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Commuter of operators in a Hilbert space
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Abstract

Commutativity between two stationary functions is a notion that generalizes the concept of stationary correlation.
Two stationary functions commute if and only if their associated spectral measures and unitary operators commute.
When the operators do not commute, we define the concept of commuter for two operators, and then derive it for
two projectors, for a projector and a unitary operator, and for two unitary operators. We establish relations between
these commuters and some other tools related to proximity between processes. Finally, we propose a method which
retrieves the commuter for two stationary series of finite spectrum, and we study some convergence properties.

Keywords: Commuter, Orthogonal projectors, Partial order relation, Random measures, Spectral measures,
Stationary processes, Unitary operators.
AMS subject classification: 60G57, 60G10, 60B15, 60HO05

1. Introduction

Methods for comparing sets of curves are largely rooted in the comparison of populations through factor analysis;
see, e.g., [2, 12]. Spectral theory is well suited to the task when the curves stem from the observation of processes. This
approach has been used successfully to study many issues dealing with, e.g., autoregressive processes [3], dimension
reduction [4, 5], and large deviation theory [14]. To the best of our knowledge, however, the use of spectral elements
for comparing two sets of functions has been scant. This is in spite of their obvious relevance for issues such as
extracting common and specific features for two sets of curves, or retrieving all the curves with a common shape.

To avoid time dependence issues, curve comparison issues are typically addressed in the frequency domain, and
harmonic analysis techniques can be used in this context. They do not rely on the Gaussian assumption commonly
used in functional data analysis on functional processes; see [10] for a discussion. Dependent functional data analysis,
including functional time series and spatial statistics, is treated in detail by Horvdth and Kokoszka [13]. Part of these
developments were stimulated by the early work of Bosq [3] for dependent data; see also Ramsay and Silverman [18].

According to Hsing and Eubank [15], functional data can be approached either from a random element perspective
or from a stochastic process perspective. This paper does a bit of both. Specifically, we develop mathematical tools for
stationary processes. For a stationary function, we know that there exists one and only one unitary operator, namely
the shift operator. The latter can be expressed as a linear combination of projectors or more generally as an integral
with respect to a projector-valued spectral measure, viz.

UX =) e™PX or UX-= f ¢HAEW)X,
jeJ

where & is a projector-valued spectral measure. A spectral measure is associated with a unitary operator U in a
unique way; we denote it &y. Our objective is to study the relations between the spectral measures Ey, Ey, Eyy and
Eyy, where U and V are unitary operators. The comparison of two random functions can then be transposed in the
frequency domain through the comparison of their associated unitary operators.
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Commutativity between two unitary operators makes complete sense in this context. When two random functions
are stationarily correlated, they show some similarity. The notion of stationary correlation can be generalized by the
commutativity of these functions; see [8]. In the frequency domain, this notion corresponds to the commutativity of
the unitary operators, which is equivalent to the commutativity of the associated spectral measures. When two unitary
operators U and V commute, there exists a simple relation between &y, &y and Eyy = Eyy. By analogy with measure
theory, it is natural to say that Eyy is the convolution product of the spectral measures &y and &y. We emphasize that
the product of convolution of spectral measures, as defined in [6], relies on a commutativity assumption. When the
operators do not commute, the relation is more complex.

These considerations lead us to introduce here the notion of commuter, which retrieves the part that commutes
between two operators. The study of this commuter then allows us to define how close two random functions can
be. Projections play an important role in our study; for, EyyA, EyyA and the commuter are projectors. We also rely
on a partial order relation defined on the set of projectors [9]. Obviously, the commuter of two projectors is linked
with the canonical analysis of the spaces they generate. These concepts are developed here in a general Hilbertian
framework, and when the C-Hilbert space is of the L%,(Q, A, P) type, our results apply to stationary processes. When
the operators do not commute, we can define the convolution product on a subspace generated by the commuter. The
study of unitary operators, and of their associated random functions, contributes to the development of operator-based
statistical theory, with potential application to functional data analysis.

This paper is structured as follows. Prerequisites and notation are first reviewed in Section 2. The maximal
commuter of two operators is then defined in Section 3, where it is discussed in three special cases: two unitary
operators, a projector and a unitary operator, and two projectors. In Section 4, we examine the relations between the
spectral measures associated with two unitary operators and their product. Section 5 is devoted to the study of the
convergence of the case where the spectrum is finite to the continuous spectrum case. As an application, Section 6
contains a characterization of all stationary series which are stationarily correlated with a given stationary series, and
which belong to a given vector subspace. A graphical illustration of the results is given in Section 7.

2. Background and notation

We recall here the necessary tools and fix notation. We work in the complex field to be able to use Fourier
transforms. General references on stochastic integrals and the product of convolution of spectral measures are [6, 7];
see also [9] for the notions of convergence of projectors, gap between projectors, and gap between spectral measures.

In what follows, H is a C-Hilbert space and L(H) is the set of bounded endomorphisms, which is a C-Banach
space for the norm ||All sy = sup{||AX]| : [X]| = 1}. Let P(H) be the set of projectors on H. If H’ is a closed vector
subspace of H, P(H’) is the set of projectors on H’. Denote by C* the projector I — C which is orthogonal to a
projector C. Let B denote the Borel o-field of I1 = [—x, 7). For any A € I, ¢, is the Dirac measure concentrated on A.

A random measure Z, defined on a o-field £ of subsets of a set E and taking values in H, is a vector measure
such that < ZA,ZB > = 0 for all pairs (A, B) of disjoint elements of £. It can be shown that the application uz : A €
& ||ZA|? € R, is a bounded measure. A stochastic integral relative to the random measure Z can be defined as the
unique isometry from L>(E, &, uz) onto H; = vect{ZA : A € &} which associates ZA to 1, for all A € £. The image of
an element ¢ of L2(E, &, uz) by this isometry is called the integral of ¢ with respect to the random measure Z and is
denoted either [ @dZ or [ @()dZ(2).

If U is a unitary operator, then UoZ is a random measure, .z = {7, and for any ¢ € L*(E, & Uyoz) = LZ(E,f, Uz),
f @wdU o Z = U( f ¢dZ). The qualifier “random” makes sense if H is of the L>(Q, A, P) type.

A stationary series (X,,,n € Z) is a family of elements of H such that < X,,, X, > = < X,,_,, Xo > for all n,m € Z.
When H = L*(Q, A, P), and when f X,dP = 0 for every n € Z, we get the usual definition of stationarity of order 2,
because < X,,, X,, > = cov(X,,, X,,,).

With any stationary series (X, n € Z) of elements of H, we can associate a unique random measure Z, defined on
B and taking values in H, such that X,, = f e"dZ() for all n € Z. In the following, we will also write X,, = f et"dZ,
where e is the application A € IT — e" € C.

In the same way, we can define a stationary series indexed by Z X Z: a family {X,,,, : (n,m) € Z X Z} of elements
of H is a stationary series when < X, ,, Xpy o > = < Xyor w—mr» X0, > for all n,n’,m,m’ € Z. Two stationary series
(Xy,n € Z) and (Y,,, n € Z) are said to be stationarily correlated when < X,,, Y,, > = < Xj,_,, Yo > for all n,m € Z.
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A spectral measure & on ¢ for H is an application from ¢ into P(H) such that 8E = Iy, E(AU B) = EA + EB
for any pair (A, B) of disjoint elements of &, and EA,X — 0 as n — oo for any X € H and any decreasing sequence
(A, : n € N) of elements of ¢ converging to 0.

It can be shown that for any X € H, the application Zg A e ¢ EAX € H is a random measure. If (F,F)
is a second measurable space and f is a measurable application from E to F, then the application f(E) : A € ¥
E(f'A) € P(H) is a spectral measure on F for H called the spectral measure image of & by f.

With any unitary operator U of H, we can associate a unique spectral measure on B for H, denoted &y and
called the spectral measure associated with the unitary operator U, such that UX = f e“dZé(U () e Hforall X € H.

Conversely, if € is a spectral measure on 8 for H, then the application X € H — f ei'leg € H is a unitary operator
of associated spectral measure &. If U is a unitary operator, then, for any A € I, InEy({A}) = {X € H : UX = e'*X).

Let {P; : j € J} be a finite family of projectors such that }’ j.; P; = Iy and such that PP, = 0 for all pairs (j, £) of
distinct elements of J. If {4; : j € J} is a (finite) family of distinct elements of I, then U = } jc; e“ij is a unitary
operator and Ey = 3 ey 64, P}

For any n € Z, the application hy: eIl ni- 2x[(nd + m)/(27)] € I1, where [x] denotes the integer part of x, is
measurable. It can be shown that if U is a unitary operator, the spectral measure associated with the unitary operator
U" is the image by h, of the spectral measure associated with U. With the notational convention we have adopted,
h,(Ey) = Eyn.

A bounded endomorphism 7" of H commutes with a unitary operator U if and only if (EyA)T = T(EyA) for
all A € 8. Thus, two unitary operators U and V commute if and only if, for any pair (A, B) of elements of 5, the
projectors EyA and &y B commute. We then say that the spectral measures &y and &y commute and it can be shown
that there exists a unique spectral measure, denoted &y ® Ey, on B B for H, such that Ey @ Ey(A X B) = (EyA)(EyB)
for all pairs (A, B) of elements of B. Note that (EyA)(Ey B) is a projector because EyA and Ey B commute. The image
of &y ® Ey by the measurable application S : (2, ") e [IxXIT > A+ =2x[(1+ A’ + 1)/(2n)] € I1, denoted Ey = Ey,
is called the product of convolution of the spectral measures Ey and Ey; it is associated with the unitary operator UV,
ie., Eyy = Ey *Ey = S(Ey @ Ey).

