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1 Introduction and summary

The two-derivative tree-level effective action of bosonic string theory has been extensively used for cosmological
applications: it is the starting point of what is sometimes called “tree-level string cosmology” [1–12], which
exploits the presence of a tree-level cosmological constant in noncritical dimensions. In the present paper we
go beyond tree level (in the string coupling) and calculate the bosonic string one-loop three- and four-point
amplitudes to quadradic order in momentum. To our knowledge these results have not appeared before in the
literature. From that, we are then able to extract the one-loop low-energy two-derivative effective action Seff
for the massless fields.

By definition, Seff is an action in target space whose tree-level amplitudes reproduce the full one-loop string
theory amplitude for the massless fields: the graviton, the antisymmetric two-form and the dilaton, and can thus
be read off systematically from the string theory amplitude. While the construction of the effective action is in
principle straightforward (albeit technically involved) for the superstring, there are two additional complications
which arise in the case of the bosonic string: the nonvanishing dilaton tadpole (which is generally present in
nonsupersymmetric string models), and the tachyon.

As is well known, the presence of the tachyon in the spectrum signals an instability of the vacuum. We do
not offer a way to circumvent this problem: as in most of the literature on the subject (see however [13]) we
will concentrate on the massless fields alone, simply ignoring the tachyonic couplings in the effective action.
An additional issue with the tachyon is that it gives an infinite contribution to the one-loop vacuum energy,
resulting in an infinite cosmological term. The way we deal with this here is to simply renormalize by hand
the value of the one-loop vacuum energy to a finite value Λ, which we will treat as a tunable parameter of the
bosonic string model.1 On the other hand, there are numerous tachyon-free string theory models which are
non-supersymmetric and therefore are expected to generally develop a cosmological constant at one loop. Our
methods are readily transferable to the study of these, potentially more realistic, models.

The dilaton tadpole reflects the fact that one is expanding around the wrong vacuum. It is related to the
appearance of a non-vanishing cosmological constant at one-loop order in the string coupling –which is otherwise
a desirable feature with regards to potential cosmological applications. In the presence of tadpoles momentum-
independent infinities arise in the two types of amplitudes depicted in figs. 1, 2. (These are one-loop diagrams,
but the argument can be generalized to arbitrary order in the coupling expansion). For an N -point string
amplitude, the infinities arise whenever N or N − 1 vertex operator insertions come together at the end of
a long cylinder, as in figs. 1a, 2a respectively. String perturbation becomes cumbersome in the presence of
tadpoles, nevertheless Seff is expected to remain a well-defined object [14]. From the point of view of the
low-energy effective action Seff, these string diagrams correspond to tree-level Feynman diagrams of the type
depicted in figs. 1b, 2b: 1-particle reducible diagrams where the propagator of a massless field either goes into
the tadpole at zero momentum (fig. 1b), or becomes on-shell due to momentum conservation (fig. 2b), leading
to limε→0

1
ε factors. These are well-understood IR divergences which can be treated within the framework of the

low-energy effective action. As we will see, subtracting the contribution of these 1-particle reducible diagrams
from the string amplitude removes the IR divergences and leads to a well-defined two-derivative low-energy

1A numerical estimate for Λ, obtained by removing the divergent tachyon contribution in D = 26, is given in appendix C; it
depends crucially on the ratio of gravitational (Planck) to string length.
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Figure 1: (a) String-theory N -point amplitude with N vertex operator insertions coming together at the end
of a long cylinder. (b) Its low-energy field-theory limit corresponding to tree-level diagrams with a propagator
going into the tadpole (represented by a cross) at zero momentum.

effective action,

κ2Seff =

∫
dDx
√
G
{

(1 + γ e
√
D−2φ)

(
1
2R−

1
2(∂φ)2

)
−1

6(1 + 3γ e
√
D−2φ)H2e

− 4√
D−2

φ
+ 1

α′ e
2√
D−2

φ
(δ + α′Λe

√
D−2φ)

}
,

(1.1)

where κ is the gravitational coupling constant. Moreover we have extrapolated off the critical dimension and
included the tree-level cosmological term,

δ :=
26−D

3
, (1.2)

which vanishes in the critical dimension D = 26; Λ is the renormalized (finite) one-loop vacuum expectation
value, cf. section 2.1. Besides the cosmological tree-level and one-loop terms, the two-derivative effective action
(1.1) contains the canonical (Einstein-frame) tree-level kinetic terms for the massless fields plus their one-loop
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Figure 2: String-theory N -point amplitude with N − 1 vertex operator insertions coming together at the end
of a long cylinder. (b) Its low-energy field-theory limit corresponding to tree-level diagrams with a propagator
going on shell due to momentum conservation.

corrections, which are proportional to the dimensionless constant γ given by,

γ := cα′Λ . (1.3)

The constant c can be thought of as the renormalized part of the Eisenstein series E1(τ), cf. (3.23) below. The
precise value of c is not important for our purposes (cf. appendix C for a numerical estimate): it is obtained from
the one-loop three-point amplitude by subtracting the IR divergences of the type depicted in figs. 1, 2. Indeed,
as we will see, the three-point amplitude at quadratic momentum is proportional to the Eisenstein series E1(τ)

(before integration over the modulus of the torus), which has a singularity of the form limε→0
1
ε . Consequently,

upon integration over the fundamental domain of the torus, the singular part of three-point amplitude turns
out to be proportional to 1

εΛ, in agreement with the expected IR divergences of figs. 1, 2.

In our conventions, the closed string coupling constant gstr is related to the vacuum expectation value of the
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canonically-normalized Einstein-frame dilaton, φ, via,

g2
str = exp

(√
D − 2 〈φ〉

)
. (1.4)

In general the one-loop corrections considered here would be subject to the usual objection that when quantum
corrections can be computed they are too small to make any qualitative difference while when they are important
their computation cannot be trusted since perturbation breaks down. However, in the present case, there is
a crucial caveat to that statement: if the renormalized one-loop vacuum energy can be treated as a tunable
parameter, one could take α′Λ to be sufficiently large, while at the same time gstr � 1 and perturbation theory
remains valid. In this way one can be in a regime where the one-loop corrections in the effective action are of
the same order as the tree-level couplings,

α′Λ� 1 ; gstr � 1 ; α′Λe
√
D−2φ ∼ O(1) . (1.5)

Similarly to the one-loop effective action (1.1), the general form of the two-derivative effective action at k-th
order in string perturbation will be given by couplings of the order of α′Λk ek

√
D−2 φ, where Λk is the k-loop

vacuum energy. It is plausible to assume that, without fine tuning, the higher-loop vacuum energies will be of
the same order as the one-loop ones,

Λ ∼ Λk, k = 2, 3, . . . . (1.6)

One is then justified to ignore higher-order corrections to the effective action (1.1) since these will be suppressed
by additional powers of g2

str ∼ e
√
D−2φ. Moreover the cosmological tree-level and one-loop terms in (1.1) are

multiplied by an overall e
2√
D−2

φ factor, which goes like a positive power of gstr. Therefore these terms are
suppressed in the regime (1.5), rendering the effective cosmological constant small in units of α′.

• de Sitter solutions

For an infinite range of values of the renormalized constant c in (1.3), the effective action (1.1) admits simple
D-dimensional weakly-curved de Sitter solutions in a regime where (1.5) is valid. These solutions have vanishing
fieldstrength for the antisymmetric two-form, H = 0, and constant dilaton, φ = const. The dilaton is given by,

e
√
D−2φ =

2

α′Λ

(
c(D − 2) +

3D

(D − 26)

)−1

. (1.7)

We see that g2
str = e

√
D−2φ can be made as small as desired by tuning α′Λ to be sufficiently large. Moreover,

the curvature, λ, of the de Sitter space is given by,

λ = 2(D−26)
3α′D e

2√
D−2

φ
, (1.8)

which is positive for D > 26. Provided g2
str is small (which, as we mentioned, can be achieved by tuning α′Λ to

be sufficiently large), the de Sitter space is weakly curved, λα′ � 1, so that the supergravity solution can be
trusted. Let us stress that even without fine-tuning of c, Λ, we can have solutions with small de Sitter curvature
and g2

str in the perturbative regime.

• Outline of the paper

In section 2 we discuss the vanishing-momentum limit of the N -point one-loop amplitude. In section 3 we
calculate the three-point amplitude at quadratic order in momentum, given in (3.21), (3.22) below. Although
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the on-shell massless three-point amplitude vanishes identically for kinematical reasons, it has been known since
[15] that the effective action can still be read off of it using a formal procedure. The effective one-loop, two-
derivative action is extracted from the three-point amplitude in section 4. In section 5 we calculate the four-point
amplitude at quadratic order in momentum, given in (5.17) below. Contrary to the three-point amplitude which
only exhibits the momentum-independent IR singularities of figs. 1, 2, the four-point amplitude has numerous
additional momentum-dependent singularities. From the point of view of the low-energy effective action, these
correspond to additional 1-particle reducible diagrams that need to be subtracted in order to read off the four-
point couplings of the action. As in the three-point case, the four-point amplitude at quadratic momentum turns
out to be proportional to the Eisenstein series E1(τ). Consequently, subtracting the pole singularity thereof
renormalizes at the same time both the momentum-dependent and the momentum-independent singularities
of the four-point amplitude (this is different from the regularization of [16] which is obtained by a cutoff of
the fundamental domain of the torus). We do not attempt a complete comparison of the four-point amplitude
with the effective action (1.1), although we do show in section 5.3 that a certain subset of the terms in the
amplitude are consistent with Seff. In section 6 we show that the equations of motion resulting from the effective
action (1.1) admit simple weakly-curved de Sitter solutions with constant dilaton at small string coupling. We
conclude in section 7. Appendix A contains our conventions for the special functions used in the main text. A
review of the main formulæ used in the calculation of the one-loop amplitude is included in appendix B. Some
prescriptions leading to numerical estimates for the renormalized constants c, Λ are discussed in appendix C.

2 One-loop N-point amplitude

We refer to appendix B for a review of our notations and conventions. Following [17], it is convenient to
represent the massless vertex operator (B.3) as follows,

Vi(zi, z̄i) = eiki·X+ξi·∂X+ξ̄i·∂̄X
∣∣∣
(ξµi ,ξ̄

ν
i )→ξµνi

, (2.1)

where the notation means that we are to Taylor-expand the exponential, keep the bilinear term in ξµi , ξ̄
ν
i and

make the replacement (ξµi , ξ̄
ν
i )→ ξµνi . (Note that only the polarizations ξµνi are physical: the (ξµi , ξ̄

ν
i ) are only

used in intermediate steps as a convenient calculational device.) The above then leads to the following formula
for correlator of N vertex operators,

〈
[
V1

]
R
. . .
[
VN
]
R
〉 =

∏
i<j

e−ki·kjGij
{
S1,...,N

− α′

8πτ2
(ξ1S2,...,N + ξ2S1,3,...,N + · · ·+ ξNS1,...,N−1)

+
( α′

8πτ2

)2
(ξ1ξ2S3,...,N + ξ1ξ3S2,4,...,N + · · ·+ ξN−1ξNS1,...,N−2)

+ . . .

+ (−1)N
( α′

8πτ2

)N
ξ1 · · · ξN

}
,

(2.2)

where,
S1,...,N := exp

{∑
i<j

(wij + wīj̄ + wīj + wij̄) +
∑
i

(ui + uī)
}∣∣∣

(ξµi ,ξ̄
ν
i )→ξµνi

, (2.3)

and we have taken (B.7),(B.11) into account.
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2.1 One- and two-point amplitudes

The one-, two- and three-point torus amplitudes at vanishing momentum are simple enough to be able to
compute without resorting to the diagrammatic techniques explained later in section 2.2. Here we give some
more details of the calculation.

