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Inferential procedures for partially observed functional data

David Kraus*

Abstract: Infunctional data analysis it is usually assumed that all functions are completely, densely
or sparsely observed on the same domain. Recent applications have brought attention to situations
where each functional variable may be observed only on a subset of the domain while no information
about the function is available on the complement. Various advanced methods for such partially
observed functional data have already been developed but, interestingly, some essential methods,
such as K-sample tests of equal means or covariances and confidence intervals for eigenvalues and
eigenfunctions, are lacking. We derive asymptotic distributions of estimators of the mean function,
covariance operator and eigenelements and construct hypothesis tests and confidence intervals. To
overcome practical difficulties with storing large objects in computer memory, which arise due to
partial observation, we use the bootstrap. The proposed methods are investigated theoretically, in
simulations and on a fragmentary functional data set from medical research.

Key words and phrases: Bootstrap; covariance operator; functional data; partial observation;
principal components; K-sample test.

1 Introduction

Functional data analysis is an established field (Ramsay and Silverman, 2005; Ferraty and Ro-
main, 2011; Horvath and Kokoszka, 2012; Kokoszka and Reimherr, 2017) with well-developed
methodologies for main types of observation of random curves, i.e., full (or dense) and sparse
observation regimes. Due to new applications recent years have seen the emergence of a new
type of observation of functional data, called functional fragments or partially observed func-
tional data. For various examples see Bugni (2012), Delaigle and Hall (2013), Liebl (2013),
Gellar et al. (2014), Goldberg et al. (2014), Kraus (2015), Delaigle and Hall (2016), Descary
and Panaretos (2017), Gromenko et al. (2017), Kneip and Liebl (2017), Dawson and Miiller
(2018), Kraus and Stefanucci (2018), Mojirsheibani and Shaw (2018) or Stefanucci et al.
(2018).

Functional data are collections of observations of random elements of a function space,
such as curves, images, surfaces, spatio-temporal fields. We consider random functions in
a separable Hilbert space. Without loss of generality we work with the space L?([0,1]) of
square-integrable functions on [0, 1] equipped with inner product (f,g) = fol f(t)g(t)dt and
norm || f|| = (f, £)*/? but our results are applicable to more general spaces. Partially observed
functional data consist of realizations of random functions that are not observed on the entire
domain. Each function in the sample may be observed on a different subset of the domain
and no information is available on the function values at arguments in the complement of

*Department of Mathematics and Statistics, Masaryk University, Kotlafska 2, 611 37 Brno, Czech Republic;
david.kraus@mail.muni.cz. This work was supported by the Czech Science Foundation under Grant GJ17-
22950Y.



this subset. For the ith functional variable X; € L?([0,1]) there is a subset O; C [0, 1] such
that X;(¢) is observed for t € O; and not observed for ¢ € [0,1] \ O;. The observation sets
may be random, corresponding to data that are missing by happenstance, or non-random for
designed experiments. We assume that the observation sets are mutually independent and
independent of the curves.

Although some advanced procedures, such as goodness-of-fit tests, regression, classification
and reconstruction methods, have been developed for functional fragments, basic methods of
inference about the fundamental characteristics of functional variables are still missing. In
particular, the asymptotic distribution of estimators of the mean function and covariance op-
erator, K-sample tests of equal means or covariances, and confidence intervals for eigenvalues
and eigenfunctions have not been studied yet in the setting of incomplete functions. Users
who wish to perform these basic tasks currently have the only option: to omit the partially
observed functions and apply existing procedures to the complete data only. This approach
is not only clearly sub-optimal due to a possibly large loss of information and resulting decay
of power and accuracy, but also hardly or totally inapplicable in situations where the data
contain few or no complete curves.

In this paper, we address this deficiency of existing methodology and develop essential
methods of inference about the mean and covariance structure of incomplete functional data.
Random functions are characterized by the mean function u = E X and the covariance oper-
ator Z : L*([0,1]) — L?([0,1]) defined as

1
(#1)() = /0 p( O f(1)dt, e L([0,1]),

where p(s,t) = cov{X(s), X (t)} is the covariance function, assuming it exists. The covariance
structure is best understood via principal component analysis or eigendecomposition of Z in
the form

[e.9]
K = Z )\m@m & ©m,
m=1
where Ay > Ag > --- > 0 are the eigenvalues, ,, are the corresponding orthornormal eigen-
functions, and (a®b)f = (b, f)a for a,b, f € L?([0,1]). For a theoretical background see, e.g.,
Bosq (2000).

We find appropriate assumptions on the observation pattern that enable us to establish
the asymptotic distribution of estimators of p and Z. We develop tests for comparing the
mean functions in K populations of functional data based on samples of fragments. Next, we
propose several tests of equal covariance operators in K samples. We also construct confidence
intervals for the eigenvalues and eigenfunctions estimated from incomplete data.

The practical implementation of methods for functional fragments is more complicated
than for complete curves. The main difficulty is that temporal averaging (e.g., in inner prod-
ucts for dimension reduction) is impossible due to missing values. This leads to asymptotic
distributions whose parameters follow rather complicated formulas. More importantly, since
dimension reduction is not possible, the asymptotic distributions are, upon discretization,
characterized by large objects (matrices or arrays) that are difficult or even impossible to
store and manipulate in computer memory. The bootstrap turns out to be a resolution to
this problem. We provide specific algorithms for resampling functional fragments for mean
and covariance testing and for confidence intervals for eigenelements.



In a simulation study we investigate the performance of the proposed tests, focusing in
particular on the impact of missingness on the different tests and on the effect of the interplay
between missingness and the form of differences between groups. The study shows that the
proposed methods are superior to the currently only available approach based on omitting
incomplete curves.

The proposed methodology is applied to a data set of temporal profiles of heart rate.
The data consist of several hundred curves recorded by an automatic device during several
hours in the evening during the transition from the day to night regime of heart activity.
The profiles are not observed always available on the entire domain of interest because either
the device did not measure or record measurements, or the person switched off the device.
These fragmentary data were previously analyzed in Kraus (2015), where further details can
be found.

Section 2 develops methods of inference about means in one and K samples. Section 3
deals with tests about covariance operators and with inference about principal components.
Section 4 presents bootstrap approximations. Results of the simulation study and the data
example are reported in Sections 5 and 6. In the Appendix we provide a central limit theo-
rem for non-identically distributed functional variables needed in the asymptotic analysis of
fragments. The supplementary document contains all proofs, additional simulation results
and further results of the data analysis.

2 Mean inference from incomplete curves

2.1 Estimation of the mean function

In this section we focus on inference about the mean of functional data. Let us first consider
estimation of the mean function p of a homogeneous population. Let there be n independent
functional observations. Each curve X;, i = 1,...,n may be observed incompletely, with val-
ues known only for arguments in a subset O; C [0, 1], with no information on the complement
of O;. The observation sets may be non-random or random. They are assumed to be mutually
independent and independent of the curves and to consist of a finite union of intervals. We
denote by O;(t) the indicator that the value of X;(t) is observed.

The mean function pu(t) can be estimated by the cross-sectional average of available ob-

servations
t

(0 = 205 0,030
H - N(t) g 1 i\l),
where N(t) = >, O;(t) is the number of available observations at time ¢ and J(t) =
Lin(#)>0)- The estimator is defined to be zero when N(t) = 0. In Kraus (2015, Proposition 1)
it was shown that under non-restrictive assumptions on the observation pattern the estimator
fi is consistent for the mean function g, namely, it was proven that E || — u||> = O(n™!) as
n — oo. We now aim to provide the asymptotic distribution of the estimator. The result
will be essential in the derivation of the limiting distribution of the test statistics that we
construct afterwards.

We denote m;(t) = EO;(t) = P{O;(t) = 1} and 7(t) = n~' > 1, m(t). Furthermore,
we denote by Uj(s,t) = O;(s)O;(t) the indicator of observing the function values at the
pair of arguments s and ¢, and define v;(s,t) = EU;(s,t), v(s,t) = n™1 3" vi(s,t) and



M(s,t) = > Ui(s,t). We need to introduce conditions on the observation pattern as
follows.

Condition 1.

(a) Let there be a function m(t) such that mo = infycpo 1 7(t) > 0 and sup,(o 1) |7(t) —m(t)| — 0
for n — oo.

(b) Let there be a function v(s,t) such that v(s,t) — v(s,t) for all s,t € [0,1].

(c) Let there be a value vy > 0 such that for each (s,t) € [0,1]? either v(s,t) > vp or
v(s,t) =0, and let the convergence sup s y)cpo1)2 [V(s,t) — v(s,t)| = 0 for n — oo hold.

Condition (a) guarantees the consistency of the estimator fi, see Kraus (2015). Condi-
tion (b) is needed for the weak convergence of the estimator. Condition (c) is needed for
consistent estimation of the covariance operator of the limiting distribution. By || - ||2 below
we denote the Hilbert—Schmidt norm of an operator.

Theorem 1. Assume that E(||X1]|?) < co. Let Conditions 1(a) and 1(b) hold. Then
n2) = p()}, NOYAHAC) - p()}

are asymptotically distributed as mean zero Gaussian processes with covariance operators K,
J with kernels

K (s, 1) = m(s) ' m(®) (s, t)p(s, ), ks, t) =m(s) "V 2x(t) " 20 (s, t)p(s, b),

respectively.

If, moreover, Condition 1(c) is satisfied, then &' and # can be consistently estimated
by the operators ' and & with kernels &/(s,t) = #(s) 7 (t) 10 (s,t)p(s,t) and k(s,t) =
#(s)"V27(t)"Y20(s, ) (s, t), respectively, i.e., E||X" — "3 — 0 and E||F — #||2 — 0,
where w(t) = N(t)/n, v(s,t) = M(s,t)/n, p(s,t) is the empirical covariance based on all
complete pairs of function values at s,t, and the value of the kernels is set to 0 whenever (s)
or 7(t) is 0.

The proof of this and other theorems is provided in the supplementary document. It uses
a central limit theorem for non-identically distributed functional random variables given in the
Appendix. Notice that the covariance kernels £'(s,t) and (s, t) of the limiting distributions
are zero when v(s,t) = 0 regardless of the value of p(s,t). Therefore, it is not necessary
to estimate p(s,t) at such points. This is why Condition 1(c) does not require the function
v(s,t) to be bounded away from zero on the entire domain [0, 1]? which is needed for the
estimation of %, as will be seen in Section 3, Condition 2(a). This means that the theorem
applies also in the context of short fragments of curves considered, e.g., by Delaigle and Hall
(2016) or Descary and Panaretos (2017), where each curve in the sample are observed on
a short interval and no completely observed curves are available.

