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ABSTRACT: We show that the elliptic genus of the higher rank E-strings can be computed
based solely on the genus 0 Gromov-Witten invariants of the corresponding elliptic geome-
try. To set up our computation, we study the structure of the topological string free energy
on elliptically fibered Calabi-Yau manifolds both in the unrefined and the refined case, de-
termining the maximal amount of the modular structure of the partition function that can
be salvaged. In the case of fibrations exhibiting only isolated fibral curves, we show that
the principal parts of the topological string partition function at given base-wrapping can
be computed from the knowledge of the genus 0 Gromov-Witten invariants at this base-
wrapping, and the partition function at lower base-wrappings. For the class of geometries
leading to the higher rank E-strings, this leads to the result stated in the opening sentence.
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1 Introduction

A recent revival of interest in six dimensional quantum field theories has led to a better
understanding of the topological string partition function Zi,, on an elliptically fibered
Calabi-Yau threefold X over a complex base B. An incomplete list of techniques and
strategies (with porous boundaries in between the listed items) that have been applied to
the problem include combining ingredients from mirror symmetry [1, 2], the holomorphic
anomaly equations [3, 4], and modularity in [5-10], exploiting duality with the heterotic
string [11], localization techniques [12], determining the worldsheet theory of 6d strings
(whose elliptic genera essentially coincide with Ziop) [13-19] and adaptations of the topo-
logical vertex formalism [17, 20-22]. A particularly elegant way of encoding Zp, in this
setting is in terms of modular expressions for the coefficients Z (7, z, m) of the expansion
of Ziop in suitably shifted exponentiated Kahler moduli Qi of base classes,

~ k
Zwp=20- |1+ ZQB | - (1.1)
k=0

Here and throughout this note, we use the notation k = (k1, ks,...), k; > 0, to denote a
curve class in the base B. Zg(7,z,m) is a Jacobi form whose modular parameter is the

Kahler modulus 7 of the elliptic fiber, and with elliptic parameters the string coupling

9s
27

The Gopakumar-Vafa form [23, 24] of Z,, reveals that Zj, must exhibit poles; Zj as
a Jacobi form must hence be meromorphic. Unlike the ring of weak Jacobi forms, whose

z = as well as the Kahler moduli m of the fibral curve classes.

elements are holomorphic, the ring of meromorphic Jacobi forms is not finitely generated.

In [6-9], progress hinged on expressing Z as a quotient of weak Jacobi forms,

Z Ci¢k,i(77 Z, m) )

QSE (T7 2, m)

The denominator takes a universal form depending only on the knowledge of the classical

Zp = (1.2)

intersection numbers of the divisors of the elliptically fibered Calabi-Yau manifold X.
This data also fixes the weight and indices of the numerator, allowing an expansion in
appropriate ring generators. The expansion coefficients ¢; must be determined by imposing
additional constraints on Z.

In this note, we show that in the case of higher rank FE-string theories, obtained from
stacks of M5 branes embedded in the end of the world M9 brane, genus 0 Gromov-Witten
invariants provide sufficient boundary conditions to determine the ¢;, in other words, to
compute the topological string to all orders in g;. Recall that the geometries underlying
the higher rank FE-strings are elliptic fibrations over a non-compact base consisting of
a chain of -2 curves ending on a -1 curve [25]. The six dimensional theory engineered
by considering F-theory on these geometries generalize the E-string as orginally studied
in [26-29]. The topological string on the higher rank E-strings was solved based on the
ansatz (1.2) in [7] by imposing vanishing conditions on Gopakumar-Vafa invariants — a
target space perspective. We here show that boundary conditions arising from a worldsheet
perspective are also sufficient to solve these models.



Our analysis relies on determining the principal parts (the negative degree terms in the
Laurent expansion) of Zj around all of its poles. We achieve this by combining modular
and multi-wrapping properties of Zi,. While the modular properties are manifest in the
form (1.2), the multi-wrapping properties, as captured by the Gopakumar-Vafa formula,
are formulated more naturally in terms of the topological string free energy Fy, related to
Zk, via

~ k
Ziop = Zo - €Xp kaQB . (1.3)
k0

We thus begin our analysis by asking to what extent the modularity properties of Zj, carry
over to Fg. In a nutshell, the answer is that the string coupling as elliptic parameter is
lost. However, the coefficients of Fj in a g, expansion are elements of the ring of Jacobi
forms with modular parameter 7 and elliptic parameters m, tensored with the ring of
quasi-modular forms. We next study the pole structure of Fj as a function of z. In the
case of elliptic fibrations with only isolated fibral curves (geometries that engineer SCFTs
in F-theory with at most abelian gauge symmetry are in this class), the denominator qﬁg
in (1.2) in fact does not depend on fibral Kéhler classes. This gives rise to a tractable
pole structure for the free energy, and ultimately allows us to reduce the computation of
all negative index Laurent coefficients of Z to the knowledge of genus 0 Gromov-Witten
invariants. The analogous considerations in the case of more general elliptic fibrations fail,
as we explain.

Our analysis also applies to the case of the refined topological string. Here, the elliptic
parameter z = §* is replaced by two elliptic parameters 21 o = 62172 Even though the refined
coupling s = €1 + €5 behaves in many ways as a Kéhler parameter of a non-compact divisor
(hence as a mass parameter in the geometrically engineered field theory), see e.g. [30], it
cannot be salvaged as an elliptic parameter at the level of the free energy, as we explain;
expansion in both z; and zs is required. The role of the genus 0 Gromov-Witten invariants
in determining the higher rank E-string partition function is played in the refined case by
the Nekrasov-Shatashvili data

dNS _ d
ng - Z "gr.9r > (1'4)
gr+9r=9g

with ng, 4, indicating the refined Gopakumar-Vafa invariants.

The structure of this paper is the following. In section 2, we review the classes of
4-cycles that occur in elliptically fibered Calabi-Yau manifolds, and explain the role the
corresponding Kéahler classes play in Z;. We study the modularity and pole structure of
the topological free energy Fi in section 3. Section 4 explains how to use this information
to reduce the computation of the principal parts of Z in the case of elliptic fibrations with
only isolated fibral curves to the knowledge of genus 0 Gromov-Witten invariants. Finally,
we explain in section 5 in which cases the principal parts of Zi determine it completely,
and explain the relation to determining the expansion coefficients ¢; in (1.2) by imposing
vanishing conditions on Gopakumar-Vafa invariants.



2 Classes of 4-cycles on elliptic fibrations and how they enter in Z;,

2.1 Classes of 4-cycles

Compact elliptically fibered Calabi-Yau manifolds can be constructed as hypersurfaces in a
projective bundle over a compact Kéahler base manifold B. The hypersurface is cut out via a
Weierstrass equation in variables (z : y : z) which are sections of the projective bundle; the
coefficients f and ¢ are sections of appropriate negative multiples of the canonical bundle
of B, chosen to impose the Calabi-Yau condition on the hypersurface. The singularity
structure of the elliptic fiber depends on the vanishing properties of these sections, and
is hence intimately tied to the divisor structure of the base B. Non-compact models can
be obtained via degeneration limits of this setup. For instance, decompactification along
the fiber direction can lead to local Calabi-Yau manifolds which are the total space of
the canonical bundle of a surface [31], while decompactification perpendicular to the fiber
direction yields elliptic fibration over a non-compact surface [13], such as the geometries
appearing as building blocks in the classification scheme of 6d SCFTs via F-theory [25].

The topological string partition function depends on the topological string coupling
constant gs (or, in the case of refinement, on two parameters €; 2 which can be organized
as g2 = —ejez and s = (€1 + €2)?) and (in the A-model perspective) on Kihler parameters
associated to homology classes in Ha(X) of the Calabi-Yau manifold X. In the generic
Gopakumar-Vafa formula, which we will review in the next section, all Kéhler parameters
enter the partition function on the same footing. When X is elliptically fibered, different
Kahler parameters are distinguished by the action of the monodromy group on the asso-
ciated curve classes [6]. The curve classes in the base B are essentially invariant under
this action (see the discussion around equations (2.9) and (2.10) for the precise statement).
The associated Kéahler parameters are treated as expansion parameters. The coeflicients
Z}. of the expansion in appropriately shifted exponentiated base classes, with k indicating
the base class, are Jacobi forms. All remaining Kéhler parameters as well as the string
coupling play the role of the modular and elliptic parameters of these Jacobi forms.

To understand the roles played by different curve classes in the topological string
partition function on an elliptic Calabi-Yau threefold, we focus on the case of compact
Calabi-Yau manifolds, and argue, via Poincaré duality, in terms of 4-cycles rather than 2-
cycles. The non-compact case can then be obtained via degeneration. We can distinguish
between 4 classes of divisors [32, 33]:

1. The pullbacks B, of divisors (curves) of the base B to X via the projection 7 : X —
B,ie. B, =7"H,.

2. The zero section of the fibration, which is topologically the base B.

3. Divisors T}, ; consisting of fiber components «y ; arising from the resolution of singu-
larities of the fibration over curves b, in B, fibered over b,,.

4. Divisors S; associated to other than the zero section of the fibration.



By [32], all 4-cycles in X fall into one of these four classes. Upon replacing the 4-cycles
S; by their images under the threefold version of the Shioda map [34], the Poincaré dual
2-cycles to these 4 classes are

1. Curve classes H, of the base B.

2. f, the fiber class of the fibration.