Specializing to the case N = 1, we obtain the one-point dilaton correlator at zero momentum:

〈[V (z1, z̄1)]R〉 = − α′

8πτ2
ξ1µ

µ , (2.4)

where we have taken (B.7) into account. Specializing to the case N = 2 and taking all contractions, we obtain
the two-point graviton, dilaton and antisymmetric tensor correlators:

〈[V (z1, z̄1)]R[V (z2, z̄2)]R〉 = w12w1̄2̄ + w1̄2w12̄ + ξ1µ
µξ2ν

ν

(
α′

8πτ2

)2

, (2.5)

where we have taken into account the momentum conservation relation, k1 +k2 = 0, the on-shell mass condition,
k2
i = 0, and the transversality of the polarization, kµξµν = 0, which together imply that all potential momentum-

dependent terms in the two-point amplitude vanish. Moreover taking (B.10),(B.11) into account we obtain:

1

α′2
〈[V (z1, z̄1)]R[V (z2, z̄2)]R〉 =ξ1µνξ2

µν

∣∣∣∣ 1

8π2

(
π

τ2
+ ∂ν

[
θ′1(ν|τ)

θ1(ν|τ)

])∣∣∣∣2
+ξ1νµξ2

µν

(
πδ2(z1 − z2)− 1

8πτ2

)2

+ ξ1µ
µξ2ν

ν

(
1

8πτ2

)2

.

(2.6)

This agrees with [18] except for the fact that there is no δ2(z1 − z2) term in that reference. It also agrees with
[19] except for the fact that contrary to that reference there is no δ2(0) term in the result above. Finally, (2.6)
is in agreement with [20]. In the following we will use instead the representation of the Green’s function given
in (B.12), while dropping the zeromode as explained earlier.

Applying the general formula (B.1) with renormalized vertices to the case N = 1, taking (2.4) into account, we
obtain the expression for the one-point amplitude:

A1 = gΛξµ
µ , (2.7)

where we have defined:
Λ := C

∫
F
d2τ τ−14

2 |η(τ)|−48 , (2.8)

and we have rescaled: g → −gα′/8π. Note that Λ is divergent, with the divergence coming entirely from the
tachyon contribution. This can be seen as follows: from the second line in (A.4) we obtain,∫ 1

2

− 1
2

dτ1 |η(τ)|−48 =

∫ 1
2

− 1
2

dτ1 e
4πτ2

(
1+48Req+324Req2 +242|q|2 + · · ·

)
= e4πτ2 +242 +3242 e−4πτ2 + · · · . (2.9)

The fundamental domain F naturally splits into the upper τ2 ≥ 1 strip, for which the τ1 integration goes
from −1

2 to +1
2 and ensures that only the physical on-shell states contribute, and the lower part for which

τ1 is excluded between ±
√

1− τ2
2 , with

√
3

2 ≤ τ2 < 1. Contrary to the upper strip, in the lower part of F
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non-physical states contribute as well. In fact, as explained in detail in [21], the dominant contribution in the
lower part of F comes from nonphysical off-shell tachyonic states. In (2.9) above it is understood that we have
restricted to the upper part of F .

The exponential term after the last equality in (2.9) is the term responsible for the divergence, coming from the
τ2 →∞ neighborhood of the integral in (2.8). By comparing it to the field theory contribution of a particle of
mass m to the one-loop vacuum energy in D dimensions (see e.g. [22]):

Λm ∼
∫ ∞

0
dss−(D+2)/2e−πα

′m2s , (2.10)

one concludes that the divergence is due to the tachyon. In the following, we will simply renormalize by hand
the value of the one-loop cosmological constant to a finite value, i.e. we will treat Λ as a tunable parameter of
the bosonic string model.

Applying (B.1) with renormalized vertices to the case N = 2, taking (B.22),(2.5) into account, we obtain the
expression for the two-point amplitude:

A2 = g2Λ
(
ξ1ξ2 − 2ξ

(s)
1µνξ2

(s)µν
)
, (2.11)

where we have defined ξi := ξiµ
µ and ξ

(s)
µν := ξ(µν) is the symmetric part of the polarization. The above

expression agrees with [19, 20]. The authors of [19, 20] analyze the corresponding effective action and find mass
shifts for the graviton and dilaton but not for the Kalb-Ramond field, in agreement with gauge invariance. The
dilaton and graviton “masses” are entirely due to the coupling to the vacuum energy.

With a little more effort the analysis can be pursued to N = 3 at vanishing momentum, in a similar way. Using
the identities (B.17), (B.21), (B.24) we obtain:

Ak→0
3 = g3Λ

(
ξ1ξ2ξ3 − 2(ξ

(s)
1µνξ2

(s)µνξ3 + cyclic) + 8ξ
(s)
1µνξ2

(s)µ
ρξ3

(s)νρ
)
, (2.12)

where again only the symmetric part of the polarization enters. In particular, we see that there is no coupling
of the B-field to the cosmological constant. However, the analysis becomes more cumbersome if one wishes to
include terms of quadratic or higher order in momenta, or to calculate N -point amplitudes with N ≥ 4. In the
following section we will introduce a diagrammatic technique which facilitates these calculations.

2.2 Non-derivative couplings

The following diagrammatics are useful in the calculation of the correlator in the limit of vanishing external
momenta ki → 0. To S1,...,N we associate all admissible N -graphs, defined as polygons with N nodes, numbered
clockwise from 1 to N . Each node corresponds to a polarization ξµνi . It consists of a pair of vertices denoted by
a clear and a shaded circle, representing the polarizations ξµi , ξ̄

ν
i respectively, as in fig. 3. Each vertex must be

connected to exactly one other vertex by a line, representing the contraction of the corresponding polarizations,
together with a factor of the form ∂2G coming from the propagator. There are four possible line connections
between two nodes, distinguished by the types of vertices they connect, each connection being in correspondence
with one of the w’s as depicted in fig. 4.
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ξµi

ξ̄νi
ξµνi

Figure 3: The i-th node represents the polarization ξµνi . It consists of one clear and one shaded vertex
representing the polarizations ξµi and ξ̄νi respectively.

i

i

i

i

j

j

j

j
wīj

wīj̄

wij̄

wij

Figure 4: The four possible line connections between the vertices of two nodes and their correspondence with
the w’s.

For example S1,2 consists of the two admissible graphs depicted in fig. 5. Each polarization factor listed therein
comes multiplied by a term of the form (∂2G)2 which has been suppressed for simplicity. This gives,

S1,2 = w12w1̄2̄ + w1̄2w12̄

= ξ1µνξ2
µν∂1∂2G12∂1̄∂2̄G12 + ξ1νµξ2

µν∂1̄∂2G12∂1∂2̄G12 .
(2.13)

Upon integration over the vertex position both (∂2G)2 factors integrate to −1/τ2(α′/8π)2, cf. (B.22), leading
to the second term on the right-hand side of (2.11).

ξµ1

ξ̄ν1
ξµν1

ξρ2

ξ̄σ2
ξρσ2

(a) w12w1̄2̄ ∝ ξµν1 ξ2µν

ξµ1

ξ̄ν1
ξµν1

ξρ2

ξ̄σ2
ξρσ2

(b) w12̄w1̄2 ∝ ξµν1 ξ2νµ

Figure 5: The two admissible graphs corresponding to S1,2.

Similarly S1,2,3 consists of the eight admissible graphs depicted in fig. 6. Each polarization factor listed therein
comes multiplied by a term of the schematic form (∂2G)3 (omitting the different index structures of the deriva-
tives) which has been suppressed for simplicity. As in the previous example, upon integration over the vertex
positions all (∂2G)3 factors integrate to −1/τ2(α′/8π)3, leading to the last term on the right-hand side of (2.12).
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1 2

3

(a) ξ1µνξµρ2 ξν3ρ

1 2

3

(b) ξ1µνξνρ2 ξµ3ρ

1 2

3

(c) ξ1µνξµρ2 ξν3ρ

1 2

3

(d) ξ1µνξνρ2 ξµ3ρ

1 2

3

(e) ξ2µνξµρ3 ξν1ρ

1 2

3

(f) ξ2µνξρµ3 ξν1ρ

1 2

3

(g) ξ2µνξµρ3 ξν1ρ

1 2

3

(h) ξ2µνξρµ3 ξν1ρ

Figure 6: The eight admissible graphs corresponding to S1,2,3. The (∂2G)3 factors have been suppressed.

This pattern holds for arbitrary N : S1,...,N is the sum of all terms of the form (suppressing the different index
structures of the derivatives),

ξ1µ1ν1 . . . ξNµNνN (∂2G)N ,

where upon integration over the vertex position all (∂2G)N factors integrate to the same value,

∫ N−1∏
i=1

d2zi (∂2G)N = − 1

τ2

( α′
8π

)N
. (2.14)

Moreover the action of exchanging the two vertices within the same node, depicted in fig. 7, transforms an
admissible graph to another admissible graph, and corresponds to the exchange ξµνi ↔ ξνµi . This implies that
only the symmetrized part of the polarization appears in the amplitude in the ki → 0 limit. In other words,
there is no “potential” for the antisymmetric two-form, as is of course required for gauge invariance of the
amplitude.

+
ξµν ξνµ

=

Figure 7: The action of exchanging the two vertices within the same node is depicted. Both possibilities are
grouped together in a mixed node.

To account for this observation we introduce mixed nodes, denoted by two cocentric circles, grouping together
both possibilities, cf. fig. 7. It can then be seen that each S1,...,N is associated with all N -polygons with N
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mixed nodes, each weighted by the combinatorial factor CN given by,

CN = 2n12
1
2
n2 , (2.15)

with n1 :=the number of nodes whose lines join distinct nodes and n2 :=the number of mixed nodes whose lines
join the same node. Furthermore integration over the vertex positions introduces a multiplicative factor given
by (2.14).

(a) 2ξ
(s)
1ρσξ

(s)ρσ
2

1 2

3
(b) 8ξ

(s)
1µνξ

(s)νρ
2 ξ

(s)µ
3ρ

Figure 8: The graphs S1,2 and S1,2,3. We only display the corresponding polarizations with the (∂2G)2 and
(∂2G)3 factors suppressed.

Going back to the previous examples: S1,2 consists of the first graph in fig. 8 which gives n1 = 0, n2 = 1, C2 = 2

and S1,2 = 2ξ
(s)
1µνξ

(s)
2

µν(∂2G)2, in accordance with (2.13).

Similarly S1,2,3 is represented by the second graph in fig. 8. This gives n1 = 3, n2 = 0, C3 = 8 and S1,2,3 =

8ξ
(s)
1µνξ

(s)
2

νρξ
(s)
3ρ

µ(∂3G)3. Plugging these into the formula (B.1) for the amplitude, taking (2.2), (2.14) into
account, reproduces our results for the one-, two- and three-point amplitudes at vanishing external momenta:
(2.7), (2.11), (2.12).

The higher-point amplitudes can be evaluated in the same manner. S1,2,3,4 is represented by the graphs in fig. 9.
The graphs in the first row all have n1 = 0, n2 = 4 and C4 = 4, while those in the second row have n1 = 4,
n2 = 0 and C4 = 16. Their total contribution reads,

S1,2,3,4 =
[
4
(
ξ

(s)
1ρσξ

(s)
2

ρσξ
(s)
3µνξ

(s)
4

µν + ξ
(s)
1ρσξ

(s)
3

ρσξ
(s)
2µνξ

(s)
4

µν + ξ
(s)
1ρσξ

(s)
4

ρσξ
(s)
2µνξ

(s)
3

µν
)

+16
(
ξ

(s)
1µνξ

(s)
2

νρξ
(s)
3ρσξ

(s)
4

σµ + ξ
(s)
1µνξ

(s)
2

νρξ
(s)
4ρσξ

(s)
3

σµ + ξ
(s)
1µνξ

(s)
3

νρξ
(s)
2ρσξ

(s)
4

σµ
)]
× (∂4G)4 ,

(2.16)

where (∂2G)4 stands schematically for various terms with four propagators and two derivatives on each propa-
gator; the detailed index structure has been suppressed. Plugging this into the formula (B.1) for the amplitude,
taking (2.2), (2.14) into account and rescaling g → −gα′/8π, leads to the following four-point amplitude,
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(a) ξ(s)
1ρσξ

(s)ρσ
2 ξ

(s)
3µνξ

(s)µν
4 (b) ξ(s)

1ρσξ
(s)ρσ
3 ξ

(s)
2µνξ

(s)µν
4 (c) ξ(s)

1ρσξ
(s)ρσ
4 ξ

(s)
2µνξ

(s)µν
3

(d) ξ(s)
1τρξ

(s)ρµ
2 ξ

(s)
3µσξ

(s)στ
4 (e) ξ(s)

1τρξ
(s)ρµ
2 ξ

(s)
4µσξ

(s)στ
3 (f) ξ(s)

1τρξ
(s)ρµ
3 ξ

(s)
2µσξ

(s)στ
4

Figure 9: The graphs corresponding to S1,2,3,4. Those in the first row have C4 = 4, while those in the second
row have C4 = 16. The (∂2G)4 factors have been suppressed.

