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EXISTENCE AND REGULARITY OF OPTIMAL SHAPES FOR ELLIPTIC

OPERATORS WITH DRIFT

EMMANUEL RUSS, BAPTISTE TREY, BOZHIDAR VELICHKOV

ABsTRACT. This paper is dedicated to the study of shape optimization problems for the first
eigenvalue of the elliptic operator with drift L = —A+V (z)-V with Dirichlet boundary conditions,
where V' is a bounded vector field. In the first instance, we prove the existence of a principal
eigenvalue A\ (2, V) for a bounded quasi-open set £ which enjoys similar properties to the case
of open sets. Then, given m > 0 and 7 > 0, we show that the minimum of the following
non-variational problem

min{ A (2,V) : Q C D quasi-open, |2 <m, ||V <7T7¢.
{ (2, q p :

is achieved, where the box D C R? is a bounded open set. The existence when V is fixed, as well
as when V varies among all the vector fields which are the gradient of a Lipschitz function, are
also proved.

The second interest and main result of this paper is the regularity of the optimal shape Q*
solving the minimization problem

min {)q(Q,VCI)) : Q C D quasi-open, Q] < m},

where @ is a given Lipschitz function on D. We prove that the optimal set Q* is open and that
its topological boundary 9Q* is composed of a regular part, which is locally the graph of a C1®
function, and a singular part, which is empty if d < d*, discrete if d = d* and of locally finite
H4=%" Hausdorff measure if d > d*, where d* € {5,6,7} is the smallest dimension at which there
exists a global solution to the one-phase free boundary problem with singularities. Moreover, if
D is smooth, we prove that, for each z € Q2* N D, IQ* is C*'/? in a neighborhood of z.
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1. INTRODUCTION AND MAIN RESULTS

Let D be a bounded connected open set in R%, d > 2. For any bounded vector field V : D — R?
and any connected open set {2 C D, we consider the elliptic operator with drift L = —A+V(x)-V.
In this paper we study variational optimization problems in which the variables are both the
domain €2 and the drift V', and the cost functional is defined through the operator L. The
aim of the present paper is twofold. From one side, we develop an existence theory for shape
optimization problems for operators with drift. On the other hand, we study the regularity of
the optimal shapes for vector fields V' that are gradients of potentials ® : D — R. We focus on
the model problem

min {\(Q,V) : QC D, [Q <m, ||V~ <7}, (1.1)

where m > 0 and 7 > 0 are fixed constants, and A;(€2, V) is the principal eigenvalue of the
operator L. Our main results are the following.

Theorem 1.1. Let D C R? be a bounded open set, and 0 < m < |D| and T > 0 be fized constants.
Then, there exist a quasi-open set Q@ C D and a vector field V : D — R% such that the couple
(Q,V) is a solution to the shape optimization problem (L.1).

In particular, we prove in Theorem below, that the principal eigenvalue A1 (2, V') of the (non-
self-adjoint) operator L is well-defined on any quasi-open set 2 C D. Preciesly, we will show
that for any quasi-open set €0, there is a real eigenvalue A\1(€2, V') of the operator L such that
A (Q,V) < Re, for any other eigenvalue A € C of L.

Theorem 1.2. Let D C R? be a bounded open set, and 0 < m < |D| and T > 0 be fized constants.
Then the shape optimization problem

min {A;(Q,V®) : QC D quasi-open, Q| <m, ® € WH>®(D), V|| poe(py < 7} (1.2)

admits a solution (Q*,V®*). Moreover, if D is connected, then any optimal set Q0* has the
following properties:

(1) * is an open set;

(2) QO* has finite perimeter;

(8) Q* saturates the constraint, that is, |2*| = m;

The free boundary OQ2*ND can be decomposed in the disjoint union of a reqular part Reg(90Q2* N D)
and a singular part Sing(0Q* N D), where:
(4) Reg(0Q* N D) is locally the graph of a CY®-regular function for any a < 1;
(5) for a universal constant d* € {5,6,7} (see Definition , Sing(0QY* N D) is:
o empty if d < d*;
e discrete if d = d*;
e of Hausdorff dimension at most (d — d*) if d > d*.
If the boundary 0D is CY', then the boundary OQ* can be decomposed in the disjoint union of a
regular part Reg(0Q*) and a singular part Sing(OY*), where:
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(6) Reg(OQY*) is an open subset of Q" and locally the graph of a C™'? function; moreover,
Reg(0Y*) contains both Reg(0QY* N D) and 02" NOD;
(7) Sing(0Y*) = Sing(0* N D).

In fact, our result is more general. Precisely, we prove the regularity of the optimal sets for
A1(+, V@) with fixed vector field V@ (see Theorem and Remark [1.7).

For m,7,Q and V as in (1.1), Hamel, Nadirashvili and Russ [29], proved the lower bound

A <B,T|i|> <M (Q, V), (1.3)

where B is the ball of Lebesgue measure m centered in zero; moreover, there is an equality in
(1.3)), if and only if, up to translation, Q@ = B and V(z) = T|§—|. In other words, the couple

(B , Tﬁ) is (up to translation) the unique solution of the shape optimization problem

min {\ (2L, V) : QCRY Q] =m, |[V]= <7} (1.4)

We notice that a symmetrization technique in the spirit of [29] cannot be applied to the problem
. In fact, the presence of the constraint D makes impossible to determine explicitly the shape
of the optimal domains or the precise analytic expression of the optimal vector fields, except in
the trivial case when a ball of measure m fits into D. Thus, we first establish the existence
of an optimal domain € in the larger (relaxed) class of quasi-open sets and we then study the
regularity of the optimal shapes through variational free boundary techniques. We stress that, in
the case of a generic vector field V', the principal eigenvalue A1 (€2, V') does not have a variational
formulation but is only determined trough the solution of a certain PDE on 2. In particular, the
shape cost functional in cannot be written in terms of a variational minimization problem
involving integral cost functionals on €. This makes the extension of the functional A\;(-, V') to a
(~-)continuous functional on the class of quasi-open sets a non trivial problem.

In the case 7 =0, (1.1)) and (1.2)) are reduced to the classical shape optimization problem
min {\(Q) : QC D, |Q <m}, (1.5)

where A;(€2) is the first eigenvalue of the Dirichlet Laplacian on 2. For the problem (L5]), the
existence of an optimal (quasi-open) set was proved by Buttazzo and Dal Maso in [13], the fact
that the optimal sets are open (Theorem (1)) was proved by Briangon and Lamboley in [6],
the estimate on the perimeter of the optimal set (Theorem (2)) is due to Bucur (see [§]),
the regularity of the free boundary Reg(0Q* N D) was again proved in [0]; the estimate on the
dimension of the singular set Sing(92* N D) was obtained in [34]. Even for the classical problem
the regularity up to the boundary of the box D (Theorem (6) and (7)) is new.

Remark 1.3 (On the regularity of the optimal shapes for spectral functionals). The regularity
of the optimal shapes for the eigenvalues of the Laplacian was an object of an intense study in the
last years. As mentioned above, a regularity result, for the optimal sets for the first eigenvalue of
the Laplacian, was proved Briangon and Lamboley in [6]. The regularity of the optimal sets for
more general spectral functionals was studied in [10], [34], [?] and [?]. An alternative approach in
dimension two, based on the epiperimetric inequality from [38], was recently introduced in [37],
where Theorem (6) is proved in the case 7 = 0 and d = 2. We notice that the method from
[37] can be applied to give an alternative proof of Theorem (6) in the case 7 > 0, but the
restriction on the dimension is required by the epiperimetric inequality and for now cannot be
removed.

Remark 1.4 (On the existence of optimal shapes). The existence of optimal shapes in a bounded
open set (box) D C R? is a consequence of the theory of Buttazzo and Dal Maso (see [I3] and
the books [9] and [30]) for general shape optimization problems of the form

min {F(2) : Q C D quasi-open, [Q <m}, (1.6)

for shape cost functionals F with the following properties:
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e F is decreasing with respect to the set inclusion;
e F is lower semi-continuous with respect to the (y-)convergence of sets.

We notice that in the case when F is a function of the spectrum of the Dirichlet Laplacian on
), the existence of an optimal set can be obtained directly (see for instance [39]). In fact, if
F(Q) = A\ (), then given a minimization sequence of quasi-open sets €2, for , and setting
Uy, to be the first eigenfunction of the Dirichlet Laplacian on €2, it is not hard to check that, up to
a subsequence, u,, converges weakly in H} (D) to a function u € H}(D) and that the (quasi-open)
set Q := {u > 0} is a solution to . This elementary argument works not only for Ay, but can
also be reproduced for general spectral functionals of the form F(€2) = F(A1(),..., (), and
also for most of the shape cost functionals present in the literature. We stress that this is not
the case of the functional F(Q) = A\;(2, V). Even if A\i(-, V) is still monotone and ~y-continuous
(as we will prove in Section [4]), its non-variational nature does not allow to use the elementary
argument described above; thus, the only way to obtain the existence of an optimal set is through
the Buttazzo-Dal Maso theory.

Optimal shapes for a fixed vector field. In this paper, we also study the case in which
only the shape Q) is variable, while the vector field V is fixed. Precisely, we consider the shape
optimization problem

min{/\l(Q,V) . QCD, |0 < m} (1.7)

where both the upper bound m of the Lebesgue measure of the domain 2 and the vector field V' are
fixed. In this case the geometry of the optimal sets is affected both by the geometric constraint
Q) C D and the vector field V. We notice that in this case it is the inclusion constraint that
provides the compactness necessary for the existence of an optimal set. We show that the shape
functional Q — A\ (€2, V) is lower semi-continuous with respect to the so-called y-convergence of
sets and then we obtain the existence of optimal sets by the general result discussed in Remark[T.4]
Furthermore, when the vector field is the gradient of a Lipschitz function, we prove a regularity
result for the optimal sets. Our main result is the following.

Theorem 1.5 (Existence and regularity of optimal shapes for a fixed vector field). Let D be
a bounded open set in R?. Let m € (0,|D|) and let the vector field V : D — R? be such that
|V ||zee =7 < +00. Then the shape optimization problem

min{)\l(Q,V) : Q C D quasi-open, |2 < m} (1.8)

admits a solution Q0* C D. Moreover, if D s connected and the vector field V is of the form
V =V&, where ® : D — R is a given Lipschitz function, then any solution Q* of (1.8) has the
following properties:
(1) Q* is an open set;
(2) 2 has finite perimeter;
(8) O saturates the constraint, that is, |0*| = m;
The free boundary OQ2*ND can be decomposed in the disjoint union of a regular part Reg(0Q* N D)
and a singular part Sing(0QY* N D), where:
(4) Reg(0Q* N D) is locally the graph of a CY®-regular function for any o < 1;
(5) for a universal constant d* € {5,6,7} (see Definition , Sing(0QY* N D) is:
o empty if d < d*;
e discrete if d = d*;
e of Hausdorff dimension at most (d —d*) if d > d*.
If the boundary 0D is CY', then the boundary OSY* can be decomposed in the disjoint union of a
reqular part Reg(OY*) and a singular part Sing(02*), where:

(6) Reg(OQY*) is an open subset of Q" and locally the graph of a C™'? function; moreover,
Reg(0€Y*) contains both Reg(0Y* N D) and 002" NOD;
(7) Sing(02*) = Sing(0Q* N D).
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Remark 1.6 (On the optimal regularity of the free boundary). The regularity of the boundary
of an optimal set 2* to the problem at contact points of the free boundary with the box
cannot exceed C1'/2 even if the vector field is smooth. Indeed, Chang-Lara and Savin proved
in [I8] that the boundary of Q,, where u is a solution of the free boundary problem in
Q. = QF, is at most C1'/2 regular.

Remark 1.7 (Regularity of the optimal shapes for variable vector field). We notice that if
the couple (£2,V) is a solution to the shape optimization problem or , then fixing V,
we obtain that €0 is a solution to . In particular, the regularity part of Theorem is a
consequence of Theorem [1.5

Outline of the proof and plan of the paper. Throughout the paper the bounded open set
D C R% is fixed and is assumed to be (at least C'1'') smooth.

In the sections and {4 we prove our main existence results (Theorem and the existence
of an optimal domain for a fixed vector field (Theorem , as well as the existence of an optimal
domain in Theorem [L.2

In Section [2] we recall several central definitions and results in the ~-convergence theory of
quasi-open sets. In particular, we show that the (classical) vy-convergence of a sequence of quasi-
open sets is equivalent to the strong convergence of the sequence of resolvent operators for L =
—A + V(x) -V on each of the sets.

In Section [3] Theorem and Corollary we prove that the principal eigenvalue is well-
defined on every quasi-open set  C D, that is, there exists a (real) eigenvalue A\1(Q2,V) € R of
the operator L = —A + V(z) - V, such that for any other (complex) eigenvalue A € C we have
A1(2,V) < ReA. In the same section, we establish the continuity of the functional Q — A1 (Q, V)
with respect to the y-convergence (Proposition and the fact that the principal eigenvalue is
decreasing with respet to the set inclusion (Remark .

In Section [4] we prove our main existence results. The existence of the optimal set for a fixed
vector field V' (Theorem follows by the classical Buttazzo-Dal Maso theorem (Theorem [2.5)).
We give the precise statement in Theorem The proof of Theorem requires a more refined
argument. The reason is the following: consider a (minimizing) sequence (Vy,,2,,) of vector fields
V,, and quasi-open sets €2, with eigenfunctions wu,, € H&(Qn) of L, = —A+V, -V, solutions of

— Aty + Vi - Vg = M(Q, Vi )u, in Qp, / wide =1,  u, € HY ().
D

Let us suppose for simplicity that: €2, y-converge to a quasi-open set €2; u,, converge to a function
u € H}(Q) both strongly L?(D) and weakly H}(D); Vi, converge weakly (in L?(D)) to some
V € L=(D;R?). Now, the limit function u solves a PDE in , which involves the (weak) limit of
the term V,, - Vu,, but a priori this might be different from V' - Vu. In order to solve this issue, in
Section [} we first prove that, on any fixed quasi-open set 2, there exists an optimal vector field
(see Theorem . We then replace the vector fields V,, of the minimizing sequence (V,,,2,,) by
the optimal vector field V¥ on each domain. Finally, we use the precise expression of V* to prove
that the limit function w is an eigenfunction of —A + V-V on Q and we obtain that A\ (2,, V)
converges to A1 (€2, V*), which concludes the proof (see Theorem . We cannot apply the same
argument for Theorem [T.2] since the optimal vector field might not be a gradient. On the other
hand, for gradient vector fields the first eigenvalue is a variational functional, namely

~?\Vul?d
A(Q,V®) = min Ipe _‘@ Z’ ’
weH O\{0} [pe Puldx

Y

and the existence of an optimal set can be obtained directly (see Theorem [4.5)).

In Section |5} for a fixed drift V' = V®, we prove the regularity of the optimal sets for A;(-, V®)
(Theorem In particular, this implies the regularity of the optimal sets in the case when both
the set Q and the vector field V® may vary (see Theorem. Our argument relies in an essential
way on the variational formulation of A\ (£2, V). More precisely, we show (see Lemma that,
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if V.=V is fixed and Q C D is a solution of (1.8, then the corresponding eigenfunction solves
the free boundary problem

min{/ e ?|Vul?dz : ue HYD), u>0, [{u # 0} < m, /e¢u2dw:1}. (1.9)
D D

This is a one-phase free boundary problem, similar to the one studied in the seminal paper of Alt
and Caffarelli [2] on the local minimizers of the one-phase functional

u / \Vul? dz + |{u > 0}|.

Nevertheless, there are four differences with repect to the classical one-phase problem [2].

(i) the presence of the variable coefficient e~® in the functional;
(ii) the presence of the integral constraint / e ®u? de = 1;
(iii) the presence of the measure constraint |[{u > 0}| < m;

(iv) the presence of the inclusion constraint {u > 0} C D (equivalent to u € HE(D)).

The variable coefficient e~® introduces several technical difficulties, but does not have an
influence on the overall strategy. The issues with the integral constraint are of similar nature. In
fact, we are able to deal with this term (see Subsection and Remark by reformulating the
free boundary problem in terms of the functional

J(v) ::/ VUIZe_q)d:c—)\m/ v?e Yd,
D D

where ), is the value of the minimum in ((1.9). In fact, one easily checks that, if u is a solution
of (1.9, then u is also a solution to the free boundary problem

J(u) < J(v) for every v € HY (D) such that Q] < m, (1.10)

where, for any function v, we set Q, := {v >0} = {z € Q : v(x) > 0}.

The measure constraint in free boundary problems first appeared in the work of Aguilera, Alt
and Caffarelli [I]. In fact, it is not hard to check that, at least formally, the solution u should
satisfy the optimality condition

|Vu| = v/ Aue® on the free boundary 99, N D,

where A, is a Lagrange multiplier formally arising in the minimization of the functional J(u)
under the constraint [€2,| = m (see Subsection [5.4). Thus, at least formally, there is no differ-
ence between the classical one-phase free boundary problem and the problem with a measure
constraint. In practice, dealing with the measure constraint is an hardeous task. In fact, the
Lagrange multiplier A, arises by applying internal variation to the function w, which by itself
cannot be used to deduce even the basic qualitative properties of the solution u as, for instance,
the Lipschitz continuity and the non-degeneracy (in other words, at the moment, the regularity
of the stationary free boundaries is not known). Our approach is different from the one in [1] and
is inspired by the works of Briangon-Lamboley [6] and Briangon [7]. In fact, we aim to tranform

the problem ((1.10)) into
J(u) + Ay Q0] < J(0) + Ay Q) for every v € HY(D). (1.11)
Now, it is not possible to re-write ((1.10|) precisely in this form. Instead, we prove that

(Ay + 8)(\QU| — ]Qu\) for every v € H}(D) such that |Q,|>m;

1.12
(Aw — ) (|| = [Qu]) for every v e Hg(D) such that [, < m; (1.12)

J(u) = J(v) < {
where the constant € improves at small scales, that is, if we consider competitors v that differ from
w only in a small ball of radius 7, then € can be chosen in a function of r, € = ¢(r), which is such
that e(r) — 0 as » — 0. In this part of the proof (Subsection [5.5) we follow the analysis of [6],
except in one fundamental point. In fact, the approach of Briancon and Lamboley requires that
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the Lagrange multiplier A, is not vanishing, which is not a priori known (see Proposition ;
in [6] the issue is solved by the method in [7]. In this paper, we give a different argument to prove
that the Lagrange multiplier is non trivial. Our approach is based on the Almgren monotonicity
formula, and the fact that it implies the non-degeneracy of the solution u. We give the proof
of the appendix, since the argument is very general (based only on the stationarity condition)
and might be of independent interest. We also notice that this simplifies the proof of and
reduces it to three fundamental steps (see Theorem [5.16)).

Our proof of Theorem is general and can be applied to the classical one-phase problem
[2], to the one-phase problem with measure constraint [I] and to shape optimization problems as
for instance the one of [6]. Our approach is different from (and alternative to) the one of [2], [1]
and [0], as we do not use the regularity result of Alt and Caffarelli [2]. In fact, in order to prove
the regularity of the flat free boundaries (Subsection , we prove that the optimality condition
on the free boundary holds in viscosity sense (see Lemma and then we apply the general
results of De Silva [2I] (for the regularity of the free boundary 9, N D) and the recent result
of Chang-Lara and Savin [I§] (for the regularity at the contact points 9, N dD). Finally, the
estimate on the dimension of the singular set (Subsection is a consequence of the Weiss’
(quasi-)monotonicity formula (Lemma [5.37).