3. Fiber components o .

4. Isolated rational curves s; in the fiber.

In the F-theory compactification on X, curve classes of type 1 give rise to tensor multiplets,
those of type 3 to non-abelian vector multiplets, while those of type 4 give rise to abelian
vector multiplets as well as hypermultiplets charged under them.

The corresponding Kahler classes play different roles in Zi,p, depending on the mon-
odromy action on the associated curve classes:

1. The exponentials @p = (Q1, .- .,Qu,(p)) of the base Kihler classes t, = fHa J can
be rendered invariant upon an appropriate shift explained below (see equations (2.9)
and (2.10)). Ziop is expanded in terms of the shifted variables Qp, see (1.1), to yield
the Jacobi forms Zj, as coefficients.

2. T = ff J is the modular parameter of the Jacobi forms Z.

3. Cxg = fan , J are elliptic parameters on which the position of the poles of Z; as a

function of gs (or €12 in the refined case) depends.!

4. m; = fa( $) J give rise to elliptic parameters which do not modify the position of the
poles of Z, as a function of gs (or €; 2 in the refined case).

We refer to the curve classes of type 3 and 4 as fibral, and denote the corresponding
Kahler parameters collectively as ¢,.

2.2 The base degree k partition function as Jacobi form

We now turn to the discussion of the structure of the partition function at base-wrapping
degree k, Zi. At the end of the section, we point out the modifications necessary to gen-
eralize to the case of refinement. We will present the motivation behind the individual
ingredients entering into the determination of Z; a proof from first principles is not yet
available (though see [35] and follow-up papers for steps in this direction). Strong evidence
for the structure we review is that it leads to a determination of Z;, which passes many tests:
the integrality of the BPS invariants that can be extracted from it (and additionally posi-
tivity of these invariants in the case of refinement), as well as the match with the invariants
available based on other methods, such as mirror symmetry and the topological vertex.

'Note that F-theory, and therefore the 6 dimensional theory obtained by compactifying on such geome-
tries, is not sensitive to these Kahler parameters. Upon compactifying on a circle, however, the resulting
vector multiplets exhibit real scalar fields whose VEV keeps track of the blow-up cycle size, and which
collectively transform under the global symmetry given by the Weyl group of the gauge group.



One path to the identification of the transformation properties of Zj runs via the
holomorphic anomaly equations of the topological string [4, 6, 36]. These can be rewritten
in the form

0 2
— 4+ —Mp | Z,=0. 2.1
< 95, + 3 k> k (2.1)
My, dubbed the index bilinear form in [8], depends quadratically on the string coupling

z = g—‘; and all fibral Kahler parameters,

My =i.(k)2> + ) iy, (k)t7. (2.2)

It is easy to show that a convergent power series

Z agz’gzﬂztﬂ (23)

L.,

with coefficients ay,_ ¢ of weight w+2(¢;+ 3", ¢,) in the ring C[E», E4, Eg] of quasi-modular
forms which satisfies the differential equation (2.1) is a weak Jacobi form with elliptic
parameters z, t, of index i,(k), i, (k) respectively.

The program of rewriting the holomorphic anomaly equations of [4] in the form (2.1)
has been carried out for local 1/2 K3 in [36] and for the elliptic fibration over the base
B =Ty in [37], though some details remain to be ironed out.

A currently more efficient path towards determining the indices i, for all fibral curve
classes proceeds via F-theory compactifications on the elliptically fibered manifold X. The
resulting 6d theory exhibits non-critical strings which arise via D3 branes wrapping curves
Ck in the base manifold B. Zj for k # 0 can be identified with the elliptic genus of
these strings [13, 28]. The transformation properties of elliptic genera under modular
transformations have been argued for in [38, 39]. One can use this vantage point to fix the
index bilinear M}, in terms of the anomaly polynomial of the worldsheet theory? of these
strings [7, 8, 10, 16], which has been computed in [15, 41]. For our purposes, the important
characteristic is that all indices other that ¢, depend linearly on the base-wrapping degree
k; i, which takes the elegant form

Cr - (Cr + Kp)

ir(k) = . , (2.4)

is quadratic in k.

An important ingredient in solving for Z, once its transformation properties under
the modular group have been identified, is determining its pole structure. The Gopakumar-
Vafa form of the free energy motivates the ansatz

b2(B) k;

¢k =[] []o-21(752) (2.5)

i=1 s=1

for the denominator in (1.2). In the absence of curves of type 3, this ansatz has been
verified for numerous examples in [6, 7]. Indeed, isolated rational curves, such as the

2See [40] for an analysis of these worldsheet theories beyond the minimal SCFTs.



curves of type 4, are locally modeled by the conifold. Lacking a moduli space, they are
not expected to give rise to a contribution (hence m dependence) in the denominator of
Ziop- On the other hand, rational curves of self-intersection number less than —1, such as
the curves of type 3, do necessarily exhibit a moduli space, and are expected to modify
the pole structure of Z,p, (cf. the discussion in section 3.4 of [42] juxtaposing —1 and —2
curves). This expectation is born out by localization computations [10, 16] and topological
string computations [7, 8, 10], the latter primarily in the case of local geometries.

To describe how the ansatz (2.5) must be modified in the presence of curves of type 3,
recall that these arise upon resolution of singularities over a divisor C' in the base B. The
intersection matrix of the fiber components above C is captured by the negative Cartan
matrix of an associated affine Lie algebra g. Specifically, X contains an elliptic surface
with base C' and reducible fiber

F=F+)Y aE;. (2.6)

1

The E; here are the exceptional curves that resolve the singularity. a;” are the comarks of g.
There is a monodromy action on the curves { E;} captured by the Weyl group of g. To make
this manifest, the Kéhler parameters m; associated to a choice of basis of the exceptional
curves are assembled into an element of the complexified root lattice m = ), m;w;, the
w; denoting the fundamental weights of g.

The denominator in (1.2) in the case by(B) = 1 given in [8] reduces in the unrefined

case (up to a sign) to

k s—1
H ¢_271<T, sz) H H (25_271 (7’, (8 -1 25)2’ + ma) s (2.7)
s=1 (=0 acA

with A denoting the set of positive roots, and where we have defined
me = (m,a") (2.8)

for any root @ € A. The naive generalization beyond by(B) = 1 should be correct, but no
computations have yet been performed in this case.

Finally, we explain the relation between the exponentiated expansion parameters Q B
and the exponentiated base Kéhler classes Qp. As argued in [6], based on genus 0 obser-
vations in [43], for the case of non-singular elliptic fibrations, the base class shifted by an
appropriate multiple of the fiber class is invariant under the SL(2,Z) monodromy action,
up to a sign corresponding to the same multiplier system as an appropriate power of 7]12(7').
The modular properties of Z,p, are thus manifest when expanding in

Qs = (ﬂy%ﬂ Q5. (2.9)

12(7-

From the identification of the topological string with the elliptic genus of the worldsheet
theory of non-critical strings, this result was generalized to the case of singular fibrations



in [13] to

—Cr-Kp
QB = ( v a_v> Q5. (2.10)
n'2(r) [T Qi

Note that the appropriate expansion parameter to extract the enumerative data encoded
in Ziop remains @ p; this is also the parameter that occurs in the Gopakumar-Vafa pre-
sentation of the free energy which we shall review in section 3. We thus introduce straight
letters Z and F to denote the corresponding expansion coefficients, such that

—CKp —CKp
Zy, = ( Vi av) 2k, Fp= ( va a\/) Fre, (211)
n'2(r) Ili= @i n2(r) [1i2, Q"

where the product in the denominator ranges over divisors of the geometry of type 3.

The refined version of the results discussed in the section is also known [7, 8, 16].
Introducing the variables
€1,2 €L.R

= == 2.12
o’ LR o’ ( )

21,2 =
the refined partition function takes the general form

z > CiQki(T, 2L, 2R, )
k= D
d)k (7—7 217227m)

(2.13)

with 2z g (or equivalently zj2) serving as elliptic parameters. The denominator in the
absence of divisors of type 3 is given by [7, 16]

b2(B) k;

Ok = H H(b—l,l/z(ﬂ s21)¢—1,1/2(T, 522) , (2.14)

i=1 s=1

where qbQ_l 12 = ¢—2.1. When such divisors are present, the denominator (in the case
ba(B) =1) is [9, 16]

k s—1
H H ¢—1,1/2(s(2r + jzL)) H H ¢-112((s + )zr + (s = 1 = 20)z1 + jma)
s=1 j=+1 =0 0N

(2.15)

Note that this specializes to (2.7) for zg = 0,z = 2z, up to an irrelevant sign.

3 The structure of the topological string free energy

3.1 Setting up the analysis

Depending on the computational approach one takes, the topological string partition func-
tion or its free energy moves to the fore. The considerations in section 2 centered around
Ziop, as this quantity has the better transformation properties under the modular group.
From the Gopakumar-Vafa presentation, it is clear however that the partition function



contains redundant information due to multi-wrapping contributions. This redundancy is
easily identified at the level of the free energy. It takes the general form

d - rwge\\292 QY d
F(gs,t Z Z ng <2sm( 5 )) ot ng € Z, (3.1)

w21 deHy(X,Z)

with single-wrapping contributions

f(gs, Z Z (2 sin <g2s>>29—2 Q°. (3.2)

9>0 deHy(X,Z)

We thus turn to the study of the free energy on elliptic Calabi-Yau manifolds in this
section. These considerations will play an important role when determining the interdepen-
dence of the principal parts of the base degree k contributions Zj, to the partition function
in section 4.