Ak→0
4 = g4Λ

(
ξ1ξ2ξ3ξ4 − 2

[
ξ1ξ2(ξ

(s)
3 · ξ

(s)
4 ) + ξ1ξ3(ξ

(s)
2 · ξ

(s)
4 ) + ξ1ξ4(ξ

(s)
2 · ξ

(s)
3 )

+ ξ2ξ3(ξ
(s)
1 · ξ

(s)
4 ) + ξ2ξ4(ξ

(s)
1 · ξ

(s)
3 ) + ξ3ξ4(ξ

(s)
1 · ξ

(s)
2 )
]

+ 8
[
(ξ

(s)
1 · ξ

(s)
2 · ξ

(s)
3 )ξ4 + cyclic

]
− 16

[
(ξ

(s)
1 · ξ

(s)
2 · ξ

(s)
3 · ξ

(s)
4 ) + (ξ

(s)
1 · ξ

(s)
2 · ξ

(s)
4 · ξ

(s)
3 ) + (ξ

(s)
1 · ξ

(s)
3 · ξ

(s)
2 · ξ

(s)
4 )
]

+ 4
[
(ξ

(s)
1 · ξ

(s)
2 )(ξ

(s)
3 · ξ

(s)
4 ) + (ξ

(s)
1 · ξ

(s)
3 )(ξ

(s)
2 · ξ

(s)
4 ) + (ξ

(s)
1 · ξ

(s)
4 )(ξ

(s)
2 · ξ

(s)
3 )
])

,

(2.17)

where we have adopted a matrix notation: ξi · ξj := ξiµνξ
νµ
j .

3 Three-point amplitude, quadratic momentum

Due to kinematic reasons (the fact that ki · kj = ki · ξj = 0 for i, j = 1, 2) there are no two-point couplings
with derivatives. The three-point two-derivative couplings of three massless particles also vanish identically
on-shell due to kinematics. Indeed, imposing momentum conservation leads to the relations ki · kj = 0, for all
i, j = 1, 2, 3. This then imposes that all three momenta are collinear, which in its turn implies ki · ξj = 0, for all
i, j = 1, 2, 3. These relations then imply that any Lorentz-invariant three-point amplitude must vanish on shell.
On the other hand, it is known that relaxing the collinearity condition (i.e. formally allowing terms of the form
ki · ξj to be nonvanishing for i 6= j) leads to three-point amplitudes that can be used to correctly reproduce
the two-derivative effective action at tree level [15]. We will assume that this procedure can also be applied
to derive the one-loop two-derivative effective action. As we will see in section 4 this leads to self-consistent
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results. A related recent discussion of off-shell regularization of string amplitudes was given in [23], based on a
certain violation of momentum conservation first introduced in [24].

1 2

3

(a) k3 · ξT2 · ξ3 · ξT1 · k3 (b) k3 · ξ2 · ξT3 · ξ1 · k3 (c) k3 · ξ2 · ξT3 · ξT1 · k3 (d) k3 · ξ2 · ξ3 · ξ1 · k3

(e) k3 · ξ2 · ξ3 · ξT1 · k3 (f) k3 · ξT2 · ξT3 · ξT1 · k3 (g) k3 · ξT2 · ξ3 · ξ1 · k3 (h) k3 · ξT2 · ξT3 · ξ1 · k3

Figure 10: For each of the graphs of fig. 6, each of the two vertices connected with a line can be replaced by
two vertices with open lines to obtain a term bilinear in u. This operation leads to 24 graphs, obtained from
the ones depicted here by cyclic permutations. The corresponding polarization factors are listed explicitly.

To evaluate the three-point O(α′k2) amplitude we proceed as follows. As we see from (2.2), (2.3), in the three-
point amplitude the only terms quadratic in momenta are those bilinear in ui, uī. This is because the terms
ki · kj vanish on-shell by momentum conservation and so the exponential term in (2.2) becomes trivial. To
describe graphically the terms quadratic in momenta we introduce an open vertex, i.e. a vertex with an open
line. This corresponds to ui, uī, for a clear, shaded vertex respectively. In each of the graphs of fig. 6 we may
replace any of the w’s with a bilinear in u. This corresponds to replacing a pair of vertices connected with a
line and belonging to distinct nodes, by two open vertices. When applied to S1,2,3, this operation, depicted
in fig. 10, gives 24 graphs. In addition we have graphs with two open vertices belonging to the same node.
There is a total of six graphs of this type obtained from the ones of fig. 11 by cyclic permutations. Let us for
example consider the term u1u2w2̄3w1̄3̄, which corresponds to graph (e) of fig. 10. It is the sum of four terms
each proportional to a polarization factor of the form kρrk

µ
q ξ1µνξ2ρσξ

σν
3 , for q = 2, 3, r = 1, 3. Setting q = 2,

r = 1, using similar manipulations as before, after integration over the vertex positions z1, z2 we obtain,
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2 3

1

(a) (k3 · ξ1 · k3)(ξ2 · ξT3 )

2 3

1

(b) (k3 · ξ1 · k3)(ξ2 · ξ3)

Figure 11: Graphs with two open vertices belonging to the same node. The corresponding polarization factors
are listed explicitly. All graphs of this type are obtained from the ones listed here by cyclic permutations.

− 1

π2

( α′
8π

)4
kρ1k

µ
2 ξ1µνξ2ρσξ

3
σν

×
′∑

(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

(m1 − n1τ̄)(m2 − n2τ̄)[(m1 −m2)− (n1 − n2)τ ]2

|m1 − n1τ |2|m2 − n2τ |2|(m1 −m2)− (n1 − n2)τ |2
, (3.1)

where the prime above the sum symbol indicates that (m1, n1), (m2, n2) 6= (0, 0). The sum in the second line
above can be evaluated as follows. Expanding the square in the last term,

′∑
(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

(m1 − n1τ̄)(m2 − n2τ̄)[(m1 −m2)− (n1 − n2)τ ]2

|m1 − n1τ |2|m2 − n2τ |2|(m1 −m2)− (n1 − n2)τ |2

=
′∑

(m1,n1)
(m2,n2)

(m1,n1) 6=(m2,n2)

2(m1 − n1τ̄)(m2 − n2τ)

|m1 − n1τ |2|(m1 −m2)− (n1 − n2)τ |2
− 2

|(m1 −m2)− (n1 − n2)τ |2

=
2

τ2
E1(τ) .

(3.2)
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The last equality can be seen as follows. First note that,

′∑
(m1,n1)
(m2,n2)

(m1,n1) 6=(m2,n2)

1

|(m1 −m2)− (n1 − n2)τ |2

=
′∑

(m1,n1)

 ∑
(m2,n2)

(m2,n2)6=(m1,n1)

1

|(m1 −m2)− (n1 − n2)τ |2
− 1

|(m1 − 0)− (n1 − 0)τ |2


=

′∑
(m1,n1)

1

|m1 − n1τ |2
′∑

(m1,n1)

1−
′∑

(m1,n1)

1

|m1 − n1τ |2
= − 2

τ2
E1(τ) ,

(3.3)

where we took (A.6), (A.8) into account. In order to evaluate the first term in the second line of (3.2) we note
the following identity:

′∑
(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

(m1 − n1τ)2(m2 − n2τ̄)2

|m1 − n1τ |2|m2 − n2τ |2|(m1 −m2)− (n1 − n2)τ |2

=

′∑
(m1,n1)
(m2,n2)

(m1,n1) 6=(m2,n2)

(m1 − n1τ)2[(m1 −m2)− (n1 − n2)τ̄ ]2

|m1 − n1τ |2|m2 − n2τ |2|(m1 −m2)− (n1 − n2)τ |2

=
′∑

(m1,n1)
(m2,n2)

(m1,n1) 6=(m2,n2)

( (m1 − n1τ)2(m2 − n2τ̄)2

|m1 − n1τ |2|m2 − n2τ |2|(m1 −m2)− (n1 − n2)τ |2

+
|m1 − n1τ |2

|m2 − n2τ |2|(m1 −m2)− (n1 − n2)τ |2
− 2(m1 − n1τ)(m2 − n2τ̄)

|m1 − n1τ |2|(m1 −m2)− (n1 − n2)τ |2
)
,

(3.4)

which implies,

′∑
(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

2(m1 − n1τ)(m2 − n2τ̄)

|m1 − n1τ |2|(m1 −m2)− (n1 − n2)τ |2

=
′∑

(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

|m1 − n1τ |2

|m2 − n2τ |2|(m1 −m2)− (n1 − n2)τ |2
= − 2

τ2
E1(τ) ,

(3.5)

where in the last equality we made use of a result in [25]. Indeed the sum in the second line is a special case of
the infinite sums Ca,b,−1 of [25] which were shown therein to satisfy,

Ca,b,−1 = Ea−1Eb + Eb−1Ea , (3.6)
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where Ea := π−aE(τ, a) and C1,1,−1 equals 1/π times the sum in second line of (3.5). Setting a = b = 1 in the
above and taking (A.8) into account leads to the last equality in (3.5). Inserting (3.3), (3.5) in the second line
of (3.2) leads to the last equality therein.

In conlusion, the q = 2, r = 1 term of u1u2w2̄3w1̄3̄ gives:

− 2

τ2π2

( α′
8π

)4
kρ1k

µ
2 ξ1µνξ2ρσξ

σν
3 E1(τ) . (3.7)

Alternatively, this term may be computed integrating by parts the ∂̄z1 derivative in w1̄3̄. This leads to the
following expression:

2

π2

( α′
8π

)4
kρ1k

µ
2 ξ1µνξ2ρσξ

σν
3 ×

′∑
(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

(m1 − n1τ̄)[(m1 −m2)− (n1 − n2)τ ]

|m1 − n1τ̄ |2|(m1 −m2)− (n1 − n2)τ |2
, (3.8)

after integration over the vertex positions. The sum above can be computed as follows,

′∑
(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

(m1 − n1τ̄)[(m1 −m2)− (n1 − n2)τ ]

|m1 − n1τ̄ |2|(m1 −m2)− (n1 − n2)τ |2
=

′∑
(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

(m1 − n1τ̄)(m2 − n2τ)

|m1 − n1τ |2|m2 − n2τ |2
= − 1

τ2
E1(τ) .

(3.9)

where in the last equality we took into account that, without the restriction (m1, n1) 6= (m2, n2), the sum
would vanish as a consequence of its antisymmetry under the exchange (mi, ni)↔ −(mi, ni) for i = 1 or i = 2.
Moreover the contribution of the terms with (m1, n1) = (m2, n2) can easily be computed, leading to the result
above. Inserting (3.9) in (3.8) we then recover (3.7).