2. PRELIMINARIES

In this section we recall the main definitions and the properties of the quasi-open sets, the
~-convergence and the weak-v-convergence.

2.1. Capacity, quasi-open sets and quasi-continuous functions.
The capacity of a set E C R? is defined as

cap(FE) := inf {Hu||%{1 : u € HY(RY), u> 1 in a neighborhood of E},

where H'(R?) is the Sobolev space equipped with the norm ||ul|3,, = / (IVul® + u?) dz.
Rd

We say that a property holds quasi-everywhere (q.e.) if it holds on the complementary of a set
of zero capacity.

A set Q C R? is said to be quasi-open if there exists a decreasing sequence (wn)n>1 of open
sets such that, for every n > 1, Q U w,, is an open set and lim cap(w,) = 0.
n—oo

A function u : R? — R is said to be quasi-continuous if there exists a decreasing sequence
(wn)n>1 of open sets such that lim cap(w,) = 0 and the restriction of u to R?\ w, is continuous.
- n—o0

It is well-known (see for instance [25, Theorem 1, Section 4.8]) that, for every u € H'(R%),
there exists a quasi-continuous representative @ of u, which is unique up to a set of zero capacity.
From now on we will identify a function v € H'(R?) with its quasi-continuous representative. We
note that, by definition of a quasi-open set and a quasi-continuous function, for every u € H'(R%),
the set Q, := {u > 0} = {z € R? | u(x) > 0} is a quasi-open set ([30, Proposition 3.3.41]). On
the other hand, for every quasi-open set €, there exists a function u € H'(R?) such that Q = €,
up to a set of zero capacity that is, the quasi-open sets are superlevel sets of Sobolev functions.

For any set £ C R?, the Sobolev space H}(E) C H'(R?) is defined as
Hy(E) == {ue H R : u=0 qe. in R"\ E}.

Note that, whenever E is open, this definition coincides with the usual definition of H}(E) as
the closure of CZ°(E) with respect to the norm || - || 51, C2°(E) being the set of smooth functions
compactly supported in E (see for instance [30, Theorem 3.3.42]). For any set E C R? there is
a quasi-open set £ C R? such that cap(E \ E) = 0 and H}(E) = H{(E). Roughly speaking,
the quasi-open sets are the natural domains for the Sobolev space H&. We notice that, for every
quasi-open set F, H&(E) is a closed subspace of H 1(Rd) ; if B4 C FEy are two quasi-open sets,
then HE(E1) C HY(E>) and the two sets Ey and Es coincide q.e. if and only if H} (Ey) = H}(E2).
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2.2. PDEs on quasi-open sets. Let D C R? be a given open set and  C D be a quasi-open
set of finite Lebesgue measure. For every quasi-open set Q C D and every function f € L%(Q),
the Lax-Milgram theorem and the Poincaré inequality ensure that there is a unique solution
u € HY(Q) of the problem

—Au=f in u € Hy(Q),
where the PDE is intended in the weak sense

/Vu-vwdx:/f@dx, for every @ € Ha(Q).
Q Q

In particular, taking u = ¢, we notice that [|[Vul 2y < [[fllz2(0)llullr2(@). Now since Q has
a finite Lebesgue measure, there is a constant Cq such that ||ulz1 < Cq||Vu||z2 for every u €
H}(Q). Thus, we get that ||ul| ;1 < Caol|fllz2-

The resolvent operator RQA : L2(D) — L*(D) is defined as RS_ZA( f) := uw and is a linear,
continuous, self-adjoint, positive operator such that R&;A(LQ(D)) C H}(9). Moreover, thanks to
the compact embedding H{ (Q) < L?(Q), the resolvent R&A is also compact.

The usual comparison and weak maximum principles hold in this setting. Precisely, we have:

e if f € L?(D) is a positive function and Q; C Qs C D are two quasi-open sets , then
wo, < wWQ,-

e if Q is a quasi-open set and f, g € L?(Q) are such that f < g in Q, then RS_ZA(f) < RS_ZA(g).

In the sequel we denote by wq (and sometimes also by RS_ZA(I)) the solution of
—Awg =1 in we € HY ().

This function is sometimes called torsion or energy function and is useful, in particular, to define
the topology of the y-convergence on the family of quasi-open sets, which is the purpose of the
next section. In the following proposition we summarize the main properties of the function wgq
(see for instance [39, Proposition 3.50, Remark 3.53, Lemma 3.125, Proposition 3.72]).

Proposition 2.1 (Properties of the torsion function wgq).
(1) There is a dimensional constant Cy > 0 such that

d+2
[Vwal|2 < Cy|Q 2 and  |lwal|re < CqlQ7. (2.1)

(2) Let Q1,92 C D be two quasi-open sets. Then we have the estimate
/D(wsh — wa,\0,) do < cap(R2) [wa, [~ (0,)- (2.2)

(3) H}(Q) = H}({wq > 0}). In particular, Q = {wq > 0} up to a set of zero capacity.

In the sequel we make the convention to extend to D any vector field V € L>®(, R?) and any
function u € HE(Q) by letting it equal to 0 on D\ © so that V € L>(D,R%) and u € H} (D).

We notice that, given a drift V € L(Q,R%), the bilinear form associated to the operator
L = —A +V -V may not be coercive on Hg(Q). Thus, in order to define the resolvent of
L=-A+V .V, we consider a large enough constant ¢ > 0 (depending only on [|V|| e (q)), for
which there exists a positive constant ¢ > 0 such that

6/ (]Vu\Q—i-uQ)de/(\Vu]z—i-(V-Vu)u—i—ch) dr , forevery we€ Hy(Q).  (2.3)
D D

The bilinear form associated to the operator L' = L + ¢ is hence coercive on H}(f2). Note that

2

if ||V]lpe <7, then we can takeany 0<d <1 and cZé—{—ﬁ.

Therefore, thanks to Lax Milgram theorem, we define the resolvent RS : L?(D) — L*(D) as the
compact (non self-adjoint) operator, which maps f € L%() to the unique solution of the problem

Lu=f in Q, u € Hy(Q),
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which is intended in the weak sense
/ (Vu-Vo+ (V- Vu)p+cup) de = / fodz , forevery o€ H}(Q).
Q Q

2.3. The y-convergence and the weak-y-convergence. In this subsection we briefly recall
the definition and the main properties of the y-convergence of (quasi-open) sets.

Definition 2.2 (y-convergence and weak-y-convergence). Let D C R? be a given open set of
finite Lebesgue measure, (£2,,)n,>1 be a sequence of quasi-open sets and let {2 be a quasi-open set,
all included in D. We say that
e ), v-converges to ), if wg, converges to wq strongly in L?(D);
o ), weak-y-converges to , if there exists w € H}(D) such that Q = {w > 0} and wg,,
converges to w in L*(D).

Though the y-convergence is not compact on the family of quasi-open sets (see for instance [19]
and [30] § 3.2.6] for an example), it is easy to see that the weak-y-convergence is: by , up to a
subsequence, wq,, weakly converges in H (D) to some w € H¢ (D) and hence 2, weak-vy-converges
to the quasi-open set Q := {w > 0}. To deal with the non-compactness of the ~-convergence we
will use the following Lemma (see for example [12] and [30, Lemma 4.7.11]).

Lemma 2.3. Let (Qy),~; C D be a sequence of quasi-open sets that weak-y-converges to the
quasi-open set 2 C D. Then there exists a subsequence of (2),,~1, still denoted by (2,),,~,, and

a sequence (Qn)n21 C D of quasi-open sets satisfying Q, C Q,, such that Q, y-converges to Q.

The following lemma is a direct consequence of the definition of the weak-~-convergence and
the fact that for every quasi-open set 2 = {wq > 0} (the detailed proof can be found for example
in [12] and [39, Lemma 2.2.21]).

Lemma 2.4 (Lower semi-continuity of the Lebesgue measure). Let (Q,)n>1 be a sequence of
quasi-open sets in D weak-y-converging to 2 C D, then |Q| < lim}_nf |9, ].
n—-+0oo

As was shown in [9] and [12], the following theorem, first proved in [I3], is an immediate
consequence of Lemma [2.3| and Lemma, [2.4

Theorem 2.5 (Buttazzo-Dal Maso [13]). Let F be a functional on the quasi-open sets, which is:
e decreasing with respect to the inclusion of sets;
e [ower semi-continuous with respect to the ~y-convergence.

Then, for every bounded open set D C R? and every 0 < m < |D|, the shape optimization problem

min {.F(Q) : Q quasi-open, Q C D, Q] < m}
has a solution.

We will not be able to apply directly Theorem to establish the existence of optimal sets
for both the problems and in the class of quasi-open sets. Instead, in Section W4l we
will use an argument based only on Lemma and Lemma but before that we will need to
extend the definition of \1(£2, V') to the class of quasi-open sets. We do this in Section (3| where
we will use several times the following approximation result.

Lemma 2.6 (Approximation with open and smooth sets). Let Q C D be a quasi-open set. Then:
(1) there is a sequence of open sets (), <, that y-converges to Q and is such that Q C Q, C D
and lim |Q,|=[9Q|;

n——+oo
(2) there is a sequence ()~ of smooth (C*>) open sets contained in D, that y-converges to ).

Proof. The result is well-known; here we give the proof for the readers’ convenience.

(1) Let (wn),,~; be a sequence of open sets such that lim,,_,« cap(wy) = 0 and §,, = (QUw,)ND
is an open set. Then, applied to the sets Q,, and w, \ 2 together with the second estimate
in show that wq, converges to wq in L'(D). Moreover, up to a subsequence, wq, weakly
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converges in H'(D) thanks to the first estimate in (2.1). Since the embedding Hj (D) < L*(D)
is compact, there is a subsequence which converges strongly in L?(D). By uniqueness of the limit
in L'(D), it has to be wg. Thus, wq, converges in L?(D) to wgq and so, €2, y-converges to (2.
Observe also that one has lim [Q,| =[] since lim |wy,| = 0.

n—+00 n—-+00

(2) Firstly, assume that € is an open set. Let (€),,~; be an increasing sequence of smooth
open sets included in Q which Hausdorff converges to €. Then, up to a subsequence, w, = wq,
weakly converges in H{ (D) to some w € H} (D). But Q,,Q are open sets such that Q,, C €, and
since the convergence of §2,, to 2 is Hausdorff, we can pass to the limit in the equation

—Aw, =1 in Q,

to see that w satisfies

—Aw=1 in Q.
This also shows that the sequence of norms ||wy || g1 (py converges to |[wl|g1(py, so that the con-
vergence of w,, to w is strong in H'(D). Finally, since ,, C 2, we get that w € H}(2) and hence
that w = wq. Therefore, the sequence of smooth open sets €2, v-converges to €.

If now (2 is merely a quasi-open set, we can approximate ) by a sequence of open sets which
~-converges to 2 thanks to (7). Hence, by approximating these open sets by open smooth sets as
above, we get a sequence of smooth open sets which ~y-converges to ). Recall that the topology
of the y-convergence is metrizable (see for example [9]). O

Remark 2.7 (The quasi-open sets cannot be y—approximated with bigger smooth open sets).
In general, we cannot approximate a quasi-open set (or even an open set) 2 C D by a sequence
of smooth (say of class C1) open sets (£,,),~,; Which y-converges to  and such that €, D Q.
Indeed, let (£,)n>1 be a dense sequence in D = (0,1)2 C R? and pick a sequence (r,)p>1 of
positive numbers such that Y ;772 < 1. Set Q := U,>1B,,(&,) C D. We now claim that if

Q, D Q is a smooth open set, then necessarily €,, D D. To see this, let zp € D C Q C Q,.
Then if zg € 9Q,, there exist » > 0 and a smooth, say of class C!, function f : R — R such
that, up to reorienting the axis, we have Q, N B.(z¢) = {:c € Br(xg) : xq > flxg,--- ,xd,l)}.
It follows that B,(x¢) \ Q, C D is a nonempty open set which does not intersect €2,,. This is in
contradiction with €, D €) since €2 is a dense open set in D. Hence = € (), and this shows that
D c Q,,. Now, suppose that (€2,),~; is a sequence of smooth sets such that D D €,, D Q. Then
Q, = D for every n > 1. Furthermore, the weak maximum principle implies wq < wp = wq,
in D, where the first inequality is strict since |Q2] < |D| = 1. Therefore, wq, cannot strongly
converge to wq in L?(D).

We now give a characterization of the ~-convergence in terms of convergence of resolvent
operators. The following theorem is a generalization of [30, Lemma 4.7.3] for the operator L.

Theorem 2.8 (y-convergence and operator convergence). Let D C R? be a bounded open set,
()51 C D be a sequence of quasi-open sets and @ C D be a quasi-open set. The following
assertions are equivalent :

(1) the sequence (§2),,~1 Y-converges to ;

(2) for every sequence (fy),~; € L*(D) weakly converging in L*(D) to f € L*(D), the sequence
(Rén(fn))n>1 converges to RE(f) strongly in L*(D);

3) the sequence of operators (RE € L(L*(D)) converges to RE in the operator norm || -
Qp Q

n>1
I 2L2(py)-

Proof. 1t is plain to see that the equivalence between (2) and (3) holds for all sequence of compact
operators defined on Hilbert spaces. It then remains to prove that (1) and (2) are equivalent.
(1)=(2). Let f, € L?(D) be a sequence L?(D)-weakly converging to f € L%(D). Then || f,]12 is
uniformly bounded. Moreover, writing u, = Rén( fn) we have

D D
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Thanks to (2.3) this gives
1

! / (f2 + ) do > 6 / (Vi ? + ) e,
2 /p D

and therefore
/ 2 da > (26 1)/ (|Vun|? + u2) da.
D D

Taking § € (1/2,1), this shows that the sequence ||u, | g1(py is bounded.
Assume now that the conclusion of (2) does not hold. Then there exists ¢ > 0 such that, up to a
subsequence, Rén (fn) — RE(F) H 12(D) > e. Moreover, up to a subsequence, u, weakly converges

in HY(D) to some u € H(D), and therefore g, = f,, — V - Vu,, — cu,, weakly converges in L*(D)
tog=f—V - -Vu—cu. Theorem being true for the Laplacian (see [14, Proposition 3.4]),
we conclude that Rg_)nA (gn) strongly converges in L?(D) to Rg™(g). Thus RE (fn) = Ra, (gn)
and R5(f) = Ra(g) imply that Rén(fn) strongly converges in L?(D) to R5(f), which yields a
contradiction and therefore proves (2) .

(2)=(1). Let (fn)n>1 € L*(D) be a sequence weakly converging in L?(D) to f € L?(D). Set
Wy = R(_znA(fn) and w := R(_IA(f). We claim that w,, — w strongly in L?(D), which, according
to [14] and [30, Lemma 4.7.3], implies that €, y-converges to 2. Assume by contradiction that
it is not the case, and pick up € > 0 and an increasing function ¢ : N* — N* such that

[wopmy = wlljopy 2 € forevery  n>1. (2.4)

Since the sequence (wp),>1 is bounded in Hg (D), up to a subsequence, there exists a function
z € Hg(D) such that wy(,) converges to z weakly in Hj(D) and strongly in L?(D). Now, since
Lw,=f,+V -Vw,+cw, =9, in Q,,
and wy,, € HE(Qy), wy, = Rén(gn). But gy — g := f+V - Vz + ¢z weakly in L*(D), so that,
by assumption (2), wy(,) — RE(g) strongly in L2(D). Then the convergence of W(n) to 2 yields

that z = R5(g), is a solution of
Lz=f+V -Vz4+cz in Q, z € HY(Q),

or, in other words, z = RéA( f) = w. Thus, (2.4) provides a contradiction, therefore showing
that w,, — w strongly in L?(D), which means that (1) holds. O

3. THE PRINCIPAL EIGENVALUE ON QUASI-OPEN SETS

For a bounded domain 2 € R? and V € L>(Q,R%), the principal eigenvalue A1 (€2, V), of the
(non self-adjoint) elliptic operator L = —A + V -V on  with Dirichlet boundary condition on
012, was defined in [4] by

M(QV)=sup{reR : Ip € W24(Q) suchthat ¢ >0 and — Lo+ Ap<0 in Q},
where it was proved that A1(£2, V) € R has the following properties:
(7) There is a positive eigenfunction u : 2 — R such that u € Wlif(Q), for all p € [1,4+00), and

Lu=X\(Q,V)u in Q, u € H(Q), /qule,
Q

(see [4, Theorem 2.1)).
(73) A\1(2,V) < Re (X) for every eigenvalue A # A1 (2, V) of L in Q (see [4, Theorem 2.3]).
(73i) The functional Q — A1(Q, V) is decreasing with respect to the domain inclusion.

In the sequel we extend the definition of A\;(€2, V') to quasi-open sets. We first recall that the
definition can be extended to an arbitrary open set {2 C D by

)\1(9, V) = inf )\1(Qn, V),
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where the infimum is taken over all the connected component €, of 2. Now, in view of property
(13i) above, for any quasi-open set 2 C D, we define

A1(Q, V) :=sup {)\1((2, V) : Qopen, QCQC D}. (3.1)
Remark 3.1. Notice that, these two definitions coincide for open sets.

Remark 3.2. The functional Q — A\ (2, V), defined on the family of quasi-open sets, is still non-
increasing with respect to the set inclusion, that is A1 (Q2, V) < A1(Q1, V'), whenever Q1 C Qo.

We will show that A\1(€,V) is finite and is an eigenvalue of L in ) satisfying the minimality
property (i7). Recall that, for a quasi-open set of finite Lebesgue measure Q@ C D, we say that
X € C is an eigenvalue of the operator L = —A+V -V in § if there is an eigenfunction u : R¢ — C,
(weak) solution to the problem

—Au+V -Vu=Xu in Q, uEH&(Q;C), /’u’Zda::l. (3.2)
Q

Let now ¢ > 0 be the constant from Subsection and L' = L + c. Note that A € C is an
eigenvalue of L in Q, if and only if, A + ¢ is an eigenvalue of L’ in Q. By the argument from
Subsection we have that the bilinear form associated to the operator L’ is coercive and so,
Ré/ is a compact operator on L?(D). In particular, the spectrum is a discrete set of eigenvalues
with no accumulation points except zero and A € C is an eigenvalue of L in the sense of if
and only if (A + ¢)~! is an eigenvalue of R .

The following theorem shows that most of the properties of the principal eigenvalue on an open
set still hold for A;(Q2, V) if Q@ C D is merely a quasi-open set.

Theorem 3.3 (Definition of the principal eigenvalue on quasi-open sets). Let D be a bounded
open set, V€ L™®(D,R?) and Q C D be a non-empty quasi-open set. Then

(1) \1(2, V) is well-defined that is, \1(2,V) < 4o0.

(2) \M(2,V) is an eigenvalue of L in Q; there is a (non-trivial) real-valued eigenfunction u
such that

Lu= X (Q,V)u in Q, u € Hi(Q), /u2d1::1.
Q

(3) If X € C is an eigenvalue of L in 2, then A1 (Q,V) < Re(\).