When C is a projector of H, we denote by L the application X € ImC — X € H. It can be seen that L7.(X) = CX
forall X € H, that LcLy. = C, L L¢c = Imc, LgC = L, and that CL¢ = Lc.

A projector C and a unitary operator U commute if and only if L;.ULc is a unitary operator of Im C. One can then
check that for all A € B, L;.(EyA)Lc is a projector of Im C and that the application A € B — L .(EyA)Lc € P(ImC)
is the spectral measure associated with the unitary operator Lp.ULc, i.e., & uL.(A) = L(EyA)Lc forall A € B.

Finally, we recall the following notions concerning a partial order relation defined on P(H). Let P and Q be two
projectors. We say that P is smaller than Q, denoted P <« Q, if one of the following equivalent properties is verified:
(i) P = PQ = QP; (ii) Im P c Im Q; (iii) ||PX]| < ||QX]| for all X € H. Any family {P, : 1 € A} of projectors has a
greatest lower bound, denoted inf{P, : 1 € A}, and a least upper bound, denoted sup {P, : 4 € A}. In what follows,
the following properties will often be used:

(i) P < Qif and only if O+ <« P*.
(ii) If (P, Q) is a pair of projectors which commute, then inf(P, Q) = PQ.
(iii) Im inf{P, : 1 € A} = Nealm P,.
@iv) [sup{P, : A € A}J]* =inf(Py : A€ A}.
(v) [inf{P; : A € A}]* =sup{P;: 1€ A}.

(vi) If a projector C commutes with projectors P and Q, then C commutes with inf(P, Q), and Cinf(P, Q) =
inf(CP,CQ).

Let (P,,n € N) be a sequence of projectors. It is then possible to define its upper and lower limits as
limsup{P, : n € N} = inf{sup{P,, : m > n}:ne N}, liminf{P, :n e N} =sup{inf{P,, :m >n}:neN},

respectively. We always have liminf{P, : n € N} <« limsup{P, : n € N}. When there is equality, we say that
(P, n € N) r-converges: lim), P, = P if and only if liminf{P, : n € N} = limsup{P, : n € N} = P.
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If a sequence of projections r-converges, then it converges point-wise, but the converse is not true. If (P,,n € N)
is an increasing (resp. decreasing) sequence of projectors, it is r-convergent and lim), P, = sup{P, : n € N} (resp.
lim; P, = inf{P, : n € N}).

For any pair (P, Q) of projectors, we define d(P, Q) = sup(P, Q) — inf(P, Q). This notion looks like a distance but
it is not, as d(P, Q) is a projector. It is interesting nevertheless because lim), P, = P if and only if lim], d(P,, P) = 0.
Note that d(P, Q) = 0 if and only if P = Q. It can also be checked that Im{d(P, Q)}* = Ker(P — Q).

Given spectral measures & and a on B for H, their associated gap is given by Eg, = sup{d(EA,aA) : A € B}. An
equalizer of two unitary operators U and V is a projector K which commutes with U and V and such that UK = VK.
The upper bound of the family of the equalizers of the unitary operators U and V is an equalizer of U and V, denoted
Ry and called the maximal equalizer of U and V. Note that Rf/,v =Eg, e, andImRyy = NpezKer(U" — V™).

3. Commuters

The notion of commuter studied here is different from the notion of commutator described in other papers, e.g.,
Laustsen [16], who defines the commutator of two operators A and B as [A, B] = AB — BA. We define a commuter as
a projector which will be equal to the identity when the operators commute.

3.1. Maximal commuter
We begin by stating some preliminary results pertaining to commutativity.
Lemma 1. If the projector P commutes with A € L(H), then PA* = A*P and P*A = AP*.

Proof. From AP = PA, we get PA* = A*P using the adjoint. Commutativity between P+ and A is easily checked. [J

The following result is somewhat more involved.
Lemma 2. If A € L(H) commutes with each projector in {P, : 1 € A}, then MAM = AM with M = inf{P, : 1 € A}.

Proof. Fix an arbitrary X € H. For any A € A, we have P_AMX = AP,MX = AMX. This means that AMX belongs
to Mpepalm Py = Im inf{P, : 1 € A} =Im M. So MAMX = AMX, which completes the proof. O

The commutativity of a family of projectors implies the commutativity of the upper and the lower bounds.

Lemma 3. If A € L(H) commutes with each projector in {P, : A € A}, then A commutes with M = inf{P, : 1 € A}
and S =sup{P,: 1€ A}

Proof. From Lemma 2, we have MAM = AM. Furthermore, from Lemma 1, A* commutes with each projector in
{P; : A € A}. Lemma 2 also allows us to write MA*M = A*M, and hence MAM = MA. We can then conclude that
MA = AM. Finally, from Lemma 1, A commutes with each projector in {Pj : 1€ A}, ie., with inf{Pj 1€ A}, and
hence with [inf{P} : 1 € A}]* = sup{P;: 1€ A} = S. d

We are now ready to introduce the notion of commuter.
Definition 1. A projector K is a commuter of A, B € L(H) if it commutes with A and B and AKB = BKA.
The upper bound of a family of commuters is a commuter.

Proposition 1. If each projector in {K, : 1 € A} is a commuter of A,B € L(H), then K = sup{K, : 1 € A} isa
commuter of A and B.

Proof. From Lemma 3, A (resp. B) commutes with K. Denote by D the projector on the closed vector subspace
Ker (AB — BA). For any A € A, we have

(AB - BA)K, = ABK, — BAK, = AK,B — BK,A = BK,A — BK)A = 0.



This means that In K, ¢ ImD = Ker(AB — BA), and hence K; <« D. The projector D being an upper bound of
the family {K, : 4 € A}, we have K <« D. For any X € H, we have KX € ImK C ImD = Ker(AB — BA), so
ABKX = BAKX. In other words, because K commutes with A and B, AKBX = BKAX. Since X € H was arbitrary,
we have ABK = BKA. Hence the proof is complete. g

As the set of the commuters of a pair (A, B) of elements of L(H) is never empty, because 0 is a commuter of A
and B, Proposition 1 allows us to define the maximal commuter.

Definition 2. If A and B are elements of L(H), the upper bound of the family of all commuters of A and B is called
the maximal commuter of A and B, and it is denoted Cy p.

In the following subsections, we consider in turn the maximal commuter of two unitary operators, of a projector
and a unitary operator, and of two projectors.

3.2. Maximal commuter of two unitary operators

A commuter of two unitary operators can be defined by means of their associated spectral measures. For this, we
establish the following preliminary result.

Lemma 4. A projector K is a commuter of the unitary operators U and V if and only if L, ULx and L} VL are
unitary operators which commute.

Proof. If K is a commuter of U and V, K commutes with U, so L} UL is a unitary operator of Im K. For the same
reasons, L VLg is a unitary operator of Im K. Moreover,

(LyULg)(LiVLy) = LyUKVLg = Ly VKULg = (Ly VLg)(L ULg),

so L}, ULy and L} V Lk are unitary operators of Im K which commute.
Conversely, if L} ULk and L} V Ly are unitary operators of Im K which commute, we have that K commutes with
U and V. In addition,

UKV = KUKVK = L Ly ULk Ly VL Ly, = Ly Ly VLg Ly ULk Ly = KVKUK = VKU.
Indeed, the projector K is a commuter of the unitary operators U and V. g

We can now establish a relationship between the commuter of two unitary operators and the commuter of a family
of pairs of projectors.

Proposition 2. A projector K is a commuter of the unitary operators U and V if and only if, for all pairs (A, B) of
elements of B, K is a commuter of the projectors EyA and Ey B.

Proof. Let K be a commuter of U and V. As K commutes with U (resp. V), Ly ULk (resp. Ly VLg) is a unitary
operator of Im K, for all A € B, Ly, EyALk (resp. LpEyALk) is a projector of Im K and the application A € 8
LyEyALk € P(ImK) (resp. A € B > L,EyALx € P(ImK)) is the spectral measure associated with Ly ULk (resp.
L VLg). From the previous lemma, K being a commuter of U and V, the unitary operators Ly ULk and L} VLg
commute, so, considering a pair (A, B) of elements of 8, K commutes with &yA and Ey B and the projectors of Im K,
Ly EyALk and Ly Ey BLy, commute. In order to prove that K is a commuter of the projectors EyA and Ey B, it is then
sufficient to note that

(EvA)K(EyB) = K(EyA)K(EyB)K = Ly Li(EyA)LxkLi(EyB)Lx LY
= LgLy(EyB)Lg Ly (EyA) Ly L, = K(EyB)K(EyAK = (EyB)K(EyA).

