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MARTIN BOUNDARY OF RANDOM WALKS IN CONVEX CONES

KILTAN RASCHEL AND PIERRE TARRAGO

ABSTRACT. We determine the asymptotic behavior of the Green function for zero-
drift random walks confined to multidimensional convex cones. As a consequence,
we prove that (up to a multiplicative constant) there is a unique positive discrete
harmonic function for these processes, in other words the Martin boundary is reduced
to a singleton.

1. INTRODUCTION AND MAIN RESULTS

The main purpose of the present paper is to determine the asymptotic behavior of
the Green functions for zero drift random walks confined to multidimensional convex
cones. We deduce that there is a unique (up to a multiplicative constant) positive
discrete harmonic function for these processes; in other words the Martin boundary is
reduced to a singleton.

Context. Random walks conditioned to stay in multidimensional cones are a very
popular topic in probability. Indeed, they appear naturally in various situations:
nonintersecting paths [44, 22 [I5], which can be seen as random walks in Weyl
chambers, random walks in the quarter plane [24] [40], queueing theory [12], branching
processes and random walks in random environment [I], finance [13], modeling of some
populations in biology [7], etc. As these random walk models are in bijection with
many other discrete models (maps, permutations, trees, Young tableaux, partitions),
they are also intensively studied in combinatorics [I1], O, [I8].

Let us now briefly review the literature regarding asymptotics of Green functions and
Martin boundary for killed random walks in cones (see [43] for a general introduction
to Martin boundary theory). In the one-dimensional case, Doney [17] describes the
harmonic functions and the Martin boundary of a random walk {S(n)} on Z killed
on the negative half-line (obviously there is essentially a unique cone in dimension 1,
namely N = {0,1,2,...}). Alili and Doney [2] extend this result to the corresponding
space-time random walk {(S(n),n)}.

In the higher dimensional case, let us start by quoting the famous Ney and Spitzer
result [38] on the Green function asymptotics and the Martin boundary of drifted,
unconstrained random walks in Z¢. The Martin boundary is homeomorphic to the unit
sphere S¢~1. By large deviation techniques and Harnack inequalities, Ignatiouk-Robert
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2 K. RASCHEL AND P. TARRAGO

[28] 29], then Ignatiouk-Robert and Loree [31], find the Martin boundary of random
walks in half-spaces N x Z%1 and orthants N¢, with non-zero drift and killed at the
boundary; they also derive the asymptotics of ratios of Green functions. For small step
walks in the quarter plane, Lecouvey and Raschel [34] show that generating functions
of harmonic functions are strongly related to certain conformal mappings.

The results are rarer for zero-drift random walks, and typically require a strong
underlying structure: the random walks are Cartesian products in [39]; they are
associated with Lie algebras in [4, [5]; certain reflection groups are supposed to be
finite in [6]. Varopoulos [46] 47] derives upper and lower bounds for the tail probability
under an additional assumption that the increments of the random walk are bounded.
He also proves various statements on the growth or harmonic functions. Raschel [40], 4]
obtains the asymptotics of the Green function and the Martin boundary in the case
of small step quadrant random walks related to finite reflection groups. Bouaziz,
Mustapha and Sifi [§] prove the existence and uniqueness of the positive harmonic
function for random walks satisfying finite range, centering and ellipticity conditions,
killed at the boundary of the orthant N?. Interestingly the results of [S] can be applied
to (weakly) inhomogeneous random walks. Ignatiouk-Robert [30] shows the uniqueness
of the harmonic function in a convex cone, under the assumption that the first exit
time has infinite expectation.

Notations and assumptions on cones and random walks. We now present our
hypotheses, which are of three types: some of them only concern the random walk
(namely |(H1)| ((H2)| and |(H3)]), the assumption is a restriction on the cone,
while the last ones ((H5) and |(H6)) concern the behavior of the random walk in the
cone.

Consider a random walk {S(n)},>1 on R% d > 1, where

Sn)=X1)+---+X(n)
and {X(n)},>1 is a family of independent and identically distributed (i.i.d) copies of a
random variable X = (Xi,..., Xy). The increments are supposed to be lattice and
(H1) E(X;) =0,
(H2) cov(Xi, X;) = d; 5,
(H3) the random walk is aperiodic.

Notice that is not a restriction: we may always perform a linear transform so as
to decorrelate the random walk (obviously this linear transform changes the cone in
which the walk is defined).

Denote by S*~! the unit sphere of R¢ and by ¥ an open, connected subset of S¢~1.
Let K be the cone generated by the rays emanating from the origin and passing through
¥, ie, ¥ = K NS¥ ! see Figure 1] for two examples. By standard analytic results
(see, e.g., [27, Sec. 6.3]), there exists up to a scalar multiplication a unique function w
harmonic on K, i.e., Au = 0, such that ugx = 0, 0K denoting the boundary of K. The
function w is called the réduite of K, it is homogeneous (or radial) in the sense that
there exists p > 0 such that u(tx) = tPu(z) for all t > 0 and x € K. The homogeneity
exponent p is called the exponent of the cone K.

In this paper, we suppose the following:

(H4) the cone K is convex.
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FIGURE 1. In dimension 2, ¥ is an arc of circle and the cone K is a
wedge of opening 5. In dimension 3, any section ¥ C S? can be taken.
The picture on the right gives the example of a spherical triangle on
the sphere S?, corresponding to the orthant K = N? (after possible
decorrelation of the coordinates, see

We shall also assume a moment condition on the increments:

(H5) E(|X]"®) < oo for some r(p) > 2p+d — 2 +2(1 — p/2)* and E(|X|?*9) < oo,
for some & > 0;

Our final hypothesis deals with the behavior of the random walk in the cone K.
First, we require a form of irreducibility for the random walk, which is an adaptation
to unbounded random walks of the concept of reachability condition from infinity
introduced in [I0]. From now on, we fix an origin o € R? and denote by A the
lattice generated by the random walk starting at xzg.

(H6) There exists a constant R > 0 such that for any z € K N A, |2|] > R, there
exists a path with positive probability in K N B(z, R) which starts in z + K
and ends at z.
There are several simple situations where the latter condition is satisfied. In particular,
this is the case when P(X € —K) > 0, or when K is additionally C? (see [49]).
We do not require in this paper the existence of a bigger cone K’ with 0K \ {0} C
int(K’) and such that the réduite u can be extended to a harmonic function on K’. This
condition, which was necessary in [16], is removed in Appendix [B| under the moment

assumption |[(H5)]

Exit time, Green functions, harmonic functions and reverse random walk.
Let 7, be the exit time from the cone K of the random walk with starting point « € K,
i.e.,

T,=inf{n>1:2+S5n) ¢ K}. (1)

By definition, the Green function is

Gi(z,y) =G(z,y) =Y Pla+S(n) =y, >n). (2)
n=0
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A function h : K — R is said to be (discrete) harmonic with respect to K and {S(n)}
if for every x € K and n > 1,

h(z) = E(h(xz + S(n)), 7 > n).