In order to prove Theorem we will need the following two lemmas. The key estimate for
the proof of Theorem (1) is contained in the following lemma inspired by [4, Proposition 5.1].

Lemma 3.4. Let V € L‘X’(D,Rd) and  C D be an open set. Suppose that there is T > 0 such

that ”VHLoo(Q) <7< 2\/)\1(9,‘/). Then
AL(Q,0) > M (Q, V) — 7/ M (Q, V). (3.3)

Proof. Let us first suppose that €2 is connected. For convenience, set A := A(€2,V). By the
definition of the first eigenvalue of —A on domains, it is enough to find some ¢ > 0 in €2 such that
—A¢p > (A= 7V )¢ in Q. Since Q is an open set, from [, Theorem 2.1], there exists a positive
eigenfunction ¢y for the first eigenvalue of L in 2, that is, ¢y > 0 in Q and Loy = A¢y. Set
¢ := ¢y for some a € (0,1) to be chosen later. Then, in €2, we have

—Ad— X = —a(A¢y)ey T — ala —1)|[Vev[?éf — Aof

\Y% Vovl?] .
= [)\(04—1)—04{/’-gi)(iv—i—a(l—a)| (;24 }(ﬁv
V¢ Vovl*] o
> [)\(a—l)—ow‘gbvv‘+a(l—a)’ (Zg/’ }qﬁv.
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The function z +— —atz + a(l — a)z?

get

reaches its minimum at z = 7/(2(1 — «)). Therefore, we

2 2

—A¢—A¢z[x<a—1>— 4(1_)]¢>V [(a—l)—aqf_a) é.

Since a € (0,1) is arbitrary, we can choose it so that it maximizes the term in the brackets of
the above estimate, that is, such that 1 — a = 7/(2v/)). Note that, by hypothesis on 7, we have
€ (0,1). It follows

—Aqs—mz[ Va4 L }¢>_r\f¢,

which proves the claim in the case when € is connected.
In the general case, let (2,)n>1 be the connected components of Q. Then, for every V, we
have
)\1(9, V) = IITILf )\1(Qn, V)

Then, we have, for all n,

A(2,,0) > X (20, V) = TV A (20, V) 2> XM(Q V) — T/ M (2, V),
where the last inequality is due to the fact that 2 — x — 74/ is a non-increasing function on the
interval [A1(Q, V), +00). O

The next lemma is a direct consequence of the classical result [32, Theorem 3.16] on the
convergence of a spectrum of closed operators with suitable properties. We will use it in the
proof of Theorem (3).

Lemma 3.5 (Convergence of the spectra). Let H be a separable Hilbert space and (T},),,~; € L(H)
a sequence of compact operators converging to the compact operator T € L(H) in the operator
norm || - ||z(y. Suppose that X € C\ {0} is an (isolated) eigenvalue of T and let > 0 be such
that Br(A\)No(T) = {\}. Then, there is ng > 1 such that for every n > ng there is an eigenvalue
A € 0(Ty) N By ja(A).

We are now in position to prove Theorem
Proof of Theorem [3.3] Consider a maximizing sequence (Qn)n21 for , that is, a sequence of
open sets (£2y,),,5; such that
A(2,V) = nh_{go A1(Q2p, V) and QcQ,CcD forevery n>1.
We first show that we can assume that {1y, y-converges to 2. Let wy be a sequence of open sets

such that Q U w, is open and cap(wy,) — 0. We set Q, = Q,N (QUwW,) = QU (w, NQy,). By
and the inclusion Q € Q,, € Q,, we have A1 (Q,, V) < A\ (Qn, V) < M (Q, V), so we get

A(Q,V) = h_>m )q(Qn, V) and QcQ,cD forevery n>1.

Thus, we may consider €2, in place of ), as a maximizing sequence for (3.1). Finally, as in
Lemma Q,, y-converges to {2 thanks to the estimate (2.2]) applied to the sets €, and Q,, Nw,.

We now prove claim (1). Indeed, suppose by contradiction that
M(Q,V) = nh_)nrolo A1(Q, V) =40
Then, by Lemma [3.4 we have that
lim A\;(€Q,,0) = +o0

n—oo
Now, since 2 — A1(, 0) is decreasing and Q C €,,, we get that A;(€2,0) = +00. By the variational
characterization )
Vul®d
A1(©2,0) = min 7f9 | 1;‘ ’
weH Q\{0} [qu?dzx
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we get that H}(Q) = {0}, which implies that Q2 = () (or, equivalently, cap Q = 0), which is absurd.

We now prove (2). Let u,, € HE(Qy,) C Hi(D) be the (normalized) eigenfunction associated to
A1(25, V). Then we have

Lup =M V) +c)u, in Qp,  up € Hy(Qn), / u? de = 1.

Multiplying the above equation by w,, integrating over 2,, and using the estimate (2.3) we get
Sllunll3n < A (Q, V) +c  for every n > 1.

In particular, since A;(€2,V) < oo, we get that (up), >, is uniformly bounded in H}(D) and so,
up to a subsequence, we may assume that u, converges, weakly in HZ (D) and strongly in L?(D),
to a function u € H&(D). Moreover, €2, y-converges to {2 and so, Réln converges in norm to Rg.
Thus,

u = lim wu, = lim
n—o0 n—o0

which concludes the proof of (2).
Proof of (3). Suppose that A € C is an eigenvalue of L on € such that Re(\) < A(Q,V).
Then, (A +¢)~! € C is a (non-zero) eigenvalue of the compact operator Rg. Applying Lemma

we can assume that for n large enough, there is an eigenvalue A, of L on €1, such that
Re(An) < A1(Qy, V), which is a contradiction with [4, Theorem 2.3] . O

(M, V) + ORE, (un) = (M (Q,V) + ) RE (u),

Remark 3.6 (On the sign of the first eigenfunction). In particular, as a consequence of the
proof of Theorem (2), there is an eigenfunction w of L on the quasi-open set 2, which is
non-negative, being the limit of non-negative functions. We notice that u does not need to be
strictly positive as €2 might be disconnected.

We conclude this section with a proposition on the continuity of (-, V') with respect to the
~y-convergence.

Proposition 3.7 (y-continuity of \(-,V)). Let D C R? be a bounded open set, V € L>(D;R?)
be a fized vector field, and (y,),~; C D be a sequence of quasi-open sets that v-converges to the
quasi-open set  C D. Then B

11_>H1 A (Qna V)v lf Q 7é ®>
+oo, if Q=10.

Proof. Let 7 = ||V p(py and & and ¢ be as in (2.3). Set L' = L +c.

Suppose first that the sequence (A (S, V')),,~; is bounded. Reasoning as in the proof of Theorem
(2) we get that, up to a subsequence, A;(,, V) converges to an eigenvalue A € R of L on Q.
Now, by the argument of Theorem (3) and Lemma we have that A\ satisfies the property
(3) of Theorem so A = A1 (Q, V), which concludes the proof since the sequence (A1 (2, V)),,>q
is bounded .

Next, suppose that the sequence (\1(Q,V)),>; is unbounded. — Applying Lemma we get

that, up to a subsequence, li_)rn A1(2p,0) = +00. Since R5A are self-adjoint compact operators,
n—o0 n

A(Q, V) = {

we get that
. —A = li -
Jim 1RG lewe o = Jim, 3055 =0
Finally, the y-convergence gives that Ry™(€2) = 0 and so, H}(R2) = {0} and cap(2) = 0. -

Remark 3.8. In view of Proposition [3.7| we set A1 (0, V) = +oo.

Putting together Theorem [3.3] and Proposition [3.7] we obtain the following result.
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Corollary 3.9 (Equivalent definition of the principal eigenvalue on quasi-open sets). Let § be
a bounded quasi-open set and V € L>®(Q;R?Y). Then, there is an eigenvalue A\1(Q,V) € R of
L=—-A4V-V inQ such that:

A1(2,V) = min {Re%\ : A € Cis an eigenvalue of L on Q}
= sup {)\1(9) : Q is an open set containing Q}

:nh_{go A1 (Qn, V), where (Qn),>, is any sequence

of (smooth) open sets ~-converging to .
Proof. The first two inequalities are due to Theorem For the third one it is sufficient to note
that for every quasi-open set {2 there is a sequence of smooth open sets y-converging to {2 and to
apply Proposition O

Remark 3.10 (Faber-Krahn with drift for quasi-open sets). As further consequence of Corollary
m we can extend the Hamel-Nadirashvili-Russ inequality to the class of (bounded) quasi-open
sets. Precisely, for every bounded quasi-open set Q C R? with |Q| > 0 and every 7 > 0, we have

A1 (B,Té,) <M(Q,V) forevery Ve L®(Q;RY) with ||V|e~ <7, (3.4)

where B is the ball centered in zero of the same Lebesgue measure as Q. Indeed, let Q c R¢
be a bounded quasi-open set and V € L>®(2,RY) be such that ||V||p~ < 7 (in what follows we
assume that V' is extended by zero outside Q). Let (£2,),~,; be a sequence of bounded open
sets which ~y-converges to Q and such that |Q,| converges to || (see Lemmalem approx qo).
Denote by B,, (resp. B) the ball centred at 0 whose Lebesgue measure is |B,, | = |,| (resp.
|B| = |€?]). Then, since 2, is an open set, we have A\i(B,, ,7e;) < A1(Qy,v) thanks to [28]
Remark 6.10]. Moreover, B, ~-converges to B (since |B,,| — |B| and hence B,, converges to
B in the sense of Hausdorff; see [30, Proposition 3.4.2]). Therefore, Corollary implies that
M (B, , Te,) converges to Ai(B, Te,) and similarly, A1(Q2,,V) — A1(Q,V). Passing to the limit

we get (34).
4. EXISTENCE OF OPTIMAL DOMAINS

In this section we prove the existence of optimal domains for the cost functional A\; (€2, V). We
first consider the case when the drift V' is fixed, for which the existence follows by the result
of the previous section and a classical theorem in shape optimization. The case when both the
domain 2 and the drift V' may vary requires more careful analysis and the rest of the section is
dedicated to the proof of Theorem In the end of the section (Theorem 4.5) we also prove
that a solution (€2, V') exists also in the class of vector fields V' obtained as gradients of Lipschitz
continuous functions.

Theorem 4.1 (Existence of optimal sets for a fixed vector field). Let D C R% be a bounded open
set and V € L=(D;R?). Then, for every 0 < m < |D|, there is an optimal domain, solution of

the problem (|1.8]).
Proof. By Remark and Proposition we get that Q — A1(2,V) is y-continuous and de-
creasing with respect to the set inclusion. The claim follows by Theorem g

4.1. Optimal drifts on a fixed domain. Let Q C R¢ be a fixed bounded quasi-open set and
7 > 0 be given. We consider the following variational minimization problem

min{)\l(Q,V) LV e LO(QRY, |V~ < T}. (4.1)

Theorem 4.2 (Optimal vector field on a fixed quasi-open set). The problem (4.1)) has a solution,
which satisfies

. Vu(zx)
[Vu(z)|
where u is the eigenfunction of L = —A 4V, -V in Q, associated to the eigenvalue A1(€, V).

Vi(a) =

if [Vu(@)] #05 V@) =0 if [Vu(2)| =0, (4.2)
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Proof. Let (), be a sequence of smooth, say of class C?< for some 0 < o < 1, open sets
which ~-converges to (2 (see Remark. Since £, is smooth, we already know (see [29 theorem
1.5]) that the problem (4.1) for the fixed domain §2,, has a solution V;,. Moreover, if u, is the
associated eigenfunction of —A + V,, -V in Q,, that is, u, is defined by

—Aup + Vi - Vuy = M\ (Qp, Vi)u, in Qy, Uy, € H&(Qn), / ui dr=1,

then the optimal vector field V,, is unique and is given by

Vuy,(zx) )
Vi (z) = —TW if |Vuy,(x)| # 0,

0 if |Vu,(x)| = 0.

In particular, u, is a solution of
—Aup — 7 Vg = M (0, Vi)u, in Qo € HY(Q), / u?de = 1.
Q7L

We first claim that the sequence (A1 (2, V4,)),,>; is bounded. Indeed, by optimality of V,,, one has
A (2, Vi) < A1(Qy,0), which is nothing but the principal eigenvalue of —A on €, with Dirichlet
boundary condition. But since €2, y-converges to (), Proposition yields that A1(Q,,0) —
A1(€2,0) so that the sequence (A1(£2,,0)),,~; is bounded, proving our claim.

Therefore, up to a subsequence, A;(€,,V;) converges to some A € R and u, has a uniformly
bounded norm in H} (D), which yields a function u € H} (D) such that, up to a subsequence,

U, — u weakly in H}(D) and u,, — u strongly in L*(D). (4.3)

Since the sequence |Vuy,| is bounded in L?(D), up to a subsequence, —7 |Vu,| — z weakly in
L?(D) for some function z € L?(D). Therefore, f,, := A1 (2, vp ) Uy, +T|Vun| weakly converges in
L?(D) to f := Au— z. Thanks to theorem (applied to —A), u, = RQ (frn) strongly converges
in L?(D) to Rg™(f). By ([@.3), we have u = Ro2(f) and hence u € H}(Q). Furthermore

/|Vu\2 d:z::/(—zu+)\u2) dx
D D

— Gim [ (F[Vunlun + M (@, Vi)ul) dz = lim /\vun\ da,

n—-+4o0o D n—-+o0o

where the first line is due to the fact that u € H}(Q) and —Au = Au — z in . This proves that
u, converges strongly in H'(D) to u, that |Vu,| strongly converges in L?(D) to |Vu|, and hence
that z = —7|Vu|. Therefore u satisfies

—Au+V,-Vu=—-Au—7|Vu|= I in Q, u € Hy(Q), /quw—l,
Q

where V, € L*(D,R%) is given by . This shows that A is an eigenvalue of the operator
L=—-A+V,-Vin Q. In particular, we have ||Vi||cc <7 and A\1(£2, Vi) < A. On the other hand,
by the minimality of V,,, we have A1(Qy,, V) < A\ (2, Vi). Hence, letting n — oo, we get that
A < A\ (22, Vi), which yields A = A\1(€2, Vi) and concludes the proof of the theorem. O

4.2. Shape optimization problem over domains and vector fields. Let D C R? be a
bounded open set, 0 < m < |D| and 7 > 0. We consider the shape optimization problem

min {\(Q,V) : QC D quasi-open, |Q| <m, ||V|z=~ <7} (4.4)

Theorem 4.3 (Existence of optimal sets and optimal vector fields). Let 7 > 0 and m € (0, |D|).
Then the problem (4.4) has a solution (2*,V*), where V* is given by (4.2)).

Proof. Let (2, V,) be a minimizing sequence for (4.4)) and let
A:=inf {\(Q,V) : QC D quasi-open, |Q <m, |V~ <7} = le A1 (2, V2),



EXISTENCE AND REGULARITY OF OPTIMAL SHAPES 17

Since the topology of the weak ~-convergence is compact, we can assume that, up to a subsequence,
Q,, weakly y-c onverges to a quasi-open set 2 C D. Then, let Q,, be a sequence of quasi-open sets
as in Lemma [2.3] Denote by V, the optimal vector field given by Theorem 4 . on ,, and let
u, € HY Q) be a solution of

—Au, +V, - Vu, = Al(Qn, f/n)un in Q, Uy, € lr{é(ﬁn)7 / ui dr =1.
D

By the minimality of V,, and the inclusion Q, C Q,, we have

0 <A (Qn, Vi) <A (i, Vi) < A (Q, V) for every n > 1.
Therefore, up to a subsequence, Al(Qn, f/n) converges to some A such that A < A. In particular,
(un),>1 is uniformly bounded in H(D) and so, up to a subsequence, u, weakly converges in

H}(D) to some u € H}(D). Now, since Q,, y-converges to Q, we can argue as in the end of the
proof of Theorem (4.2} . to conclude that the convergence of u,, to u is strong in H!(D). This yields
that w is not identically zero and satisfies

—~Au+V -Vu=Au—7|Vu|=Au in Q, u € Hy(Q), /qule,
D

where V € L""(D,Rd)~ is given by (4.2). Furthermore, thanks to Lemma we have that
|| < m. Hence, A < A. Thus, we get that A = A and hence that A = A\(€2, V), which proves
that the couple (£2,V) is a solution of (4.4)). O

Remark 4. 4 If the box D contains a ball B C D such that |B| = m, then by Remark a
solution of is given by A\ (B, |z|)

We now consider a shape optimization problem in the more restrictive class of couples (2, V),
in which the vector field V' is a gradient of a Lipschitz function. Precisely, given a bounded open
set D C R% 7> 0and m € (0,|D|), we consider the shape optimization problem

min {Al(Q,VQJ) : Q C D quasi-open, ® € Wh>(D), |Q <m, ||[V®||ze < T}. (4.5)

In this case the argument from Theorem does not apply since the optimal vector field from
Theorem may not be the gradient of a Lipschitz function. On the other hand, the functional
A1(Q, V@) is variational so we can use a more direct approach. Indeed, for every A\ € R and
u € HY(Q) we have

~Au+VP®-Vu=X u in Q@ < —div(e®Vu)=X % in Q,
and since the operator A = —div (e"®V") is self-adjoint, we get that

e ®|Vu|?d
A(Q,V®) = min Ipe L) u de
weH Q\{0} [pe Puldx

(4.6)

Theorem 4.5 (Existence of optimal sets and optimal potentials). Let D C R? be a bounded open
set, 7 >0 and m € (0,|D|). Then the problem (4.5) has a solution.

Proof. Suppose that (€, ®,) is a minimizing sequence for and let A, = A (Qp, VP,).
Given 9 € D, we may suppose that ®,,(z¢) = 0 for every n > 1. Thus, up to a subsequence, ®,,
converges uniformly in D to a function ® € W1H°(D) such that ®(z¢) = 0 and ||[V®||1~ < 7.
Let u,, be the solution of

—Auy +V®, -V, = Au, in Q,  u, € H(Q), / u? dr = 1.
D

Then, u, is uniformly bounded in H& (D) an so, up to a subsequence, u, converges weakly in
H} (D) and strongly in L?(D) to a function u € H}(D). Thus, we have

/ 202 dz = lim e_q)"ui dx and / 6_®|VU|2dl" < lim inf/ e‘¢"]Vun|2d:L“.

n—o0 D
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Now, choosing €2 := {u > 0} and applying (4.6), we get

) 2 -® 2
Vul? d V| d

A (9, D) <
1( s ) > fD =242 dr 00 fD e_‘b”u% dx n—00

Now, in order to conclude, it is sufficient to notice that by choosing a subsequence, we may assume
that u,, converges to u pointwise a.e., so we get

|2 = {u > 0}] < lirginf H{un > 0} < lirginf |0, < m,
which proves that (£2, ®) is a solution of (4.5)). O

5. REGULARITY OF THE OPTIMAL SETS

In this section we prove Theorem We prove the regularity of the boundary 02 of the
optimal sets €2 from Theorem We only consider the case V = V&, with ® € Wh°°(D), since
in this case the optimization problem is equivalent to a free boundary problem for the first
eigenfunction u on the optimal set Q2. The regularity for a generic vector field V' € L*°(D) remains
an open problem essentially due to the lack of variational characterization of the eigenvalue
A1(Q,V). We start with the following lemma.

