this case, the formal power series is divergent. Let
i=1
us put p 1= q_l/(r_s_l) and ¢ := ql/(T—S—l)'

a1y, Ay
Lemma 7.1. The series rps ( Dy 2 ) satisfies the linear oq-equation
bi,...,bs B

i=1 =1

s T aly...,qp
((% = 1) [T(og = big) + 2(=1)" "¢ 07" [ (o - ai)> (M ( D, 2 ))

- - - bi, ... bs

which admits 0 and 1 as non negative slopes.
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0 s+1 s+2

Aly...,0¢

Proof. Let us define (up)nen € CN such that ¢, vz | = Z un, 2. Let
bl, ey bs neN

us fix n € N. We find that

s

Un+1(1 _BnJrl) H(l . bﬂzn) — un(_l)lJrsfrgn H(l . azﬂn)
=1 =1

and then

s

un+1(gn+1 _ 1) H(qn+1 _ bzg) — un(_1)1+sfrg1+sgn(2+sfr) H(gn _ ai)‘

i=1 i=1
Multiplying the two sides of the equality by 2"*!, we obtain the result. O
Let a1,...,a.,01,...,8s € C\ (-N) with different images in C/Z. If we

)l—i-s—r

put z:==z2 (1 -p , we have the following convergence coefficientwise when p goes

to 1:
BOZI’”_’BOZT Ay, ..., Qp
rPs D, T — . Fs ) (_1)1+S_TZ s
p/jla' p/BS /Bla"'aﬁs
where
F Oél;-.-ya'r' . L i (al)n(a'r)n Zn
rd's ’ T | ’
/817--'”85 n=0 n(ﬂl)n(ﬁs)n
and (a)p := 1;(@)nt+1 := (@ + n)(a), for « € C. Applying Lemma 7.1, we obtain that
P, P
the first series satisfies Ag | s B B D, T = 0 where
- pﬁl7 . ’p/Bs -

= 1 _pﬁi_l s—r 2+42s—r 2+4s—r - 1 _pai
Ag::(qu (524—1;_(] +2(=1)"""q o, H og + :

i=1 l—gq

Using the same reasoning, one can prove that the second series satisfies

Aly...,Qp
A (TFS ( S(=1)tFsTry )) = 0, where
617“‘7/65
T

&:zéﬁ(d—l—ﬁi—1)+z(—1)S_TH(5+ai).

i=1 =1

The above series do not satisfy the assumptions of Theorem 4.5, since the slopes of E,
do not correspond to the slopes of A, that are positive. Notice that the assumptions of

[DVZ09], Theorem 2.6, are not satisfied as well.
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The goal of this section is to show that if d # (r—s—1)x[27], we may apply successively
PP
Bq and Lt[ld}, see Definition 3.6, to ,ps a a ;p, |, and prove, by making
- - 61 Bs o
P, p

explicitly the computations, that we obtain a function that converges, as g goes to 1, to

. Aly...,Op
S (rFs ( (=) )) The case r = 2 and s = 0 has been treated in

ﬁb s 768
[Zha02], §2.

aly...,ap
First, we are going to consider ;p,z |, which satisfies, see Lemma 7.1,
bi,. .., bs
a linear o4 -equation with non negative slopes 0 and 1. As we can see in [Zha02], §1,
if d # (r — s — 1)m[27], we can compute a solution of the same linear o, -equation

Aly...,0p

than s P, 2 applying successively to it Bq and ng I, Applying Bq
bi,...,bs B B
aly...,0p
t0 rs P, % |, we obtain for all d # (r — s — 1)7[27]
bi,...,bs
aly...,0r
h(¢) = rpr—1 3 Ds (_1)1+S_T< € Hg,l-
b1,...,b5,0,...,0 B
[e'] k
For a,ay,...,a € C, let (a;p)ss := H(l —ap"™), and (ai,...,a,;P)oc = H(ai;g)oo
n=0 =1
For all j € {1,...,k} and ai,...,a; € C, let (a1,...,a;,...,ax) be equals to the finite
sequence (ai,...,ay) after the withdrawn of the element a;. As we can see in Page 121 of

[GRO4], the convergent series ,¢,_1 may be expressed with connection formula at infinity:

at, ..., ar " (a1,...,G5,...,ar,b1/aj,...,br_1/aj,a;2,p/0;2;P)
rPr—1 P, 2 :Z —
bl,...,brfl 7=1 (b17'"7b7"—17a1/aj7"'7a'j/a'j7'-war/aj?Z:B/Z;B)oo

ajaajﬂ/blw"aajﬂ/bel .
. BH::_l b
XrPr—1 3D, m
— 1= ¢
ajp/ai,...,ajp/a;, ... a;p/ar

Making bs41, .. .,b.—1 goes to 0, we find:

h(C) _ i (CLl, s ’@7 . 7ar7b1//a,];: ’bS/ag,B)oo@g((—l)S—r%C)
j=1 (b1,...,bs,a1/aj,...,a5/a;,... ’aT/aj?B)oo@g«—l)S—Tg)

aj,a;p/by,...,a;p/bs

_ —s—1
Xs+1Pr—1 D (_1)1+S TBag B f:l bl
= (Il as

ajp/ai,...,ajp/a;, ... a;p/ar



38 THOMAS DREYFUS

The next lemma gives the expression of the g-Laplace transformation of the first term of
the sum of h. The expression of the g-Laplace transformation of h will follows directly.

. —1) T pal o by L by
Lemma 7.2. Let d # (r—s—1)7[27], X := (¢— 1)’ and o := =) £ ! .

- ag ...y
Then,
@q((_l)s—ralg> al,alﬂ/blw--valﬂ/bs
L | — SH1Pr1 ip, &
B @g((_l)sfrg) aip/az,...,a1p/a,
is equal to
®g<(_1)s_ra1)\> @g(alz/)\) al,alg/bl,...,alg/bs,o ' N
B s+2¥Pr—1 Dy _algz
Gg((_l)s r)\) @g(z/)‘) aip/az,...,a1p/ar

Proof. Using the expression of Qg’ we find that for all k£ € Z,

G)g(qkz) = gk(k_l)/sz@g(z).

