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ORDERS OF CONVERGENCE IN THE AVERAGING PRINCIPLE FOR
SPDEs: THE CASE OF A STOCHASTICALLY FORCED SLOW COMPONENT

CHARLES-EDOUARD BREHIER

ABsTRACT. This article is devoted to the analysis of semilinear, parabolic, Stochastic Partial Dif-
ferential Equations, with slow and fast time scales. Asymptotically, an averaging principle holds:
the slow component converges to the solution of another semilinear, parabolic, SPDE, where the
nonlinearity is averaged with respect to the invariant distribution of the fast process.

We exhibit orders of convergence, in both strong and weak senses, in two relevant situations,
depending on the spatial regularity of the fast process and on the covariance of the Wiener noise
in the slow equation. In a very regular case, strong and weak orders are equal to % and 1. In a less
regular case, the weak order is also twice the strong order.

This study extends previous results concerning weak rates of convergence, where either no sto-
chastic forcing term was included in the slow equation, or the covariance of the noise was extremely
regular.

An efficient numerical scheme, based on Heterogeneous Multiscale Methods, is briefly discussed.

1. INTRODUCTION

Systems with multiple time scales, and possibly stochastic forcing terms, appear in all fields
of modern science, at fundamental and applied levels, for instance in physics, chemistry, biology,
engineering, etc... Understanding how properties at micro-scales transfer to macro-scales, and the
design of efficient numerical schemes, are still challenging issues. In the mathematical literature,
powerful limiting procedures have been developed, e.g. averaging and homogenization techniques
are available. We refer for instance to [I3| 14, 27, [30] for monographs devoted to the study of
multiscale stochastic systems.

The averaging principle can be interpreted as a law of large numbers, in cases where a slow
component is driven by an equation with coefficients depending on a fast component, which is an
ergodic stochastic process: when the separation of time scales goes to infinity, the slow component
converges to the solution of an averaged equation, where coefficient have been averaged out with
respect to some invariant probability distribution for the fast component. For results concerning the
averaging principle for Stochastic Differential Equations (SDEs), we refer to the pioneering work [24],
and to the following extensions since then, e.g. [25], [26], [29], [35] (this list is not exhaustive).

In this article, the aim is to study the averaging principle for a class of parabolic, semilinear,
Stochastic Partial Differential Equations (SPDEs)

€
6:1:({5?5) = Az(t,&) + f(xe(t,f),ye(t, xz)) +W(t,€), t>0, €D,
z°(t,)jop = 0, t > 0,

$€(07 ) = Zo, ye(()? ) = Yo,

where the domain is D = (0,1)?, for some d € {1,2,3}, and W is a Gaussian noise which is white
in time, and white or correlated in space. For a mathematically precise formulation, see , in
the framework of [I1], and Section [2l The fast component is given by y¢(¢,) = y(e~1t,-), and is

Key words and phrases. Stochastic Partial Differential Equations, Averaging Principle, Poisson equation in infinite
dimension, Heterogeneous Multiscale Method, strong and weak error estimates.
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assumed to be an ergodic process, independent of the Wiener process W which appears in the slow
equation, i.e. the equation for the slow component x€.

The averaging principle for such SPDE systems has been proved in a very general framework
in [8], [10] for globally Lipschitz coefficients, and later in [9] in the case of non-globally Lipschitz
continuous coefficients. In these results, no order of convergence, in terms of € — 0, is provided. The
first study of orders of convergence for the averaging principle in the SPDE case, was performed by
the author in [3]. The main motivation for studying the rates of convergence is the construction of
efficient numerical schemes, based on the Heterogeneous Multiscale Methods, see [4] and references
therein.

In recent years, many works have been devoted to the study of the averaging principle for different
classes of SPDEs. For instance, see [12, [15] 16l 19, 20, 28], in the parabolic SPDE case. See [17, [1§],
for some parabolic-hyperbolic systems. See [2I, 22] in the Schrodinger equations case. Finally,
see [1} 2], where stochastic fluid mechanics equations are considered, with motivations coming from
physics.

As is usual when dealing with stochastic equations, orders of convergence are understood in two
senses. First, strong convergence deals with the mean-square error. Second, weak convergence is
related to convergence in distribution, considering sufficiently smooth test functions. If the averaging
principle for SDEs (with globally Lipschitz continuous coefficients) is considered, the strong order
of convergence is %7 whereas the weak order is 1, and these results are optimal in general. The
technique of [24] is perfectly suited to prove strong convergence results, whereas to study weak
convergence, approaches based on asymptotic expansions of solutions of Kolmogorov equations are
very efficient, see [25] [26]. The generalization to SPDEs, where there is no Wiener noise in the slow
equation, has been considered in [3]. If a stochastic forcing term is present, much less is known.
Indeed, for SPDEs, i.e. for infinite dimensional stochastic equations, the analysis of the order of
weak convergence and of the Kolmogorov equations, is notoriously challenging, we refer for instance
to [7] for a recent contribution, and the discussions and references therein.

The aim of this manuscript is to study the weak order of convergence in the averaging principle, for
semilinear, parabolic, SPDEs, with a stochastic forcing in the slow equation. Note that this question
has been recently investigated in [19] with a very strong regularity condition on the covariance of
the noise, which implies a high spatial regularity of the process x€. In fact, using this condition, the
techniques of [3] may be applied, essentially with no modification, hence weak order of convergence
equal to 1 in [19]. The objective of this manuscript is to obtain similar results with weaker regularity
conditions. The main finding is that a trade-off between regularity properties of the slow and the fast
components is at play. First, we prove that the strong (resp. weak) order of convergence is 1/2 (resp.
1), under an appropriate condition (the very regular case), which is in general much weaker than the
assumption in [19]. Second, we weaken the condition (the less reqular case), and exhibit appropriate
strong and weak orders of convergence depending on the regularity properties of the slow and fast
component. In that case, as expected, the weak order is twice the strong order, however, whether
these results are optimal is not known, indeed the proof is based on an approximation argument
and may not be optimal. For statements of the main results, see Theorems [4.7) and [£.8]

Even if the main motivation of this work is the analysis of the weak order of convergence, a
detailed analysis of the strong order of convergence is also provided, for two reasons. First, it allows
us to check that the weak order is twice the strong order, as expected. Second, the technique of proof
is different from the one used in previous publications on the strong convergence in the averaging
principle for SPDEs, such as [3] instead of employing the technique introduced by Khasminskii
in [24], the Poisson equation technique described for instance in [30] is generalized to a situation
where mild solutions of SPDEs are considered.



Several relevant questions are left for future works. For instance, in this manuscript, it is assumed
that the fast component y€ is not coupled with the slow component z¢, and it would be interesting
to study the coupled case.

This article is organized as follows. Section[2]is devoted the introduction of the functional analysis
framework and to stating precise assumptions. Regularity parameters amax and ymax, which are
used to define the very regular and less regular cases, are introduced in Assumptions and
respectively. Section [3] presents the averaged equation.

The main results of this article are stated and discussed in Section [4] First, in the very regular
case, see Assumption and Section , Theorems and state that the strong (resp. weak
order is equal to % (resp. 1). Second, in the less regular case, see Assumption and Section
Theorem show that the strong order is (at least) fBmax = Ham()?ﬁ < % and the weak order
is (at least) 2fmax.

Auxiliary but fundamental and nontrivial regularity results concerning a family of Poisson equa-
tions are studied in Section Bl

Proofs of the main results are provided in Sections [0}, [7] and [§]

Finally, in Section [0, an application of the main result is presented, for the construction and
analysis of efficient numerical schemes, based on Heterogeneous Multiscale Methods.

2. SETTING

The objective of this section is to state precise assumptions, and to derive moment estimates
(uniform in €), for the following Stochastic Evolution Equation

(1) AXE(t) = AX(t)dt + F (X (1), Y(t))dt + dW9(¢).
This is the abstract formulation of a parabolic, semilinear, SPDE, in the framework of [11]. The
stochastic forcing is given by a Q-Wiener process W<, In addition, Y€ is another stochastic process
with values in L2. In this work, it is assumed that Y¢ and W€ are independent.

We are interested in the regime of a small parameter €, and of a timescale separation: Y¢(t) =

Y(te!). As a consequence, X ¢ is referred to as the slow component, and Y as the fast component.
For instance, the process Y may be the solution of an equation of the type
dY (t) = AY (t)dt + G(Y (t))dt + dw(t),
where (wq(t)) is a g-Wiener process, independent of W®. Then Y€ solves an equation of the
type

t>0

AY<(t) = %(AY"(t) L GYE(t))dt + \kdwq(t),

in which case one has the equality in distribution (but not almost surely) of the processes (Y (te 1))

and (Ye(t))tzo.
the slow component, thus the fast evolution is not coupled with the slow evolution.

Considering the coupled situation, where G depends also on the slow component, would substan-
tially modify some computations below. However, the treatment of the uncoupled case, considered
in this manuscript, already requires the use of original and nontrivial arguments. The objective of
this manuscript is to exhibit these arguments, in the simplest nontrivial framework. The treatment
of the coupled case is left for future work.

>0
The assumption that Y is independent of W< means that G does not depend on

2.1. Notation. Let D = (0, 1), with dimension d € {1,2,3}, denote a domain. For any p € [2, o],
let LP = LP(D), and denote by | - |1» the associated LP-norm. When p = 2, H = L? is a separable,
infinite dimensional, Hilbert space, with norm |- |z = | - |12, and inner product denoted by (-, ).
For any p,q € [2,00), let £L(LP, L) denote the space of bounded linear operators from L to L9.
The associated norm is denoted by || - HE( Lp,L9)-
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For p € [2,00), let R(L?, LP) C L(L?, L?) denote the space of y-Radonifying operators from L2
to LP. Recall that a linear operator ¥ € £(L?, LP) is a v-radonifying operator, if the image by ¥ of
the canonical gaussian distribution on L? extends to a Borel probability measure on L?. The space
R(L?, LP) is equipped with the norm || - = (L2 7y defined by

H\IIH%(L{LP) = E} Z'an/fn
neN

2

)

where (7, )nen is any sequence of independent standard (mean 0 and variance 1) Gaussian random
variables, defined on a probability space (Q,]:" , I~F’), with expectation operator denoted by IE, and
(fn)nen is any complete orthonormal system of L?. When p = 2, R(L?, L?) = L3(L?) is the space
of Hilbert-Schmidt operators on L?, and H‘I/H%(Lzﬂ) = Tr(¥W¥*), where Tr(-) is the trace operator,
and U™ is the adjoint of W.