Conversely, assume that K is a commuter of the projectors EyA and Ey B, for any pair (A, B) of elements of 8. As
K commutes with EyA for all A € B, K commutes with U. So, Ly EyALg is a projector of Im K and the application
A€ B Ly (EyA)Lkx € P(ImK) is the spectral measure associated with the unitary operator L, ULg. The same
property stands for V, viz. KV = VK, and the application B € 8 = L} (EyB)Lg € P(Im K) is the spectral measure
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associated with the unitary operator L} VLk. Let us consider a pair (A, B) of elements of 8. As K is a commuter of
EyA and Ey B, we can write

Ly (EyA)Lg Ly (EyB)Lg = Ly (EyA)K(EyB)Lg = Ly(EyB)K(EyA)Lg = Li(EyB)Lg Ly (EyA)Lk.

Thus the projectors Ly (EyA)Lk and L} (EyB)Lx commute whatever (A, B) € 8 X 8. We conclude that the unitary
operators Ly ULk and L} VLg commute, so (see Lemma 4) K is a commuter of the unitary operators U and V. (]

Proposition 2 has the following consequence.

Corollary 1. If K is a commuter of the unitary operators U and V, then, for any (n,m) € Z2, K is a commuter of the
unitary operators U" and V™.

Proof. From the background material in Section 2, Eyn = h,18U and Ey» = h =Ey. From Proposition 2, K will be
a commuter of U" and V™ if K is a commuter of the projectors I 2EuA and T =Sy B for all (A, B) € 8 x B. So, let
(A, B) be a pair of elements of 8. As K is a commuter of U and V, Proposition 2 implies that K is a commuter of the

projectors SU/;,;_]A and SVE_lB, and so of the projectors EISUA and ESVB. O

If U and V are two unitary operators, denote by C the projector on the closed vector subspace
Nemezz Ker(U"V™ = VU™,
Proposition 3. C is a commuter of the unitary operators U and V.
Proof. First note that X € Im C if and only if U"V"X = V"U"X for all (n, m) € Z*. For any (p, X) € Z x Im C, write
Uu"vmurx) = U"(V"UPX) = UN(UPV"X) = U™PV"X = V"U™PX = V"U"(UPX)

for any n,m € Z. We can then assert that, for any X € H, UCX and U~'CX belong to ImC, so CUCX = UCX and

CU'CX = UICX. Then CUC = UC and CU~'C = U~!C. This involves the commutativity of C and U, because

CU = (U™'C)* = (CU™'C)* = CUC = UC. Similarly, we can prove that VC = CV. Finally, these properties of

commutativity and the fact that CX belongs to Im C allow us to write UCVX = UVCX = VUCX = VCUX whatever

X € H. SoUCV = VCU, which allows us to conclude. O
With the same notation, we have the following.

Proposition 4. If K is a commuter of the unitary operators U and V, then K < C.

Proof. Take X € Im K, i.e., such that X = KX. As K is a commuter of the operators U" and V" (see Corollary 1), we
have
U'v"X = U"V"KX = U'KV"X = V"KU"X = V"U"KX = V"U"X
for any n,m € Z. Thus X € N, ez Ker(U"V™ — V"U"),i.e., X € ImC. Hence InK C ImC,ie., K < C. O
With these results, we can describe explicitly the maximal commuter of two unitary operators.
Proposition 5. If U and V are two unitary operators of H, then Im Cyy = N, mezzKer(U"V™" = VU™,
The maximal commuter can also be defined by the way of a family of equalizers.
Proposition 6. For any pair (U, V) of unitary operators, we have Cyy = inf{Ryy-yyn : n € Z}.

Proof. By mathematical induction, we can show that for any m € N, U™"V"U" = (U™"VU")". Then, we extend
this property for any m € Z: if the property is verified for m > 0, then when m < 0, we can write (U™"VU")" =
U~V U™, and taking the adjoint we get (U™"VU™) " = Uy=v-"y» ie., (UVU"Y" = U"V"U". Finally,

Im Cuy = NumyezKer(U"V™ = VU™ = Nz, Nmez, Ker(V™ — U™V U™)
= Mpez Nimez, Ker{Vm - (UanUn)m} = ﬁneZImRV‘UanUn =Im il’lf{RV’Uanljn ‘ne Z},

so the claim holds. O



3.3. Maximal commuter of a projector and of a unitary operator

When A € L(H), {A"/n! : n € N} is a summable family of the C-Banach space £(H). The sum of this family is
denoted e”; see [19]. Of course, the formula e* = Y,y A”"/n! is reminiscent of the formula ¢ = 3, 7"/n!, when
z € R or C. In the particular case where P is a projector of H, we have

n T
M= P =4 Y S P =+ - )P =P +P,.
n! n!
neN neN*
It is clear that ¢/ is a unitary operator with spectral measure E,» = §oP, + 01 P. This yields the following result.
Lemma 5. If P is a projector and U a unitary operator, then Cpy = Cor .

Proof. 1t is easy to check that a projector K is a commuter of P and U if and only if K is commuter of the unitary
operators ¢'¥ = I + (¢! — 1)P and U. Therefore, the families of the commuters of P and U and of the commuters of e/”
and U are equal, which is why Cpy = C,r . O

This lemma allows us to use the results of Section 3.2 for the study of the maximal commuter of a projector and a
unitary operator.

Proposition 7. For any projector P of H and any unitary operator U of H, we have Im Cpy = N,ezKer(PU™ — U"P).

Proof. We first notice that for any m € Z, we have ()" = ¢™P + P, = I + (¢™ — 1)P. This can be proved by
induction for any m € N, and then can be extended to any m € Z, by using the adjoint form. Then, for any n,m € Z,
we have (eFY"U" — U"(e'PY" = (™ — 1)(PU" — U"P). It follows from Proposition 5 that

ImCpy = ImC,ry = Ny mezzKer{(e®)" U™ = U(e)"} = NyezKer(PU™ - U™P),
which completes the proof. (]

Noting that U™ PU" is a projector, we have the following ergodic property.
Proposition 8. If P is a projector and U is a unitary operator, then Cpy = inf{d(P, U™ PU™)* : n € Z}.

Proof. As Ker(PU"-U"P) = Ker(U""PU"—P) = Im{d(P, U"PU")*}, we have Im Cpy = NpezIm {d(P, U PU")*} =
Im inf{d(P, U™ PU™)* : n € Z}, and the property stands. U

Remark 1. The maximal commuter Cpy of the projector P and of the unitary operator U measures the level of
commutativity between P and U. We can easily verify that they commute if and only if Cpy = I. As for the formula
Cpy = inf{d(P,U"PU")* : n € Z}, it leads to the following interpretation: if PU" and U"P are close together, that
is if the projectors P and U™"PU" are close together, then d(P, U™"PU") is of small rank, and so d(P, U™"PU")* is of
high rank, together with the lower bound, Cpy, of the family {d(P, U™"PU")* : n € Z}.

3.4. Maximal commuter of two projectors

If P and D are two projectors, it is easy to check that any commuter of P and D is a commuter of P and e’’.
Conversely, any commuter of P and e’® is a commuter of P and D. Thus, the family of the commuters of P and D
coincides with the family of the commuters of P and e’®. We deduce the following result.

Lemma 6. If P and D are two projectors, then Cpp = Cp,ip.
We can complete this observation with the following.

Proposition 9. If P and D are two projectors, then Im Cpp = Ker (PD — DP).



Proof. For any n € Z, we have P(e’?)" — (¢!’)'P = (¢ — 1)(PD — DP). Lemma 6 and Proposition 7 yield Im Cpp =
Im Cpyo = NpezKer{(e” — )(PD — DP)} = Ker (PD — DP). 0

Let (P, D) be a pair of projectors. For any X € H, we have
IPDX — DPX|| < ||[PDX — PDCppX|| + [|[PDCppX — DPX]|.
As PDCppX = PCppDX = DCppPX = DPCppX, we find
IPDX — DPX|| < |IX = CppX|| + ICppX = X|| = 2/IC5pXIl,
which allows us to conclude. O

Proposition 10. Given any pair (P, D) of projectors, we have ||PDX — DPX|| <2 ||C$DX||f0r allX € H.

Remark 2. (a) The term “maximal commuter” is justified by the fact that Cpp is the projector on the closed vector
subspace of the elements X such that PDX = DPX.

(b) The maximal commuter measures the degree of commutativity of two projectors. We can easily check that
Cpp = I if and only if P and D commute.

(c) From Proposition 10, when X is close to Im Cpp, i.e., when IIC;DXII is small, then PDX and DPX are close
together.

(d) For any pair (P, D) of projectors, Cpp = Cp: p because Ker (PD — DP) = Ker (P*D — DP*).

3.5. Links between the three families of commuters

In this section, we will establish and study various relations between the maximal commuters of (a) two unitary
operators; (b) a projector and a unitary operator; (c) two projectors. In particular, the maximal commuter of two unitary
operators U and V can be expressed through a family of maximal commuters of projectors {Cg 46,8 : (A, B) € BXB}.

Proposition 11. If U and V are two unitary operators, we have Cyy = inf{Cg,ag,5 : (A, B) € BX B}.

Proof. Let us consider an element X of N pesxsKer{(EyA)(EvB) — (EvB)(EyA)}. For any (B,n) € 8 X Z, we have
zgjvmx = (&vB)oZ} . ()
Asvect(ly : A e B) = L*°(IL, B, Hyevmx + fizx ), We can write
&y U

ki
i. . . 2
e = lim Z a’j,mlAj_m in L (/JZ((:;VB)X + /ngu ), 2)
U

m—oo

=

where A;,, € 8, aj,, € C and k,, € N*. Relation (2) is also true in Lz(}lz(svmx) and in Lz(yzg ) because
ey U

2 IENTITY) R
1 s e = 1 W+ 1 g
&y &y &y Sy

Integrating (2) with respect to the random measure Zgy yields

ki Kkin
U"X = lim Za.,-,ngUA jm and  (EyBU"X = lim Za in(EvB)ZE Ajon.

m—oo

j=1 j=1
Taking into account (1), we then get
ki
EvB)U'X = lim > a;nZes ™ Aj.