Lemma 5.1 (Reduction to a free boundary problem). Let D C R? be a bounded open set,
0<m<|D|, >0, ®cWHo(D), with |[V®| =~ < 7, and V = V®. Suppose that the quasi-
open set 0 C D is a solution of . Then every corresponding first eigenfunction ug of the
operator —A +V -V on Q is a solution to the variational problem

Am := min {/ \Vul|?e™%dz : ue HYD), [{u # 0} <m, / e Puldr = 1}. (5.1)
D D
Conversely, if u is a solution of (5.1), then the quasi-open set {u # 0} is a solution of (L.8]).
Proof. The proof is a straightforward consequence of the variational formula (4.6]). O

Remark 5.2. It turns out that if u is a solution of (5.1]), then u > 0 in D (see Lemma 5.8 below).

The rest of this section is dedicated to the regularity of the free boundary 92, N D and of
the whole boundary 952, if D is smooth, of a solution u of (5.1)), where we recall that, for any
function v € H} (D) we denote by €, the (quasi-open) set {v > 0}.

This section is organized as follows.
In Subsection we prove that the solutions of (5.1) are bounded. This is important due to
the fact that u solves the equation

—div (e7®Vu) = \(Qy, V®)e ®u in Q,,

and in the rest of the section we will often use the fact that the right-hand side is bounded.

In Subsection we prove that the solution u is essentially a subharmonic function on D with
respect to the operator div(e ®V) (see Lemma . In particular, this implies that v and the
set €, are well-defined everywhere (not just up to a set of measure zero). The free boundary is
thus defined as the topological boundary of the set §2,,. In the same subsection, in Lemma
we prove that the measure constraint [{u > 0}| < m is saturated, that is, |€2,| = m. This proves

Theorem (3).

In Subsection [5.3| we get rid of the integral constraint / e ®u?dr = 1 and we rewrite the
problem (5.1]) in terms of the functional

J(u) = /D (IVul* - )\mu2)ef¢ dx.

In Subsection [5.4] we write the Euler-Lagrange equation that arises in the minimization of the
functional J under the measure constraint |€2,,| < m. We consdider only internal variations, that
is, test functions of the form a(x) = u(z + t&(x)) for smooth vector fields £. In Subsection
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we prove that at small scales u is a solution (in the sense of ((1.12))) to the minimization problem
for the functional v — J(v) + A, |Qy|, where A, is the Lagrange multiplier from Subsection

In Subsection [5.6| and Subsection [5.7, we use the result from Subsection to prove that the
solutions of ([5.1]) are Lipschitz continuous and non-degenerate at the free boundary; we also prove
that the set (), has finite perimeter. This proves Theorem (1) and (2).

Subsection [5.8]is dedicated to the compactness of the blow-up sequences and the optimality of
the blow-up limits. In Subsection we prove a (quasi-)monotoncity formula for (a variant of)
the Weiss’ boundary adjusted energy. As a consequence, we obtain that the blow-up limits are
one-homogeneaous.

In Subsection we prove that the solution u satisfies the optimality condition |[Vu| = /A, e?®
on the free boundary 9, N D in viscosity sense, we deduce the regularity of the regular part
Reg(0),) and we show that the remaining singular set has zero (d — 1)-dimensional Hausdorff
measure. In this subsection, we complete the proof of Theorem (4), (6) and (7). Finally, in
Subsection [5.10], we give some further estimates on the Hausdorff dimension of the singular set,
which complete the proof of Theorem (5).

5.1. Boundedness of the eigenfunctions. In this subsection we give a bound on the L* norm
of the eigenfunctions on generic bounded quasi-open sets. We first prove that if u is a solution of
a PDE with sufficiently integrable right-hand side, then u is bounded. Then we use and iterate
an interpolation argument to improve the integrability of the eigenfunctions.

Lemma 5.3 (Boundedness of the solutions of PDEs on quasi-open sets). Let D C R? be a bounded
open set, Q C D be a quasi-open set and ® € W1°(D). Let f € LP(D) for some p € (d/2, 4]
and let u € H(Q) be the solution of

—div(e™®Vu)=f in Q, u € Hy(Q). (5.2)
Then, there is a dimensional constant Cg such that
C emax@ 3
lullze < 57— 17 FII |,

2/d— 1/p

where max @ = ||®|| Lo (p)-

Proof. We first assume that f is a non-negative function. We notice that v > 0 on {2 and that u
is a minimum in H}(2) of the functional

1
J(u) ::2/96_(D|Vu|2d:n—/gfudm.

The rest of the proof follows precisely as in [39, Lemma 3.51]. For every 0 < ¢t < ||ul|p~ and
e > 0, we consider the test function u;c = u At + (u —t — €)4. The inequality J(u) < J(uge)
gives that

1

p—1
2/ eq)|Vu\2dx§/ flu—u.) dxgs/ fdx <e|fllppl{u >t} 7,
{t<u<t+e} R4 {u>t}

and, using the co-area formula and passing to the limit as ¢ — 0, we get
—1
/ (V] dHOL < 26 £l [{u > )] 55 (5.3)
{u=t}

Now, setting ¢(t) := [{u > t}| and using the co-area formula again as well as the Cauchy-Schwarz
inequality, we obtain

-1
1
O (t) = —/{ . Wd?—ld‘l < - (/{ . |Vl cmd-1> Per({u > t})?,
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which, together with the isoperimetric inequality [{u > t}|d%1 < CgPer({u > t}) and (5.3), gives

Cd ﬂ+l
_ ——  »(t) ¢ '»p R
AR

where we recall that the dimensional constant Cy may change from line to line.
Setting o = % + 113 < land C = Cy||fll;re”™*® we have ¢ < —Cyp®. If

¢'(t) <

tmax :=sup {t > 0; ©(s) >0 for all s € [0,¢)} < +o0,
then ¢/ (t)p(t)~* < —C for all ¢ € [0, tmax), so that
1
0<pt) < (1" *—(1-a)Ct)T==  forall t€ [0,tmax).
This shows that tax < +00 and that

1o

lull Lo < tmax < C a1,
which concludes the proof when f is non-negative. For a general function f, the proof now follows
by applying the estimate in Lemma [5.3] to both the positive and the negative parts of f. O

Lemma 5.4 (Boundedness of the eigenfunctions). Let D C R? be a bounded open set, 2 C D be
a quasi-open set, ® € Wh°(D) and V = V®. Let R : L*(Q) — L%*(Q) be the resolvent operator
of —A+V -V on Q. Then, there are constants n € N, depending only on d, and C € R, depending
on d, |Q] and ||®| e, such that

RYL*(Q) CL™(Q)  and  ||R"||z@2@p~(@) < C.

In particular, if u is a first eigenfunction of —A +V -V on Q normalized by |lul|;. = 1, then
u € L>®(Q) and
|u||pee < CAF(2, V).

Proof. Let us first notice that if d < 3, then d/2 < 2 and so, taking n = 1, the claim follows

directly by Lemma If d > 3, then setting 2* = dQ—EQ, we have

R:L*(Q) = L¥(Q) and R:LYN) — L®(Q).
Thus, interpolating between 2 and d, we get

d d
IRl o(1eipe) < C, where pe[2,d] and q= dL_p > ﬁ, (5.4)
where C' depends only on d, |Q| and ||®||z~. Now, it is sufficient to notice that R¥ € £(L?; L%),

k
where g = 2<d — 2) . For k big enough we have that g, > d/2 and so, RFT! € £(L?; L*°), which

proves the first part of the claim. Finally, in order to get the estimate on w, it is sufficient to
notice that R(u) = A7H(Q, V)u and R™(u) = A\{"(%, V)u. O

5.2. Pointwise definition of the solutions. When we deal with Sobolev functions we usually
reason up to a choice of certain representative of the function. Even if this representative is defined
quasi-everywhere, there still might be a set of zero capacity where the function is not defined.
Of course, this interferes with the notion of a free boundary in the sense that we cannot just
consider the topological boundary of €2, without specifying the representative of v that we work
with. Fortunately, the eigenfunctions of the quasi-open sets are defined pointwise everywhere,
that is every point is a Lebesgue point.

Lemma 5.5 (Subharmonicity and a mean-value formula for positive solutions of PDEs). Let
D c R? be a bounded open set, @ C D a quasi-open set and ® € Whte(D) a given Lipschitz
function. Let f € L>®(D) and u > 0 be a solution to the problem (5.2)) in .
(1) Then, div(e=®Vu)+f > 0 in R?, in the sense of distributions. In particular, div(e=®Vu)
is a (signed) Radon measure on Re.
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(2) For any xo € RY, we can define the value of u at xq by

o d—1/.y _ 1:
u(zo) = lim 8Br(xo)u(w) dH (z) = lim o) u(z) d.

Moreover, we have the identity

1 T
][ ue™ AT — u(zg)e @) = / 514 div(e~®Vu)(Bs(z0)) ds
8B, (o) dwq Jo

—1/ sl_dds/ (VO -v)ue ®dHI™t, (5.5)
dwa Jo 9B,

where v denotes the normal to 0B pointing outwards.
(3) Let o € R and R > 0. Suppose that there is a constant C > 0 such that

‘div(e*(I’Vu)(Br(a:O))‘ < Crit for every 0<r<R. (5.6)

Then we have the estimate

‘u(xo) —][ ud?—[dill < Mo <dC' + 2L¢MueM‘1’> T for every 0<r<R, (57
aBT(fL‘O) Wd

where Ly := |[V®|| oo (p), Mu = [[uf|p(p) and Mg = ||[[1~(p)-
Proof. (1) For n € N define p, : R — R by
pn(s) =0, for s <O0; pn(s) = ns, for se€[0,1/n]; pn(s) =1, for s>1/n.
Since p,, is Lipschitz continuous, we have p,(u) € H}(Q) and Vp,(u) = pl,(u)Vu. Let ¢ €
C§°(D), ¢ > 0in D. Using ¢ppy(u) as a test function in , we get
/Dpn(u)Vu -V e Pdx < /D (pn(u)Vu -V + gopil(u)|Vu|2)efq)d:z = /D fopn(u)dx.

which, letting n — oo, gives the first claim.
In order to prove (2), we suppose that o = 0 and we calculate

< gyt = 4 —®(s8) gayd—1
ds Jop, M= 0B, ulst)e an
:][ [5 - Vu(s§) — u(s€)E - V@(sg)]e—‘l’(sﬁ)d}(d—l
oB
sl_; gl—d

div(e~®Vu)(Bs) — (VO -v)ue ®dHI

- dwg dwg Jap,

Then, integrating from p to r (p < r), using the inequality from (1) and the fact that u € L>(D)
by Lemma [5.4] we get

1 T
][ ue”CdH ! —][ uePdHI! = / 514 div(e”®Vu)(Bs(z0)) ds (5.8)
OB, 9B, dwq J,

1

——— [ §tmdgg / (VO - v)ue ® dHd!
dwd p 0Bs
1 — min
> —galfllze (7 = %) = ™l o V@ 1o (r = p)
= A2~ %)~ B(r—p),

where A, B > 0. This shows that the function r — ue”®dH + Ar? + Br is non-decreasing.
0B,

In particular, the limit ¢(z¢) = liII(l) ue”PdH! exists and we set u(zg) = e®@0)¢(xy).
T=YJ0B, (x0)
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Now, (5.5 follows by letting p — 0 in (5.8). Finally, in order to prove the claim (3), we notice
that (5.5)) implies

‘][ ue™® dHIT! — u(awg)e” @)
9By (z0)

C
< < + L¢MueM‘I’) T for every 0<r<R,
dwg

(5.9)
Now, by the triangular inequality we have

’][ wdH — u(xo)’ = (@)
OBy (x0)

][ ue™ @) gHI1 _ y(zg)e P (@0)
0B (z0)

][ ue T dHI — u(xo)e*(b(zo)
OBr(x0)

4 ®(@0) ][ u’e—cb(xo) _ 0
OBr(z0)

Thus, the claim follows since, by the Lipschitz continuity of ®, we have that for every x € 9B, (x),

~0(z0) _ ()

dHI T,

< ell®llzee(p) ‘|vq)HL°C(D)’x — o).

e
(5.7) is a direct consequence of (5.5]). O
As a direct consequence of Lemma and (5.5)) we get the following strong maximum principle.

Lemma 5.6 (Strong maximum principle). Let D C R? be an open connected set and u € HE (D)
satisfy u > 0. Assume that div(e=®*Vu) € L>®(D) satisfies div(e"®Vu) < 0. Then, if u is not
identically vanishing in D, then wu is strictly positive in D.

Proof. Set A = {x¢ € D; u(xg) =0}. If 9 € A, then implies that u(z) = 0 for almost
every € B,(xo) whenever B,(xo) C D. Therefore, for all z € B,(x0), since x is a Lebesgue
point for u, u(xz) = 0. Thus, A is open.

Consider now a sequence (zy),>1 € A converging to g € D. For some n large enough, there
exists a ball B.(z,,) C D containing z¢. Since u vanishes everywhere in B, (), u(zo) = 0, which
proves that A is closed in D. We conclude by the connectedness of D. O

A consequence of Lemma is the fact that the set €, = {u > 0} and the (topological) free
boundary 92, N D are well defined. Below we prove that the topological boundary coincides with
the measure theoretic one.

Lemma 5.7 (The topological boundary coincides with the measure-theoretic one). Let u €
H{(D), w > 0 in D, be a solution of (5.1)), zo € 0y, and let v > 0 be such that Dy(zq) :=
B (z9) N D is connected. Then we have 0 < |Qy, N By (xg)|. Moreover, if zog € 9, N D, we have
10 N By (z0)| < |Dr(w0)]-

Proof. In order to prove the first inequality, suppose that o € 99, and |B,(z¢) N Q| = 0 for
some r > 0. Since every point € B,(xg) is a Lebesgue point for u and u = 0 almost everywhere
in B,(xg) we have that u = 0 in B,(xg), but this contradicts the fact that xg € 0.

In order to show the second inequality, we assume by contradiction that [2,NB,(zo)| = | Dy (x0)|
for some r > 0. We claim that u is a solution of

—div(e”®Vu) = Apue™® in D, (x0), where A\, ::/ |Vul?e™? da.
D
Indeed, let v be the solution of
—div(e ®Vv) = Myue™® in D,(x0), v=u in D\B(xp).
Then Lemma [5.6] implies that v > 0 in D, (z¢). Since |Qy| = ||, the optimality of u gives

[p |Vol?e™® da Z/ VulZe® du = [p |Vul?e™® da s (1 [pue™® da:) ’
D

Jpv2e®dx Jpv2e®dx B Jpv?e®dx
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which implies

02/ (|Vu|2—|VU|2)e_q>dx—|—)\m/
D

D
where the last equality follows by the definition of v and the fact that v —u € H}(D,(x0)).
This implies that © = v almost everywhere and hence, by Lemma that v = v everywhere.
Therefore, we have u > 0 in B,.(xg), which is in contradiction with xg € 9Q, N D. d

(v —u?)e Pdx = / (IV(u—v)]* 4+ An(u—v)?) e *da,
D

Lemma 5.8 (Saturation of the constraint). Let D C RY be an open connected set, ® € Wh>°(D),
m and 7 be as in Lemma[5.1] Then every solution u of (5.1)) is such thatu > 0 on D and |Q,| = m
(up to a change of sign). In particular, every solution ) of (L.8)) is such that |Q] =

Proof. Let u be a solution of (5.1]) and set
Uy u—

UL = and ug = 2R
(/ uQe_‘I’)
D

1/2
()
D

We first prove that either u; or wg is a solution of (5.1). It is obvious if u = uq or u = u_.
Otherwise, we have uy # 0 and u_ # 0, and the claim follows from the estimate

fD IV, |? e ®da Jp IVu_ ? e Pda < Ip (‘VU—F‘Q + |VU—‘2> e Pdx b \Vul? e~ ®dx
fD u+e—q’dx ’ f u? e~ ®dz In (ui—i—u%) e~ ®dx N Jpule~®dx -

Up to changing u into —u, we assume that u; is a solution of (5.1]). Now, suppose by contradiction
that |€2,| < m. Then, for every ball B, (x¢) C D such that |,| + |B;| < m, writing that

/ |V |? e~ ®dz < / IV (uy + tp)|* e~ ®dx
D D

for all functions ¢ € HE(B,(z0)) and all t € R, we easily get that u; is a solution of
—div(e ™ ®Vuy) = Ape Pu;  in B, (x0).

By the strong maximum principle, we get u > 0 in B,(z¢), which is a contradiction. This proves
both the saturation of the constraint and the positivity of u. (|

5.3. A free-boundary problem with measure constraint. We now follow the strategy
adopted in [6 [7]. In particular, the proof of Theorem below is very close to the one of
Theorem 1.5 in [6]. Note that the approach is local and that a result analogous to Theorem
with perturbations in D is vain (see Remark 1.6 in [6]).

Let u € HJ(D) be a solution of (5.1)). For any v € H} (D) we set

/VU’Q “Pdr — A / 2e™%dy, (5.10)

where it is recalled that A, = / Vul?e™?

Remark 5.9 (Removal of the integral constraint). It is plain to see that, when u € H}(D) is a

solution of (5.1] . ,

J(u) = min {J(v) : v € Hy(D), Q] <m}. (5.11)
For a ball B,(zo) C R? we define the admissible set
A(u,o,7) = {v € Hy(D) : u—wv e Hj(B(x0))}.

Remark 5.10 (Coercivity of J). We notice that the set {v € A(u,zo,7) : J(v) < C} is weakly
compact in Hg (D). Precisely, if u € Hi (D), ® € Wh*°(D) and J be given by (5.10)), then there
is a constant ry > 0, depending on d, ®, A\,, and D such that for all r < rg,

/B . |VU|2 dx < 2emax¢J(v) + (1 +4)\memax‘1>fmin‘b) HUH%P(D)’ Yov € A(U7.T0,7‘). (512)
r{Z0



24 EMMANUEL RUSS, BAPTISTE TREY, BOZHIDAR VELICHKOV
Indeed, let v € A(u,xo,r) with r < ro. We have
2
2 2 2 2 2
v d:USQ/(U—u) dac—|—2/ u®dx < /]V(U—u)] dac—|—2/ u“dx
/D D D A (Br(20)) D

4r?
< 0 / Vol? + |Vul? d:n+2/u2da:,
= N D(! * + [Vul?) i

where the last inequality is due to the (—2)-homogeneity of A\;(B,) and the fact that r < rg.
Choosing 7 small enough (depending only on d, A\, [|[V®| L~ and the diameter of D) we get

/ |V’U|2 dax < emax<I>J(v) + )\memax<bmin<1>/ U2 dx
By (z0) D

1 .
< emaxX® J(y) 4 / (Vo> + |Vul?) dz + 2)\mema"¢mm¢’/ u? de.
2 B, (z0) D
which concludes the proof of (5.12)).

As a consequence, we obtain the following result, which gives us the existence of a solution to
a local version of the minimization problem (j5.11)) with some different measure constraint.

Lemma 5.11 (Existence of local minimizers). Let u € Hj(D) be a solution of the problem (5.11)).
Let B,(z9) C R? be a fived ball and let . be a real constant such that m > |Q, \ By(z0)|. Then:
(1) the problem
min {J(v) L v e Alu,zo,7), |Q] < m} (5.13)
has a solution provided that r < ro with ro given by Remark

(2) if Dy(x0) := By(x0) N D is connected and |2, U Dy (z)| > m, then |Qy,| = m;
(8) there exists o > 0 such that, for every r < rg, every solution v of (5.13)) is non-negative.