2.2 Tests of equality of means in several populations

Let us now consider K independent samples of functional data. Let the jth sample (j =
1,...,K) consist of independent curves Xji,... ; Xjn; coming from the same distribution
with mean pu; and covariance operator %;. The functions may not be observed completely.
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It is assumed that for each function Xj; its values are available on a subset O;;. Let the
observation subsets be mutually independent and independent of the curves. Our aim is to
test the null hypothesis that y; = --- = pux against the general alternative that the null does
not hold.

In the literature on complete functional samples there exist two main approaches to com-
paring mean functions. One is based on the L? distance between the means and one uses
projections on finite dimensional subspaces.

The assessment of the hypothesis will be based on the contrasts of the group means and
a null estimate of the common mean, i.e., on the differences fi; — i, j = 1,..., K. Here
we use ﬂj(t) = Jj(t)Nj(t)fl Z?;l Oji(t)le'(t), j = 1, v ,K, with Nj(?f) = ZZZI sz'(t) and
Ji(t) = Lin;(t)>0)- The estimator fi is obtained as a weighted average of the group means in
the form fu(t) = Y/ 1;(£)f1;(t) with weights

_ N/
Sy Ni(t) /72

where f'JQ = tr @j is the trace of the estimated covariance operator in the jth sample (the

estimators L%%j are discussed later). The role of the scaling by f?- is to account for possibly
different covariance structures in the samples. This way of combining estimated means of
heteroscedastic samples is inspired by the univariate case and its standard multivariate ex-
tensions. If the covariance structures are known to be the same in all samples, the factors f?
can be replaced by the trace of an estimator of the common covariance operator, which leads
to the estimated mean based on the pooled sample of curves.

The first test we propose is inspired by the method of Cuevas et al. (2004) who in the
context of fully observed functional data developed an ANOVA test based on the L? norms
of the contrasts of the group means and the pooled sample mean. A two-sample version of
the test using the bootstrap was proposed by Benko et al. (2009). Horvath et al. (2013)
studied a two-sample test based on the L? norm in the context of functional time series. The
standardized contrast processes N;(-)Y/2{i;(-) — ju(-)}/#j, 5 = 1,..., K can be collected into
a K-dimensional vector that is a random element of the product space {L?([0,1])}¥ with
inner product (f,g) = Zle(fj,gj) for f = (f1,....fx)", 9= (g1,...,9x)". We use its L?
norm as the test statistic, i.e., base the test on

w;(t)

K K
Tre = Y NGO {() = pOY/HIP = /O N0 () — (6)}? /77t (1)
j=1 j=1

and reject when the value of the statistic is significantly large.

Another main approach to curve mean testing uses dimension reduction. See, e.g., Aue
et al. (2009), Horvath and Kokoszka (2012) or Horvéath et al. (2013). The idea is to focus on
a finite number of important features of the infinite-dimensional data. The functional obser-
vations are projected on a finite-dimensional subspace and multivariate ANOVA or a similar
multivariate procedure is applied to the resulting vectors of Fourier scores. This strategy is
not directly applicable in the situation of incompletely observed curves because, unlike in
the fully observed case, Fourier scores of functional fragments cannot be computed as inner
products of the functional variable and the basis function.

Let 91, . .., ¥4 be some linearly independent functions in L?([0,1]). Without loss of gen-
erality we assume that they are orthonormal. These functions may be either deterministic



or random (estimated from the data). In the construction of our projection tests we use
Fourier scores of the standardized contrast processes with respect to the basis functions ;.
We denote these scores Q1 = (N;(-){i;(-) — ()}, )/ (#m ) j=1,...,K,l=1,...,dand

collect them in the score vector @ = (Q11,- .., Q14 - - - ,QKl, ces ,QKd) . The score statistic
is the quadratic form

7= QTVQ, (2)

where V™ is the pseudoinverse of the estimated (Kd) x (Kd) covariance matrix of Q whose
entry on the position with index (ji, km) is

A~

Vitkm = (3 200, V(5 ) = /[O . 75(5) Y 24y ()05 (5, £) b (0) 73, (1) 2 dsdt

for jk=1,...,K,l,m=1,...,d. Here ”f%k is the covariance operator with kernel

{050 — Nj () /2y (s)Ny(s) ™ /2 Yo (5, 8) {010 — Nio(t) 20y (1) Ny (8) 712 i
(3)

v]kst

||Mx

where ¢;1, is the Kronecker delta. The test rejects for large values of Tj.
Analogously to the case of one group considered in Subsection 2.1, we denote for j =
., K,i=1,...,n; the following quantities characterizing the observation patterns in each
group, mji(t) = EO;i(t) = P(Oji(t) = 1), mj(t) = n; ' S0, mi(t), Uji(s,t) = Oi(s)05i(t),
vji(s,t) = EUji(s,t), pj(s,t) = nil S vij(s,t) and M;(s,t) = Y2 Uji(s,t). Under mild
assumptions we obtain the asymptotlc distribution of both test statistics.

Theorem 2. Forj =1,..., K assume thatn; — 0o, n;/(ni+---+ng) — a; >0, E[| X;|*> <
oo and all eigenvalues of Z; have multiplicity 1. Let the observation patterns in each group
satisfy Condition 1. Then under the null hypothesis of equal means we obtain the following
results:

(a) The test statistic Tr2 is asymptotically distributed as > p | 7xC, where Cy are indepen-
dent chi-square distributed variables with one degree of freedom and i can be consistently
estimated by the eigenvalues of the operator ¥ given in (3).

(b) Assume that there exist linearly independent non-random functions i1, ...,1q such that

by — | Lo forl =1,...,d. Then the test statistic Ty is asymptotically chi-square
distributed with (K — 1)d degrees of freedom.

The test statistic based on the L? norm is not distribution-free but the critical values can
be obtained straightforwardly by simulation, provided that the eigenvalues of 4 consistently
estimate 7. Similarly, the consistency of ¥ (and hence of V) is needed for the score statistic.
The consistency of ¥ is guaranteed by Condition 1(c). It may sometimes happen that M;(s,t)
is low for some s,t, making the estimator ¥ less reliable. For this reason, and also for
computational reasons, to avoid the estimation of the limiting covariance one can use the
bootstrap, as we describe in Section 4.

In the literature on complete functional data, the most common choice of the basis func-
tions for the projection test is derived from principal component analysis (see Horvath and
Kokoszka (2012) and references therein, or Fremdt et al. (2014)). The approach uses several



leading eigenfunctions of the pooled sample empirical covariance operator. The motivation
for this choice is the property that the first eigenfunctions capture the principal modes of
variation, the most important features of random deviations of the functional variables from
the mean. Another approach is to use a fixed set of basis functions, such as several elements
of the Fourier basis of sines and cosines or several orthornormal Legendre polynomials.

For several reasons we prefer deterministic bases to the basis of eigenfunctions. One draw-
back of the latter approach is that the principal components of variability may be only weakly
related or entirely unrelated (orthogonal) to the differences between the mean functions, re-
sulting in a test that is weak or inconsistent against this alternative. It may of course happen
that the deterministic functions we choose are orthogonal to the alternative too, or that the
leading eigenfunctions capture the mean differences well. However, with fixed functions it is
at least possible to say before the analysis which alternatives can be detected. With princi-
pal components it is not known beforehand which departures from the null can be captured
because the eigenfunctions are usually unknown. Moreover, their property of capturing the
largest portion of variability, which is typically the main argument for using them, is not
exactly what one wishes in mean testing. In fact, one would rather wish to maximize the
signal-to-noise ratio or non-centrality, which, for example, in the case of components with
equal magnitude of means would mean to minimize variability. In reality, the true interplay
between the magnitude of components of the mean difference and their variability is not
known, and we, therefore, prefer fixed functions.

The choice of the number of basis functions is important with projection methods. For the
approach using eigenfunctions, we follow the recommendation of Horvath et al. (2013) to use
the smallest number of components needed to explain at least 85 % of the total variability. For
the method using fixed functions, in light of the above discussion of the relation of the power
and variability we do not base the choice of d on the explained variability. Instead, we can
specify what shape differences we wish to detect and use the corresponding basis functions.
For example, using just d = 3 Legendre polynomials describing constant, monotonic as well as
convex or concave non-monotonic differences seems to be a good choice in many applications.

3 Covariance inference under partial observation

3.1 Asymptotics for the estimated covariance operator and principal com-

ponents
Given a collection of independent realizations of curves X1, ..., X, with mean function p and
covariance operator #Z observed on subsets Oq, ..., O, the covariance function p(s,t) can be

estimated by the empirical covariance using pairwise complete observations, that is, by

P 1) = gy 3o U DXS) )40 — )
where I(s,t) = 1[a(s,1)>0) and
g (5) = “M(s:)>0] Z Ui(s, t) Xi(s).

If M(s,t) =0, we define p(s,t) = 0, f15:(s) = 0. Under certain assumptions on the observation
pattern, the operator # with kernel j(s,t) was shown to be a consistent estimator of #Z in



Kraus (2015, Proposition 1).

In the theorem below we give the asymptotic distribution under a set of conditions for
which we denote F;(s,t,u,v) = 0;(s)0;(t)O;(u)O;(v), the indicator that the observation of
X; at points s,t,u,v is available, and set 0;(s,t,u,v) = P{E;(s,t,u,v) = 1}, 0(s,t,u,v) =
oy 0i(s,t,u,v)/n and L(s, t,u,v) = >0 Ei(s, t,u,v).

Condition 2.

(a) Let there be a function v(s,t) such that vo = inf s yejo,1)2 V(s,t) > 0 and sup g yejo,1)2 [7(8, ) —
v(s,t)| — 0 for n — oo.

(b) Let there be a function 0(s,t,u,v) such that 0(s,t,u,v) — 0(s,t,u,v) for all s,t,u,v €
[0, 1].

(c) Let there be a value 6y > 0 such that for each (s,t,u,v) € [0, 1)* either 0(s,t,u,v) > g
or 0(s,t,u,v) = 0, and let the convergence sup(, s, v)efo,1)+ 10(s: t, u,v) — 0(s, t,u,v)| =0
for n — oo hold.