As in the case of the partition function, it will be convenient to consider coefficients
Fy, of the free energy in an expansion in base degree classes Qp (recall that z = £2),

Zyop = Zo (Z ZkQBk> = Zoexp (Z FkQBk> ) (3.3)

k>0 k>0

with single-wrapping contribution

fr(z,t) Z nkd“d m(2sin 72) 297 2% Q4 (3.4)
g,dr,dm,
We can invert
a-y % 3 ln 59
..... kn>0 =1
Zklzk

to obtain the free energy at base wrapping k in terms of Z,/, |k'| < |k|,

Z ST A %k = M2 K <KD (3.6)
=1 n

zkk

Note that the sums over n in (3.5) and (3.6) are effectively finite due to the constraint
k; > 0 on the n summation coefficients k1, ..., k,. This constraint also implies that the
monomials M, are homogeneous in the index k; of is arguments, ). k; = k.

The integer coefficients agj) k, are easily computed iteratively. In particular, agck) =1.

We give the corresponding monomial the index 1,
Mg =27 . (3.7)
In the case of bo(B) =1, e.g., we have

1 1
Fy =7, FQZZQ—izf, F3:Z3—leg+§zi”, (3.8)



and

M, =2, (3.9)
1
Moy =25, Mso = —52%, (3.10)
1
Mz, = Z3, Mso = —~717, Mz = ng, e (3.11)

To compute the single-wrapping contribution f, it suffices to subtract from Fj, appro-
priate linear combinations of Fy, |k’| < |k|, evaluated at integer multiples of all of their
arguments. Symbolically, we write this as

Ffi(2,t) = Fil(z,t) + P (Flcpi (2, 41)) (3.12)

where * is a placeholder for a possible multi-wrapping factor, and P,f /s a polynomial
with the property that every contributing monomial [ [, Fi, (w;z, w;t) satisfies >, w;k; = k.

In the case ba(B) = 1, the first few expressions are

fi(z,t) = Fi(z,¢t),
Fa(o,t) = Fa(z,8) — %F1(2z, 2t),

. (3.13)
fg(Z,t) = Fg(z,t) - gFl(BZ, 3t)
Combining this with (3.6), we immediately obtain
Fe(z.t) = Zi(z,t) + PL (Zg <y (52, 58)) (3.14)
Again in the case ba(B) = 1, the first few relations are
fl(zat) = Zl(Z,t) )
1 1
fg(z,t) = ZQ(Z,t) — 721(22, 2t) — *Zl(z,t)2,
2 2 (3.15)
f3(z,t) = Z3(z,t) — §Z1(3z, 30t) — 6Zl(z,t)?’,
We of course can also invert these relation to obtain
Zi(2,t) = fu(z,t) + L7 (fir oy (32, %)) - (3.16)
When b2(B) =1,
Zl(z, t) = fl(z, t)
1 1
Zo(2,t) = folz,t) + 5 f1(22,28) + S fi(gs, t)?
(3.17)

Zg(z,t) = fg(z,t) + §f1(32,3t) + éf1(z,t)3

,10,



In section 4, it will be more natural to reorder (3.14),
Z
Zi(2,t) = fu(z,t) — L (Zjpe iy (22, 5¢)). (3.18)

This equation encodes the fact that when increasing the base degree by one step to k, all the
new information required to reconstruct Zg is captured by the single-wrapping contribution
to the free energy fr. Anticipating our discussion in section 4, we also introduce the

monomials my; constituting PkZ -/ ,

T =fe+ Y M, (3.19)

where each my ; is of the form
Mg X H Zy, (857,852, 8;m), Zsjkzm =k. (3.20)
J J

All of these formulae generalize straightforwardly to the refined case, given the refined
Gopakumar-Vafa expansion [44]

d o (2sin L)200 (2 gin Wen )20

Fleppt) = Z Z Z "g1.9r 2 )de, e

9r,r>0w>1deHy(X,Z) W 2sin w(€R2+€L) 2sin w(eRQ_EL e
(3.21)
as starting point. In terms of the equivariant parameters €12, we have €, g = % The
conventional (non-refined) topological string is obtained by setting ez = —¢1, g2 = €7.

3.2 Transformation behavior

While the object with the best transformation behavior under the modular group is Zg, the
partition function at fixed base-wrapping, some of this behavior survives to the level of the
free energies Fi. Perhaps somewhat surprisingly, the unrefined and the refined situations
are qualitatively different. We discuss these two cases separately in this subsection.

3.2.1 The unrefined case

From the relation (3.6) between free energy and partition function, we can conclude that
Fi has the general form

Fe(riz,m) = Mia(Zy 0 K| < |K[}). (3.22)

Note that the Mg ,(Z; : |k'| < |k|}) as monomials in Jacobi forms are again Jacobi forms.
They have identical m-index, as this quantity is linear in the base-wrapping degree k, and
the My, 5, are homogeneous with regard to base-wrapping. By contrast, the z-index depends
quadratically on the base-wrapping degree, hence varies with the index n. Fp is hence not
a Jacobi form of fixed z-index. To make progress, we Laurent expand in the variable z,

(o)
Fr(r,z,m) =Y Fig(r,m) 2972, (3.23)
g=0
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The coefficients Fy, 4(7, m) are the genus g contributions to the free energy at base degree k.
In the absence of divisors of type 3 (i.e. non-abelian gauge symmetry in the case of

SCFTs), Z is of the form

> CiPk,i(T, 2, M)

O (12)

with ¢ (7, 2,m) an element of the tensor product of the ring of Jacobi forms in z and in

Zp = (3.24)

m, and with ¢ (7, z) having 7-independent leading coefficient in z. The expansion in z
thus yields Jacobi forms in m with the Taylor coefficients of Jacobi forms in z, i.e. quasi-
modular forms (see appendix A), as coefficients. By the argument above, the m-index of
Fk,q is equal to that of Zj. Restoring the n-dependence, the weight of Fy , can be read off
from the power of z it multiplies; it is equal to 2g — 2.

The structure of Fj 4 for these cases can be further constrained. Let us restrict for
simplicity to the case bo(B) = 1. Fix k and g. The contributions of the second Eisenstein
series Eo(7), the source of the “quasi” in the quasi-modularity of Fy 4, stem from the
Taylor expansion of the Jacobi forms ¢_3 1 and ¢g 1 in 2. From the Taylor series of ¢_2 1
and ¢o 1, given in (A.3), we can infer that the highest power of Es at given order in z will
arise from the contribution to Fi , with the highest power in ¢g 1. At genus g, this highest

2k in the universal

power is 2k + 2g — 2; the contribution 2k stems from the leading power z

denominator (2.5) of Zj in the absence of divisors of type 3. The bound on the highest

power in Fs is thus k + g — 1, which lies below the bound provided by the weight alone.
The structure of Fi 4 in the presence of divisors of type 3 (i.e. of non-abelian gauge

symmetry in the case of SCFTs) is similar. To arrive at this conclusion, consider again the

general form

> Cibk,i(T, 2, M)

e (7 2,m)

of Zj. The denominator, as given in (2.7), now has m-dependence. Naively, the occurrence

Zy =

(3.25)

of linear combinations of z and m as elliptic parameters invalidates the above argument
for the structure of F 4. Upon rewriting the denominator in the form

k
(H ¢271(T,82)> H ¢72,1(T,ma)ak(0)
s=1

aEA
i (3.26)
x H H (¢—2,1(T7jz+ma)(b_271(7'7jz_ma))ak(J) 7
j:l &€A+
where .
(i) = [zﬂ ! (3.27)

we note however that each occurrence of the linear combination jz+m,, as elliptic parameter
of a ¢_o 1 factor in (;SE is balanced by the occurrence of jz — mq. The index bilinear form
of the denominator thus disentangles the contribution of z and of m as elliptic parameters.
The product over positive roots guarantees invariance under the action of the Weyl group.
This is consistent with qu taking value in the tensor product of the rings of Jacobi forms

— 12 —



with elliptic parameter z and of Weyl invariant Jacobi forms with elliptic parameter m.
Indeed, the identity
1 21tz
$-2.1(21)9-2.1(22) = 777 (P-2.1(24)d0,1(2-) — 21(2)p01(2))", za = 5 2,
(3.28)

can be used to eliminate linear combinations of z and m,, as elliptic arguments. The leading

coefficient of ¢ (7,2, m) in z is a Weyl invariant Jacobi form. Laurent expanding F, in z
thus yields Fj 4 as meromorphic Weyl invariant Jacobi forms in m with coefficients in the
ring of quasi-modular forms.

As an example, we list low genus results for the free energy at base wrapping degree
2 on the geometry underlying the minimal 6d SCFT with gauge group SU(3) (a vertical
decompactification of the elliptic fibration over F3), based on the calculation in [8]:

1 5¢Yy3—1792¢0 3¢ 230 _66+32E20% 5 36 66+512E19° ¢ ¢

Fap = : ,
207 (2ni)2 4096¢° ¢ 4
1
Fog = (3% 53— 15688036° 5 30 6.6+ 50E20" 5 3666+ T3728¢5 3076
9830497 g % : ! !
—17920E2¢0,30—230% ¢ 6 +224E3 07 5 36 6 6+ 6T2E46% 5 307 ¢ s+ 5120E2F46” 4
+2048E60° 6. 6) »
(2mi)? 8 5 6
Fopo = (495925 5 — 3417600030 9 3066 +9600E20” 5 3666

27 75497472007 ¢
+44892160¢3 502 5 36° 6 5 — 5017600 E2¢0,36° 5 302 6 6 +80000E3 ¢ 5 507 6
+149120E4¢" 5 36 ¢ ¢ + 235929600 E20 56 ¢ s — 28672000 E3 o 302,36
—22839296 E4¢0,30—2,30° 6,6 + 2662405 % 5 30° ¢ 6 + 21585922 B4  3¢° .6
+548864F60° 5 30° ¢ 6+8192000E3 Ey¢ ¢ 543342336 E1 ¢  5+6553600E2 Esp 4 6) -

This result is expressed in terms of the generators of the ring Jf*(ag) introduced in ap-
pendix A. The map Fj 4, — Fj 4 is implemented by replacing these generators by their

images in J*i?*(ag) under the map (A.6), and dividing by n(7)2*.

