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ABSTRACT: We calculate the bosonic string one-loop three- and four-point amplitudes to quadradic order in

momentum, and we read off the one-loop low-energy two-derivative effective action for the massless fields, Seg.

Treating the renormalized one-loop vacuum energy as a tunable parameter and extrapolating to a supercritical

dimension D > 26, one can reach a regime where the one-loop couplings in Seg are of the same order as the

tree-level ones while all higher-loop corrections are negligible. Moreover the effective spacetime curvature is

small in string units. We show that the effective action thus obtained admits weakly-curved de Sitter solutions

with constant dilaton at small string coupling.
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1 Introduction and summary

The two-derivative tree-level effective action of bosonic string theory has been extensively used for cosmological
applications: it is the starting point of what is sometimes called “tree-level string cosmology” [1-12], which
exploits the presence of a tree-level cosmological constant in noncritical dimensions. In the present paper we
go beyond tree level (in the string coupling) and calculate the bosonic string one-loop three- and four-point
amplitudes to quadradic order in momentum. To our knowledge these results have not appeared before in the
literature. From that, we are then able to extract the one-loop low-energy two-derivative effective action Seg
for the massless fields.

By definition, S is an action in target space whose tree-level amplitudes reproduce the full one-loop string
theory amplitude for the massless fields: the graviton, the antisymmetric two-form and the dilaton, and can thus
be read off systematically from the string theory amplitude. While the construction of the effective action is in
principle straightforward (albeit technically involved) for the superstring, there are two additional complications
which arise in the case of the bosonic string: the nonvanishing dilaton tadpole (which is generally present in
nonsupersymmetric string models), and the tachyon.

As is well known, the presence of the tachyon in the spectrum signals an instability of the vacuum. We do
not offer a way to circumvent this problem: as in most of the literature on the subject (see however [13]) we
will concentrate on the massless fields alone, simply ignoring the tachyonic couplings in the effective action.
An additional issue with the tachyon is that it gives an infinite contribution to the one-loop vacuum energy,
resulting in an infinite cosmological term. The way we deal with this here is to simply renormalize by hand
the value of the one-loop vacuum energy to a finite value A, which we will treat as a tunable parameter of the
bosonic string model.! On the other hand, there are numerous tachyon-free string theory models which are
non-supersymmetric and therefore are expected to generally develop a cosmological constant at one loop. Our
methods are readily transferable to the study of these, potentially more realistic, models.

The dilaton tadpole reflects the fact that one is expanding around the wrong vacuum. It is related to the
appearance of a non-vanishing cosmological constant at one-loop order in the string coupling —which is otherwise
a desirable feature with regards to potential cosmological applications. In the presence of tadpoles momentum-
independent infinities arise in the two types of amplitudes depicted in figs. 1, 2. (These are one-loop diagrams,
but the argument can be generalized to arbitrary order in the coupling expansion). For an N-point string
amplitude, the infinities arise whenever N or N — 1 vertex operator insertions come together at the end of
a long cylinder, as in figs. la, 2a respectively. String perturbation becomes cumbersome in the presence of
tadpoles, nevertheless Seg is expected to remain a well-defined object [14]. From the point of view of the
low-energy effective action Seg, these string diagrams correspond to tree-level Feynman diagrams of the type
depicted in figs. 1b, 2b: 1-particle reducible diagrams where the propagator of a massless field either goes into
the tadpole at zero momentum (fig. 1b), or becomes on-shell due to momentum conservation (fig. 2b), leading
to lim._,q % factors. These are well-understood IR divergences which can be treated within the framework of the
low-energy effective action. As we will see, subtracting the contribution of these 1-particle reducible diagrams
from the string amplitude removes the IR divergences and leads to a well-defined two-derivative low-energy

LA numerical estimate for A, obtained by removing the divergent tachyon contribution in D = 26, is given in appendix C; it
depends crucially on the ratio of gravitational (Planck) to string length.
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Figure 1: (a) String-theory N-point amplitude with N vertex operator insertions coming together at the end
of a long cylinder. (b) Its low-energy field-theory limit corresponding to tree-level diagrams with a propagator
going into the tadpole (represented by a cross) at zero momentum.

effective action,

2= [ aPavV@{(1+7 P (LR~ H00)

(1.1)
“1(1 4+ 3yeVP 2O 2 030 4 Levi 05 4 O/Aem<z>)} ,

where k is the gravitational coupling constant. Moreover we have extrapolated off the critical dimension and
included the tree-level cosmological term,

(1.2)

which vanishes in the critical dimension D = 26; A is the renormalized (finite) one-loop vacuum expectation
value, cf. section 2.1. Besides the cosmological tree-level and one-loop terms, the two-derivative effective action
(1.1) contains the canonical (Einstein-frame) tree-level kinetic terms for the massless fields plus their one-loop
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Figure 2: String-theory N-point amplitude with IV — 1 vertex operator insertions coming together at the end
of a long cylinder. (b) Its low-energy field-theory limit corresponding to tree-level diagrams with a propagator

going on shell due to momentum conservation.

corrections, which are proportional to the dimensionless constant v given by,
v = caA . (1.3)

The constant ¢ can be thought of as the renormalized part of the Eisenstein series E;(7), cf. (3.23) below. The
precise value of ¢ is not important for our purposes (cf. appendix C for a numerical estimate): it is obtained from
the one-loop three-point amplitude by subtracting the IR divergences of the type depicted in figs. 1, 2. Indeed,
as we will see, the three-point amplitude at quadratic momentum is proportional to the Eisenstein series E;(7)
(before integration over the modulus of the torus), which has a singularity of the form lim._, % Consequently,
upon integration over the fundamental domain of the torus, the singular part of three-point amplitude turns
out to be proportional to %A, in agreement with the expected IR divergences of figs. 1, 2.

In our conventions, the closed string coupling constant gg, is related to the vacuum expectation value of the



canonically-normalized Einstein-frame dilaton, ¢, via,

g =exp (VD=2(9)) . (14)

In general the one-loop corrections considered here would be subject to the usual objection that when quantum
corrections can be computed they are too small to make any qualitative difference while when they are important
their computation cannot be trusted since perturbation breaks down. However, in the present case, there is
a crucial caveat to that statement: if the renormalized one-loop vacuum energy can be treated as a tunable
parameter, one could take oA to be sufficiently large, while at the same time g, < 1 and perturbation theory
remains valid. In this way one can be in a regime where the one-loop corrections in the effective action are of
the same order as the tree-level couplings,

A>T gu<l; oAeVP722 0 001). (1.5)

Similarly to the one-loop effective action (1.1), the general form of the two-derivative effective action at k-th
order in string perturbation will be given by couplings of the order of o/Ay e"VD=2¢ where Ay is the k-loop
vacuum energy. It is plausible to assume that, without fine tuning, the higher-loop vacuum energies will be of
the same order as the one-loop ones,

A~Ag, kE=23,.... (1.6)
One is then justified to ignore higher-order corrections to the effective action (1.1) since these will be suppressed
by additional powers of g2, ~ eVD=2¢_ Moreover the cosmological tree-level and one-loop terms in (1.1) are
multiplied by an overall e\/%d) factor, which goes like a positive power of gs,. Therefore these terms are
suppressed in the regime (1.5), rendering the effective cosmological constant small in units of o'.

e de Sitter solutions

For an infinite range of values of the renormalized constant ¢ in (1.3), the effective action (1.1) admits simple
D-dimensional weakly-curved de Sitter solutions in a regime where (1.5) is valid. These solutions have vanishing
fieldstrength for the antisymmetric two-form, H = 0, and constant dilaton, ¢ = const. The dilaton is given by,

- 2 3D\ !
P 2 (c(p P (D_%)) . (17)

We see that g2, = eVP~2? can be made as small as desired by tuning /A to be sufficiently large. Moreover,
the curvature, A, of the de Sitter space is given by,

2
A= 2D =5t (1.8)

which is positive for D > 26. Provided g2, is small (which, as we mentioned, can be achieved by tuning /A to
be sufficiently large), the de Sitter space is weakly curved, Ao’ < 1, so that the supergravity solution can be
trusted. Let us stress that even without fine-tuning of ¢, A, we can have solutions with small de Sitter curvature
and g2, in the perturbative regime.

e Qutline of the paper

In section 2 we discuss the vanishing-momentum limit of the N-point one-loop amplitude. In section 3 we
calculate the three-point amplitude at quadratic order in momentum, given in (3.21), (3.22) below. Although



the on-shell massless three-point amplitude vanishes identically for kinematical reasons, it has been known since
[15] that the effective action can still be read off of it using a formal procedure. The effective one-loop, two-
derivative action is extracted from the three-point amplitude in section 4. In section 5 we calculate the four-point
amplitude at quadratic order in momentum, given in (5.17) below. Contrary to the three-point amplitude which
only exhibits the momentum-independent IR singularities of figs. 1, 2, the four-point amplitude has numerous
additional momentum-dependent singularities. From the point of view of the low-energy effective action, these
correspond to additional 1-particle reducible diagrams that need to be subtracted in order to read off the four-
point couplings of the action. As in the three-point case, the four-point amplitude at quadratic momentum turns
out to be proportional to the Eisenstein series E1(7). Consequently, subtracting the pole singularity thereof
renormalizes at the same time both the momentum-dependent and the momentum-independent singularities
of the four-point amplitude (this is different from the regularization of [16] which is obtained by a cutoff of
the fundamental domain of the torus). We do not attempt a complete comparison of the four-point amplitude
with the effective action (1.1), although we do show in section 5.3 that a certain subset of the terms in the
amplitude are consistent with Seg. In section 6 we show that the equations of motion resulting from the effective
action (1.1) admit simple weakly-curved de Sitter solutions with constant dilaton at small string coupling. We
conclude in section 7. Appendix A contains our conventions for the special functions used in the main text. A
review of the main formulee used in the calculation of the one-loop amplitude is included in appendix B. Some
prescriptions leading to numerical estimates for the renormalized constants ¢, A are discussed in appendix C.