Condition (a) means that there are enough observations at all pairs of arguments. The
condition is needed for the consistency of R , see Kraus (2015) for a proof under an essentially
equivalent condition. Condition (b) guarantees the weak convergence in the theorem below,
and the additional condition (c) guarantees that the covariance of the asymptotic distribution
can be estimated. The conditions do not require that the data contain any complete curves.
They may be satisfied even in situations, where all functional observations are fragmentary.

Theorem 3. Assume that E(| X1||*) < co. Let Conditions 2(a) and 2(b) hold. Then n'/?(%—
R) and the operator with kernel M (-, )Y2{p(-,-) — p(-,-)} are asymptotically distributed as
mean zero Gaussian operators whose covariance operators $)', $ have kernels

o (5.1 ,) = (s, 8) (s, 0) 05, £, 0){C (5, 0) — pls, ) (us 0)),
n(s,t,u,v) = v(s, t) Y20 (u, v)7V20(s, t, u, v){C(s, tu,v) — p(s, t)p(u, v)},

respectively, where ((s,t,u, v) = E{X(s) — u(s) HX(t) — p(t) {X () — p(w) X (0) — p(v)}].

If, morevover, Condition 2(c) is satisfied, then ' and $ can be consistently estimated by
the operators $ and $ with kernels 7 (s, t,u,v) = 0(s, )"0 (u, )flé(s,t,u 0){C(s, t,u,v) —
5,900} and s, £10,0) = (5, /2, 0) 300,11, 0) (o, vt ) — oo ), ),
respectively, i.e., E||$ — /|3 = 0 and E||$ — 9|3 — 0, where i (s, t,u,v) and 7i(s,t,u,v)
are set to 0 whenever (s, t) or D(u,v) is 0, O(s,t,u,v) = L(s,t,u,v)/n and {(s,t,u,v) is
the empirical fourth central moment of the functional random variable computed using all
complete quadruples of function values at arguments s,t,u,v.

The weak convergence in the theorem above is on the separable Hilbert space of Hilbert—
Schmidt operators equipped with the Hilbert—Schmidt norm || - ||2. The limiting covariance
operator §) is an operator that maps a Hilbert—Schmidt operator .# with kernel f(u,v) to an
operator with kernel fol fol n(s,t,u,v)f(u,v)dudv, similarly for other objects in the theorem.

Next, we study the estimators Am and Om of the eigenvalues and eigenfunctions of Z. The
estimators are obtained by eigendecomposition of 2. Their roor-n consistency was established
by Kraus (2015, Proposition 2). Here we find the approximate distribution of the fluctuation
of the estimators around their true counterparts (with appropriate sign for the eigenfunctions
as usual).



Theorem 4. Assume that E(||X1]|*) < co and # has eigenvalues with multiplicity 1. Let
Conditions 2(a) and 2(b) hold. Denote by ' a random operator following the limiting
Gaussian distribution of n'/? (@ —R) with mean zero and covariance $' given in Theorem 3.
Then, for n — oo, we obtain the following results:

(a) n2(Am— Am) is asymptotically distributed as (' pm, om), which is a normal variable
with mean zero and variance

/ Om (8)em ()0 (8,1, U, v) P (u)m (v)dsdtdudv.
[0,1]

(b) 1 2(Grm—3mPm), where 8, = sign(Gm, ©m), is asymptotically distributed as the Gaussian
random function 2, 5" p,,, where

Pr ® Yk
Zm = Z m— g
k:;ém

The limiting covariance operator of n*/?(Gm — Smem) is

(o) o ®
2.2 e e /[0 o P2 (0 51,0, 0) 2 () u(v) st
=1 =1 ’

;é l#m

If, morevover, Condition 2(c) is satisfied, then the limiting variance and covariance above can
be consistently estimated by plugging-in estimates from Theorem 3.

The theorem is proved in the supplement with the help of perturbation theory. The
theorem generalizes the classic results of Dauxois et al. (1982) who considered completely
observed functions. See Kokoszka and Reimherr (2013) for related results for functional
time series. In the case of complete Gaussian curves Dauxois et al. (1982) showed that
the limiting covariance structure of the empirical covariance operator simplifies (see also
Panaretos et al., 2010) which eventually leads to a simpler form of the limiting variance
of the empirical eigenvalue, namely to 2\2,. No such simplification is in general possible
in the case of incomplete curves, even if they are Gaussian. Therefore, to make inference
about eigenvalues or eigenfunctions, e.g., to construct confidence intervals, one possibility
is to estimate the function n/(s,t,u,v) and use the complicated expressions above for the
limiting covariance structure. In Section 4 we provide an alternative approach based on the
bootstrap which enables to avoid the possibly unstable estimation of 1’ and computer memory
demanding storage and manipulation with the estimate.

3.2 Testing the equality of covariance operators

We now study tests for equality of covariance operators of several populations. Let there
be K independent samples of partially observed functions with mean p; and covariance %;
in the jth sample, as described in Subsection 2.2. We aim to test the null hypothesis that
1 = - = X against the general alternative.



Tests of the null hypothesm of equal covariance operators can be based on the differences
between the estimators 9? and the null estimator % which is the pooled covariance operator

with kernel
K
Z (s,t)p;(s,1),

where
Mj (S, t)

Zf:l Mk(‘S? t) .

The differences are expressed by the constrast operators with kernels M;(-, I 2{pi(-) —
p(-,-)}. We propose two types of tests measuring the importance of the contrasts: one ap-
proach is based on the Hilbert—Schmidt norm of the contrasts and one is based on their
projections on a subspace.

The first approach is inspired by methods that were previously considered in the case of
fully observed functions, e.g., by Boente et al. (2017). The importance of the contrasts is
expressed by the Hilbert—Schmidt norm. The test statistic takes the form

’LZ)]‘ (8, t) =

K
sHs—ZHM RRCICORY COIEDY /[OJPst,t){ﬁj(s,t)ﬁ(s,t>}2dsdt (4)

(in this notation we identify kernels and the corresponding operators).

Another approach uses projections of the contrasts onto a finite-dimensional subspace of
the space of Hilbert—Schmidt operators. This type of tests was used for complete functions
in various settings, e.g., by Horvath et al. (2010), Panaretos et al. (2010), Panaretos et al.
(2011), Kraus and Panaretos (2012), Fremdt et al. (2013), Jaruskova (2013). It is natural
to project on the subspace generated by the leading eigenfunctions of % because they carry
information about the object of interest, the covariance operator (unlike in the case of mean

functions where we prefer to use a fixed basis for the projection test). Let ¢1,..., o4 be the
first d eigenfunctions of #. Then the operators
9 . @l & @la [ = m,
i = N N N N 1/2
(21 ®@m +Pm@@1)/2Y%,  I<m

with kernels (s, t) = @;(s)@1(t) and Gy (s, 1) = {@1(5)Pm(t) +@m(s)P1(t)} /212, 1 < m form
an orthonormal basis of a d(d + 1)/2-dimensional subspace of HS(L?([0,1])). The Fourier
coefficients of the projection of the jth standardized contrast on this subspace are

Rjtm = My (. ) {ps () = o, )%, i)

= Jo o M0 D5 1) = 05, D} s, t)dsdt/n}. (5)

Denote by R the Kd(d+ 1)/2-dimensional score vector with components R, j =1,..., K,
1 <1 < m < d. The test statistic measures the size of the projection of the constrast operators

on the subspace. It takes the form )
Sq=RW™R, (6)
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where W~ is the pseudoinverse of the estimator of the asymptotic covariance matrix whose
entry with indices (jlm, kpq) is

Wit kpg = (03 () (), B oa ) Papg (-, )})

:/[ ]4l)j(‘g?t)l/Qﬁlm(Sat)Bjk(S,t,U,U)ﬂpq(u,U)ﬁk(ujv)l/stdtdudv’ (7)
0,1

S k=1,...,K,1<]I<m<d, 1<p<qg<d. Thekernelof%jkis

ﬁjk S,t,u,v) 2{5]1 — )1/ wy (s, t)Mi(s,t)~ 1/2 (s, t,u,v)

% {0 — Mig(u, v) 21y (u, v) My (u,0) 72} (8)
We now give the asymptotic distribution of the Hilbert—Schmidt and projection statistics.

Theorem 5. Forj =1,..., K assume thatn; — 0o, n;/(n1+---+ng) = a; >0, E[| X |* <
oo and all eigenvalues of #; have multiplicity 1. Let the observation patterns in each group
satisfy Condition 2. Then under the null hypothesis of equal covariance operators we obtain
the following results:

(a) The test statistic Sus is asymptotically distributed as Zzo:l 0, CL, where C}. are indepen-
dent chi-square distributed variables with one degree of freedom and 8y, can be consistently
estimated by the eigenvalues of the operator B given in (8).

(b) The test statistic Sq is asymptotically chi-square distributed with (K —1)d(d+1)/2 degrees
of freedom.

The asymptotic distribution of Syg can be approximated by simulation like in Boente
et al. (2017). Section 4 presents a practical bootstrap implementation of these tests in which
it is not necessary to compute the operator B.

Tests based directly on covariance operators are not the only option. As an alternative
we explore the approach of Pigoli et al. (2014) who argue that although covariance operators
are contained in the Hilbert space of Hilbert—Schmidt operators, they do not form a linear
subspace, and propose other distances than those based on the difference of covariances. In
particular, they propose to use the Hilbert—Schmidt distance between square root covariance
operators dsqrt (%1, #2) = ||<%’1/ 2_ gl 2H2 They report good power results for a two-sample
test of equal covariances in the settlng of complete functions based on this distance between
estimated operators, dsqrt(f%?l,.@z). We extend this approach to K samples consisting of
partially observed functions.

Since the data may contain incomplete functions, the empirical covariance operators ,@j
used before may have negative eigenvalues. To be able to work with empirical square root
covariance operators, we need to modify the covariance estimators to ensure they are non-

negative definite. We use
nj

R =Y (\j)+bi1 ® Gji.
=1

where (5\jl)+ = maX(S\jhO) is the positive part of the eigenvalue S\jl of ,@j and @;; is the
corresponding eigenfunction. As discussed in Kraus (2015), negative eigenvalues are typically
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of small magnitude in comparison with leading eigenvalues and can be neglected. For a test
statistic, we need to use the distance dsq¢ to define a null estimator of # and contrasts
between the group estimators %, and the null estimator. The common covariance operator

can be estimated by
K 51727 2
B — (Zj:l nj‘%jJr )
sqrt — K )
Zj:l 1
which is the weighted Fréchet mean of the group-specific operators, i.e., the minimizer with
respect to # of ZJK:1 njdsqet(Bjv, R)?.
The attained minimum of this objective function,

K K
Ssart = 3 it (Rjs Bsq)? = Y |0 *( 2] — B 13, 9)
j=1

=1

can serve as a test statistic for comparing covariance operators in K samples. The statistic
summarizes the size of the contrasts between the group and null estimators of the square root
covariance operator. Following Pigoli et al. (2014) we use resampling to approximate the null
distribution of the statistic.