=1
8



, we find

Integrating (2) with respect to the random measure Z((SSUVB X

U"(EyB)X = lim Z nZE P A jon.
j=1

Thus, from what precedes, (EyB)U"X = U"(EyB)X for any B € B, from which we deduce that ZgV"X =U"o ng.
Keeping in mind the background material, we have, for all n,m € Z,

f ezt = f MU 0 Z8 = U" ( f e"""dzgv).

As ZU X and ZX are the random measures respectively associated with the stationary series (V"U"X,m € Z) and
(V’"X m € ), We see that V"U"X = U"V™X. This means that X belongs to Ker (V"U" — U"V™) whatever n,m € Z,
so that X € N, mezzKer (V*U" — U"V™) = Im Cyy. We have just proved that

Nea,BesxsKer {(EyA)(EvB) — (EvB)(EyA)} C ImCyyy,
and hence
Im inf{Cg ae,8: (A,B) e BXx B} CcImCypy,

so that inf{Cg,ae,5 : (A,B) € BXx B} < Cyy.

As Cyy is a commuter of U and V, Proposition 2 implies that it is a commuter of the projectors EyA and Ey B for
all (A, B) € 8 x B. So we have Cyy < Cg,as,5. This means that Cyy is a lower bound of the family of projectors
{Ceyaeys i (A, B) € B x B}. Therefore, Cyy < inf{Cg,a¢6,8 : (A, B) € B x B}, which allows us to conclude. O

Let us examine what this last result becomes in the particular case where U = ¢'*, P being a projector.
Proposition 12. If P is a projector and V a unitary operator of H, then we have Cpy = inf{Cpg,p : B € B}.

Proof. We know that &,» = 6gP, + 01 P. Depending on whether an element A of 8 includes 0 and 1, 0 and not 1, 1
and not 0, or neither O neither 1, &,.»A takes the value I, P, , P or 0, respectively. Thus, for any A, B € B, Cgeip AEVB
equals either Cyg,p = I = Cpg,n, either Cp, 5,5 = Cpg,p, or Cog,5 = I = Cpg,ni. This means that {CSe[PA,SvB :
(A,B) € Bx B} c {Cpg,p : B € B}). However, we also have {Cpg,p: B € B} C {Cepnep: (A B) € B x B}, because
Creys = Cep((1)).8vB- Thus we can write {CgeiPA,‘gVB :(A,B) € BX B} = {Cpg,p : B € B}. In view of Lemma 6 and
Proposition 11, we conclude that Cpy = C,ry = inf{Cg ,a6,5 : (A, B) € BX B} = inf{Cpg, 5 : B € B}. O

The following is a consequence of Proposition 12.
Corollary 2. [fU and V are any two unitary operators, then Cyy = inf{Cg,py : B € B}.

Proof. From Propositions 11 and 12, we get

Im Cyy = Npeg Naes Im Cga6,8 = Npeglm inf{Cga 6,5 : A € B}
= Ngeglm Cng,U =Im inf{Cng,U :Be B},

which completes the proof. O

In general, if U and V are two unitary operators which do not commute, the series (U"V"X, (n,m) € Z?) is not
stationary. Nevertheless, if X belongs to ImCyy, i.e., if U"V"X = V"U"X for any n,m € Z, then for any pair
((n,m), ' ,m")) of elements of Z2, we have < U"V"X, U" V"X > =< U™ V"X, V"X > =< V"U" "X, V"X > =
<ymmyn X X > = < UV X, X >. So we get the following result.

Proposition 13. Let U and V be two unitary operators. Then, for any X € Im Cy.y, the series (U"V"X, (n,m) € 7?)
and (V"U"X, (n, m) € Z?) are equal and stationary.



What can be said if X is close to Im Cy,y? The following proposition gives a partial answer to this question.
Proposition 14. Let U and V be two unitary operators. Then, for any X € H, we have
(i) EyA)EVB)X — (EyB)(EyA)X]| <2 |IC§’VX||, forall A,Be 8.
(ii) lU"V"X = V"U"X|| < 2||Cy, Xl for all n,m € Z.
(iii) | < U"V"X, U™ V"X > — < U™ V™" X, X > | < 4||C3;  XI|IXI|, for all n,m,n’,m’ € Z.

Proof. From Proposition 11, we have Cg < Cyy- Proposition 10 then allows us to get Part (i), viz.

AEyB
I(EvANEVB)X — (EvB)EuAXII < 2ICg, 4 6, 5XIl < 21IC3 Xl

Turning to Part (ii), for any X € H, Cy,y X belongs to N, yyez2 Ker(U"V"=V™U") and then U"V"CyyX = V"U"Cyy X.
We can then write

|[U"veX —vrU"X|| < ||U"V"X = UV CyyX|| + UV CyyvX — V"U"X||
= IX = CyyX|| + |V"U"CyyX = V"U"X|| = |Cyy XIl + ICuvX = X|| = 2||Cyy XII.
As for Part (iii), it is a consequence of Part (ii). Indeed, for any pair ((n, m), (n’, m’)) of elements of Z?, we have
q y p
| < U"V"X,U" V"X >—-<U"™V"™X,X>|
=< VYT UK X >+ < UV - VU X, VX > |
< VmUnTX = UtV XNX UV = VR XV XL < 41IC X IXL
Thus the proof is complete. (]

Remark 3. (a) Parts (i) and (ii) of Proposition 14 respectively concern the frequential and temporal expressions of
the same phenomenon: the proximity between X and Im Cyy.

(b) If X is close to ImCyy, i.e., if IICQVXII is small, then the series (U"V™X, (n,m) € Z?) is almost stationary: for
any n,m,n’,m’ € Z2,| < U"V"X, U V"X > — < U™ V"™ X, X > | is small.

(c) Forany (X, X’) € H X Im C, we have the following commutativity property:
|grvrx' - utv'X|| = |IX' - X|| = [V"U"X - V"'U"X||
for any n, m € Z. Recall that the series (U"V"X’, (n,m) € Z*) = (V"U"X’, (n,m) € Z?) is stationary.

(d) It can be checked that Cyy is an equalizer of UV and VU. If R denotes the maximal equalizer of the unitary
operators UV and VU, then d(EyvA, EvyA) < Eg,p 6, = RH < C LLJ,V' Note that this equalizer can be different
from the maximal equalizer.

Of course, we can obtain similar results to the last proposition for the maximal commuter of a projector and a
unitary operator.

Corollary 3. If P is a projector and V a unitary operator, then, for any X € H, we have
(i) IP(EvB)X — (EyB)PX|| < ZIIC;’VXIIfor allBe 8.
(ii) [IPV"X = V"PX|| < [|C, Xl/Isin(1)| for all m € Z.
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Proof. We use Proposition 14 in the particular case where U = e = ¢/P + P* = [ + (¢/ — 1)P. We recall that
Eeir = 6oP*+ + 61 P. Part (i) of this proposition implies that, for any B € B,
IP(EyB)X — (EvB)PX|| = |Er({INEVB)X = (EvB)Ear ({11HXI| < 2(IC5ip X1l = 2IChy XIl,

eV
which proves Part (i). As for Part (ii), it can be deduced from Part (ii) of Proposition 14, which implies

(e = D(PV" = V"P)X|| = [|[U*V"X = V"U?X]| < 2|IC» , XI| = 2[|Cpy XII.

P v
Thus, for any m € Z, ||PV"X — V"PX]|| < ||C$VX|I/| sin(1)| and hence the argument is complete. O

Remark 4. These inequalities are respectively the temporal and the frequential expressions of the same phenomenon.
They can be interpretated as follows: when X is close to Im Cpy, that is when [|C ;’VX || is small, then (PV"X,m € 7Z)
is an almost stationary series, close to the series (V"' PX,m € Z). As for P o ZXV, it is almost a random measure, close
to ng , which is the random measure associated with the stationary series (V""PX,m € Z).

3.6. Commuter and history of a series

When (X,,n € Z) is a stationary series (of elements of H), we call P, the projector on vect{X,, : m < n}, as
per [11, 17]. This projector P, can be called the projector on the history to time n. Obviously, if n’ < n, from
vect{X,, : m < n’} C vect{X,, : m < n}, we have P,, < P,. It can be shown [11] that the applications P_,, : X € H
lim, e P_,X € Hand P, : X € H = lim,_,, P,X € H are projectors.

From the property P, < P, when n’ < n, we deduce that the sequences of projectors (Pii,,n € N) and
(Pg-n,n € N) are increasing and decreasing, respectively. In view of the background material in Section 2, we can write
lim}, Pryy, = SUp{Pi+y : n € N} and lim}, Py_, = inf{Ps_, : n € N}. Noting that sup{Py., : n € N} = sup{P, : n € Z}
and inf{Py_, : n € N} = inf{P,, : n € Z}, one can then make the following assertion:

For any k € Z, the sequence (P, 7 € N) r-converges increasingly to sup{P, : n € Z}, and the sequence
(Pg—n,n € N) r-converges decreasingly to inf{P, : n € Z}.