The remaining contributions to u1u2w2̄3w1̄3̄ from the other values of q, r can similarly be calculated using the
results for the infinite sums derived above: the contribution from q = 3, r = 1 cancels the one in (3.7); the
contribution from q = 2, r = 3 equals one-half that of (3.7), while the contribution from q = 3, r = 3 vanishes.
Summing up all contributions for graph (e) we obtain,

1

τ2π2

( α′
8π

)4
E1(τ)× k3 · ξ2 · ξ3 · ξT1 · k3 , (3.10)

where we have adopted matrix notation for the polarizations. The numerical factor above turns out to be equal
to the numerical factor multiplying the polarization of graphs (c)-(h) of fig. (10), while the numerical factor of
the graphs (a) and (b) is (−5×) the above. The total sum of all graphs of the type depicted in fig. (10) can
thus be put in the form,

1

τ2π2

( α′
8π

)4
E1(τ)× k3 ·

(
8ξ

(s)
2 · ξ

(s)
3 · ξ

(s)
1 − 6ξ2 · ξT3 · ξ1 − 6ξT2 · ξ3 · ξT1

)
· k3 + cyclic . (3.11)
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The calculation of the contributions of the graphs depicted in fig. (11) proceeds similarly. Let us first con-
sider the term u1u1̄w23w2̄3̄: it is the sum of four terms each proportional to a polarization factor of the form
kµq kνr ξ1µνξ2ρσξ

ρσ
3 , for q, r = 2, 3. Setting q = 2, r = 3, after integration over the vertex positions z1, z2, we

obtain,

− 1

π2

( α′
8π

)4
kµ2k

ν
3ξ1µνξ2ρσξ

ρσ
3

×
′∑

(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

(m2 − n2τ̄)2[(m1 −m2)− (n1 − n2)τ ]2

|m1 − n1τ |2|m2 − n2τ |2|(m1 −m2)− (n1 − n2)τ |2
. (3.12)

The sum above can be computed indirectly by integrating by parts the ∂z2 derivative before performing the
integration over the vertex positions and using some of the previous results. This gives,

′∑
(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

(m1 − n1τ)2(m2 − n2τ̄)2

|m1 − n1τ |2|m2 − n2τ |2|(m1 −m2)− (n1 − n2)τ |2

=
′∑

(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

[(m1 −m2)− (n1 − n2)τ ]2(m2 − n2τ̄)2

|m1 − n1τ |2|m2 − n2τ |2|(m1 −m2)− (n1 − n2)τ |2
=

1

τ2
E1(τ) ,

(3.13)

where the first equality is obtained by a change of variables, m1 → m2 −m1, n1 → n2 − n1. The contribution
from all other values of q, r turns out to be equal to the above, giving in total,

− 4

τ2π2

( α′
8π

)4
E1(τ)× (k2 · ξ1 · k3) (ξ2 · ξT3 ) , (3.14)

for the first graph of fig. (11). Similarly, the second graph gives a total contribution of,

2

τ2π2

( α′
8π

)4
E1(τ)× (k2 · ξ1 · k3) (ξ2 · ξ3) . (3.15)

The sum of all graphs of the type depicted in fig. (11) can thus be put in the form,

1

τ2π2

( α′
8π

)4
E1(τ)×

(
−2(k2 · ξ(s)

1 · k3) (ξ
(s)
2 · ξ

(s)
3 ) + 6(k2 · ξ(s)

1 · k3) (ξ
(a)
2 · ξ(a)

3 ) + cyclic
)
. (3.16)

In addition to (3.11), (3.16) we have the contribution from terms of the form ξ3S1,2 and cyclic permutations
thereof, cf. (2.2). Keeping the quadratic-momentum coupling in (2.3) we obtain,

S1,2 = u1̄u2̄w12 + u1̄u2w12̄ + u1u2̄w1̄2 + u1u2w1̄2̄ . (3.17)

Let us first consider the term u1̄u2̄w12. It is the sum of four terms each proportional to a polarization factor of
the form kνq k

ρ
rξ1µνξ

µ
2 ρξ3, for q = 2, 3, r = 1, 3. Setting q = 2, r = 1, integrating over the vertex positions z1, z2

and using (3.2) we obtain,

− 2

τ2π2

( α′
8π

)4
E1(τ)× kν2k

ρ
1ξ1µνξ

µ
2 ρξ3 . (3.18)
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Alternatively we may arrive at the same result by first integrating the ∂̄z1 derivative by parts and using the
identities in (3.3), (3.5),

′∑
(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

(m1 − n1τ̄)[(m1 −m2)− (n1 − n2)τ ]

|m1 − n1τ |2|m2 − n2τ |2
=

1

2
×

′∑
(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

1

|m1 − n1τ |2
= − 1

τ2
E1(τ) . (3.19)

Furthermore, the terms with q = 2, r = 3 and q = 3, r = 1 can be seen to vanish, while the term with q = r = 3

gives (−1/2) the contribution of (3.18).

The second term of (3.17), u1̄u2w12̄, can be calculated with similar manipulations, giving minus the contribution
of (3.18), while the third and fourth terms in (3.17) are obtained from the second and first respectively by
exchanging ξµνi ↔ ξνµi for i = 1, 2. The total contribution of the terms of the form ξiSj,k thus reads,

1

τ2π2

( α′
8π

)4
E1(τ)×

(
k3 ·

(
2ξ

(s)
1 · ξ

(s)
2 − 6ξ

(a)
1 · ξ(a)

2

)
· k3 ξ3 + cyclic

)
. (3.20)

The three-point quadratic-momentum amplitude, before integration over the torus modulus, is the sum of (3.11),
(3.16), (3.20). We distinguish the following three cases:

• Odd number of antisymmetric polarizations. Eqs. (3.11), (3.16), (3.20) can be seen to vanish identically in
this case.

• Three symmetric polarizations. The total sum is,

− 2

τ2π2

( α′
8π

)4
E1(τ)×(

− (k3 · ξ(s)
1 · ξ

(s)
2 · k3) ξ3 + (k2 · ξ(s)

1 · k3) (ξ
(s)
2 · ξ

(s)
3 ) + 2(k3 · ξ(s)

2 · ξ
(s)
3 · ξ

(s)
1 · k3) + cyclic

)
.

(3.21)

• Two antisymmetric polarizations. The total sum is,

− 6

τ2π2

( α′
8π

)4
E1(τ)×(

2k1 · ξ(s)
2 · ξ

(a)
3 · ξ(a)

1 · k3 + 2k1 · ξ(a)
2 · ξ(s)

3 · ξ
(a)
1 · k2 + 2k3 · ξ(a)

2 · ξ(a)
3 · ξ(s)

1 · k2

− (k2 · ξ(s)
1 · k3) (ξ

(a)
2 · ξ(a)

3 )− (k3 · ξ(a)
1 · ξ(a)

2 · k3) ξ3 + cyclic
)
.

(3.22)

The amplitude before integration over the torus modulus is proportional to E1(τ), which has a pole divergence.
We will renormalize as follows,2

Cg3

∫
F
d2τ τ−14

2 |η(τ)|−48 1

π2

( α′
8π

)4
E1(τ)→ cg3α′Λ . (3.23)

The tachyonic divergence is included in Λ, cf. (2.8); the renormalization (3.23) amounts to removing the IR
divergences coming from dilaton or off-shell graviton propagation along long-tube degenerations of the torus,
see e.g. [14], of the kind depicted in figs. 1, 2.

2As can be seen from (2.8), one could arrive at the same renormalization by setting − 1
8π3E1(τ)→ c and rescaling g → −gα′/8π

as usual. However this would be more restrictive than (3.23).
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It is instructive to compare the structure of the one-loop amplitude (3.21), (3.22) to that of the corresponding
tree-level amplitude,

Atree
3 ∝ (k2 · ξ(s)

1 · k3) (ξ
(s)
2 · ξ

(s)
3 ) + 2(k3 · ξ(s)

2 · ξ
(s)
3 · ξ

(s)
1 · k3)

+ 2k1 · ξ(s)
2 · ξ

(a)
3 · ξ(a)

1 · k3 + 2k1 · ξ(a)
2 · ξ(s)

3 · ξ
(a)
1 · k2 + 2k3 · ξ(a)

2 · ξ(a)
3 · ξ(s)

1 · k2

− (k2 · ξ(s)
1 · k3) (ξ

(a)
2 · ξ(a)

3 ) + cyclic .

(3.24)

We see that the first line corresponds precisely to the structure in (3.21), except for the trace term (proportional
to ξ ≡ ξµµ) which is absent at tree level. Similarly the last two lines reproduce the structure in (3.22), up to
the trace term. This is not surprising in view of the fact that, as we shall see in section 4, the structures in
(3.21), (3.22) are completely determined (up to an overall coefficient) by the form of the Einstein term and
the three-form kinetic term respectively. One difference from the one-loop amplitude is that the relative factor
between the two structures in (3.21), (3.22) is three times the one at tree level. This is also reflected in the
relative coefficients of the Einstein and three-form kinetic terms in the one-loop effective action, cf. eq. (1.1).

4 Effective two-derivative action

In order to read off the effective action from the amplitude, we proceed to expand the momentum-space polar-
ization tensor as in [15],

ξµν = hµν(k) + bµν(k) + 1√
D−2

φ(k)η̄µν(k) , (4.1)

where hµν is symmetric transverse (kµhµν = 0) and traceless (hµµ = 0), bµν is antisymmetric transverse, and

η̄µν(k) := η − kµk̄ν − kν k̄µ , (4.2)

where k̄µ is an arbitrary vector obeying,

k · k̄ = 1 , k̄ · k̄ = 0 . (4.3)

This definition ensures that η̄µν is symmetric transverse. The tensor hµν and the scalar φ will be identified with
the graviton and the Einstein-frame dilaton respectively.

We would now like to use the string amplitudes to reconstruct the one-loop effective action. To that end we
first postulate canonical kinetic terms for the graviton hµν and the Einstein-frame dilaton φ, see e.g. [15]:

Sk =

∫
dDx
√
G
( 1

2κ2
R− 1

2
(∂φ)2 − 1

6
H2e

− 4κ√
D−2

φ)
, (4.4)

where Hµνρ := 3∂[µbνρ] and Gµν := ηµν + 2κhµν is the Einstein-frame metric expanded around flat space; κ is
the gravitational coupling, and we have covariantized the graviton kinetic term. In the string frame the action
(4.4) takes the form,

Sk =
1

2κ2

∫
dDx
√
G′e−2ϕ

(
R(G′) + 4(∂ϕ)2 − 1

6
H2
)
, (4.5)

where the string-frame metric G′ and the string-frame dilaton ϕ are given by,

Gµν = e−
4

D−2
ϕG′µν ; φ = 2

κ
√
D−2

ϕ . (4.6)
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The effective action at one-loop order in the string coupling includes a cosmological constant and corrections
to the two-derivative kinetic terms. Its general form reads,

S1−loop =

∫
dDx
√
G
{
eκ
√
D−2φ

(
c1

1

2κ2
R− c2

1

2
(∂φ)2 − c3

1

6
H2e

− 4κ√
D−2

φ)
+ c4e

κD√
D−2

φ
}
, (4.7)

where we took into account the expected weight in the string frame, e2(l−1)ϕ, for the couplings generated at
l-loop order. The coefficients c1, . . . , c4 will be determined by comparison to the string amplitudes.

Comparison of (4.7) with the N -point amplitudes at vanishing external momenta:

Taking into account the expansion,

√
1 + 2κA = 1 + κtrA+

1

2
κ2
[
(trA)2 − 2tr(A2)

]
+

1

3!
κ3
[
(trA)3 − 6trAtr(A2) + 8tr(A3)

]
+

1

4!
κ4
[
(trA)4 + 32trAtr(A3)− 12(trA)2tr(A2) + 12

(
tr(A2)

)2 − 48tr(A4)
]

+O(κ5) ,

(4.8)

we see that the N -point gravitational amplitudes at vanishing external momenta, (2.7), (2.11), (2.12), (2.17),
N = 1, . . . , 4, are consistent with the term,

Λ
√
ηµν + 2ghµν , (4.9)

in the effective Lagrangian where we have used (4.1). Comparing with (4.7) leads to the following identifications,

g = κ ; c4 = Λ . (4.10)

The coupling of the dilaton to the cosmological constant in (4.7) is also consistent with the N -point amplitudes
(2.7), (2.11), (2.12), (2.17) provided we use the identifications: ξ(s)

µν → hµν and ξ ≡ ξµµ → D φ/
√
D − 2, the

trace of the polarization tensor at vanishing momentum, cf. (4.1).

Comparison of (4.7) with the three-point amplitudes at quadratic momentum:

We will now use the three-point amplitude derived earlier in order to read off the two-derivative effective action
at one-loop.