2 One-loop N-point amplitude

We refer to appendix B for a review of our notations and conventions. Following [17], it is convenient to
represent the massless vertex operator (B.3) as follows,
(o 5.) — otk X+ 0X+E-0X

Vilei, ) = e (e )—et 21
where the notation means that we are to Taylor-expand the exponential, keep the bilinear term in /', E;’ and
make the replacement (£!, £) — &', (Note that only the polarizations £ are physical: the (£, £) are only
used in intermediate steps as a convenient calculational device.) The above then leads to the following formula
for correlator of N vertex operators,

([VﬂR . [VN]R> = Heiki.ijij{Sl,...,N

i<j
a/
~ 3 (&152, N +&S13. N+ +ENST  N-1)
TTo
ol \2 2.2
+ (787”_2) (§16253,...N +&1&3524,..N + -+ EN-1EN ST, N—2) (22)
+ ...
SN (Ve
+(=1) (87’['7'2) & éN} ’
where,
g bW w0 . ’ ) , 2.3
LN = exp { ;j(w j Fwig +wi; +wgg) + ; (u; + u )} € )i (2.3)

and we have taken (B.7),(B.11) into account.



2.1 One- and two-point amplitudes

The one-, two- and three-point torus amplitudes at vanishing momentum are simple enough to be able to
compute without resorting to the diagrammatic techniques explained later in section 2.2. Here we give some
more details of the calculation.

Specializing to the case N = 1, we obtain the one-point dilaton correlator at zero momentum:

a/

(V(z1,20)]R) = ——&u." , (2.4)

81Ty

where we have taken (B.7) into account. Specializing to the case N = 2 and taking all contractions, we obtain
the two-point graviton, dilaton and antisymmetric tensor correlators:

/ 2
([V (21, 21)|R[V (22, 22)|r) = w12w7s + wipw13 + &1, &0 (SQ ) ’ (2.5)
T

where we have taken into account the momentum conservation relation, ki + ko = 0, the on-shell mass condition,
k‘f = 0, and the transversality of the polarization, k,{"” = 0, which together imply that all potential momentum-
dependent terms in the two-point amplitude vanish. Moreover taking (B.10),(B.11) into account we obtain:

2

O}Z<ﬂ/(zl,zlﬂ;gﬂf(22,22ﬂzz>::gluysgﬂ”‘giz(;Z+-au [2325::;])
(2.6)

1\? 1\?
5 % 52 . . m Vl/ )
+ipbo <7T (21 — 22) 87r7'2> +&1,M6 (87772)
This agrees with [18] except for the fact that there is no §?(2; — z2) term in that reference. It also agrees with
[19] except for the fact that contrary to that reference there is no §2(0) term in the result above. Finally, (2.6)
is in agreement with [20]. In the following we will use instead the representation of the Green’s function given
in (B.12), while dropping the zeromode as explained earlier.

Applying the general formula (B.1) with renormalized vertices to the case N = 1, taking (2.4) into account, we
obtain the expression for the one-point amplitude:

A = gA{H” , (2.7)

where we have defined:

A:C/d%QMMM|“, (2.8)
F

and we have rescaled: ¢ — —ga’/8n. Note that A is divergent, with the divergence coming entirely from the
tachyon contribution. This can be seen as follows: from the second line in (A.4) we obtain,

1 1
/2 dry |n(1)|718 = /2 dry et (1 4 48Req+ 324Re ¢ + 242 |q|* + - - )= el 4242 1 324% 7 L (2.9)
1 1
2 -3
The fundamental domain F' naturally splits into the upper 7 > 1 strip, for which the 7 integration goes
from —% to +% and ensures that only the physical on-shell states contribute, and the lower part for which

7 is excluded between +4/1 — 73, with @ < 19 < 1. Contrary to the upper strip, in the lower part of F



non-physical states contribute as well. In fact, as explained in detail in |21], the dominant contribution in the
lower part of F' comes from nonphysical off-shell tachyonic states. In (2.9) above it is understood that we have
restricted to the upper part of F.

The exponential term after the last equality in (2.9) is the term responsible for the divergence, coming from the
To — 00 neighborhood of the integral in (2.8). By comparing it to the field theory contribution of a particle of
mass m to the one-loop vacuum energy in D dimensions (see e.g. [22]):

Ay, ~ /OO dss™ (PH2)/2g—ma/m?s (2.10)
0

one concludes that the divergence is due to the tachyon. In the following, we will simply renormalize by hand
the value of the one-loop cosmological constant to a finite value, i.e. we will treat A as a tunable parameter of
the bosonic string model.

Applying (B.1) with renormalized vertices to the case N = 2, taking (B.22),(2.5) into account, we obtain the
expression for the two-point amplitude:

Az = g°A (5152 - 25%2,,52(3)””) : (2.11)

where we have defined & := £, and f,(f,,) = &(uv) 1s the symmetric part of the polarization. The above
expression agrees with [19, 20]. The authors of [19, 20| analyze the corresponding effective action and find mass
shifts for the graviton and dilaton but not for the Kalb-Ramond field, in agreement with gauge invariance. The
dilaton and graviton “masses”’ are entirely due to the coupling to the vacuum energy.

With a little more effort the analysis can be pursued to N = 3 at vanishing momentum, in a similar way. Using
the identities (B.17), (B.21), (B.24) we obtain:

A0 = A (616085 — 2(600, 66 + eyelic) + 8€0, &6 ) (2.12)

where again only the symmetric part of the polarization enters. In particular, we see that there is no coupling
of the B-field to the cosmological constant. However, the analysis becomes more cumbersome if one wishes to
include terms of quadratic or higher order in momenta, or to calculate N-point amplitudes with N > 4. In the
following section we will introduce a diagrammatic technique which facilitates these calculations.

2.2 Non-derivative couplings

The following diagrammatics are useful in the calculation of the correlator in the limit of vanishing external
momenta k; — 0. To Sy, n we associate all admissible N -graphs, defined as polygons with N nodes, numbered
clockwise from 1 to N. Each node corresponds to a polarization &', It consists of a pair of vertices denoted by
a clear and a shaded circle, representing the polarizations /', 5;’ respectively, as in fig. 3. Each vertex must be
connected to exactly one other vertex by a line, representing the contraction of the corresponding polarizations,
together with a factor of the form 9?G coming from the propagator. There are four possible line connections
between two nodes, distinguished by the types of vertices they connect, each connection being in correspondence
with one of the w’s as depicted in fig. 4.
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Figure 3: The i-th node represents the polarization &". It consists of one clear and one shaded vertex
representing the polarizations &' and €Y respectively.

wg; Wy j

® ® O O
. . J

® O O ®
i J i J

Figure 4: The four possible line connections between the vertices of two nodes and their correspondence with
the w’s.

For example Sy o consists of the two admissible graphs depicted in fig. 5. Each polarization factor listed therein
comes multiplied by a term of the form (92G)? which has been suppressed for simplicity. This gives,

S12 = wipwis + wigWys

(2.13)
= §1w &M 0102G120105G 12 + &10,62!"" 0102G120105Gh2 -

Upon integration over the vertex position both (92G)? factors integrate to —1/72(a//87)2, cf. (B.22), leading
to the second term on the right-hand side of (2.11).

1o, co e 3
Igl.:é‘T.§2:fpg :gl Eé.f,z/ :____éfigga

(a) Wi2wWiz X fiwgmw (b) WiaWiz X £5U§2uu

Figure 5: The two admissible graphs corresponding to Sy .

Similarly 5723 consists of the eight admissible graphs depicted in fig. 6. Each polarization factor listed therein
comes multiplied by a term of the schematic form (92G)? (omitting the different index structures of the deriva-
tives) which has been suppressed for simplicity. As in the previous example, upon integration over the vertex
positions all (92G)? factors integrate to —1/m(a’/87)3, leading to the last term on the right-hand side of (2.12).
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t<1;

Figure 6: The eight admissible graphs corresponding to Sy 3. The (8?G)? factors have been suppressed.

This pattern holds for arbitrary N: S;  n is the sum of all terms of the form (suppressing the different index
structures of the derivatives),

§1M1V1 .. '€N,U«NVN (82G)N

where upon integration over the vertex position all (0?G)" factors integrate to the same value,

/ [T @) = —é(;)N . (2.14)

Moreover the action of exchanging the two vertices within the same node, depicted in fig. 7, transforms an
admissible graph to another admissible graph, and corresponds to the exchange £ «» &*. This implies that
only the symmetrized part of the polarization appears in the amplitude in the k; — 0 limit. In other words,
there is no “potential” for the antisymmetric two-form, as is of course required for gauge invariance of the
amplitude.

Figure 7: The action of exchanging the two vertices within the same node is depicted. Both possibilities are
grouped together in a mixed node.

To account for this observation we introduce mized nodes, denoted by two cocentric circles, grouping together
both possibilities, cf. fig. 7. It can then be seen that each Si, . n is associated with all N-polygons with N

— 10 —



mixed nodes, each weighted by the combinatorial factor C'y given by,
Cy = 2mM23m2 (2.15)

with n; :=the number of nodes whose lines join distinct nodes and ng :=the number of mixed nodes whose lines
join the same node. Furthermore integration over the vertex positions introduces a multiplicative factor given
by (2.14).

1 (0 () 2

@-@ Q3

(a) 260 €507 (b) 8(2) €5 Peson

Figure 8: The graphs Si2 and S123. We only display the corresponding polarizations with the (0?G)? and
(02G)? factors suppressed.

Going back to the previous examples: S7 2 consists of the first graph in fig. 8 which gives n; =0, ng =1, Cy =2
and S1 92 = 2552)1/5?)””(82(;)2, in accordance with (2.13).

Similarly S 23 is represented by the second graph in fig. 8. This gives n1 = 3, ng = 0, C3 = 8 and S13 =
8§§2V§§8)”p§§‘;)“(83G)3. Plugging these into the formula (B.1) for the amplitude, taking (2.2), (2.14) into
account, reproduces our results for the one-, two- and three-point amplitudes at vanishing external momenta:
(2.7), (2.11), (2.12).