Notice that the contrasts between the group and null estimators in Sqr¢y and Sus are
weighted differently. Tn Sus we weight the contrast kernels by M;(s,t)'/? which in the frag-
mentary setting reflects the accuracy of the estimation of the covariance kernel at each point
of [0, 1]? due to the number of observations available at that point. In Ssqt this would not be
meaningful because the square root covariance operator is a function of the entire covariance
operator and thus the accuracy of the estimation of the square root covariance kernel at one
point depends also on the numbers of available observations at all other point. We therefore
simply weight by njl-/ 2 reflecting the overall accuracy of the square root covariance estimator.
Both Sus and Sgqrt are the attained minimum of the corresponding objective functional that
defines the null estimator.

4 Practical implementation and bootstrap approximations

Functional data procedures are practically implemented by discretization. Functional observa-
tions are evaluated at ¢ points of a grid in the domain. Functions then correspond to g-vectors
(possibly with missing values), operators on the function space correspond to (g x ¢)-matrices
and operators on operators correspond to four-way arrays with all dimensions ¢.

To make inference (tests and confidence intervals), one can use the asymptotic distribu-
tions found in the previous section. However, the implementation of such procedures would
be excessively demanding in terms of computer memory, especially in the case of covariance
inference. For example, when the evaluation grid consists of ¢ = 100 points, arrays such as
the one corresponding to the fourth moment kernel ((s,¢,u,v) contain ¢* = 10® entries. To
compare covariances, e.g., in K = 3 samples, one would have to work with an array with
K?2¢* =9 x 108 entries whose size already approaches the memory limits of usual computers,
even if symmetry is exploited. In the case of multivariate, spatial or image data the num-
ber of evaluation points ¢ is typically much larger than for functions of a one-dimensional
argument. Aston et al. (2017) give an example of acoustic phonetic data with bivariate,
time-frequency argument with ¢ = 8100. In conclusion, the size of objects representing the
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asymptotic covariance structure for tests or confidence intervals may be far beyond memory
limits.

Projection covariance tests for complete functions can avoid the computation, storage
and manipulation with such large arrays by computing principal scores of each function with
respect to the required low number d of eigenfunctions (Horvath et al., 2010; Panaretos et al.,
2010, 2011; Fremdt et al., 2013). The covariance matrix of the score then depends on easy-
to-handle d-dimensional four-way arrays instead of large g-dimensional four-way arrays. This
dimension reduction approach is not applicable in the case of incomplete functions because
the principal scores (Xj; — fi;, o) cannot be computed when Xj; is available only on a subset
of its domain (they can only be predicted, see Kraus, 2015). Therefore, even the computation
of the projection test statistic (6) is difficult due the large arrays the matrix W depends on.

The computation of the Hilbert—Schmidt statistic (4) and the square root covariance
statistic (9) does not involve large four-way array. However, to use the asymptotic distribution
of Sys (see Theorem 5) one needs to estimate the eigenvalues of an operator on operators.
Upon discretization and vectorization, this leads to a large eigenproblem of dimension (K ¢?) x
(K¢?), e.g., 30000 x 30000 for K = 3, ¢ = 100. Again, dimension reduction cannot be used
due to incomplete functions.

To overcome these difficulties we use the bootstrap. For completely observed functional
data bootstrap tests of equal mean functions or covariance operators were studied by Paparo-
ditis and Sapatinas (2016b) (see also Paparoditis and Sapatinas, 2016a). In our missing data
setting, all bootstrap procedures consist of appropriate resampling of fragmentary curves,
which means that each bootstrap sample is again a collection of partially observed functions.
The proposed procedures enable to completely avoid the computation of each entry of the
large four-way covariance array and the storage and decomposition of the whole array.

The implementation of the tests of equal means is described in Algorithm 1. To correctly
reproduce the limiting distribution of the group mean estimators under the null, the resam-
pling is done separately in each group of groupwise centred fragmentary observations. The
stratification guarantees that neither the missingness patterns nor distributional character-
istics of the functions beyond the means need to be equal in all groups. The L? statistic is
computed directly for each bootstrap sample and the observed value is then compared with
the resampled values. The direct computation of the projection test statistic from observed
or resampled data would require the estimation of the covariance functions o), in (3), which
may be memory demanding and possibly unstable in regions with few complete pairs. We
avoid it by estimating the covariance matrix of the score vector from the resampled score vec-
tors, calculating the quadratic form statistic and comparing it with its asymptotic chi-square
distribution.

Algorithm 2 describes the bootstrap implementation of confidence intervals for eigenele-
ment. Resampling is applied to fragments and eigenelements are computed. The resampled
eigenfunction is possibly reflected about zero so that its sign agrees with that of the observed
data eigenfunction. Standard methods of construction of confidence intervals can then be
used. Since we again wish to avoid the calculation of variance estimates of eigenelements (see
Theorem 4), we use the normal or basic bootstrap method (Davison and Hinkley, 1997, Chap-
ter 5). Intervals for eigenvalues are constructed on the logarithmic scale and untransformed.
This is appropriate in general because in the case of completely observed Gaussian curves the
asymptotic variance of n'/ 2(5\m — M) is 222 and thus the log-transformation approximately
stabilizes variance.

Bootstrap covariance testing is described in Algorithm 3. Unlike in the case of mean
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Algorithm 1 Bootstrap approximation for tests of equal mean functions

1: Calculate fi; from observed samples of fragments Xj1,..., Xjn,, j = , K, and [
2: Calculate the test statistic Ty2 and the score vector )

3:
4
5

Set ino = in - ,&j + ,&

: Forb=1,...,B

For each j = 1,..., K, sample with replacement from fragments X1, ..., Xjn;o0

to get fragments X7,.. ., }knjo

Calculate the statistic ngb) and score vector Q*®) from X* F100- - ,X;‘njo, ji=1,....K
Approximate the p-value of the L-test using T} 2 and TLgl), T ng)
Calculate the empirical covariance matrix V* of Q*( ..., Q*(B) and the statistic Ty =

QTV*Q

Approximate the p-value of the projection test using T,; and the X%K—l) 4 distribution

Algorithm 2 Bootstrap confidence intervals for eigenvalues and eigenfunctions

L A oA e

Calculate % from the observed fragmentary functional data Xi,..., X,
: Calculate the eigenvalues Am and eigenfunctions ¢, of X
: Forb=1,...,B

Sample with replacement from fragments X,..., X,, to get fragments X7,..., X}
Calculate Z* from X 1,..., X, and its eigenvalues ;\:gb) and eigenfunctions @i‘,&”)
~#(b) . ~x(b) 4 ~*(b)
Replace Pm by sign{(@m ", Pm) Pm
. Based on Ay (b) A*(b) ,b=1,..., B, calculate bootstrap confidence intervals for A, using

log—transformatlon and pomtvvlse bootstrap confidence intervals for ¢, (t)
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testing, it is not possible to transform the data to the common null covariance structure and
use stratified resampling. Bootstrap samples are instead drawn from the pooled sample of
groupwise centred fragments. Then, under the null hypothesis, if characteristics of observa-
tion patterns and fourth order moments are the same in all groups, the pooled resampling
asymptotically replicates the limiting distributions of interest. The Hilbert—Schmidt norm
and square root covariance statistics are computed directly and the significance is decided
upon by comparing the observed statistics with the resampled ones. Like in the case of mean
testing, dimension reduction is impossible due to partial observation, and thus the compu-
tation of the covariance matrix of the score vector would require to compute large four-way
arrays. Instead, the boostrap is used to estimate the covariance matrix of the score and the
quadratic statistic with this matrix is used.

Algorithm 3 Bootstrap approximation for tests of equal covariance operators

1: Calculate fi; and .@j from observed samples of fragments Xji,..., Xj,,, j = 1,..., K,
and %

2: Perform eigendecomposition of FZ, determine d and calculate %m, 1<li<m<d

3: Calculate the test statistics Sys and Ssqrt and the score vector R with respect to %Ajm

4: Set ino = le' — [Lj

5: Forb=1,...,B

6: Foreachj=1,..., K, sample with replacement from the pooled collection of fragments
Xjio,7=1,...,K,1=1,...,n; to get fragments X100 ,X]’f‘nj0

7. Calculate the statistics S’Z(Qb) and S:éft) and the score vector R*(®) with respect to %m
fI'OIIl X;107... 7X;<’Vl]07 j - 17. ..,K
*(1) *(B)

8: Approximate the p-value of the Hilbert-Schmidt norm test using Sus and Syg”, ..., Sy
*(1) g*(B)

and the p-value of the square root covariance test using Ssqrt and Sgqpe, - -5 Seqre
9: Calculate the empirical covariance matrix W* of RV .. R*(B) and the statistic Sy =
RTW* R

10: Approximate the p-value of the projection test using Sy and the x%

K*l)d(d+1)/2 diStribution

5 Simulation results

The main goal of the study is to investigate the impact of partial observation on the per-
formance of the different mean and covariance tests and compare the proposed tests using
complete and incomplete curves with the simple approach using complete curves only.