Remark that the above identity for n = 1 implies all the other relations for n > 2. In
the sequel a harmonic function with respect to K and {S(n)} will be simply called a
harmonic function.

Denisov and Wachtel proved [16, Thm 1] the existence of a positive harmonic function
V : K — R, defined by

V(z) = lim E(u(z + S(n)), 7 > n). (3)
n—oo
This harmonic function is of central importance in the present paper, since it will
ultimately be identified with the Martin boundary of the random walk in K.

We denote by {S’(n)},,>1 the reverse random walk, which is the sum of the increments
{X'(n)}n>1, i.i.d, independent from {X(n)},>1 and such that X’'(n) is distributed as
—X. In the sequel, every quantity involving S’ will be denoted similarly as the same
quantity involving S, with a prime added at the right.

Structure and sketch of the results. Our paper is organized as follows:

e Section Gaussian estimates for the heat kernel in a cone and coupling
approach of [16]. Some proofs are postponed to Appendix

e Section [3} Theorem [I] and Corollary [2] giving uniform extensions of the local
limit theorem [16, Thm 6]

e Section 4f Theorem [3] on the Green function asymptotics along any direction
of the cone; Theorem [4 on the Martin boundary reduced to one point

e Appendix B proof that the hypothesis done in [16] may be removed

In the remaining part of the introduction we present all these results in more details.

Local limit theorem at the fluctuation scale. The first result of the paper is a
uniform extension of the local limit theorem [16, Thm 6]. This extension can be made
more or less explicit depending on the proximity with the boundary of the cone with
respect to the fluctuation scale. Let e > 0 be a small parameter. Following [16] we set

Kne={xeK:dz,0K)>n?¢}. (4)

Since the typical fluctuations of the random walk at time n are expected to be of order
v/n, K, . represents the set of points of the cone whose distance to the boundary at
time n is more than n™° times the typical fluctuations.

Forz € K and n > 1, set t;.(n) =inf{m > 0: 2+ S(m) € K, c}. Then t,.(n) is a
stopping time with respect to {S(m)}, which gives the first time at which the random
walk started at x is far from the boundary compared to the order of fluctuation \/n;
we denote then by x.(n) the position z + S(t;c(n)). Define similarly #, .(n) and x(n)
for the reverse random walk.
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Theorem 1. Assumem (HG). For A >0 let KA denote the set K, .NB(0, A\/n).
Then there exists a constant zch depends only on K such that for any fixed x € K,

P(x 4+ S(n) =y, 7o >n) ~

n— o0
RV (@)n PP PR (u(yl V), 7 . (n) < 7)) exp(—[y[*/(2n)),
uniformly on y € K such that |y| < Ay/n.

Remark that this result implies the local limit theorem of [16], since for a fixed value
of y, [16, Thm 1] yields

2B (u(yL(n)/v/n), 7y o(n) < 7p) exp(—ly[*/(2n)) —— V'(y).

Theorem (1| is sharp in the sense that E(u(y.(n)/v/n),, .(n) < 7,) changes a lot with
n. However, there is a nice simplification when endpoints are located in the domain
K.

Corollary 2. Assume ((H6). Then for fited A >0 and z € K,
P(z +5(n) =y, 7o > n) ~ woV(2)n 2 u(y/Vn) exp(~|y[*/(2n),
uniformly on y € K, . with |y| < Ay/n.

The proof of Theorem (1] follows the same pattern as the proof of [16, Thm 6]: all
intermediate steps of our proof are improved versions of the corresponding intermediate
steps in the proof of [16, Thm 6]. In [I6], these steps mainly consist in a coupling of the
random walk with a standard Brownian motion, and then of estimates of the survival
probability of the random walk started at a given x € K, or of the transition probability
between two fixed points z,y € K, when n goes to infinity. The main novelty in the
proof of Theorem [1] is to allow x and y to change with n. To that purpose we use
Gaussian estimates on the heat kernel on K. We will mainly use the results of [27,
Sec. 5 and Sec. 6.3]. See also [46] for a complementary approach on the subject.

Green function asymptotics along the boundary and Martin boundary. Set
K. ={y € K :d(y,0K) > 2|y|'"*},

and for y € K, introduce the stopping time 6, = inf{n > 1 : y + S’(n) € K.}. We
denote also by y. the random element y + 5'(6,).

We prove that G(z,y) factorizes asymptotically as a product of two quantities, one
depending only on = and the other one only on y.

Theorem 3. Assume . There exists a bounded function F : K, — RT
such that as |y| goes to infinity,

G(z,y) V(2)E(F(ye), 7y > 0y).

||—>

The latter result easily implies the identification of the Martin boundary of S killed
when exiting K.
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Theorem 4. Assume|(H1)H(H6) The Martin kernel of S killed on the boundary of K
is reduced to one point, which corresponds to the function V in . In particular, there
s up to a scaling constant a unique positive harmonic function killed at the boundary

of K.

The proof of Theorem 3| consists in the splitting of the sum G(z,y) in in two
terms X; + Xo. The first (resp. second) term is given by the contribution in the large
deviation (resp. asymptotic) regime. The difficulty is to prove that the first term is
dominated by the second one: in order to achieve this, we use a coupling of the random
walk with a Brownian motion, with stronger bounds than the ones initially used in [16].
The drawback is the need of stronger moment assumptions on the increments, which
is the main reason why the assumption is used instead of the classical moment
condition of [16], namely E(|X|"®) < co with r(p) = p if p > 2 and r(p) = 2 + § for
some 6 > 0 if p < 2.

Applications of our results and construction of harmonic functions. As we
recalled in the introduction, walks in cones are of central importance in enumerative
combinatorics. Given a cone (typically, the orthant Nd) and a set of steps, the question
is to compute (in a exact or asymptotic way) the number of excursions, i.e., the number
of paths of length n going from x to y and confined to the cone. See [11], 9] [I§] for
modern contributions

All our results concerning the local probability P(z + S(n) = y, 7, > n) (especially
Theorem [1|and Corollary |2) can very easily be turned into combinatorial results, giving
the asymptotic behavior of the number of excursions. This discussion (in particular, the
precise combinatorial traduction of the probabilistic results) is detailed in [16, Sec. 1.5],
so we refer to [16] for any further information.