• The hhh coupling

The one-loop correction to the graviton kinetic term (which is covariantized to the scalar curvature) can be
derived from the hhh coupling in (3.21), i.e. substituting ξ(s)

µν → hµν therein and keeping only the last two
terms; the “trace” term (proportional to ξ3) and its cyclic permutations do not contribute to the coupling. To
compare this to (4.7), we expand Gµν = ηµν + 2κhµν therein and keep the term cubic in h. After passing to
momentum space, this gives,

− 2κc1

(
(k2 · h1 · k3) (h2 · h3) + 2(k2 · h1 · h2 · h3 · k2) + cyclic

)
. (4.11)

Comparison with (3.21) then leads to,
c1 = cα′κ2Λ , (4.12)

where we have taken (3.23), (4.10) into account. Note also that this is a check on the relative coefficient of the
last two terms in (3.21).
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• The φhh coupling

The coupling to the dilaton can be obtained from (3.21) by using (4.1) and keeping the terms φhh in the
amplitude. A straightforward calculation, taking (4.2), (4.3) and momentum conservation into account, shows
that the last two terms of the amplitude (3.21) do not contribute to the φhh coupling. The φhh coupling thus
comes entirely from the first term in (3.21) upon substituting ξ(s)

µν → hµν and ξ →
√
D − 2 φ therein. This is

to be compared with the coupling coming from (4.7),

2κc1

√
D − 2

(
(k3 · h1 · h2 · k3) φ3 + cyclic

)
, (4.13)

and is consistent with (4.12) as expected. Note that it also serves as a check of the relative coefficient between
the first term in (3.21) and the last two.

• The hbb coupling

The one-loop correction to the b-field kinetic term can be similarly derived from the hbb coupling in (3.22), i.e.
substituting ξ(s)

µν → hµν , ξ
(a)
µν → bµν therein. Moreover it can be seen that the trace term (proportional to ξ3) and

its cyclic permutations do not contribute to the coupling. To compare this to (4.7), we expand Hµνρ = 3∂[µbνρ],
Gµν = ηµν + 2κhµν therein and keep the term hbb. After passing to momentum space, this gives,

2κ c3

(
2k1 · h2 · b3 · b1 · k3 + 2k1 · b2 · h3 · b1 · k2 + 2k3 · b2 · b3 · h1 · k2 + (k2 · h1 · k3) (b2 · b3) + cyclic

)
. (4.14)

Comparison with (3.22) then leads to,
c3 = 3cα′κ2Λ . (4.15)

where we have taken (3.23), (4.10) into account. Note also that this is a check on the relative coefficients of the
first four terms in (3.22).

• The φbb coupling

Substituting ξ(s)
µν → 1√

D−2
φ η̄µν , ξ

(a)
µν → bµν in (3.22) we obtain,

− 6α′cg3Λ

(
4√
D − 2

(k3 · b2 · b3 · k2) φ1 −
√
D − 2 (k3 · b2 · b3 · k2) φ1 + cyclic

)
. (4.16)

where the first term above comes from the first four terms in (3.22) while the second term above comes from
the last term in (3.22). Note that all k̄-dependent terms drop out of the final result, as they should. The
comparison with (4.7) simply provides a consistency check of (4.15), with no additional information. Moreover
it provides a check of the relative coefficient between the first four and the last term in (3.22).

• The hφφ coupling

The hφφ coupling comes entirely from the last two terms in (3.21): substituting ξ(s)
µν → 1√

D−2
φ η̄µν for two out

of the three polarizations and ξ(s)
µν → hµν for the third one, we obtain,

− 2α′cg3Λ (φ2 φ3 (k3 · h1 · k2) + cyclic) . (4.17)

Comparison with (4.7) then leads to,
c2 = cα′κ2Λ . (4.18)
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Assembling all previous results and rescaling: κ2Λ→ Λ, κφ→ φ, κb→ b, the two-derivative effective action to
one loop is given by,

κ2Seff =

∫
dDx
√
G
{

(1 + γ e
√
D−2φ)

(
1
2R−

1
2(∂φ)2

)
−1

6(1 + 3γ e
√
D−2φ)H2e

− 4√
D−2

φ
+ e

D√
D−2

φ
Λ
}
,

(4.19)

where γ is given by (1.3). Extrapolating to arbitrary dimension D, we must include the tree-level cosmological
constant, which vanishes in the critical dimension D = 26. We thus arrive at the effective action given in (1.1).

5 Four-point amplitude, quadratic momentum

We can now start the computation of the one-loop four-point amplitude with terms quadratic in momentum.
Contrary to the N -point amplitudes with N ≤ 3, momentum conservation and the on-shell condition no longer
imply ki · kj = 0. Expanding the exponential in the four-point correlator (2.2) as follows,

e−ki·kjGij = 1− ki · kjGij + . . . , (5.1)

we will have two terms to compute: the term coming from the 1 in the expansion of the exponential will have
to be multiplied by terms bilinear in ui, uī (i.e. terms quadratic in momenta), while the term coming from the
ki · kjGij in the expansion can only be multiplied by terms containing wij ’s but no ui’s (i.e. terms without
additional powers of momenta).

i j

l k

(a)

i j

l k

(b)

i j

l k

(c)

i j

l k

(d)

i j

l k

(e)

i j

l k

(f)

Figure 12: The six admissible graphs with paired nodes corresponding to S1,2,3,4. It is understood that the
positions i, j, k, l ∈ {1, 2, 3, 4} are all different from each other.
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5.1 Determination of the different graphs

Terms bilinear in ui, uī

In this case, as we mentioned earlier, there are no two-point correlators with explicit powers of momenta.
Moreover, graphs contributing to S1,2,3 have already been determined in sections 2, 3. Therefore, we only need
to determine the terms in S1,2,3,4 with two ui’s. To that end, we use open vertices as we did in section 3 to
obtain the graphs of figure 10.

i j

l k

(a)

i j

l k

(b)

i j

l k

(c)

i j

l k

(d)

i j

l k

(e)

i j

l k

(f)

i j

l k

(g)

i j

l k

(h)

i j

l k

(i)

i j

l k

(j)

Figure 13: The ten admissible graphs with cyclic nodes corresponding to S1,2,3,4.

Performing the same operation on the graphs of the first row in figure 9, we obtain the six graphs of figure 12.
For graphs 12.a to 12.d, we will have to sum over all pairs i < j ∈ [1, 4] and k < l /∈ {i, j}. This gives 24 terms.
For graphs 12.e and 12.f, we will have to sum over all i ∈ [1, 4], j 6= i ∈ [1, 4] and k < l /∈ {i, j}. This gives again
24 terms. The graphs in the second row of figure 9 will give the ten graphs of figure 13. For graphs 13.a to 13.f,
we will have to sum over all permutations. This gives 24× 6 = 144 terms. For graphs 13.g to 13.j, we will have
to sum over all pairs i < j ∈ [1, 4] and k 6= l /∈ {i, j}. This gives 12× 4 = 48 terms. We can also obtain graphs
with two open vertices from the same node. There are two different graphs of this type depicted in fig. 14. For
graph 14.a, we will have to sum over all permutations. This gives 24 terms. For graph 14.b, we will have to
sum over all cyclic permutations and exchanges of l and k. This gives 8 more terms. We thus obtain a total of
272 terms. We have also checked the total number of terms independently, using mathematica to expand the
exponential in the four-point correlator and keep the terms bilinear in u and ξ.

Terms proportional to ki · kj

Now let us concentrate on the terms proportional to ki · kj . We need to determine the terms contributing to
S1,2, S1,2,3 and S1,2,3,4. The corresponding graphs were determined earlier and are given in figs. 8, 9.
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i j

l k

(a)

i j

l k

(b)

Figure 14: The two admissible graphs with open vertices from the same node corresponding to S1,2,3,4.

5.2 Computation of the different graph contributions

Terms bilinear in ui, uī

All terms will be computed in a similar way using the infinite sums of section 3; no new sums appear at four
points. Let us do the complete computation of the first term in fig. 12a. We have to compute uiujwīj̄wklwk̄l̄
with i, j, k, l all different in {1, 2, 3, 4}. There are nine terms coming from,

uiujwīj̄wklwk̄l̄ =− ξi · (kj∂iGij + kk∂iGik + kl∂iGil)

× ξj · (ki∂jGji + kk∂jGjk + kl∂jGjl)

×
(
ξ̄i · ξ̄j

) (
∂̄i∂̄jGij

)
(ξk · ξl) (∂k∂lGkl)

(
ξ̄k · ξ̄l

) (
∂̄k∂̄lGkl

)
. (5.2)

The corresponding kinematic term is proportional to (ξi · kj)(ξj · ki)
(
ξ̄i · ξ̄j

)
(ξk · ξl)

(
ξ̄k · ξ̄l

)
. Moreover we

calculate,

(∂iGij)(∂jGji)
(
∂̄i∂̄jGij

)
(∂k∂lGkl)

(
∂̄k∂̄lGkl

)
=

−
(
α′

4π2

)2( α′

4πτ2

)3

τ
5/2
2

′∑
(m1,n1)
(m2,n2)
(m3,n3)
(m4,n4)
(m5,n5)

(m1 − n1τ̄)(m2 − n2τ̄)(m3 − n3τ)2(m4 − n4τ̄)2(m5 − n5τ)2

|m1 − n1τ |2|m2 − n2τ |2|m3 − n3τ |2|m4 − n4τ |2|m5 − n5τ |2

× ψm1,n1(zij)ψm2,n2(zji)ψm3,n3(zij)ψm4,n4(zkl)ψm5,n5(zkl) , (5.3)

where as usual the prime over the sum means that we exclude the (mi, ni) = (0, 0) terms. After integration
over the vertex positions zj , zk, zl, we obtain, using (B.21):

−
(
α′

8π

)5 1

π2

′∑
(m1,n1)
(m2,n2)

(m1,n1)6=(m2,n2)

(m1 − n1τ̄)(m2 − n2τ̄)((m2 −m1)− (n2 − n1)τ)2

|m1 − n1τ |2|m2 − n2τ |2|(m2 −m1)− (n2 − n1)τ |2
′∑

(m4,n4)

1

= −
(
α′

8π

)5 1

π2

2

τ2
E1(τ)E0(τ) =

(
α′

8π

)5 2

π2τ2
E1(τ) . (5.4)

– 24 –



We compute the other terms in a similar way. The contribution from the graph 12.a reads,(
α′

8π

)5 E1(τ)

π2τ2

[
− 3(kl · ξi · ξTj · kk + kk · ξi · ξTj · kl)− kk · ξi · ξTj · kk − kl · ξi · ξTj · kl

]
(ξk · ξTl ) , (5.5)

where we have used momentum conservation and recombined ξµi ξ̄
ν
i → ξµνi .

To sum over the indices, we decompose the polarizations into their symmetric and anti-symmetric parts. By
adding 12.a with 12.b and 12.c with 12.d we thus obtain terms of the form,

kk · (ξi · ξTj + ξTi · ξj) · kl = 2kk · (ξ
(s)
i ξ

(s)
j − ξ

(a)
i ξ

(a)
j ) · kl . (5.6)

Indeed, we can obtain the contribution of 12.b from the one of 12.a by exchanging ξ and ξ̄. This is equivalent
to exchanging: ξµν ↔ ξνµ.