3.2.2 The refined case

In topological string applications, the refined free energy is sometimes usefully written as a
function of the parameters gg = —€169 and s = €1 +€9. The symmetry under exchange of €;
and €z, apparent in (3.21), is manifest with this choice. For our purposes of retaining some
of the transformation properties of the partition function in passing to the free energy, this
choice at first glance appears propitious, as the index bilinear written in terms of these
variables decomposes into a sum of squares, with the coefficient of s> depending linearly
on k. This naively suggests that the expansion coeflicients of Fj in g5 should have good
transformation properties with regards to the remaining parameter s. This however is not
the case, as unlike the superficially analogous case of m-dependence in the unrefined case,
expansion in g, breaks the periodicity in the variable s as well; F, 4(7, s) hence cannot be
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expanded in Jacobi forms in the elliptic parameter s. Expanding Fg(7, 21, zr, m) therefore

in both 27, and zg (recall that ze = $*), we obtain

1 o0

Fi(T, 2L, 2R, M) Frogr.9r (1,m) Z%gL 212%912 . (3.29)
0

2172
g:

The same arguments as in the unrefined case show that Fg 4, 4.(7,m) are elements
of the ring of Jacobi forms with elliptic index m, tensored over the ring of quasi-modular
forms. The m-index is that of Zi, and the weight increases with the indices g;, and gg.

3.3 Pole structure of single-wrapping contributions to free energy

Divisors of type 3 modify the pole structure of Zp, and therefore f;, drastically, as can be
seen in (2.7). We will thus discuss geometries with and without such divisors separately in
this section.

3.3.1 Absence of divisors of type 3 (no non-abelian gauge symmetry) — un-
refined

We will argue that fi(z,7,m) as a function of z = £= has the following pole structure:

(I) A second order pole at all integers, and no further poles on the real line. The Laurent
coefficients at these poles are determined by the single-wrapping genus 0 Gromov-
Witten invariants at base degree k.

(II) All the other poles are at non-real s-torsion points for all integers s < max{k;}. These
poles are of order 2¢ and less, where £ = )| k;/s]. The Laurent coefficients of these
poles are determined by the single-wrapping free energies fi/, |k'| < |k|, together
with the data specified in (I).

To show (I), notice that the Gopakumar-Vafa presentation (3.2) of the single-wrapping
contributions in the unrefined case becomes

fr(z,7,m) = Z n’;’dT’dm (2sin 7rz)2g*2 daQg{" . (3.30)
9,dr,dn>0

The second order poles at integer values of z are visible from the sin(7z) factor with g = 0.
Their Laurent coefficients depend only on the single-wrapping genus 0 Gromov-Witten

invariants; for example at z — 0
k7d‘l'7dm d-,—Qdm

n q
fe(z,7,m) = Ed“dm>0(270r)222 + regular terms in z . (3.31)

Note that we prefer speaking of single-wrapping genus 0 Gromov-Witten invariants, rather
than the identical genus 0 Gopakumar-Vafa invariants, as we are concerned with the z
expansion of fi, rather than the expansion in sin7z.

Regarding the possibility of other real poles, the infinite sum in ¢ cannot lead to poles
at 7-independent (hence real) points, and the infinite sum in @,,, does not lead to additional
poles in the absence of divisors of type 3. fr hence has no other poles on the real line.
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To argue for (II), consider the expression (3.14) of the single-wrapping function fg(z,t)
in terms of the partition function Z,, at base wrappings |k'| < |k|.

fr(T, 2, m) will at best share the poles of the base-wrapping k' partition functions Zj,
appearing on the r.h.s. of (3.14). These poles lie at s-torsion points for all integers s <
max{k;}. The maximal order of a pole at an s-torsion point will arise from a contribution
to (3.14) with a maximal number ¢ of Z, factors at multi-wrapping s. This number is
¢ =7",|ki/s], and the order of the corresponding pole is 2/.

By (I), a certain number of cancellations must take place between the poles stemming
from the monomials contributing to fg:

e All but the second order pole at integer values of z cancel.
e All real poles at real s torsion points, s > 1, cancel.

We observe by explicit computation that generically, no other cancellations occur. For
all non-real s-torsion points, s > 1, this follows from the following observation: as we
will see in detail in section 4, all poles at s-torsion points for a given s are related via
modular transformations. Given that the monomials contributing to fj have different
indices, the vanishing of the poles at one element of this SL(2,7Z) orbit, the real s-torsion
point, generically excludes the vanishing at all others.

We will show in section 4 that the principal part of the partition function Zj at
base-wrapping k can be computed from knowledge of the partition function at lower base-
wrapping, in conjunction with knowledge of the single-wrapping genus 0 Gromov-Witten
invariants at base-wrapping k. The central ingredient in the argument is that all poles at
s-torsion points for fixed s are related by an SL(2,Z) action, and each SL(2,Z) orbit has a
distinguished real representative; the principal part of the Laurent expansion of Z around
this point is determined by the data proposed. This property of Zj implies the final claim
of (IT) regarding the pole structure of f(7,z,m).

3.3.2 Absence of divisors of type 3 (no non-abelian gauge symmetry) — re-
fined
As in the unrefined limit given by €; = —eg, €1, x g5 while eg = 0, we will study the

pole structure of fx(zr, 2R, t) as a function of zy. This choice is not necessarily canonical.
Arguing in direct analogy to the unrefined case, we find the following:

(I) fx(zr,2R,t) as a function of z; has simple poles at z;, = +zr + Z and no further
poles along the axes +2zr + R. At these poles, the Laurent coefficients depend only
on the refined GV invariants ng’NS appearing in the NS limit ¢; — 0 (or equivalently

€a — 0) of the free energy, which are given by

dNS _ d
nd™ = N" nd (3.32)

gr+9r=9g

(IT) There are further poles at +zp shifted by non-real s-torsion points for all integers
s < max{k;}. These poles are of order £ =) ,|k;/s| and less.
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The argument proceeds in precise analogy to the unrefined case in section 3.3.1. To see
that the invariants (3.32) play the role of the genus 0 Gromov-Witten invariants in the
unrefined case, note that expanded around z; = +zpg,

F 2 dy iy ,g>0 ny 4N (2 sinw2g)%9 /(2 5in 2m2R) ¢ QL

b ) t =

Jelzr: 2, 8) 27 (21 F 21) (3.33)
+ regular terms in z;, F zg .

3.3.3 Presence of divisors of type 3 (gauge symmetry) — unrefined

In geometries that exhibit divisors of type 3, the denominator d)? exhibited in (1.2) depends
on the associated Kéahler parameters, and Zj, as a function of z exhibits poles that depend
on these parameters. These poles are inherited by the free energies Fj.

We will focus on the case by(B) = 1. From the explicit form of the denominator ¢
given in (3.26), we can read off the poles of the partition function Zj, at fixed base degree k:

1. Poles of order 2|k/s] at s-torsion points for 1 < s < k.

2. Poles at
zj = % + j-torsion point (3.34)
J

for 1 <j<k—1and my=(m,a), a € A, of order 2a(j) as defined in (3.27).

The poles of the first kind are independent of the presence of divisors of type 3, and can be
treated as in subsection 3.3.1. The poles of the second kind are qualitatively different, as no
representative in their SL(2, Z) orbit is related to simply accessible data: they are all invis-
ible in the Gopakumar-Vafa presentation (3.1) of the free energy. This limitation reduces
the utility of analyzing the pole structure of Z; via knowledge of the pole structure of fy.
Having come this far, we nevertheless want to make some observations regarding the latter.

Let us first consider Fj and the possibility that the poles of the monomials M, ,, on
the r.h.s. of the expression (3.6) for F in terms of Z/, k' < k cancel. For k — j odd, this
is ruled out by the fact that oy (j) > au(j) for &' < k. Hence, the order of the pole at z;
is highest amongst the monomial M}, ,, in the one equaling Zj, the pole at this order can
therefore not be canceled. For k — j even, ay(j) = ax—1(j) and ax_1(j) > ap—1(jy) for
k' < k, so the Zj, and the o< Z_1Z; contribution to F} have the same order pole at z;. We
have checked via explicit computation that these do not cancel.