Let us write

at,a1p/bi,...,a1p/bs 00
f(C) = s+1Pr—1 ;B7% = Z flc_l
1=0

alﬂ/a% R a‘lﬂ/a'r

and
ai,a1p/bi,...,a1p/bs,0 oo
9(2’) = s+2¥r—1 P _alagz = Zglzik
aip/az,...,a1p/a, 1=0
Then,
7 Qq((—l)s_’"alg) a1, a1p/b1, ..., a1p/bs
q — s+1¥Pr—1 Dy %
@2((_1)S_T<> aip/as,...,a1p/ar
@g((—l)sfral)‘) 1 ajz\" 12
- ()« ey
0, ((—1)*7A) ©,(Ag/2) nez

3

_ @1((_1)8_%1)‘) 1 a1Z2\" _n—1)/2 ;. —iny—1
B @g((—l)s’”\> @g<>\g/2) nezgg( )‘) . fig A
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We apply now Fubini’s Theorem to conclude that

O((-1)"a\)
0,((~1)77A) ©,(Ag/2) e

io: <a12) —n(n—l)/?flq—lnA—l

=0

N

O((-1"ah) SN (92" nn-1)/2 ooy
@g((—l)*m) @Q(Ag/z) §n€< ) fa

B eg< _1)5_%1/\) 1 i@ <a1zq l)f/\ ;
= - q

Agq/ Z> 1=0

N

0
Z lefl(lq 2a—zqzz
=0

— - @q o0 .
= — Z gz
—1)s~ Oy 1=0

We have proved:

Theorem 7.3. Let d # (r—s—1)n[27] and let S[g(ﬂ (rps) be the function obtained applying

. Aly...,Qp
successively By and L([Jd} to »ps ip, 2 |. Then
a B b1,...,bs

(ai,...,aj,...,ap,b1/a;,...,bs/a;;p) OO@ (—=1)° q)eid)@q(ﬁ)

S[d] T’SOS Z — — . —

= O bsarfag, . ag/ag, . ar 0 p)scO, (< 1)o7 (1 = 9)ei) Oy (=55 )

aj,a;p/by,...,a;p/bs,0 ,
B G O M W U VY
X s4+2Pr—1 7Ba 5 szl a;

ajp/ai,...,ajp/a;,...,a1p/a,

Let ai,...,ap,01,...,0s € C\ —N with different images in C/Z. We replace now a;
1+
by p*i, b; by pﬂl zbyxz ==z (1 — ) ™" and consider the limit as p goes to 1. Tt is clear

that for all j € {1,...,7}, we have the uniform convergence on the compacts of C*
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po, ph Tl L TPt 0
- o (_1)s—rpaj(r—s—2)+61+l-~+,85

;gq s+2Pr—1 P, pror

—_—
pajfa1+17 . 7Baj_aj+17 . ,Bajfar+l

Oéj,Oéj—,Bl—i-l,...,Oaj—ﬂs—l-l
:s+1Fr—1 . ;%
aj—ar+1,.. 0 —a;+1,.. a5 —ar + 1

As we can see in [Zha02], §2.3,

e For v € C,
’77 e’} 1- 7-1
p—l (Q?Q)oo
e We have
. @g(ﬂvu) _
lim ——— =477,
p—1 @Q(u)

uniformly on the compacts of {z € C*|arg(—z) # 7}.
We have proved:

Theorem 7.4. Let d # (r — s — 1)w[2n]. Then,

s .
—a;

03 TT Mo — o) (-1 72)
1 =1

yeeey P r 4=

. ld = = i#j
tim 7 [ e || =X s
. PP, j=1 [1T() [T (B - ay)
i=1 i=1
i#j
aj,aj—61+1,...,aj—ﬂ5+l
XS+1F’I’—1 7 (_12, )
aj—a1+1,...,aj—aj+1,...,ozj—ozr—i-l

uniformly on the compacts of {z € C*|arg(—z) # d}.

Remark 7.5. The right hand side of the limit equals to the func-
" Alye..,Qp
tion S¢ (TFS ( S(=1)itsry )) )
Bla e 7ﬁs

8. APPLICATION: CONFLUENCE OF A BASIS OF MEROMORPHIC SOLUTIONS

We study a family of linear d,-equations that discretize a linear d-equation, and the
behavior of the solutions as ¢ goes to 1. After introducing some notations in §8.1, we
prove in §8.2, that a basis of local formal solutions of the family of linear d,-equations
converges to the Hukuhara-Turrittin solution of the differential equation in a sense that
we are going to explain. We apply this and our main result, Theorem 4.5, to prove
the convergence of the ¢-Stokes matrices to the Stokes matrices of the linear differential
equation in §8.3. In §8.4, we show how to find the monodromy matrices of the differential
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equation, as limit of ¢g-solutions when ¢ tends to 1. When ¢ is real, this extends the results
in §4 of [Sau00] in the irregular singular caset.

8.1. Notations. Some of the notations below were already introduced before, see the
introduction, but we recall them for the reader’s convenience. For a € C* and n € N*,

let us consider ©4(z) = Z q_n(;H) 2" 1y(2) = (5(@@11((;')))’ Aga(z) == @??Z(jl)a eqn (az")
neZ q

and egn (az™™). They satisfy the g-difference equations:

0404(2) = 204(2).

oglg = lg+ 1.

0gl\ga(2) = algq(2).

dgeqn (az"™) = a[n]qz"eqn (a2™).

_ —aln|eq 2"
o Oqeqn (a27") = 1+ (¢ —1)aln]gg 2z o

Let A be an invertible matrix with complex coefficients and consider now the decompo-
sition in Jordan normal form A = P(DN)P~!, where D := Diag(d;) is diagonal, N is a
nilpotent upper triangular matrix with DN = ND, and P is an invertible matrix with
complex coefficients. Following [Sau00], we construct the matrix:

Ag.a := P (Diag (A a) €M) P~1 € GLy (C (g, (Aga)yec- ) )
that satisfies:

(az™™).

oghga = ANga = Ay A A.
Let a € C* and consider the corresponding matrix (a) € GL;(C). By construction, we
have Aq@ = Aq,(a)-

We now introduce the g-exponential of matrices. For A € M,, ((C(z)), we define:
A’VL

e(4) =% o€ GLyn (M(C,0)).
neN q

8.2. Confluence of a basis of local formal solutions. Formally, we have the conver-

gence lirri dg = 0. We want to prove the formal convergence of a basis of solutions of
q—

a family of linear d,-equations to the Hukuhara-Turrittin solution of the corresponding
linear §-equation. First, we will consider the family of equations,

Ay = bm(z,q)(SZIn + bmfl(ZaQ)(S;n_l + o+ bo(z9)

A = bp(2)6™ 4 bmo1(2)8™Y 4+ .+ b(2),
that satisfies the following assumptions:
(H1) For all i, for all ¢ close to 1, z — bi(z,q), bi(z) € C[[z]].