Thus, when k = 0, lim], P, = sup{P, : n € Z} and lim,, P_,, = inf{P, : n € Z}. As r-convergence implies point-wise
convergence, on one hand we have lim,, P,X = (sup{P, : n € Z})X and hence P, = sup{P, : n € Z}. Furthermore,
lim, P_,X = (inf{P,, : n € Z})X and hence P_, = inf{P, : n € Z}.

Let U be a unitary operator of H such that UX,, = X,,,; for all n € Z. There exists at least one U. If H = vect{X,, :
n € 7}, then U is unique, and is often named the shift operator. So we have the following property.

Lemma 7. For any k € Z, Cp, y = inf{d(Py, Prin)* : n € Z).

Proof. As stated in [11], U"(Im P;) = Im Py,,. Hence, U"P; = Py, U"Py for any (n,k) € Z>. We also can write
U™"Pysp = PLU Py, because (—n, k + n) € Z2. This implies, taking the adjoint, that Py, U" = Py, U"Pi. So we
have Py, U" = U" Py or otherwise Py, = U"P,U™". Proposition 8 then implies

Cp,v = inf{d(Py, U"P,U")" : n € Z} = inf{d(Py, U"P U™ @ n € Z} = inf{d(Py, Prin)*™ : n € 7},
whence the proof is complete. U

We are now in a position to state the main result of this section.
Proposition 15. For any k € Z, we have Cp, y = PL,, + P_co.

Proof. Let X be an element of Im Cp, y, i.e., of NyezIm d(Py, Piin)™ = NpezKer(Py — Piyyn). This means that PiX =
PiinX forall n € Z. So, as lim), Pyyy = Pico,

P.ooX = lim PpnX = PiX. 3)

In a similar way, we have P,X = Py.,X for all n € Z, and hence P, X = P;_,X for all n € Z. Therefore, as
hm; Pk_,, = P_oo,
P_.X = lim P,_,X = P, X. @)

n—oo
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Combining (3) and (4), we have P_X = P,.X, which brings us to conclude that X belongs to Ker(P o — P-«) =
Im(Pio — P_o)* = Im(P{,, + P_). Thus we have proved that Im(Cp, /) C Im(P+, + P-).

Conversely, consider an element X of Im(P{, + P_«) = Ker(Pco — P—w). Then P, X = P_,X. Fix m € Z. From
P =inf{P,:neZ} < P, < sup{P, : n € Z} = P, we deduce that [|P_o.X]|| < ||PX|| < ||P+cX]|. Given that
[|P_ooX|| = |PscoX]l, |PmX]| = ||IP-X]|, we have P_,, X = P,,X. Indeed,

1P XI* = [[{P-co + (P = P-c)}XII* = IP-coXII* + (P — P-co)XII.

As this is true for arbitrary m € Z, we have P_ X = P X = P, X for all n € Z. We can thus conclude that X belongs
to NpezKer(Py — Piin) = Nuezlm d(Py, Pry)™ = Im Cp, y. Hence, Im (P, + P_o) C Im Cp, . This, combined with
the previous inclusion, gives Im Cp, y = Im (P+,, + P_«), and finally we have Cp,y = Py, + P-. g

Remark 5. From [11, 17], the series (X,,n € Z) is said to be regular or purely non-deterministic when P_,, = 0,
and to be singular or purely deterministic when P_, = P,c. In order to simplify these definitions, let us consider
the case where H = vect(X,,n € Z). So P, = I. The series then will be said to be singular when P_,, = I. As for
the formula Cp, y = Pt + P-o, it becomes Cp, y = P_o: P_o is the maximal commuter of the projector Py and the
unitary operator U. This gives us a new definition of the projector P_,, and makes the maximal commuter relevant
once again. Then we can assert that the series is singular if and only if Cp, y = I, i.e., if and only if the projector on
the history to the instant k and the shift operator commute.

4. Relations between the spectral measures Ey, Ey, Eyy and Eyy

When two unitary operators U and V commute, we can compute the spectral measure associated with UV = VU,
thanks to the convolution product of the spectral measures respectively associated with U and V. Now what happens
when the operators do not commute? The maximal commuter will help us to address this question. Let us first look
at some preliminary results.

Lemma 8. If P and Q are two projectors on H which commute, then L, QLp is a projector of Im P.

Proof. This result holds because (L, QLp)* = L,QLp and (L, QLp)(L,QLp) = Ly, QPQOLp = LLPOQQOLp = L;,OLp. U
Lemma 9. If P is a projector of H and Q a projector of Im P, then LpQL}, is a projector of H.

Proof. This is because LpQL, is self-adjoint and LpQL,LpQL}, = LpQhnmpQL}, = LpQQL}, = LpQL;,. O

Lemma 10. If C is a projector of H which commutes with the projectors P and P’, then inf(L.PLc,LcP'Ly) =
L. inf(P, P')Lc.

Proof. As C commutes with each of the elements of the family of projectors {P, P’}, it commutes with inf(P, P’). As C
commutes with the projectors P, P’ and inf(P, P’), from Lemma 8, L¢PLc, L*CP’LC, and L¢. inf(P, P")L are projectors
of Im C. Given that

Ly inf(P, P)LcLiPLe = L inf(P, P')CPL¢ = Li.C inf(P, P')PL¢ = L. inf(P, P')Lc,

we deduce that L7 inf(P, P')L¢ < Li.PLc. In the same way, we establish that L¢. inf(P, P")Lc < Li.P'Lc, so that
L¢.inf(P, P")L¢ is a lower bound of the family of projectors {L{.PLc, L;.P'Lc}.

Let us consider a lower bound K of the family {L;PLc, L;.P’'Lc}. From Lemma 9, LcKLy. is a projector of H.
From K < L{.PLc, we deduce that KL;.PLc = K and hence LcKL;. = LcKLPLcL;, = LcKL .PC = LcKL;CP =
LcKLgP. This means that L.KLc < P. In the same way, we can show that LcKL;. < P’ and hence LcKL7. is a
lower bound of the family {P, P'}, so LcKL7, < inf(P, P’). Then we can write L. Lc KL inf(P, P")L¢ = Li.LcKL{Lc,
that is KL¢. inf(P, P’)Lc = K. This means that L. inf(P, P")L¢ is the largest lower bound of the family of projectors
{L¢.PLc, L;.P'Lc}. Thus the proof is complete. O

In what follows, U and V are two unitary operators, and we denote by C their maximal commuter. As C commutes
with U and V, it follows from the background material in Section 2 that U’ = L ULc and V' = L{.VLc are unitary
operators of Im C. Moreover, A = Li(EyA)Lc and Ey A = L (EyA)Lc for all A € B. As C is a commuter of the
unitary operators U and V, the unitary operators U’ and V' commute (see Lemma 4), yielding the following result.
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Proposition 16. There exists a spectral measure Ey@Ey:, and only one, on BB for Im C, such that Ey @Ey (AXB) =
Lt inf(EyA, EyB)Lc for all A, B € 8.

Proof. As U'V’ = V'U’, the spectral measures &y and &y, commute and we can consider &y ® &y, which is a
spectral measure on B ® B for Im C such that, for all A, B € B,

Eu ®Ev(A X B) = (EyrA)Ev'B) = Li(EyA)Lc L (EyB)Lc = inf{L(EyA)Lc, Li(EvB)Lc).
As C commutes with U and V, it commutes with the projectors EyA and EyB. So we can use Lemma 10, and write
inf{Li(EyA)Lc, L(EyvB)L¢} = L inf(EyA, EyB)Lc,

which leads us to conclude that the spectral measure &y ® Ey- is the only one on 8 ® B for Im C such that, for all
A,B € B, 8y ®Ey(AXB) = L. inf(EyA, EyB)Lc. (]

Remark 6. When U and V commute, we know how to define a spectral measure on 8 ® B for H. When U and
V do not commute, we know how to define a spectral measure on 8 ® B, but for Im C, which is a closed vector
subspace of H. Of course, when U and V commute, we recover the definition of the spectral measure Ey ® Ey such
that &y ® Ey(A X B) = inf(EyA, EyB) = (EyA)(EyB) forall A, B € B.

Now we are going to study some relations between the spectral measures Eyy, Eyy and Eyr * Ey = Eyryr =
Sy = S(Ey ® Ey).

Proposition 17. For any A € B, we have
(l) LC o {8Uf * 8\// (A)} o sz = C(SUvA = C(SVUA = Cinf(SUvA,SVUA) = 1nf(C, SU\/A, SVUA)~
(ii) Lc o {Ey * Ey(A)} o LZ < inf(EyyA, EypA) < sup(SUVA,SVUA) < Ct+ Lc o {Ey + Eyi(A)} o LZ

Proof. &y +Eyr = Eyry is the spectral measure associated with the unitary operator U’V’. But U’'V’ = LLULcL;VLc =
LiCUVLc = LLUVLc = V'U" = L.VULc. As C commutes with the unitary operators UV and VU, we can con-
clude that Ly UVLc and Ly.VULc are unitary operators of Im C which are equal, and of associated spectral measure
the application A € B L (EyyvA)Lc € P(Im C) or equivalently A € B > L7.(EyyA)Lc € P(ImC).