Turning now to f, by the multi-wrapping structure (3.2) of the free energy, the single-
wrapping quantities fr must exhibit poles beyond those of Fj. To see the origin of such
poles, consider e.g. the base degree k = 4. We have

1 1
Fy(r,z,mea) = fa(1,2,mqa) + §f2(27', 2z,2mq) + Zfl (41,42,4my) . (3.35)
As fao(T,z,mq) exhibits poles at z = r + sT + my, f2(27,22,2m,) will exhibit poles at

z = 5+ 8Tt m,. But as no the Z, exhibits poles at this location, neither can Fy. f1 = Z1,
hence does not exhibit a pole at this location either. The pole must hence be canceled by fy.
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4 Computing the Laurent coefficients of Zj

4.1 Laurent coefficients of the unrefined partition functions

Based on the relation (3.18) relating Zg(7,z,m) to the single-wrapping free energy
fr(T,2,m) and Z/, |K'| < |k| and the properties of fi(7,z,m) that we have established
in the previous section, we will now demonstrate that the principal parts of Zg(7,z, m)
can be computed from the knowledge of Z,, with |k’| < |k|, complemented with the single-
wrapping genus zero Gromov-Witten invariants at base degree k.
Z1, has poles at all s-torsion points
cT +d

Z=— (4.1)

for s < max{k;}. From property (I) of f and (3.18), it follows that the knowledge of
genus zero Gromov-Witten invariants for base wrapping degree |k’| < |k| is sufficient to fix
the Laurent coefficients of Zj at all real torsion points. Our task is therefore to reduce the
discussion at non-real torsion points to this case. As the following discussion relies on the
SL(2,Z) transformation behavior of Zty,, it will be convenient to work with the quantity
Z},, which differs from Zg by a rescaling, see (2.11).

We consider hence a non-real s-torsion point

z:r07+d, c#0, (4.2)
s

where, for d # 0, we enforce (¢, d) = 1 by including the factor . We can relate the Laurent
coefficients , ,, of an expansion around this point,

Zp(7, 2,m) = i (7, M) (z—rCT+d>n, (4.3)

s
n=—2¢
to those around the real torsion point £,
> r
Zg(1,2,m) = Z kn(T,m)(z —=)". (4.4)

S
n=—2¢

by considering the modular transformation (‘Cl 2) € SL(2,Z) of this latter expression. We
obtain

at +b z m
P, ; Z =Z
w,is (k) i (k) 2k (T5 2, ) = 2, (cr+d’c¢+d’cr+d>
> k,n((cl:igac;id) cr +d\"
- 5 e (et
(et +d)n s

(4.5)

n=—2¢

where

iz(k:)czz] . {im(k)c(m,m)} 7

Puwi. (k) im (k) = (€T + )€ [ or+d 2(cr + d)
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with the notation e[z] = exp(27iz). Note that unlike Zg, Zj has non-trivial weight w.
Substituting in the expression (4.3) yields

i ko (T, M) <z It d>n = (er + d) e [_W} e [_W(k)C(m’m)]

Ny s ct+d 2(eT 4+ d)
m’—l—b m n
k n c7—+d’ CT+d) cT+d
— . 4.7
x Z (et +d)n <z s (47)

The Laurent coefficients g, of Zj around the non-real torsion point (4.2) can now be
expressed in terms of the coefficients g, around the real torsion point © by expanding the
remaining z dependence in the exponential on the r.h.s. of (4.7).

Equation (4.7) is difficult to use for explicit calculations away from s = 1, as the
expansion coefficients of Jacobi forms around s-torsion points do not behave well under

modular transformations for s > 1. For computations, we must obtain all expressions in an

at+b m
ct+d’ ct+d

that we have determined all Z,, for |k’| < |k|. From equation (3.18) and property (I) of

expansion in ¢ = e[7]. To put g, ( ) in this form, we proceed by induction. Assume

the single-wrapping free energy fir, we see that the principal parts of Zp around real s-
torsion points for s > 1 are determined completely by the monomials my; in Zy/, |k'| < |k|
introduced in (3.19), i.e. do not involve fi. The negative index Laurent coefficients by,
of Zy around the s-torsion point %, s > 1,3 relate to those of each monomial my,; around
this point, which we denote as by ; , as

=> brin, n<0. (4.8)

For each monomial, we introduce the product of Jacobi forms g ;, which is my ; evaluated
on the set {Z;/} rather than {Z;,}, with the corresponding Laurent coefficients g ; .,

(o]
r\n
kﬂ'('ra z7m) = Z k,i,n(Tam) (z - g) . (4.9)
n=—2¢
The coefficient g ; ,, evaluated at the point of interest satisfy
at+b ~m

g <a7'—i-b, z 7 m ): i kin(ortg, ortd) (Z_TCT—l-d)n. (4.10)
n

cr+d er+d et +d — (et +d)n s

We cannot, in analogy with (4.5), directly relate the Lh.s. to (7,2, m) via a modu-
lar transformation. This is because g ; will generically contain factors of Jacobi forms

evaluated at arguments (t7,tz,tm), t > 1, hence not be a Jacobi form for the full mod-

at+b _m
ct+d et+d

the factors contributing to g ;(7, 2z, m) individually. A generic such factor is of the form

ular group SL(2,Z). To obtain a g-expansion of g ;,( ) nonetheless, we study

3Note that we are denoting expansion coefficients of Z, and Zp around the same point by the same
letter in different fonts, e.g. vs. b for the expansion coeflicients around the point .
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Zy, (857,852, s5m). We will write ¢ = s; in the following argument to lighten the notation.
On the Lh.s. of (4.10), this factor occurs evaluated at the arguments

b
Zh., <taT+ = ) (4.11)

ct+d er+d er+d

Our goal is to obtain a form amenable to g-expansion of all such factors contributing to the

at+b z m
ct+d? ct+d? ct+d

on the r.h.s. of (4.10) in terms of a g-expansion, which via (4.8) will yield the desired

monomial g ;( ). This will allow us to express the negative index coefficients

g-expansion of the coefficients g ,(7,m) in (4.7) .

(d _tb> RS (4.12)

The transformation

—c ta ct+d

would remove the 7-dependence of the denominator of the modular argument of (4.11),
but is not an element of SL(2,7Z) for ¢ # 1. We can correct for this by adjusting the two

top entries of the matrix, as only the bottom entries enter in removing the T-dependence

at+b
ct+d”

must be mutually prime. Let therefore u = ged(e, t). Then we can find « and /5 such that

in the denominator of ¢ For a solution to this problem to exist, the bottom entries

(07 B at +b pT+q
SL(2,7Z) > Dot — , D, qEZ, 4.13
2.2) <—fL Za) cT+d t b4 (4.13)
with
p=u?, q=u(abt+ Bd). (4.14)
Setting
b
a — CVC tﬁ : (T/,Z/,m/) _ (ta7+ t z t m ) 7 (4‘15)
o) —c oa ct+d cr+d ct+d
we obtain
/ / /
PN at + 5 z m
Lo i (ki ) i (s ) Bl s (T 2, V) = By < T 0 T £ 8 T 5) (4.16)
)
= Z, ; ,UZ,um |,
where

_ 4 g iz(ki7j)CZ2 im(ki,j)c(m, m)
P k)i () = <u(c7' + d)> © [ t cr+d |°© ! 2(er +d) ' (4.17)

Recalling t = s; and the constraint (3.20) on s;, we note that by linearity of the

index i, (k) in k, the g-expansion of the expansion coefficients k:iv”(%’ org) of the

im (k)(m,m)
2(ct+d)

) (n < 0) obtained from these by summing over i therefore also exhibits this

monomials my ; for all ¢ will exhibit the same prefactor e { } . The expression for

(a7—+b m
kn\cryd> crtd
prefactor. In determining the Laurent coefficients x, via (4.7), this prefactor will hence

im (k) (m,m) ]
2(ct+d) :

cancels against e [—
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Note that the argument of the exponential in 22 exhibits a 7-dependent denominator.
This cancels in the first few terms in the expansion of the exponential around r%l, but
computations at higher base degree will require expanding beyond these terms. This 7-
dependence outside of the g-expansion must cancel at the end of the calculation of the
negative index Laurent coefficients: as Zj is a Jacobi form, Laurent expansion around a

torsion point cannot give rise to this type of dependence.

4.2 Example: the massive E-string

In this subsection, we will exemplify the discussion above on the massive E-string at base
degree one and two. Its index bilinear can be read off from that of the massive refined
higher rank E-strings given in appendix C.
We introduce the following notation: D, f will stand for the principal part of f(z) at
z =z, and D, 1 f for the coeflicient of (z — 20) 7" in this expansion. Thus, if f has a pole
at zp of maximal order /,
-1
Dzo f = Z an(z — Zo)n s Dzo,k f = ag . (4.18)
n=—~¢
The genus zero Gromov-Witten invariants required as input for our calculation can be
determined e.g. with the help of mirror symmetry [2]. This approach naturally yields the
full genus 0 free energy Fj o = Do 2F%, even though the new data at each new base order
is of course captured by the single-wrapping invariants, generated by fr. We report here
the results up to base degree 3 [5, 29]:

Do Fy = —(2mi) Ay, (4.19)
(2mi) 2

Dgo Fo = 9% (4E2 A7 + 5E4 By + 3EgA»), (4.20)
(27i)—2 N

DoaFy =0 (9A1 (5B (3B, Fy + 55¢) + 3A9(5E2 + 3B, )] (4.21)

+ 54A3(E2 — Ey) + 28A3(E3 — Eg)).

Here A;, B; are Eg Weyl invariant Jacobi forms; readers wishing to extract the enumerative
data from the generating functions above can find the explicit expressions for the forms
for instance in appendix C of [5]. Note in particular the bound k& — 1 on the power of Es
occurring in Fg, as derived in section 3.2.1.

For the base degree one partition function Z;, the general ansatz (1.2) together with
the denominator (2.5) and the indices given in appendix C yield

_ ¢1(1,2,m)

 p2a(72)

Inside the fundamental parallelogram for z spanned by 1 and 7, Zj only has a double pole

Z (4.22)

at the origin, with coefficient (4.19). The weight and m-index of Z;, 6 and 1 respectively,
fix the numerator ¢; (7, z, m) to have weight 4 and index 1. This uniquely fixes it to be [7]

Ay

7 —
! $—2.1(T, 2)

(4.23)
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up to the proportionality factor —1, which can be determined from a single genus 0 Gromov-
Witten invariant.