Note that, for any p € [2,00), there exists ¢, € (0,00) such that for any ¥ € R(L?, LP),

2 2
19| Rr2, 1) < ¢ Z(‘I’fn) }Lg-
neN
Finally, recall the left and right ideal property for v-Radonifying operators: for all p, ¢ € [2,00),
for all operators Ly € L(LP,L9), ¥ € R(L? LP) and Ly € £(L?, L?), then L1W¥Ly € R(L?, L9), and
L1V Lallr(r2,2a) < ([ Lallzr,nay 1Y 1R (z2,20) | L2l £ (2, L2) -
Let (W(t))tzo

For any T' € (0,00) and p € [2,00), the LP-valued It6 integral fOT(I)(t)dWQ(t) is defined for pre-
dictable processes ® € L(Q2 x (0,T), R(L?, L?)). Moreover, there exists ¢, € (0, 0), such that

denote a cylindrical Wiener process defined on L2, on a probability space (€2, F,P).

T T
B[l | 20aW Ol < | BIBOIhra it

In the case p = 2, the inequality above is replaced by the following version of Itd isometry property:

T T
E[ /0 B(1)dW (1)2.] = /0 ED(1) 22 o)t

Higher order moments of stochastic integrals are estimated using Burkholder-Davis-Gundy type
inequalities.

For statements, proofs, and generalizations, of the results above, we refer for instance to [6} 33}, [34]
for Banach space valued stochastic integrals, and to [11] for the Hilbert space case.

If ¢ : L? — R is a function of class C!, its first order derivative Dy(x) € L(L? R) may be
identified with a element of L?, thanks to Riesz Theorem: as a consequence, for all z,h € L?, we
write Dp(x).h = (Dp(z), h).

2.2. The linear operator A. Let A denote the unbounded linear operator on H = L?, with

D(A) = H%(0,1) N H(0,1),
Az = Ax, Yz € D(A),

where A is the Laplace differential operator in dimension d. The domain is chosen in order to
consider homogeneous Dirichlet boundary conditions in evolution equations. It is a standard result

(see for instance [31]) that there exists a complete orthonormal system (e,) ey ©Of L?, and a non-

decreasing sequence ()\n) of positive real numbers such that

neN

2
Aep, = —Apen, YneEN, A\, ~ c¢gnd , supsup |ey|rr < oo.
n—00 peN neN
4



The operator A can also be considered as an unbounded linear operator on LP, for all p € [2,00),

in a consistent way as p varies. The linear operator A generates an analytic semi-group (etA) >0

on LP for p € [2,00). For o € (0,1), the linear operators (—A)~“ and (—A)“ are constructed in a
standard way, see for instance [31]:

/ 7t — A)7ldt | (—A)°® = / t N (=AYt — A)Lat,
0 0
where (—A)® is defined as an unbounded linear operator on LP. In the case p = 2, note that

(—A) %z = Z X Nz, e5)e;, x € H,
1EN*

(—A) Yz = Z Mz ei)e;, x € Dy((—A)*) = {x € H; i)\%a(x,ei)z < oo} .

1EN* i=1

sin(ma) sin(ma)

(~4)" =

s s

Introduce also the kernel function K associated with the semigroup (etA) 0"

(€)= / K (t,€,n)(n)dn.
D

This kernel satisfies the two following properties:

0< K<t7€777) < Ct_% eXp(—Ct_1’£ - 77’2) ’ /DK(t7§7 ) <1

To conclude this section, we state useful calculus inequalities, which are employed in a crucial
way in Section

1

Proposition 2.1. For any « € [0, %), any k € (0, 5

(0,00), such that for all x1,x2,
(= A)*(@122) 1 < Campl(=A) 21|20 (= A)* 2| 20

Moreover, let ¢ : (21, 22) € R x R+ ¢(z1, 22) € R be a Lipschitz continuous function of class CL.
Then there exists C(¢) € (0,00) such that for all x,y1,y2,

(= A)* (6, y2) = (2, y1)) [1r < Cavsep(1H(—A) T2 L2t D (= A) ;120 ) [(—A) T (2 —11) ] 20
§=1,2

— ), and any p € [2,00), there exists Co pp €

For the first inequality, we refer to [7, Section 3.2] and [32]. The second inequality is a straight-
forward consequence of the first inequality and of a first order Taylor formula:

1
¢(w,y2) — o(x,92) = /0 02 @(x, Ay2 + (1 — Ny1)(y2 — y1)dA.

2.3. Assumptions on F' and (). The coefficient F' in is defined as the Nemytskii operator (see
Definition associated with a smooth function f (see Assumption .

Assumption 2.2. Assume that f: (21,22) € R x R f(z1,22) € R is a function of class C*, with
bounded derivatives of order 1,..., 4.

Remark 2.3. In the calculations below, quantitative estimates will only depend on the bounds on
the derivatives of f of order 1,2,3. Existence of the fourth order derivative is only employed to
Justify some calculations in Section[J]

Definition 2.4. For all p,q € [2,00), the mapping F : LP x LP — LP" js defined as the Nemytskii
operator, with F(x,y) = f(:r(),y()) forall x € LP,y € L1.
5



Note that the definition of F' is consistent when parameters p and ¢ vary.
Observe that, for any p,q € [2,00), and fixed y € LY, then the mapping € LP — F(z,y) € LP"
is globally Lipschitz continuous, uniformly in y € L%, and in p,q. More precisely,

Llp(F(7y)) < sup ’azlf(ZhZQ)"

(21,22)€R?

The stochastic perturbation in the slow component of is given by a @)-Wiener process. The
covariance operator @ is a bounded, self-adjoint, operator on L?, and satisfies Assumptionbelow.

Assumption 2.5. There exists a family of nonnegative real numbers (qn) and a complete or-

neN
thonormal system (f")neN of H, such that sup ¢, < 0o, and
neN

Q=Y agnlfn,)fn:

neN
Let Q3 be defined as
Q2 = Vaulfar ) fue

neN
It is assumed that f, € L™ for alln € N, and that

sup |fnlpe < 00.
neN

Finally, assume that there exists amax € (0, 1] such that, for all a € [0, amax) and p € [2,00),

1

1 r 1
2) Map(@HT) = (| 1A 1QH fypa ryit)* < oo
The Q-Wiener process W& is then defined on a probability space (Q2, F,P), as follows:
WOt) = \/anmfn,

neN

where (’yn)n ey 1s a sequence of independent standard Gaussian random variables. Note that
We(t) = Q%W(t) where W (t) = > Vnfn is a cylindrical Wiener process.

Note that, for all T € (0,00), M, ,(Q2,T) < oo if and only if M, ,(Q2,1) < co. Thus the
condition expressed in does not depend on the time T, it only depends on @, and on the

parameters a and p.
A sufficient condition for to hold is the following: for all o € [0, max) and p Eﬁ, 00),

H(—A)O‘_%Q%HR( r2,0r) < o0. For another class of sufficient conditions, see Assumption and
Proposition 8.1

2.4. Assumptions on the fast process. The fast process (Ye(t)) >0 1 is defined in terms of
an ergodic Markov process Y, such that, for all £ > 0, a

Assumption 2.6. The process Y = (Y(t))t>0 is a continuous, ergodic, Markov process on H = L?.
Its unique invariant probability distribution is denoted by .

Moreover, it is assumed that Y and the Q- Wiener process W? are independent.
6



Finally, there ezists a parameter Ymax € (0, 2] such that the following estimates are satisfied: for
all v € [0, Ymax), all p € [2,00), and M € N, there exists Cypar € (0,00) such that

(3) sup B|(~A)"Y ()]} < Crpu(1+ EI-A)Y (O))
(4) / ((—AY Y| u(dy) < Cypar.

The following standard notation is used: (Y (¢))
condition Y (0) = y.

Another key assumption concerning the fast process deals with solvability of Poisson equations,
and on regularity properties of the solutions.

+~o denotes the Markov process with initial

Assumption 2.7. Define admissible functions ¢ : H — R, to be such that, for some q € [2,00), ¢
is twice Fréchet differentiable on L9, and such that there exists C' € (0,00) such that for all y € H,
h,h1,hgy € LY,

Do (y)-h| < Clhlra , [D*¢(y).(h1, ho)| < Clha|palhalps.

Let Li be the infinitesimal generator of the Markov process Y .
Assume that for any admissible function ¢, the Poisson equation

(5) ~Lo=o- [ o

admits a unique solution such that [dp =0, and that this solution is given by

(©) v = [ "B 0) - [ o] d

Moreover, for all v € [0, Vmax), P € [2,00) and M € Ny, assume that there exists C , v € (0,00)
such that the following property is satisfied. Let ¢ : H — R be an admissible function, and assume
that there exists C(¢) € (0,00), such that for all y1,y2 € H

(7) |6(y2) — D) < C(A)(L+ [(=A) 91|15 + (= A) 92| 12) (= A) (g2 — y1) |-
Then the solution v of the Poisson equation () satisfies, for all y € H,
(8) ()] < CrpmC (D)L +|(=A)yl75 ™).

A sufficient condition to have the estimate satisfied is given by Proposition

Proposition 2.8. Let Assumption be satisfied. Assume that for all v € [0, Ymax), P € [2,00)
and M € Ny, there exists Cy, m € (0,00) such that for all yi,y2 € LP,

>‘,_.

/ooo (EI(=A) (¥, (1) = ¥y, (£)]25)

Then the estimate s satisfied.

dt<0'pr|( ) (y2_y1)|LP-

Proof of Proposition [2.8 By stationnarity, ¢ is written as follows:

/ / — G(Y*(#)]dtu(dz).



Then, using and Assumption

vl = et / | e Y 0+ B ATV + B AT OB i

< Copur(®) [ / (EI(=A) (r9(0) = Y* (03 a1 + Ayl + (A= ud2)

< Cypm(9 /I y—2)|oe| (14 (=AYl 15 + [(—A)7 275 ) u(d)
< C%p,M(l + ‘(_ ) |M+1)
]

2.5. Well-posedness and moment estimates. We are now in position to state (and give a
sketch of proof of) a well-posedness result for , for arbitrary € > 0. Without loss of generality, it
is assumed that € € (0, 1).

We also state moment estimates for X€(¢). These estimates are uniform with respect to the
parameter € € (0,1).