AsU'V' = LLUVLc = L.VULc, we have, for any A € 8,

Euy x Ey(A) = L o (EyyA) o Le = L o (EyyA) o Le.

Therefore,
LC o {SU/ * (SV'(A)} o sz = C(SU\/A)C = C(SVUA)C = CSU\/A = CSVUA.

We recall that C commutes with the unitary operators UV and VU, so with the projectors EyyA and EyyA. As C
commutes with EyyA and EyyA, it commutes with inf(EyvA, EyyA) and C inf(EyyA, EyyA) = inf(CEyyA, CEYyA) =
CEyyA = CEyyA.

Let A be an element of B. Then

L o {8y * Ev(A)} o Li- = CEyvA = CEyyA = inf(CEYvA, CEyyA) = inflinf(C, EyyA), inf(C, EyyA)).
However, the right-hand term is a lower bound of the family {C, EyvA, EyvyAl, so
inf{inf(C, EyyA), inf(C, EyyA)} < inf(C, EyyA, EyvyA).

Moreover, inf(C, EyyA, EyyA) is a lower bound of the families {C, EyyA} and {C, EyyA}, so inf(C, EyvA, EyyA) <
inf(C, EyyA) and inf(C, EyyA, EyyA) < inf(C,EyyA) and then

inf{C, EyvA, EyyA} < inf{inf{C, EyvA}, inf{C, EyyA}},
which completes the proof of claim (i). Furthermore, we have

LC o {SU' * SV'(A)} o LZ = C8UvA = C(SVUA = ll’lf(C, SyvA,(gVUA).
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Let A be an element of B, Lc o {Eyr * Eyi(A)} o L. = CEyvA = CEyyA = inf(C, EyvA, EyyA) is then a lower
bound of the family {C, EyyA, EyyA} and then of the family {EyyA, EyyA}. Thus

Le o {8y * Evi(A)} o L. < inf(EyvA, EyyA) < sup(EyvA, EyyA). 4)
For any A € B, we can also write
Lc o {8y * Ev(CA)} o L. < inf{Eyy(CA), Eyy(CA))
and then, taking the orthogonal, sup(EyvA, EyyA) < I — Le o {Ey * &y (CA)} o L, ie.,
sup(EyvA, EvyA) < C* + LeLy — Le o {8y * Ey (CA)} o L.
Therefore,
sup(EyvA, EvyA) < CH + Le o [Ime — {8y * Ey (CAN o Ly, = C* + Le o (Eyr * EyrA) o L.
Thus, taking into account (5), we can conclude that
Le o {Ey = Ey(A)} o Ly < inf(EyvA, EyyA) < sup(EyvA, EyyA) < C + Le o {Ey + Eyi(A)} o L,

forall A € B. t

From Part (i) of Proposition 17, we deduce the following.
Corollary 4. When A € B, we have Eyr * Ey/(A) = 0 if and only if inf(C, EyyA, EyyA) = 0.

Proof. If 0 = inf(C, Eyy A, EyyA) = Leo{Ey #Ey:(A)}o Ly, then 0 = L7000 Lc = Lo Leo{Ey *Ey(A)}oLioLc =
Eyr x Eyr(A) because L, o Lc = Iimc. As for the converse, it is obvious. O

As inf(C, EyyA, EyyA) < inf(EyyA, EyyA), we also have the following result.
Corollary 5. IfA € B is such that inf(EyyA, EyyA) = 0, then Eyr + Ey(A) = 0.

This is a way to obtain a sufficient condition in order to have &y * Ey-(A) = 0. Let us now examine a sufficient
condition in order to have &y * Ey:(A) = 1.

Corollary 6. If A € B is such that sup(EyyA, EyyA) = 1, then Eyr * Ey(A) = 1.

Proof. From I = sup(EyyA, EyyA), taking the orthogonal, we have 0 = inf(EyvCA, EyyLA) and then, from Corol-
lary 5, &y * Ey(CA) = 0,1.e., Ey * Ey(A) = 1. O

Part (ii) of Proposition 17 gives an upper bound and a lower bound of the projectors inf(EyyA, EyyA) and
sup(EyvA, EyyA). These projectors give an idea of the difference between the spectral measures Eyy and Eyy .
Note that the inequalities of Part (ii) of Proposition 17 are optimal in the sense that the inequalities become equalities
in some particular cases: Lc o {Eyr * Ev/(0)} o L. = inf{Eyy (D), Eyy(0)} and sup{Eyy(ID), Eyy(ID} = Cr+Lcol&y =
Ey(ID} o Li.. The following result enables us to better understand the conditions for such equalities.

Proposition 18. For arbitrary A € B, the following assertions are equivalent.
(i) Lc o{Eyr * Ey:(A)} o L. = inf(EyyA, EyyA).
(i) inf(EyvA, EyyA) < C.
(iii) C*+ < sup{Eyy(CA), Evy(CA)).
(iv) sup{&uv(CA), Evy(CA)} = C* + Lc o {8y + Ev(CA)} o L.
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Proof. We will prove successively that (i) implies (ii), (ii) implies (iii), (iii) implies (iv), and (iv) implies (i).

Assume (i) holds. If Lco{Ey-+Ey(A)}oLy. = inf(EyyA, EyyA), from Proposition 17, we have C inf(EyvA, EyyA) =
inf(EyvA, EypA), i.e., inf(EyyA, EyyA) < C, and hence (ii) holds.

We prove the second implication by considering orthogonal elements. If C* < sup{Eyy(CA), Eyy(CA)}, we have

C* = C*sup(&yy(CA), Evy(CA)} = sup{Eyv(CA), Eyy(CA)} - C supiEyv(CA), Evy(CA)).
So
sup{Eyv(CA), Evy(CA)} = C* + C sup(Eyv(CA), Evy(CA)). (6)
But, taking into account Proposition 17,

C sup{&yv(CA), Evy(CA)} = ClI — inf{Eyv(A), Evy(A)}] = C — Cinf{Eyv(A), Evy(A)}
= LcLi — Let&y + Evi(ALE = Letlme — v * Ev(AILE = Le o {Eyr + Ev (CA)ILE.

In the light of (6), this gives
sup{Euv(CA), Eyy(CA)} = C+ + L o {Eyr + Ev(CA)} o L,

which proves the third implication.
Finally, if sup{Eyy(CA), Evy(CA)} = C* + Le o {Eyr * E(CA)} o Ly, taking the orthogonal, we get

inf{Eyv(A), Evy(A)} = C — L 0 {Eyr * Ey(CA)} o Ly = LeLy — Le 0 {8y * Ey(CA)} o LE
= Lc o {linc — Epr * Ey/(CA)} o Ly = Le o {Ey * Ev(A)} o LY,

which completes the proof. O

Let us now examine a relation which evokes a convolution formula.

Proposition 19. For any pair (U, V) of unitary operators and for any A € I1, we have sup{inf{Ey ({1} © "), Ey{A'}} :
A eIl} <« Eyy{a}).

Proof. Let X be an element of Im inf{Ey ({4} © "), Ev{A'}} = ImEpy({A} o ) NIm Ey{A’}. From X € ImEy({1} e ),
we deduce that ‘
UX = eV @)

From X € Im Ey{A’}, we also deduce that '
VX =e'X. ®)

Combining (7) and (8), we can write UVX = eX, so X € Im&yy{1}. We have just proved that Im inf{Ey ({4} ©
), Ev{'}Y) € ImEyy{d}, i.e., inf{Ey({A}© '), Ey{A'}} < Eyy{4}. The projector Eyy{A} being an upper bound of the
family {inf{Ey ({1} © ), Ev{A’}} + A € IT}, we can write sup{inf{Ey ({4} © 1), Ev{l'}} 1 U € [1} < Eyy{4}, and the
proposition is proved. U

Remark 7. (a) An upper bound of projectors can be a sum, e.g., if the projectors P; and P, commute, then
sup(P1, P;) = P; + P,. Then the first term of the inequality of the proposition becomes similar to the ex-
pression of a convolution product.

(b) In some particular cases, the formula may become sup{inf{Ey ({1} © '), Ev{A'}} : A € 1T} = 0 < Eyy{1}, and
in other cases, it becomes sup{inf{Ey ({1} © 1), Ey{A'}} : A’ € 1} = Eyy{a}.

‘We conclude this section with a final relation between the spectral measures Eyy and Eyy. The unitary operators
UV and VU are unitary equivalent: U~'(UV)U = VU. We are going to see that this can be transposed to the spectral
measures Syy and Eyy.

Proposition 20. (i) For any A € B, aA = U Y(EyyvA)U is a projector. (ii) the application « : A € B
U (EyvAU e P(H) is a spectral measure. (iii) For any A € B, EyyA = U~ (EyvAU.
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Proof. 1t is easy to check the first two parts. Now denote by W the unitary operator of associated spectral measure a.
For a given X of H, we have WX = fei'leé(. ButZX=U"o ZgUXv, because for any A € B,

ZXA = (@A)X = U (EyAUX = U™ 0 ZJX A

As aresult
WX = fe"‘dU—1 oZgN = U fei"dzgu’(v = U 'UVUX,

because Eyy is the spectral measure associated with UV. The relation WX = U -lyvux, for any X € H, allows us to
write W = U™! o UV o U. This means that U™! o UV o U, i.e., VU, has « as associated spectral measure. And then,
forany A € B, EyyA = aA = U (EyyA)U. O

5. The finite spectrum case and convergence properties

In this section, we study the structure of the commuters Cpy and Cyy when the spectral measures which are
associated with the unitary operators U and V are concentrated on a finite number of elements of I1. This will allow us
to specify the nature of the projectors Cpy and Cyy. Then, when this assumption no longer holds, we will establish
properties of r-convergence of the form: Cpy = lim), Cpy, and Cyy = lim), Cy,v,, where U, and V,, are unitary
operators, respectively defined from U and V, thanks to a partition of II for which the associated spectral measures
are concentrated on a finite number of elements of II.