The higher-point amplitudes can be evaluated in the same manner. 572 34 is represented by the graphs in fig. 9.
The graphs in the first row all have ny = 0, no = 4 and Cy = 4, while those in the second row have n; = 4,
no = 0 and C4 = 16. Their total contribution reads,

S120.4 = |A(ElL 677, €00 1 €0 el £ 4 € eI el ()

+16(¢05), 67 70els) €007 4+ €00 ey eI 4 €0 el e | x (et

(2.16)

where (02G)* stands schematically for various terms with four propagators and two derivatives on each propa-
gator; the detailed index structure has been suppressed. Plugging this into the formula (B.1) for the amplitude,
taking (2.2), (2.14) into account and rescaling g — —ga/ /8, leads to the following four-point amplitude,

— 11 —
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Figure 9: The graphs corresponding to 5123 4. Those in the first row have Cy = 4, while those in the second
row have C; = 16. The (9?G)* factors have been suppressed.

A0 = gA (e16aata — 2[66a(el? - €) + 160(6 - €) + @ata(l” - €5)
+ 667 - &) + bl - 67 + e - &)
+8[(6” - &7 - &) + eyelic] (2.17)
—16[67 g7 6V g+ @ &) g+ @) 66”6
A - € ) + (6 €N - 6 + (€ - )l €))

where we have adopted a matrix notation: §; - §; := fwyg;’“ .

3 Three-point amplitude, quadratic momentum

Due to kinematic reasons (the fact that k; - k; = k; - §; = 0 for ¢,j = 1,2) there are no two-point couplings
with derivatives. The three-point two-derivative couplings of three massless particles also vanish identically
on-shell due to kinematics. Indeed, imposing momentum conservation leads to the relations k; - k; = 0, for all
i,7 = 1,2,3. This then imposes that all three momenta are collinear, which in its turn implies £; - §; = 0, for all
1,7 = 1,2,3. These relations then imply that any Lorentz-invariant three-point amplitude must vanish on shell.
On the other hand, it is known that relaxing the collinearity condition (i.e. formally allowing terms of the form
k; - €; to be nonvanishing for ¢ # j) leads to three-point amplitudes that can be used to correctly reproduce
the two-derivative effective action at tree level [15]. We will assume that this procedure can also be applied

to derive the one-loop two-derivative effective action. As we will see in section 4 this leads to self-consistent

— 12 —



results. A related recent discussion of off-shell regularization of string amplitudes was given in 23], based on a
certain violation of momentum conservation first introduced in [24].

O_

(a) ks - €3 - &3 - €T ks (b) k3 - &2 €5 & ks (c) ks - & - &5 - &1 - ks (d) ks-&a-&s- & - ks

5 ob 4

._

() ks & &s- &l ks (f) ks - & - &3 - &1 - ks () ks - & &3+ &1 - ks (h) ks~ &5 - &5 - & ks

Figure 10: For each of the graphs of fig. 6, each of the two vertices connected with a line can be replaced by
two vertices with open lines to obtain a term bilinear in u. This operation leads to 24 graphs, obtained from
the ones depicted here by cyclic permutations. The corresponding polarization factors are listed explicitly.

To evaluate the three-point O(a’k?) amplitude we proceed as follows. As we see from (2.2), (2.3), in the three-

point amplitude the only terms quadratic in momenta are those bilinear in w;, u;. This is because the terms

(2
k; - k; vanish on-shell by momentum conservation and so the exponential term in (2.2) becomes trivial. To
describe graphically the terms quadratic in momenta we introduce an open vertex, i.e. a vertex with an open
line. This corresponds to u;, u;, for a clear, shaded vertex respectively. In each of the graphs of fig. 6 we may
replace any of the w’s with a bilinear in u. This corresponds to replacing a pair of vertices connected with a
line and belonging to distinct nodes, by two open vertices. When applied to Si 23, this operation, depicted
in fig. 10, gives 24 graphs. In addition we have graphs with two open vertices belonging to the same node.
There is a total of six graphs of this type obtained from the ones of fig. 11 by cyclic permutations. Let us for
example consider the term ujugwsgwis, which corresponds to graph (e) of fig. 10. It is the sum of four terms
each proportional to a polarization factor of the form kfkj&1,,82,065", for ¢ = 2,3, r = 1,3. Setting ¢ = 2,
r = 1, using similar manipulations as before, after integration over the vertex positions z1, zo we obtain,
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(a) (ks - & - ka)(&2-€3) (ks - &1 k3) (&2 - &3)

Figure 11: Graphs with two open vertices belonging to the same node. The corresponding polarization factors
are listed explicitly. All graphs of this type are obtained from the ones listed here by cyclic permutations.

1 ra/\4
_7(—) kfk?gfl,uuébpaggl/

w2 \ 87
z/: (m1 — n17)(ma — na7)[(m1 — ma) — (N1 — n2)7)? (3.1)

Im1 — na7[2mg — nat|?[(m1 — ma) — (1 — n2)7|2

X

(m1,m1)
(ma2,n2)
(m1,n1)#(m2,n2)

where the prime above the sum symbol indicates that (my,n1), (mg2,n2) # (0,0). The sum in the second line
above can be evaluated as follows. Expanding the square in the last term,

!/

Z ('ml — nﬁ)(mg — TLQ’I_')[(ml — mz) — (m — ng)’]’]

|m1 — n17]2\m2 — n27|2\(m1 — m2) — (m — 712)7"2

(m1,m1)
(m2,n2)
(m1,n1)#(m2,n2)
!

_ 2(my — n17)(ma2 — nat) B 2 (3.2)
2 Im1 —ni7[2|(m1 —ma) — (n1 —n2)7[2 (M1 —ma) — (n1 — na2)7|?

(m1,m1)
(m2,n2)
(m1,n1)#(m2,n2)
2
=—F .
LB (1)
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The last equality can be seen as follows. First note that,

!/

1
2 [(m1 —m2) — (n1 — n2)7|?
(m1,n1)
(ma2,n2)
(m1,n1)#(m2,n2)

!/

B Z Z 1 B 1 (3.3)
[(m1 —mg) — (n1 —n2)7|> (M1 —0) — (n1 — 0)7?
(m1,m1) (ma2,n2)
(m27n2)¢(m17n1)

/

2
Z |m1 — n17'|2 Z Z |m1 — n17'|2 - _?QEl(T) ’

(m1,m1) (m1,m1) (m1,m1)

where we took (A.6), (A.8) into account. In order to evaluate the first term in the second line of (3.2) we note
the following identity:

Z,: (m1 — n17)?(mg — na7)?
e T Plma = narPl(my —ma) — (1~ n2)rf?
(ma2,n2)

(m1,n1)#(m2,n2)

(m1,n1) Im1 — na7[?mag — na7|?|(m1 — ma) — (n1 — n2)7|?
(ma2,n2) P
(m1,n1)#(m2,n2) (3.4)
= 2,: ( (m1 —n17)%(ma — naT)?
(m1,n1) lmy1 — n17[?Ima — na7|?|(m1 — ma) — (ny — ng)7|?
(ma2,n2)

(m1,n1)#(m2,n2)

|m1 — ny7|? B 2(my — n17)(ma — naT) )
[ma — na7[?[(m1 — ma) — (n1 —n2)7> [m1 —ma7?|(m1 — ma) — (n1 — n2)7|?
which implies,

z,: 2(my — ny7)(mg — naT)

[my —n17|?|(m1 — ma) — (n1 — na)7|?

(m1,n1)
(ma2,n2)
(m1,n1)#(m2,n2)

(3.5)
! 2
= Z i — 7] = —zEl(T)
o) |mo — naT|2|(m1 — ma) — (n1 — n2)7|? To ’
(m2,n2)

(m1,n1)#(m2,n2)

where in the last equality we made use of a result in [25]. Indeed the sum in the second line is a special case of
the infinite sums C, 5 —1 of [25] which were shown therein to satisfy,

Cap—1=Ee1Ep+ Ep 1Eq (3.6)
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where E, := 17 “E(7,a) and Cy 1,1 equals 1/7 times the sum in second line of (3.5). Setting a = b =1 in the
above and taking (A.8) into account leads to the last equality in (3.5). Inserting (3.3), (3.5) in the second line
of (3.2) leads to the last equality therein.

In conlusion, the ¢ =2, r = 1 term of ujusws3zwiz gives:

2 o'\t , ov
- W(g) k1k2€1w/€2po’€3 El(T) . (37)
Alternatively, this term may be computed integrating by parts the 0., derivative in wgg. This leads to the
following expression:

2 o'\t , ov
() KRS G Eapo €S x
!/

Z (m1 —ni7)[(m1 — ma) — (n1 — n2)7] (3.8)

[m1 — m7[2[(my — ma) — (n1 —no)7|2’

(m1,m1)
(ma2,n2)
(m1,n1)#(m2,n2)

after integration over the vertex positions. The sum above can be computed as follows,

z/: (m1 —mi7)[(m1 —ma) — (n1 — n2)7]

|m1 — n1ﬂ2|(m1 — mg) — (n1 — ng)TP
)

(m1,m1
(s )
mi,n1 m2,mn2
. ) (3.9)
R
(o) |m1 — ny7|2|mg — nat|? To '
(ma2,n2)

(m1,n1)#(m2,n2)

where in the last equality we took into account that, without the restriction (mi,n1) # (me,ng), the sum
would vanish as a consequence of its antisymmetry under the exchange (m;,n;) <> —(mj,n;) fori =1 or i = 2.
Moreover the contribution of the terms with (m,n1) = (ma,n2) can easily be computed, leading to the result
above. Inserting (3.9) in (3.8) we then recover (3.7).