Next, for the case of base degree two, we have

1
ZQ(Tazvm) = f2(7727m) + 5212(7-72;”"?’) (424)
1 n?4(7) 1
= Q(T,Z,m) + 5@21(27, 22,2m) + 5212(7',2,m) s
i.e. 1 1
21 = 531(27', 2z,2m), o5 = 5212(Ta2am)- (4.25)

From the general form (2.5) of the denominator of Zj, we can read off that within a
fundamental parallelogram of z, Z, exhibits poles at all 2-torsion points
T+1

5 (4.26)

—O1
z=0,=
727

(R

To find the corresponding principal parts, we follow the strategy explained in section 4.1:
we first determine the expansions around the real poles, and then relate the Laurent data
at the non-real torsion points to these.

z = 0. The structure of the denominator (2.5) when k = 2 tells us that there are a fourth
and a second order pole at z = 0. The fourth order pole is due to the contribution %Zf
in (4.24). Its Laurent coefficient can be determined as

1 2
Doy 2o = 5 (Do2 Z1)° . (4.27)

The same term also contributes to the second order pole, together with the genus 0 part
of Fo,

D072 Z9 = (D072 Z]_)(D0,0 Zl) + D072 Fo. (4.28)
z = % By property (I) of fx and the presentation (3.16) of Zj in terms of f,, the second
order pole at z = % is due to the multi-covering contribution %21(27, 2z,2m) to Fa,
1 (1)
D%Q 22 = 57712(27_)13%’2 21(27', 22,2m). (4.29)
z = 5. The pole at § is due to the contribution 2(7,2). To determine its Laurent data,

we follow the reasoning explained in the previous subsection. The non-real torsion point
5 is mapped to the real torsion point % via the SL(2,7Z) matrix ((1) *01 ) In terms of the
parametrization in section 4.3, we are considering a 2-torsion point, hence s = 2, and ¢ = 1,
d=0,r=1.

We now compare the two Laurent expansions

2, = i salrm) (- 7)) = i o n(7,m) (z - ;)n . (4.30)
n=—2

n=—2 _

— 21 —



Z5 has weight w = 12 and indices i,(2) = —3, im(2) = 2. Hence, specializing the
equality (4.7), we obtain

J— [_Mz) ZT . [_im(2) ;T,mxs] i (o2 7) (:-0)". wa

o0
Z o (T, M) (Z - z)n =7 e _i(2) 27 e _im(2) (m,m)e,
=, 2 T 27
o, (CLmy i (4.32)
n\T T 1
X S —_
Z T <Z 2) ’
n=—2
as a special case of our general formula (4.7).
Our next task is to rewrite o,,(—1, ) for n negative. Of the two monomials 2;(7, z,m)

in (4.25), only 21 contributes to the poles at 3. The discussion beginning below (4.10) thus
applies with t = 2, u = 1. We have

-1 n
1
D% 2,1(T,2,m) = Z 2,n,1(T, M) (Z - 2) ) (4.33)

n=-—2

with 2, = 2,1 for n <0, such that

with

1 2z m 1 2 2z 2m
21 <—> =2 <—> : (4.35)
T T

= (—2,22 2™) i the notation of (4.15). The matrix (4.12),
which here specializes to ((1) _02), would map the modular argument 7/ = —%

of (4.35) back to 7, but it is clearly not an element of SL(2,Z). Following the prescription
above (4.13), we replace this transformation by the element (9 ') € SL(2,Z). Acting

with this transformation on the r.h.s. of (4.35), we obtain

i.e. we have (77,2, m’)
on the r.h.s.

T 2 T 27

. <1 z m) _ % <z>w/2e [2212(1)%] . {2z’m(1><m,m>ﬂ 2, (gzm) (4.36)

in accordance with (4.16). Using this result to obtain a g-expansion of the r.h.s. of (4.33)
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and plugging into (4.32) yields

-1

55t (- 3) -

n=—2

1 1\Y? [ i.(2) —2i.(1) ' (—1) T o
() (5 oo
Clpe [_u(z) —Tz¢2<1>22] <Zf§(<3> 2 (L. 2m).

The overall minus sign is due to the non-trivial multiplier system of the Dedekind #n function.
Note the announced cancellation of the exponential prefactor in (m,m).,. Expanding the

r.h.s. around z = 7 and comparing coefficients finally yields

1 1 (n*(7) T
Dg,? ZQ(T7 m) = —2(7-7 m) = §q4 (?712(72-) D%,ZZI <§7Z7m> )

- (4.38)
Dz 1 2Z5(m,m) = _1(1,m) = —(27i)i;(2)—2(T,m),

where we have evaluated i,(2) — 2i,(1) = —1, and used the fact that Z; only has a second

order pole at z = 7, as can be seen from its explicit form (4.23).
z = 7'2i We can determine the Laurent coefficients at z = TTH by invoking the period-

icity of Z9 in T:

2insm) = 32 e (3)" = 3 atrom) (- T52)’

n=—2 n=—2
o n
1
= Zy(t+1,z2,m) = Zn(7+1,m) <z—T+ > . (4.39)
2
n=—2
Hence
n(Tv m) = n(T + 17 m) y (440)
yielding
DLH2ZQ :D%QZQ(T—I—l,Z,m), (4.41)
2 b
and
Dri1y 2 =Dz Z5(7+1,2,m). (4.42)
2 b

We have thus expressed the principal parts of Z; around all of its poles (4.26) using the
knowledge of Z; and of genus zero Gromov-Witten data at base degree two.
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Below, we list explicitly the Laurent data of base degree one and two:

DO’Q Zl == —(27(1)_2141 .

2mi) 4

(27i)~2
96

Doy 2o =

Do 2o = — (1242E, + 5By Fy + 3A2Es) |

n**(r)

) A1(27,2m),

L) (0 g, (T
DTIZQ_ 9 7712(%) q Al (7)m) )
i) 2 (1) \ g, (71
D‘r—20—17222:_1 5 U12(TTH) q/A , ,

and

We extend these calculations to base degree 3, restricting to the massless case for simplicity,
in appendix B.

4.3 Laurent coefficients of the refined partition functions

The discussion for the refined partition function follows the same pattern as in the unrefined
case; the additional data upon increasing the base-wrapping degree to k are now the NS-
invariants (3.32) at base degree k.

Zy, as a function of zy, has poles at +zp shifted by all s-torsion points

ct+d

2, = tzp+ (4.43)
for s < max{k;}. Due to the property (I) of single wrapping contributions fi to the
refined free energy, and the relation (3.18) adapted by replacing z everywhere by zr, zg,
the Laurent coefficients of Zp at all the poles z;, = £z + real torsion can be fixed by the
knowledge of the NS-invariants at base wrapping degree |k’| < |k|. Poles at 42p shifted
by non-real torsion points, on the other hand, can be related to the former by a modular
transformation. As in the unrefined case, we will for the rest of the discussion switch to
the quantity Zg, related to Zg by the rescaling given in (2.11), as Zj has better modular
transformation properties.

The Laurent coefficients g ,, (7, zr, m) of an expansion around a nonreal-torsion-shifted
singular point,

cT + d) 7 (4.44)

Zk(7, 20,20, M) = Y kn(T, 2R, M) <ZL Fzr—r

n=—~{
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can be expressed in terms of the coefficients  ,, (7, zr, m) around the real-torsion-shifted
point £zp + %

o0

r\n
Zi(7, 20, 20,m) = Y kn(T, 28, M) (ZL F 2R — ;) - (4.45)

n=—~¢

by expanding the following identity

i o) <2L_ Tc¢+d>":(w+d)we [_iL(k)C(fiﬂzRéL)] o [_“(":)‘3212%]

ct+d ct+d

n=—/

im(K)e(m,m)] <= k(g g ota) (o cr+d\”
BT T - . (44
xe [ 2(eT+d) Z (ct+d)™ T (4.46)

Here we have introduced i1 (k) = i1 (k) + ig(k) and the variable

ZL = 2L F 2R, (4.47)

evaluated in the neighborhood of r(c7 + d)/s. As in the unrefined case, we also enforce

at+b zR m
ct+d? ct+d’ ct+d

amenable to expansion in ¢ = e[r]. We first note that the coefficients by, are related to

ged(c,d) = 1 by introducing r. Beside, we need to put g ,( ) in a form

those of the monomials my,; introduced in (3.18) at the same torsion point by

by = brin, n<0. (4.48)

The monomials g ;, which are my; evaluated on the set {Z)/} rather than {Z, }, are

products of Jacobi forms. Their expansion coefficients g ; , around 2 = %, evaluated at the

point of interest, satisfy

00 at+b 2z m
o <a7 +b oz 2R m ) B Z kin(ortgy otds covd) <2L T + d>n
5 - - *

cr+d er+d er+d et+d ~, (et +d)" s
(4.49)
To obtain a g-expansion of the negative order coefficients, we need to consider the individual

factors contributing to the monomial j ;, which are of the form

b
Zpo,. <s~‘”+ °L R m > . (4.50)

S; S; S
Ter+d Ver+d P er+d Ver+4d
with possible multi-wrapping factors s;. With

e I (7', 2], 2, m) = 3‘m+b gL g PR T
v 6 al’ VoL SR Ter+d 7 er+d Per+d Ver+d)

_c 1
u u
(4.51)
and u = ged(e, t), we find
! ! ! !
;o no__ at' + 3 a9 %R m
(I)wviL(ki,j)viR(k’i,j)vim(ki,j)Zkiaj (7,21, 2, M) = Zk; ( N 40 T 0 4T £ 6 4T £ 6

= Zp, (pT;— q,uzL,qu,um> , (4.52)
J
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where
p=u?, q=ulabs;+ Bd), (4.53)

and

& _ S v ir(kij)c(52 £ 22p21)
ik in®)im®) =\ yer +d) ) {7 cr+d
vo| s iikigezg) [ im(kis)e(m, m)
7 (e + d) T oer v+ d) |

(4.54)

We note that both i1(k) and i,,, (k) are linear in k. As a result, the expansion coefficients

. (ar—i—b ZR m at+b 2R m )
kin\cryd> cr+d’ er+d ct+d’ ct+d’ ct+d

) of the monomials g ; for all ¢ and thus their sum g, (

Zl(k)cz%i| |:im(k)c(m,m)
(et+d) | 2(ct+d)

will exhibit the same prefactors e [ ], which then cancel against

{_il(k)cz%}, e [_im(k:)c(m,m)

(ertd) 3(cr+d) } in (4.46) when one computes the Laurent coefficients g y,.