Proof. For 1, it is enough to notice that, by Remark[5.10] J is bounded from below in A(u, zq, ).
Then, if (vy)p>1 is a minimizing sequence for (5.13)), by (5.12)) v, is bounded in H L For 2, if
D, (z) is connected and |2, U D, (xo)| > m, we argue as in the proof of Lemma [5.8 to conclude
that |Q,| = m. For 3, let v be a solution of . Then, by the optimality of v and the fact
that vt € A(u,xg,r) and Q,+ C €, one has

JH) +Jw7) = Jw) < Jh),
which means that J(v~) < 0. Therefore,

/ Vo™ [2e™® dz < \p, v~ |?e~® dx
Br(-TO) Br(1'0>

< )\me2rTC’dr2/ Vo™ [2e™? du,
B,«(Io)
where the second inequality is due to the fact that maxp (,,)® — ming (;,)® < 2r7 and the

variational characterization and the scaling of A\1(B,,0) = Cyqr~2. Thus, for r small enough
(r < rg with 79 depending only on 7, A, and d), v~ = 0.
O

5.4. An internal variation optimality condition. Let D C R? be a bounded open set, u €
HY(D) and ¢ € C°(D;R?). The first variation 6.J(u)[¢], of J at u in the direction &, is given by

() — ()

Py ; ,  where w(x):=u(z + t&(x)).

A straightforward computation gives that

5J(u)l¢] == /D [ng(vu) Vu A+ (Va2 = M) (VO - € — div g)] e=® da. (5.14)
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We prove in Proposition the existence of an Euler-Lagrange multiplier for every solution u
of (5.11f). This, using a local internal variation of the boundary of the optimal set €2,,, we derive
an optimal boundary condition for u (see Lemma [5.30)).

Proposition 5.12 (Euler-Lagrange equation). Let u be a solution of (5.11). Then, there exists
A, > 0 such that

0J(u)[€] = Au/ divéde for every € € C®(D;RY). (5.15)
Qy
Moreover, for every xg € 9, N OD and every r > 0, we have

MMM2m/m%m,

u

for every € € C°(B,(x0),R?) such that (Id + &)~ Y(D,(x0)) C D,(w0).
Proof. Let ¢ € C°(D;R?) and u;(x) = u(z + t&(x)). Then we have

[0, | = |Qu] —t/ div&dx + o(t). (5.16)
Qu

Step 1. We first notice that if B,(z¢) C R? is a ball such that
D, (xg) := Br(z9) N D is connected and 0 < |Dy(z0) N Q| < |Dr(x0)],
then there is a vector field & € C°(D,(x0); R?) such that / div &y dz = 1. Indeed, if this is not

u

the case, then we have
/ divédr =0 for every £ € C(Dy(x);RY).

For every ball B,(x1) C D,(x¢), take a vector field of the form {(x) = (x — z1)¢:(x) with
0 < ¢ < 1 on By(x1), ¢ radially decreasing in B,(z1) with |[V¢:| < C(pe)™!, ¢. = 1 on
Bj(1—¢)(71) and ¢z = 0 on 0B,(x1). Then we have / (doe(z) + (. — x1) - Voe(z)) dz = 0 and,

u

passing to the limit as € — 0, we get
d|Q N By(x1)] — pHEH (2 N OB, (1)) = 0.

In particular, we get that the map p — p~¢|Q, N B,(z1)| is constant. Since the above identity
holds for all balls B,(x1) C Dy(x0), we get that [Q, N D,(xp)| = 0 or |Q, N Dy(x0)| = |Dy(x0)],
which concludes the proof of the claim.

Step 2. We now prove the first statement of the proposition. Let & € C2°(D;R?) be as in Step
1 and € € C°(D;R%). There are two cases:

If/ div ¢ dx = 0, define & = € + n&y with n > 0 so that / div & de = .
Set ut?:g) = u(z + t&1(x)). Then, for t small enough, u; € Hol(Du), |0, | < Q] =m and
J(ug) = J(u) +t0J(u)[&1] + o(t).
By the minimality of v we have J(u) < J(u:) and so, 6J(u)[&1] > 0. Therefore,
5I(W)E] > —ndJ (W] for every >0,

and hence, we get 6.J(u)[¢] > 0. Taking —¢ instead of & we have that §.J(u)[¢] = 0, and hence
(5.15]) holds for any A, > 0.
If/ div&dx # 0, define & := §—§0/ div & dax. Then/ div & dx = 0 and, by the preceding
Q Q

case, we have dJ(u)[€2] = 0. On the otheruhand, h

5J(UN§ﬂ==5JKUHﬂ-—5J(UN§dt/‘<ﬁv§dx,

u
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which proves (5.15) with A, := 6J(u)[&]. Moreover, for ¢ small enough, ui(z) = u(x + t{(z)) €
H}(D) and, by the minimality of u, we have
J(u) < J(ug) = J(u) + tAy, + o(t),

which proves that A, > 0. The strict inequality follows by a general result (Proposition for
minimizers of J with respect to internal perturbations.

Step 3. Let zo € 0Q, NOD, 7 > 0 and & € CX(D;R?%) be as in Step 1 so that we have
§J(u)[€] = Ay. For any & € CX(B,(xg),R?) such that (Id + &)~ (D,(x0)) C D,(x0), we set
&S =¢—(1-—n)& fQu div & dx where 7 is some positive constant. Note that the vector field &7 is
such that ui(x) = u(x + t&1(x)) € HY(D) for small t > 0 and fQu div&y de = n > 0. Therefore,
using the minimality of u, we have for every ¢ > 0 small enough

J(u) < J(uz) = J(u) + 6] (u)[&1] + o(t),

so that we get 6.J(u)[&1] > 0. It follows that 6J(u)[¢] > (1—n)A, for every n > 0, which concludes
the proof. O

In the following lemma we show that the Lagrange multipliers, associated to the solutions of
variational problems with measure constraint in a fixed ball B,(z¢), are continuous with respect
to variations of the measure constraint around m. This lemma will be used several times in the
proof of the optimality of the blow-up limits.

Lemma 5.13 (Convergence of the Lagrange multipliers). Let D C R? be a bounded open set,

u € HE(D) be a solution of (5.11) and A, be the constant from (5.15)). Let B,.(x0) C R? be a ball
such that

D, (zo) := By(zo) N D is connected and 0 < |Dy(z0) N Q| < |Dr(x0)|.

Let the sequence (my,),~, be such that lim m, = m. Then, for n big enough, there is a solution
= n—00

up € A(u,zg,r) of the problem
min {J(v) c v € Alu, zg, 1), |Qy] < mn} (5.17)

Moreover, up to a subsequence, we have:
(a) for every m there is a Lagrange multiplier A,,, > 0 for which (5.15) holds for u, in D,(x¢);
(b) for every n there is a vector field &, € C°(Dy(20); RY) such that

d t
dt t:oj(u”

(¢) uy, converges strongly in Hi (D) and pointwise almost everywhere to a function us € A(u,xg, 1)
which is a solution of ;

(d) the sequence of characteristic functions lq,, converges to lg,  pointwise almost everywhere
and strongly in L*(D);

(e) if we have 0 < |Qy \ By(x0)| < |D \ Br(x0)|, then nlgrolo Ay, = Ay

)= Ay, and %’H’Q%' =-1 where ul (2) := up (v +1&(2)); (5.18)

n

Furthermore, if D is of class CY' and m,, < m for every n large enough, then all these properties
still hold even if the assumption |2, N Dy (x0)| < |Dy(z0)| is not satisfied.

Proof. First of all, we notice that since |, \ D,(xo)| < m < |Q, U D;(z9)|, we may assume that
the same holds for every m,,, for n large enough. Thus, by Lemma the problem (5.17)) has

a solution u, such that |, | = my. Then, it follows that u, satisfies
0 < |Qu,, N Dr(x0)| < |Dr(z0)|- (5.19)
Therefore, by step 1 in the proof of Proposition there exists a vector field &, € C°(D,(zq); R?)

such that div§, dx = 1, and, reasoning as in Proposition [5.12} there exists A,, > 0 such that
Qu

n

0J (up) €] = Ay, div{dx for every £ € C°(Dy(xp),RY). (5.20)

Un
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Moreover, taking uf,(z) = uy(x + t&,(x)), we obtain (5.18). This proves (a) and (b). We notice
that the only difference with Proposition [5.12]is that in the present case, u,, is only a solution of
a variational problem in B, (zp).

Let now n be fixed and & € C°(B,.(z0); R?) be the vector field, from the proof of Proposition
associated to u. Then, taking u;(z) := u(x + t&y(x)), we have that

d
- Qu = - i = _17
dt‘t20| | /Q div & d

and so, for n large enough, there is a unique ¢,, € R such that (€2, | = m, = [, |. In particular,
there are constants C' and ng, depending on u and &y, but not on n, such that

J(up) < J(ug,) < C  for every n > ny.

Then, by Remark [5.10, (uy),>; is uniformly bounded in H(D), so up to a subsequence, u,,

converges weakly in H', strongly in L? and pointwise a.e. to a function us € A(u, g, 7). Now,
since the pointwise convergence implies 1o, < liminf 1o, , we get that [Q, | < liminf m,, = m.
In particular, J(u) < J(us). On the other hand, the weak H' convergence of u, gives that

J (o) < lirginf J(up) < lirginf J(ug,) = J(u),

so, we get J(ue) = J(u), usx is a solution of (5.13), |Q,..| = m (by the saturation of the
constraint). Moreover, J(u,) — J(us) since we have

limsup J(uy,) < limsup J(u,) = J(u) < J(uso) < lirginf J(up).
n—oo n—oo

n—o0
But uy, strongly converges in L?(D) to us so that it gives [, e™®|Vu,[>dz — [, e™*|Vuso|? dz,
which means that the convergence of u,, to u is strong in Hg (D).
We now check that the convergence of 1, to lg,  is strong in L?. Indeed, for all non-negative
function ¢ € L?(D), the Fatou lemma shows that

/lnuwwé/limlmnwém/ Lo, ¢- (5.21)
D D D

Up to a subsequence, there exists h € L?(D) such that lg,, — h weakly in L?(D). Thus,
yields 1o, < h. Moreover, [|h]l, < lim ||1q,_|,-
that 1o, — h strongly in L*(D). Since 1o, < h, we conclude that 1o, — lq,__ strongly in
L?(D), and so, up to a subsequence Lg,, converges to 1, —pointwise almost everywhere. This
proves (c) and (d).

In order to prove (e), we first notice that u and u., are both solutions of since J(us) =
J(u). Therefore, there is a Lagrange multiplier A, such that

As a consequence, ||hll, = m'/2, which entails

0J (Uoo)[€] = Ao div&dx for every £ € C°(D;RY), (5.22)
Quoo

Moreover, by (c¢) and (d), we get that
0J (uso)[€] = lim 6J(un)[¢] and / divédr = lim div ¢ dx,
9] n

i
n—oo —00 Q
Uoo Un

for every € € C°(D,(x0); R?). Now, choosing ¢ € C°(D,(xg); R?) such that / div&dz # 0 and
Quoo

using (5.22)) and ([5.20)) we get that A, converges to As. Finally, if we have 0 < |Q, \ By (z9)| <

|D\ B, (z0)|, there exists & € C°(D \ B,(20);RY) such that / divEdx # 0, so that Ao = A,

Uoo

since u = uy outside the ball B, (xg).

The proof of the last statement of the Proposition is very similar. We have |, \ D, (xo)| < m =
|, UD,(x0)| so that, since m,, < m, we have |, \ D,.(x0)| < m,, < |Q,UD,(x0)| for every n large
enough. It follows from Lemma that the problem has a solution u,, with [Q,, | = m,
and such that holds. Note also that there exists a vector field & € C§°(B,(zq), R?) such
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that (Id+t&) (D, (w0)) C Dy (z0) for every small t > 0 and Jo, divéo dz = 1 (consider a smooth
extension of the normal to the boundary of D on DN B (z0)). Moreover, we have t, > 0 (since
m,, < m) and hence u;, € H}(D). The rest of the proof is unchanged. O

5.5. Almost optimality of u at small scales. Let u be a solution of (5.1) in D ¢ R?. For
zo € R% and h > 0, we define the upper and the lower Lagrange multipliers, u_(h, zg,r) > 0 and
u+(h,x0,7”) > 0, by
pg(hyxo,r) =inf{u >0 : J(u) + p|Qu| < J(v) + p|Qy], Yo € A(u, g, ), m < Q| < m+ h},
p—(hyxo,r) =sup{u >0 : J(u) + p|Q| < J(v) + p|Qy], Yo € A(u, o, ), m —h < |Q,| < m}.
Remark 5.14 (u_ < A, < py). We notice that if B,(z¢) C R is a ball such that D,(zg) :=
D N B, (x9) is connected and 0 < |D,(z¢) N Q| < |Dr(x0)|, then

p—(h,zo, ) < Ay < pg(h, x0,7) for every h > 0.
Indeed, by Step 1 of the proof of Proposition there is a vector field £ € C°(D,(zp); RY)
such that / divédr = 1. Let ui(z) = u(x + t&(x)). Then for |t| small enough u; € A(u,zg,r)

Qy
and m — h < |Q,| < m + h. Moreover, for every p > 0 we have
J(ug) + p1fQu, | = J(u) + tAy + p([Qu| — 1) + o(t). (5.23)

Now, if ¢ > 0 is small enough and A, < p, then m > |Q,| and, by (5.23)), J(u¢) + p|Qy,| <
J(u) + p|€y|, which proves that A, > u—(h,zo,r). Analogously, if t < 0 and A, > u, then
m < |Qy,| and again J(ug) + p|Qu, | < J(uw) + 1|€y], which gives that Ay < py(h, zo,7).

Remark 5.15 (Monotonicity of p4 and p—). We notice that the following inclusion holds:
A(u,z, 1) C A(u, xo,79) for every By(x) C By, (o).
In particular, for every 0 < h < hg and every B,(z) C By, (xo), we have
p—(ho,xo,70) < p—(h,x,r) and g (hyx,r) < py (ho, o, o).

Theorem 5.16 (Convergence of the upper and the lower Lagrange multipliers). Let u be a
solution of in the bounded open set D C R% and let A, be given by Proposition . Then
there exists a constant ro > 0, which depends only on 7, A\, and d, with the following property:
for every ball By(xg) C R centred at xo € O, with v < ro and such that

D, (z¢) := Br(x9) N D is connected and 0 < |2 N Dy (x0)| < |Dr(x0)l, (5.24)

we h(]’l}(f
]. h ]' h — /\ .
hlIIlo H"F( 71“7 7 D) - hlIIO]. /J/_( ,x )y T i) u

If, moreover, D is of class C%', then there exists a constant vy > 0, which depends only on
T, Am,d and D, such that, for every ball B,(xg) centred at xo € 9, N OD with r < r1, we have

li _(h =A,.
hli%ﬂ ( 75607T0)

Proof of Theorem [5.16]: Let zg € 9y, be such that holds and let A > 0 be small. We set
for simplicity r = ro, Br(x0) = By, p+(h) := py(h,zo,r) and p—(h) := p—_(h,zo,r). We proceed
in three steps.

Step 1. We first prove that p(h) is finite. Let, for any n € N, v, € A(u, zg,r) be a solution of
the variational problem

min {J(v) + n(|Q| —m); : v € A(u, z,7), || < m+ h}. (5.25)

If there exists n such that [, | < m, then uy(h) < n and hence p4(h) is finite. Indeed,
by the minimality of v and the definition of v,, we have for every v € A(u,zg,r) such that
m<|Qy <m+h

J(u) +n|Qy| < J(vn) +n|Qy| < J(v) + n|Qy],
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so that 4 (h) < mn and the inequality u4(h) < oo holds.

Suppose, by contradiction, that |€2,,| > m for every n. First notice that since J(v,) is bounded
from below (see Remark and J(vp) + n(|Qy,| — m) < J(u), we have that |Q,, | — m as
n — oo. Since v, is a solution of with my, := |Q,, |, there is a Lagrange multiplier A,, such
that holds for v, and a vector field &, such that holds for vt (z) = vp(x + t&u(x)).
For t > 0 small enough, v}, € A(u,xo,7) and m < Q| < m+ h. Then, by the minimality of v,
we have

J(n) + 1(|Qu, | = m) < J(0,) +n(|Q0 | —m) = J(vg) + tAy, +1(|Q,| =t —m) + o(t),
which implies n < A,, , in contradiction with lim A, = A, from Lemma .

n—oo
Step 2. lllin% py(h) = Ay. Let (hy),~, be a decreasing sequence such that h, — 0. Since
— -
Ay < pg(h) and h +— p4(h) is non-decreasing, it is sufficient to prove that lim uy(h,) = Ay.
n—oo

Fix ¢ € (0,A,) and let 0 < oy, := piy (hy) — € < piy(hy). Let uyp, be the solution of the problem
min { J(v) + an(|Q| —m)* : v € A(u,z0,7), Qo] <m+ hy}.

Notice that |, | > m, since otherwise we would have J(u) < J(un) + an(|Qu,| —m)™, which
contradicts the definition of u4 (hy,). For n large enough, holds with u,,, and since u,, is
solution of with m,, = |Qy,, |, by Proposition there is a Lagrange multiplier A,,, >0
and a vector field &, such that holds for uf,(x) := u,(z + t&,(x)). By the minimality of u,,
for ¢ > 0 small enough, we have

() + an(|Qu, | —m) < J(ub) + an(|Qqe | —m) = J(un) + tAy, + an(|Qu,| —t —m) +o(t),
which shows that A,, > a,. By Lemma we have

i in) =€ = [0 0n £ 00 Aun = A
which proves the claim since € > 0 is arbitrary.
Step 3. }lLir% p—(h) = Ay,. We prove this result for any xg € 99, which will conclude the proof
—

of the Theorem. Note that the smoothness of D implies that there exists a constant c¢p > 0 such
that D, (xg) is connected for every r < rp and every zo € 9§, N ID.

Let ¢ > 0 and (h,)nen be a decreasing infinitesimal sequence. We will show that A, — e <
lim p_(hy). Let uy, be a solution of the problem

min {J(v) + (u—(hn) + &) (|| — (m = hp))T v € A(u, 20, 7), || < m}. (5.26)

Up to replacing u, by u,}, we can assume that u,, > 0 in B, (the argument is similar to the proof
of Lemma [5.11]). We claim that

m — hy, < |Qy, | <m. (5.27)
Suppose that |, | = m. By the minimality of v and w,, we get

J(w) + (p—(hn) + &) || < J(un) + (1 (hn) + )| Qu,, | < J(0) + (1 (hn) + €)[0],

for every v € A(u, zg,r) such that m— h,, < |Q,| < m, which contradicts the definition of p_(h,).
Now, if |Q,,,| < m — hy, we have J(uy,) < J(u, + tp) for every ¢ € C(D,(zo)) with sufficiently
small compact support. Thus u, solves the PDE —div(e"®Vu,) = Ane~®u, in D,(xq). Since
Uup > 0 in D,(zg), by the strong maximum principle, we have that either u,, = 0 or u, > 0 in
D, (o), in contradiction with (5.19). Thus, we proved (5.27).