The remaining contributions to ujuswszwiz from the other values of ¢, r can similarly be calculated using the
results for the infinite sums derived above: the contribution from ¢ = 3, » = 1 cancels the one in (3.7); the
contribution from ¢ = 2, r = 3 equals one-half that of (3.7), while the contribution from ¢ = 3, » = 3 vanishes.
Summing up all contributions for graph (e) we obtain,

/

) B ks &€l s (3.10)

Tom2 \ 87

where we have adopted matrix notation for the polarizations. The numerical factor above turns out to be equal
to the numerical factor multiplying the polarization of graphs (c)-(h) of fig. (10), while the numerical factor of
the graphs (a) and (b) is (=5x) the above. The total sum of all graphs of the type depicted in fig. (10) can
thus be put in the form,

/

1 4 S S S .
W(;—W) Ey(7) x k3 - (855 ) € ) .é ) _ 652-55'51 _ 6§2T.§3.§1T) ks + cyclic . (3.11)
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The calculation of the contributions of the graphs depicted in fig. (11) proceeds similarly. Let us first con-
sider the term ujujweswsz: it is the sum of four terms each proportional to a polarization factor of the form
kG k210000857, for g, = 2,3. Setting ¢ = 2, r = 3, after integration over the vertex positions z1, 22, we
obtain,

1o/ N\ ., -
_p<87ﬂ'> k5k3£1u1/£2p05§

/ 2

X Z (mg — na7)?[(m1 — ma) — (n1 — n2)7] . (3.12)
(m1,n1) Im1 = ni72ma — na7|?|(m1 — m2) — (n1 — n2)7[?
(mzznz)

(m1,n1)#(m2,n2)

The sum above can be computed indirectly by integrating by parts the 0,, derivative before performing the

integration over the vertex positions and using some of the previous results. This gives,

i (my —n17)%(mg — na7)?
(o) |m1 — ni7|?|ma — no7|?|(m1 — m2) — (n1 — na)7|?
1 ine)
mi,n1 ma,na
! 2 —\2 (313)

- (o — ) (1 — ) Pms w1
=2 TPl marPlom - ma) —(m =P )

(m1,n1)

(ma2,n2)

(m1,n1)#(m2,n2)

where the first equality is obtained by a change of variables, m; — mo — m1, n1 — ne — ny. The contribution
from all other values of ¢, r turns out to be equal to the above, giving in total,

4 sa'\4 .
T Ten? (g) Er(r) x (k2 & - k3) (&2-&3) (3.14)
for the first graph of fig. (11). Similarly, the second graph gives a total contribution of,
2 sa'\4
Tom2 (g) Ey(r) % (ky- & - k3) (& &3) - (3.15)
The sum of all graphs of the type depicted in fig. (11) can thus be put in the form,

/

() B (20 € k) (657 €57) 4 60ks - €7 k) (687 €57) +eyelic) (3.16)

Tom2 \ 87

In addition to (3.11), (3.16) we have the contribution from terms of the form €352 and cyclic permutations
thereof, cf. (2.2). Keeping the quadratic-momentum coupling in (2.3) we obtain,

S12 = ujuswi2 + UTU2W13 + UIUSWT9 + UTULWTS - (3.17)

Let us first consider the term ujuzwiz. It is the sum of four terms each proportional to a polarization factor of
the form k;’kfflwggpfg, for g = 2,3, r =1,3. Setting ¢ = 2, r = 1, integrating over the vertex positions z1, zo

and using (3.2) we obtain,
/

2 ra’\4 »
- @(g) Eyi(T) x kafflw/fgpf?» . (3.18)
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Alternatively we may arrive at the same result by first integrating the 0., derivative by parts and using the
identities in (3.3), (3.5),

!/ /

Z (m1— mi7)[(m1 — ma) — (n1 —na)7] _ % y Z v —lEl(T) . (3.19)

‘ml - an‘Q‘mz — TLQ’F‘2 ‘ml — an‘Q T2
(m1,n1) (ma1,n1)
(ma,n2) (m2,n2)
(m1,n1)#(ma2,n2) (m1,n1)#(ma2,n2)

Furthermore, the terms with ¢ = 2, r = 3 and ¢ = 3, » = 1 can be seen to vanish, while the term with ¢ =r = 3
gives (—1/2) the contribution of (3.18).

The second term of (3.17), ujusw;3, can be calculated with similar manipulations, giving minus the contribution
of (3.18), while the third and fourth terms in (3.17) are obtained from the second and first respectively by
exchanging &' <+ € for i = 1,2. The total contribution of the terms of the form &S ; thus reads,

1 <g>4E1(7') X (k‘g . (2£§S) _gés) _ 65160 ,Eza)) ~kg &3+ cyclic> ) (3.20)

Tom2 \ 87

The three-point quadratic-momentum amplitude, before integration over the torus modulus, is the sum of (3.11),
(3.16), (3.20). We distinguish the following three cases:

e Odd number of antisymmetric polarizations. Eqs. (3.11), (3.16), (3.20) can be seen to vanish identically in
this case.

e Three symmetric polarizations. The total sum is,
2 ra'\4
(= (s €€ ho) €+ (a0 ) (687 - €07) + 20k - €8 - 687 - €7 hy) + eyelic)

o Two antisymmetric polarizations. The total sum is,
6 /ad 4E
—— = T)X
ToT2 (87r) 1(7)

<2k:1 e el D g oy () €D kg 2k el gy (3.22)
— (k- &7 - k) (€57 &) = (ks - €17 - &7 ky) € + cyclic) .

The amplitude before integration over the torus modulus is proportional to E1(7), which has a pole divergence.

We will renormalize as follows,?

o / e ) 5 () ) — el (3.23)
r 2 w2 \ 87

The tachyonic divergence is included in A, cf. (2.8); the renormalization (3.23) amounts to removing the IR
divergences coming from dilaton or off-shell graviton propagation along long-tube degenerations of the torus,
see e.g. [14], of the kind depicted in figs. 1, 2.

2 As can be seen from (2.8), one could arrive at the same renormalization by setting f#El (1) — c and rescaling g — —ga'/8m
as usual. However this would be more restrictive than (3.23).

— 18 —



It is instructive to compare the structure of the one-loop amplitude (3.21), (3.22) to that of the corresponding

tree-level amplitude,

AT o (ka - € - k) (68 - €Y 2y - €8 - €87 - €Y - ky)
T S SRS R S T A N A G S | N 2 N SRS L (3.24)
(k- € k) (€8 €4 + eyclic

We see that the first line corresponds precisely to the structure in (3.21), except for the trace term (proportional
to & = ¢#,) which is absent at tree level. Similarly the last two lines reproduce the structure in (3.22), up to
the trace term. This is not surprising in view of the fact that, as we shall see in section 4, the structures in
(3.21), (3.22) are completely determined (up to an overall coefficient) by the form of the Einstein term and
the three-form kinetic term respectively. One difference from the one-loop amplitude is that the relative factor
between the two structures in (3.21), (3.22) is three times the one at tree level. This is also reflected in the

relative coefficients of the Einstein and three-form kinetic terms in the one-loop effective action, cf. eq. (1.1).

4 Effective two-derivative action

In order to read off the effective action from the amplitude, we proceed to expand the momentum-space polar-

ization tensor as in [15],
s = () + by (1) + s () ) (4.)

where hy,, is symmetric transverse (k*h,,, = 0) and traceless (h,* = 0), by, is antisymmetric transverse, and
ﬁMV(k) =n= kuEu - kl/%u , (4.2)

where Eu is an arbitrary vector obeying,

k-k=1, k-k=0. (4.3)

This definition ensures that 7, is symmetric transverse. The tensor h,, and the scalar ¢ will be identified with
the graviton and the Einstein-frame dilaton respectively.

We would now like to use the string amplitudes to reconstruct the one-loop effective action. To that end we
first postulate canonical kinetic terms for the graviton h,, and the Einstein-frame dilaton ¢, see e.g. [15]:

1 1 1 __ 4k
Sy — / PrVG(5 R~ (00) — SHY 7527 (4.4)

where H,,,p := 30,b,, and Gy = 1y + 2k, is the Einstein-frame metric expanded around flat space; « is
the gravitational coupling, and we have covariantized the graviton kinetic term. In the string frame the action

(4.4) takes the form,

1 1
Sk=153 dPzVG'e 22 (R(G') + 4(0p)? — 6H2) , (4.5)

where the string-frame metric G’ and the string-frame dilaton ¢ are given by,

Gu = e_ﬁwG/ ¢ =

' (4.6)

2
D2 %"
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The effective action at one-loop order in the string coupling includes a cosmological constant and corrections
to the two-derivative kinetic terms. Its general form reads,

n5 1 1 1 _ 4k _kD_
S1—1oop = /de\/é{e” D*2¢(01—2R - 025(8@2 — c3=H?e vD—2¢) + C4evD—2¢} , (4.7)

2K 6

1-1)

where we took into account the expected weight in the string frame, e2(=D¢  for the couplings generated at

[-loop order. The coefficients ¢y, ..., cq will be determined by comparison to the string amplitudes.
Comparison of (4.7) with the N-point amplitudes at vanishing external momenta:

Taking into account the expansion,

1 1
V1+2kA =1+ ktrAd + §f£2 [(trA)2 - 2tr(A2)] + §/€3 [(ter)3 — 6trAtr(A?) + 8tr(A3)]
: 4.8)
1 (
+ E/# [(trA)* + 32trAtr(A%) — 12(trA)tr(A?) + 12(‘51"(/12))2 — 48tr(AY)] + O(x°) ,

we see that the N-point gravitational amplitudes at vanishing external momenta, (2.7), (2.11), (2.12), (2.17),
N =1,...,4, are consistent with the term,

A V Muw + 2ghw/ > (4.9)

in the effective Lagrangian where we have used (4.1). Comparing with (4.7) leads to the following identifications,
g=kK; ca=A\. (4.10)

The coupling of the dilaton to the cosmological constant in (4.7) is also consistent with the N-point amplitudes
(2.7), (2.11), (2.12), (2.17) provided we use the identifications: 5,(5,) — hy and § = &4, — D ¢/v/D — 2, the

trace of the polarization tensor at vanishing momentum, cf. (4.1).
Comparison of (4.7) with the three-point amplitudes at quadratic momentum:

We will now use the three-point amplitude derived earlier in order to read off the two-derivative effective action
at one-loop.

e The hhh coupling

The one-loop correction to the graviton kinetic term (which is covariantized to the scalar curvature) can be
derived from the hhh coupling in (3.21), i.e. substituting 5;(;,) — hy, therein and keeping only the last two
terms; the “trace” term (proportional to &3) and its cyclic permutations do not contribute to the coupling. To
compare this to (4.7), we expand G, = 1 + 2kh,,, therein and keep the term cubic in h. After passing to
momentum space, this gives,