5 Zj of negative index

Above, we have shown that in the case of elliptically fibered Calabi-Yau manifolds without
divisors of type 3, the negative index Laurent coefficients of Z;, at all poles can be recon-
structed from the knowledge of Z,/, |k’'| < |k|, complemented by the genus 0 Gromov-
Witten at base degree k. By a general property of Jacobi forms, when the z-index of Zj, is
negative, the knowledge of these coefficients is sufficient to reconstruct all of Zj, [45, 46].

Rather than relying on the pole structure, the input used in [7, 8] to determine Zj, are
vanishing conditions on Gopakumar-Vafa invariants. On elliptic fibrations without divisors
of type 3, these conditions suffice to determine Z; completely when its z-index shifted by
+1 is negative [7]. This is not the case in the presence of such divisors [8].

In the following subsection, we explain why the negativity of the index enters in both
approaches. We then review the technique presented in [45] to explicitly construct a neg-
ative index Jacobi form from its principal part. We finally discuss which class of models
this technique can be applied to, arriving at the class of E-strings which features in the
title of this paper.

5.1 Why negative index is simpler

The two observations that
e negative index Jacobi forms are determined by their principal parts, and

e imposing generic vanishing conditions on Gopakumar-Vafa invariants suffices to de-
termine Z on elliptic Calabi-Yau manifolds in the absence of type 3 divisors when
the z-index of Zj, shifted by +1 is negative

hold because holomorphic Jacobi forms of negative index do not exist.

Indeed, for the first statement, consider two meromorphic Jacobi forms of equal weight,
index, and principal parts. Their difference is again a Jacobi form of same weight and index
as before, but with vanishing principle parts. If the index is negative, this difference, by
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the non-existence of non-trivial holomorphic Jacobi forms of negative index, is hence zero.
The statement follows.

Combined with our demonstration in this paper that in the absence of divisors of type
3, the principal parts of Zj can be determined from the knowledge of Z,/, |k'| < |k,
and genus 0 Gromov-Witten invariants at base-wrapping degree k, this allows for the
computation of Z in geometries which satisfy the negativity constraint on the z-index.

Before we come to the proof of the second statement, let us briefly review the necessary
background. The Gopakumar-Vafa invariants ng as introduced in (3.1) vanish at fixed d
for sufficiently high g, reflecting a bound on the maximal genus of a degree d curve. Now

consider the single-wrapping free energy (3.2) at base wrapping k, which by (3.14) satisfies

Fe(z.t) = Zi(z,t) + P (Zg <y (52, 58)) (5.1)

o determining fj will depend

Having computed 7y for |k’| < |k|, the invariants nl;
linearly on the coefficients ¢; of the general ansatz (1.2) for Zk. By the sufficiency of
generic vanishing conditions to solve for Z, we mean that imposing that ng’d“dm = 0 for
g > 0, without the need to specify the bound on g beyond which this vanishing occurs,
suffices to uniquely determine the ¢;. Now we come to the proof of the second statement.
Assume the Z;, for all |k’| < |k| have been determined. Let Z. and Z be two possible

extensions to base wrapping k, both satisfying the vanishing conditions. We have

=Tk =2, — Zg, (5.2)

as all multi-wrapping contributions (stemming from |k’| < |k|) cancel. The r.h.s. of this
equality tells us that the difference is a Jacobi form of same weight and index as Z 1’2, while
the Lh.s., by the Gopakumar-Vafa form (3.2) of the free energy, implies that the only real
poles of this difference are of second order and lie at integer z. This allows us to write?

7l - g2 = elm2m) (5.3)

¢—2.1(7, 2)
All other terms in the denominator (2.5) must cancel against the numerator. ¢ is a
holomorphic Jacobi form of index one higher than that of Z;’Q. If the latter index +1 is
negative, ¢ vanishes, and the second statement follows.

Let us also point out why the argument fails for elliptic fibrations in the presence
of type 3 curves. The denominator in this case is given by (3.26). The mass dependent
poles are not visible in the Gopakumar-Vafa form, and as we say in section 3, they do not
distribute nicely with regard to multi-wrapping considerations. Hence, the difference (5.3)
in the singular case takes the more complicated form

Zi-7} = (5.4)
d)k:(T)va)

¢—21(7.2)[Jnen, ¢—21 (7,mq )% (0) (Hf;l [Toen. (p—21(T,jz4+ma)d—21 (T,jz—ma))ak(j)) '

To argue for vanishing as above, the sum of the index of the Lh.s. and the index of the

denominator of the r.h.s. must be negative, a much weaker constraint than previously.

“This point is argued for more carefully in [7].

— 27 —



5.2 Explicit reconstruction of Jacobi forms from their principal parts

The construction presented in [45] relies on the existence of a function Fys(7, z,u) for any
M e %N, which satisfies the following two properties:

1. It is quasi-periodic as a function of u, i.e. it satisfies the relation
Fr(r, z,u+ A1+ p) = (—1)*Mre [—M()\2T + 22u)| Fuy (7, 2,u) . (5.5)
For M € N, this is the elliptic transformation property of a Jacobi form of index M.

2. Again as a function of wu, it is meromorphic with only simple poles. These lie at

z + Z71 + 7Z. The residue at ©v = z is QL

i

Now consider a Jacobi form ¢_/(7,u) of index —M, M € N. The product

d_p(myu)Far (T, 2, 1) (5.6)

is one- and 7-periodic in the variable u. The integral around the boundary of a fundamental
parallelogram for the lattice Z7 + Z, chosen to avoid all poles of the integrand (5.6) along
the integration path, thus vanishes,

7{ G-y (T u)Fap (7, z,u) du = 0. (5.7)
yavs

Now choose z away from the poles of ¢_p/(7,u). Evaluating the Lh.s. of (5.7) by the
residue theorem yields

¢-ni(r,2) = =271 Y Resu—u, (¢ a1 (7,u) Far (7, 2,u)) (5.8)
i
with the sum ranging over all poles of ¢_j; in the chosen fundamental domain. This is
the desired result, as the r.h.s. of this expression is completely determined by Fj; and the
negative index Laurent coefficients at the poles of ¢_j;.
Explicitly, Fis is a level 2M Appell-Lerch sum, given by the expression

—2Mn  Mn(n+1)

Fr(r,z,u) = (Cw™) Z d q

—_an -1 ’
nez 1 q Cw

q=e[r], w=-elul, ( =e[z]. (5.9)

In terms of the principal parts Dy, ,, of ¢_p(7, 2) at the poles u;,

G- (T, 2) ZD” u; (2 — u3)" + holomorphic, (5.10)
n<0

the r.h.s. of (5.8) can be evaluated to

n—1
=> 3 l;‘_"{“ [(217“881) FM(T,z,u)] . (5.11)

7 ’I’L>0 U=u;

We have used this procedure as a check on our computation in section 4.2 and in
appendix B of the principal parts of Z; for the massive E-string at k¥ = 2 and the massless
E-string at k = 3 respectively.
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5.3 Geometries on which Z; is completely determined by genus 0 Gromov-
Witten invariants

The z-index of Zk: is given by the formula
Zz(l ) k ( k B) ,

with the C} denoting divisors of the base B of the elliptically fibered Calabi-Yau manifold
X. For this to be negative for all k, we need C} - C, < 0, as the second contribution to

(5.12)

i»(k) grows only linearly in k. In particular, we have to exclude base surfaces with divisors
of positive self-intersection number, hence all compact projective surfaces. Luckily, we are
often interested in considering non-compact base surfaces, e.g. when engineering 6d SCFT's
in F-theory.

To allow for the determination of the principal parts of Zi from genus 0 Gromov-
Witten invariants, we need to exclude divisors of type 3 in the Calabi-Yau manifold X.
This leaves us with geometries containing only curves of self-intersection number —2 or —1.
By the analysis of [25], the most general such configuration leading to a minimal SCFT is a
chain of —2 curves ending with a —1 curve, with neighboring curves intersecting once. This
is the higher rank E-string. Its z-index is given in [7]. Considering a chain of length n + 1,
with the 0** node indicating the —1 curve, and denoting the corresponding intersection
matrix as Cyy, the index can be written as

. 1 ¢
iz(k) = 5 > kiCriky —ko | (5.13)

1,J=0

which is clearly negative definite.
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A Jacobi forms: the rings J, J(g), JP(g), and Jf’(g)

Jacobi forms [47] are holomorphic functions ¢y, ,,, : Hx C* — C™ that depend on a modular
parameter 7 € H and an elliptic parameters z € C. They satisfy the transformation
equation

27ricmz2

atr+b =z B k ab '
¢k,m <C7’—|—d’ CT‘i‘d) - (CT + d) e +d ¢k,m(7—7 Z)7 (C d) € SL(27Z> (Al)

under the action of the modular group, and are periodic in the elliptic parameter. Quasi-
modularity under shifts of the elliptic parameters by 7,

Gl (T, 2 + AT + ) = 6_2”im(’\27+2’\z)¢k7m(7, z) VYA\pu€eZ, (A.2)
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follows from periodicity and (A.1). The two integers k& and m are called the weight and
the index of the Jacobi form, respectively.