To this end, we first give some reminders and specific notation for this section. For any n € N, set 4, =
[-m + k27/2", -t + (k + 1)27/2") for all k € {0,...,2" — 1}. Itis clear that {4, : k = 0,...,2" — 1} is a family of
elements of B which constitutes a partition of I1. The application £, = Z,%":?)l (=7 + k2r/2")1,4,, from Il into itself is
measurable and such that £, 0 £, = £,. If U is a unitary operator and U,, the unitary operator of associated spectral
measure L,Ey (Ey, = L,Ey), then

2"-1 2"-1 2"-1
L= ) SensionpEuln Un= ) @RI UX =lim ) &G A0X = imU,X.
k=0 k=0 k=0

We first examine the expression of Cyy when the spectra of U and V are finite.

Proposition 21. Let {P; : j € J} and {D; : { € L} be two finite families of projectors such that I = 3. ;c; Pj = Y.4e, D
and such that P;Py = D¢Dy = 0, for any pairs (j, j') and (€, ") of distinct elements of J and L, respectively. If
{A; 1 j € Jyand {u; : € € L} are families of distinct elements of 11, then (i) U = ¥ jc; €Y Pjand V = Y, c; € Dy are
unitary operators of H; (ii) Cyy = ¥ jej 2¢er inf(Pj, Dy).

Proof. Let C = 3 jc; Yper inf(P}, D). For any pair ((j, €), (j’, ")) of distinct elements of J X L, we have inf(P;, D¢) o
inf(Pj,D¢) = 0, so C is a projector. It is easy to verify that UC = CU, that VC = CV and that VCU = UCYV, so that
C is a commuter of the unitary operators U and V. Therefore,

Cx CU,V~ (9)

Let X be an element of Im Cyy = N4 pjesxsKer{(EyA)EvB) — (EyB)(EyA)}. For any (A, B) € 8 x B, we have
(EvA)EYB)X = (EyB)(EyA)X. Let (j, £) be an element of J x L. As ({4;}, {u¢}) is an element of B x B, we can write

PiDiX = (Eu{;D(EviuhX = Evipe)(Eui;HX = DePjX.

So as P;D;X = D¢P;X € ImP; " Im D, = Iminf(P}, D), we have P;D X = inf(P;, D)P;D;X = inf(P;, D¢)X. As
this holds for all (j, ¢) € J x L, we deduce that

CX = > inf(P, D)X = ) > PiDX =) PX=X

jel teL jel teL jel

We have just proved that InCyy C ImC, so that Cyy < C, which, combined with (9), gives Cyy = C =
2 jes 2eer, Inf(Pj, Dy). O
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Remark 8. If P is a projector, as e/” = e/P + P+, s0 as E,» = 6oP* + 5, P, we have
Cpy =Cory = Z inf(P*, Dy) + Z inf(P,Dy) = Z{inf(P, Dy) +inf(P*, Dy)}.
teL teL teL
We now state a final preliminary result before the major result of this section.

Lemma 11. Ler L be a measurable application from Il into itself, U and V be two unitary operators, and U" and V'
the unitary operators of the corresponding spectral measures L(Ey) and L(Ey). Then we have Cyy << Cyr yr.

Proof. As {Cgae,8:(A,B) € BX B} ={Cg,r1a8,018: (A, B) € BX B} C{Cgyae,p : (A, B) € Bx B}, we can
write CU,V = inf{CgUA!ng :(A,B) € Bx B} < il’lf{CgU,A,gv,B :(A,B) € Bx B} = Cur’\//. O

Here are some consequences of these results.

Proposition 22. If (U, V) is a pair of unitary operators, then (Z,%l{)l 3161 inf(EyAnx, EvAne), n € N) is a decreasing

sequence of projectors which converges to Cyy.

Proof. For any n € N, denote by U, and V, the unitary operators of respective associated spectral measures £,Ey
and £,Ey. Then we have &y, = L,y and Ey, = L,Ey. So &y, = L, L6y = L,Ey,,, and Ey, = L,Ey,,,. From

n+l
Lemma 11, we deduce that Cy,,,v,,, < Cu,v,.- So (Cy,v,,n € N) is a decreasing sequence of projectors. From

Section 2, it is r-convergent, and lim), Cy, v, = inf(Cy, v,,n € N). Let C = lim;, Cy, v, . Still from Lemma 11, we have
Cyyv < Cy,y, for all n € N. Therefore,
CU,V < C. (10)

The projector C commutes with U because
IUCX - CUX|| < lUCX - U,CX|| + IU,CX - U,Cy, v, Xl + ICy, v, U X — Cy, v, UX|| + lICy,v,UX — CUX||
<UCX - U,CX|| + ICX - Cy, v, Xl + U, X — UX|| + ||ICy, v,UX — CUX]||,
but

n—oo

lim [UCX - U,CX|| = lim ||ICX - Cy, v, X|| = lim ||U,X — UX|| = lim ||Cy, v,UX — CUX]|| = 0.
Hence ||[UCX-CUX|| = 0 for every X € H. Thatis, C and U commute. In the same way, we can prove that VC = CV.
For any X € H, we also can write
IUCVX - VCUX|| < lUCVX - U,CVX|| +|IU,CVX - U,Cy, v,VXIl + IU,Cu, v,VX = U,Cy,.v, VuXll

+IVuCu,v, UpX = V,Cy, v, UXI| + IV,.Cy, v, UX = V,CUX|| + ||V, CUX — VCUX||
< |lUCVX - U,CVX||+ICVX = Cy, v, VXIl + IVX - V, X||
+ | U X = UX|| +|ICy, v, UX - CUX|| + ||V,CUX - VCUX]||,

but

lim |[UCVX - U,CVX|| = lim [|CVX = Cy_y, VX|| = lim ||V, X — VX||
n—0oo n—o00

n—oo

= lim ||U,X — UX|| = lim ||Cy, v, UX — CUX]|| = lim ||V,CUX - VCUX|| = 0.

So [UCVX - VCUX]|| = 0, ie., UCVX = VCUX for any X € H. Hence UCV = VCU, and we can say that C is a
commuter of U and V. Then C <« Cy,y, which, combined with (10), implies that Cyy = C = inf{Cy, v, : n € N}. As

211 211
U, = Z olmk2n/2") Evhngs Vi = Z Pl-m+2n/2") EvAng,
=0 =0

it follows from Proposition 21 that
2121

Cu,, = ) D infEyAni Eving),

k=0 (=0

So we can conclude that { i":f)l Z%:{)l inf(EyAnx, EvA,e),n € N} is a sequence of projectors which decreasingly
converges to Cyy. g
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Remark 9. When P is a projector, as e’ is a unitary operator such that Cpy = C,ry, Proposition 22 implies that
[Z%lgl{inf(P, EvA, ) + inf(P+,EyvA, )}, n € N] is a sequence of projectors which r-converges to Cpy because, for
every integer n > 3,

-1 2-12"-1
D inf(P, EvA, ) +inf(P*, EvAL )Y = ) )" inf(Eer Ani EvAne).
=0 k=0 (=0

6. Application to the characterization of a class of families of stationary correlated series

Let (X,,,n € Z) be a stationary series. We propose to characterize all the stationary series (X, n € Z), stationarily
correlated with (X,,, n € Z), and such that (X, n € Z) c Im P, where P is a projector. Of course, if H = L*(Q, A, ),
Im P can be of L>(Q, A, Q) type, where A’ is a sub-o-field of A. A series solution is a series of A’-measurable
random variables. In order to solve this problem, we need some preliminary results.

*

Lemma 12. If'V is a unitary operator of Im K, K being a projector of H, then U = K* + LgVL}, is a unitary operator
of H such that U" = K+ + Ly V"L, for all n € Z.

Proof. 1t is easily seen that U = K* + LgVL}, is a unitary operator. It can then be shown by induction that, for all
neN,U"=K*+ LgV"L}. This property extends to Z. Indeed, when n < 0, we have un = gt + LKV|"|L}, and
considering the adjoint, U™ = K* + Ly V"Ly ie., U" = K* + Lg V"L O

Lemma 13. If (X!, n € N) and (X?,n € N) are two stationary series that are stationarily correlated, then there exists
a unitary operator U of H such that, for alln € Z, U”X(l) = X! and U”Xg = X2

Proof. For any pair ((i, n), (i’,n")) of elements of {1,2} X Z, we have < X,’;, X;l >=x< XjHl, X";,Jr1 >, so from [1], there

exists an isometry V from vect{X}, : (i,n) € {1,2} x Z} onto vect{X’ | : (i,n) € {1,2} X Z} such that VX} = X! |,
for any (i,n) € {1,2} x Z. Noting that vect{X;, : (i,n) € {1,2} X Z} = vect{X] ,, : (i,n) € {I,2} X Z}, we can then
conclude that there exists a unitary operator V of H" = vect{X} : (i,n) € {1,2} X Z} such that VX, = X _,, for all
(i,n) € {1,2} X Z. Then, considering an element (i, n) of {1,2} X Z, it is easy to check by induction that for all n € N,
V'Xi, = X.,,,. More precisely, VX! = X!, for all (i,n,m) € {1,2} x Z x N.