— 2KC1 ((kg ~hy - kg) (h2 . h3) + 2(k2 -hyi-ho-hsg- k‘g) + CyCliC) . (4.11)

Comparison with (3.21) then leads to,
e = ca' KA, (4.12)

where we have taken (3.23), (4.10) into account. Note also that this is a check on the relative coefficient of the
last two terms in (3.21).
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e The ¢phh coupling

The coupling to the dilaton can be obtained from (3.21) by using (4.1) and keeping the terms ¢hh in the
amplitude. A straightforward calculation, taking (4.2), (4.3) and momentum conservation into account, shows
that the last two terms of the amplitude (3.21) do not contribute to the ¢phh coupling. The ¢hh coupling thus
comes entirely from the first term in (3.21) upon substituting 5,([?,) — hyw and € = /D — 2 ¢ therein. This is
to be compared with the coupling coming from (4.7),

2kc1vV D — 2 <(k‘3 ~hi-hg- /6‘3) o3 + cyclic) , (4.13)

and is consistent with (4.12) as expected. Note that it also serves as a check of the relative coefficient between
the first term in (3.21) and the last two.

e The hbb coupling

The one-loop correction to the b-field kinetic term can be similarly derived from the hbb coupling in (3.22), i.e.
substituting f,(ﬁ,) — hyuw, 5&0;) — by, therein. Moreover it can be seen that the trace term (proportional to £3) and
its cyclic permutations do not contribute to the coupling. To compare this to (4.7), we expand H,,,, = 301,bu)s
G = M + 2khy,, therein and keep the term hbb. After passing to momentum space, this gives,

2K c3 <2k1 ~ho-bg-by-ks+2ki-by-hg-bi-ko+2ks-by-b3g-hy-ko+ (k‘Q - hy 'k‘3) (bg 'bg) —I—CyCliC) . (4.14)
Comparison with (3.22) then leads to,

c3 = 3ca/K2A (4.15)

where we have taken (3.23), (4.10) into account. Note also that this is a check on the relative coefficients of the

first four terms in (3.22).

e The ¢bb coupling

1
vD-2

Substituting ffﬁ,) — @ Nuws 5;(3/) — by in (3.22) we obtain,

4
vD -2
where the first term above comes from the first four terms in (3.22) while the second term above comes from

the last term in (3.22). Note that all k-dependent terms drop out of the final result, as they should. The
comparison with (4.7) simply provides a consistency check of (4.15), with no additional information. Moreover

— 6o/cg3A < (k}3 ~by - bs - kg) o1 —vD -2 (kg ~by - b3 - kQ) o1 + CyCliC> . (4.16)

it provides a check of the relative coefficient between the first four and the last term in (3.22).
e The h¢¢ coupling
The h¢¢ coupling comes entirely from the last two terms in (3.21): substituting 5&8{,) — \/ﬁ ¢ M for two out

of the three polarizations and @(fl,) — hy,, for the third one, we obtain,
—2a’cg®A (p2 ¢3 (k3 - hy - ka) + cyclic) . (4.17)

Comparison with (4.7) then leads to,
co = ca' KA . (4.18)
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Assembling all previous results and rescaling: k2A — A, k¢ — ¢, kb — b, the two-derivative effective action to
one loop is given by,

2= [APoVG{(L+ 7T (R - §(00))
(4.19)

—s(1+ 3’erD*M’)HQei/%q5 + e\/%d)A} )

where v is given by (1.3). Extrapolating to arbitrary dimension D, we must include the tree-level cosmological
constant, which vanishes in the critical dimension D = 26. We thus arrive at the effective action given in (1.1).

5 Four-point amplitude, quadratic momentum

We can now start the computation of the one-loop four-point amplitude with terms quadratic in momentum.
Contrary to the N-point amplitudes with N < 3, momentum conservation and the on-shell condition no longer
imply k; - k; = 0. Expanding the exponential in the four-point correlator (2.2) as follows,

we will have two terms to compute: the term coming from the 1 in the expansion of the exponential will have
to be multiplied by terms bilinear in u;, u; (i.e. terms quadratic in momenta), while the term coming from the
k; - kjG;; in the expansion can only be multiplied by terms containing wj;’s but no u;’s (i.e. terms without
additional powers of momenta).

[ S S

*—o o——-O *—O
\C O ¢ )\ 1:)><C.)k
o—o o—©

bbb

o— O e6—O &—=O

e ‘oo ‘oo
1 ko1 ko1 k
o—©

(d) () (f)

Figure 12: The six admissible graphs with paired nodes corresponding to S1234. It is understood that the
positions i, j, k,l € {1,2,3,4} are all different from each other.
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5.1 Determination of the different graphs

Terms bilinear in u;, u;

In this case, as we mentioned earlier, there are no two-point correlators with explicit powers of momenta.
Moreover, graphs contributing to 5123 have already been determined in sections 2, 3. Therefore, we only need
to determine the terms in Sy 234 with two u;’s. To that end, we use open vertices as we did in section 3 to
obtain the graphs of figure 10.

PSR O S A S P
TIrrirrill
P O O S A
rfrrrrllioe

Figure 13: The ten admissible graphs with cyclic nodes corresponding to S 234

Performing the same operation on the graphs of the first row in figure 9, we obtain the six graphs of figure 12.
For graphs 12.a to 12.d, we will have to sum over all pairs i < j € [1,4] and k <1 ¢ {i,j}. This gives 24 terms.
For graphs 12.e and 12.f, we will have to sum over all i € [1,4],5 #i € [1,4] and k <[ ¢ {i,j}. This gives again
24 terms. The graphs in the second row of figure 9 will give the ten graphs of figure 13. For graphs 13.a to 13.f,
we will have to sum over all permutations. This gives 24 x 6 = 144 terms. For graphs 13.g to 13.j, we will have
to sum over all pairs i < j € [1,4] and k # [ ¢ {i,j}. This gives 12 x 4 = 48 terms. We can also obtain graphs
with two open vertices from the same node. There are two different graphs of this type depicted in fig. 14. For
graph 14.a, we will have to sum over all permutations. This gives 24 terms. For graph 14.b, we will have to
sum over all cyclic permutations and exchanges of [ and k. This gives 8 more terms. We thus obtain a total of
272 terms. We have also checked the total number of terms independently, using mathematica to expand the
exponential in the four-point correlator and keep the terms bilinear in « and &.

Terms proportional to k; - k;

Now let us concentrate on the terms proportional to k; - kj. We need to determine the terms contributing to
S12, S1,2,3 and S1234. The corresponding graphs were determined earlier and are given in figs. 8, 9.
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Figure 14: The two admissible graphs with open vertices from the same node corresponding to S 23.4.

5.2 Computation of the different graph contributions

Terms bilinear in u;,u;

All terms will be computed in a similar way using the infinite sums of section 3; no new sums appear at four
points. Let us do the complete computation of the first term in fig. 12a. We have to compute u;ujwy;wgwig
with 4, j, k, [ all different in {1,2,3,4}. There are nine terms coming from,

WU W WEWE] = — & - (kjaiGij + ki 0;Gik + klaiGil)
X {j . (k’iajGji + kkajij + klajGjl)
x (& - &) (8:0;Gij) (& - &) (OkDGr) (& - &) (OxOGrr) - (5.2)

The corresponding kinematic term is proportional to (& - k;)(&; - ki) (& . EJ) (& - &) (fk . &) Moreover we
calculate,

(8:Gij)(0;Gyi) (0:0;Gij) (0kO1G i) (0xOIGr) =
B <Oé/>2 ( of >3T5/2 z,: (m1 — nﬁ)(mg — 7127_')(7713 — n37)2(m4 — n4?)2(m5 — n57)2

472 drry ) 2 ( ) |m1 — ni7|2|mo — na7|?|ms — n3T|?|my — ny7|?Ims — ns7|?
mi,n1
(ma2,n2)
(m3,n3)
(ma,n4)
(ms,n5)
X wml:nl (zij)d)m%nz (Zji)wmsyns (Zij)¢m4,n4 (zkl)¢m57n5 (Zkl) ) (5'3)

where as usual the prime over the sum means that we exclude the (m;,n;) = (0,0) terms. After integration
over the vertex positions zj, 2, 2, we obtain, using (B.21):

B <o/>51 Z (m1 — mi7)(ma — na7)((mg = ma) — (na —m)7)* Z .
8w ) m2 (o) |m1 — n17|?|ma — not|?|(me — my) — (n2 — ny)7|? (mama)

(m2,n2)
(m1,n1)#(m2,n2)

_ <O/>5 L2 By(r)Bo(r) = <O/>5 2 B(r). (5.4)

8t /) w21 8t/ wiry
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We compute the other terms in a similar way. The contribution from the graph 12.a reads,

8t 27y

I\ D
(0‘)El(T)[—3(kz-&ff-kwkk-sz-f?kl)—kk-&ff-kk—kl-si-gf-kz]@k-i?), (5.5)

where we have used momentum conservation and recombined &'¢Y — &I,

To sum over the indices, we decompose the polarizations into their symmetric and anti-symmetric parts. By
adding 12.a with 12.b and 12.c with 12.d we thus obtain terms of the form,

R (€G- €7 + €7 - €5) - ky = 2k, - (€706 — e Dely gy (5.6)

Indeed, we can obtain the contribution of 12.b from the one of 12.a by exchanging & and &. This is equivalent
to exchanging: &, <> {uu-

Summing over the indices in 12.e and 12.f, we obtain terms of the form,
k- (G &G+&-&) ke=kr- (& &G+E &) k= 2k (¢ 'fj(-s) +€9 ‘§§-a)) ki (5.7)
Moreover we have,
g =6 -6 1.
o6 =667 -6 4. (5.8)

Finally, all the contributions from figure 12 give the following term,

I\ O
(a> El (7—) |:4]€3 . f%s) é’és) . k3 =+ 12/€3 . é‘%a) . é‘éa) . k.3 + 12]{73 . §§a) 'é.éa) ) /ﬁ4

8T 279

ks 67 68 kg 12k - €7 67y 12k 67 65 k| (€57 - €5°)

+ [1%3 )y 12 - €D 6l R | (€47 €8Y) + other pairs | (5.9)

where by “other pairs” we mean that there are six terms in total: one for each of the following pairs: (12/34),
(13/24), (14/23), (23/14), (24/13) and (34/12).
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The contribution from the graphs 13.b is computed in a very similar way. We obtain the following,

(;;)5 ilz)(;) [kg_ (4515) L)L gl ) oeld) glo) ela) @) qgela) o) (o) (o)

+1267 - € g7 g - 1267676 - g7 - 1267 - &
11267 ¢ 6 67 + 1260 £ €V 67) kg

+ka- (—2060 - €767 - & + 1267 £V £§“) & +1267 -7 - g7 - &
12676767 7 - 366”67 6 1 12g 6 g -
11267 £ 6 67 + 1260 £ 0 67) hy

k- (260760 €6 426 6P 67l 4 26 -l Y )
1226 . 9 l0) o) _goel@) 5] o) @) _goels) ) ela) (9
1226 -l € el — 26 ) 7 €7 by

ke (866 € 6 42460 £ 7 € — 26 £V € )

~2a¢® el €l el 26l 7 ) €0Y) kg + 1 2] + other pairs .