Our second possible application is a Ney and Spitzer theorem for walks in cones.
More precisely, Ney and Spitzer consider in [3§] random walks with non-zero drift in
Z% and prove that the Martin boundary is homeomorphic to the unit sphere S*1. In
[3T, 29], Ignatiouk-Robert and Loree prove that for random walks in N¢ with a drift
whose all entries are non-zero, the Martin boundary is homeomorphic to S¥~! N Ri.
However, the question of a general non-zero drift (i.e., with zero entries allowed) is left
opened in [31) 29]. Our results should allow to complete the picture; this will be the
topic of future research.

Theorem [ shows that there is a unique positive harmonic function, namely the
function V' defined in . The formula uses the réduite of the cone and the exit
time of the cone, and is thus in some sense explicit. However, the question of finding
an algebraic expression of V' in terms of the variable x remains.

Let us mention a few cases where the construction (or better, an explicit expression)
of V is known. For walks with small steps in the quarter plane, generating functions
of harmonic functions are expressed in terms of conformal mappings in [41] [34]. For
multidimensional Weyl chambers, harmonic functions usually admit an expression as
modified Vandermonde determinants [22, [I5]. In the half-space and orthant there
is in [31), 29, 19] a construction of harmonic functions a la Ney and Spitzer (with a
correction if the random walk is allowed to jump over the boundary). To conclude,
let us mention product form harmonic functions, which we can compute using less
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dimensional harmonic functions. This is typically the case for Cartesian product of
Markov chains [39]. There is also in [9] an interesting concept of Hadamard walks,
which generalizes the Cartesian product, but for which the harmonic function should
still admit a product form.

Acknowledgments. KR and PT warmly thank Vitali Wachtel for many interesting
discussions, which in particular led us to improve our moment conditions. KR would
like to thank Rodolphe Garbit and Irina Kurkova for various discussions concerning
Martin boundary and the uniqueness problem of harmonic functions.

2. PRELIMINARY RESULTS

We give in this section a brief review on the Gaussian estimates for the heat kernel
in a cone and on the coupling approach of [16].

2.1. Heat kernel in a cone and Gaussian estimates. For ¢t > 0, let us denote by
K; : K x K — R the heat kernel on K with Dirichlet boundary conditions at time
t. Namely, K; is the solution of the equation

875Kt($, ) + AKt($, ) = 0, T € K,

lim Ky(z,y) = 04, z e K,

t—0

K(z,y) =0, reK,ye oK,
where the limit on the second line is understood in the distributional sense. The kernel
K, is symmetric in x and y.

We denote by k; : K — R™ the survival probability of a standard Brownian motion
at time ¢. If 7™ denotes the survival time of a standard Brownian motion starting at
z,ie., TP =€ {t > 0: 2+ B; € C}, then

ky(z) = P(Tal?m >t).
It satisfies the formula (see [27, Eq. (5.7)]

/Ktl'y

The functions K; and k; are homogeneous in time, in the sense that
ki(z) = k(z/VE) and  Ky(x,y) =t~ 2K (x/Vt,y/V1)

for z,y € K,t > 0. We simply write K for Ky and k for k.
We review here some inequalities concerning the heat kernel in a cone and deduce
some useful estimates. Let u denote the réduite of the convex cone K, whose formula

is given by
ul) = |xrpm<| |)

with p > 1 and m : ¥ — R is a function which is C? in the interior of ¥ and such that
mgy, = 0. Note that the gradient of u is locally bounded (see Lemma .

The first important Gaussian estimates give upper and lower bounds of k; in terms
of the réduite v of K. For x € K and t > 0, let 2; denote an arbitrary point of K such
that |y — x| < t and d(zy, 0K) > cot for some constant ¢y independent of z and ¢ (we
take the same notation as in [27, Eq. (4.29)]). In all the results involving elements of
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type x; for some x € K and t > 0, the constants given do not depend on the particular

choice of x;. Moreover, since d(z;, 0K) > cot by definition, [16, Lem. 19] yields that
u(zy) = ct? (5)

from some constant ¢ > 0.

Theorem 5 (Thm 5.14 of [27]). There exist positive constants c; and Cy such that for
all (z,t) € K x Rso,
C1 U(x) < k?t($) < 01 u(x) .
u(w, ) u(z )

We will also use an equivalent version of the latter theorem, which relies on the
properties of the harmonic function u. Indeed, by [27), 4.20] there exist constants ¢, C'
such that

fB(a:,t)ﬁK u(s)?ds
V(x,t)
where V (z,t) denotes the volume of B(xz,t) N K. This yields the alternative estimate

\/fB(x )ﬁKu )?ds ule) < \/fB mKu )2ds u(z). (6)

The second estimates concern the heat kernel itself.

cu(xt)2 < < Cu(xt)Q,

Theorem 6 (Thm 5.11 and Thm 5.15 in [27]). There exist ca,cs,Ca, Cs3, Cy positive
constants and 0 < o < 1 such that

. ke () ke (y) exp(—|z—y[2/(Cst)) < Ki(z,y) < Cy

V@OV (V)
for all y,y' € K, and

Ki(z,y) Kt(%l/)’ <C (’y_y/‘>aK2t(x7y)
- ; x VY4
u(y) u(y’) Vi
for all y,y' € K such that |y — 9| < V1.
Moreover, there exists 8,Cs > 0 such that

ki(2)ke(y)
V@OV (V)

exp(—|z—y*/(est))

0K (2, y)| bl ”“t( ) (L4 [z — /)% exp(—z — y[2/(41)).
t\/V Vi)

forallt >0 and x,y € K.

The above result is actually much more general, since it holds for every inner uniform
domain (see [27]). The above estimates can actually be simplified by the following
inequality

inf V(z,Vt) > ct??, (7)
zEK

for some constant ¢ independent of ¢ > 0 (see Lemma [28| for a proof of this inequality).