We have that w, is solution of with m,, := |Q,, | which converges to m as n — oc.
By Lemma [5.13] we have an Euler-Lagrange equation for w, in B, for some A,, . Let &, €
C°(Dy(z0); R%) be the vector field from Lemma (b) and let ul (z) = up(z + t&(x)). For
negative ¢ < 0 and [t| small enough, ul, € A(u,xo,7) and |Q,,| < [Q,| < m. Thus, by the
minimality of w,, we get

J(un) + (p=(hn) +)(|Qu, | — (M —hs)) < J(un) + A, t+ (= (hn) +€)(|Qu, | =t = (m —hy)) +o(2),
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which implies that A,, < p—(hy,) 4+ e. Now, by Lemma we get
Ay = lim Ay, < lim p_(hy) +e,
n—oo n—oo
which conclude the proof. O

Remark 5.17 (Quasi-minimality at small scales). Suppose that D C R? is just a bounded open
set. By the monotonicity of 14 and p— with respect to the inclusion (Remark and a covering
argument we get that for every compact set X C D there is 7(K) > 0 such that: for every € > 0
there is A > 0 such that

pi(hyx,r) —e <Ay < p_(h,z,r)+e forevery ze€ KN, andevery 0<r<r(K).

If, moreover, D is of class O, then then exists 7p > 0 such that, for every ¢ > 0 there exists
h > 0 such that: for every 0 < r < rp and every xg € 9¢2, we have

pg(hyz,r) —e <Ay < p_(hyz,r)+e if |Q, N Dy(x0)| < |Dy(z0)|,
Ay < p_(h,z,r)+¢e otherwise.
5.6. Lipschitz continuity of the eigenfunctions on the optimal sets. In this subsection
we prove that the solutions of (5.1)) are (locally) Lipschitz continuous in D. For § > 0 we set
Ds={x €D : d(x,0D) > ¢} and let 1 > 0 be fixed. By Theorem and Remark we get

that if u is a solution of (5.1) and u > A,, then there is o > 0 such that, for every xg € 909, N Dy,
we have

J(u) + p|Qy] < J(v) + pl€y|  for every v e A(u,x0,79) such that [Q,] > |Q,].  (5.28)

Note that the condition |Q,| < |Q,|+ h can be dropped by choosing ¢ such that |B,,| < h. We
will prove that if u € H'(B,,) is bounded, nonnegative and satisfies (5.5) and (5.28), then u is
Lipschitz in Ds.

Proposition 5.18 (Lipschitz continuity of the eigenfunctions on the optimal sets). Let D C R?
be a bounded open set. Let T >0, m € (0,|D|) and ® € W1°(D). Then, every solution of
is locally Lipschitz continuous in D. More precisely, it is Lipschitz in Dg for all § > 0. Moreover,
if the box D is of class CV', then u (extended by 0 outside D) is Lipschitz in R,

The proof is based on the following lemma, whose (more general) two-phase counterpart can
be found for instance in [3], [5] and [10].

Lemma 5.19 (A bound on the measure div(e~®Vu)). Let u be a solution of (5.11)) and let
ro > 0 be such that u satisfies (5.28)) for some p > A,. Then, there is a constant C' > 0 such that
for every xo € 0Q, N Ds we have

|div(e”®*Vu)|(B,(z)) < Crd-1 for every ball Boy () C Byy(x0). (5.29)
Proof. Let x = 0 and n € C2°(Bz,) be such that

C
0<n<1in By, n=11n B,  ||Vy|re<=2.
r
Using u + tn as a test function for J, and setting (f,g) := / fgdz, we get
D

d
2(div(e”*Vu) + Apue™®,n) < tJ(n) + %|B2r| <C <t||V77||%2 + 7;)

where the constant C' > 0 depends on d, ® and p. Now, minimizing over ¢ > 0 and using the
d
estimate || V7|2 < Cgr2~!, we get

(div(e~®Vu) + Apue™®,n) < Cri-L.
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By Lemma we have that div(e"®Vu) 4+ A\ue~® is a positive Radon measure. Thus, the
inequality n > 1p, and the boundedness of u imply

| div(e”*Vu)|(Br) < A / ue™? dz + (div(e *Vu) + Apue™®, 15,) < Ord=L. O

T

The main ingredients of the proof of Proposition [5.18] will be Lemma [5.19] and the classical
gradient estimate that we recall in the lemma below.

Lemma 5.20 (Gradient estimate). Let p > d. Let U be an open subset of R? and let u €
W2P(U) N LP(U) be a (strong) solution to the equation

loc

d

d
Z aij(:c)&-ju + Z bz(m)&u = f mn Z/I,
i=1

ij=1
where f € LP(U) and we suppose that:

(a) the functions a;; : U — R are Hélder continuous, that is, there are constants C, > 0 and
0q > 0 such that

lai;(z) — ai;(y)| < Calz — y[% for every r,y eU;
(b) there is a constant M > 0 such that
laijllLoe@y < M and  ||bi||poc @) < M for every 1<4,j<d;
(¢c) the matriz is (ai;)i; is uniformly elliptic, that is, there is a constant ¢, > 0 such that

d

Z aij(1)&&; > calél®  forevery  welU and &= (&,....&) € R
ij=1

Then, for any domain U' CC U, we have
Julloran <€ (lellzan + Iflsen) — where =15,
and C is a constant depending on d, p, M, Cy, 84, cq, U and U.
Proof. First notice that by [27, Theorem 9.11], there is a constant C’ such that
lullwze@ry < C" (lullo@y + 1f 1l Le@) -
Now, the claim follows by the Sobolev inequality (see [24, Section 5.6, Theorem 6]). O

Proof of Proposition [5.18 Let u be a solution of . We proceed in four steps.

Step 1. Q, is open. Let & € 9Q, N D. We will prove that u(z) = 0. Let r; > 0 be such that
By, () € D and let x,, € B,,;,(Z) be a sequence converging to Z such that u(z,) = 0 (such a
sequence exists by Lemma . By Lemma and Lemma , for every n and every
r <r1/2 we have

][ wdH¥ < u(x,) + Cr=Cr,
OB, (n)
where the constant C' does not depend on n. Passing to the limit as n — oo, we get that

][ wdH* < Cr for every r <r1/2,

8B, (%)

which, passing to the limit as r — 0, proves that u(z) = 0.

Step 2. Gradient estimate in §,. We claim that, for every ball B,(Z) C §,, there is a constant
(5, depending only on ®, d and \,,, such that

C
IVull oo, ) < 72||UHL<>°(BT(:2))- (5.30)
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Indeed, suppose that z = 0 and set ®,(x) := ®(rz) and u,(z) = u(rz). Then w, is a solution of
div(e ® Vu,) + Ape ®u, =0 in By,
which can be re-written as
Au, — V® - Vu, = —Au, in Bj.
Applying Lemmawith U= By, U = Bip, ajj = 6ij, b=V& M =1+ |VP| 1=, f = —\yu
and any p > d, we get
IVur|pee (s, ,) < lurlloras, ) < Collurllesy),

which, after rescaling, is precisely .
Step 8. Proof of the local Lipschitz continuity. Let & € Q, N Dy and set r := dist(z, 0€,). Let
ro € (0,9/2) be such that u satisfies for every point zg on 9Qy, N Dss, (such an rq exists by
a standard covering argument). We now consider two cases

Case 1. If r > mo/6, then the estimate gives |Vu(z)| < Cy,.

Case 2. If r < 7o/6, let § be the projection of Z on 9€,,, that is, y € 9, and r = |z — y|. Notice
that in this case we have that y € 9§, N Ds/,. Now, take any z € B,.(Z). By Lemma and by
the estimate of Lemma we have

u(2) g][ wdH¥ + Cs for every 0<s<m,
9B, (2)

where C' is the constant in the right-hand side of (5.7). Now, multiplying by s¢! and then
integrating from 0 to r the above inequality, we get

u(Z)g][ udfc+0r§3d][ udx 4+ Cr
Br(2) Bs (9)

d

3r
=— sd-1 ds][ wdH* + Cr.
™ Jo dBs(7)

Using again (5.7)), this time for ¢ (at which u(g) = 0 by Step 1 of the proof), we get that
u(z) < 3or for every zZ € By (7).

Finally, using the estimate (5.30) this gives

_ _ C
(Vu(@)| < IVl s, @) < TQHUHLOO(BT(:E)) <300 (5.31)

This proves that |Vu| is bounded in Ds without assuming any regularity of D.

Step 4. Global Lipschitz estimate. We first notice that since D is C1! regular, the radius 7
for which holds does not depend on the point xg € 9Q,. Now, let z € Q, \ D,, and set
r := dist(z, 99, N D). We consider the projection § of  on 9, and we distinguish two cases.
If 6r < dist(z,0D), then we apply the estimate from Step 3 and we get that |Vu(z)| < C. If
6r > dist(z,dD), we consider the solution w to the problem

—div(e™®Vw)=1 in D, we H}D),

which is Lipschitz continuous in R? since D is of class C™! (see for example [27, Theorem 9.13]).
Moreover, by the strong maximum principle, we have that © < Cw for some constant C' depending
on An, d and ®. Therefore, setting r; = dist(z,0D), we have for every z € B, (),

u(z) < Cw(z) < Clz —y| < Cr,

and we conclude by the gradient estimate ([5.30)). O
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5.7. Non-degeneracy of the eigenfunctions and finiteness of the perimeter of €,. Let
u be a solution of in the bounded open set D C R?. Let x¢ € 0§, and ro(zo) be such that
for every 0 < r < r(zg) the set D, (zg) := By(x9) N D is connected. Notice that such an r(xo)
trivially exists if ¢ € 9€, N D, while in the general case it is sufficient to assume some a priori
regularity of the box D. Then, by Remark for every p < A, there is some ¢ > 0 such that,
for every zo € 0€),, we have

J(u) + plQy] < J(v) + pl€2y|  for every v € A(u,xg,ro) such that |Q,] <[Q,].  (5.32)

This property was first exploited by Alt and Caffarelli to prove the non-degeneracy of the solu-
tions. More recently, it was exploited by Bucur who introduced the notion of a shape subsolution
which found application to several shape optimization problems (see for example [§] and [I1]).

Lemma below is a fundamental step in the proof of the regularity of the free boundary
since it allows to prove that the blow-up limits (see Subsection are non trivial. It is the
analogue of the non-degeneracy estimate from [2] and the proof is based on the same idea. Before
we state it, we recall the following boundary estimate for solutions to elliptic PDEs.

Lemma 5.21 (Boundary gradient estimate). Let p > d. Let U be a bounded connected open
subset of RY with CY' boundary. Let Ti,..., T} be the connected components of the boundary
oU and let ¢y, ..., cx are given constants. Let u € VVZQOS(U) N LP(U) be a (strong) solution to the
problem

Olju+Zb JOiu=f in U, u=c¢ in T;, i=1,...,k,

”M&

where f € Lp(Z/{) and we suppose that A = (a;j)i; and b = (b1,...,bq) satisfy the conditions (a),
(b) and (c) of Lemma [5.21] Then, we have

d
lullcra@ny < C (Nl e + 11 Lr@) where  y=1- o

and C is a constant depending on d, p, M, Cq, 4, ¢, (defined in Lemma ,and U.
Proof. By [27, Theorem 9.13], there is a constant C’ such that
lullw2rwy < € (lull oy + 1 fll o) -
The claim follows by the Sobolev inequality (see for instance [24, Section 5.6, Theorem 6]). O

Lemma 5.22 (Non-degeneracy of the eigenfunctions on the optimal sets). Let u be a solution of
in the bounded open set D C R®. Suppose that xg € 0, 0 < p < Ay, and ro > 0 are such
that holds. Then there are constants ¢ > 0 and r1 > 0 which depend only on 7, Ay, u and
d, such that for every ball Ba.(x) C Byy(x0) with r <71, we have that:

If ullpeo(Byr())y S cry  then u=0 in B.(x).

Proof. Let r,x be such that Ba.(v) C By, (w0) and ||ul| oo (B,, (z)) < cr. Assume for simplicity that
x = 0. Let n € H'(Bsy,) be the solution of the problem

—div(e_(DVn) =Be”® in B\ By, n=0 in B, n=cr in D\By,,
where 8 > 0 will be chosen later. Consider the test function @ € H}(D) defined as

t=uAn in By, @=u 1in D\By,.

By (5.32), we get

/ \Vul?e ®dz — )\m/ e dx + p|Q,| < / \Vii|?e Pdz — )\m/ e~ %dx + p|Qal. (5.33)
D D D D
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Let E(u,r) := / \Vul?e~®dz + pu|Q, N B,|. Since @ = 0 in B, we have |Qy| — [Qa] = |Q. N By |

T

and / i’ dx = / |Va|? dz = 0. Thus, we can rewrite (5.33) in the form

E(u,r) S/ (]V’EL\Q—]Vu|2)e_q>dx+4cr)\m/ (u—ﬁ)e_q)dx—i—/\m/ uwle~®dx, (5.34)
2r T B

QT‘\B’I‘ B'r
where in the estimate of the second term we used that in B,
w? — 02 = (u+ ) (u—1a) < 2u(u—1a) < 2cr(u—a).

Next, we estimate the first term of the right-hand side of (5.34). We have

\Va|? — |Vu? = —|V (i@ —u)|? +2Va- V(i —u) < 2Va- V(i —u). (5.35)
Integrating by parts and using that (v — 7))+ = 0 on 0By, we get
/ Vi -V(i—u)e Yde = — / V- V(u—n)le *dx (5.36)
BQT\BT‘ BZT\Br

<=p [ (w—nse o |Valeion, [ uetani
BQT\BT' 0

We now set 8 = 2cr,, so that, combining (5.34)), (5.35)) and (5.36]) we have

E(u,r) < 2|V 1= 05,) / wePaHI L 4\, / ez,
0.

T T

Now, for every s € (0,r], we have by the W1 trace inequality in B,

. 1
/ ue  PdHIT! < e~ min® </ |Vu| dz + / udx)
dBs B, $ JB,

. 1 1
< e—mmCI)Cfd <2/ ’vu‘zdx+2QuﬂBs|+C’QuﬂBs|>
Bs

<C </ |Vu|26_q>dx + p|Qy N Bs|> < CE(u,s) < CE(u,r),
Bs

where we have set C' = e~ ™" ®(C; max {emaxq), i(l + 20)}. Moreover, since the above inequality

holds for every s € (0,r|, we have

/ ue_q)dx:/ ds/ ue”*dH¥ < rCE(u,r).
B, 0 0B

Finally, using the bound , we get
E(u,r) < 2Vl re<(o8,) + r2cAm) CE(u, ).
Thus, the claim will follow, if we can choose ¢ such that
(21Vnll g (am,) + r*cAm) C < 1.
We now estimate ||V7||e@sp,). Notice that in B, \ B,
n(x) = r’w (/) + crh(/),
where w: Ba\ By — R and h: Bs \ By — R are the solutions to
—Ah+V®,-Vh=0 in Bs\Bj, h=0 on 0B, h=1 on 0By,
—Aw+ Vo, -Vw=p in By\Bj, w=0 on 0BjUOJB,,

where ®,.(z) = ®(rz). Thus, we have

IVnl[Lee < vl[Vwlze + ¢ VA Lo,
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and so, it is sufficient to estimate Vw and Vh. First, applying Lemma to h, we have
VA Los(Bo\By) < Cllhll Lo (Bo\By) < C,

where the last inequality follows by the maximum principle (0 < h < 1in By\ B;). Next, applying
Lemma to w, we get

||vw||L°°(BQ\Bl) <C (||w”L°°(BQ\B1) + ﬁ) < C’/Ba

where the last inequality follows by Lemma [5.3] Combining the above estimates, we get
IVnllLe(s,) < C(rB+c), (5.37)

which, for ¢ and r small enough, implies that E(u,r) = 0 and concludes the proof. O

Another consequence of property is that the optimal sets have finite perimeter. This
fact is of independent interest but it can also be used to estimate the dimension of the singular set
of the free boundary (see Subsection [5.9). The local finiteness of the perimeter was also obtained
in [2] in the case of the Laplacian by a different argument. Here we use the more direct approach
from [35], which is also the local version of an estimate that was used in [§] to prove that some
optimal shapes have finite perimeter.

Lemma 5.23 (Local finiteness of the perimeter). Let D C R? be a bounded open set and u a
solution of (5.1). Then Q, is a set of locally finite perimeter in D. Moreover, if D is of class
CYL, then Q, is a set of finite perimeter.

Proof. Let xg € 0%, and 0 < p < A,, be fixed. Let 7 > 0 be such that (5.32)) holds in D, (zg) :=
B,(x0) N D. Assume xg = 0 and 9 = r. In the sequel we denote by C' > 0 any constant, which
does not depend on ¢ or xg. Let ¢ € (0,1) and n € C°(B,;) be such that

C

r .

0<n<l, n=1 in B, n=0 in RNB,, V| <

We set

(1=nu, ifu<t,

We can now compute on {u > t}
IVul? — |V = |Vul? = |V (u—tn) > = t(2Vu - Vi — t|Vn|?);
u? —up =u® — (u—tn)? =t(2un + tn?).

Next, on the set {u < t}, we compute

u? —ui = (2n —n?)u® < (2n —n?);
Vul® — |V |* = |Vul]? = |V (u — un)|* = 2Vu - V(un) — |V (un)|?
= (20— )| Vul? + 2u(1 — n)Vu - Vi — [Vn[u?
> ]l{nzl}|Vu|2 —2t(1 — n)|Vu - Vn|.

Notice that u; € A(u,xo,7). Thus, by the optimality of u, we have

/ (‘Vu|2 _ )\mu2) e ®dr + w|Qy N By| < / (‘Vut|2 _ )\mu?) e %dx + 1|y, N Byl

T T
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By the above estimates, there is a constant C', depending only on u, r, Ay, = / |Vu|?e~?® dz and
D

|®|| o« () such that, for every ¢ < 1, we have

/ |Vu|de < / (|Vu|2 + 1) do < max{1, 1/#}/ (|Vu\2 + p) da
{0<u<t}NB, {0<u<t}NB,s, {0<u<t}NB,

— max{1, 1/,@(/ (IVul = [Vug]?) dz + (|20 0 By — |2, N BT\)) < Ct.
B,

We now use the co-area formula to rewrite the above inequality as

¢
1/ Per ({u > s}; B,j,) ds < C.
0

Hence, there is a sequence t, — 0 such that Per ({u > tn};BT/Q) ds < C, which implies that
Per (Qu; B, /2) ds < C. The last claim of the lemma follows by a standard covering argument. [

5.8. Blow-up sequences and blow-up limits. Let u be a solution of (5.1)) in the bounded
open set D C R?. For r > 0 and zy € 9, we define the rescaled function

1
Ugor(T) 1= ;u(xo +rz).

Now since u is Lipschitz continuous in some ball B, (xo) (assume some regularity of the box if
zg € OD) we get that every sequence (uz,r,),~; such that r, — 0 admits a subsequence (still
denoted by r,,) that converges to a function ug : R? — R uniformly on every compact set K C R
We say that ug is a blow-up limit of u at zy and we use the notation BU,(xg) for the family of
all blow-up limits of v at 9. We notice that, due to the non-degeneracy of u, the blow-up limits
are non-trivial. Precisely, up # 0 and there is a constant ¢ > 0 such that |lug||p(p,) > cr.