Proposition 2.9. Let T € (0,00). For any xzg € H, any yo € H, and any € € (0,1), the SPDE (1)
admits a unique mild solution, with initial conditions X(0) = xo, Y(0) = yo, such that for all
te 0,7,

(9) X€(t) = eag + /0 t et =)AR(X(s), Y(s))ds + /0 t et=)AgmwQ(s).

In addition, the following moment estimates are satisfied, uniformly with respect to € € (0,1): for
any T € (0,00), @ € [0, max), p > 2 and M € N, there exists Cop (1) € (0,00), such that for all
x0, Yo € LP, such that |(—A)*xo|rr < 00,

1
(10)  sup sup E[|(=A)*X(1)[75] < Capar(T)(1+|(=A) 20|75 + |yol s + Map(Q2,T)M).
€€(0,1) t€[0,7T)
Remark 2.10. Using reqularization properties of the semigroup (etA)t>0, the moment estimates
may be replaced with B
1
sup E[[(—=A)*X(0)[76] < Capar(T) (14t |zo| 15 + lyol 1o + Map(Q2,T)M).
e€(0,1

Therefore the reqularity assumption on the initial condition xg may be relaxed.
We conclude this section with a sketch of proof of Proposition [2.9]

Proof of Proposition[2.9. The existence and uniqueness of a mild solution @[} of is obtained by
a standard fixed point argument, see for instance [11].

The proof of the moment estimates (({10) combines the following observations. On the one hand,
by regularization properties of the semigroup and Lipschitz continuity of F,

\(_A)a/o t=IAP(X(s), Y(5))ds] , < c/o (t— 8) (L + [X(8)|w + [Y<(5)|1v)ds

On the other hand, thanks to 7 see Assumption the moment estimate

t B T 1 1
E|(—A)° /0 AR, < ¢, /O [(~A)* e AQ2 |y 2 oyt = ¢, Mo p(Q2,T)? < oo

for the stochastic convolution, is easily obtained, in the case M = 2. Higher order moments are
estimated using a Burkholder-Davis-Gundy type inequality.
8



The case a = 0 is treated using Gronwall inequality, and then the case a € (0, amax) follows from
the estimates above.
This concludes the sketch of proof of Proposition [2.9} O

3. THE AVERAGING PRINCIPLE
Let us first define the so-called averaged coefficient F.

Definition 3.1. For any x € L?, define

(1) Fla) = / F(z,y)du(y) € L2,

where p is the unique invariant probability distribution of the ergodic process 'Y, see Assumption[2.6

Since F' is the Nemytskii operator associated with a globally Lipschitz continuous function f,
using Assumption it is straightforward to check that F'(z) € L? if z € LP, for all p € [2,00).
The first and second order derivatives of the averaged coefficient F' satisfy the following estimates.

Proposition 3.2. For all p € [2,00), there exists Cp, € (0,00) such that for all h € LP
(12) sup |DF(x).h|r» < Cplh|Lr.
z€L?
For all p € [2,00), and p1,p2 € [2,00), such that % = p% + p%), there exists Cp, p, € (0,00) such
that for all hy € LP' and ho € LP?,

(13) sup |D?F(x).(hy, ha)|rr < Cpy.polP1| L1 |h2|Lp2
zeL

Proof of Proposition[3.3. Note that for all z,y € L? and h € LP, hy € LP' and hy € LP2,
D,F(x,y).h =0, f(z,y)h
DyxF(z,y).(h1, ho) = 02 f(x,y)h1ha.

The conclusion follows using boundedness of the first and second order derivatives of f, Holder
inequality, and integrating with respect to u(y). O

We are now in position to state a well-posedness result for the averaged equation:
(14) dX (t) = AX (t)dt + F(X(t))dt + dW9(t).

Proposition 3.3. Let T € (0,00). For any xo € H, the SPDE admits a unique mild solution,
with initial condition X (0) = xo, such that for all t € [0,T],

t t
(15) X (t) = ety —i—/ e(tS)AF(X(s))ds+/ e=DAqWs).

0 0
In addition, the following moment estimates are satisfied, uniformly with respect to e € (0,1): for
any T € (0,00), @ € [0, max), P > 2 and M € N, there exists Cop (1) € (0,00), such that for all
xo,Y0 € LP, such that |(—A)“xg|rr < o0,

(16) ab E[|(—A)*X(8)[3] < Capar(D)(1+ [(—A)zo[1h + Ma,(Q7, T)M).
€0,

The proof is omitted. Existence and uniqueness of the mild solution follows from the global
Lipschitz continuity property of F' (thanks to , see Proposition The moment estimates
are proved using the same arguments as in the proof of Proposition in particular using (2)), see
Proposition [2.5

9



To conclude this section, the infinitesimal generator associated with the averaged equation (|14))
is introduced:

(17) Lolw) = {Dap(a), Ax + F(@)) + 5 3 auD2p(a).(Fu f).

neN

This definition makes sense for sufficiently regular functions ¢ : L? — R.

4. STATEMENTS OF THE MAIN RESULTS

This section is devoted to the statements of the main results of this article, concerning the error in
the averaging principle. We exhibit both strong and weak orders of convergence, with respect to e.
Two situations need to be considered, depending on the regularity properties of the slow and the fast
component, more precisely in terms of Yyax (see Assumption and auax (see Assumption .

Let us introduce Assumption (resp. Assumption which defines the regular case (resp. the
general case).

Assumption 4.1. The parameters cumax and Ymax Satisfy the condition

Omax + Ymax > 1.
Moreover, assume that Tr(Q) = >, cny Gn < 00.

2. 2
Assumption 4.2. Assume that (ZneN qﬁ) P < o0, for some

e {[2’00]7 d=1,
0
2,4%5), d=2,

with usual conventions if o = oo or if d = 2.
Let apax = %(1 — g(l — %)) Moreover, assume that Ymax < Qmax.

The definition of the parameter ap.y in Assumption [£.2] is consistent with Assumption [2.5] see
Proposition Note that amax € (0, 1].

Remark 4.3. If Assumption is satisfied, the condition amax > Ymax 1S not restrictive. Indeed,
in practice, when the reqularity amax is given, one may always replace Ymax with min(max, Ymax)
without extra assumption.

Remark 4.4. The condition Tr(Q) < oo in Assumption s not very restrictive. For instance, if
Qmax 18 caracterized by the property that for all & < apmax and allp € [2,00), ||(—A)O‘_%Q% I=(z2,00) <

00, the condition is satisfied since Tr(Q) = ||Q%||R(L2,L2) < 00, with o = 4 < aax.

First, in the very regular case (see Section , the strong (resp. weak) order of convergence
is equal to 1 (resp. 1). This coincides with the orders of convergence obtained in [3], where no
stochastic perturbation is acting in the slow component, i.e. @ = 0 in . The weak order 1 also
essentially coincides with the result from [19], where it is assumed that apax = 1 and Ymax = 0.
Moreover, this also coincides with the orders obtained in the case of SDEs (see for instance [30]).
In particular, these values are optimal in general.

Second, in the less regular case (see Section , Assumption is satisfied, and it is proved
that the strong (resp. weak) order of convergence is equal to Haj:ﬁ (resp. Hﬁ%) The
proof is based on the application of the result in the regular case for a well-chosen approximate
problem, with modified covariance operator @. It is not known whether these strong and weak
orders of convergence are optimal. On the one hand, observe the orders of convergence are maximal
when Ymax = Qmax, in which case the strong and weak orders are apmax and 2apax respectively,
hence are clearly related to the spatial and temporal regularity of the processes. On the other hand,

10



when ~max is arbitrarily small, the strong and weak orders of convergence are 1?&7‘3 and %ro‘ciinmi‘
respectively. The application of the standard Khasminskii strategy would also lead to a strong order
of convergence equal to 17 cmax—gee [3]. As a consequence, the additional use of regularity properties

of the fast process in the analysis allows us to get improved orders of convergence.

4.1. The very regular case. In this section, it is assumed that Assumption is satisfied. As a

consequence, there exists v € (1 — @max, Ymax), such that Ml_%p(Q%,T) < oo for all p € [2,00) and
all T € (0,00), see (2). In particular,

Ml_'YaS(Q%aT) < 0,
for all T € (0, 00),.

We are now in position to provide precise statements of the results, concerning the order of
convergence of the averaging error, in the regular case.

Theorem 4.5. Let Assumption be satisfied. Let T € (0,00), and assume that the initial condi-
tions o, Yo, satisfy
(= A) o s + (= A) " yol s < oo,
for some v € (1 — max, Ymax) and some k € (0, Ymax — 7)-
Then there exists C(T, x0,y0) € (0,00) such that for all € € (0,1),

(18) fﬁﬁwfw—xw@ﬁscmmwmﬂwwwuw@aﬂﬁa
€0,

[NIE

To state the weak error result, an appropriate notion of admissible test function is used.
Definition 4.6. Let ¢ : L? — R. It is called admissible if the following derivatives of p exist and
are continuous, and if the estimates below are satisfied.

e There exists C € (0,00) such that for all x € L? and h € L?,

|Dp(x).h| < Clhge,
and, for all x € L?, hy, hy € L?,
|D?p(x).(h1, h2)| < Clha g2 |ha 2.
e For every pi,p2,ps € [2,00) such that 1 = p% + p% + p%, there exists Cp, p, ps € (0,00) such
that for all x € L?, and hy € LP* hy € LP? hy € LP3,
w\x).\ni, 2, n3)] > p1,p2,p3 [TV1|LPL [I02|LP2 |IL3|LP3 .
|D?@(x).(ha, ha, ha)| < C |ha| e [he|Le2 ]

For instance, a function ¢ : L? — R of class C3, with bounded derivatives of order 1,2,3, is
admissible. Other admissible functions are constructed as follows:

p(z) = (W, p(x)),
where ¢ : R — R is of class Cg’, and w € L™ is a weight function.
The weak error is estimated for the class of admissible test functions introduced above.

Theorem 4.7. Let Assumption be satisfied. Let T € (0,00), and assume that the initial condi-
tions g, Yo, satisfy
|(—A) o] s + |[(—A) g0l s < oo,
for some v € (1 — qimax; Ymax) and some K € (0, Ymax — 7). Let ¢ : L? — R be an admissible test
function.
There exists C(T, xo,Y0, ) € (0,00) such that for all € € (0,1),

(19) éﬁﬁmwxwm—mw (NI < C(T, 20, 10, ) (TH(Q) + My 4(Q3,T))e.
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The apparently strong conditions imposed on the initial conditions zg and yo may be weakened
using standard arguments, thanks to the regularization properties of the semigroup (etA) >0 and
minor modifications in the proofs. However, one could not consider the supremum over time t €
[0,7] in and . In addition, assuming that the initial conditions possess nice spatial regularity
properties allows us to focus on the most important issues solved in this manuscript.