Summing over the indices in 12.e and 12.f, we obtain terms of the form,

kk · (ξi · ξj + ξj · ξi) · kk = kk · (ξi · ξj + ξTi · ξTj ) · kk = 2kk · (ξ
(s)
i · ξ

(s)
j + ξ

(a)
i · ξ

(a)
j ) · kk . (5.7)

Moreover we have,

ξk · ξl = ξ
(s)
k · ξ

(s)
l + ξ

(a)
k · ξ

(a)
l

ξk · ξTl = ξ
(s)
k · ξ

(s)
l − ξ

(a)
k · ξ

(a)
l . (5.8)

Finally, all the contributions from figure 12 give the following term,(
α′

8π

)5 E1(τ)

π2τ2

[
4k3 · ξ(s)

1 · ξ
(s)
2 · k3 + 12k3 · ξ(a)

1 · ξ(a)
2 · k3 + 12k3 · ξ(a)

1 · ξ(a)
2 · k4

+4k4 · ξ(s)
1 · ξ

(s)
2 · k4 + 12k4 · ξ(a)

1 · ξ(a)
2 · k4 + 12k4 · ξ(a)

1 · ξ(a)
2 · k3

]
(ξ

(s)
3 · ξ

(s)
4 )

+
[
12k3 · ξ(s)

1 · ξ
(s)
2 · k4 + 12k4 · ξ(s)

1 · ξ
(s)
2 · k3

]
(ξ

(a)
3 · ξ(a)

4 ) + other pairs , (5.9)

where by “other pairs” we mean that there are six terms in total: one for each of the following pairs: (12/34),
(13/24), (14/23), (23/14), (24/13) and (34/12).
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The contribution from the graphs 13.b is computed in a very similar way. We obtain the following,(
α′

8π

)5 E1(τ)

π2τ2

[
k3 ·

(
4ξ

(s)
1 · ξ

(s)
4 · ξ

(s)
3 · ξ

(s)
2 − 12ξ

(a)
1 · ξ(a)

4 · ξ(a)
3 · ξ(a)

2 + 12ξ
(a)
1 · ξ(a)

4 · ξ(s)
3 · ξ

(s)
2

+12ξ
(a)
1 · ξ(s)

4 · ξ
(a)
3 · ξ(s)

2 − 12ξ
(a)
1 · ξ(s)

4 · ξ
(s)
3 · ξ

(a)
2 − 12ξ

(s)
1 · ξ

(a)
4 · ξ(a)

3 · ξ(s)
2

+12ξ
(s)
1 · ξ

(a)
4 · ξ(s)

3 · ξ
(a)
2 + 12ξ

(s)
1 · ξ

(s)
4 · ξ

(a)
3 · ξ(a)

2

)
· k3

+ k4 ·
(
−20ξ

(s)
1 · ξ

(s)
4 · ξ

(s)
3 · ξ

(s)
2 + 12ξ

(a)
1 · ξ(a)

4 · ξ(a)
3 · ξ(a)

2 + 12ξ
(a)
1 · ξ(a)

4 · ξ(s)
3 · ξ

(s)
2

+12ξ
(a)
1 · ξ(s)

4 · ξ
(a)
3 · ξ(s)

2 − 36ξ
(a)
1 · ξ(s)

4 · ξ
(s)
3 · ξ

(a)
2 + 12ξ

(s)
1 · ξ

(a)
4 · ξ(a)

3 · ξ(s)
2

+12ξ
(s)
1 · ξ

(a)
4 · ξ(s)

3 · ξ
(a)
2 + 12ξ

(s)
1 · ξ

(s)
4 · ξ

(a)
3 · ξ(a)

2

)
· k4

+ k3 ·
(

2ξ
(s)
1 · ξ

(s)
4 · ξ

(s)
3 · ξ

(s)
2 + 2ξ

(a)
1 · ξ(a)

4 · ξ(a)
3 · ξ(a)

2 +−2ξ
(a)
1 · ξ(a)

4 · ξ(s)
3 · ξ

(s)
2

+22ξ
(a)
1 · ξ(s)

4 · ξ
(a)
3 · ξ(s)

2 − 22ξ
(a)
1 · ξ(s)

4 · ξ
(s)
3 · ξ

(a)
2 − 22ξ

(s)
1 · ξ

(a)
4 · ξ(a)

3 · ξ(s)
2

+22ξ
(s)
1 · ξ

(a)
4 · ξ(s)

3 · ξ
(a)
2 − 2ξ

(s)
1 · ξ

(s)
4 · ξ

(a)
3 · ξ(a)

2

)
· k4

+ k4 ·
(
−8ξ

(s)
1 · ξ

(s)
4 · ξ

(s)
3 · ξ

(s)
2 + 24ξ

(s)
1 · ξ

(s)
4 · ξ

(a)
3 · ξ(a)

2 − 2ξ
(s)
1 · ξ

(a)
4 · ξ(a)

3 · ξ(s)
2

−24ξ
(a)
1 · ξ(s)

4 · ξ
(s)
3 · ξ

(a)
2 + 24ξ

(a)
1 · ξ(a)

4 · ξ(s)
3 · ξ

(s)
2

)
· k3 + 1↔ 2

]
+ other pairs . (5.10)

Similarly, we obtain the contribution from all the graphs in figure 14,(
α′

8π

)5 E1(τ)

π2τ2
[8k3 · ξ1 · k3 + 8k4 · ξ1 · k4 + 4k4 · ξ1 · k3 + 4k3 · ξ1 · k4]

×
(
ξ

(s)
2 · ξ

(s)
4 · ξ

(s)
3 + ξ

(s)
2 · ξ

(a)
4 · ξ(a)

3

)
+ [−16k3 · ξ1 · k3 − 16k4 · ξ1 · k4 − 8k4 · ξ1 · k3 − 8k3 · ξ1 · k4]

×
(
ξ

(a)
2 · ξ(s)

4 · ξ
(a)
3 + ξ

(a)
2 · ξ(a)

4 · ξ(s)
3

)
+ cyclic . (5.11)

This concludes the computation of all the terms in S1,2,3,4 quadratic in momentum.

It is also necessary to redo the computation of S1,2,3 and S1,2 because we now have four possible momenta
ki and one more position integration than for the three-point amplitude. We will refrain from giving explicit
details of the computations, which are very similar to the previous ones. The results are summarized in the
following equations.

S1,2,3 =
1

π2

(
α′

8π

)4

E1(τ)
[
k3 · (−4ξ

(s)
2 · ξ

(s)
3 · ξ

(s)
1 + 12ξ

(s)
2 · ξ

(a)
3 · ξ(a)

1 + 12ξ
(a)
2 · ξ(a)

3 · ξ(s)
1 ) · k3

+ k3 · (−6ξ
(s)
2 · ξ

(s)
3 · ξ

(s)
1 − 6ξ

(a)
2 · ξ(s)

3 · ξ
(a)
1 + 6ξ

(s)
2 · ξ

(a)
3 · ξ(a)

1 + 6ξ
(a)
2 · ξ(a)

3 · ξ(s)
1 ) · k4

+ k4 · (6ξ(s)
2 · ξ

(s)
3 · ξ

(s)
1 − 18ξ

(a)
2 · ξ(s)

3 · ξ
(a)
1 + 6ξ

(s)
2 · ξ

(a)
3 · ξ(a)

1 + 6ξ
(a)
2 · ξ(a)

3 · ξ(s)
1 ) · k3

+ k4 · (12ξ
(s)
2 · ξ

(s)
3 · ξ

(s)
1 − 12ξ

(a)
2 · ξ(s)

3 · ξ
(a)
1 ) · k4

+ (2k3 · ξ1 · k3 + k3 · ξ1 · k4 + k4 · ξ1 · k3 + 4k4 · ξ1 · k4)(ξ
(s)
2 · ξ

(s)
3 )

+(−6k3 · ξ1 · k3 − 3k3 · ξ1 · k4 − 3k4 · ξ1 · k3)(ξ
(a)
2 · ξ(a)

3 ) + cyclic
]
. (5.12)
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Similarly, we obtain the new expression for S1,2 (5.13):

S1,2 =
1

π2

(
α′

8π

)4

E1(τ)τ2

[
k3 · (−2ξ

(s)
1 · ξ

(s)
2 − 6ξ

(a)
1 · ξ(a)

2 ) · k3 + k3 · (2ξ(s)
1 · ξ

(s)
2 − 6ξ

(a)
1 · ξ(a)

2 ) · k4

+ k4 · (2ξ(s)
1 · ξ

(s)
2 − 6ξ

(a)
1 · ξ(a)

2 ) · k3 + k4 · (−2ξ
(s)
1 · ξ

(s)
2 − 6ξ

(a)
1 · ξ(a)

2 ) · k4

]
(5.13)

Terms proportional to ki · kj

We have to compute the terms corresponding to the graphs in figures 5, 6 and 9. The polarization terms and
the coefficients are computed as before. We obtain the following results.

(
∏
i<j
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1
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(
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8π

)5
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4 ξ

(s)
3 ξ
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4 ξ

(a)
3 ξ
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3 ξ
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}
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3 ξ

(s)
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(s)
1 ξ

(s)
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3 ξ
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+(ξ
(a)
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(s)
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(5.14)

(
∏
i<j

ki · kjGij)S1,2,3 =
12

π2

(
α′

8π

)4

E1(τ)
[
(k1 · k4)(−ξ(s)

1 · ξ
(a)
3 · ξ(a)

2 + ξ
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1 · ξ(a)

3 · ξ(s)
2 )

+(k1 · k2)(−ξ(a)
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3 · ξ
(a)
2 + ξ

(a)
1 · ξ(a)

3 · ξ(s)
2 )
]

(5.15)

(
∏
i<j

ki · kjGij)S1,2 =
τ2

π2

(
α′

8π

)3

E1(τ)(k1 · k2)
[
−(ξ

(s)
1 · ξ

(s)
2 )− 3(ξ

(a)
1 · ξ(a)

2 )
]

(5.16)

Final result

We can now substitute all the previous results in eqs. (2.2), (B.1) to arrive at the four-point amplitude quadratic
in momenta,
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where we took (2.8), (3.23) into account, and we have rescaled g → −gα′/8π as usual; we have also used (4.10)
to substitute κ for g.

5.3 Comparison with the effective action

In this subsection we will compare some of the terms in Ak2

4 , cf. (5.17), with the effective action (1.1). We do
not attempt a complete comparison, which would be rather involved and requires systematically taking into
account all 1-particle reducible graphs. In the following we will only examine the terms in the amplitude coming
from (5.15), which should be compared with the terms in the effective action linear in the dilaton, and (5.16)
which should be compared with the terms quadratic in the dilaton.

Terms of the form (ki · kj)φh3

Expanding the linear coupling of the Einstein term to the dilaton around flat space to cubic order in h and
passing to momentum space, we obtain,
√
GRφ→ 4κ3

[
(k3 · h2 · h1 · h3 · k1)− (k3 · h2 · h1 · h3 · k4)− 1

2
(k1 · h1 · k3)(h2 · h3)

− (k2 · k3)(h1 · h3 · h2) + permutations(123)
]
φ4 + cyclic(1234) .

(5.18)

Due to the properties of the trace and the symmetry of h, the term (h1 ·h3 ·h2) is invariant under permutations
of the positions. Hence the (ki ·kj) terms give a contribution proportional to (k1 ·k2 +k2 ·k3 +k3 ·k1)(h1 ·h3 ·h2),
which vanishes on-shell by momentum conservation. This is consistent with the fact that the contribution of
(5.15) to Ak2

4 does not contain any terms cubic in ξ(s).

Terms of the form (ki · kj)φhb2

Expanding the one-loop contribution to the B-field kinetic term in (1.1), passing to momentum space and
keeping terms of the form (ki · kj)φhb2 we obtain,

−1

2
γ
√
GH2 e

√
D−2φ → 12γ

√
D − 2

[
(k1 · k2)(b1 · b2 · h3) + cyclic(123)

]
φ4 + cyclic(1234) . (5.19)

This can be seen to coincide with the contribution of (5.15) to Ak2

4 , upon expanding the polarization as in (4.1).

Terms of the form (ki · kj)φ2h2

Expanding the quadratic coupling of the Einstein term to the dilaton around flat space to quadratic order in h
and passing to momentum space, we obtain,

1

2
γ
√
GRe

√
D−2φ → −γ(D − 2)

[
(k1 · k2)(h1 · h2)φ3φ4 + other pairs

]
. (5.20)

Expanding the polarization as in (4.1), this coincides with the two-ξ(s) contribution of (5.16) to Ak2

4 .

Terms of the form (ki · kj)φ2b2

Expanding the one-loop contribution to the B-field kinetic term in (1.1), passing to momentum space and
keeping terms of the form (ki · kj)φ2b2 we obtain,

−1

2
γ
√
GH2 e

√
D−2φ → −3γ(D − 2)

[
(k1 · k2)(b1 · b2)φ3φ4 + other pairs

]
. (5.21)

Expanding the polarization as in (4.1), this coincides with the two-ξ(a) contribution of (5.16) to Ak2

4 .
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6 Equations of motion and de Sitter solutions

The equations of motion following from the effective action (1.1) are as follows.