We repeatedly generate three samples of curves of sizes ny = 80, ns = 100, ng = 120.
Curves in the jth sample take the form

20
X(t) = (1) + X Biohy (1) + Y A2 B2 2 cos(knt), t e [0,1],
k=1

where B, 7 = 1,2,3, k = 0,...,20 are mutually independent standard normal variables.
Additional simulations with ¢5 distributed coefficients are reported in the supplementary
material. In all simulations we use 1000 repetitions of the test procedures, each based on 500
bootstrap samples. All tests are performed on the nominal level of 5 %.
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The tests are applied to complete trajectories, observation pattern (1), and to fragments
obtained by deleting missing periods following several random or nonrandom patterns. Ob-
servation patterns (2) and (3) are nonrandom: under pattern (2), the period [, 0.5] is removed
from 50 % of the curves in the first sample, 50 % in the second sample and 60 % in the third
sample; pattern (3) is symmetric about 0.5, i.e., the period [0.5, 1] instead of [0, 0.5] is missing
in the same subset of curves. Under patterns (4)—(7), a random missing period is generated
independently for each curve and removed from the trajectory. First, we consider random
missing periods taking the form M = [C' — E,C + E] N[0, 1] with C = dU/* and E = fU,
where Uy, Uy are independent variables uniformly distributed on [0,1] and d, f are parame-
ters. For missingness pattern (4) we set d = 1.4 and f = 0.2; this gives 39 % of completely
observed curves and the cross-sectional percentage of observed values decreases from 99 % at
time 0 to 79% at time 1. Pattern (5) is symmetric about 0.5. For pattern (6) we use the
same model as for (4) and set d = 1.2 and f = 0.5; this leads to 7% of complete curves
and the cross-sectional probability of observation is 94 % at 0 and decreases to about 45 %
near 1. Pattern (7) is again obtained by reflecting pattern (6) about 0.5. Pattern (8) consists
of observation periods generated independently for each curve in the form O = [Uy, U2]N[0, 1],
where Uy, Uy are independent variables uniformly distributed on [a, C], [C, 1 —a], respectively,
a = —0.3 and C is uniformly distributed on [0, 1]; the percentage of complete curves in this
case is 16 % and the cross-sectional observation probability at 0.5 is 77 % and decreases to
44 % towards both endpoints of the domain. Finally, for pattern (9) curves are observed on
random intervals generated as [C' — 0.2,C + 0.2] N [0, 1], where C is uniformly distributed
in [0,1]. This corresponds to fragments of curves of length at most 0.4, hence the datasets
contain no complete curves, the median length of observed fragments is 0.3 and the cross-
sectional probability of observation is 0.3 in the middle of the domain and decreases towards
the endpoints, where it is 0.15.

In the study of mean tests four configurations of the mean functions are considered.
Under configuration A the null hypothesis is satisfied: all mean functions are zero. Under
configuration B the mean functions differ by a constant vertical shift: p;(¢) =0, ua(t) = 0.18,
us(t) = —0.1. Under configuration C there are monotonic differences between the means:
pi(t) =0, ua(t) = 0.35exp(—4t), us(t) = —0.25exp(—3t). Under configuration D the means
differ in a more complex, nonmonotonic way and they cross: u1(t) = 0, pa(t) = 2t exp(—3t),
p3(t) = 0.1 — 8t2 exp(—5t). We set A\jo = 0.5, \j = 37% and h;(t) = 1, that is, the covariance
structure is the same in all three groups. Additional simulations with unequal covariance
structures lead to similar results and are included in the Supplementary Material. We report
in the first part of Table 1 the size and power of the L? test based on T}2 given in (1) and of
the projection test based on T3 given in (2) using three Legendre polynomials of order zero,
one and two. Blank entries in the table correspond to situations where the true rejection
probability is the same as in the entry above; such situations arise when the observation
pattern is obtained by reflecting the preceding pattern and the processes {X(t),t € [0,1]}
and the time-reversed processes {X (1 —t),t € [0,1]} have the same distribution.

We see in the first part of Table 1 that under the null hypothesis, configuration A, the
rejection probability of both tests is reasonably close to the nominal level, and this does not
seem to vary much across the different observation patterns under consideration.

Under scenario B the L? test is more powerful than the projection method. The reason
is that the projection method uses in addition to the constant basis function two other terms
(linear and quadratic) that do not contribute to the detection of the constant difference
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Table 1: Empirical rejection probability (in %) of the L? test and projection test, Proj., of
equal means

Observation Mean configuration

pattern A B C D

L?> Proj. L?> Proj. L?> Proj. L? Proj.
Tests using complete and incomplete curves

5.6 6.2 69 60 49 56 52 63

5.4 6.7 59 52 28 29 38 50

— 50 56 44 62

4.4 6.5 66 58 51 57 51 62

— 44 49 50 58

5.4 7.1 58 51 50 55 42 49

— 28 34 37 42

5.4 5.8 55 47 34 37 42 48

5.4 7.8 37 40 20 23 26 34

Tests using complete curves only

5.7 7.4 40 34 26 32 27 35

3.6 7.4 28 27 18 26 19 28

4.9  26.8 7 31 6 29 6 31

4.0 11.5 13 22 8 20 10 21

W N =

N
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between the means but on the other hand they increase the degrees of freedom and hence
decrease the power. The L? method uses infinitely many directions in the space of alternatives
but these redundant features are downweighted by the decreasing eigenvalues (the constant
difference of means agrees with the constant leading eigenfunction which receives the highest
weight in the L? statistic). Most partial observation patterns lead to a relatively small decrease
of power because under this scenario the mean functions differ by a constant vertical shift
which is a very simple, global feature that is easy to detect even with reduced, fragmented
data. The loss of power is largest under pattern (9), where also the reduction of observed
data is considerably larger than under the other patterns.

The projection test is slightly more powerful under scenario C. Like in the previous case,
this difference can be explained by the decreasing weights in the L? statistic. Both tests lose
power under observation pattern (2) because a large portion of data is missing on the interval
[0, 0.5], where the difference between the means is the largest; on the other hand, the reflected
pattern (3) does not lead to a loss of power because curves are missing only in [0.5, 1], where
the means do not differ much. A similar effect is seen under observation patterns (6) and (7).

Under scenario D the difference between the L? and projection test is more pronounced
because the nonmonotonic differences between the mean functions are well captured by both
the first three Legendre polynomials and the first three eigenfunctions but the contribution of
the latter is downweighted in the L? statistic whereas the projection statistic treats all three
components equally.

The second part of Table 1 shows for each missingness pattern and mean configuration the
performance of the tests applied to the subset of complete curves only. The complete curve
approach would be the only possibility if the tests developed in this paper were not available.
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Table 2: Empirical rejection probability (in %) of the Hilbert—Schmidt norm test, HS, pro-
jection test, Pr., and square root covariance test, Sq., of equal covariance operators

Observation Covariance configuration
pattern A B C D

HS Pr. Sqo HS Pr. Sqo HS Pr. Sq. HS Pr. Sq

Tests using complete and incomplete curves

(1) 54 58 4.8 69 82 80 69 58 69 78 62 81
(2) 46 64 49 54 63 41 37 32 38 76 64 54
(3) _ = = = - - — — — 46 30 48
(4)
(5)

50 51 58 64 74 72 61 53 62 72 56 73
_ = = = = — — — — 1T 60 7
Tests using complete curves only
(2), (3) 41 73 46 32 38 41 33 28 34 45 30 47
(4), (5) 43 55 42 26 32 33 25 24 28 34 23 36

Results for the pairs of patterns (2) and (3), (4) and (5), (6) and (7) are presented on the
same rows of the second part of the table because the subsets of complete curves are the same
under both patterns in each pair. Pattern (9) is omitted because it contains no complete
curves and hence inference is impossible without our methods. Under patterns (2) (or (3))
and (4) (or (5)), the use of complete curves only, which form 46 % and 39 %, respectively, of
the whole sample, leads to a considerable loss of power in most situations. Configuration C
under pattern (2) is an exception. Here removing incomplete curves does not decrease the
power because they are observed on the subdomain [0.5,1], where the means do not differ
much. Under patterns (6) (or (7)) and (8) there are only 7% and 16 % complete curves,
respectively. With such small sample sizes the projection test becomes unreliable in terms of
level and the L? test loses almost all power.

Next, we study the behaviour of the tests for comparing covariance operators. Under all
scenarios we generate mean zero trajectories. Configuration A satisfies the null hypothesis
with Ajo = 0.5, A\jr = 37% and h;(t) = 1, j = 1,2,3. Under configuration B the same
parameters are used except for the third sample where the overall scale is larger, namely
A30=15x0.5and A3 = 1.5 x 3~%. Under scenario C the first two eigenvalues in the third
sample are interchanged, i.e., A3 = 31 A31 = 0.5 and A3 = 37% k=2,...,20, otherwise
the parameters are the same as in A. Scenario D differs from A in that we set hz(t) = 1
for t € [0,0.5] and h3(t) = 2.2'/2 for t € (0.5,1]. Table 2 shows the size and power of the
Hilbert—Schmidt norm test based on Syg in (4), projection test based on Sy in (6) with d
selected to explain at least 85 % of the total variability of the null covariance estimate, and
square root covariance test based on Sgqt in (9). Like before, entries where the true rejection
probability equals the one above are left blank. We use only observation patterns (1)-(5).
Under the other patterns the amount of missing information is too large for second order
inference.

Under the null hypothesis, configuration A, the rejection probability of all tests is close
to the nominal level under all missingness patterns. It is interesting to notice the different
impact of missingness in different situations. While in many situations the loss of power due
to missingness if similar for all three tests, in some situations the square root test appears to
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be more sensitive to missingness. For example under scenario B and missingness pattern (2),
the square root covariance test loses almost half of its size relative to no missingness, much
more than the other two tests. This can be explained by the fact that the square root
covariance estimator depends on the estimator of the covariance kernel at all arguments which
means that uncertainty due to missingness localized in a certain region in the domain, like
under pattern (2), propagates to other regions. Similarly, under scenario D and pattern (2)
the Hilbert—Schmidt and projection tests do not lose much power and the square root test
does because the difference between the covariances is due to the differences of h;(t) for
t € [0.5, 1] while missingness occurs for ¢ € [0, 0.5]. For these reasons, under the same scenario,
pattern (3) leads to a larger loss of power of the Hibert—Schmidt and projection tests, whereas
the loss of the square root covariance is not much higher than under pattern (2), where it was
already high.

The second part of Table 2 shows results for tests applied to the subset of complete curves
only. Like before, patterns (3) and (5) are shown on the same rows as patterns (2) and (4),
respectively, because the subsets of complete curves are the same. We observe a large decrease
of power in comparison with the power of the proposed tests in cases, where the neglected
incomplete curves carry information on the difference between covariance operators. When
the difference is mostly in the frequently missing region (e.g., configuration D, pattern (3)),
removing incomplete curves affects the power much less.

These results highlight the usefulness of the proposed methods as an efficient, and often
the only viable approach to testing with incomplete functions. In no situation the proposed
methods behaved worse than the simple approach using complete curves only, and in many
cases it behaved dramatically better. Additional results for non-Gaussian curves can be found
in the supplement.