Note that the strong order of convergence is equal to %, whereas the weak order of convergence
is equal to 1. As explained above, these values are optimal.

The proofs of Theorems and are postponed to Sections [6] and [7] respectively.
4.2. The less regular case. In this section it is assumed that Assumption [4.2] is satisfied. Let

38 _ Omax
max — )
1 4+ otmax — Ymax

and observe that Bpax < %
Theorem 4.8. Let Assumption be satisfied. Let T € (0,00), and assume that the initial condi-
tions g, Yo, satisfy
[(=A) Vo] s + [(—A) " yol s < o0,
for some v € (0, Ymax) and some K € (0, max — 7).
For any B € [0, Bmax), there exists C3(T, xo,y0, Q) € (0,00) such that for all € € (0,1), the strong
error is estimated by

N

(20) sup (E[X(t) — X(t)|72)
t€[0,T]

< Cﬁ(T7 Z0o, Yo, Q)Eﬂ

Moreover, let ¢ : L?> — R be an admissible test function. For any B € [0, Bmax), there exists
Cs(T, z0,Y0,Q, ) € (0,00) such that for all € € (0,1), the weak error is estimated by

(21) s E[p(X“(t)] = Elp(X(#))]] < Cs(T, z0, 40, Q, )’
t )

Note that in Theorem the weak order is equal to twice the strong order, as discussed above.
The proof of Theorem is postponed to Section

5. AUXILIARY REGULARITY RESULTS FOR SOLUTIONS OF THE POISSON EQUATION

This section is devoted to the analysis of the Poisson equation below: for any « € L? and § € L?,
define ®(x,-,0) : L? — R as the unique solution of

(22) — L&(x, -, 0) = (F(z,) - F(x),6),

with the condition [ ®(z,-,0)du = 0. Observe that § — ®(z,y,0) is a (possibly unbounded ) linear
mapping.

Recall that L is the generator of the Markov process Y. It is assumed that Assumption 2.7] is
satisfied.

The function ® plays a key role in the analysis of the error in the averaging principle, both
in the strong and in the weak senses. It is straightforward to obtain estimates on ®(z,y,6), on
D, ®(z,y,0).h and on D2®(x,y,0).(h1, ha), in terms on LP norms of x, v, 0, h, hy, hy (for well-chosen
p), see Lemmas and below. The main original results in this manuscript are estimates of
®(z,y,0) in terms of [(—A)™70|rr (see Lemma[5.2)), and of D,®(z,y,0).h in terms of |(—A)~7h|L»
(see Lemma , for positive v € (0, Ymax). These two results are specific to the analysis of the
averaging principle for parabolic SPDEs, and they allow us to exhibit the trade-off between the
regularity properties of the slow and fast processes in the identification of the strong and weak
orders of convergence discussed above. These results are consequences of Proposition [2.1

12



First, Lemma and deal with estimates of ®(z,y,0). In particular, note that Lemma
implies the well-posedness of .

Lemma 5.1. Let p € [2,00) and p' = p%l € (1,2]. There exists C, € (0,00), such that for all
zeL? yeLP and all§ € L,
(2, y,0)| < Cq(1+ [ylre)|0] -

Proof. For any fixed z € L? and § € L? C L” , the mapping y — (F(z,y) — F(x),6) is an admissible
function (with ¢ =4). In addition, using Lipschitz continuity of F', one has the estimate

[(F(2,y2) = F(2,91),0)] < [F(2,y2) = F(z,51)| 00| 1 < Clyz — y1|o[0] -

This proves that is satisfied, with the parameters o = 0, p, and M = 0. By Assumption
then is satisfied, which concludes the proof of Lemma O

Lemma 5.2. Let v € (0, Vmax). For all & € (0,Ymax — ), there ezists C ,, € (0,00) such that for
all z,y € L* and 6 € L?, then

(2, y,0)| < o (L4 [(=A) | Ta + (= A) 7yl 74) [(=A) 70 2.
Proof. Observe that
(F () — F(2,42),0)] < (=AY (P, ) — Fla, 1)) 2] (—4) 6] 12
< Oy (L + (=A™ x| + (= A) "y |pa + [(—A) " ya| 1)
[(=A) " (y2 — y1) |14 (—A4) 0] 2,

using the third inequality in Proposition This proves that is satisfied, thus follows, and
this concludes the proof of Lemma [5.2] a

Lemmas and deal with the first order derivative of ®(x,y, ) with respect to x.
Lemma 5.3. There exists C' € (0,00), such that for all x € L?, y,0,h € L,

[(D2(z,,0), B)] < C(1+ lyl o) min (10 |Rl 2, 161 21l 1)

Moreover, for all x € L?, y,h € L8, 6 € L%, one has
(Do ®(z,y,0), h)| < C(1+ |yls)10] 4 |hlLs.

Proof. For all x,h € L2, § € L*, the function y — (D, ®(x,y,0),h) solves the Poisson equation
—L(D,®(z,,0).h) = bz on
where ¢, .1(y) = (Do (F(z,-)—F(x)).h,0). It is straightforward to check that ¢ g is an admissible

function (by Assumption f is of class C® with bounded derivatives), with ¢ = 8.
Let 2,h € L? and 0 € L*, then for all y1,y» € L*, one has

G200 (Y2) — D200 (Y1) = |(Da(F(2,y2) — F(x,y1)).h, 6)|
- }<(821f(1:7y2) - 6Z1f(x7y1))h’9>}
= (021 f (2.42) = 0=, £ (,40)) 0. 1)

< Clys — il s min (18] 1l 2, 10] 2 B )

using Holder inequality and by boundedness of the first-order partial derivative 0, f(z1, z2).
Alternatively,
|02.0.0(Y2) = Ga0n (Y1) < Clyz — y1[1s]0 4 |hlLs.
13



Thus , and consequently (8)), are satisfied, for an appropriate choice of the parameters. This
concludes the proof of Lemma [5.3] a

Lemma 5.4. Let v € (0, Vmax). For all & € (0,Ymax — ), there ezists C ,, € (0,00) such that for
all x,y,0 € H, then

[(De®(x,y,0), h)| < Cquw (14 [(=A) " xFs + [(—A) " y|7s)
i (= 47501 0|(=A) T hl g2, | (= AV 0] o (~A) ).
Proof. Let x,0, h be fixed. Proceeding as in the proof of Lemma/[5.3] for all y1,y2 € H,

G200 (y2) = D200 (Y1) = |0 f(x,y2) — Ouf(m,y1))h, 0)| = [{((8uf (2, y2) — D f(z,11))0, h)

thus, thanks to Holder inequality and to the first inequality in Proposition [2.1] it is sufficient to
consider

[(=A)7*2 (Duf (2, y2) = Duf (@, 1)) 1o < O+ [(=A) gl s + [(=A) ] )| (=A) (g2 — y1) s,

thanks to the second inequality of Proposition It remains to use Assumption to conclude
the proof of Lemma [5.3 O

)

Finally, it remains to state and prove a result, Lemma|5.5, concerning the second order derivative.

Lemma 5.5. There exists C' € (0,00) such that for all x € L? y,0 € L* and hy,hy € L?,
D20 (w,y,0)-(hy, h2)| < C(1 + lylga) min (10]zalhi] alhal s, 10] 2 Al s bl s ).
Proof. For all x, 6, hi, ha, the function y > D2®(z,y, #).(h1, ha) solves the Poisson equation
~L(D2(z,,0).(h1,h2)) = )

where ¢:(62,()9,h1,h2 (y) = (D2(F(z,-) — F(x)).(h1, h2),0). It is straightforward to check that (ég(),’h is an
admissible function (thanks to Assumption f is of class C* with bounded derivatives of order
1,...,4).

For all 41,42 € H, using boundedness of the third-order derivative 83(53) f and Holder inequality,
one obtains

100 1 W2) = B oy W) < Cly = il s min (101l | ol s, 012 o o ol 5 ).

Thus it remains to apply Assumtion [2.7] to conclude the proof of Lemma [5.5] O

6. PROOF OF THEOREM [4.5]

The goal of this section is to provide a proof of Theorem [4.5] i.e. that under Assumption [4.1
the strong order of convergence in the averaging principle is equal to %

Let T € (0,00). Thanks to Assumption let also v € (1 — max; Ymax); & € (0, Ymax — 7¥), and
let the initial conditions x¢ and yq satisfy |(—A)' " Yag|s + [(—A) T yo| s < 00.

Introduce the auxiliary function 6F(z,y) = F(z,y) — F(z). Thanks to the mild formulations (9))
and , the following decomposition of the averaging error is obtained:

X(t)— X(t) = /0 elt=9)4 (F(X<(s),Y(s)) — F(X(s),Y(s)))ds

t
+ / e=DA5F(X (s), Y<(s))ds.
0
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Recall that F is globally Lipschitz-continuous, thanks to Assumption 2.2 The mean-square error
is then bounded from above as follows:

E|X(t) — X(t)]* < CT/tE}XE(s) —X(s)|ds

+2 / / (t_s)AéF(Y(s),Ye(s)),e(t_’")AdF(Y(r),Y%r)))]drds.