Equation of motion for Gµν

0 =(1 + γe
√
D−2φ)(Rrs −

1

2
GrsR)−∇r∂s(γe

√
D−2φ) +Grs∇2(γe

√
D−2φ)

− (1 + 3γe
√
D−2φ)e

− 4√
D−2

φ
(HrνρHs

νρ − 1

6
GrsH

2)

− (1 + γe
√
D−2φ)(∂rφ∂sφ−

1

2
Grs(∂φ)2)−Grs

1

α′
e

2√
D−2

φ
(δ + α′Λe

√
D−2φ) , (6.1)

where we used the variation of the Riemann tensor,

δRmn = ∇s∇(mδGn)s −
1

2
∇2δGmn −

1

2
(∇m∇nδGrs)Grs . (6.2)

Equation of motion for φ

0 =γ
√
D − 2e

√
D−2φ(

1

2
R− 1

2
(∂φ)2) +∇s

(
(1 + γe

√
D−2φ)∂sφ

)
− γ D − 6

2
√
D − 2

H2e
D−6√
D−2

φ
+

2

3
√
D − 2

H2e
− 4√

D−2
φ

+ Λ
D√
D − 2

e
D√
D−2

φ
+

1

α′
2δ√
D − 2

e
2√
D−2

φ
. (6.3)

Equation of motion for b

∇r
(

(1 + 3γe
√
D−2φ)e

− 4√
D−2

φ
Hrsp

)
= 0 . (6.4)

Solutions

We will look for simple solutions to the equations of motion, with vanishing fieldstrength for the Kalb-Ramond
field, constant dilaton and a maximally symmetric D-dimensional space,

φ = constant ; H = 0 ; Rmn = λGmn , (6.5)

where λ is an arbitrary constant. Then the equation of motion for the b-field is automatically satisfied. The
equation of motion for the metric reduces to,

0 = (1 + γe
√
D−2φ)

D − 2

2
λ+ Λe

D√
D−2

φ
+

δ

α′
e

2√
D−2

φ
, (6.6)

while the equation of motion for φ gives,

γe
√
D−2φD − 2

2
λ = −Λe

D√
D−2

φ − 2δ

α′D
e

2√
D−2

φ
. (6.7)

By plugging (6.7) into (6.6), we obtain,

λ = 2(D−26)
3α′D e

2√
D−2

φ
, (6.8)
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where we have taken (1.2) into account. We can also solve for the dilaton by substituting this into (6.7),

e
√
D−2φ =

2

α′Λ

(
c(D − 2) +

3D

(D − 26)

)−1

, (6.9)

where we have used the definition of γ, eq. (1.3). Treating Λ as a free parameter of the solution, we see that
g2
str = e

√
D−2φ can be made small by taking α′Λ to be sufficiently large. The curvature, λ is positive for D > 26,

corresponding to de Sitter space. Provided g2
str is small (which, as we mentioned, can be achieved by tuning

α′Λ to be sufficiently large), the de Sitter space is weakly curved, λα′ � 1, so that the solution can be trusted.

Even without fine-tuning, i.e. for c, Λ ∼ O(1), we can achieve g2
str . 4% for all values of D, while α′λ . 10%

for 27 ≤ D ≤ 32. As a particular numerical example we mention the following solution,

c = α′Λ = 1 ; D = 27 ; g2
str = 0, 019 ; α′λ = 0, 018 . (6.10)

It is also interesting to note that in this case D →∞ implies g2
str → 0, α′λ→ 2

3 . I.e. in the infinite-dimensional
limit string perturbation remains valid, but the supergravity solution becomes strongly curved.

As an alternative example we may use the numerical estimates (C.8), (C.11). These are obtained in the critical
dimension, D = 26, by subtracting the divergent tachyon contribution from the upper strip of the fundamental
domain, and performing a “modified minimal subtraction” renormalization of the Eisenstein series so as to
render Λ, c finite. We see that α′Λ is extremely sensitive to the ratio of gravitational (lG) to string (ls) length.
Setting lG = ls and extrapolating to D = 27 gives,

g2
str = 0, 00015 ; α′λ = 0, 012 , (6.11)

where we used (6.8), (6.9). Assuming lG = 10lS instead gives,

g2
str = 1, 57× 10−28 ; α′λ = 0, 00014 . (6.12)

7 Conclusions

We have seen that the one-loop two-derivative effective action remains a well-defined object in the presence
of tadpoles and the associated IR divergences, and is rich enough to serve as a starting point for cosmology.
Moreover, taking a non-supersymmetric string theory such as the bosonic string as a starting point, sidesteps
the question of realizing de Sitter space in the context of the effective field theories arising from compactification
of the critical ten-dimensional superstrings.

We emphasize that we do not claim to have a realistic model: in particular our treatment simply ignores the
tachyonic divergences. This means that the action (1.1) cannot be taken at face value: rather it should be
regarded as a phenomenological model inspired by string theory. As such it is an improvement over the one
used in tree-level string cosmology, whose starting point is action (1.1) but without the one-loop corrections.
On the other hand, the methods of the present paper can be applied to other nonsupersymmetric models which
are tachyon-free and thus do not suffer from the tachyonic pathologies of the bosonic string. Our results should
motivate further investigation in this direction.

In [26] it was argued that the low-energy field theory limit of string theory amplitudes can be systematized by
using the language of tropical geometry. It would be interesting to apply this formalism to string theory models
with tadpoles and the treatment of the associated IR divergences such as the ones encountered here.
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We have shown that, for D > 26, the one-loop two-derivative effective action (1.1) admits simple weakly-curved
D-dimensional de Sitter solutions with constant dilaton at weak string coupling. This ensures that, if one were
able to solve the issue of the tachyon instability, the solutions would be in a regime where both the supergravity
approximation and the perturbative expansion in the string coupling could be trusted. This is in contrast
to typical solutions encountered in the context of tree-level string cosmology, where one inevitably reaches
a regime where either the string coupling is strong (so that string perturbation cannot be trusted) and/or
spacetime is highly curved (so that α′ corrections cannot be neglected). Our approach here is also different
from the supercritical bosonic string models considered in [27]; it is more akin to the approach of [21], in that
one argues that the tadpole does not drive the true vacuum too far away from flat space, provided the effective
(Einstein-frame) cosmological constant is sufficiently small.

The smallness of the de Sitter curvature of the solutions presented here is established in the Einstein frame.
On the other hand, higher-order derivative corrections to the string effective action are controlled by the string-
frame curvature tensor in units of α′. One easily evaluates the string-frame scalar curvature: α′R = 2

3(D− 26),
at the de Sitter vacuum of section 6, hence α′R ≥ 2

3 for D > 26. However, the pertinent higher-derivative
corrections are not necessarily controlled by this quantity. For example, the tree-level curvature expansion
of the bosonic string effective Lagrangian is proportional to [28]: e−2ϕ

{
R+ 1

4α
′RmnpqR

mnpq +O(α′2)
}
. The

condition of the smallness of the leading-order four-derivative quadratic curvature correction with respect to
the Einstein term, evaluated at the de Sitter vacuum (in the string frame), can be seen to be equivalent to,

1� D − 26

3D(D − 1)
. (7.1)

This is indeed satisfied, as the right-hand side above is smaller than 0, 4% for all D > 26. It would be interesting
to check whether this persists at higher loop orders and/or higher orders in derivatives.

Taking the effective action (1.1) as the starting point, the requirement for the validity of the de Sitter solutions is
a sufficiently large (in string units and in string frame) one-loop vacuum energy. This ensures that the one-loop
couplings in (1.1) are of the same order as the tree-level ones, while at the same time the string coupling is small
so that higher-order string loops can be neglected. This is the crucial feature that allows us to avoid having
to consider all-order string loop corrections, in contrast to typical studies of higher-loop effects in cosmology
[29, 30]. Moreover the effective cosmological constant (in the Einstein frame) is suppressed by a positive power
of the string coupling, ensuring that the typical spacetime curvature is weak. A systematic search for more
realistic four-dimensional cosmological solutions is in progress [31] and we hope to report on this in the future.

In the present paper we have treated the one-loop cosmological constant as a freely tunable parameter. This
is simply a reflection of our ignorance of its correct renormalized value. In section 6 we saw that different
renormalization choices for Λ give reasonable values for λ and g2

str at the solution. On the other hand, in
tachyon-free nonsupersymmetric models, the one-loop cosmological constant has a well-defined finite value, and
cannot be freely tuned. It would be interesting to examine whether such models admit de Sitter solutions in
the weakly curved and/or perturbative regime.

As with all non-supersymmetric solutions, an important question concerning the de Sitter solutions presented
here is their stability (or absence thereof) with respect to small perturbations. An analysis of stability of
coupled field perturbations is unfortunately beyond the scope of this paper. We hope to return to this point in
the future.

– 32 –



In deriving the effective action (1.1), the one-loop corrections were calculated at the critical dimension D = 26,
whereas in order to include the tree-level cosmological term we had to extrapolate off the critical dimension.
Unfortunately, to our knowledge, there is no systematic way of calculating loop corrections away from the critical
dimension. Therefore it cannot be excluded that the one-loop part of the action (1.1) should be corrected by
terms which vanish in the limit D → 26. One might be able to control this ambiguity by considering other
nonsupersymmetric models where the deviation from the critical dimension can be taken to be small. It would
interesting to examine whether there exist appropriate CFT’s which realize this scenario.
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A Various definitions

The function θ1 is given by

θ1(ν|τ) = −i
∑

r∈Z+ 1
2

(−1)r−
1
2 yrq

r2

2 , (A.1)

where q := exp(2iπτ), y := exp(2iπz). It is “almost” doubly periodic:

θ1(z + 1|τ) = −θ1(z|τ) , θ1(z + τ |τ) = −y−1q−
1
2 θ1(τ) , (A.2)

and has the following modular transformations

θ1(ν|τ + 1) = exp(iπ/4)θ1(ν|τ) , θ1(ν/τ | − 1/τ) = (−iτ)
1
2 exp(iπν2/τ)θ1(ν|τ) . (A.3)

Dedekind’s η function is given by,

η(τ) = q
1
24

∞∏
n=1

(1− qn)

= q
1
24

∑
n∈Z

(−1)nq(3n2−n)/2 ,

(A.4)

and obeys:
η(τ + 1) = exp(iπ/12)η(τ) , η(−1/τ) = (−iτ)

1
2 η(τ) . (A.5)

The real analytic Eisenstein series is a function of two variables s, τ defined by,

Es(τ) :=

′∑
m,n∈Z

τ s2
|m+ τn|2s

, (A.6)

where the prime indicates that the term (m,n) = (0, 0) should be omitted from the sum. The series converges
for Re(s) > 1. It can be analytically continued to a meromorphic function of s on the entire complex plane,
and has a single pole at s = 1:

Es(τ) =
π

s− 1
+ 2π

(
γ − ln 2− 1

2
ln τ2 − ln |η(τ)|2

)
+O(s− 1) . (A.7)
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Moreover it can be shown that:

E0(τ) = −1 ; ∂sE0(τ) = −2

(
ln 2π +

1

2
ln τ2 + ln |η(τ)|2

)
. (A.8)

B Review of general formulæ

The one-loop N -point amplitude for the closed bosonic string takes the form:

AN = CgN
∫
F
d2τ τ−13

2 |η(τ)|−48
∫
T 2

N−1∏
i=1

d2zi〈V1(z1, z̄1) · · ·VN (zN , z̄N )〉 . (B.1)

For completeness, and in order to fix conventions, let us briefly review the different elements that appear in the
formula above, see e.g. [22, 32]:

• C is an overall normalization that can be absorbed in the definition of the one-loop vacuum energy, cf. (2.8).
g is the vertex-operator normalization constant; its relation to the gravitational coupling constant κ of
the 26-dimensional effective action is determined in section 4.

• τ := τ1 + iτ2 is the modular parameter of the torus T 2 and F denotes the fundamental domain,

− 1

2
≤ τ1 ≤

1

2
, |τ | ≥ 1 . (B.2)

• The Dedekind function η(τ) is defined in (A.4). In the covariant quantization of the bosonic string, the
integration measure of the amplitude can be understood as coming from functional integration over the
reparametrization ghosts.

• We integrate over N − 1 positions zi of the vertex operators, while we fix zN by the isometry of T 2. The
amplitude should be independent of zN .