(H2) For all i, b;(z,q) converges coefficientwise to b;(z) when ¢ — 1.
(H3) Viewed as a linear o4,-equation, A, has slopes that belongs to Z. For ¢ close to 1,

the Newton polygon of A, is independent of g.
(H4) The slopes of A belongs to N.

fNotice that the results of this section do not allow us to recover Sauloy’s Theorem, but are to be
considered as an analogous result in a different situation.
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We consider now the associated systems

5qY(zaQ> = B(Z7Q)Y(27Q)
(8.1) N o

V(z) = B(x)V(2),

with z — Id + (¢ — 1)B(z,q) € GL,, (C((z))),é(z) € Mm(C((z))) From Theorem 2.2
and the Hukuhara-Turrittin theorem (see §1), we have the existence of

e 2z H(z,q),H(z) € GLy, (C((z))), such that the entries of the first row of H(z, q)
have z-valuation equal to 0,
® W € Z, and matrices Bj(q) € GLyy(C), which are of the form Diag, (Tu(q))

where T; ;(¢q) are upper triangular matrices with diagonal terms equal to the roots
of the characteristic polynomial associated to the slope f;,
o \(2) €271C[z7Y, Li € My, (C),
such that
H(z,q) |Diag(Bi(q)=)] =Td+ (g~ 1)B(z,q)

(8.2) 7a

H(z) [Diag (Li + 0Xi(2) x Idw,, )| s = B(2).

]

We make two more assumptions:
(H5) For q close to 1, Diag (Bi(q)z_“i) commutes with Diag (f/z + 0Xi(z) x Idmi).

(H6) If H'(z) is any formal matrix solution of the differential system of (8.2), then the
entries of the first row of H'(z) have necessarily z-valuation equal to 0. Moreover, we
assume that the term of lower degree of each entry of the first row of H(z,q) converges

as ¢ goes to 1, to the term of lower degree of the corresponding entry of H(z).

Remark 8.1. (1) Assumptions (H1) to (H4) are satisfied if the b;(z,q) € C][z]] are inde-
pendent of ¢ and if the slopes of A,, viewed as a linear o4-equation, belong to Z.

(2) As we can see in [RSZ13], Theorem 2.2.1, up to a ramification, we may always reduce
to the case where the slopes of Ay, viewed as a linear o4,-equation, belong to Z. Up to a
ramification, we may also reduce to the case where (H4) is satisfied.

(3) Assumption (H5) is satisfied if and only if, for all ¢ close to 1, Diag (Bl(q)) commutes
with Diag (L) If Assumption (H5) is satisfied, then the the blocks of Diag (Bi(q)z_’”)
and Diag (El + 55\2(2) X Idmi) have the same size.

(4) If, for g close to 1, the B;(q) and L; are diagonal, we may perform shearing transforma-
tions on the differential system (resp. a diagonal gauge transformation that depends only
upon ¢ on the g-difference system), in order to change the entries [; ; of L; by l; j + k; ;
where k; j € 7Z (resp. multiply to the right H (z,q) by a diagonal complex matrix), and
to reduce to the case where (H6) is satisfied. Notice that in this case, (H5) was already
satisfied because of the point (3) of the remark. The B;(q) and L; are diagonal if for ¢
close to 1, the multiplicities of the slopes of A,, viewed as a linear o,-equation, (resp. the
multiplicities of the slopes of A) are all equal to 1. A weaker condition for B;(¢q) and L;

being diagonal is to assume that A,, viewed as a linear o4-equation, and A have exponents
at 0 which are not resonant.
(5) If Assumption (H6) is satisfied, then the C-vectorial subspace of M,, ((C((z))) of

solutions of the differential system of (8.2) has dimension 1. Remark that the converse in
not true.
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(6) The slopes of A and Ay, viewed as a linear o4-equation, may be different. We will
make assumptions on the slopes in §8.3 and §8.4.

Definition 8.2. We say that the m x m invertible square matrix F(z, q) belongs to O},
if for ¢ close to 1, the entries of z — F'(z,q) are meromorphic on C*, and F(z, q) satisfies

e We have the uniform convergence lin% <6qF(z, q))F(z, q)~! =0, on the compacts
q—

of C*.
e We have the uniform convergence lin% F(z,q) = 1d, on the compacts of C*.
q—

A

Remark 8.3. Roughly speaking, the matrices H(z,q)Diag(A%Bi(q)@q(z)_“i) and

H(z)Diag (elog(z)ziexi(z)“dmi) are fundamental solutions of the systems (8.1). Let us
k;

write Xz(z) = Z )\i,jz_j with k; € N. The next theorem says that there exists a funda-
j=1

mental solution of §,Y (2, q) = B(z,q)Y (2, ¢q) of the form:

k; _ '
H(zv Q)Fl(za Q)F2(za q>Diagi (Aq,Id—&-(q—l)Zi H Cqi (A”L}jz_] X Id’nu)) )
j=1

such that:
o z — Fi(z,q) € GLm<(C{z}> and the matrix H(z,q)Fi(z,q) € GLm<C((z)))

converge entrywise and coefficientwise to H (z) when g — 1.
e The matrix Fy(z,q) belongs to O}, and therefore, for z € C*, lirri Fy(z,q) =1d.
q—

e Because of what is written in Page 1048 of [Sau00] and Lemma 6.1, for
all z € C* \ Rg, we have the convergence
k;

lim Diag; (Aq o | (Xi,jz_j X Idmi)> = Diag (elog(z)zieAi(Z)XIdmi> :
q— ’ i
J=1

In other words, the above fundamental solution of §,Y (2, ¢) = B(z,q)Y (2, ¢) formally con-

verges to the fundamental solution H(z)Diag (elog(z)LieM(z)XId"%) of 0Y (z) = B(2)Y (2)
given by the Hukuhara-Turrittin Theorem. Of course, written like this, this statement is
not rigorous since the matrices can not be multiplied among them, see §1.

Theorem 8.4. Let us consider the systems (8.1) that satisfies the assumptions (H1) to
k.