Let 0,4(r) = eP5ASF(X (s),Y(s)). Observe that 0,0s4(r) = —Af,(r).
nition (22) of ®, considering the quantity E®(X (¢), Y¢(t),0s.(t)) — E®(X(s), V(s
applying It6 formula, one obtains

/ E [<e<t—s>A5F(Y(s), Y<(s)),e" AP (X (r), Ye(r)))] dr

S

Using the defi-
),0,4(5)), and

_ / E[-L& (X (r), Y<(r), 0s4(r)) ] dr
=Ti(s,t) + I5(s, t) + Z5(s, t),

where

(23) If(sa t) = EE(I)(Y(S)7 YE(S)a es,t(s)) - GEQ(Y@% Ye (t)’ es,t (t))
(24) T(s,t) = —e / E[0(X(r), Y(r), Ab,(r)) |dr,

(25) T5(s,t) = € / E|Z0(X (1), Y(r), 0,4(r)) | ar.

where £ is the infinitesimal generator associated with the averaged equation , see .
For future use, a more detailed decomposition of the third term is introduced: Z§(s,t) =
IS 1 (8, ) + I o(s,t) + 5 3(s, 1), with

t
(26) Z54(s.t) = ¢ [ BIFCX(), Do (X(),Y¥(r), (1)) s
t
(27) I§’2(s,t) = e/ E<AY(T‘),DI(I)(Y(’I"),YE(T‘),Hsyt(’I“))ﬁlT
€ S ¢ —
(28) Sa(s) =5 / ETe(QD20(X(r), Y*(r), 6:4(r)) )dr

Lemmas and [6.3] below state the necessary estimates in order to conclude the analysis of
the strong error. Observe that Assumption is only used effectively in Lemma [6.3]

Lemma 6.1. There exists C(T) € (0,00), such that, for all € € (0,1),

sup |Zi(s,t)] < C(T)e(1 + |zol72 + [yol72)-
0<s<t<T

Lemma 6.2. There exists C(T') € (0,00), such that, for all € € (0,1),

1
sup  (t — )2 |Z5(s, t)] < C(T)e(1 + |zo|72 + |yol72)-
0<s<t<T

Lemma 6.3. Let Assumption be satisfied, and let v € (1 — amax, Ymax) and k € (0,7). There
exists Cy (T € (0,00) such that, for all € € (0,1),

IZ5(5, )] < Copm(T)(t=3) 7~ Fe(1H| (= A) gl +|(= A) ™+ yo[s) (14 (—A) 0|+ M 8(Q2)+TH(Q)).
15



The proofs of the three auxiliary lemmas above is provided below, then the proof of Theorem [4.5]
is concluded.

Proof of Lemma[6.1} For r € {s,t}, note that E|0,,(r)|7, < C(1+ |zo|72 + |y0l72), since F has at
most linear growth, and thanks to moment estimates, in Proposition and in Assumption
Thus, thanks to Lemma [5.1}

— 1 1

E[@(X (r), Y(r), 05, (r)| < C(L+ (E[Y(r)[72)2) (E[fs,1(r)[72)>

< C(1+ [yolr2) (1 + |zolz2 + [volz2),

which concludes the proof. ([l
Proof of Lemma[6.4 For r € (s,t), using Lemma and Assumption

- 1

E|®(X(r), Y(r), Abs(r))| < C(L+ |yol2) (E|Abs 1 (r)[72)2
< C A= £z 2y (1 + 2ol 7 + [yol72)-
It is straightforward to check that fst ||Ae(2t*5*T)A||£(H)dr < C(D)|(— ) (t=5)4)| - 2,02y < C(T)(t—
s)_%, thus one obtains
1
(t = 5)2|Z5(s, )| < C(T)e(l + |ol72 + [yol72),

which concludes the proof. ]

Proof of Lemma 6.3 First, proceeding as in the proof of Lemmal6.1} and using the global Lipschitz
continuity of F, it is stralghtforward to check that

IZ51 (s, )| < Cre(1+|zol72 + [yol72)-

Second, let v € [0, Ymax), and & € (Ymax — 7). Thanks to Lemma and Holder inequality, one
obtains

Z52(5,1)] < Ce | (BI(=)' X0 [12) B4 50.,0) )
(1+ (BI(—A) X))t + (El(— A=Y e(r)[35)1 ) dr

< Ce(t — )75 (1 + |zo| 1 + [yo| 1) up, (B|(—A) X (r)[4,) 3
rel0,T
)-

(1 [(=A) " yo[7s + s (E|(—A) X (r)[35)
rel0,

=

Using the conditions on v and x above, and the moment estimates, one obtains

IZ5 2(5, )] < Cpere(t=—s) 7772 (L4 (= A) o [Fa+[(=A) T yo[F6) (LH(—A)' Vo s +-M1-.5(Q
It remains to deal with the trace term, Zg 5. Using Lemma and Assumption

D=

))-

T5 (5, 1)) < Ce / S Gl D20(X (1), (1), 0us (1) (fur fo)ldr

S neN

t 1 1
< ey galfnl2s / (El0ss (1) [2)3 (1 + (B[Y<(r)2) F)dr

neN
< CeTr(Q) (1 + |wolFa + [yolF4)-

Gathering the estimates on |Z§ ; (s, t)|, |Z§ 5 (s, t)| and |Z§ 5(s, )| then concludes the proof of Lemma
.
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Note that the assumption that Tr(Q) = 3, .y ¢n is finite may be removed, using further regularity
properties of the second order derivative D2®. However, this does not seem to improve the result.

Proof of Theorem[{.5 Gathering estimates from Lemmas [6.2] and gives

BIX(t) - X < OT | EIX“(s) = X(o)fuds+ [ (1Ti(s. 0] + T30 0)] + 1 T5(s. ) s
0 0

¢
< CT/ E|X<(s) — X(s)[*ads + +C(T, 0, yo) My _5(Q*, T)e.
0
It remains to apply Gronwall Lemma to conclude the proof. O

7. PROOF OF THEOREM [4.7]

The goal of this section is to provide a proof of Theorem [I.7] i.e. that under Assumption
the weak order of convergence in the averaging principle is equal to 1.

Let T € (0,00). Thanks to Assumption let also v € (1 — max; Ymax); & € (0, Ymax — 7¥), and
let the initial conditions zo and yo satisfy |(—A) " Vao|zs + [(—A) T Fyo|rs < o00.

A key tool in the analysis is the function @ defined below:

(29) a(t,x) = Elp(X" (¢))]-
Note that @ is the solution of the Kolmogorov equation
ou = Zﬂ,

with initial condition (0, -) = , where L is the infinitesimal generator associated with the averaged
equation , see .

To deal with this infinite dimensional PDE, usually an auxiliary approximation procedure is
employed, see for instance [7], in order to justify the computations. To simplify notation, this is
omitted in this manuscript.

The regularity properties stated in Proposition play a fundamental role in the analysis of the
weak error below.

Proposition 7.1 (Regularity properties of the derivatives of @). Let ¢ be an admissible test function.
For all B < 1, there exists Cg(T) € (0,00), such that for all t € (0,T],

(30) |D,a(t, x).(—A)Ph| < Co(T)tP|h| 2,

and for all B1, B2 € (0,1) such that By + P2 < 1, there exists Cg, g,(T) € (0,00), such that for all
t e (0,77,

(31) | DXa(t, ). ((=A)7 ha, (= A4)Zha) | < Cp, 5y (T)77% | Ry 2|ha| 2.

In addition, for pi,p2,ps € [2,00) such that 1 = p% + p% —+ p%), there exists Cp, pyps € (0,00), such
that for all t € [0,T],

(32) | D3u(t, 2).(h1, ha, hs)| < Cpy py.ps (T)|ha| Lot [ ha| w2 || Lrs

Regularity properties for infinite dimensional Kolmogorov equations, as stated in Proposition [7.1
are now a classical tool in the analysis of parabolic SPDEs. We refer to [7] for a recent overview of
this topic and for further results. A sketch of proof is provided at the end of this section.

For the analysis of the averaging error, in the weak sense, the fundamental object is the auxiliary
function v defined by

(33) v(t,z,y) = q)(x,y, Dxﬂ(t,x)),

where the first order derivative D,%(t,z) is interpreted as an element of L2
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By construction, v(t, z, -) is the solution of the Poisson equation with 0 = D,u(t,z), i.e. one
has the fundamental identity

(34> —Lv(t,x,y) = <F($7y) _F(x)aDzﬂ(tv l‘)>
For all y € L?, denote by L, is the infinitesimal generator given by
’cy(p(‘r):<D ( )A$+ny ZQn cpxy fnvfn)7
nEN

for functions ¢ : z € L? = ¢(z) € R, depending only on the slow variable z.
Applying 1t6 formula, the weak error is written as

Elp(X(T))] - E[p(X(T))] = E[u(0, X(T))] - E[a(T, X(0))]

[—0a(T —t, X () + Lyeyu(T —t, X(t))]dt
E[(Lyew — L)u(T —t, X (t))]dt
E[( £),Y(t)) — F(X(t)), Dyu(T — t, X(t)))] dt

E[ Lo(T — ¢, X(t),Y*(t))]dt,

thanks to the identity . To exploit this formula for the weak error, note that the It6 formula
applied with the function v yields the identity

E[v(0, X(T), Y(T))] = E[o(T, X*(0), Y(0)]
+ /OTIE[(ﬁye(t) + %L — O)u(T — ¢, X(t),Y(t))]dt.
As a consequence, the weak error has the following decomposition
(35) Elp(X(T))] - E[p(X(T))] = T + J5 + J5.
where

T = e(B[u(T, X*(0), Y*(0)] — E[o(0, X*(T), Y*(T))])
T
Js = —e/ E[0w(T —t, X (t), Y(t))]dt
0
T
T = e/ E[Cyeo(T — t, X5(8), Y(t))] dt,
0
and the third expresion is decomposed as J5 = J51 + J59 + J5 3, Where
T
Tiy = [ BLPGC@.Y (1) Deo(T — 1, X4(0), Y4 (0)]
0

T
Tso = e/ E[(AX(t), Dyv(T — ¢, X(t), Y(t)))] dt

0
~733—* E[>" 4uD20(T — ¢, X(t), Y(1)).(fa, fu)] dt

neN

Theorem is then a straightforward consequence of the three auxiliary results stated below.
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Lemma 7.2. There exists C(T') € (0,00), such that, for all e € (0,1), and all xo,y0 € H,
[T < C(T)e(1 + |yolr2)-

Lemma 7.3. Let £ € (0,Ymax). There exists C,(T) € (0,00), such that, for all e € (0,1), and all
o, Yo € H;

|T5] < CulT)e(1+ (= A) zol2a + [(=A4)*yo|74).