Similarly, we obtain the contribution from all the graphs in figure 14,

E
<87r> 1( )[8k3 &1 - ks +8ky- & - ka+4ky- & - ks +4ks - &1 -k

'/T T2
x (6766 + el e €)
+ [—16k3 - &1 - kg — 16kq - &1 - kg — 8kq - &1 - k3 — 8k - &1 - k4]

X (féa) '54(15) 'f:(ga) + féa) 'ff;a) '§§S)> + cyclic .

This concludes the computation of all the terms in Sy 234 quadratic in momentum.

(5.10)

(5.11)

It is also necessary to redo the computation of 5723 and Si2 because we now have four possible momenta

k; and one more position integration than for the three-point amplitude. We will refrain from giving explicit

details of the computations, which are very similar to the previous ones. The results are summarized in the

following equations.

1 o 4 s s s s a a a a s
Siza =2z () Bvfa (a6 €+ 1266 0 4 1267 )

kg (=665 - €07 ) 6l el el el e el g )y gy

ke (665 68 Y — 186l el 6 66l e g +6el” €Y €l -k
+ ks (12657 €07 67 — 126l € D) kg

+ (2k3 - &1 k34 k3 &1 kgt k& ks 4ky - & k?4)( 53 )
(—6ks - &1 - kg — 3k - &1 - ky — 3ky - & - k) (&Y - €4 + eyclic
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Similarly, we obtain the new expression for S; 2 (5.13):

1 ! 4 S S a a
Stz = () Brrm [ra (267687~ 66 ) ot o 2607 €67 — 06l 67)
k- 261687 =661 €7) kg + - (261 - 68 — 66 - 7)< (5.13)

Terms proportional to k; - k;

We have to compute the terms corresponding to the graphs in figures 5, 6 and 9. The polarization terms and
the coefficients are computed as before. We obtain the following results.

/\ D
[Tk bG)S1a50= 5 <a> B(r)| {120k - k) (61761760765 — el elVel ey

i< w21y \ 87
— 6Pl + e VeVelVel)
+ 12k - k) (—€176767 €l + el ele)
+eVe el el —61“)£§“)£§S)£25))+3H4+293}
+ {20k - k) (AN ) + (€68 (7€)
+E8N () + 26 6N)E ) +2 0 3+ 2.0 4

(5.14)
4
([T k- #5Gi)S105 = — (&T) By (7)| (k- k) (€07 - €57 - 67 + €0 - €7 - 0)
1<J
ko) (=€ ) 4 g )] (51)
I\ 3
([T ki kiGi)S12 = <§;> Br(r)(kr - ko) |~ (617 - &67) - 36" - &5")] (5.16)
1<j

Final result

We can now substitute all the previous results in egs. (2.2), (B.1) to arrive at the four-point amplitude quadratic
in momenta,
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A =yt [
{ [4k3 el kg 12k - € D kg 4 12k - €€l Ry
by - €8 kg 12k - €Y €8 Ry 12k €Y - €5 kg | (€57 - €)
12060767+ 120 €7 €8 k] (67 €1)
+ [k (a6l -6 €0 €l —126( £ €l € + 126 6P - €Y
+12¢(" - €7 - 6 -6 —12¢]” €Y ) Y —12¢) €Y gV
11267677 €l 4 126 60 0 ) kg
k- (2060 €076 6 4126l g0 gV e 11267 ) € Y
+12¢(" - €7 - 6 -6V —36¢[” €Y - 6 Y 126 €Y gV
11267607 €l 4126 6 0 )k
ks (261606 e 126l €l 6V Y — 26l gV ) Y
+22¢( - €7 - 6 - &) —22¢[" €V - 60 Y —22¢] Y gV €
+22¢(7 - € €l eV — 26l 6l YY) ha
+ky - (_8§§s) '5518) ,&g)s) ,gés) n 24559) .&(Ls) ' ff) .Eéa) B 2553) .gz(la) .géa) 'gés)
246l 6 €€l 4216 6607 €) g + 145 2] + other pairs)}
{8k -6 ha 4 8ha €1 kb ka6 ks + 4y &k (67 €060 1 e € )
[ 16Ky - €1 - kg — 16k - €1 -y — 8k - &1 -k — 8y - &1 - ko] (67 €07 - €7 + &7 - €l - €0 + cyelic)
— {6 [k (—46” - &7 67 41260 €67 6l 1260 -6 -6 41268 - €1 - o
ks (12657 - 687 6 #1267 - 60 &) ka4 k- (21267 - 687 -6 41268 67 67) ks
+hy- (48”67 g7 — 1267 7€) ky
+ (ks €1 ks ks &1k k€0 ks Ak - € k) (65 - €57)
+(—6ks - & ks —3k3 - & - kg — 3Ky - &1 - kg)(§2a) . §3a)) + cyclic in 123} + cyclic in 1234}
+ {&ata (ko (2607 687 — 66l - €67) -k ko - (2617 -8 — 667 - &7) b
- (2607 €87 = 66 - 60) g + g (<2617 -6 = 6¢[) - €6”) - k) + other pairs |
— {1200 ko) (el — eVl — 6PN + Ve efVel)
+ 120k - ko) (—€0E7E7 €L + €006 +eVEEVE - €M) 430 442 0 3]
— {2001 - k) AP ENET ) + (€ ENEE) + (N E) + 2N EEM) + 2 0 8,4

+12{eahr - k) (=€ € € + 62 67 - 6f) + &alhr - Ra)(—€l - €87 € + €2 - 6P - ) + cyelic)

+ {53«54(k1 - ko) [(fls) ~££S)) + 3(§§a) -§ga))] + other pairs} } , (5.17)
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where we took (2.8), (3.23) into account, and we have rescaled g — —ga//87 as usual; we have also used (4.10)

to substitute k for g.

5.3 Comparison with the effective action

In this subsection we will compare some of the terms in A{,fz, cf. (5.17), with the effective action (1.1). We do
not attempt a complete comparison, which would be rather involved and requires systematically taking into
account all 1-particle reducible graphs. In the following we will only examine the terms in the amplitude coming
from (5.15), which should be compared with the terms in the effective action linear in the dilaton, and (5.16)
which should be compared with the terms quadratic in the dilaton.

Terms of the form (k; - k;)ph?

Expanding the linear coupling of the Einstein term to the dilaton around flat space to cubic order in A and

passing to momentum space, we obtain,

1
VGR — 4k*| (ks - ho - hy - hg - k1) — (ks - ha - hy - hg - k) — o (kb ks)(ha - hs) (5.18)
— (kg - k3)(hy - hs - he) 4+ permutations(123) | ¢4 + cyclic(1234) .

Due to the properties of the trace and the symmetry of h, the term (hq - hs - ha) is invariant under permutations
of the positions. Hence the (k;-k;) terms give a contribution proportional to (k1 -ka+ka-ks+ksz-ki)(h1-hs-ha),
which vanishes on-shell by momentum conservation. This is consistent with the fact that the contribution of
(5.15) to .Aff does not contain any terms cubic in £(%).

Terms of the form (k; - k;)phb®

Expanding the one-loop contribution to the B-field kinetic term in (1.1), passing to momentum space and
keeping terms of the form (k; - k;)¢hb® we obtain,

1
—imfGHQ eVP=2¢ _ 19~v/D -2 [(kl - k2)(by - by - h3) + Cyclic(lQS)] ¢4 + cyclic(1234) . (5.19)
This can be seen to coincide with the contribution of (5.15) to A{f, upon expanding the polarization as in (4.1).

Terms of the form (k; - kj)¢*h?

Expanding the quadratic coupling of the Einstein term to the dilaton around flat space to quadratic order in h

and passing to momentum space, we obtain,
1
?NER eVP=2¢ s (D —2) [(k1 - k2)(hy - ha)¢sdy + other pairs] . (5.20)

Expanding the polarization as in (4.1), this coincides with the two-£(®) contribution of (5.16) to Alf.
Terms of the form (k; - k;)¢>b?

Expanding the one-loop contribution to the B-field kinetic term in (1.1), passing to momentum space and
keeping terms of the form (k; - k;)¢>b* we obtain,

—é’y\FGHz eVP=20  _34(D —2) [(lﬁ - k2) (b1 - ba) P34 + other pairs| . (5.21)

Expanding the polarization as in (4.1), this coincides with the two-£(*) contribution of (5.16) to AZQ.
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6 Equations of motion and de Sitter solutions

The equations of motion following from the effective action (1.1) are as follows.