(H6). Let Bi(q), L; and X\i(z) = invjz*j that come from (8.2).

j=1
(1) There exist z — Fi(z,q) € GLm<(C{z}>, Fy(z,q) € O},, z+— N(z,q) € Mm<(C(z))
such that

Fi(z)[1d+ (= DN(z.q)] = Diag(Bi(g)=™"),
q
where N(z,q) satisfies:

k; _ A
5(1 (FQ(Z7 q)Dla‘gZ (Aq,ld-‘r(q—l)zi Hleqj ()\i,jz_] X Idmz)))

=

ki ~ )
N(z,q)F»(z,q)Diag; (Aq,1d+(q1)zi H €y ()\mz*J X Idmi)) .
j=1
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(2) The matriz H(z,q)F1(z,q) converges entrywise to H(z) when ¢ — 1. Moreover, there
exists N € N, such that for q close to 1, z zNﬁ(z, q)F1(z,q) belongs to M,, ((C[[z]])

Notice that the point (2) implies in particular that zNH(z) € M, (C[[z]]) Before
proving the theorem, we state and prove a lemma:

Lemma 8.5. Let us consider an invertible complex matrixz that depends upon q, A(q),
and assume the existence of k € N*, such that we have the simple conver-
gence lin% A(g)"Y (g —1)* =0 € M,,(C). Let n € Z. There exist

q—

o = Ei(2,q) € GLy (C{2})
o Ih(z,q) €O,
such that

o4 (E1(2,0)Fa(2,9)) = 2" A(q) Br (2, ) Fa(2,q) = Ea(2,4) Fa(2, 9) A() ="

Ezxample 8.6. Let us solve o,Y (z,q) = ﬁY(z, q) with solution in the same form as in

the lemma. The trick of the proof of the lemma is the following identity that is valid for
all z € C*:
I =V
(g—1)7 14 @2

We may take Ei(z,q) = eq (ﬁ) that satisfies o, (ﬁ) = (1 + (q—Z1)2> e ((q_zl)g)
and Fy(z,q) := ¢ (Q(qT_l)) that satisfies o4eq (q(q_l)) =1 (Q(q—l)).

12
z 1Jr(q Z1) q z

Proof of Lemma 8.5. For, [,d € N* with [ > 2, let us define the function

d(_1\l—1 .
Ji,d == €4 (ﬁ) €qd (%), that satisfies:

d P

0qf1d = ﬁfl,d = fl,dm,

with 2z = e (ﬁ) € C{z} and ep (%) € Oj. Let us also con-

sider z — e (%) € GL,, (C{z}) and e (w) € GL,, ((C{zfl}). We can
prove that they satisfy

v () = () (0 ) = (90 e ) ()

and
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Hence, e, (w) € O, and we have:

. <e ( zA(q) )e <Q(q—1)kA_1(Q)>>
U\ (g - R z

zA(q) ( zA(q) )e (q(q—l)’“Al(Q)>
(g I

(g — DR\ (g — 1)k+2 >

_ e( 2A(q) )e <Q(q—1)kA‘1(q)> 2A(q)
= oy e

Let us choose dy,da, l1,lo € N* with [1,ls > 2, such that dj —da+1 =n and l1+(k+1) = lo.

Then,
_ zA —1)kg-1
firar (Frn) ™" 4 ((q_f)%) ‘. <q<q ) <q>> |

z

is solution of o, Y (2, q) = 2" A(q)Y (2,q9) = Y (2, q)A(q)2z" and admits a decomposition that
has the required property. O

Proof of Theorem 8.4. (1) Let us define

and

ki
W(z, q) := Diag; (H egr (igz % Idmi>) ,

J=1
which satisfy

ki J i
o4(Wi(2,9)Wa(z, 9)) = Diag, 1 L Tdy, | Wa(2,9)Wa(2, ).
i1 (@ = Dlilgh
ki ¢ 2
Because of (8.2), Diag; H ﬁ x Id;,, | commutes with Diag (Aq,ld—f—(q—l)zz-)
j=1 (a = D)[5lgAi

and we obtain that:

oq (Diag (Aq Hdt (g1 )Wl(z qQ)Wa(z, Q))

ki J 5
Diag; ((Id +(q— 1)EZ> 1:11 (qz)quu) Diag (Aq T (g1 ) Wi(z,q)Wa(z,q).

Let

-1
C(z,q) = D1ag<B( )2~ Nz)D1agZ ((Id+ qg— 1L )ﬁ q_(i;f]] /\ )
J=1 0,

=: Diag (C’i(q)zni) .
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If we are able to construct z +— Ej(z,q) € GL,, ((C{z}) and Fy(z,q) € O;,, that commute
with Diag (Bi(q)z_“’) and are solution of

o (El(z,q)Fz(z, q)) = C(z,9)E1(z,q9)Fa(z,q) = E1(z,q)Fa(z,9)C(z,q),

then the following matrix would be a fundamental solution of the linear o4-
equation o4Y (2,q) = Diag(Bi(q)z_”i)Y(z, q):

(8.3) Ey(z,q)F2(2, q)Diag (Aq,ld-i-(q—l)zi) Wi(z, ¢)Wa(z, q).

Let us construct the matrices £y and F» using Lemma 8.5 applied on each block C;(q). Let
us check that the matrices g — Cj(q) satisfies the assumptions of Lemma 8.5. Since the

-1
o\ F ¢ 2
matrices (Id + (g — 1)Li> H _— satisfy the assumptions of Lemma 8.5,
j=1 (g — DlilgNi,
it is sufficient to prove that the matrices B;(q) satisfy the assumptions of Lemma 8.5. Using
Theorem 2.2, the B;(q) are of the form Diag; (Tzl(q)) where T;;(q) are upper triangular

matrices with diagonal terms equal to the roots of the characteristic polynomial associated
to the slope p;. We recall that the linear ¢4,-equation is

g = b2, @) (F9)™ + b1 (2, 0) (3" + - + bo(z. ),

where the b; converge coefficientwise when ¢ — 1. Since for all n € N,

== 3 () vtk

k=0

a straightforward computation shows that each root of the characteristic polynomial as-
sociated to a slope different from zero (resp. to the slope zero) is of the form a(q)(¢ — 1)
(resp. a(q)), where a(gq) converges to a non zero complex number. Therefore, each diago-
nal term of a B;(q) is of the form a(q)(q — 1) or a(q), where a(q) converges to a non zero
complex number. We recall, see (8.2), that the matrix H (z,q) satisfies

o4 (ﬁ(z, q)) Diag(Bi(Q)z_’“) = (Id + (¢ —1)B(z, q))ﬁ(z, q).

Using the convergence of the constant terms of the entries in the first row of H (z,q), see
the assumption (H6), and the behavior of the diagonal terms of the B;(q), we find that
each non diagonal term of a triangular matrix B;(q) is of the form a(q)(¢ — 1) or a(q),
where a(q) converges to a non zero complex number. Hence, for all i, B;(¢)~'(q — 1)?
simply converges to 0 as g goes to 1.