Lemma 7.4. Let v € (1 — max; Ymax) and & € (0, Ymax — 7). There exists C, .(T) € (0,00) such
that, for all € € (0,1), and all zo,yo € L8,

|T5] < Cyn(T)e(1+ (=AY o2 + (= A g0l3s) (1+ [(—A) Vo] g4 + Te(Q) + Ma a(QF, T)).
Note that Assumption [4.1]is only required in Lemma [7.4]
Proof of Lemma[7.2. Thanks to Lemma and Proposition for all t € [0,T), z,y € L?,
o(t, 2, y)| = |®(z,y, Du(t, )| < C(1+[y])|Dau(t, z)| 2 < C(T, 0)(1+ |ylr2).
Combined with Assumption this estimate concludes the proof of Lemma O

Proof of Lemma[7.5 Since the mapping 6 € H — ®(z,y,0) is a continuous linear mapping (thanks
to Lemma , one has the following expression,

Ov(t, z,y) = ®(z,y, 0 Dyu(t, x))
(x y, D, 0yu(t, x))
(m y, D (Eu (t :v)))
(

z y7@1 t T ) +<I>(a:,y, 62(t7$)) +(I)(x7y7 @3(t7x))7

where

(36) (O1(t,2), h) = (Ah + DF(z).h, Dya(t, z)),
(37) (Oa(t, x), h) = DZu(t, z).(h, Az + F(z)),
(39) (0(t,2). ) = 5 3 an Dt 2)-( o f ).

neN
Let x € (0,1). Thanks to (30), one has

[{©1(t, @), h)| < Cu(T)E™ (= A) hl 2,
which implies |(—A) 701 (¢, z)|p2 < Ck(T)t~1+*. Thus, thanks to Lemma
@ (2,y,01(t,2))| < Cu(T)E (1 + [(=A)*alLs + [(—A)*"y[74).
Thanks to , one has

©a2(t, )|z = sup  [(Oa(t,x), h)| < Cu(T)t (1 + [ (—A) x| L2).
hEL2,‘h|LQS1

Thus, thanks to Lemma
|® (2, y,02(t,2))| < Cu(T)t (1 4+ [(—A) |75 + |y|72)-
Finally, thanks to and Assumption one has, for all h € L?,
(O3(t, ), h)| < C(T) Y gnlfulisllLs < C(T)|h]Ls,

neN

i.e. |Os(t, x)\L% = sup |(O3(t,x),h)| < C(T'). Thus Lemmaylelds
h€L47‘h"L4S1

@ (2, y,03(t,2))| < C(T)(1 + |yl pa)-
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Gathering the above estimates then yields, if 2k < Ymax,
T
T35 < Ca(T)e/ 1+t FME 4+ [(—A)* X (1) |74 + (=AY (t)4) dt
0

< Cu(T)T™ (1 + [(=A)* 20| Fa + [(=A)*"yol74).
This concludes the proof of Lemma O

Proof of Lemma[7.4. Note that the first-order derivative of v with respect to x satisfies the following
identity:
(Dyo(t,z,y), h) = @(z,y, D3u(t, x).(h,-)) + (Ds®(z,y, Dyu(t, x)), h).
Observe that |DZu(t,z).(h,")|2 < C|h|f2, thanks to (BI), with 8y = B2 = 0. Then, thanks to
Lemma [5.1] and Lemma [5.3] one obtains
[(Dov(t, @, y), h)| < C(1+ |y|2)|DZa(t, z).(h, )| 2 + C(L+ |yl )| Dati(t, )| 2] B s
< C(1+[ylpa)lhlpa-
Since F' has at most linear growth, using moment estimates then yields
E|J51] < C(T)e(1 + |wol7a + [yol74)-

To treat the second term, Jg,, observe that |D2u(t, x).(h, )|z < Cet ™1 H5|(=A)"1H5h| 12, for all
& € (0,1], thanks to (31)). In addition, |(—A)' *D,u(t,z)|pz < Ckt~ '™, thanks to (30). Then,
thanks to Lemma [5.] and Lemma [5.4

(Dav(t,,y) )] < Cr(L+ yli2)t ¥ (—4) %0 12
(14 (=AY s 4 (=AY oy 2 )75 | (—A) R s,

where Y < Ymax and k € (07 Ymax — ’7)-
As a consequence

NI

T 1
|T50] < Cne/o (1+E\Ye(t)ﬁg)?(E|(_A)HX€(t)|%2) (T — )~ "5t

T ) ) )
+ e [ (L4 BIA X @+ =AY 1) (B X0 T -0 Far

It remains to use the condition that v € (1 — amax, Ymax), thanks to Assumption . Note that
Y+ K < Ymax < % <1 —~. Finally, thanks to moment estimates,

|5 2] < Come (14 [(— AV o3 + 1(— A yo[36) (1 4+ (= A) o] s + My 4(Q2,T)).

It remains to deal with the third term, ,,7363 Note that the second-order derivative of v with
respect to x satisfies the identity

D2v(t,z,y).(h,h) = ®(z,y, Diu(t, x).(h, h,-)) + 2(Dy® (2, y, D2u(t, z).(h, ")), h)
+ D2®(z,y, Dyu(t, x)).(h, h).
First, observe that |D3u(t,z).(h, h, k)| < C|h|2,|k|p2, thanks to (32)). Equivalently, this means
that [D3u(t, z).(h, h,-)|z2 < C|h|74, then Lemma yields
|®(x,y, D3u(t, ).(h, )| < C(L+ |yl 2)| [
Second, thanks to Lemma [5.3
[(Dy® (2, y, D3u(t, x).(h, ), h)| < C(1+ |y|p)|h|pa|DFu(t, ). (h, )| 2
< C(1+ lyla)[hlZs.
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Finally, Lemma and yield
|D2® (2, y, Dyu(t, z)).(h, h)| < C(1+ |y|pa)|Doti(t, @) 2 |h[Fs < C(1+ |y|pa)|h]3a.

As a consequence, one obtains

€ T
Tial = |5 |3 aB D2 0. X0, Y @) £t

neN

T
< ey aulful2s /0 (1 + E[Y<(t)] )t

neN
< C(M)Tr(Q)e(1 + |yol ),

thanks to Assumption [2.5] and a moment estimate, see Assumption [2.6
Gathering the estimates for \751, Js o and Js 3, one obtains

|T5| < Crme(L+[(=A) o[ 7s + [(=A) ol 1s).
This concludes the proof of Lemma [7.4] O
We are now in position to conclude the proof of Theorem [£.7]

Proof. Thanks to the decomposition of the weak error, it suffices to gather the estimates of
Lemmas and [7.4] to conclude. O

To conclude this section, we provide a sketch of proof of Proposition which states the regu-
larity properties for the spatial derivatives of u(t, z) used above.

Sketch of proof of Proposition[7.1 The proof is based on computing the derivatives of @ in terms of
tangent processes, which are solutions of PDEs with random coefficients (noise is additive in )
A mild formulation and regularity properties of the semigroup (etA)tZO yield the required estimates.

e First-order derivative.

Note that
— <L
Dya(t,z).h = E[Dp(X" (t)).n" (t)],
where .
() = e h + / e=IADF (X" (s)).n" (s)ds.

0
Thanks to the global Lipschitz continuity of the averaged coefficient F', one obtains, for all
t € (0,77,

¢
1" Olzz < Cpst ™ N=A) b+ [l ()]gads
An application of Gronwall Lemma yields
1" ()] 2 < Ca(T)tP|(=A) P 2,
hence

e Second-order derivative.

Note that
DYu(t,z).(h1, ha) = E[(Dp(X" (1)), ¢""2(1))]
+E[D*o(X"(s)).(n" (), 1" (1))]
where
¢hhe () = / e=IADF(X" (5)).CM"2 (s)ds + / e=IADIF (X" (s)).(n" (s), 02 (5))ds.
0 0
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First, ¢ is an admissible test function, thus one obtains

E[D?p(X"(s)).(n" (t),n"*(1))] < CE[J™ (£)]2|n"2 (1) 2],
which is treated using the estimate proved above.
To treat the second term, the inequality \|etAH£(L17L2) < Cyt~1 is used. This may be

proved as follows. First, by a duality argument, HetAHE(Ll,Lz) = ||etA||£(L2,Loo). In addition,
by Jensen inequality, one has

ez(¢)? = (/ K(t,€,n)z(n)dn)” < /K(tj«f,n)x(n)zdn < Cat ™7 |2,

where K is the kernel associated with the semigroup. As a consequence, one has ||*4| 2=y <

Cat™%. Note that ¢ < 1if d € {1,2,3}.
Thanks to and , and the estimate above, one obtains, with the application of
Gronwall Lemma,

t
0
< O o (T (=A) P | 2| (—A) 2o 2.

It is then straightforward to obtain (31)).
e Third-order derivative: the proof is omitted, since the computations are similar.

t
[¢hh2(t)] 2 < Cp/ !Chl’hQ(S)!LstJrCﬁl,ﬁg/ (1= 5)" %50~ P2ds| (= A) P b | 2| (= A) " ho 2
0

8. PROOF OF THEOREM .8

This section is devoted to the proof of Theorem [4.8] Let Assumption [£.2] be satisfied. First, let
us justify the definition of

1 d 2
Omax = 5(1 - 5(1 - 5))

Proposition 8.1. Let Assumption be satisfied. Then is satisfied: for all o € [0, amax) and
all p > 2,

Mo ,(Q2,T) < .

Proof of Proposition[8] Let ¢ = QT% > 1, and note that 1 = % + %
Using the ideal property for v-Radonifying operators,

T anl T o tAAL
/0 e (= ) Q3 % o gyt < /0 o34 (= A) 12 o 1oy le3AQ3 oy 2 oyl

T
<Cap | 77D an(efa)?] gt
0 neN

Using Holder inequality, for all £ € D, and all ¢t > 0,

an(etAfn)Q(ﬁ) < (Z q?i)% (Z(etAfn)k(g))

neN neN neN

1
S

2(¢—1)

< C(Q)(sup (i)

keN

1
<

©) (X (“1)%©)"

neN

Recall that K is the kernel associated with the semigroup (etA) 0"
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On the one hand, Assumption [2.5 implies that for all z € D,

sup | £4(€)] < / K(t, 2 Jsup |filo~ < C.
keN D keN

On the other hand, (f”)neN is a complete orthonormal system of L?, hence

S () (€)= YK (t,6,), fa)? = [K (4,63

neN neN

= / K(t,z,n)%dn
D

SCt—g/ K(t,€,m)dy = Ct3,
D

using the properties of the kernel K stated above.
Finally, for all ¢ > 0 and all z € D, one obtains

1D an(efa)?] 5 < Ct 3,

neN
thus
T ) T ped
[ 1A A Qi e < € [
0 ’ 0
It remains to check that 2a — 2% =20 — 4(1- %) < 1for a < amax = 3(1— 41— %))
This concludes the proof of Proposition 8.1 O

The approximation argument is based on the following estimate.