We can deduce from the Gaussian estimates several other estimates on the heat
kernel which are needed to prove Theorem (1| and Theorem All results concerning
these heat kernel estimates are proven in Appendix [A]
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2.2. The coupling approach of Denisov and Wachtel. All the results of this
subsection are borrowed from [16], and the interested reader should refer to [16] for the
proofs. The local limit theorems obtained by Denisov and Wachtel in [16, Thm 5 and
Thm 6] rely on a coupling of the random walk with a Brownian motion [16, Lem. 17],
based on an important work of Gotze and Zaitsev [26], Thm 4]. Namely, suppose that
E(]X|>*9) < oo for some 0 < § < 1. Then, one can define a random walk with the same
probability distribution as S(n) and a Brownian motion B(¢) on the same probability
space such that, for any ~ satisfying 0 < v < ﬁ,

P(sup |B(u) — S(|u])| = n'/*77) < Cn®1+1070/2 (8)
usn
for some constant C' > 0. This coupling is particularly useful in the case of random
walks in cones because the distribution of the Brownian motion has an explicit
expression in this situation [14 [3].
For example, the value of the kernel Ky(z, ) satisfies the uniform asymptotic formula
[16, Lem. 18]
Kiwy) ~ ot Pula)u(y)e” /0, (9)
|z|<0:V/2,
lyl<+/t/0:
where 6, is any function of ¢ converging to zero as t goes to infinity, and g is a positive
constant. Likewise, the survival probability of the Brownian motion in K satisfies the
uniform asymptotic formula

ki(z) ~  xt P Pu(e), (10)
lz|<0: vt
with the same 6; as before and a positive constant .
Thanks to the coupling , the above asymptotic results can be transferred [16]
Lem. 20] to the random walk {S(n)} when the random walk starts far enough from the

boundary, compared to the typical scale that we are considering. For example, for
small enough and with K, . defined in ,

P(ry > n) e xu(z)n P2, (11)

j2|<0n v/

Let us review how this technique yields exact asymptotics for P(7,, > n), independently
of the initial position of . The matter is then to find the asymptotic formula when x
is to close to the boundary. In order to deal with these issues, Denisov and Wachtel
introduce the stopping time ¢, .(n) = inf{m > 1: 2+ S(m) € K,,}. Then, they prove
[16, Lem. 14] that ¢(n) is small on the event that 7, > n!~°. Namely, there exists a
constant C' > 0 such that

Pty = n' 7% 1, > n'7%) Cexp(—Cnf). (12)

Therefore, on an exit time of order n, the random walk spends most of its time in a
regime which can be controlled by the coupling , and one can thus show that

B(ro > 1) | X0 PPE(u(@0,2)sboe(n) < Tt o(n) <0'9),
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where z,, . = x + S(tz - (n)). The last step of their method is to adapt the definition of
V(z) in (3] to the stopping time ¢, .(n), which yields [16, Lem. 21]

ILm E(u(ze), tee(n) < 7o, tec(n) <n'%) = V(z), (13)
and the exact asymptotic formula given in [16] Thm 1]:
P(7; > n) ~ xn P2V (x). (14)

The local limit theorems are then obtained from the previous results; we do not review
their proof here, since the pattern is roughly the same as the one of the proof of
Theorem [I] in the following section. Let us stress however that these proofs rely on
some important estimates on the local probability of a non-constrained random walk.
Namely [16, Lem. 29], there exist positive constants a and C' such that for all v > 0,
limsupn®?  sup Pz + S(n) = z) < Cexp(—au?). (15)
n—00 |z—m|>u\/ﬁ
In particular [16, Lem. 27], using at u = 0 together with yields the existence
of a positive constant C'(x) for each x € K such that

sup P(z + S(n) = y, 7 = n) < C(z)n P/2~42, (16)
yeK

3. LOCAL LIMIT THEOREMS AT THE FLUCTUATIONS SCALE

This section is dedicated to the proof of Theorem which gives the uniform
asymptotics of the local probability P(z + S(n) = y,7, > n) as n goes to infinity
and y < Ay/n (throughout the section, A > 0 is a fixed parameter which is expected
to be large).

Uniform convergence of the exit time and the conditioned distribution far
from the boundary. In this subsection we give asymptotics of the distribution of
(y + S(n), 7y > n) uniformly for all

€K} ={z€ K:|2| <AVn, d(z,K) > n'/?7¢}.

Proposition 7. Let B > 0,0 < s < 1 and D C R? a bounded convex domain containing
0 wn its interior. Then there exists € > 0 such that

P(ry > n) o kn(y)

and
P(y +S(n) € Vn(z +tD), 7y >n) ~ K(y/vn,2)dz,

uniformly for all y € K;?,S, xr€ KNB(0,B) and s <t < 1.

Let us start by giving an upper bound for u(y;), which will be useful for the proof
of Proposition

Lemma 8. There exists a constant C' > 0 such that for all y € K, we can choose y,
with u(y1) < u(y) v C(|y| v 1)P~.
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Proof. Recall that y; is an arbitrary point such that d(y,y1) < 1 and d(y;,0K) > co.
Hence, when d(y,0K) > ¢p, we can choose y; = y, and thus u(y1) = u(y).

Suppose now that d(y,0K) < ¢g. If d(y, 0K) < ¢g, then any choice of y; must satisfy
d(y1, K) > ¢o, which yields in particular |y;| > ¢o. Since y; € B(y, 1), we have also
d(y1,0K) < ¢g + 1, and thus gives

u(yr) < Cd(yr, OK)[mlP~ < C(lyl v co)P ™
for some constant C'. Thus, in any case we can choose y; such that

u(yr) <uly) v CO(lylv 1P O

Proof of Proposition[7. The proof follows closely the one of [16, Lem. 20]; since we have
to take care of the extra condition of uniformity, we choose to rewrite it completely.

Fix 0 <~v < ﬁ and choose zg € R and Ry > 0 such that |zo| =1, 20 + K C K

and d(Roxzo 4+ K,0K) > 1. Let y € K2_, and set y* := y & Rozon'/?=7. Set

n,e"

An = {sup |1B(u) — S(|ul)| < nl/w} 7

usn

where B is the Brownian motion coupled to S in Section By , P(AS) < n77,
where r = §/2 — 2y — vJ. Moreover (cf the proof of [16, Lem. 20]), for n large enough

{ry >n}NA,C {T;fl >n} and {T;ln >n}NA, C{ry>n},
which yields
kn(y™) +O0(n™") <P(ry > n) <ka(y") + O(n™"). (17)
In order to conclude the first part of the proposition, we have to show that, uniformly

ony € K., ky(y™) ~ kn(yT) and n™" = o(kn(y)) as n goes to infinity. On the one

n,e”

hand, by homogeneity of k£ and by Proposition [30]

() —H(™)] = [/ V)~ V)| < Calltly/ VAP D=y [* 02 < CAP 1=

for some constant C > 0. On the other hand, by the estimates of Theorem [5| and
Lemma [8] there exists a constant ¢ such that

k(y) > cu(y) > c<1/\(‘yllbv(‘z)y;_1>

for y € K. If the cone K is C?, by [16, Lem. 19] there exists a constant C' such that
u(y) > Cly|P~'d(y, 0K). Thus, for y € K;}. and n large enough,

n—* P! —e(,,—(p—1)e —pe
/v > e IR e a0 A ) > (18)

for some ¢ > 0. If K is convex, by [16, Lem. 19] there exists a constant C such that
u(y) = Cd(y,0K)P. Thus, for y € K;:{a and n large enough,

k(y/vn) > CCC(|y/\?/l7;\pi/ 1 > cdnP° (1 A (i)p_l) > d'nPe (19)
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for some ¢’ > 0. Suppose that ¢ is such that (ya Ar) > pe. Then n=7* = o(k,(y))
and n~" = o(k,(y)), which proves that ky,(y) ~ kn(y*) and n=" = o(k,(y)). Therefore,
(17) yields that uniformly in y € K;;{E,