Applying Lemma 8.5, there exist z — FE1(z,q) € GL,, (C{z}) and Fy(z,q) € O, that
satisfy

o (El(z, q)Fs(z, q)) = Diag(Ci(q)z”i)El(z, Q) Fs(z,q) = El(q)Fg(z,q)Diag(Ci(q)z”i).

Because of (H5) and the construction of E1(z, ¢) and F5(z, q) (see the proof of Lemma 8.5),
we obtain that they commute with Diag (Bi(q)z*/”).

We have proved that the matrix (8.3) is a fundamental solution of the system

04Y (2,q) = Diag (Bi(q)z_“i)Y(z, q).
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We have the following relation:

%q (Diag (Aq,IdJr(qfl)Zi) Wa(z, CD) -

O J i .
Diag; ((Id +(¢—1)Li) I1 (1 + @_%M)) Diag (A, 4 +(q—1)Zi> Wa(z, q).

7j=1
Using (H5) and the construction of Fy(z,q), we find that Fh(z,q) commutes
SN J
with Diag; (Id + (¢ — 1)Li> H (1 + qz~> . From the construction
j=1 (g — DilgNi,
of F5(z,q), we find also that o, (Fg(z,q))Fg(z, q)~'eGL, (C(z)) Let

U(Z, Q) = F2(Za q)Dlag (Aq,Id—‘r(q—l)Zi WZ('Z7 q)) :

From what is preceding, we obtain the existence of z+— N(z,q) € M, ((C(z)), such
that 6,U(z,q) = N(z,q)U(z,q).
Because of (8.2), Wi(z,q) commutes with Diag (Aq,ld—i-(q—l)zi)'

(H5), and the construction of Fh(z,q), Wi(z,q) commutes also with Fb(z,q).
Let Fi(z,q) :== E1(z,9)Wi(%,q). Then, by construction,

Fi(@[1d+ (g~ DN, = Ding(Bila)2™),

Because of

and the matrices N(z,q), Fi(z,q) and F5(z, q) have entries in the good fields.

(2) We recall that the matrix U(z, q) satisfies the linear d,-equation:
Let N(z) := Diag (EZ + 0Xi(z) x Idmi) which satisfies

4] (Diag (elog(z)ziexi(z)xmmi>) = N(z)Diag (elOg(Z)Ziexi(z)XIdmi> '
From what is preceding, we deduce the following relations:
§H(z) = B(2)H(z)— H(2)N(z)
o0 (H(z0)Fi(2,0) (1 +(@=DN(zq) = (1d+(¢—1)B(z0) (H(zq)Fi(209).
This implies that
5 (H(z0)Fi(2,9)) = Bz, 0)H(2,)Fi(2,9) = 0 (H(2,0)Fi(2,0)) N(2, ),

and finally
(8.4)

5 (H(z,a)Fi(2,9)) (Td+ (g = 1)N(2,q)) = B(z)H(2,0)Fi(2,9) — H(z,q)Fi(2,a)N(2,9).

We are going now to prove that the entries that belong to the first row of ﬁ(z, qQ)Fi(z,q)
converge coeﬁ‘icientwise to the corresponding entries of H(z) when ¢ — 1.

Let h (z,9) Zh )2z" be an entry of the first row of ﬁ(z,q)Fl(z,q) and

let h Z hnz" be the corresponding entry of H( ). We want to use Lemma 4.1
n=0
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to prove that for all n € N, ﬁn(q) converges as q goes to 1 to . We are going to prove
now that the assumptions of Lemma 4.1 are satisfied.
e The matrices B(z,q) and N(z,q) converge entrywise and coefficientwise to B(z)
and N (z) when ¢ — 1. Therefore, using additionally (8.4), we find that there exists
a dg-equation with coefficient in C[[z]] that is satisfied by fz(z, q), with z-coefficients
that converge to the z-coefficients of a d-equation with coefficient in CJ[z]], that is
satisfied by h(z).
e As we can see in Remark 8.1 (5), the vector space of Lemma 4.1 has dimension 1.
e By construction, Fi(z,q) is of the form Id+ z2Gi(z,q), where

z+— Gi(z,q) € Mm((C{z}) Hence for ¢ close to 1, the entries of the first

row of H (2,q9)F1(z,q) have z-valuation equal to the entries of the first row
of H(z,q), which are 0 (see the paragraph just below (H4)). Due to (H6), the
entries of the first row of H(z) have z-valuation equal to 0.

e Let us prove the convergence of ho(q) to hg.  Since Fi(z,q) is of the
form Id + 2G4 (z, q), it is sufficient to prove that the constant term of the entries of
the first row of H (z,q) converges to the constant term of the corresponding entry
of H(z). This is guaranteed by (H6).

We can apply Lemma 4.1, which gives that the first row of H (z,q)F1(z,q) converges
entrywise and coefficientwise to the first row of H(z) when ¢ — 1.

Let us prove now the convergence of the other rows. Let ﬁ(z,q) be
an entry of H(z,q)Fi(z,q) and let h(z) be the corresponding entry of H(z).
Let  hi(z,q),...,hm(z,q) be the entries of the first row of H(z,q)Fi(z,q) and

let hi(2),...,hm(z) be the corresponding entries of H(z). From (8.4), we find that there

exist r € N, z — (dm(z, q))igmgm, (di’j)igr,jgm € C((z)), such that:

Zi,j di,j(z, Q)‘Sé (ﬁj(z, Q)> = ]Al(zv q)
(8.5)

Yidig(2)8 (h(2)) = h(2),

and such that for all 4,7, d; (2,q) converges entrywise to sz(z) when ¢ — 1. The
entrywise convergence of ﬁ(z, q) to i~L(z, q) when ¢ — 1 follows immediately from the case
of the first row.