6 Application to partially observed heart rate temporal pro-
files

We illustrate our methods on curves describing the evolution of heart rate in 427 male par-
ticipants in the period from 8 PM to 2 AM corresponding to the domain [20,26]. There are
three groups of persons according to their age: younger than 40 years (164 persons), between
40 and 65 (180), and older than 65 (83). The curves and their first derivative are plotted in
Figure 1. Although the percentage of observed values at each time or at each pair of time
points is relatively high (Figure 2), only 58 % of the curves are complete.

Plots of the estimated mean functions in Figure 1 indicate differences between the age
groups both in terms the temporal profiles and their first derivative. We first compare the
group means of heart rate profiles. The p-values of the L? test and projection test using
three Legendre polynomials are 0.006 and less than 0.001, respectively, confirming the clearly
visible differences. To compare the dynamics of heart rate during the transition between day
and night we test whether the means of the first derivative differ. The L? and projection test
have nearly zero p-values, meaning that the mean heart rate profiles differ between age groups
more than by a vertical shift. The plots suggest it may be interesting to compare some pairs
of groups. E.g., while the mean profiles of the middle and oldest group significantly differ
(p < 0.01 for both tests), they appear to be approximately parallel. The difference between
the derivatives is indeed insignificant (p = 0.07 for the L? test, p = 0.09 for the projection
test).
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Figure 2: Cross-sectional percentage of observed values (left) and percentage of pairwise
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Table 3: p-values of the Hilbert—Schmidt norm test, HS, the square root covariance test,
Sqrt., and the projection tests, Proj., with d = 1,2, 3, for comparing covariance structures of
heart rate profiles and of their first derivative in three age groups. The fraction of variance
explained by the first d principal components of the null covariance estimate is indicated in
parentheses.

HS  Sqrt. Proj.,d=1 Proj.,d=2 Proj.,d=3

Curves 0.338 0.118 0.317 0.439 0.275
(88.2%) (97.3%) (99.1%)
First derivative 0.226 0.114 0.322 0.131 0.094

(62.6 %) (94.4%) (98.7%)

Without the methods developed in this paper one would have to use complete curves only.
There are 249 complete functions (43, 110 and 96 in the three age groups). The projection
test still detects the differences between the three groups (p = 0.008) but the L? test loses
significance (p = 0.066). When comparing the second and third group, the projection test
now fails to detect the difference (p = 0.13) and the L? test gives a marginally significant
result (p = 0.048). This can be explained by a loss of power seen in simulations because the
removed incomplete curves are more often observed at earlier times, where also the difference
between the two mean curves is more pronounced.

Estimates of the covariance function of heart rate profiles and of their derivatives for each
age group are plotted in Figure 3. Further plots can be found in the supplementary document.
The plots suggest some differences between the groups. The variance and covariance appears
to be higher in younger participants, especially earlier in the time interval (during the day).
We assess the significance of these differences using the proposed tests. For the projection
test we consider up to three principal components (plotted in the supplementary document),
which corresponds to the projection on a subspace of dimension six in the space covariance
operators. Table 3 reports the p-values. None of the tests rejects the null hypothesis on
usual significance levels. Similarly, pairwise comparisons provided no overwhelming evidence
of differences. It is of course possible that there are differences between groups that may be
detected with larger samples. To gain further insight into the structure of possible differences
one can inspect the values of the standardized score components R,/ VAVJII{E jim (see (5) and
(7)) whose graphical representation is provided in the supplement.

A A central limit theorem

We provide a general central limit theorem for independent but not necessarily identically
distributed random elements of a separable Hilbert space. The theorem is needed in the
proofs, where non-identical distributions arise due to partial observation, but is of more
general interest. It extends the standard central limit theorem for independent identically
distributed functional variables (Bosq, 2000, Theorem 2.7) by relaxing the assumption of
identical distributions and by considering triangular arrays. The theorem is proved in the
supplementary document. The notation || - || below means the operator norm.
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Figure 3: Estimated covariance functions of heart
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Figure 4: Estimated eigenvalues and eigenfunctions of heart rate profiles (top row) and of their
derivatives (bottom row) in age groups with pointwise 95 % bootstrap confidence intervals.
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Theorem 6. Let Yy;, n =1,2,..., i =1,...,n be random elements of a separable Hilbert
space H with mean zero, E ||Yy;||> < 0o and covariance operators €;. Let Y1, ..., Yn, be mu-
tually independent for eachn = 1,2, ... Denote S, = n~1/2 S Yo and G, =n Y0 G
Assume that

(i) % —9||cc — 0 as n — oo for some covariance operator ¢,
(ii) for all e >0,

n
0ty Bl Py st/ g, oce) = O
=1

asn — 0o,
(iii) tr, —tr¥ asn — oo.

Then Sy, converges in distribution to a Gaussian random element with mean zero and covari-
ance operator 9.

Supplementary material

The supplementary document contains proofs of theorems, further simulation results and
additional graphs for the data application.
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Supplementary material for
“Inferential procedures for partially observed functional data”

David Kraus*

Abstract: This supplementary document contains proofs of all theorems stated in the paper, ad-
ditional simulation results and further results of the data analysis.

Key words and phrases: Bootstrap; covariance operator; functional data; partial observation;
principal components; K-sample test.

S1 Proofs

S1.1 Proof of Theorem 1

We rewrite N'/2(ji—pu) = #1/2n/2(fi— ). The main task is to establish the weak convergence
of the process

W25 — ) = 18, + (17 - 1>Sn+n1/2(J— D, (S1)
T T T

where

Su=n"12Y"0i(X; — ).
=1

We show that the first term on the right side of (S1) converges in distribution to a mean
zero Gaussian process with covariance operator with kernel 7(s)~!m(t)~lv(s,t)p(s,t) that
can be consistently estimated by 7(s) ™4 ()" '0(s,t)4(s,t), and that the norms of the other
two terms converge in probability to 0. The proof of the weak convergence of N/ 2(f — p)
then follows from the convergence of 7 to 7, the consistency of the estimator of its covariance
kernel can be shown analogously.

The weak convergence of S, is shown with the help of Theorem 6, a central limit theorem
for independent non-identically distributed Hilbert space variables given in the Appendix.
We apply the theorem with Y,; = O;(X; — u). The covariance operator ¥, of S, is given
by the kernel o(s,t)p(s,t). Denote by ¢ the covariance operator with kernel v(s,t)p(s,t).
Conditions of the central limit theorem Theorem 6 can be shown using Condition 1(b) as
follows. Condition (i) of Theorem 6 is satisfied because

)

19, = 912 < 19— 915 = / {(s,t) —v(s,t)}?p(s,t)*dsdt — 0
[0,1]2

*Department of Mathematics and Statistics, Masaryk University, Kotlafska 2, 611 37 Brno, Czech Republic;
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as n — 0o by the dominated convergence theorem. Condition (ii) of Theorem 6 holds because

n
W =({[p 241 (S TRV PRI
=1

n
—1 2
<07ty E(IX = il — s et 2 o)
=1

2
= E(I1 X1 = sl Ly x, —psnr2))jce) — 0

by the dominated convergence theorem. Finally, fol v(t, t)p(t,t)dt — fol v(t,t)p(t,t)dt by the
dominated convergence theorem again, and thus condition (iii) of Theorem 6 is satisfied.
Hence the process S, is asymptotically Gaussian with covariance kernel v(s,t)p(s,t).

The expectation of the squared norm of the second term on the right side of (S1) can be
rewritten as

L T ARy (€ SRR P

The first summand above is dominated by

/01 E{Wsn(t)2}dt < /01 E{W}P(tﬁdt

which converges to zero by the dominated convergence theorem since E{(7w(t) — #(t))?} =
(m(t) — 7)) +n= 230 m(t)(1 — m(t)) — 0 for n — oo. Next, we first compute

J 1\? () — 7(t)\? 1
<7T§2 - 7r(t)> Lz (t)y<mo/2] = {J(t) (W) +(1— J(t>)W}1[ﬁ(t)<wo/2]
< I /75 + (1= J(0) /75  (r () <moy2) < 07/ 7oLt <m0 /2)-

Then the second summand in (S2) is smaller than or equal to

1 1
| B sty npSa0hd < [0 P LR(E) < mo/2) it
0 0

<n? sup P(7(t) < mo/2)/mitr Z — 0
te(0,1]

because, in light of Hoeffding’s inequality and Condition 1(a), for all ¢ € [0, 1],

2
P{#(t) < mo/2} < exp{—2n(7(t) —mp/2)*} < exp{—Qn <7r0/2 - til[(l)pl] |7(t) — 7r(t)|> } — 0.

This completes the proof of the convergence in probability of the norm of the second term on
the right hand side of (S1) to zero. The last term in (S1) can be shown to converge to zero

using similar arguments based on Hoeffding’s inequality.
We now turn to the proof of the consistency of the estimator of the covariance kernel. To

show that NPV . 2
(s, t)p(s,t _Vs,tps,t )
E/[o,u?{ 7 (s)7(t) m(s)m(t) } dsdi = 0,




we can split the integral into the integrals over A9 = {(s,t) € [0,1]% : v(s,t) = } and
Ay ={(s,t) €[0,1)? : v(s,t) > vy} because Condition 1(c) implies that AgU A; =
Ay we obtain

v(s,t) ﬁ s,
E/A { #(t) } {Lmin(#(s),7(5)>m0/2] + Lmin{a(s),7(t) }<mo/2) sl
0

< / E{I/(S,t)z} E{p(s,t)*}dsdt {(770/2) n'  sup  P(min{7(s),7(t)} < m0/2)|.
Ao (s,t)€[0,1]2
Here the integral converges to zero by the dominated convergence theorem as the integrand
can be shown to go to 0 and the second term in the brackets asymptotically vanishes due
to an exponential rate of decrease of the supremum that can be established with the help
of Hoeffding’s inequality as before, hence the whole quantity above converges to 0. We now
focus on A;. We rewrite

(s, 0)p(s:t) v(s,t)p(st) _ Dlsit) (oo Ps.t) _ v(st) |
#(8)7 () T(s)m(t) 7 (s)x(t) {A(s, 1) —p( 7t)}+{ 2 G0 7r(S)W(t)}p( 1) (S3)

and show that the integral over A of the expectation of the square of each summand converges
to zero. For the first summand we compute

(s, 1) ?
/A1 E<[7}(S) (){P(S ) =008, O} AL min(r(s),7(6))>m0/2] T Lmin{#(s),7(8)}<mo/2)} | d5dL

<E {ﬁ(s,w—p<s,t>}2dsdt[<wo/2>—4+n4 sup P(min{ﬁ(s»ﬁ(w}w/m],
Ay (s,t)€[0,1]2

where the integral term converges to 0 by similar arguments to those in the proof of Propo-
sition 1 in Kraus (2015) with the help of Condition 1(c) and the second term goes to 0 by
Hoeffding’s inequality again. For the second summand in (S3) we can write

/Al £ [I(s,t){ ﬂ(s)ﬂ(t)Aﬁ((s, t) — #(s)a(t) (s, t) }Q]IJ(S@stdt

7w (s)w(t)m(s)m(t)

+/AlE[{1_I(S,t)}{%ﬂp(s,w?dsdt. (S4)

Like before, we split the first term in (S4) into two summands by writing

/ E {1(57 t){ w(s)m(t)D(s,t) — 7 (s)7(t)v(s,1) }2
Ay

7 (s)r(t)m(s)m(t)

X { U min(#(s),7(£))>m0/2] T Lmin{#(s),#(8)}<m0/2] }] p(s,t)%dsdt.