The ring J of weak Jacobi forms of integer index (see [47] for definitions) is generated
by the two Jacobi forms ¢_o 1 and ¢q 1. These have the Taylor expansion

E, —5FE2+ E,4 35E3 —21FEyFE, + 4F¢
- — _(972)2 4+ 2 (9 ) 2 9756 2 97m2)8
O-21(7,2) = =(m2)” + 15 (2m2)" + —— (@m2)" + 362330 (272)
+0(z'9), (A.3)
E2+ E —5E3 — 15E95FE, + 8FE,
Goa(7,2) = 12 — Ea(2mz)? + 22 (g oyt 4 072 280 086 90 )6 4 0(28) .

24 4320

Note that the coefficients of this expansion take values in the ring of quasi-modular forms
C|E2, E4, Fg]. Absence of the generator Fsy in the expansion coefficients implies that the
Jacobi form is of index 0; examples of this type are necessarily meromorphic.

The notion of Jacobi forms has been extended [48, 49] by replacing the complex elliptic
parameter z € C by an elliptic parameter z taking values in the complexified Cartan
subalgebra hc =2 C" of any rank r simple Lie algebra g other than eg. The square in z in
the modular transformation (A.1) is replaced by the norm of z induced by the (suitably
normalized) Killing form, and quasi-modularity is imposed with regard to shifts A7 +
with regard to elements A\, u € Q" in the coroot lattice of g. As shown in [48], the space
J(g) of such Jacobi forms which are invariant under the Weyl group action on z is again
finitely generated. Generators were constructed explicitly in [49].

In [8], it was shown in the case of g = ag,04 that a freely generated subring of the
ring of Weyl invariant Jacobi forms transforms well under diagram symmetries of the affine
Lie algebra g. Note that these transformations mix modular and elliptic parameters. This
subring, which was dubbed J”(g) in [8], captures the fibral Kéhler moduli dependence m
of the numerator of Z in (1.2). The generators of J”(ay) and JP(04) were determined
explicitly in [8]. They have

(weight, index) , = (0, 3), (=2, 3), (-6,6) (A4)

and
(xweight,index)04 =(0,2),(-2,2),(—6,4),(-8,4),(—12,6) (A.5)

respectively.

The factors of exponentiated fibral Kahler parameters @; which map Zj to Z, as
introduced in (2.11), map J P(g) to the ring JP(g). The prefactors mapping generators of
JP(g) to generators of JP(g),

PN A6
o (HQ?) Dm (40

=1

render these invariant under diagram symmetries, at the price of slightly perturbing their
modular transformation behavior (in particular, J(g) is not a subring of J(g)).
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The case of g = eg is special, see [50, 51]. For our purposes, we will only need to know
that the ring of es Weyl invariant Jacobi forms is generated by forms A4;, i =1,...,5, B,
i=1,...,6 of index ¢. The generators A; and B; have weight 4 and 6, respectively. In the
massless limit, we have A; — E4, B; — FEg.

B Determining the principal parts of Z3 for the massless E-string

For simplicity, we only consider the massless limit of the E-string at base degree three.
The generalization to the massive case is straightforward but cumbersome. The decompo-
sition (3.18) of Z3 is given by

1
Zy=F3+ 2129 — ng’, (B.1)
where
1 7°%(1)
.Fg = 3(7'7 Z) + § (1712(37_) Z]_(?)T, 32) . (B2)

We can read off the poles of Z3 from the expression (2.5) for the denominator special-
ized to ba(B) =1, k = 3:
T+1 mr+4+n

17
2= 35 ) 9
2°2 2 3

(B.3)

where m,n € {0,1,2}.

In order to determine the negative index Laurent data, assuming that we already know
the expressions for Z; and Z,, the only input we need is the genus zero free energy at base-
wrapping degree 3. This is given in (4.21) for the massive case. The massless limit is taken
by substituting A; — F4, B; — Fg.

Following the strategy outlined in section 4.1, we determine the principal parts of Z3
as follows:

z = 0. At the origin, all three terms in Z3 contribute, yielding

27i) 6
Dos 23 = _(2m) E},
2mi)~4
Do 23 = (7;12)(E2EZ’ + E2Eg),
27i) 2
Dog 23 = — (157;220 (3240E3F3 + 2359E) + 64802, EEg + 2645E,E2) . (B.4)
z = %, % The second order poles at z = %, z = % and z = % appear due to the multi-

covering contribution of Z; in F3. Therefore, the Laurent coefficients can be simply read

off as

(271) 2 ()
27 n2(37)

D1223=D2223:— E4(37') <B5)
3 3
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z = %, 7 T2j These poles are due to F3 and Z1Z5. Relating them via modularity to

the Laurent coefficients at the real poles, we obtain

DN ((u> (DE2).

2 ¢21(7, %)
27r1 z
DgaZs =~ (Q;>¢¥<%% (B5)
B _ 7/ )\ Bo—2.1(7,F) — 020-21(7, )| Ea(7) Es(5)
Ds12s = 27ri ( 12(2) > —21(1, 2)2 ’
27r1 E, (=t
Depafs = <? )¢2L4”J’
1 )\ Bé—21(m, ) — 0021 (7, T5)| Ea(7) Ea(T5F)
DTTHJZ?’ = _%qSM (,,7 2(5)) - ¢ 21(217' )22 . .

z = %“'" , (m # 0). The remaining six poles are due to 3 only. We obtain

1 27i) 2 36 T T
Dg,2Z3_2D2TQZ3_—()q2/3< ( )>E4 (*) )

qc 3 3 7712(3) 3
_ 1 @)t 2/3 7 (7) T
D12 = gD %=~ gy ) 24 (3)

1 B (2mi)~2emi/3 2/3 30 (7) T+1
IS R VECU) A A

1 (27?1)_167”/3 9/3 n30(7) T+1
DTT“,l Z3 = ﬁD¥,1 Z3 = _4fq / m Ey4 3 )

g T3 3

1 (27Ti)—1627ri/3 7736(7. )
Duss, 20 = D, 20 = 4 s (L) £, (TH2) e

3
1 27i) 2 27i/3 36
D%Q’2 Z3 = = Do, 25 = (2mi)%e /3 Ui 57)2

2¢2 T3 3

We have checked these results by using them to compute the full Jacobi form Z3, following
the discussion of section 5.2, and checking against the results in [7].

C Index bilinear of the massive higher rank E-strings

The index bilinear for the elliptic genus of the massive higher rank E-strings at base degree
kis

1
My (zr, 2r,m) = —5 (— > Crikrks+) (2 n])/€1> 21
7 I
1
-5 (Z Crikrky + 2(4 - nIV‘“) z
7 I

k
+ D ki 4 D (m,m)ey (C.1)
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where C7y, is the intersection matrix of the base curves, —n their self-intersection numbers.
We have indexed the base curves yielding M-strings by the label I = i, and the curve on
which the chain terminates to yield the E-string by I = 0. We have furthermore denoted
the flavor fugacities associated to the chain of M-strings by m, and the eg flavor fugacity
associated to the E-string by m. We see that both the index of the flavor fugacities and
the sum of the indices of zy, zp are linear in k.

D The denominator of Z; in terms of generators of JP(g) for g = a, up
to k=2

The results in section 3.2.1 for the topological free energy on the elliptic fibration over
O(-3) — P! (the geometry which engineers the minimal 6d SCFT with gauge group
SU(3) in F-theory) rely on expressing the denominator (3.26) in terms of the generators of
the ring J” (az). As the ring is finitely generated, this is an exercise in Taylor expanding the
denominator to appropriately high order to fix the finite number of expansion coeflicients
in these generators. We here gather the results up to k = 2.

I ¢-21(r.ma) = =066 (D.1)

aceAL
k=2. a(0)=1,as(l)=1

AS¢fs  APB@3s0_os  A'B2g3 507,54
al;[ (¢—2,1(Ta z+ma)d—21(7, 2 — ma)) ~ 1206 5184 55296
+

APB3¢o3d®,5  A’Bigl, 5 A3Bg¢g,3¢—6,6_A5BE4¢(2),3¢—6,6

1327104 84934656 31104 10368
A® E6¢%,3¢—6,6 A?BY¢g 3023066 _ A'B?Ey¢030-230—66
15552 248832 82944
n ASBEg¢030-230—66 n AB5¢%2,3¢—6,6 B A333E4¢%2,3¢—6,6
124416 7962624 2654208
A4B2E6¢%273¢—6,6 B6¢27676 A2B4E4¢%676 A4B2EZ¢2,676
3981312 2085984 497664 331776
746496 248832 746496 (D2)

We have here introduced the notation A = ¢_51(7,2), B = ¢0,1(7, 2). The arguments of
$0,3, P—2,3, 9—6 6 are of course (1, m).
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