The following proposition is standard. For a detailed proof we refer for example to [34, Propo-
sition 4.5].

Proposition 5.24 (Convergence of the blow-up sequences). Let u be a solution of (5.1)) and
let zg € OQy. Assume moreover that D is of class CY if xg € OD. Let ug € BU,(xo) and
Up 1= Ugy,r, be a blow-up sequence such that u, — ug locally uniformly in R as n — co. Then

loc

(1) The sequence (un),>, converges to ug strongly in H, (R9).
(2) The sequence of characteristic functions (1q,, )

(3) The sequences of closed sets (Qy,)
and Qf, respectively.

(4) If xg € 00, N D, then ug is a non-trivial global minimizer of the one-phase Alt-Caffarelli
functional with A = A,e®@) (see Definition below).
If xg € 09, N OD, then, up to a rotation, ug is a non-trivial global minimizer of the
one-phase constrained Alt-Caffarelli functional with A = A,e®®0).

(RY).
n>1 .
and (7,),,>, Hausdorff converge locally in R to Qg

converges to 1a,  in Lj,,

n>1

Definition 5.25 (Global minimizers of the one-phase problem). Let A > 0 and u € H} (R?) be
a non-negative function.

e We say that u is a global minimizer of the one-phase Alt-Caffarelli functional with A, if
/ \Vul|?dz + Al{u > 0} N B| < / |Vo|2dz + Al{v > 0} N B, (5.38)
B B

for every ball B C R? and every function v € H'(B) such that u — v € H}(B).

e We say that u is a global minimizer of the one-phase constrained Alt-Caffarelli functional
with A, if Q, C {xzg > 0} and holds for every ball B C R% and every function
v € H'(B) such that u — v € H}(B) and Q, C {z4 > 0}.
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The optimality of the blow-up limit at points xy € D (Proposition claim (4)) follows by
a standard argument based on our analysis in Subsection [5.5] Below, we give the proof in the
case when xg lies on the boundary of D. The idea is to straighten out the boundary of the box
and to show that the function v in the new coordinates satisfies an almost-minimality condition.
We only give the proof of Proposition (4) in order to show how to deal with the fact that on
different scales r the inclusion constraint on the set €2, changes and that at the limit the box D
becomes the half-space {z4 > 0}.

Let 20 = 0 € 99, N OD. Since D is CY! regular, there exist § > 0 and a function g :
(—8,0)?"1 — R such that

DNSQs = {(.%‘/,.Z‘d) €5Qs : g(:r’) < md},
where SQs = (—46,0)? C B,,. Moreover, up to a rotation, we can assume that the differential
Dygp of g at 0 is zero. Let ¢ : SQs C RY — R? be the function that straightens out the boundary
of D and let ¢ := ™! : ¢(SQs) € R? — R? be its inverse:
(@' xq) = (@', xa — g(2)), @2 xa) = (2, x4+ g(2')).
We define the matrix-valued function A = (a;;);; : SQs — Sym} (R) by
Ay = (Do) (1D¢,) 7Y, for every x € SQy,

where D¢, stands for the transpose of the Jacobian matrix of ¢ at x. Note that the coefficients
a;; are Lipschitz continuous functions and that A, are symmetric positive definite matrices since
they are small variations of Ay = Id. For v € H'(R?) and r > 0 we define the functional

= ov Ov 5
J ’ = ( i A A~ Am 2) - d )
(v,7) /BT aj(:n)axi oz, v )e " dx
where we have set @ = ® o ¢. Moreover, we set H = {(z/,z4) € R : x4 > 0}. With an

elementary change of variables we get the following result.

Lemma 5.26 (Minimality of u in the straightened coordinates). Let u be a solution of (5.1)) and
x9g=0¢€ 0, NAD. Let h > 0. There exist ¢ > 0 and ro > 0 such that By, C ¥(SQs) and the
function @ = u o ® satisfies the minimality condition: for every r € (0,r) we have

J(@,7) + plQa 0 By | < J(@,7) + p|Q% N By|
for every © € H'(Ba,,) such that @ = o on Boy, \ By, Q5 C H and where

_{u+(h,0,cr) if QN B, <|QNB,| < Q0B+ h,

. (5.39)
p—(h,0,cr) if |Qan B —h<|Q%N B <|%0N B,

Proof. Let ro > 0 be such that Ba,, C (SQs), r € (0,79) and ¥ such that @ = 0 on By, \ By,
Qs C H. Assume that [Qz N B,| < |Q5N B,| < [Qa N B,|+ h. We define v € HY(D) by v= 1901
in ¢(Bay,) and v = u otherwise. Let ¢ be a positive constant depending only on ¢ such that
¢(By) C Ber. Then, it follows that u = v on D\ B.,. Moreover, since det(D¢;) = 1 we have
|24 <[] < Q4| + h. Therefore, up to chosing ro > 0 smaller (depending on ¢), we get

T() + s (0, 0,€r) ] < T(0) + g (B, 0,07 |-
Since we have u = v on ¢(B,(z¢)), this can rewrite as

/ (IVul* = Anu?)e™® do + p|Qu N ¢(B,)] < / (Vo] = Apv?)e™® dz + p|Qy N ¢(B,)|,
#(Br) #(Br)

where we have set u = py(h,0,cr). Now, a change of variables gives

T, ) + QN By| = / (1Vul? — Ap2)e™® dz + ulQu N 6(B,)]
4(B2)

< / (IVol* - )\mv2)e_q> dx + p|Q N (B, = J(0,7) + p1|Qs N By
¢(Br)
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This concludes the proof. O
The next Lemma states that @ is an almost-minimizer also of the functional J.

Lemma 5.27. Let u be a solution of (5.1) and xg =0 € 0Q,NOD. Let h > 0 be a given constant
and let ¢ > 0 and rg > 0 be as in Lemma [5.20] Then there exists a constant C' > 0 such that
U = uo ¢ satisfies the following almost-minimality condition: for every r € (0,79) we have

J(@, ) + p|Qa N By < (1+ Cr)J(0,7) + p|Qs N By| + C’r/ o2 dx + Crdtt

T

for every © € HY(Ba,,) such that it =¥ on Bay, \ By, Q3 C H and where p is as in (5.39).
Proof. Using the Lipschitz continuity of A and ®, we estimate

J(a,r) = j(ﬁ,?“) + /B.(aij(l'o) - aij(x))ffe_q) dx

+ / (az](az)%a—u —A\n@®)(e”® — e ®) dx < J(a,r) + Critt

for some positive constant C' that does not depend on r. Analogously, we get the following
estimate from below

J(0,r) = J(#,r) + /B (aij(w0) — as;(z)) v 9

o2
—_— d
0x; 813 v

> J(o,r) — CT(/BT aij(w)aa;;;e@ dx —i—/ 2 dm)
>(1-Cr)J(o,r)— Cr/ % dx.
Now, using Lemma and then combining the above estimates we get
J (1, 7) + Qs N By < J (@, 1) 4+ p|Qa N Byl + Cratt < J(5,7) + p|Qs N By| + Crdt!
1
<
—1-Cr
which concludes the proof. O

(J({J,r) + C’r/ o2 d:z:) + u|Q N B,| + Crtt,

T

We are now in position to prove the claim (4) of Proposition in the constrained case.
Proof of Proposition (4). Let ¢y = 0 € 9Q, N OD and let ug € BU,(zp) be the blow-up

limit of the sequence uy,(x) = r,, tu(r,x), where (1), is some fixed sequence decreasing to 0. Let
v € HY(B,) be such that ug — v € H}(B,) and Q, C H. We define v, = v + @, — ug € H'(R%),
where we have set 1, (x) = r,, 'a(r,x). Note that the sequence (uy), and (i), converge to the
same limit ug since the function ¢ is C1! regular. Moreover, since uy — v € Hg(B,) we have
iy, — vp € HE(By) and hence @ — v € H}(B,,), where we write v/"(z) = 7,v,,(z/r). Note
that we have Q,» C H. We set h, = |B;,| and assume that [Qz N By, | < [Q,rn N Brm\ <
| N By, | + I "Now we set p = piy(hp,0,7) and @, (x) = ®(r,x) and we apply Lemma to
the test function v]" to estimate

1
/ (Vi = r2Agii2)e™ ) da + ulQa, 0 Bl = — (J(@77) + 1l 0 By, )

T n

1
rd ((1 + Crry)J (v, 17rn) + p|Qyrn O By, | 4 C’rrn/

(v )? dr + C(rry) 1)
Brrn

=(1+ CT?“n)/ (IVon)? = r2Anv?)e @ da + 1|, N B,| + Crrf’l/ v2 dx 4+ Critip,

T T
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By Proposition (1) the sequence @, (resp. wvy,) strongly converges in H'(B,) to ug (resp.
v) and the sequence of characteristic functions (ﬂQﬂn)n21 (resp. (]lgvn)n21) converges to Lo,
(resp. 1lgq,). Moreover, u = p(hy,0,7) tends to A, as r, — 0 by Theorem Therefore,
passing at the limit in the above inequality and then multiplying by e®(®0) gives the claim. O

Remark 5.28 (Lebesgue density on the free boundary). For every v € [0, 1] we define

. |QuN B(2)]
(/Y) = { d . 7‘ w r = }
Q) =qx e R : }H% B, Yo

We notice that, as a consequence of Proposition we get that
00, NDNOAY =0 and 9Q,NDNOQY =0.

The first equality follows by the non-degeneracy of u, while the second one follows from the fact
that all the blow-up limits vanish in zero and are global solutions of the Alt-Caffarelli problem.

5.9. Regularity of the free boundary. In this section we prove Theorem (4) and (6), and
Theorem (4) and (6). We first show that the optimality condition |Vu|? = A,e® on the free
boundary 9Q, N D and |Vu|? > A.e® on 9Q, NID holds in the viscosity sense (Lemma [5.30)).
We will then decompose the free boundary into regular and singular parts (Definition |5.34) and
we will show that the regular part is C1® regular (Proposition .

Definition 5.29 (Optimality condition in viscosity sense). Let D be an open set and v : D — R
be continuous, that is, u € C(D).

e We say that ¢ € C(D) touches u by below (resp. by above) at xg € D if p(z¢) = u(xo) and
© < u (resp. ¢ > u) in a neighborhood of xg.

e Let A be a non-negative function on D and assume that u is non-negative. We say that u
satisfies the boundary condition

|Vu| = VA on 8Q,ND

in viscosity sense if, for every ¢ € C?(D) such that ¢ touches u by below (resp. by above) at
some xg € 9, N D, we have |V|(zo) < VA (resp. |[Vo|(z0) > VA)).
Analogously, we say that u satisfies the boundary condition

|Vu| > VA on 0Q,NdD

in viscosity sense if, for every ¢ € C?(D) such that ¢ touches u by above at some xq € 9Q,ND,
we have |V|(z0) > V/A.

Lemma 5.30 (Optimality condition on the free boundary). Let D C R? be a bounded open set
of class CY' and let u be a solution of (5.1)). Then u is a solution of the problem

—div(e™%u) = Mpue™® in Q,
[Vu| = v/Aue? on 09,0 D, (5.40)
|Vu| > VAue® on 90, N D,
where the boundary conditions hold in viscosity sense.
To prove the optimality condition we will need the following result.

Lemma 5.31. Let u € H'(R?) be a non-trivial, continuous and one-homogeneous function (in
the sense that u(tx) = tu(x) for every t > 0) such that u(0) = 0. Assume moreover that u is
harmonic in the set Q. If Q, C {xq > 0} then Q, = {xq > 0}, while if Q, D {zq > 0} then
either Q, = {zq > 0} or Q, = {xq # 0}.

Proof. Set S = Q,, N0B; and denote by Cs = {rf : 0 € S, r > 0} the cone generated by S.
Since u is a one-homogeneous function and is solution of

Au=0 in Cg, u=0 on 0dCg,
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it follows that the trace ¢ is a solution of

= UYpp,
—Aga-1p=(d—1)p in S, =0 on JS.
Therefore ¢ is a first eigenfunction of —Aga-1 in S (because ¢ > 0 in §) and hence A\ (S) =d—1.
Note also that ¢1 = (x4)+ is the first eigenfunction on the set Sy = {z4 > 0} N 9By with
eigenvalue A\ (S1) =d — 1.
Firstly, assume that S C S;. Then u € H}(S;) and by the variational characterization of
A1(S4+) we have

faBl [Vel? dH*! faBl IV (o + t)[2 dHO !
Jop, ¥ dH Jos, (¢ + 1) M
for every 1 € H}(Sy) and t € R. This gives that ¢ is solution of

=A(5) = M(54) <

—Aga-10 = A (S1)e in Sy, =0 on 054,

that is, ¢ is the first eigenfunction on S;. Since A;(S,) is simple (because Sy is connected) is
follows that ¢ = ¢(x4)4+ for some ¢ > 0. In particular, {¢ > 0} = S} and hence Q, = {zs > 0}
by one-homogeneity of u.

Assume now that S O S, and write S = Sy LI S1, where Sy is the connected component of
S which contains S;. If S; # (0, then it follows by the preceding step that S; = S_ := {a4 <
0} N9By; hence S = S US_ and Q, = {z4 # 0}. Now, if S; = (), then S = S is connected.
Moreover, @1 € Hg(S) and using the variational characterization of A1(S) it follows that ¢ is the
first eigenfunction in S. Then ¢; > 0in S (since S is connected) which proves that S = S;. O

Proof of Lemma [5.30} From Proposition [5.18] it follows that w is continuous in D. We only have
to prove that u satisfies the two boundary conditions in the viscosity sense. We first show that
|Vu| = v/Ayue?® holds on 9§, N D. Let ¢ € C?(D) a function such that ¢* touches u by below
at g € 00, N D. Let r, be an infinitesimal sequence and

up(x) = iu(wo +rpz) and  pp(z) = %(p(mo + rpz). (5.41)

Tn n
Up to a subsequence, u,, converges locally uniformly to some uy € BU,, (o), while ¢, converges to
wo(z) := z-V(xg). Up to a change of coordinates, we may suppose that V(zg) = |Ve(xo)|eq. If
|V(zo)| = 0, then [V (zg)| < VA, where we have set A = A,e®(@0) and we are done. Otherwise,
we have ug > 0 in the half-space {z4 > 0} since ug > ¢g. Moreover, ug is a one-homogeneous

function by Lemma and it follows that ,, = {xq > 0} by Lemma because the case
Quo = {zq # 0} is ruled out (by (4) in Proposition [5.24 or Remark [5.28). Moreover, uj is a local
minimizer of the Alt-Caffarelli functional for A by Proposition d hence satisfies (in the
classical sense) the optimality condition

|VUO|:\/K on {:EdZO}

(see [2, Theorem 2.5]). This implies that ug = VAz}. To see this, note that the boundary
condition implies that v defined by v = ug in {zq > 0} and v = /A x4 in {4 < 0} is harmonic in
R%; hence v = v/A z4 by uniqueness of the solution to Cauchy problem for the Laplacian. Finally,
since ug > @ we have vA > |V |(0) = |V|(z0). The proof if now ¢ touches u from above is
similar. In this case we have Q,, C {4 > 0} since uy < goar , and hence Q, = {z4 > 0} by Lemma
Notice that ug is a non trivial function by the non-degeneracy property in Lemma

Suppose now that ¢ touches u from above at z¢g € 9Q,NOD and consider u,, and ¢,, defined in
(5.41]). By Proposition u, converges to a local minimizer ug of the Alt-Caffarelli functional
with A = A,e®®0) in the half-space {4 > 0} (up to a change of coordinates). Therefore, the
sequence Ugp, 1= T, 1uo(rnx) converges to a limit uggp which is a solution of the constrained Alt-
Caffarelli problem in {z4 > 0} and is one-homogenous (see Remark [5.32). Therefore, Q,,, =
{z4 > 0} by Lemma and ugg satisfies the optimality condition

|Vaugo] > VA on  {zg=0}.
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This implies that ugo(z) = az}, for some o > VA, and thus that VA < a < |[Vp|(0) = |Vp|(z0)
(since ugo < ). O

Remark 5.32. The homogeneity of the blow-up limits of the (local) minimizers of the Alt-
Caffarelli functional was first obtained by Weiss in [40]. In the case of the constrained problem,
when the solution u is optimal only among the functions with support in {z4 > 0}, the Weiss
formula can still be applied because the one-homogeneous extensions of u are admissible com-
petitors. Thus, the blow-up limits in this case are still one-homogeneous. We refer for instance
to [37, Proposition 4.3] and Lemma below.

Remark 5.33 (On the Alt-Caffarelli optimality condition). Using an argument based on an
internal variation of the boundary as in [2, Theorem 2.5] we can get in a weak sense the optimality
boundary condition given in Lemma [5.30, namely: for every xg € 9Q, N D, r > 0 such that
B,(wg) C D and & € C§°(B,(w0),RY) we have

lim (|Vu\2 - Aue(b) e e vdHT =0,

el0 Jofu>e}
while for every zo € 992,NdD, r > 0 such that D, (z¢) is connected and every ¢ € C5° (B, (), R?)
such that (Id + &)~Y(Dy(z0)) C D, (x0) we have

lim (IVu* = Aye®) e ® ¢ vdH*! > 0.

el0 Jofu>e}

Definition 5.34 (Regular and singular parts of the free boundary). We say that zo € 0%, is a
regular point if there exists a blow-up ug € Bl (xo) of the form

up(x) = v/ Aue®@0) (z- 1), it xp€0Q,ND, (5.42)
uo(x) =q(z-v)y if 29 € 0Q,NaD, (5.43)

where v € OB; is some unit vector and g is a constant such that ¢ > /A, e®(®0),

We denote by Reg(9€2, N D) the set of regular points (the regular part of the free boundary)
in D, and by Reg(09%,) the set of all regular points of 9€2,. We define the singular part of the
boundary as Sing(9€,) := 98, \ Reg(0,) and Sing(9§2, N D) = 0Qy, \ Reg(0, N D).

Proposition 5.35 (Regularity of the free boundary). Suppose that u is a solution of (5.1) in
the bounded open set D C R®. Then, we have:

(1) Reg(0, N D) is locally the graph of a CY* function for any o < 1;
(2) the reduced boundary 0*Q, N D is contained in Reg(0, N D);
(3) H¥1(Sing(0, N D)) = 0; moreover, if d < 4, then Reg(9, N D) = ).

If D is a CY' regular domain, then:

(4) Reg(9K,) is locally the graph of a CY'7? regular function;
(5) 0, NOD C Reg(0y,);
(6) Reg(02, N D) C Reg(082y,) and Sing(0,) = Sing(0, N D).

Proof. By Lemma u is a viscosity solution of . Let x¢ € 082, be a regular point. Then,
for some r > 0 small enough the function w4, = Su(xg + rz) is also a viscosity solution and is
e-flat in the sense of [21I]. Applying the results of De Silva [21] (in the case when 2y € D) and
Chang-Lara-Savin [I§] (if ¢ € 9D), we get the claims (1) and (4).