• The vertex operators Vi are primary of weight (1,1). In the case of massless particles, they are given by

Vi(zi, z̄i) = ξiµν∂X
µ∂̄Xνeiki·X(zi,z̄i) , (B.3)

where Xµ(zi, z̄i), µ = 0, 1, . . . , 25, are free worldsheet scalars; ξµν(ki) is the polarization tensor: its
symmetric, antisymmetric, trace part describes the graviton Gµν , the Kalb-Ramond field (antisymmetric
two-form) bµν , the dilaton φ respectively. The condition for V to be primary is equivalent to the on-shell
mass condition, k2 = 0, while the condition for V to have weight (1,1) is the condition of transversality
of the polarization, kµξµν = kνξµν = 0.

• The correlator is given by all possible contractions between vertex operators using the Green’s function
on the torus,

G(z) = −α
′

2
log

∣∣∣∣2πθ1( z
2π |τ)

θ′1(0|τ)

∣∣∣∣2 + α′
(Imz)2

4πτ2
. (B.4)
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This is doubly periodic under z → z + 2π, z → z + 2πτ , it has the correct short-distance behavior
limε→0G(ε) = −α′

2 log |ε|2, and satisfies,

1

α′
∂̄∂G(z) = −πδ2(z) +

1

8πτ2
. (B.5)

The constant “background charge” term on the right-hand side above is due to the fact that the Laplacian
on the torus can only be inverted on the space of functions orthogonal to the constant mode; we use the
conventions of [22] for the various normalizations.

• A regularization scheme must be chosen for the divergent self-contractions within each vertex operator.
In flat space the self-interactions are subtracted by taking a normal-ordering. More generally for a curved
world sheet the regularization can be implemented in a diffeomorphism-invariant way, which however does
not manifestly preserve Weyl-invariance. Here we shall adopt the regularization scheme of [22] according
to which for any vertex operator V we define its regularization [V ]R by

[V ]R := V + all selfcontractions with ∆ ; ∆(z, z′) :=
α′

2
ln d2(z, z′) , (B.6)

where d(z, z′) is the geodesic distance between the points z, z′ on the worldsheet. For the massless vertex
operators (B.3) in particular this gives:

[Vi(zi, z̄i)]R =
(
ξiµν∂X

µ∂̄Xνeiki·X(zi,z̄i) − all selfcontractions with G
)

− α′

8πτ2
ξiµ
µ
(
eiki·X(zi,z̄i) − all selfcontractions with G

)
.

(B.7)

In deriving the result above we have taken into account that

lim
z→z′

∆(z, z′) = − lim
z→z′

G(z − z′) ; lim
z→z′

∂∂̄∆(z, z′) = −∂∂̄ lim
z→z′

G(z − z′) +
α′

8πτ2
, (B.8)

as follows from (B.5) and the definition of ∆.

In explicit computations of correlators it is useful to make use of the following contractions,

〈
[
eiki·X(zi,z̄i)

]
R

[
eikj ·X(zj ,z̄j)

]
R
〉 = e−ki·kjGij

〈ξi · ∂X(zi, z̄i)
[
eikj ·X(zj ,z̄j)

]
R
〉 = iξi · kj∂iGij

〈ξi · ∂X(zi, z̄i)ξj · ∂X(zj , z̄j)〉 = ξi · ξj∂i∂jGij
〈ξ̄i · ∂̄X(zi, z̄i)ξj · ∂X(zj , z̄j)〉 = ξ̄i · ξj ∂̄i∂jGij ,

(B.9)

where Gij := G(zi − zj) and ∂i := ∂/∂zi. Note that contrary to the case of the sphere, the ∂̄X∂X contraction
is nonvanishing: this is due to the background charge in (B.5). Explicitly, using (B.4) we obtain:

∂i∂jGij =
α′

8π2

(
π

τ2
+ ∂ν

[
θ′1(ν|τ)

θ1(ν|τ)

])
;

1

α′
∂i∂̄jGij = πδ2(zi − zj)−

1

8πτ2
, (B.10)

where ν := (zi − zj)/2π and θ′1(ν|τ) := ∂νθ1(ν|τ). For later use let us also define:

wij := ξi · ξj∂i∂jGij ; wīj := ξ̄i · ξj ∂̄i∂jGij ; ui := i
∑
j 6=i

ξi · kj∂iGij ; uī := i
∑
j 6=i

ξ̄i · kj ∂̄iGij , (B.11)
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etc, i.e. the expressions with a barred i-index are obtained by replacing (ξi, ∂i) with (ξ̄i, ∂̄i).

We will use the following representation for the Green’s function,

2π

α′
G(z1, z2) =

′∑
m,n∈Z

1

λm,n
ψm,n(z1)ψ∗m,n(z2) +G0(τ) , (B.12)

where ψm,n(z) is an eigenfunction of eigenvalue λm,n of the Laplacian on the torus; the prime above the sum
symbol indicates that the zero eigenvalue (m,n) = (0, 0) is excluded; the normalization is chosen so that (B.5)
is obeyed. The zero mode G0(τ) does not contribute to the N -point amplitude, and will therefore be ignored
in the following. Indeed in the correlator of N vertices, cf. (2.2), the only instance where G does not appear
under a derivative is in the term

∑
i<j kijGij , from which G0(τ) drops out by virtue of momentum conservation

(which implies
∑

i<j kij = 0).

Explicitly, setting z := σ1 + τσ2, with σi ∈ [0, 1], the metric of the torus reads:

ds2 = dzdz̄ = |dσ1 + τdσ2|2 , (B.13)

with the corresponding Laplacian:

∇2 = 4∂∂̄ =
1

τ2
2

(
|τ |2∂2

σ1
− 2τ1∂σ1∂σ2 + ∂2

σ2

)
. (B.14)

The orthonormal eigenfunctions read:

ψm,n(z) =
1
√
τ2

exp 2πi(nσ1 +mσ2) =
1
√
τ2

exp
π

τ2
[z(m− nτ̄)− z̄(m− nτ)] , (B.15)

with corresponding eigenvalues:

λm,n = −4π2

τ2
2

|m− nτ |2 . (B.16)

Some useful relations which follow immediately from the definition above are:

ψm,n(−z) = ψ−m,−n(z) = [ψm,n(z)]∗ =
1

τ2
[ψm,n(z)]−1

ψm,n(z12) =
√
τ2ψm,n(z1)ψm,n(−z2)

ψm,n(z)ψp,q(z) =
1
√
τ2
ψm+p,n+q(z) .

(B.17)

Inserting the above in (B.12) we obtain:

2π

α′
G(z1, z2) =

τ2

4π2

′∑
m,n∈Z

1

|m− nτ |2
exp

π

τ2
[z12(m− nτ̄)− z̄12(m− nτ)]

=
τ

3/2
2

4π2

′∑
m,n∈Z

1

|m− nτ |2
ψm,n(z12) .

(B.18)

From the above we obtain the following expression for the Green’s function at vanishing separation,

2π

α′
lim
z1→z2

G(z1, z2) =
1

4π2
lim
s→1

′∑
m,n∈Z

τ s2
|m− nτ |2s

=
1

4π2
lim
s→1

Es(τ) , (B.19)
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where in the last equality we used the definition of the Eisenstein series (A.6). The limit on the right-hand side
above is a pole singularity, cf.(A.7). From (B.18) we also obtain:

2π

α′
lim
z1→z2

∂1∂̄2G(z1, z2) =
1

4π2
lim
s→1

′∑
m,n∈Z

τ s2
|m− nτ |2s

(
π

τ2

)2

|m− nτ |2 =
1

4τ2
E0(τ) = − 1

4τ2
, (B.20)

where we took (A.8) into account. We see that the regularization above amounts to dropping the delta function
in (B.10).

Similarly starting from (B.18) and using the orthonormality of the Laplacian eigenfunctions on the torus,∫
T 2

d2z ψm,n(z)ψ−p,−q(z) =

∫
T 2

d2z ψm,n(z)ψ∗p,q(z) =
1
√
τ2

∫
T 2

d2z ψm−p,n−q(z) = δmpδnq , (B.21)

we obtain the following useful formula:∫
T 2

d2z1∂1∂̄2G(z1, z2)∂̄1∂2G(z1, z2) =

∫
T 2

d2z1∂1∂2G(z1, z2)∂̄1∂̄2G(z1, z2)

=
1

τ2

(
α′

8π

)2

E0(τ) = − 1

τ2

(
α′

8π

)2

,

(B.22)

where z1 is integrated over the entire area of the torus,

T 2 :=
{
σ1 + τσ2 ∈ C|(σ1, σ2) ∈ [0, 1]2

}
, (B.23)

and we have taken into account the volume of the torus,

τ2 =

∫
T 2

d2z . (B.24)

C Numerical estimates

In this section we will give numerical estimates for the renormalized constants Λ, c. The bosonic string one-loop
vacuum energy density, ρ, in D = 26 spacetime dimensions is given by [22],

ρ = − 1

κ2
Λ = −1

2
(4π2α′)−13

∫
F
d2τ τ−14

2 |η(τ)|−48

∼ −1

2
(4π2α′)−13

∫ ∞
dτ2 τ

−14
2

(
e4πτ2 + 242 + 3242 e−4πτ2 + · · ·

)
,

(C.1)

where in the first equality we took (4.19) into account and in the last line we used (2.9). This also gives the
value of the normalization constant used in (B.1), (2.8): C = 1

2κ
2(4π2α′)−13. Note that, in our conventions, a

positive vacuum energy density corresponds to negative Λ and vice-versa.

As explained in [33], the integrand above can be seen to be identical to the corresponding expression for the
D-dimensional field theory one-loop vacuum energy of bosonic point particles of mass mn,

ρFT = i
∑
n

∫
dDk

(2π)D

∫ ∞
0

dl
2l

exp[−(k2 +m2
n) l/2]

= −1

2

∫ ∞
0

dl
l

(2πl)−D/2
∑
n

exp(−m2
n l/2) ,

(C.2)
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provided we set D = 26 and we identify,

l = 2πα′τ2 ; m2
n = 4

α′ (n− 1) , n ∈ N . (C.3)

Of course the l-integral in (C.2) is divergent. It can be regularized by introducing an IR cutoff, ε, so that,∫ ∞
ε

dl
2l

exp[−(k2 +m2
n) l/2] = −1

2

[
ln ε+ γ − ln 2 + ln(k2 +m2

n) +O(ε)
]
, (C.4)

where γ = 0.57721 . . . is Euler’s constant (note the similarity with (A.7) below). As reviewed in [22], substituting
the “modified minimal subtraction” renormalization of the integral above, −1

2 ln(k2 +m2
n), back into (C.2), is a

quick way to arrive at the expected field-theory result,

ρFT = − i
2

∑
n

∫
dDk

(2π)D
ln(k2 +m2

n) . (C.5)

Alternatively one can Wick-rotate the first line of (C.2), perform the k0 integration which becomes Gaussian,
and then integrate l with an IR cutoff. This gives,

∑
n

∫
dD−1k

(2π)D−1

(
− 1√

ε
+

1

2

√
~k2 +m2

n +O(
√
ε)

)
, (C.6)

where we have set kµ = (k0,~k). Applying the same modified minimal subtraction renormalization as before
then provides a shortcut to expressing the vacuum energy as a sum of zero-point energies,

ρFT =
1

2

∑
n

∫
dD−1k

(2π)D−1

√
~k2 +m2

n . (C.7)

Subtracting by hand the divergent on-shell tachyon contribution from the upper strip (which of course breaks
modular invariance), a numerical integration of the first line of (C.1) using Mathematica gives,

(2πls)
26ρ = −6235, 29 . . . ; α′Λ =

(
lG
ls

)24

157, 94 . . . , (C.8)

where we have introduced the string and gravitational lengths,3

ls := 2π
√
α′ ; lG := κ

1
12 , (C.9)

respectively. Moreover from (2.8), (3.23), by applying a modified minimal subtraction renormalization scheme,

E1(τ)→ −2π ln
(√
τ2|η(τ)|2

)
, (C.10)

cf. (A.7), upon numerical integration we obtain,

c = −0, 01319 . . . , (C.11)

where again we have subtracted the tachyon contribution.

3Recall that in D dimensions the gravitational constant κ has engineering dimensions (length)
D−2

2 .
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