Using (8.5) and the fact that for all ¢ close to 1, the z-valuation of the entry of the
first row of f[(z, q)F1(z,q) are 0, we obtain the existence of N € N, such that for
all g close to 1, z zN/fL(z,q) € Cl[z]]. We apply the same reasoning on the other
entries of H(z, q)Fi(z,q) to conclude the existence of N € N, such that for ¢ close
to 1, z— 2NH(z,¢)Fi(2,q) € My, ((C[[z]])

]

8.3. Confluence of the Stokes matrices. In this subsection, we combine Theorems 4.5
and 8.4, to prove the convergence of a basis of meromorphic solutions of a family of
linear d4,-equations to a basis of meromorphic solutions of the corresponding linear -
equation. We consider the family of equations

Ay = bu(z0)8" + bnoa(z0)50 + o+ bo(2,9)

A= bp(2)6™ + by (2)6™Y + L+ bo(2),
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and assume that they satisfy the assumptions (H2) to (H6) of §8.2 and the two following
assumptions:

(HY’) For all i < m, 2+ bi(2,q), bi(z) € Clz).
(HT) Every entry h of the matrix 2N H(z, q)Fi(z,q) given by Theorem 8.4 (resp. every

entry h of the matrix 2V H(z)), satisfies a family of d4-equations (resp. d-equation) that
verifies the assumptions (A2) and (A3) detailed §4.2.

As in §8.2, we consider the associated systems:

0Y(z,9) = B(2,9)Y(2,q)

§Y(z) = B(2)Y(z2).

The next lemma gives a sufficient condition for the assumption (H7) to be satisfied. See
Remark 8.1 for the discussion about the cases where the other assumptions are satisfied.

Lemma 8.7. If the bi(z,q) are independent of q, and if (H1’), (H2) to (H6) hold, then
(H7) is satisfied.

Proof. The matrix zV H(z) satisfies the equation
5 (:NH(2)) = B(2)z" H(z) — 2N H(2) (N(2) - N x 1d) ,
where N(z) = Diag (Ez + 0Xi(2) ¥ Idmi) has entries in C[27!]. From (8.4), we obtain
b (NH(z 0)Fi(z.0)) (104 (g = DN(z,0))

(8.6)
= ¢VB(2):NH(z,0)Fi(2,q) — 2V H(z,0)Fi (2,0) (¢V N (2, 9) — [N], x 1d),

where N(z,q) converges to N(z). Let h(z q) be an entry of zNH(z,q)Fi(z,q) and
let h(z) be the corresponding entry of 2NH(z). Using (8.6), we obtain the existence
of r e N*, z di(2,q),...,dv(2,q),d1,...,d. € C[z], ¢ > 0, such that for all i < r, for
all ¢ > 1 sufficiently close to 1, ‘d (z,q) — di(= ‘ <(g—1c ( Z(z)‘ + 1), and such that

Zdi(zqd( ) =0

i<r

> di()d" (h(2)) = 0.

i<r

In particular,  satisfies the assumptions (A1) and (A3), with formal limit the formal
power series h(z).

Moreover, the z-valuations of the b;(z,q) are independent of ¢ and are equal to the z-
valuations of the b;(z). Therefore, the z-valuations of the d;(z, ¢) are independent of ¢ and
are equal to the z-valuations of the (Z(z) Since the slopes of the equation depend only
on the z-valuation, we obtain that h satisfies the assumption (A2), with formal limit the
formal power series h(z). O

We recall that if D(z) € My, ((C(z)), we define S! (5(2)) as the union of the R>jx;,

where ; are the poles of D(z). Let Y be the union of the - e , that have been defined

in §6.2, Step 1, where R j are the entries of H. Due to (H7) we may apply Theo-
rem 4.5 to the divergent entries of zNH(z,q)Fi(z,q) and 2N H(z). Using additionally
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Remark 4.4, (2), and the reasoning in §6.2, Step 4, we may prove a similar result for the
convergent entries, and we find the existence of k € N*, such that for all d € R\ X 7

lim S} (VAR ) =8 (=N H),

q—1

uniformly on the compacts of S (d — 37, d + 3¢) \ S* (B ( (2 )) From Theorem 4.5 and The-
orem 8.4, there exists F»(z,q) € O}, such that

.7_

k,
olf(z,q) = 2 NS/ (zNHFl)FQ(z,q)Diagi (A T+ (q-1)Es Heqj( iz Idmi))

€ GL,, (M(C*,o)),
is a fundamental solution of 6,Y (2,q) = B(2,q)Y (2,q). From §1, we recall that

®d(z) := NS¢ (zNﬁ(z)) Diag (ezi log(z)"'xi(z)“dmi) cA (d - %, d+ 27;)

is a fundamental solution of 8Y (z) = B(2)Y (z).

Lemma 8.8. We have
lim CID%d] (z,q) = ®L(2),
q—1

uniformly on the compacts of S (d — g d 4 95) \ (Sl (E(z)) U{R<0}>.

Proof. Due to the preceding discussion and the definition of O}, we only have to prove
the convergence

k; ~ ~

hn% Diag; (Aq T+ (g—1) T H €qi (/\i,jz_j X Idmi)> = Diag (eLi log(z)"r/\i(Z)XIdmi) )

q— ’ (2
J=1

The fact that
. . SO oF L; log(z)
lim Diag (Aq,1d+(q—1)Li> Diag (e ) )
uniformly on the compacts of a convenient domain has been proved in a more generalize
case in Page 1048 of [Sau00]. See Lemma 6.1, for the convergence of the g-exponential
part. ]
Let d~ < dt with d* € R\ ¥, so that we can define <I>[ ]( q). We define the g-Stokes
matrix ST ] [dﬂ(z, q) € GL,, (M]E) (we recall that My is the field of functions invariant
under the action of o, see the introduction) as follows:
dt d- -1.1d+
@% ](z,q) = @% ](z,q)ST[d lld ](z,q).
Let d — g <d~ <d<d+<d+ﬁsuchthat

([adU]d.d ] )N2g =2

Let us recall that by construction, X contains v 77» the set of singular directions that has
been defined in Proposition 1.5. Therefore, following §1, we may define the Stokes matrix

in the direction d, ST ¢ GL;,,(C), as follows:

—~dt —~d— —
6" (2) = B (2)ST".
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—d
Remark 8.9. If d is not a singular direction (see Proposition 1.5), then although ST = 1d,
the entries of H(z) might be divergent. In fact, see [vdPS03] Page 247, the entries of H(z)

are convergent if and only if E\Td = Id for all d € R. On the other hand, the principle
of analytic continuation implies that if ST [di]’[dﬂ(z, qo) = Id for some d~ < d* and for

some qo > 1, then z — 2N H (2, q0)Fi(z, q0) € M (C{z})
Using Lemma 8.8, we prove:

Theorem 8.10. Let d — ﬁ <d <d<dt<d+ i such that

([a=a[U]d.at]) 25 =2
Then, for q close to 1, we can define ST[d_Hdﬂ(z, q) and we have

lim ST[dT’[dﬂ(z, q) = :S’\Td,

q—1

uniformly on the compacts of S (d — 35, d + ) \ (Sl (E(z)) U{R<0}>.