P(ry >n) ~ kn(y).

n—0o0

We now turn to the second asymptotics in Proposition Likewise, for y € K;?,E,
x€ KNB(0,B),s<t<1and D C K, we have by [16, Eq. (46)]

/ Koy~ 2)dz40(n") < P(y+S(n) € ViDag, 7y > 1) < / Ko(y™, 2)dz40(n"),
vnD, ,

VD,
(20)
where
D:p,t =+ tD,
Df, ={z€ K :d(z,Dys) <2077},
D,y ={2€ Dyt :d(2,0Dy4) > 2077}

By homogeneity,
[ Kt = [ KGE VR
ViDy, D,

and by Proposition
|K(y*/v/n, 2) = K(y/v/n, 2)| < Cn (1 + |y/v/nl)P~ exp(—ly/v/n — 21*/(2c3)),

which implies

' /D;t Kly™ /v, 2)de- /Dm K (y/vVn, 2)dz

<CO(1+ Ap~Ipe / . exp(—|y/v/n — 2|?/(2¢3))dz + 2V01(th \ D)
D

x,t

The definition of D, and D;; ; yields

Vol(D\D;) = Vol({z € K : d(2,0D,) < 2n~7}) < Vol({z € R : d(2,tdD) < 2n~"}).

Hence, applying Steiner formula (Theorem 46 in [36, Chap. 16]) to the convex tD gives
Vol(D},\ D, ,) o~ o2n 7t IN(D)

uniformly on all x € K N B(0, B) and s <t < 1, where A\(D) denotes the surface area
of D. Thus, since o < 1, there exists a constant C” independent of ¢ such that

< Cl/nf'yoz'

K(y*/Vn,z)dz — | K(y/vn,z)dz

DF, Dy
Therefore, yields

i K(y/v/n,z)dz+0(n™") + O(n™*) < P(y + S(n) € VnDyy, 7y > n)

< ; K(y/v/n,2)dz+O(n™") + O(n=7).
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It remains to shows that as n goes to infinity, n~ (") = o([p, , K(y/v/n,2)dz). By
Theorem [6] and Lemma [7], we have

k(y/vn)k(2) 2
K n,z) =c exp(— n—z|*/C
(y/vn,z) > 2\/V(y/\/ﬁ, Ve p(—|y/vn — 27/C3)

>ck(y/v/n)k(z) exp(—|y/v/n — z|*/Cs)

fory,z € K, s <t < 1and some constant ¢ > 0. Hence, if we set M := sup{|z| : z € D},
then D,, C B(0,B + tM) and thus

K(y/Vin,2)dz > Chly/n) expl~(B + M2/C) [ hla)de

Dac,t D:c,t

Recalling from and that k(z//n) = ¢'n" P for z € K,, ., we get

1
K(y/v/n,z)dz > 'n~%¢ Vol(Dx,t N 7\/»Kn75) (21)
n

for some constant ¢ > 0. Since 0 is in the interior of D, there exists u > 0 such that
B(0,u) C D. Hence, by Lemma7]

Dz,t

Vol(D,y NK) > V(x,tu) > c(tu)? > c(su)?

for some constant ¢ independent of x € B(0, B) N K. Since
1
Vol((K N B(0,B + M))\ EKW)
goes to 0 as n goes to infinity, there exists § > 0 such that

1 1
vol(Dx,t N ﬁKn,g) > Vol(Dyy N K) — Vol((K N B(0,B + M))\ ﬁKn,g) >

for all z € B(0,B)N K, s <t <1 and n large enough. The latter inequality together

with gives

K(y/v/n,z)dz > ¢ én~%°
Dz,t

for n large enough, y € KA4_, x € B(0, B)NK and s < t < 1. Choosing ¢ < (rAavy)/(2p)

n,e’

thus yields that n=("e7) = o([p, , K(y/v/n,2)dz). For these values of e, we have

P(y + S(n) € vADay, 7y > 1) ~ / K(y/v/m, 2)dz
D:E,t
uniformly on y, x and ¢ satisfying the conditions of the statement. O

The latter proposition can be turned into a uniform version of the convergence in
distribution.
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Corollary 9. Let B,n > 0. Then

sup sup E (f((z +S(n))/vn)|rs > n)
zeK;_  feLip(B(y,r)) Hf”oo
y€B(0, B)mK n<7‘<d(y oK)
R / K (/v 2)f(2)d2] —— 0,

where Lip(B(y,r)) denotes the set of all Lipschitz functzons on B(y,r) with Lipschitz
constant equal to 1.

Proof. For p > 1 and D C K N B(0,2B), denote by F,(D) the set of functions with
support in D which are constant on each set

k; k;+1
R’i::{xERd:z<$¢< it }
k P P

for k € Z%. Note that if f € Fp(D), fir; can be non zero only if RZ CD.
For D C K and f € Lip(D), define for each p > 1 the function

o= > f((1/2,...,1/2) + E)1R§

EeZd,R‘ZcD

and the set D) = fezd Rﬁ Then, f, € F,(D) and by the Lipschitz continuity of f,
Rp cD

Vd
pr_f|D(p)||oo < %
Let 0 < 0 < n and let py be such that % < ¢ and Vol(B(0,7) \ B(0,r — %)) )

for all n < r < B. Since each set Rgo is a translation of the convex set R?O and

0,...,0)
there are finitely many Rg’ included in K, Proposition i yields that

1
mE(f((:v+S(n))/\/ﬁ)lTx>n) TG x/ ~G / K(z/v/n,2)f(2)dz

uniformly on all z € K}, and f € Fp, (D), with D C KN B(0,2B). Hence, there exists
ng > 1 such that for n > ng,

1 1
1l E (f((z+ S(n)/vn)lre >n) — W/}(K(z/\/ﬁ’ ) f(2)dz

for all z € K;'. and f € Fp (D), with D ¢ K N B(0,2B). Set s = /B, and by

Proposition l 7| let n1 > 1 be such that for n > ngq,
1-6
k(x/\/n)

<6 (22)

/ K(x/y/n, 2)dz < Pz + S(n) € vily + tB(0, B))|rs > n)
y+tB(0,B)

146
k(z/\/n)
forall z € K, .,y € KNB(0,B) and s <t < 1.