The first summand is bounded by 167, ® fA m(t)D(s,t) — 7(s)7(t)v(s, t)}2]p(s, t)*dsdt
which converges to 0 by the dominated convergence theorem since the expectation in the
integrand can be shown to converge to 0; the second summand in the displayed expres-
sion above is dominated by n47fo_4H%H%SUP(s,t)e[o,lP P(min{7(s),7(t)} < m/2) which con-
verges to 0 by Hoeffding’s inequality. Finally, the second term in (S4) is dominated by
SUP(s ea, P(P(8,t) < 1/2)mg 4||2||? which converges to 0 again by Hoeffding’s inequality.
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S1.2 Proof of Theorem 2

Denote Z;(-) = N;j(:)"/2{;(-) — iu(-)}/#; and Z = (Z1,..., Zk)T. Under the null hypothesis
we can write Z = ZH, where H = (Hi,...,Hg)" with H; = N].1/2(ﬂj — u) and P is
a bounded linear operator from {L2([0,1])}* to {L?([0,1])}* that maps an element f to
an element g whose jth component is given by g¢;(t) = E{il(.@jlfl)(t) = Z{il f;l{éjl —
N; ()Y 24 (t) Jy () Ny (8) Y2} fy(t) (here 6;; is the Kronecker delta and J;(£)N;(£)~%/2 is zero
if Ji(t) = 1jn,(1)>0] is zero). From Theorem 1 we see that H converges in distribution to
the random element H>® = (H{°,.. .,H}’(O)T whose components are mutually independent
Gaussian processes with mean zero and covariance operators %j,j = 1..., K analogous to
the operator % in Theorem 1. The operator 9 converges in probability to the operator &
whose elements are defined by (2;f1)(t) = r;l{éﬂ—wj(t)l/za;mwl (t)m(t)_l/Qal_l/Q}fl(t) with
wy(t) = alwl(t)/r?/(Zszl arm(t)/r?) (the convergence is in the operator norm, i.e., 19 —
Do L 0). Therefore, it follows from Slutsky’s and continuous mapping theorem that Z =
JH converges weakly to Z®° = PH. This is a K-dimensional mean zero Gaussian random
process with cross-covariance operator between Z>* and Z;° equal to ¥j; = Z{i L DD,
7=1,....,K,k=1,..., K. These can be consistently estimated by plugging-in the estimators
-@jl and Ji}l . The kernel of the estimator %k takes the form

K
(s t) = Y 5 {6 — Nj(s) 2 an(s)Ni(s) ™2y (s, ){ 60 — Ni(8)Zabn (£ Ni(1) =2}t
=1
For (a), the continuous mapping theorem gives that the statistic 72 = ||Z||? converges

weakly to the random variable || Z°°||2. The process Z* is a Gaussian random element of the
separable Hilbert space {L2([0,1])}*. Therefore, it can be expanded in a Karhunen-Logve
series with Gaussian coefficients. Consequently, the distribution of its squared norm is that of
the series given in the theorem. The consistency of V4 implies the consistency of the estimated
eigenvalues.

To prove (b), notice that the components of the score vector satisfy Qj; = (ﬁ;/QZj, 1@) The

continuous mapping theorem and Slutsky’s theorem in conjunction with the convergence of @El
imply that @) is asymptotically distributed as a Gaussian vector with mean zero and covariance
matrix with entries Vjj g = <7r]1-/ 21/117 %k(ﬂi/ 21/Jm)>. The consistency of le,km follows from
the consistency of ”/%k and 7; and convergence of z[;l. The process (fri/ 2Z1, . ,7%}(/22 K ) lies
in a (K — 1)-dimensional subspace of the K-dimensional product space {L?([0,1])}* and the
same holds for its limit. Therefore, the score vector lies in a (K — 1)d-dimensional subspace
of RX4, leading to (K — 1)d degrees of freedom of the chi-square distribution.

S1.3 Proof of Theorem 3
The kernel of nY/2(% — %) is

02 {p(s,t) — pls, 1)} = '/ {p(s,1) — p(s,6)} + ———0(s.1)

1
v(s,t)

I(s;t) 1 (s V2005 4) — 1Vo(s
+{’9(5,t) I/(s,t)} (s,8) + 07" (s,t) = 1}p(s, 1),




where p is defined like p with the true mean in place of the estimated mean and

n
o(s,8) = n 2 S Ui, O{Xils) — s HXelt) — u(0)) — (s, 1))
i=1
Let us focus on the second summand on the right side of (S5). All the other terms are
negligible in the appropriate sense as we explain later. The kernel o(s,t) corresponds to the
operator

I = n_1/2 zn: i
=1

where %,,; are the integral operators with kernels y,;(s,t) = U;(s,t)[{Xi(s) — pu(s) H{Xi(t) —
wu(t)} — p(s,t)]. We will apply our Theorem 6 to %, which is a triangular array of row-wise
independent non-identically distributed zero-mean random elements of the separable Hilbert
space of the Hilbert-Schmidt operators on L?([0,1]). The covariance operator %, is the
Hilbert—Schmidt operator €,,; on Hilbert—Schmidt operators given by

<=Q{17 Q:nz%> - COV(<%i7 %)7 <@1’L27 JZ{1>)
:/ a1 (s, t) cov{yni(s,t), yni(u, v) tag(u, v)dsdtdudv,
[0,1)*

where 7, @/ are Hilbert—Schmidt operators with kernels o, as, respectively. The kernel of
Q:m' is

Cm;(S, l,u, U) = COV{ym'(Svt)»ym'(uv U)} = Hi(svtvua U){((s,t,u,v) - p(s,t)p(u,v)}.

The covariance operator of .%, is &, = n~!> I | &,; with kernel 0(s,t,u,v){{(s,t,u,v) —
p(s,t)p(u,v)}. Like in the proof of Theorem 1, one can use the dominated convergence theo-
rem to show that ||&,, — &||s — 0, where & has kernel (s, ¢, u, v){((s,t,u,v) — p(s,t)p(u,v)}.
Thus condition (i) of Theorem 6 is verified. Condition (ii) can be verified like in the proof of
Theorem 1. Next, condition (iii) is satisfied because

8, = [ Bt {05 tosit) — pls,t) s
[0,1]2

—tr® = / 0(s,t,5,t){C(s,t,5,t) — p(s,t)?}dsdt.
[0,1]2

Therefore, ., is asymptotically distributed as a Gaussian random operator with mean zero
and covariance operator & and, consequently, by the continuous mapping theorem the second
term on the right-hand side of (S5) weakly converges to the mean zero Gaussian operator
with covariance operator £’ given in Theorem 3.

The operators corresponding to the first and fourth summand on the right side in (S5)
were shown to converge to zero in the proof of Proposition 1 in Kraus (2015) in the sense
that the expectation of their squared Hilbert—Schmidt norm converges to zero. Also, the
Hilbert—Schmidt norm of the third term on the right in (S5) converge to zero in mean square
which can be shown by arguments analogous to those used for the second term on the right
in (S1) in the proof of Theorem 1. Therefore, in view of Slutsky’s lemma these terms are
negligible for the weak convergence.

The weak convergence of the operator with kernel M (s, t)Y/2{5(s,t) — p(s,t)} follows from
the convergence of (s, t) to v(s,t). The consistency of the estimators of £ and $) can be
proved along the lines of the proof for .#” and #" in Theorem 1.



S1.4 Proof of Theorem 4

The proof uses perturbation theory in which R is regarded as a perturbed version of Z, i.e.,
R = R+ (% — ). Recall that the perturbation satisfies E |2 — Z||3 = O(n™") (Kraus, 2015,
Proposition 1), and, therefore, |2 — %||oc = Op(n=1/2).

Similalry to the proof of Theorem 3.1 of Cupidon et al. (2007), we rewrite

12 (A = Am) = 02 (A = Am)1a, + 12 (Ay = Am)1qc,

where Q,, = {w : [|#—2|| s < 5} for a numerical sequence &, satisfying n=/2 < e, < n~/4.
Since P(Q,) — 1 as n — oo, the term n'/2(\,, — Am)lgc converges to 0 in probability. For

|# — %||s sufficiently small, i.e., on €, for n large enough, we have by Corollary 3.4 of
Gilliam et al. (2009) that

02 (A = Am)la, = 02 (Z = B)pm, om)La, +n'20(|1% - #3510,

Here the last term converges to 0 in probability because e, < n~'/* and the first term on
the right side above converges in distribution to the limit given in part (a) of the theorem.
Hence the result follows from Slutsky’s theorem. The expression for the limiting variance is
obtained by rewriting
Var<%/m‘pm’ Pm) = Var<<%ﬂlooa Pm @ om) = (Pm ® @maﬁl(SOm ® ©m))-
Next, we can write
1/ ( 1/2(A

SmPm — Som) =n SmPm — @m)lfln + n1/2('§m@m - (Pm)]-Q%

For n sufficiently large, Corollary 3.3 of Gilliam et al. (2009) gives
1/2(5 Pm — m)la, = ”1/2Qm(f@ — Z)pmla, + n1/20(\|@ - %HZO)]‘QW.

The first term on the right converges in distribution to the limiting distribution as claimed in
part (b) and the other terms converge in probability to 0. The limiting covariance operator
is obtained by inspecting the cross-covariance operator for each pair of summands in the
series 2, 7' p,,. The cross-covariance between (¢r @ @) A pm = (pr, ' om)pr and

(1 ® 1) A" pm = (@1, ' Pm) iy is

cov((@r, Z'°0m), (01, ' pm)) (or © @1)
= cov{{(m ® @r), "), ((pm @ 1), H') } (01 @ @1)
= ((om ® 1), ' (om @ 1)) @k ® @1).