Let n € Z. If n is positive and m = 0, what precedes implies V"Xé = X,’1 If n is negative, as (i, —|n|, |n|) €
{1,2} X Z x N, we have Vlanim\ = X\inl—ln\’ ie, V"X, = X|. So X, = V"X{. We have just proved that V"X = X for
all (i,n) € {1,2} X Z.

From the previous lemma, if we denote by K the projector on H’, we can assert that U = K* + LgVL} is a unitary

operator of H such that U" = K+ + LgV"Ly,, for any n € Z. For any (i, n) € {1,2} X Z, we can then write
U'X) = K*X) + Ly V'L X}, = 0+ Lg V"X, = L X, = X,,,
which completes the proof. U

We now examine the notion of unitary operator compatible with a stationary series.

Definition 3. We say that a unitary operator U of H is compatible with a stationary series (X,,n € Z) if U"Xo = X,
foralln € Z.

Of course, the stationary series (X,,, n € Z) is stationarily correlated with itself, and Lemma 13 allows us to express
the following.

Proposition 23. If (X,,n € 7Z) is a stationary series, then there exists at least one unitary operator of H which is
compatible with it.

We now have the tools we need in order to solve the problem stated at the beginning of this section.

Definition 4. Let (X,,,n € Z) be a stationary series and P be a projector of H. A series solution is any stationary
series (X, n € 7), stationarily correlated with (X,,,n € Z), and such that (X,,n € Z) Cc Im P.
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Then we have the following property.

Proposition 24. Let (X,,,n € Z) be a stationary series and P be a projector of H. If U is a unitary operator compatible
with (X,,,n € Z), for any X € H, then the series (U" inf(P,Cpy)X,n € Z) is a solution. Conversely, any solution is of
this type.

Proof. Let U be a unitary operator, compatible with the stationary series (X,,, n € Z). The series {U" inf(P, Cpy)X,n €
7y} is stationary, stationarily correlated with {U" Xy, n € Z}, i.e., with (X,,, n € Z) because (U"Xy,n € Z) = (X,,,n € Z).
Moreover, for any n € Z, we have

u" ll’lf(P, CP,U)X = U”CP’UP ll’lf(P, CP,U)X. (1 1)

As Cpy is a commuter of P and U, it is a commuter of P and U" (Cpy = Ceir y is a commuter of the unitary
operators e'* and U, so of the unitary operators e/’ and U", and then of P and U"), so (11) can be completed by

u" 1nf(P, pru)x = PCP,U u" mf(P, pru)X.

We have then {(U" inf(P, Cpy)X, n € Z} C Im P, which allows us to conclude that {U" inf(P, Cpy)X,n € Z} is a series
solution.

Conversely, let (X, n € Z) be a series solution. As the stationary series (X,,, n € Z) and (X, n € Z) are stationarily
correlated, from Lemma 13, there exists a unitary operator U such that (U"Xy,n € Z) = (X,,,n € Z) and such that
(U"X{,n € Z) = (X;,n € Z). The equality (U"Xy,n € Z) = (X,,n € Z) means that U is compatible with (X,,,n € Z);
see Definition 3. As (X;,n € Z) C Im P, for any n € Z, we can write PU"X) = PX] = X, = U"X) = U"PX{; so X|,
belongs to Ker (PU" — U"P). This being exact for any n € Z, X; belongs to N,ezKer (PU" — U"P) = Im Cpy, and so
X; = CpuX(,. Moreover, inf(P, Cpy)X; = PCpy Xy = PXj = X{j. We deduce that X = U"X{) = U" inf(P, Cpy)X. It
is then clear that the series (X, n € Z) can be written as (U" inf(P, Cpy)X|, n € Z), which concludes the proof. O

7. Graphical illustrations

As an illustration, we consider two series (X,,n € Z) and (Y,,,n € Z), where X,, = U"Xp and Y,, = V"X,, U and V
being two unitary operators expressed as follows

U=eé'"P+e"Pi+eV' Py, V=e'P+e?' D+ Dy,

where P, P, P,, D; and D, are projectors of H = CF such that P\D; # O, P+ P, + P, = P+ D, + D, =1,
PP, = PP, = P\P, = PD| = PD;, = D|D; = 0, and 4, A’ and A" are values of Il. Then, for any n,m € Z, U" =
ei/ll1P+ei/l’nP1 +6M”"P2, Vv = ei/linp+ei/l'mD1 _|_eil"mD2 and UV —ymy”" = (ei/l’n _ei/l”n)(ei/l'm _ei/l”m)(PlDl _DLPI)'
From the latter equality, we deduce that Cyy = Cp, p,.

For illustration purposes, we took H = C3, A= \/5/ 2,0 =Y3and " = -5 /5. The fact that A, " and A" are
not elements of 27Q guaranties the non-periodicity of the series (X,,,n € Z) and (Y,,n € Z). We choose P} = a®a
and D; = b ® b, where a and b are two linearly independent and non orthogonal normed elements of H. In this case,
Im Cyy = {vect(a, b)}*.

Let Xy = szg + le(l) be an element of H such that Xg €ImCyy and Xé € Im CJ[},V' If&; =0, then Xg € ImCyy,
and (U"V"Xo,n € Z) = (V'U"Xo,n € Z). If g is small (resp. large), we say that Xj is close to (resp. far from)
Im Cyy. We generate many curves for each case by adding a random normal value to each time value and each curve.

Figure 1 shows that when X is of high coefficient in Im Cyy, the two sets of curves {(U"V")Xy : n € Z} and
{(V"U™X, : n € Z} have very close shapes. When X is close to Im C (l],v, then the two sets of curves have different
shapes. With the same notation, for any X € H, we have

|UMV"X — VU X|| = e — e x |6 — ™| x || < bya >< X,b > a— < a,b >< X,a > b|.

The proximity between the series (U"V")Xo,n € Z) and (V"U")Xy,n € Z) can also be illustrated by the norms
of the differences ||U" V"' Xy, — V" U"Xy||, when n and m vary. In Figure 2, we see that, even though this norm varies, it
becomes smaller when Xj gets closer to Im Cyy.
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Two sets of curves when X0 is close to Im C(UV) Two sets of curves when X0 is far from Im C(UV)
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Figure 1: First dimension curves {(U"V")Xo,n € Z} (Group 1) and {(V"U")Xo,n € Z} (Group 2) when X is close to InCyy (left: &y = 1,
&1 = 0.05) and when X is far from Im Cyy (right: &9 = 0.05, &1 = 1).

Finally, we illustrate Proposition 24 by a simulation of (X,,n € Z) and a solution (Y,,n € Z) of the form
(U™ inf(P, Cpy)X, n € Z), which is a unique way to write a stationary and stationarily correlated series with (X,,, n € Z).
Let (vi,...,vs) be an orthonormal basis of C. Then let us consider Q; = v ® vi, Q2 = v, ® v, + v3 ® v3 and
Q3 = v4 ® v4 + vs ® vs. We denote by U the unitary operator U = e1Q; + ¢ 0, + ¢’ 03, which is the shift operator
of the series (X, n € Z) with X,, = U"X,, X, being any element of C>.

Let us choose a projector P = v,®@vy+v4®vy4. Asinf(P, Q1) = 0, inf(P, Q,) = v,®v; and inf(P, Q3) = v4Qvy, for this
projector, the series solution of the form (U™ inf(P, Cp)X, n € Z)is (Yp,n € Z) = (e "v,@v, Xo+e "v,@v4 X0, n € 7).
In Figure 3, the series (¥,,,n € Z) appears to have a similar shape as that of the series (X,,, n € Z), with less amplitude
variations.

Norms of UnVmX-VmUnX when X is close to Im C(UV) Norms of UnVmX-VmUnX when X is far from Im C(UV)

Figure 2: Norms ||U" V"X, — V" U"Xo|| when Xj is close to Im Cyy (left: g9 = 1, &1 = 0.05) and when X is far from Im Cy,y (right: g9 = 0.05,
g1 = 1), for n and m varying from 1 to 20.
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A series Xn and a stationarily correlated solution Yn
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Figure 3: Two stationarily correlated series.

8. Conclusion

In closing, we wish to emphasize the similarity between the three types of commuter. The maximal commuters
have analogous properties. In particular, Im Cpp = Ker (PD — DP), ImCpy = NyezKer (PU" — U"P), and ImCyy =
NpmezKer (VU™ — U™V™). Note also that Cpy can be written by means of the maximal commuters of projectors,
viz. Cpy = inf{Cpg,a : A € B}, that Cy,y can be written by means of a family of maximal commuters Cpy and of
a family of commuters of two projectors, i.e., Cyy = inf{Cg,av : A € Bn} = inf{Cg,a5,8 : (A, B) € By X Br}. In
the future, one could consider, for two functional processes, the estimation of common and specific features for their
associated shift operators, more precisely, the maximal commuter of the two shift operators.
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