8.4. Confluence to the monodromy. In this subsection, we show how a basis of mero-
morphic solutions of a family of linear d,-equations at 0 and at oo can help us to find the
monodromy matrices of the corresponding differential equation. We consider the family
of equations

Ay = bu(z,9)00 + bm_l(z,q)ég”_l + ... 4+ bo(zq)

A = bp(2)6™ + by (2)6™Y + L+ bo(2),

that satisfies the assumptions (H1’),(H2) to (HT7) of §8.2, §8.3 and the following
assumptions:

(H8) The zeros of by,(z) have different arguments and there is no zero which has an
argument equal to 7.

(H9) The assumptions (H1’),(H2) to (H8) are satisfied with the linear ¢, and d-equation
at infinity, obtained by considering z — 2z~ L.

As in §8.2, §8.3, we consider the associated systems:

5qY(Z, q) = B(Za q)Y(Z, q)

§Y(z) = B(2)Y(2).
Let d € R\ X5. Due to Lemma 8.8, there exists k € N* such that for we have

: [d] _&d
él_% (I)O (qu) - (I)O(Z)v

uniformly on the compacts of

~ = B 1 1 1 —_—~
Qo ._S(d o %) \ (8" (B(2)) UR<o) -
We are now interested in the domain of definition of the fundamental solu-
tion q)[od](z,q) for ¢ close to 1 fixed. We recall that if D(z) € GL,, ((C(z)), we de-

fine S9(D(z)) as the union of the ¢" x;, where z; is a pole of D(z) or D71(2). Fol-

lowing Page 1035 in [Sau00], we obtain that Aq}I d+(q—1)Ding () has poles contained

in a finite number of g¢-discrete spiral of the form ¢%B;(q), that converge to the
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spiral R.oy as ¢ tends to 1. By construction, for g fixed, the domain of defini-

tion of the matrices S,Ed} (ZNI:IF1> F5(z,q) and Diag; (H €y ( 02 Y ' Idmi)), in-
j=1
tersected with S (d— 35, d+ 9%) is S (d — Jz,d+ ) \ (Sq (Id +(q— 1)§(z))> Notice

that, S? (Id + (¢ — l)B(z)) tends to S! (B ( (z)) as q goes to 1. We have proved that for ¢
fixed close to 1, the domain of definition of <I>[0d](z, q) intersected with S (d — J-,d + )

| S<d 2% d+2k)\(sq(ld+ ¢~ 1B()UdBi(0)

FIGURE 1. Intersection of S (d — o5, d+ Lk) and the domain of definition
of @gﬂ(z,q) (left) and @ch(z,q) (right).

We consider now the singularity at oo putting z — z7!'. After taking a larger set
finite modulo 27Z, ¥ C R, we may assume that for all d ¢ X~ 5, we can also compute a

[d]( 1

fundamental solution at mﬁmty ol ](z q) in the same way than ®;"(z,q). Let p = ¢~

Similarly to Qo, let us define QOO, such that
lim @ (2, ) = ¥5(2),

uniformly on the compacts of (200, where 21320 (z) is the fundamental solution of the linear ¢-
system at infinity computed with Borel and Laplace transformations. More precisely,

there exists k' € N*, such that Qe =9 (d— Sz, d+ 357) \ {R<o,tf1, . tZ |t €]0, 1]},
where the 7; satisfies p = S(d— g5, d+ 92) \{Reo, R>1Z1, ..., R>12, }. If we restrict
the domain of convergence, we may assume that k = &'.

1
The Birkhoff matrix (@L%] (2, q)) <I>([)d] (2, q) is invariant under the action of o4 and tends
to

tim (80(2,q)) " @ (z.q) = (3L(2)) " Bi(z) = P

q—1
uniformly on the compacts of Qoo N Q.
—1 ~
Since (Cbgﬂ(z, q)) cI>([)d](z, q) is invariant under the action of o4, we obtain that P? is

locally constant.
Let 9 = —1. We order the Z; by increasing arguments in |d — o5, d+ Qk:[ The con-

nected component of the domain of definition of P are the U], where
[7]- ::S(d o ,d + )ﬂS(arg zj), arg(x]+1)>

Let f’jd € GL,(C) be the value of P in Uj. Let us chose Z; such
that 7; € S (d — o5 d+ 2k) Let us consider a little positive path v around z; start-

ing from a € U;_;. We may choose v such that we can decompose v into 1 and ~2 such
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FIGURE 3. Domain of definition of P,

that v, comes from a to b € (7]- in SNIOO and 2 comes from b to a in §~20. The analytic
continuation along ~; transforms ®&(z) into @go(z)Pj‘-i_l, and the analytic continuation

~ ~ ~ -1
along 72 transforms &9 (z) into ®d(2) (de) . We have proved the following theorem,
which extends when g is real, the theorem of the §4 in [Sau00] in the non-Fuchsian case:

Theorem 8.11. The monodromy matriz of the §-equation 8Y (z) = B(2)Y (2) in the

~ N ~ N1~
basis ®d(z) around the singularity 7; is (P;l) de_l

APPENDIX A. CONFLUENCE OF A “CONTINUOUS” ¢-BOREL-LAPLACE SUMMATION.

The goal of this appendix is to prove the equivalent of Theorem 4.5 for a “continuous” ¢-
Borel-Laplace summation. We introduce now the “continuous” ¢g-Laplace transformation.
See §3 for the notations.

Definition A.1. Let k € Q> and let d € R. As we can see in [DVZ09], §4.2, the following
maps are defined and we call them the “continuous” g-Laplace transformation of order 1
and k:

Ed Hd

q,l N q71 H A( - 7T d + 7T)
Lt Q)
= e /0 e, (qc) dc,

k-1
2nv(d —7) 27n(v+1)(d —m)
Low: Hep — UA( P )

v=0
g koﬁ[]1001/k()

Remark A.2. We say that the ¢g-Laplace transformation is “continuous” because it is de-
fined with a “continuous” integral, in opposition to the g-Laplace transformation of §3,
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which involves a “discrete” Jackson integral. Notice that the term “continuous” g-Borel-
Laplace summation is an abuse of language since the ¢g-Borel transformation we use in this
summation process is the same as in the “discrete” g-Borel-Laplace summation.