Lemma 8.2. Let Assumption be satisfied. For all o € [0, max), ¥ € [0, Ymax), Such that o >~y
and ao+~v <1, all T € (0,00) and p > 2, there exists Cp ,(Q,T) € (0,00), such that for all § > 0,

(39) Tr(e24Q) + Mi_y ("4 Q2. T) < Copy p(Q. T)6+1 1.
Proof of Lemma[8.2 First, note that
1 1
My p(e*4Q2,T) < (=A% 210,10y Map (@2, T),

and that ”(_A)l_’y—i_aeéAHL(Lp’Lp) < Copy0t797 1 in the regime o+ < 1.
To deal with the trace term, we use the Holder type inequality for Schatten norms || - ||z, L2y,
with parameter g € [1, 00, see for instance |23 Corollary D.2.4, Appendix D|. One obtains

0A 0A 6tA
Te(e*4Q) = [€*4Qll £, (z2) < [l€* e 1@lleg (),
where 1 = % + % By assumption, [|Q||z, (z2) < oo. In addition,
2
— _d
”625tA||§£<(L2) < Z |€26A6n|22 < Ze 266\, < C{é‘ 2,
neN neN

. 2
using A\, o Cand. As a consequence,

_d Omax — a—
Tr(e?4Q) < C.67 2 = (.62 L< g%t

using the definition of cumax = 5 (1 — (1 — %)) =1(1- 2%)
Finally, one concludes using 2a — 1 < a+v—-1<0. U
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The result of Lemma [8:2] motivates the introduction of the following auxiliary SPDE problems,
where Q% is replaced by e‘sAQ%. For all 6 > 0 (this parameter will be chosen below), X§ and Xs
are solutions of
dX§(t) = AX§(t)dt + F(X§(t), Y(t))dt + 2 AdW9(t),
dXs5(t) = AX5(t)dt + F(X (t))dt + 2dW (1),

with initial conditions X£(0) = X4 = .

Then Theorem [4.§ follows from Lemmas [8.3] and [8.4] stated below.

First, thanks to Lemma the strong and weak convergence results, with orders % and 1, from
Theorems and may be applied when considering the auxiliary processes X§ and X5 defined

by .
Lemma 8.3. Let Assumption be satisfied. Let T € (0,00), and assume that the initial conditions
Zo, Yo, satisfy

(40)

(= A) o s + (= A) " yol s < oo,
with v € (0, Ymax) and K € (0, Ymax — 7).
Let ¢ be an admissible test function.
For all o € (0, tmax), there exist Co (T, x0, Y0, Q) € (0,00) and Cqo~(T, z0,Y0,Q,¢) € (0,00),
such that for all e € (0,1) and 6 > 0,

sup (E|X5(t) — X5(1)[72)
te[0,7)

l—a—vy

1
€2

N

< Ca,w (T7 Zo, Yo, Q)(Si

and

sup  [Elp(X5(t))] — Elp(X5(t)]] < Cary (T, 20,0, Q, )51 e,
t€[0,T]

Second, the distances between X§ and X¢, and between X5 and X, are estimated in the following
result, using standard arguments.

Lemma 8.4. Let Assumption be satisfied. LetT € (0,00), and assume that xo € L? and yo € L2.
Let ¢ be an admissible test function. Let o € [0, tmax). There exist Co (T, x0, Y0, Q) € (0,00) and
Co(T, 0,90, Q, @) € (0,00) such that for all ¢ € (0,1) and § > 0, one has

1 — — 1
sup (E|X§(t) — X(8)[72)% + sup (B[Xs(t) — X(t)[72)? < CalT, x0,10, Q)0
t€[0,7) t€[0,T]

and

ab [Elp(X5(8))] — Elp(X ()] +tes[1(l)pT] [Elp(X5(t)] — E[p(X(1))]] < Ca(T, z0, 30, Q, 9)6**.

Proof of Lemma[8.5 This is a straightforward application of Theorems and [4.7 combined with
Lemma [8.21 O

Proof of Lemma([8.4 Consider first the estimates of the strong error. Since the nonlinear operators
F and F' are globally Lispchitz continuous, it is sufficient to prove the following estimate:

t t
E| / e(t_s)A(eéA — 1) dW9(s)[3.ds = / [esA (24 — I)Q%H%(Lz’m)ds
0 0

t
—Q S o 1
< (e = D(=A) N2 202 /0 e (—A)* Q2 |17y 2 12y
< Ca62aMa,2(QvT)2a

and to the strong error estimates are straightforward consequences of the Gronwall Lemma.
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It remains to prove the estimates of the weak error. Since the argument is the same for both
estimates, we only deal with the second one. Note that

Elp(X5(t))] — Elp(X(2)] = E[u(0, X5(t))] — Efu(t, X5(0))],
where w is defined by the expression . Observe that, even if Assumption is satisfied instead
of Assumption [} the regularity estimates on spatial derivatives of u stated in Proposition [7.]]
remain valid without modification.
Using It6 formula, one obtains

Elp(Xs(t))] — Elp(X(t)))

_E/ S 4u (D2l — 5, K5(5)). (e fus 4 ) = D2t — 51, ()., f) ) s

neN

= E/o (Tr(D2ﬂ(t - S,Yg(s))e‘SAQeM) - Tr(D2ﬂ(t - S,Y(s(s))Q))ds
=E /t Tr(D2ﬂ(t —5,X5(s)) (e‘sA - I)QeaA)ds
0

+ E/OtTr(D2u(t - S,Y(;(s))Q(e‘SA —1I))ds,

where D?%(t,z) is interpreted as a bounded, self-adjoint, linear operator from L? to L?, instead
of a symmetric, bilinear form on L%, using Riesz Theorem: for all h € L%, D%*u(t,z).h € L? is
caracterized by

(D?%u(t, x)h,-) = D*u(t, z).(h,-).
Let o € (0, amax) and & € (0, amax — ). Then, using the Holder type inequality for Schatten norms,
foral 0 <s<t<T,

|Tr(D%u(t — s, X5(s)) (e — 1) Qe™) | = | D*u(t — s, X5(s)) (e — ) Q™| 2, (12
< [ D%u(t — 5, X5())(=A) 72| £ 12 (= A) (T — eéA)HLg(Lz)HQHE%(L?)’

where 1 = %—1— % By assumption, one has ||Q||z, < oo. In addition, thanks to Proposition one
2
has

ID*a(t — 5, X5(s) (= A)' || cou(2) = 1D*0(t — 5, X5(5) (= A)' || (12, 12) < Cuolt — 5) 72"

Finally, (—A4)~'2%(I — €°4) is a self-adjoint, compact, linear operator, thus, for a < %, one has

H(*A)_I—FZH(I 6A Hg Z)\ (1-2k)s . e—éAn)c
neN
< Ca52ac Z /\;(1—2&—2&)9
neN

Finally, with the condition o + £ < amax = 3(1 — 2%), one has (1 — 2k — 2a)s > g, thus
ZneN )\;(1—2/4—2&)( < 00
Finally, one obtains
|Tr(D*u(t — s, Xs(s)) (e‘SA —1) Qe‘m)‘ < Cpd?(t — s) 712
and similarly
}Tr(DQE(t — S,Y(;(s))Q(eM — I))! < Ca52a(t — 3)71””.
It is then straightforward to conclude that

[Elp(X5(t))] = Elp(X ()] < Cad™.
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This concludes the proof of Lemma [8:4] O

We are now in position to provide the proof of Theorem [£.8] which consists in choosing ¢ in terms
of € to maximize the order of convergence.

Proof of Theorem[[.8 Thanks to the strong and weak error estimates from Lemmas [8.3] and [8:4]
one obtains, for all € € (0,1) and § > 0,
1 ol

_ 1 —am
sup (BIX(t) = X(D[32)* < Can(T,20,50,Q) (075 €5 +4%),
t€[0,T7]

sup[E[p(X*(1))] — Elp(X ()] < Can (T, 70,50, Q. 0) (67072 e + 62,
t€[0,T]

1
Choosing § = eT+a=7 | with amax — & and ymax — ¥ arbitrarily small then concludes the proof. [

Remark 8.5. Let us replace Assumption by the following condition: cmax € [0,1) is such

that for all a € [0, amax and all p > 2, one has H(—A)a_%Q%HR(Lz,LIJ) < 00. Then the results of
this section can be generalized as follows, using similar techniques. Lemma[8.3 holds true, whereas
Lemma [8-4 needs to be modified: the strong error remains bounded by C,6%, and the weak error is
bounded by C,,0min(1,20) - Op the one hand, if amax > %, the situation is the same as in Theorem .
On the other hand, if amax > %, the strong and the weak rates one obtains using the approrimation
approach considered above, are 5 +a§;ia_"7max and 2_%]&1_%“ respectively. This statement and the
approach are not satisfactory in this case since the weak order is not equal to twice the strong order
anymore. Whether this issue can be fized, and whether the rates of convergence given above are
optimal, is left for future works.

9. EFFICIENT NUMERICAL APPROXIMATION OF THE SLOW COMPONENT

The goal of this section is to describe a temporal discretization scheme for the slow component X €
in , which is stable and efficient when ¢ — 0. Indeed, given a time-step size h > 0, stability
for the discretization of the evolutions of X€¢ and Y€ requires to choose h such that h = O(e).
The scheme proposed below is based on Heterogeneous Multiscale Methods, see [4] and references
therein. Instead of using a single time-step size h > 0, two time-step sizes At > 0 and dt > 0
are introduced. The slow component X°¢ is discretized using a macro-scheme, with time-step size
At: the scheme is constructed such that At does not depend on the small parameter e. The fast
component Y€ is discretized using a micro-scheme, with time-step size dt. Since in , the fast
component Y¢(t) = Y (¢71t) is not coupled with the slow component X¢, in this manuscript we can
rely on a discretization of the process Y, with a time-step size 7 > 0.

The detailed construction of the scheme is presented and discussed in Section [9.1] Convergence
results are stated in Section The proofs are omitted, since they would be similar to those in [4],
where the slow component was not driven by a stochastic forcing.

9.1. Construction of the scheme. As explained above, the main parameters of the multiscale
scheme are the macro-time step size At > 0 and the micro-time step size 7 > 0. Two other
integer parameters M and M, € {1,..., M} are used, to insert data from the micro-scheme into
the macro-scheme, in terms of temporal averages.
In this section, to avoid cumbersome notation, precise regularity conditions, and dependence in
error estimates, on the initial conditions zg, yg are not indicated.
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9.1.1. Micro-scheme. Let (YJL)meNO

process (Y(t)) ¢>o- 1t 1s assumed that this discrete-time process defines an ergodic Markov chain on

be computed using a numerical integrator ®7 for the stochastic

L?, with unique invariant probability distribution denoted by u™.