We next prove (2) and (3). Let zg € 09, N D and w, := uy,,, be a blow-up sequence at z
converging to some v € BU, (o) such that 1o, converges in L}, (R?) to 1q,. If 2o € 9*Q, N D,
then Q, is a half-plane of the form H = {z € R? : z-v > 0} for some v € dB;. Without
loss of generality, we assume v = e4. On the other, hand v is a solution to the Alt-Caffarelli
problem with A = A,e®®0). Thus v is harmonic in H and zero on dH, so it is smooth up to the

boundary of H. Now, the optimality condition |Vv| = VA on OH and the unique continuation
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of harmonic functions in the half-plane imply that v(x) = \/sz{, which proves (2). Now, since
2, has (locally) finite perimeter in D, the Federer Theorem and Remark give that

I (09, N D\ (@°0) =1 (99,1 D (0", L AP L)) =0,

which proves that H?1(Sing(0Q, N D)) = 0. We now prove the second claim of (3). As above,
let g € 0, N D and v = limy, o0 Uy, 2, be a blow-up limit of u at xg. Then v is a solution of the

Alt-Caffarelli problem problem. Let p, — 0 and v,, (z) = iv(xpn) be a sequence that converges

locally uniformly to a function vy. Since d < 4, we have that the free boundary 99, is C® and
vg is of the form vg(z) = VA(x - v), for some v € OBy (see [2] for d = 2, [16] for d = 3 and [31]
for d = 4). Now since, for fixed n > 0, we have that v,, = limy,, o0 Up, 1,20, We can choose a
diagonal sequence ug, »,, where R,, = PrTm(n)s such that vg = lim,, o0 UR, 2, This proves that
xg is a regular point.

The claim (5) follows by the same diagonal sequence argument. This time xy € 9D and the
blow-up v is a solution of the constrained Alt-Caffarelli problem in {4 > 0}. Thus, the blow-up
v of v is one-homogeneous solution of the constrained problem for A = A,e®®@0). This implies
(in any dimension) that vo(z) = gz for some ¢ > VA (see [37, Proposition 4.3]).

Finally, (6) follows by the definition of the regular part and claim (5). O

Remark 5.36 (On the higher regularity of the free boundary). The smoothness of the free
boundary can be improved under an additional regularity assumption on ®. Indeed, if V& €
Ck+La(D;RY) for some k > 1 and « € (0, 1), then by [33, Theorem 1], Reg(992*) N D is locally a
graph of a C*+1: function.

5.10. Monotonicity formula and some further estimates on the dimension of the singu-
lar set. This section is dedicated to the estimates on the dimension of the singular set (Theorem
(5) and Theorem [1.2| (5)). The main ingredient is a monotonicity formula that implies the
homogeneity of the blow-up limits at any free boundary point zg € 9, N D.

Let u be a solution and A, be the constant given by Theorem m We define the
Weiss-type boundary adjusted energy as

1 1 Ay
W(Uyq)717077ﬂ) = Td/B (z0) |VU‘2€_<I) dr — m /8B ( )'LL2€_(I) d?‘[d_l + W|Qu N Br($0)|
r{Z0 r (L0

Lemma 5.37 (Weiss monotonicity formula). Let u be a solution (5.1) in the bounded open set
D. Then, for every xg € 002, N D and every 0 < r < dist(zg,dD), the function W satisfies the
differential inequality

d 2¢~ max ¢ 9
—W(u, ®,z9,r) > / \Vu -z —ul? dH - C, (5.44)
d?“ ( ’f’d+2 aBr(CC())

where C' > 0 is a constant depending only on \p,, @, L := ||Vu| [z and the dimension d.

Proof. We first prove the claim when zg € 9, N D. Assume zo = 0. We set

H(r) ::/ ule” PdH! and D(r) ::/ Vul?e®dz,
0By

T

Hg(r) := / (v-V®)uZe PaHI! and Dg(r) := / (|Vu\2 — )\muQ) (z - V®)e ®du,
OB, B,
where v(z) = ¢/r is the exterior normal to the sphere B, at x. As in Proposition (notice
that in Proposition Dg is defined differently) we have
d—

r

D'(r) = /aB |Vul|?e ®dH?T! and H'(r) = 1H(7") +2D(r) — 2)\m/ ulePdx — Hy(r).

T

Let ¢. be a radially decreasing function such that

0<¢.<1in By, ¢=11n By, ¢:=0on 9B, and |[V¢.|<C(re)”'.  (5.45)
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As in Step 2 of the proof of Proposition|A.1} the optimality condition ¢J(u)[{] = A, dividz ,
Qy

applied to the vector field £(x) = x¢-(x), gives that

Ay (d\Qu A B,| — rH QN 8Br)) = —(d—2)D(r) +rD'(r) — 2r / (Oyu)? e~ dHI?
0B,

+ A <d/ ule™Pdr — r/ uze_q)d”;’-[d_1> + rDg(r),
; 9B,

where 0,u := v - Vu. We now calculate

d 1 d 1 d+1
%W(U,q),l'o,?“) = ﬁD’(r) — 7rd+1 D(T‘) — WH/(T) + mH(T)
Ay d—1
+ (r#1 (@ 1 0B,) — dI9 0 By
-2 v 2oyt L 'p
= 2 B‘ u-z—ule + g He(r) — 5 Da(r)
Am ( 2,-0 2 —® 37,d—1
- — (d+2/ u‘e d:r—r/ u?e”dH
rd+t ) g OB,
267max‘1> / ) i1
> Vu-x—u|"dH —C,
rdt+2 8B,.‘ |
which gives the claim if ¢ € 9Q, N D and r < dist(z,dD). 0

Lemma 5.38 (Homogeneity of the blow-up limits). Let u be a solution (5.1)) in the bounded open
set D and let zg € O,. Then every blow-up limit ug € BU,(zg) is one-homogeneous.

Proof. Let zog = 0 and W (u, ®,7) := W(u, ®,z0,7). Recall that u,(z) = Lu(rz) and &,(z) =
O (rx). We first notice that for every r > 0 and s > 0 such that rs < dist(z,0D) we have

W (up, @y, 8) = W(u, ®,7s).
Moreover, since the function r — W (u, ®,t) + Cr is monotone, the limit

W(u, ®,0) := lim W(u,®,r)
r—0t

exists (and is finite due to the Lipschtz continuity of u). On the other hand, for every blow-up
sequence u,, with blow-up limit ug, we have

W (ug, ©(0),s) = nh_)ngo W (uy,, @, (0),s) = nh_{glo W (u, ®(0),r,s) = W(u, ®(0),0).

Thus, the function

1 1
- Vuo|? de — —— 2 gyt
ST /Bs Vol d sdt1 /335 "o "

is constant. Now, by [40] (or, simply by applying (5.44) to u = ug, Ay, = 0 and ® = 0), we have
that ug is one-homogeneous. O

A 2(0)
USd |QU0 mBs|a

Definition 5.39. We define d* as the smallest dimension which admits one-homogeneous global
minimizers of the one-phase Alt-Caffarelli problem with (isolated) singularity in zero.

By [31] and [22] we know that d* € {5,6,7}. Weiss was first to prove that the monotonicity
formula implies the dimension estimate

dimy Sing(09,) = inf{a >0 : HY(Sing(0Q,)) =0} <d—d",

for every d > d* (see also [34] for an argument using only the monotonicity of W). Thus, as a
consequence of Lemma Lemma and the results from [40] and [34], we get
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Proposition 5.40 (On the dimension of the singular set). Let u be a solution of in the
bounded open set D C R:. Then

o Sing(0,) =0 if d < d*;

e Sing(08,) is a discrete (locally finite) set if d = d*;

e dimy Sing(0Q,) < d—d* if d > d*.

Proof. The proof of this proposition is standard, once we have the monotonicity of W (Lemma
5.37) and the consequent homogeneity of the blow-up limits (Lemma [5.38]). We refer to [40)
Section 4] and [34], Section 5.5]. O

Remark 5.41. Recently, using the innovative approach of Naber and Valtorta [36], Edelen and
Engelstein [23] showed the monotonicity formula of Weiss can be used to obtain the (local)
estimate H7~%" (Sing(09,)) < oo, which in particular implies that dimy Sing(9Q,) < d — d*.

APPENDIX A. EXTREMALITY CONDITIONS AND LEBESGUE DENSITY

In this section we prove Proposition which we use in Proposition to show that the
Lagrange multiplier A, is strictly positive, but the result is of independent interest. For instance,
it applies to optimal partition problems (see, for example, [20] and [I7]). We first show that a
function which is critical for the functional

J(u) ::/ |Vu|2e_@dx—)\/ u’e™? dz, (A1)
D D

with respect to internal variations that is

0J(u)[¢] :== %g% J(u(z 4+ t&(z))) =0 for every vector field ¢ € C(D;R?),

satisfies a monotonicity formula for the associated Almgren frequency function N (7). Now, by
the argument of Garofalo and Lin (see [26]) the monotonicity of the frequency function implies
that u cannot decay too fast around the free boundary points. If, in addition, u is a solution of
—div(e™®Vu) = Aue™® on the positivity set Q, = {u > 0}, we can use a Caccioppoli inequality
to show that if the Lebesgue density of €2, is too small, then the decay of u on the balls of radius
r should be very fast. This, in combination with the monotonicity of the Almgren’s frequency
function, shows that the Lebesgue density of 2, should be bounded from below everywhere (and
not only on the boundary of €,,). In particular, there cannot be points of zero Lebesgue density
for Q, in D.

Proposition A.1. Let D C R? be a bounded open set and ® € Whee(D). Suppose that A > 0
and u € HY(D) is a nonnegative (non-identically-zero) function such that

(a) u is a solution of the equation
—div(e ®Vu) = Xe ®u in Q, = {u>0}; (A.2)
(b) u satisfies the extremality condition
SJ(u)E] =0 for every €€ CZ(D;RY),

where J is given by (A.1) and its first variation in the direction & is given by
5T (u)l¢] == / [QDg(Vu) Vu+ ([Vul2 = ) (VP - € — div g)} e~ ®dz. (A.3)
D

Then, |D \ Q,| = 0.
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A.1. Reduction to the case A\ = 0. In this section we will show that it is sufficient to prove
Proposition for A\ = 0. The general case will then follow by an elementary substitution
argument. In the next lemma we deal with the first variation of the functional J.

Lemma A.2. Suppose that D C R% is a bounded open set, a : D — R is a given Lipschitz
function such that 0 < e <a <e ! on D. Let A >0 and let ¢ € H*(D) be such that

—div(aVy) = Xap in D, p>e>0 on D.
For any u € HY(D), we set a(z) := ¢*(x)a(x), 4 = v/p,

J(u) == /D (IVul* = M?) a(z) dz and J(u) == /D \Vul?a(x) de,

5J(u)l¢] == /D [2aDg(vu) -V — (|Vul? = M?) div(aﬁ)}dw,

5J(w)le] == / [2&Dg(vu) Vu— |vu12div(a§)}dx for any € € C(D;RY).
D
Then, for every u € HY(D) and every &€ € C°(D;RY), we have
dJ(u)[g] = dJ(u)[E] — 2/ V (u€-V(lny)) - Vuadr + 2/ (u€ - V(Iny)) Aaudz. (A4)
D D

Proof. Notice that we may assume u € C*°(D). First we notice that an integration by parts gives

5j(11)[£] = / 20§ 0iudjuadr — / |Va|? div(ag) dz

D D

D D D
= —/ 2¢;0;(a o) Oyt dw — / div(a|Va|¢) de = —/ 2¢;0;(a o) 0;u dx

D D D

_ / 2(¢ - Vi) div(aVi) da.
D
and, analogously,

§J(u)[€] = — /D 2(€ - Vu) div(aVu) dz + A / u® div(a€) dz.

D
Now, since

div(aVa) = div(a(pVu — uVy)) = pdiv(aVu) — udiv(aVe) = ¢(div(aVu) + Aau),

we get

SF()[E] = —2 /D ¢ (Vu— ngp)(div(aVu) 4 Aau) de

=2 /D§ : Vap;(div(aVu) + Aau) dz — 2 /D(§ - Vu) (div(aVu) + Aau) dx

= —2/DV <£':¢u> .Vuadac+2/D <§.Z(pu) Aawdx + 6J(u)[€],

which is precisely (A.4)). O

Let now D C R? and v € H'(D) be as in Proposition for some A > 0. In order to prove
that |D \ Q,| = 0, it is sufficient to prove that [(D N B) \ Q,| = 0 for any (small) ball B C D.
Let now zg € D and let R > 0 be such that A;(Bgr(zo), V®) = A. Such a radius exists, since
the map f(r) := A\ (Br(zo), V®) is continuous, f(0) = 400 and f(400) = 0. Notice also that we
may assume ® to be defined on the entire space R Let ¢ be the first eigenfunction on Bg(x)
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and let » = R/2. Then, we can apply Lemma in the set DN B,(z¢) with a = e~®. Moreover,
since u satisfies (A.2)), we get that
SJ(@)[€] = 0J(w)[§] =0, for every &€ C°(D N By(zo);RY),

which proves that @ = u/, satisfies hypothesis (b) for A = 0. Finally, in order to prove that @
satisfies hypothesis (a), we notice that on Q, = Q; we have (in a weak sense)

div(aVa) = ¢div(aVu) — udiv(aVe) = ¢ (div(aVu) + Aau) = 0.
A.2. Proof of Proposition in the case A = 0. Let A = 0. Then we have

J(u) ::/ |Vul?e™? du, (A.5)
D
dJ(u)[¢] = / [ZDE(VU) Vu+ |Vu> (VO - € —dive) e Pda. (A.6)
D
Let 2o =0 € D and 7 = ||[V®| oo (py. We set
H(r) ::/ e PdHI, D(r) ::/ |Vu|?e~®dz and N(r):= rD(r)
B, S H(r)
Step 1. Derivative of H. We calculate
H'(r) = d- 1H(r) + rdili uQ(rx)e*(I’(m)defl(x)
r dr Jop,
_d= 1H(r) + 2/ u%e_q’d?-ld_l - / u?(n - VO)e PdH!
r oB, On 9B,
= EH(r) + 2/ \Vu|?e®dx — / u?(n - VO)e PdH,
r By 9B,
which we rewrite as g1
H'(r) = =———H(r) +2D(r) — Ho(r). (A7)

where we have set
Hg(r) ::/ wr(n - V®)e Tdni! and |Ho(r)| < TH(r).
0B,

Step 2. Equidistribution of the energy. Let ¢¢ be a radially decreasing function such that 0 < ¢, <

Lon By, ¢ =1 on B,(1_s), ¢ = 0 on 9B, and |V¢.| < C(re)!. The vector field &(z) := e (x)
satisfies div{(x) = doe(x) + = - Voo and 0;¢; = 6;¢<(x) + £;0;¢-(x). Since A = 0 we have

d0J(u)[€] = /D [2D§(Vu) SV + |Vu2 (VO - € — diveé) e Pdx
- / [2Vu26. + 2(x - Vu) (V. - Vu) — [Vul(dée(x) + - Vo) | e Pda
D
+/ IVul> (V® - z)p.e Pdz,
D

and passing to the limit as € — 0, rearraging the terms and using the property (b), we get

0= —(d—2) / Vul2e®da + / Vul2e P!
B, o8B,

2
— 2r/ ((‘3u) e PaH! +/ \Vul|?(V® - z)e dz,
o8, \On Br

which we rewrite as

—(d—2)D(r) + rD'(r) = 27«/

ou\’ —® j9,d—1
s \an e YdH —rDg(r),
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where

Dg(r) = 1/ |Vu|>(V® - z)e Pdx and |Dg(r)| < 7D(r).

r

T

Step 3. The derivative of N. We notice that N(r) is only defined for r such that H(r) > 0. In
what follows we fix rg > 0 such that B,,(z¢) C D and H(rg) > 0. Since u € H*(D), there is an
interval (a,b) > rp, on which H > 0.

D(r)H(r) +rD'(r)H(r) — rD(r)H'(r)

V= ()
- D(r)H(r) 4+ rD'(r)H(r) — rD(r) (%H(r) +2D(r) — H@(r))
a H2(r)
_ —(d=2)D(r)H(r) +rD'(r)H(r) — 2rD*(r) + rD(r) Ho(r)
H2(r)
_ 2 9N’ o gpa1 r (D(r)Ha(r) — Do(r)H(r))
- (H(r) /8 . < 8n> e~PaHi = D2(r) | + 0 (A.8)
Now we notice that, since u solves on (), we have
= ulPe ®dz = u%e_q’ d—1
D(r)—/BT|V| d /8BT n dH,
and so, by the Cauchy-Schwarz inequality and we obtain
N'(r) > r(D(r)He(r) = Do (r)H(r)) > —27N(r). (A.9)

- H2(r)

Step 4. A bound on N(r). Using the estimate (A.9) from the previous step we get that the
function r +— €>""N(r) is non-decreasing in 7 and so

N(r) < eI N(rg) < €N (rg) for every a <r < ry.
Step 5. Strict positivity and doubling inequality for H(r). By the step 4 we have

£ ot 22ty

+ T, (A.10)

and integrating we get

H H
log ( Téi?) —log <7ad<—r1)> < log (%) 2€QTTON(T0) + 719, forevery a<r <rg.
0

In particular, H > 0 on every interval [erg, 9] and so, H > 0 on (0, 7] and we might take a = 0.
Moreover, integrating once again the inequality (A.10) from r < mo/2 to 2r, we get

H(2
log<H((rr))>S((d—1)10g2+77"0)+210g262TT0N(7“0) for every  0<r <.

Taking rg < 1, there is a constant C, depending only on d and 7, such that

H(2r) < Cexp(CN(ro))H(r)  forevery 0<r< %0 (A.11)

Integrating once more in r we get
/ uwle ® dr < Cexp(C’N(ro))/ u?e™® dzx for every 0<r< %0. (A.12)
Bar B

Step 6. Caccioppoli inequality and conclusion. Let r € (0,70/2] and let ¢ € C5°(Ba,) be such that
¢=1in By, ¢ =0o0n 9By, 0 < ¢ <1 and |V¢| < 2/r on B, \ B,. Using the fact that u is a
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solution of — div(e™®Vu) = 0 in €, we get the following Caccioppoli inequality:

/ |Vul?e™® de < / IV (ug)|>e™?® dx = / (W|Ve[* + Vu - V(ug?)) e ®dx
B, Ba; Bar

:/ uQIVqﬁQe‘Ddx—/ ug? div (e~ *Vu)) da;:/ u?|Vo|2e™?® da.
BQT BQT

BQ’I’
4
<= u?e™? dz. (A.13)
r B2r
On the other hand, there are dimensional constants Cyq and £4 > 0 such that, if |Q2,N B, | < €4| B/,
then the following inequality does hold (see [I5, Lemma 4.4])

/ u? dx < Cyr? <||Bm||> / \Vu|? dz,

which, taking C := Cyjexp(max ® — min ®), implies
Q, N B, |\ ¥4
/ ule® dx < Cr? <‘\B\‘> / |Vul?e™? da.

This, together with (A.13)) and the doubling inequality (A.12)), gives that there are constants C;
and (5, depending only on d and 7 such that

r

min {e4, C1 exp(—C2N(rg))} < for every 0<r< %,

where to be precise we recall that we assumed rg < 1. In particular, we have a lower density
bound for ©, at every point of D, which implies that |D \ €,| = 0 and concludes the proof. [
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