Equation of motion for G,
0=(1+7e¥P ") (R - 1GrsR) — V,05(7eYP72%) + G, V2 (7eYP72?)
(1 4 3yeVD ) VB0 (H,,, H, P éGrsm)
— (14967 2)(0,00,0 — 3Gro06) — Groe D05 + 8PP0 (61)
where we used the variation of the Riemann tensor,
§Rmn = V°V (1,0G,,) 5 — %V%Gmn — %(vanéGrs)G” . (6.2)
Equation of motion for ¢

0 =D —2eVD2(Lp %(3@2) £ 97 (1470 7)0,0)

2
D—-6 D=6 4 2 N S
—y———H?% V2’ ——___H% VD
TovD —2 3vD -2

D D 1 26 2

+A D—2€w}2¢+a D_2e 53? (6.3)
Equation of motion for b
v ((1 + 3yeVD29)e ﬁ"ﬁHrsp) ~0. (6.4)

Solutions
We will look for simple solutions to the equations of motion, with vanishing fieldstrength for the Kalb-Ramond
field, constant dilaton and a maximally symmetric D-dimensional space,

¢=constant ; H=0; Rpn=>Gmn, (6.5)
where A is an arbitrary constant. Then the equation of motion for the b-field is automatically satisfied. The
equation of motion for the metric reduces to,

2

5 2
0= (1+4~evP 2022 . /\+Ae\/7¢+a,e¢7D—2¢, (6.6)

while the equation of motion for ¢ gives,

—es D — 2 _D 20 2
e D_2¢TA = —Ae D_2¢ — Eem(ﬁ . (67)
By plugging (6.7) into (6.6), we obtain,
2
A= 20220 = (6.8)
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where we have taken (1.2) into account. We can also solve for the dilaton by substituting this into (6.7),

— 2 3D \7!
eVP 2¢:O/A<C(D—2)—|—(D_26)> , (6.9)

where we have used the definition of 7, eq. (1.3). Treating A as a free parameter of the solution, we see that
g%, = eVDP~2¢ can be made small by taking oA to be sufficiently large. The curvature, \ is positive for D > 26,
corresponding to de Sitter space. Provided g%, is small (which, as we mentioned, can be achieved by tuning
oA to be sufficiently large), the de Sitter space is weakly curved, Ao’ < 1, so that the solution can be trusted.

Even without fine-tuning, i.e. for ¢, A ~ O(1), we can achieve g2, < 4% for all values of D, while o/\ < 10%

~

for 27 < D < 32. As a particular numerical example we mention the following solution,
c=dA=1; D=27; ¢% =0,019; o/A\=0,018. (6.10)

It is also interesting to note that in this case D — oo implies g%, — 0, &/ A — % L.e. in the infinite-dimensional
limit string perturbation remains valid, but the supergravity solution becomes strongly curved.

As an alternative example we may use the numerical estimates (C.8), (C.11). These are obtained in the critical
dimension, D = 26, by subtracting the divergent tachyon contribution from the upper strip of the fundamental
domain, and performing a “modified minimal subtraction” renormalization of the Eisenstein series so as to
render A, ¢ finite. We see that /A is extremely sensitive to the ratio of gravitational (I¢) to string (Is) length.
Setting I =I5 and extrapolating to D = 27 gives,

g = 0,00015 ; o'\ =0,012, (6.11)
where we used (6.8), (6.9). Assuming /g = 10lg instead gives,
o = 1,57 x 1072 5 a/A =0,00014 . (6.12)

7 Conclusions

We have seen that the one-loop two-derivative effective action remains a well-defined object in the presence
of tadpoles and the associated IR divergences, and is rich enough to serve as a starting point for cosmology.
Moreover, taking a non-supersymmetric string theory such as the bosonic string as a starting point, sidesteps
the question of realizing de Sitter space in the context of the effective field theories arising from compactification
of the critical ten-dimensional superstrings.

We emphasize that we do not claim to have a realistic model: in particular our treatment simply ignores the
tachyonic divergences. This means that the action (1.1) cannot be taken at face value: rather it should be
regarded as a phenomenological model inspired by string theory. As such it is an improvement over the one
used in tree-level string cosmology, whose starting point is action (1.1) but without the one-loop corrections.
On the other hand, the methods of the present paper can be applied to other nonsupersymmetric models which
are tachyon-free and thus do not suffer from the tachyonic pathologies of the bosonic string. Our results should
motivate further investigation in this direction.

In [26] it was argued that the low-energy field theory limit of string theory amplitudes can be systematized by
using the language of tropical geometry. It would be interesting to apply this formalism to string theory models
with tadpoles and the treatment of the associated IR divergences such as the ones encountered here.
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We have shown that, for D > 26, the one-loop two-derivative effective action (1.1) admits simple weakly-curved
D-dimensional de Sitter solutions with constant dilaton at weak string coupling. This ensures that, if one were
able to solve the issue of the tachyon instability, the solutions would be in a regime where both the supergravity
approximation and the perturbative expansion in the string coupling could be trusted. This is in contrast
to typical solutions encountered in the context of tree-level string cosmology, where one inevitably reaches
a regime where either the string coupling is strong (so that string perturbation cannot be trusted) and/or
spacetime is highly curved (so that o corrections cannot be neglected). Our approach here is also different
from the supercritical bosonic string models considered in [27]; it is more akin to the approach of [21], in that
one argues that the tadpole does not drive the true vacuum too far away from flat space, provided the effective
(Einstein-frame) cosmological constant is sufficiently small.

The smallness of the de Sitter curvature of the solutions presented here is established in the Einstein frame.
On the other hand, higher-order derivative corrections to the string effective action are controlled by the string-
frame curvature tensor in units of o’. One easily evaluates the string-frame scalar curvature: o/ R = %(D —26),
at the de Sitter vacuum of section 6, hence o/ R > % for D > 26. However, the pertinent higher-derivative
corrections are not necessarily controlled by this quantity. For example, the tree-level curvature expansion
of the bosonic string effective Lagrangian is proportional to [28]: e~2%? {R + %a’Rmnqum”pq + (’)(0/2)}. The
condition of the smallness of the leading-order four-derivative quadratic curvature correction with respect to
the Einstein term, evaluated at the de Sitter vacuum (in the string frame), can be seen to be equivalent to,

D — 26

1 _—
> 3D(D - 1)

(7.1)

This is indeed satisfied, as the right-hand side above is smaller than 0,4% for all D > 26. It would be interesting
to check whether this persists at higher loop orders and/or higher orders in derivatives.

Taking the effective action (1.1) as the starting point, the requirement for the validity of the de Sitter solutions is
a sufficiently large (in string units and in string frame) one-loop vacuum energy. This ensures that the one-loop
couplings in (1.1) are of the same order as the tree-level ones, while at the same time the string coupling is small
so that higher-order string loops can be neglected. This is the crucial feature that allows us to avoid having
to consider all-order string loop corrections, in contrast to typical studies of higher-loop effects in cosmology
[29, 30]. Moreover the effective cosmological constant (in the Einstein frame) is suppressed by a positive power
of the string coupling, ensuring that the typical spacetime curvature is weak. A systematic search for more
realistic four-dimensional cosmological solutions is in progress [31] and we hope to report on this in the future.

In the present paper we have treated the one-loop cosmological constant as a freely tunable parameter. This
is simply a reflection of our ignorance of its correct renormalized value. In section 6 we saw that different
renormalization choices for A give reasonable values for A and g%, at the solution. On the other hand, in
tachyon-free nonsupersymmetric models, the one-loop cosmological constant has a well-defined finite value, and
cannot be freely tuned. It would be interesting to examine whether such models admit de Sitter solutions in
the weakly curved and/or perturbative regime.

As with all non-supersymmetric solutions, an important question concerning the de Sitter solutions presented
here is their stability (or absence thereof) with respect to small perturbations. An analysis of stability of
coupled field perturbations is unfortunately beyond the scope of this paper. We hope to return to this point in
the future.
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In deriving the effective action (1.1), the one-loop corrections were calculated at the critical dimension D = 26,
whereas in order to include the tree-level cosmological term we had to extrapolate off the critical dimension.
Unfortunately, to our knowledge, there is no systematic way of calculating loop corrections away from the critical
dimension. Therefore it cannot be excluded that the one-loop part of the action (1.1) should be corrected by
terms which vanish in the limit D — 26. One might be able to control this ambiguity by considering other
nonsupersymmetric models where the deviation from the critical dimension can be taken to be small. It would
interesting to examine whether there exist appropriate CF'T’s which realize this scenario.
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A Various definitions

The function 6 is given by

2

(vl =—i Y (-1 "2yqT (A1)
T€Z+%
where ¢ := exp(2in7), y := exp(2imwz). It is “almost” doubly periodic:
01z +17) = =01(2l7) . O1(z +7I7) = —y'a 204() , (A.2)
and has the following modular transformations

O1(v|T+1) =exp(in/4)01(v|T) , i(v/7|—1/T)= (—iT)% exp(inv?®/T)01(v|T) . (A.3)

Dedekind’s n function is given by,

o0

n(r) =g [[(1—q")
n=1 (A.4)
= g7 Y (~1)"gP
neL
and obeys: .
n(r +1) = exp(in/12)n(7) ,  n(=1/7) = (=iT)2n(7) . (A.5)

The real analytic Eisenstein series is a function of two variables s, 7 defined by,

7_5
E = —2 A6
(= Y (A.6)
m,nel
where the prime indicates that the term (m,n) = (0,0) should be omitted from the sum. The series converges
for Re(s) > 1. It can be analytically continued to a meromorphic function of s on the entire complex plane,
and has a single pole at s = 1:

Es(r) = T 1 + 27 (7 —In2— %1117'2 — ln|n(7)\2> +0(s—1). (A.7)

s —
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Moreover it can be shown that:

Eo(t)=—1; O0sEo(1)=-2 <ln 2 + %1117’2 +1In |77(7')\2) . (A.8)

B Review of general formulse

The one-loop N-point amplitude for the closed bosonic string takes the form:

N-1
v =" [ @rr ) [ T] @alitann)- Vi) (B.1)
F = =1

For completeness, and in order to fix conventions, let us briefly review the different elements that appear in the
formula above, see e.g. |22, 32

e (' is an overall normalization that can be absorbed in the definition of the one-loop vacuum energy, cf. (2.8).
g is the vertex-operator normalization constant; its relation to the gravitational coupling constant x of
the 26-dimensional effective action is determined in section 4.

e 7 := 1, +im is the modular parameter of the torus 72 and F denotes the fundamental domain,

<n<-, |7|>1. (B.2)

N | —

e The Dedekind function n(7) is defined in (A.4). In the covariant quantization of the bosonic string, the
integration measure of the amplitude can be understood as coming from functional integration over the
reparametrization ghosts.