[ Keivaa (@)
y+tB(0,B)
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ne ¥ € KNB(0, B) and f € Lip(B(y,r)),
with n <7 < d(y,0K). Suppose without loss of generality that ||f||cc = 1. Then,

Suppose from now that n > (ngVny), x € K2

(4 (4 SVl > 1)~ E (f (2 + S0/ Vi) 7z > )

ng\B(y,r)(PO) - prHOOIP)(x + S(n) € B(y7 r)(pO)‘TIE > n)
+ [ fllooP(x + S(n) € By,r) \ By, )|z, > n)
<8 +P(z+ S(n) € Bly,r) \ By, r)*|r, > n),

where we have used on the last inequality that || fl Byr)P0) — fpolloo < 9 by the choice

of po, P(z + S(n) € B(y,r)®|r, >n) <1 and ||f||Oo = 1 By the choice of n > n; and
the fact that B(y,r) \ B(y,r)®) C B(y,r)\ B(y,r — ), [23) yields

P(x+ S(n) €B(y,r) \ B(y,r)"|r, > n)
1496 1-6
<——F1 K(x/v/n,z)dz — ——— K(x/v/n,z)dz
s /B(y,r) (wfvm2) /B(y,rtS) (whvm2)

k(z/\/n) k(z/v/n)
20 1406
(w/\f)/ (y.r—0) Klz/vm 2)dz + k(x /\f)/ yr)\B(y,r—(S)K(x/\/ﬁ’ 2z

<26 + (1 +6)C Vol(B(y,r) \ B(y,r — 9)),

for some constant C' independent of x coming from Theorem|[6] Since there exists K > 0
such that Vol(B(y,r) \ B(y,r — ¢)) < Ko for r < B, there exists C’ > 0 independent
of z,y,r, f and n such that

B(# (4 SVl > ) = E (f (2 + S0/ Vi) 72 > )
Since n = ng and f,, € Fpo(B(y, 1)), together with imply that

(1 (i + SONNVAT > ) - s [ KoV ()i

< s (24)

< (C'+1)d. (25)

Finally, for the same reasons as in the proof of ,

[ KR (0 W /K K (e/v/m,2)f(2)d=

gHf\B(y,'r)(P) - fPHOO + CVOI(B<y7 T) \ B(y7 r—= 5))
<C'6. (26)

Combining (25 and (26| yields that for n > ng V nq,

e

g swp B (f((@+ S(m)/V) e > n)
zeK;' feLip(B(y,r)) ||f||oo

yeB(0, B)mK n<r<d(y,0K)

1 !
N M/B(W) K(z/Vn,2)f(2)dz| < (14+2C")5. O
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As another consequence of Proposition [7, we can give an estimate on the scaling of
exit times.

Corollary 10. Let 0 < s < 1.There exists a constant C' > 0 such that

. P(r, > m)
limsup sup ——
n—00 geKA_ ]P)(Tx > n)
m}sﬁ
Proof. Let 0 < n > 1. By Proposition [7| there exists ng > 1 such that for n > ng and
re K2

n,e’

(1 —nk(z/vn) < P(1p > n) < (1+n)k(z/v/n).

Then, for n > ng/s and m > sn, we have
P(ry > m) o 14+nk(x//m)
P(ry >n) ~ 1—nk(z/vn)’
Since ‘/TT > /s, Lemma [29 gives a constant C' > 0 independent of m > sn such that
C

K/ /)
Ra/vm) S

for all z € K. Therefore,

P(7y > 1
limsup sup (7, > m) < + 77C’.
n—00 geKA_ ]P)(Tz > 7’L) 1—mn

m}sﬁ

Local limit theorems far from the boundary. The goal of this subsection is to
improve the local limit theorem [16, Thm 6] in order to get a more uniform result, which
will correspond to Theorem |1| restricted to =z € K;fﬁ. As in the previous subsection,
the pattern follows closely the one of [16, Thm 6] and is divided into two steps:

e The first step, given by the following proposition, is a more general local limit
theorem analogue to [16, Thm 5]:

Proposition 11. Uniformly on x € K2

n,e?

K(z/vn,y/v/n)
k(z/v/n)
e The second step is a derivation of the more specific local limit theorem analogue
to [16, Thm 6]:

sup |n??P(z + S(n) = y|r, > n) — — 0.

yeK

Proposition 12. Let x € K. Then there exists k > 0 such that uniformly ony € K;?,s,

2

P(z + S(n) =y, 7 > n) ~ &V (x)n~ > Pu(y) exp (_|2y7‘z> .
Let us thus first begin with the general local limit theorem given in Proposition [T} The
proof follows the one of [16, Thm 5], adding simultaneously the heat kernel estimates;
since the proof of [16, Thm 5] is already quite technical, we choose to divide the proof
of Proposition [11]into three lemmas. As in [16], let us divide K in three regions which
depend on the choice of x € K ;{‘78 and two positive parameters M, n > 0 (the dependence
does not appear in the notations):

o KW :={ye K, |y—az|>Myn},
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o K :={yeK,ly— x| < My/n,d(y,0K) < 21/n}, and
o K& :={yeK,ly— x| < My/n,d(y,0K) > 21/n}.

We estimate then the probability P(x 4+ S(n) = y|m, > n) for y belonging to each one
of these three regions.

Lemma 13. One has

lim lim sup sup n¥?P(z + S(n) = ylre > n) = 0.
M—o0o n—oo zGK;{‘E,yGK(U

’

Lemma 14. For each M > 0,

lim lim sup sup n¥?P(z + S(n) = ylr, > n) = 0.
=0 pn—oo xEK,’fE,yEK@)

Lemma 15. For each M > 0,

=0.

K
lim limsup ~ sup n"?P(x + S(n) = ylra > n) — /v/n.y/ )
n—0 nooo zeKA_ yeK®) k(x/\/ﬁ)

n,e’

The rest of the subsection is devoted to the proofs of Propositions[11|and as well
as of Lemmas and

Proof of Lemma[l3 Set m = [n/2]. Then, for x € K,

P(z + S(n) =y, 7 > n,|S(m)| > (M/2)y/n)
P(1, > n)
L Pt S =y, > S| < (M/2) )
P(1y > n) '

P(z+ S(n) =yl >n) =

(27)
Considering the position of the random walk at time m yields that

P(z+ S(n) =y, 7 > n,[S(m)| > (M/2)y/n)
= Z P(x 4+ S(m) =z,7 > m)P(z+ S(n —m) =y, 7, >n—m).
|z—z[>(M/2)v/n
Hence, the first term in the right hand-side of is bounded by

P(x 4+ S(m) € B(x, (M/2)y/n)¢, 1, > m) “u p ) —
P(rz > n) \z—a:\)(]\E[)/Q)\/ﬁP( 5 )=v)
_d/QIP’(a: + S(m) € B(z,(M/2)\/n)¢, 1, > m)

<
Cn P(r, > n)

(28)
for some constant C' > 0, where we have used with the parameter u = 0 in the

second line. By Proposition [7]

P(z + S(m) € Bz, (M/2)vn),7e >m) _ Jie—oyymsyva K (@/Vm, 2)dz
P(1y > n) k(z/+/n)
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as n goes to infinity, uniformly on x € K;;l,a- By Theorem |§| and Lemma |7}, there exists
a constant C’ > 0 such that

Siemsyyasayve K@/ Vim 24z Cli(w/y/m) /
k(x/+/n) TN D R SN

exp(—|z—z/v/m|*/c3)dz.