Theorem 4.14 of [DVZ09] compares the “discrete” and the “continuous” ¢-Borel-Laplace
summation for the case of formal power series solutions of a linear o,-equation with coeffi-
cients in C({z}) with only slope 1. The next proposition is the analogue of Proposition 3.4
of the present paper.

Proposition A.3. Let g € Hil. Then
d 52,1 (649) = 5q£g,1 (9)-

o 2L7(6,9) = pLL1(Cg) — pzLY1(9).

Proof. To prove the first equality, it is sufficient to prove that the “continuous” g-Laplace
transformation commutes with o4,. To do this, we just have to perform the variable
change ¢ — q(C in the integral.

Let us prove the last equality. We recall that o, (eq (%)) = %. Let p = 1/q.
Then,
id (g—1)¢
ooe p— 1+
2L2 (6 = z/ 9(¢) ~_q
q,1< qg) 0 2eq (%) q—l C
I(9)
= / o (P +p¢/?)
o (%)
— d _ d
= pL ,1(@9) PZEq 1(9)
0

Let k € N*. If we consider f € C szH, solution of a linear ¢,-equation with coefficients

in C [zk}, with Bq,k (f) € ]H[ik, then we have:
0 (Lqx0Byw (F)) = LaxoByk (5,f) and 8, (28, 0 By () = Lo 0B (3, ()

Hence, Eik o Z’S’%k < f) is solution of the same linear J,-equation than f . But in general,

if f € C[[z]] is solution of a linear §,-equation with coefficients in C [z], we will have to
apply successively several g-Borel and “continuous” g-Laplace transformations in order to
compute an analytic solution of the same equation than f. See Theorem A .4.

As in §4.2, let z — h(z,q) € C[[z] that converges coefficientwise to h(z) € Cl[[z]]
when ¢ — 1. We make the following assumptions:

e There exists
Z = bO(zaQ)v o abm(za Q) € (C[Z]?

with z-coefficients that converge as ¢ goes to 1, such that for all ¢ close to 1, fz(z, q)
is solution of:

bm(za q)(s(’;n (]AZ(Z,q)) +eoet bo(Z, Q)ﬁ(zv Q) =0.

Let bo(2),...,bm(2) € Cl[z] be the limit as ¢ tends to 1 of the bo(2,q), ..., bm(z,q).
Notice that the series h(z) is solution of:

b (2)8™ (R(2)) + -+ + bo(2)h(2) = 0.
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e For ¢ close to 1, the slopes of the linear ¢-difference equation satisfied by h are
independent of g, and the set of slopes of the latter that are positive coincides with
the set of slopes of the linear differential equation satisfied by h.

e There exists ¢; > 0, such that for all ¢ < m and ¢ close to 1:

bi(z,q) —E(z)’ <(g—1)y (1(2)‘ + 1) :

e The differential equation has at least one slope strictly bigger than 0.

Let dp := max (2,deg (50) ,...,deg (Em» Let k1 < -+ < ky—1 be the slopes of (4.3)
different from 0, let k, be an integer strictly bigger than k,_; and dy, and set k,41 := +o0.
Let (k1,...,ky) defined as:

-1 L —
R =k =k

As in Proposition 1.5, we define the (ki,...,Ks) as follows: we take (k1,...,K,) and
for i = 1,...,4 = r, we replace successively k; by «; terms «;k;, where «; is the smallest
integer such that ayk; is greater or equal than dy. See Example 1.4. Therefore, by
construction, each of the K; are rational number greater than dy. Let 5 € N* be minimal,

such that for all i € {1,...,s}, B/k; € N*. Let us write h (z,9) Zh )z" and

for I € {0,...,8—1}, let AW (z, q) thﬁ

Theorem A.4. There exists X CR finite modulo 277, such that if d € R\ X then

for alll € {0,...,B — 1}, the series g1; := Bq,% o---0 l’;’q’,;s (ﬁ(l)) converges and belongs
to H - (see Deﬁmtwn 4.3).
Moreover, for j =2 (resp. j =3, ..., resp. j = 1), gj1 = Ejﬁ(gj,u) belongs
sy —

—d ~ .
to H. Let S¢ (h(l)) — Li’%(gr,l). The function

B-1

Sa(h):=> 8¢ (A1) e A (d —dt Ij) :

1=0 r

is solution of (4.2). Furthermore, we have

i ¢ () = 3 (B)

q—1

uniformly on the compacts of ?(d— 2 d+ ﬁ) \URlem where «; are the roots

of by, € Clz] and Sd (E) is the asymptotic solution of the same linear §-equation than h
that has been defined in Proposition 1.5.

The proof of this theorem is basically the same as the proof of Theorem 4.5. The only
difference is that we can not use Lemma 6.2, so we state and prove a similar result for the
“continuous” summation.

Let d € R, let k£ € Q>0 and let f be a function that belongs to ﬁz. By definition (see
Definition 4.3), there exist € > 0, constants J, L > 0, such that for all ¢ close to 1, { —
f(¢,q) is analytic on S(d — &,d + ¢), and for all ¢ € R~g:

‘f(eidg,q)‘ < Jeg (L(k) i
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Lemma A.5. In the notations introduced above, let us assume that linif = f € ]ﬁlg
q—

uniformly on the compacts of S(d — €,d + €). Then, we have

lim 24, (£) (2) = £4 () (2),

uniformly on the compacts of {z €S(d—5=,d+ 5=) ‘\z\ < 1/L}.

Proof. For the same reasons as in the proof of Lemma 6.2, we may assume that d = 0
and k= 1.
Let us fix a compact K of {z €S (5, +5) ‘|z| < 1/L}. Using the dominated con-

vergence theorem, it is sufficient to prove the existence of a positive integrable function h,

L] < O,

Let J > 0 be the constant that comes from Definition 4.3 and let z € K. By definition
of the “continuous” ¢-Laplace transformation

such that for all ¢ close to 1, ( € Ryg and z € K,

| J eq(LC)
cd </ 2 %) | g
iG] < [ |4
Let us fix g > 1. Let S € R, such that forallze K, g>1and ( > S, {( — %ej‘z(gég)
5 f(Ga) 5 f©

is decreasing. The convergence hm d( is clear. Moreover,

d¢ = _—
0 zeq (qc) 0 zexp (%)
we have for all ¢ €]1, g0 and z € K:

/OO J_eq(LC) ¢ < (q i qls‘] ca (Ld'S)

S z eq(qC/z) 1=0 €q H>1‘51/Z)

We have seen in the proof of Lemma 6.2, than we can bound this latter quantity uniformly
in g and z € K. This yields the result. O
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