e We integrate over N — 1 positions z; of the vertex operators, while we fix zy by the isometry of 72. The
amplitude should be independent of zy.

e The vertex operators V; are primary of weight (1,1). In the case of massless particles, they are given by
Vilzi, 2) = £,0XPOX el X G2 (B.3)

where X*(z;,%;), p = 0,1,...,25, are free worldsheet scalars; &,,(k;) is the polarization tensor: its
symmetric, antisymmetric, trace part describes the graviton G, the Kalb-Ramond field (antisymmetric
two-form) by, the dilaton ¢ respectively. The condition for V' to be primary is equivalent to the on-shell
mass condition, k? = 0, while the condition for V to have weight (1,1) is the condition of transversality
of the polarization, k#§,, = k"{,, = 0.

e The correlator is given by all possible contractions between vertex operators using the Green’s function
on the torus,

o 2701 (5= |7) 2 ,(Imz)?
G(z) —51 77 (0/7) +« o (B.4)
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This is doubly periodic under z — z + 27, z — z + 277, it has the correct short-distance behavior
lim._,0G(e) = —%/ log |¢|?, and satisfies,

1= 1
aaﬁG(z) = —76%(2) + —

8Ty

(B.5)

The constant “background charge” term on the right-hand side above is due to the fact that the Laplacian
on the torus can only be inverted on the space of functions orthogonal to the constant mode; we use the
conventions of [22] for the various normalizations.

e A regularization scheme must be chosen for the divergent self-contractions within each vertex operator.
In flat space the self-interactions are subtracted by taking a normal-ordering. More generally for a curved
world sheet the regularization can be implemented in a diffeomorphism-invariant way, which however does
not manifestly preserve Weyl-invariance. Here we shall adopt the regularization scheme of [22] according
to which for any vertex operator V' we define its regularization [V]g by

/

[V]gr :=V + all selfcontractions with A ;  A(z,2/) := % Ind?(z,2') , (B.6)

where d(z, 2’) is the geodesic distance between the points z, 2z’ on the worldsheet. For the massless vertex
operators (B.3) in particular this gives:

[Vi(zi, Zi)]r = ({ZVQXng”eiki'X(zi’gi) — all selfcontractions with G)

o A ) (B.7)
- &0 (elki'X (2%) _ all selfcontractions with G) .
8y
In deriving the result above we have taken into account that
/
lim A(z,2') = — lim G(z — /) ;  lim 00A(z,2') = —00 lim G(z — 2') + , (B.8)
z—z! z—z! z—z! z—z! 81y
as follows from (B.5) and the definition of A.
In explicit computations of correlators it is useful to make use of the following contractions,
< [eiki-X(zi,Zi)] " [eikj X(zj,zj)} R> — efkl k;iGij
(& OX (z1,2) [ Y 3] ) = ity - j0iGyg B9)
(& - 0X (2, 2:)&; - 0X (2, 25)) = & - §;0:0;Gi
(& - 0X (21, 2i)8; - 0X (25, 7)) = & - §0i0,Gij

where G := G(%; — z;j) and 0; := 0/0%;. Note that contrary to the case of the sphere, the 0XOX contraction
is nonvanishing: this is due to the background charge in (B.5). Explicitly, using (B.4) we obtain:

o [ CACZES N R G o 1
0,0;Gij = ) (Tz + 0, [91(1/|T) ; J&@GU =76 (2 — zj) — pr— (B.10)

where v := (2; — z;) /27 and 0] (v|7) := 0,01 (v|T). For later use let us also define:

wij =& - §0,0;Gyy ;. wiy =& §00;Gy ; wii=i1Y & ki0iGy s upi=i) &-k0iGiy,  (B.I1)
j#i j#i
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etc, i.e. the expressions with a barred i-index are obtained by replacing (&;,9;) with (&, 9;).

We will use the following representation for the Green’s function,

!/

TGz = Y 1 b)) + Golr) (B.12)

m,n
m,ne”L ’

where ¢, n(2) is an eigenfunction of eigenvalue A, ,, of the Laplacian on the torus; the prime above the sum
symbol indicates that the zero eigenvalue (m,n) = (0,0) is excluded; the normalization is chosen so that (B.5)
is obeyed. The zero mode Go(7) does not contribute to the N-point amplitude, and will therefore be ignored
in the following. Indeed in the correlator of N vertices, cf. (2.2), the only instance where G does not appear
under a derivative is in the term )
(which implies >, ; ki; = 0).

i<j ki;jGj, from which Go(7) drops out by virtue of momentum conservation

Explicitly, setting z := o1 + 709, with o; € [0, 1], the metric of the torus reads:

ds? = dzdz = |doy + 7dos|? (B.13)
with the corresponding Laplacian:
= 1
V? =400 = — (|71?02, — 21105,05, + 02,) . (B.14)
72
The orthonormal eigenfunctions read:
1 . 1 T _ -
Ymn(z) = —=exp2mi(noy + mog) = — exp —[z(m — nT) — Z(m — n1)] , (B.15)

VT2 VT2 T2

with corresponding eigenvalues:
4 2
Amn = —%\m —nr|?*. (B.16)
72

Some useful relations which follow immediately from the definition above are:

Ynn(=2) = V-mn(2) = WD) = - Wnn (2)]
d}m,n(zw) = \/7T2¢m,n(zl)¢m,n(_22) (Bl?)
¢m,n(z)¢p,q(z) = \;Ewm+p,n+q(z> .

Inserting the above in (B.12) we obtain:

27 Ty ! 1 ™ _ _
JG(Zl,Zz) = 1.2 Z mexp g[zlg(m—nﬂ — Z1a(m — n1)]

=
m,neL
TN 1 (B.18)
_ T
 4q? Z |m — nt|? Y (212)
m,nez
From the above we obtain the following expression for the Green’s function at vanishing separation,
o 1 .. < 75 1
o o, Gl ) =gzl D o = g I B (B.19)
m,n
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where in the last equality we used the definition of the Eisenstein series (A.6). The limit on the right-hand side
above is a pole singularity, cf.(A.7). From (B.18) we also obtain:

2 1 1
2
— =—F = —— B.20
) [m —nr| in o(7) i (B.20)

2 - . / 75
- lim 8182G(21,22) = Hll_)ﬂ% Z (

o z1—z2 \m — n7-|25
mne”

™

T2

where we took (A.8) into account. We see that the regularization above amounts to dropping the delta function
in (B.10).

Similarly starting from (B.18) and using the orthonormality of the Laplacian eigenfunctions on the torus,

1
/T2 d*z wm,n(z)w—p,—q(z) = /T? d*z ¢m,n(z)¢;,q(z) = ﬁ /T2 d*z wm—p,n—q(z) = 6mp5nq s (B'Ql)

we obtain the following useful formula:

/ d2Z18152G(Z1,Zg)glagG(Zl,Zg):/ d2Z18162G(Z1,Zg)élggG(zl,Zg)
T2 T2

1 (o \? 1 (o \? (B-22)
- (&) B0 = ()
where z7 is integrated over the entire area of the torus,
T? := {01 + 709 € C|(01,02) € [0,1]*} , (B.23)
and we have taken into account the volume of the torus,
Ty = / d%z . (B.24)
T2

C Numerical estimates

In this section we will give numerical estimates for the renormalized constants A, ¢. The bosonic string one-loop
vacuum energy density, p, in D = 26 spacetime dimensions is given by [22],

1
(47r2a/)—13/Fd27_7_2—14 ’n(,]_)|—48

1
- A= _=
P K2 2
1 2 Nn—13 > —14 ( _AnT: 2 2 —drnr
~ —5ra) dry 7y 14 (47 4242 4 324% 2 L)

(C.1)

where in the first equality we took (4.19) into account and in the last line we used (2.9). This also gives the
value of the normalization constant used in (B.1), (2.8): C = 1x*(47%a/)~!3. Note that, in our conventions, a

positive vacuum energy density corresponds to negative A and vice-versa.

As explained in [33], the integrand above can be seen to be identical to the corresponding expression for the
D-dimensional field theory one-loop vacuum energy of bosonic point particles of mass m,,,

D 0o
pFT:iZ/(;)kD/O %exp[—(kz—#—mi)l/ﬂ

1 [ dl _
=5 | G ennti)
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provided we set D = 26 and we identify,

Q‘q;

l=2na'ry; mi=2(mn—-1),neN. (C.3)

Of course the l-integral in (C.2) is divergent. It can be regularized by introducing an IR cutoff, &, so that,

00 1
[ el s miy2 = 5 [ine 5 -m2 w0+ ) + 06 (e

where v = 0.57721 ... is Euler’s constant (note the similarity with (A.7) below) As reviewed in [22], substituting
the “modified minimal subtraction” renormalization of the integral above, —% In(k? +m2), back into (C.2), is a
quick way to arrive at the expected field-theory result,

i D
T -3 zn:/ (gﬂ)’; In(k® +m?2) . (C.5)

Alternatively one can Wick-rotate the first line of (C.2), perform the k° integration which becomes Gaussian,
and then integrate [ with an IR cutoff. This gives,

Z/ S:ﬁ (- pVRrmrowa) . (©5)

where we have set k#* = (kY E) Applying the same modified minimal subtraction renormalization as before
then provides a shortcut to expressing the vacuum energy as a sum of zero-point energies,

dP- 1k
Z/ 2y D-1 k2+m2 (C.7)

Subtracting by hand the divergent on-shell tachyon contribution from the upper strip (which of course breaks
modular invariance), a numerical integration of the first line of (C.1) using Mathematica gives,

l 24
(2715)%°p = —6235,29... ; oA = <1G> 157,94... , (C.8)

where we have introduced the string and gravitational lengths,?
1
ls :=2mVa! ; lg:=rk1Z, (C.9)
respectively. Moreover from (2.8), (3.23), by applying a modified minimal subtraction renormalization scheme,

Eqi(t) = =2 n (yVm2in(T)?) , (C.10)

cf. (A.7), upon numerical integration we obtain,
c=—0,01319... (C.11)

where again we have subtracted the tachyon contribution.

3Recall that in D dimensions the gravitational constant & has engineering dimensions (length) ™ 2
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