: k(v2x/\/n) -1
By Lemma there exists a constant C ! such that R/ ) <C 51 for x € K,

which yields
wp Pt S(m) € Bl (M/2) Vi), 7o > m)

e, ye KW P(re > n)

< C"P(|Bgy ol > M/V?2)

for some constant C” > 0, where B is a d-dimensional Brownian motion starting at 0.
Hence, combining the latter inequality with gives

lim sup sup n?/? Pz +S(n) =y, 72 > n,[S(m)| > (M/2)y/n)
n—+00 peKA,, ye KM P(r, > n)

< CP(1By | > M/V2),

which yields

=0.

P = x s > (M/2
lim limsup sup nd/2 (z+5(n) =y, 7 >n,|S(m)| = (M/2)\/n)
M—00 pn—s4c0 weKA ., ye KW P(r, > n)
(29)

Likewise, we have

P =Y, Te ) < (M2 P(ry >
(@ +50) =y 7o > |S(m)| S (M/2)Vm) _Bl2m) g
B(7z > n) P(7e 2 1) |oyi>(/2)vm
By Corollary lim sup,, o SUpP, e A, % < C for some constant C' > 0, and by

, there exist positive constants C’ and a such that

sup m?P(z + S(m) = y) < C' exp(—aM?/2).
lz—y|=(M/2)v/n

Therefore, since n/m ~ 2 as n goes to infinity,

limsup  sup a2 P@ + Sy =y, 70 >, [S(m)| < (M/2)v/n)
n—o00 xEKAE,yEK<1) ]P)(’Tx > 7'1,)

n,

< C2U2¢C" exp(—aM?)2),

which yields

lim lim sup sup nd/Q]P)(‘T + Sn =Y, Tx > N, |S(m)| < (M/2)\/ﬁ)

=0. (30
M=00 =00 ekA_ yek M P(r, > n) (30)

Combining and yields the statement of the lemma. O
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Proof of Lemma[Tf Let y € K@ and set m = [n/4]. We recall that S’ denote the
reverse random walk —S, and 7 the corresponding survival time. Then for z,y € K,

P(x+S(n) = y|tz > n)
1

= Z P(x 4+ S(2m) = 2,7 > 2m)P(z + S(n —2m) =y, 7, > n — 2m)
P(1y > n) vt

1
= Z —P(x+ S(m) = 21,7, > m)X
Dok P(1; > n)
P(z1 + S(m) = 29,72, > m)P(y + S'(n — 2m) = 22,7, > n — 2m).
By with u = 0, there exists a constant C' independent of z5 such that
P(z1 + S(m) = 2z, 75, > m) < P(z1 + S(m) = z) < Cm~ Y2 < C(n/4)~%2.

Hence, setting C' = C/(279) yields

P(z + S(n) = y|mz > n)

< C'nmd2 Z é]P’(x—FS(m) = 21,Ty > M) Z P(y + S'(n — 2m) = 29,7, > n — 2m)

P(r, > n)

z1€EK 20K

< Clnfd/QP(Tx > m)IP)

/
—2m).
P(r, > 1) (Ty >n m)

By Corollary [10, lim sup,,o Sup e g4 _ I;((TTZ?Z)) < C” for some constant C”, and by [16],

Eq. (78)], there exists a function g : Rsg — R converging to zero at zero such that

limsup sup IP)(T:; >n—m) < g(n).
n—00 ycK(2)

Hence,

. P(Tx > m)
lim limsup sup ——
7’]—>0 n—oo xer?e P(Tm > TL)

yeK®

P(7, >n —m) =0,

which implies that

lim limsup sup nd/Q]P’(a; + S(n) = y|r, > n) = 0. 0

—0
n n—00 :L“EK,‘?E
yeK )

Proof of Lemma[13. Set m = |n®n] and for y € K® set

Ki(y) ={z € K : |z —y| <nvn}.
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Then, we can write
0 2P(w + S(n) = 9,72 > n)

nd/2
"B >n) g a - r o P =Y Tz
P(1, > n) Z (x+S(n—m)=2z71>n—m)P(z+ S(m)=y,7, >m)
ZGK\Kl(y)

+ Z Pz +S(n—m) =z1 >n—m)P(z+ S(m) =y)
z€K1(y)

- Z P(x 4+ S(n—m) =z,7 >n—m)P(z+ S(m) =y, 7, < m))
z€K1(y)
nd/2
= (31 + Xy — X3).
P(Tz>n)( L )
By with uw = n71/2, there exist constants C,a independent of y such that for
2z ¢ K1(y) (ie., for 2 € R? such that |z —y| > nv/n = n~/2y/m),
P(= + S(m) =y, 7> > m) < P(= + S(m) = y) < Cm~* exp(a/n).
Thus 42
n%4¥ P(r, >n—m) —3d/2
P(r, >n) P(r, > n) K exp(=a/n).

By Corollary (10} lim sup,, o SUp,exa_ % < (' for some constant C’ > 0, which

implies

P >n—
lim limsup sup C‘vag‘d/2 exp(—a/n) < C'C hH(l) 7773(1/2 exp(—a/n) = 0.
n—

N=0 nooco TeKA, ]P(Tx > n)

Hence,

nd/2
lim lim su su — > =0. 31
n—0 nﬁoopyEK@),:It)eK;?E P(Tx > n) ( )

Likewise, by [16, Eq. (76)], there exist constants a,C such that for y € K®) and
z € Ki(y)
P(z + S(m) = y, 7. <m) < Cm~¥? exp(—a/n).
Therefore,
n/? P(ra >n—m) 54/
P(r, > n) P(r, > n)
Applying the same method as for ¥ yields

exp(—a/n).