It is natural, see for instance [4], to assume that the error between y and u7 is of the order 727,
for all ¥ € [0, Ymax), in the following sense: for all functions ¢ : L? — R of class C2, with bounded
first and second order derivatives, and all v € [0, ymax), there exists C,(¢) € (0,00) such that

(41) !/sodlf - /sodﬂl < Oy ()77,
Moreover, define an averaged coefficient F" with respect to the probability distribution wr

(42) F'(z) = /F(:E,y)d,,uT(y), Vo € L2

The approximation result above is extended as follows: assume that, for all v € [0, Vmax), there
exists C,, € (0,00), such that

sup |F(z) — F ()| < C, 7.
z€L?
The conditions above are satisfied if Y is the solution of a parabolic semilinear SPDE, driven
by additive noise, and Y7 is obtained applying the linear-implicit Euler scheme, under suitable
conditions on the nonlinearity in the equation, see [5].
To state convergence results, notation concerning the speed of convergence to equilibrium is
introduced. Let p : (0,00) — (0,00) be non-increasing, p(t) e 0, and assume that

(43) Elp(Y)] - / pdyi™| < C(@)p(mr),

and that
sup ‘E[F(CL’, Y] — FT(x)|L2 < Cp(mr).
x€L?
Finally, define the following quantities

M

Ry(M, M,, 1) = ]\Z > plmr), Ro(M,M,,7) = ]\;3 > p((mg —my)T).
m=M-—Mg+1 M—Mgsg+1<mi<mo<M
Using a Cesaro type argument, for fixed 7 > 0, if M, — oo, then both R;(M,M,,7) — 0 and
Ro(M,M,,7) = 0. If M — M, — oo, then also Ry (M, M,,7) — 0.

More precisely, if p(t) = e~ for some ¢ > 0, note that there exists C' € (0,00) such that for all
M, < M and all 7 > 0,

Cefc(MfMa+1)T C

Ro(M.M,.7) < — =
M +1 2(M, “’T)—Ma7+1

Ri(M,M,,T) <

9.1.2. Macro-scheme. We are now in position to define the macro-scheme. The principle is to
approximate X (t) instead of X¢(¢), thanks to the averaging principle, and using error estimates
given by Theorems [4.5 .7 and [4.8] It is thus sufficient to compute an approximation of the
averaged coefficient F', using the ergodicity of the micro-scheme and the error estimate , and to
apply a standard integrator with time-step size At > 0.

Set Y, o, = Y, ur 0 for all n € Ny and m € {0, ..., M}. The macro-scheme is based on the linear
implicit Euler scheme: define
(44) Xnt1 = Sar(Xy + ALF, + AWS),
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where X§ = x0, Sar = (I — AtA)~1 AWE = W@ ((n+1)A) — WY (nAt) are Wiener increments,
and with the following approximation of the nonlinearity,

M
~ 1
& m=M—My+1

computed as a temporal average, depending on the parameters M, and M.

9.2. Convergence of the multiscale scheme -.

9.2.1. Auziliary schemes. In order to analyze the multi-scale scheme given by —, and to give
a clear discussion, several schemes are introduced.
First, applying the same integrator as in , i.e. the linear implicit Euler scheme, to discretize
the averaged SPDE , introduce the following scheme,
Yn—i—l = Sas (Yn + Atﬁ(yn) + AWT?), Yo = xg.

Second, due to the error in sampling the invariant distribution p using the micro-scheme with
time-step size 7 > 0, define a modified averaged equation

dX(t) = AX (t)dt + F (X' (t))dt +dW?(t), X (0) = o,
and the associated numerical discretization

Based on the literature concerning the numerical analysis of SPDEs, rates of convergence for
these numerical schemes are assumed to be as follows: for all 7' € (0, 00), all & € [0, Amax), and all
test functions ¢ of class C,?,

N

sup (E|X(nAt) — X,[*)2 < Ca(T)Atmin(a’%)’

0<t<T

OitlgT ’E[W(Y(nAt))] - E[Qp(yn)m < Cu(T, @)Atmin(%‘vl)‘

(47)

9.2.2. Error estimates. Proposition [0.1] below states a general convergence result, depending on the
parameters At, 7, M and M,.

Let Bmax = % when Assumption is satisfied, and recall that Bpax = Mﬁ;ﬁ if Assump-
tion [£.2] is satisfied.

Proposition 9.1. For all T € (0,00), all @ € [0, max), ¥ € [0, Ymax), and S € [0, Bmax), there
exists Co3(T) € (0,00) such that the strong error is of size
(48)

sup  (E|X, — Xe(nAt)@g)
0<nAt<T

N

< Cayyp(T) (€7 + At™In@3) 4 727)

1
+ Gy 1) (VRO Mo 7) V(e 4+ Ro (M, Mo, 7))
and, for all test functions ¢ of class CbQ, there exists Co (T, ) € (0,00) such that the weak error
s of size
(49)

sup  |Efp(Xn)] — Elp(X (nA))]| < Copn (T, ) (27 + ApmnCGel) 4 £27)
0<nAt<T

1
+ Ca,%ﬂ(T, SO) <R1 (M7 Mav T) + At(ﬁ + R2(Ma Ma7 T))) .
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In addition, for all test functions v of class C}, there exists C() € (0,00), such that,

(50) sup [0 (Y] / bidp| < Co() (7 + p(nd)).

In fact, Proposition is a straightforward corollary of Proposition below, combined with
results stated above:

e Theorems [1.5] and [£.7] or Theorem [4.8] to deal with the error in the averaging principle,
which are the main results of this article,

e strong and weak error estimates for the macro-scheme applied to the averaged SPDE ,

e the sampling error between the invariant distributions p and p”, which gives an error

— 1
estimate  sup (E|X n—X ;]2) 2 < 0,7 by a straightforward Gronwall type argument.
0<nAt<T

Note that is a straightforward consequence of and .

Proposition 9.2. For all T € (0,00), there exists C(T') € (0,00) such that, for all At € (0,1),
€(0,1), and 1 < M, < M, one has

1) sw (B, = X7 F < O) (VRO M) + VA = + VRl 7))

0<nAt<T

and, for all test functions ¢ of class CZ, there exists C(T, ) € (0,00) such that, for all At € (0,1),
€(0,1), and 1 < M, < M, one has

62 s [Elp(X0)]  Elp(X0)]| < O, o) (Ru(M, Moy 7) + At(5p + Ro(M, My, 7))

Observe that Propositionimplies the convergence of the macro-scheme (|4 . to the scherne ,
when M, — oo, for any fixed values of At and 7. Note that to respect time-scales in , it is
appropriate to choose parameters such that M7 = e 'At, and also M,7 = = M, e 'At, thus the
convergence property stated above may be interpreted as arising from taking the limit ¢ — 0. The
limit scheme is not an integrator for the averaged equation , but to a modified equation,
with a residual depending on the micro time-step size 7.

A full analysis of the cost of the multiscale scheme —, depending on parameters At, 7, M
and M,, requires to balance the error terms in and (49). We refer to [4].

To conclude this section, a skecth of proof of Proposition is provided, see [4] for more details.

Sketch of proof of Proposition[9.3. To deal with the strong error estimate , note that

X, _AtZS (B, — F (X})
— — n_l ~
~ At Z SaF(FT(X) — FT(Xp) + At Sx (B — F (X)),
k=0

On the one hand, thanks to the Lipschitz continuity of F, one has

:‘
—
N

n—1
=T T /~~T 1 -7
(E]ALY " SaF(F(Xx) = F (X)) 2 < CALY (BIX) — X7[32)".
_ 0

i
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On the other hand, a straightforward expansion yields
n—1 n—1
E|AtY " Sx*(Fr - F(xD)° < ar > E|F, - F(XP)P
k=0 k=0
+288 Y EB(SK(Fr, — F(XT), Sa 2 (Fry — FT(XE,))
0<ki1<ko<n—1
=&+ &

An expansion of the average which defines F}, yields

in

D Z E|F(Xp, Vi) — F (X3

ak: 0m=M—Mg+1

AL 2 . _
@ k=0 M—Mg+1<mi<mo<M
At At
<Oy + CM2 > p((ma —m1)7),

& M—Mi+1<mi<mo<M
thanks to a conditioning argument. In addition, using another conditioning argument, one gets
1 M
&l<car Y — > p(m7r) < CRi(M, My, 7).
0<ki<ko<n—1 ¢ m=M—M,+1

It remains to apply a discrete Gronwall Lemma to conclude the proof of the strong error estimate.
The treatment of the weak error estimate requires to introduce the auxiliary function u” as
follows: for all n € Ny and « € L?,

w (n,x) = E[p(X,,)[Xo = a].

The weak error is then written as a telescoping sum
T

Elp(Xn)] — Elp(X,)] = E[’T(U Xn)] = E[u”(n, Xo)]

—Z (n—k—1,Xp41)] — E[@" (n — k, X)])-

In addition, using Markov property and a second-order Taylor expansion, one obtains
E[@"(n —k, Xg)] —E[u"(n — k — 1, Xg41)]
= E[@ (n —k —1,Sa:(Xg + ALF (Xp) + AWS))]
- E[ET(n — k=1, Sa¢(Xp, + AtEy + AWR))]
= AIE[D, @ (n — k — 1, Sa¢(Xg + ALF (Xg) + AWE)).(SacF (X3) — SarFy)]
+ O(A)E[F’ (Xk) — F2
Note that O(A2)E[F (X)) — Fj|? is treated as & above.
The remaining error term is interpreted in terms of the auxiliary function
U(k,x,y) = —E[Du" (k, Sa¢(z + AtF (x) + AVVOQ).(SAtF(x7 )],
as
M
= > (B[ —k—1, X Yim)] - /@(n —k =1, Xy, )dp").

m=M—M,+1
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Studying regularity properties of ¥(n —k — 1, z,-), one then concludes using .
Finally,

|E[ﬁ7(n —k, Xp)] —E[u"(n—k — 1>Xk+1)H < CAtRy (M, My, T) + C’AtQ(ML + Ryo(M, M,, 7)),

and it remains to sum from £ =0 to k = n — 1 to conclude the proof of Proposition [9.2 (|
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