The inner product in the last expression above equals the integral in part (b) of the theorem.

S1.5 Proof of Theorem 5

Let ® be the linear operator on the product space HS(L2([0,1]))X that maps .F =
(F1,...,Fk)T, where Z; are Hilbert-Schmidt operators on L2([0,1]) with kernels f;(s, ),
to 9 = (4,...,9k)" where ¥; has kernel

Z{ it — M;(s, 1) 2y (s, 8) I (5, 8) M (s,£) 72} fi(s, 1).



The mapping ® is a random linear operator on HS(L2([0,1]))X that acts by pointwise multi-
plication and linear combination of integral kernels; D itself is not an integral operator but it
is bounded because the functions in the braces above are bounded. It converges in probability
to the non-random bounded linear operator ® that maps .7 to ¢ with ¢; with kernel

K
gi(s,8) = > {65 — (s, 6)/ 2} 2wy (s, (s, 1) 2, Y fi(s, t).
=1

The convergence is in the sense of the operator norm on linear operators on HS(L2([0,1]))%

that is, || — D||eo L, 0, where 1Dl = sup{||D.Z||2 /H Z|2 : F € HS(L?([0,1]))X} with
| - |l2 being the Hilbert-Schmidt norm on HS(L?([0, 1]))¥

Now consider the standardized contrasts 2 = (24,...,2%)" with kernels z;(s,t) =
M;(s,t)"/?{p;(s,t) — p(s,t)}. They are obtained as 2 = D, where A = (A, ..., k)"
with % with kernel h;(s,t) = M;(s,t)"/?{p(s,t) — p(s,t)}. Under the null hypothesis Theo-
rem 3 yields that # converges in distribution to J#*°, a vector of K independent mean zero
Gaussian random operators with covariance operators $);. Therefore, 2 = DA converges in
distribution to Z°*° = . by Slutsky’s and continuous mapping theorem.

The covariance operator B of 27 is given by the cross-covariance operators B, between
the components Z; and 2, whose estimator i%jk has kernel

Bin(s, t,u,0) 2{531 — M;(s, )" 2y (s, t) My(s,t) "/ * (s, t,u, v)

X {0 — My (u, v) Y 2y (u, v) M (u, v) "2},

The test statistic Sgys = || 2°||3 is asymptotically distributed as || 2°>°||3. The random vari-
able 2> is a Gaussian element of the separable Hilbert space HS(L?([0, 1]))¥, therefore it can
be expanded in a Karhunen—Loeve series with independent Gaussian coefficients. Therefore,
its squared norm is distributed as the series of independent chi-square variables weighted by
the eigenvalues of the covariance operator and part (a) of the theorem follows.

The components of the score vector satisfy Rji,, = (7;(-, -)1/2,zj(-, ),%}m> Due to the
consistency of the estimated eigenfunctions (Kraus, 2015, Proposition 2), the operator Yy,
(up to the sign ambiguity for [ # m) converges to %, defined by the true eigenfunctions,
with kernel wu;,,(s,t). Therefore, the score vector weakly converges to the mean zero Gaussian
vector with components R = (v;(, ~)1/2Z}>°(',‘)7%lm> = (25°(+ ), 5 V25, (-,-)) whose
covariance matrix has entries

lem,kpq = <Vj('7 ')1/2ulm('7 ')7 %jk{yk('v ')1/2upq('7 )})a

Lk=1....K,1 <]l <m<d 1<p<q<d The vector of operators with kernels
vj(s, t)l/gz;?o(s,t) lies in a hyperplane in HS(L?([0, 1]))¥, thus the matrix W has rank (K —
1)d(d 4+ 1)/2. The consistency of W follows from the convergence of all quantities involved.
Hence the limiting distribution is the chi-square distribution as claimed in part (b).

S1.6 Proof of Theorem 6

First, we prove the convergence in distribution of one-dimensional projections using Linde-
berg’s central limit theorem. It follows from assumption (i) that for f € H such that ¢4 f # 0,



var(Sp, f) = (f,9.f) = (f,9f) as n — oco. To verify Lindeberg’s condition, we compute

712 Yois Y L v ) 5 /20 5 2 py1126]) < 1ZE”YWH 1P gy aisntr2 (s g2 g1-1)-
=1

Now in light of assumption (i), there is a positive constant ¢ such that for sufficiently large
n, (f, %, f)Y?/|%ullso > ¢, and the above expression is further dominated by

n
0=ty Yl 1P v, 52 ol £1-120)
=1

which converges to 0 by assumption (ii). Hence one-dimensional projections converge, and
due to Theorem 2.3 of Bosq (2000), all finite-dimensional projections converge.

To complete the proof, let us prove the tightness of the sequence S,, n = 1,2,... The
idea of the proof is similar to that of Bosq (2000, Theorem 2.7) but in the present situation
the variables Y1, ..., Yy, are possibly non-identically distributed. Let v; and d;, j = 1,2, ...
be the eigenfunctions and eigenvalues of the limiting operator 4. Consider a sequence [,
k=1,2,... such that [, — oo for kK — oco. For € > 0, let N, k = 1,2,... be an increasing
sequence of integers such that Y 7, lkr]?\,k < ¢, where 1%, = > 72 0j. Define By = {z € H :
Do, (z,v;)2 < I;'}. It follows from assumptions (ii) and (iii) that

P(S, € BS) = P< i (S, )2 > z,;1> < Iy E( i <Sn,vj>2>

J=Ny, J=Ny,
Np—1 Nj—1
E(HSRH2 - Z (Sn,vj>2> =l (trgn - Z <vj,%nvj>>
j=1 j=1
Ni—1 00
— I (tr% -y (vj,%v])) =l Y (v),9v)) = I},
Jj=1 =Ny,
Consider the compact set K. = N}2, B and compute
o oo
lim sup P(S, EK < limsu PS € B lim sup P(S, GB Lr3, <e,

where the second inequality is due to Fatou’s lemma. This proves the tightness.

S2 Extended simulation results

Table S1 is an extended version of Table 1 presented in the main body of the paper. It includes
additional simulation results for tests of equal means for non-Gaussian distributed curves and
for groups with unequal covariance operators. The same model as in the paper is used except
that for the non-Gaussian case independent t5 distributed coefficients are generated and for
the case of unequal covariance operators we set A3 = 0.2.

Table S2 reports results for tests of equal covariance operators. In addition to the results
presented in Table 2 in the main body of the paper it contains results for ¢5 distributed
coefficients in the model for random curves.



Table S1: Empirical rejection probability (in %) of the L? test and projection test, Proj., of
equal means

Distrib. Covar. Observ. Mean configuration

oper. pattern A B C D
L?> Proj. L?> Proj., L?> Proj. L? Proj.
5.6 6.2 69 60 49 56 52 63

—

Gaussian  Equal

(1)
(2) 5.4 6.7 59 52 28 29 38 50
(3) — — — — 50 56 44 62
(4) 4.4 6.5 66 58 o1 57 51 62
(5) — — — — 44 49 50 58
(6) 5.4 7.1 58 o1 50 55 42 49
(7) — 28 34 37 42
(8) 54 58 55 47 34 37 42 48
(9) 5.4 7.8 37 40 20 23 26 34
Gaussian ~ Unequal (1) 4.2 5.2 79 75 58 63 57 67
(2) 4.0 5.6 66 62 28 32 37 52
(3) 56 62 4T 66
(4) 4.0 5.7 7 72 58 62 55 64
(5) -~ 50 55 53 63
(6) 39 49 64 60 55 57 43 52
(7) — 29 36 38 46
(8) 45 7.0 64 62 39 42 47 54
(9) 40 65 42 48 23 25 2T 38
t5 Equal (1) 5.4 7.3 72 61 o1 58 54 63
(2) 4.7 7.6 58 53 27 30 38 52
(3) — 50 60 44 63
(4) 5.1 6.4 70 60 52 57 51 60
(5) — 46 52 50 60
(6) 3.7 6.1 56 50 50 54 41 50
(7) 97 32 37 43
(8) 5.1 7.1 58 52 33 36 44 51
(9) 54 6.6 38 42 21 24 26 34
ts Unequal (1) 5.8 7.4 82 7 59 65 60 68
(2) 4.7 6.9 68 64 32 35 44 o7
(3) — —  —  — 60 66 50 68
(4) 5.2 6.7 80 76 62 65 59 66
(5) — — — — 53 60 56 65
(6) 3.9 6.1 65 63 57 61 47 57
(7) — — — — 32 37 42 50
(8) 4.8 7.5 65 64 39 42 50 56
9) 55 6.2 44 50 24 28 30 40




Table S2: Empirical rejection probability (in %) of the Hilbert—Schmidt norm test, HS,
projection test, Pr., and square root covariance test, Sq., of equal covariance operators

Distrib. Observ. Covariance configuration

pattern A B C D

HS Pr. Sqo HS Pr. Sqo HS Pr. Sq. HS Pr. Sq

Gaussian (1) 54 58 48 69 82 80 69 58 69 78 62 8l
(2) 46 64 49 54 63 41 37 32 38 76 64 54
(3) - - - - — — —  —  — 46 30 48
(4) 50 51 58 64 74 72 61 53 62 72 56 73
(5) - - - - - - - = — 7T 60 77
ts (1) 36 57 42 26 32 35 30 26 35 38 41 44
(2) 33 65 34 22 31 18 14 17 16 38 41 23
(3) - - - - - - — —  — 16 16 20
(4) 40 64 48 23 32 30 25 25 31 30 33 34
(5) - - - = = = = — 36 38 40

S3 Additional results for the data analysis

Figure S1 contains additional plots of the covariance function estimates of the heart rate data
shown in the main body of the paper. Figure S2 shows the null estimates of the covariance
functions and their leading eigenfunctions that the projection covariance test uses. Compo-
nents of the score vector standardized by their estimated standard deviation are plotted in
Figure S3
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Figure S1: Estimated covariance functions of heart rate profiles (top row) and of their deriva-
tives (bottom row) in age groups.
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Figure S2: The null estimate of the covariance function (left column) and its three lead-
ing principal components (right column) for heart rate profiles (top row) and for their first
derivative (bottom row).
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Figure S3: Standardized components of the score vector for testing equal covariances con-

trasting age groups against the null for heart rate profiles (top row) and for their derivatives
(bottom row).
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