2 X

nd/2
lim lim sup sup —33=0. 32
n—0 nooco yEK(3),Z€KT’?E P(Tx > n) ( )

We now estimate the term 3, which will eventually give the main contribution to
the probability n?/?P(z 4+ S(n) = y,7, > n). By the regular local limit theorem [42]
Prop. 7.9,

sup |(2rm)Y?P(z + S(m) = y) — exp(—|y — 2|/ (2m))| —— 0.

zeK m—00



MARTIN BOUNDARY OF RANDOM WALKS IN CONVEX CONES 21

Hence,
1
— Z P(x +S(n—m) =z,17 >n—m)P(z+ S(m) =y)
P(1, > n) eKiw)
1
=B =) Z P(z + S(n —m) = 2,7 >n —m)(2rm)~ Y% exp (—ly— z|2/(2m))
e > 1)
P(r, >n—m) —dj2
Piro>m) o) (33)
where o(m~%?) is uniform on all z € K;ﬁs and y € K®. On the one hand, using
Corollary [10] yields
lim sup sup nd/20(m_d/2)M =0. (34)

n—o0 gpcKA

n,er

yeK®) P(Tx > n)

For n large enough,

vn n

< < ;

and the function

fum e () e (_ (n - m>|ur2)

2mm 2m

is uniformly bounded by (271%)~%2 and Lipschitz with uniform Lipschitz constant

(2mn®)~42y=3. Applying Corollary |§|to the set of function (f,,),>1 and the set of disks

of radius n%) . yields
x:l]l{g E <1B(y/mmﬁ)fn((x+S(n—m))/\/n —m)|r > n—m)
yGKT(Lé§
) gy v
- K(x/vn—m,z)fn(z)dz| —— 0.
k(z/v/n—m) B(y/ = ;L/_ﬁm) n—00

Hence, expanding the expectation in the latter equation, doing the change of variable

u > Y ?/%mu and using the scaling property of K; give

nd/2 B

sup Blr, > 1) Z P(z+ S(n—m) = 2,7 > n—m)(2rm)”~ %% exp (—|y— 2]2/(2m))
s L
y

n?

" ka/va = m)@a(n — mym)E fe, <¢ﬁ % " “) P (‘ "z‘iil> !

u| — 0.

n—oo

(35)
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As n goes to infinity, Wim) converges to ng(ll_ng) and "™ to 1 —n3. Lemma [32|yields
that

= (i) e (Vo) 2
et G ) ()

uniformly on x € ng, y € K® and u € B(0,n). Hence, using with in
yields

nd/2
limsup su —)
n%oopxeKI;l)Ag ]P)(Tx >n) 2
yeK®
(2mn®) /2 (w y ) ( |!2>
— Ki_3|—,—=+4u]exp du| = 0.
(L =132k _ys(@/V/n) Sy " \V0'Vn 2n3

Let us show an asymptotic formula for the second term of the latter equation as 1 goes
to zero. Let 6 > 0. By Lemma [32] there exists g > 0 such that for n < no,

e (v ) < v e (G v+ ) < (7})>K<W Vi

for all x € K;?a, ye K® wue B(0,n) and n > 1. Moreover, it comes from Remark (3
that %K (x,-) is Hélder continuous on K N B(0, M + 1) with exponent a and some

constant C' independent of z € KNB(0, A), and thus uniformly continuous with uniform
continuous bound independent of z € K N B(0,A). Hence, since the measure with
density

3\—d/2 —Jul®
Ljyj<n(270°) exp ETa du

converges weakly to a Dirac at 0 as 1 goes to 0, we have

e L G ) e () e v (G

uniformly on all n > 1, € KA_ and y € K®). Hence, there exists 0 < 11 < 19 such

n,e
that for n < ny,

<1—7§§;T123_):</j/m iz T (f NG )eXp <|u77|§> d“

)
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and similarly,
(2m?) /2 Y e (<) s A0 e (2
(1= n)k1_ya(x//n) u|<nK1"3<x/ﬁ’\/ﬁJr > p( 2773)d /k(w/\/ﬁ)K<\/ﬁ’

foralln>1, z € K,f’s and y € K. Thus,

. (2mn?)~42 ( Ty > Jul?

lim  sup Ki_,3 , +u)exp | — du

170021, e KA, (L =n3)kyp3(@/vn) Jjuj<n K n’\/n 2n3
yeK®

This yields finally

/2
N n 1 r oy
lim limsup su — DYy —— K| —,—
o0 mne pepa | B(7e > ) k(z/v/n) (\/ﬁ n)|
yeK®
nd/2
< lim limsup su —
\n—>0 n-}oopmeKI’;%e P(T$>n) 2

yeK(3)

(2mP) /2 r oy Juf?
- K = L ~H ) g
A=)k (@ i) ey P\ v ) P T )

(2m®) /2 r oy fuf?
K = L ~ ) e
A=)k (@jyi) Sy P\ v ) P T )

+ lim limsup sup
n=0 nooco zeKA,

yeK®)

1

o (7w 75) |

Combining the latter equation with and , we get

K (z/vn,y/vn)
k(z/v/n)

With the help of Lemmas and [15] we can achieve the proof of Proposition

n??P(z + S(n) = y|m > n) — =0. O

lim lim sup sup
n—0 n—o0 yel((S)7 LL’EK;’?,E

Proof of Proposition[11. Note first that by Theorem [6, we have

K
sup (z,9) — 0. (36)
yeK k‘(w) M —o0
ly—z|>M

By Theorem k(y) < Cq 5((;?) for y € K, and by there exists a constant ¢ > 0 such

u(y1) > ¢ for y € K. Thus, there exists a constant C' such that k(y) < Cu(y) for all
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y € K. Hence, by , there exists a constant C’ such that
k(y) < C'd(y, 0K) |y,
which yields that for each M > 0

sup k(y) — 0.
yeK, ly|<A+M n—0
d(y,0K)<n

Therefore, Theorem [6] implies that for each M > 0,
K
sup (z,9)

)
ek, |e—yl<m k(@) 00
d(y,0K)<n

uniformly in z € K, |z| < A. Let 6 > 0. By Lemma |13| and , there exists M > 0
such that

(37)

limsup sup n%?P(z+ S(n) = ylr, >n) <6

n—00 xnglE
ye KM
and

K
sup (/v y/vin) 5,
y€K<1)
where we recall that K() = {y € K : |y — 2| > M/n}. Hence, for this value of M,
. K(z/vn,y/vn)
limsup sup |n%?P(x+ S(n) = y|re > n) — d
yek M

Then, by Lemma and Lemma there exists 7 > 0 such that defining K?
and K®) with this value of  and the value of M chosen above gives

K(x/vn,y/vn)

< 26.

limsup sup n%?P(z + S(n) = y|r, > n) <4, sup <0,
n—o0 geKi, ‘ weKA, k‘(:c/\/ﬁ)
yeK®) yeK @
and
K
limoup sup |n?B(z + S(n) = ylr, > n) ~ LCVIIVI
N0 peK. k(z/v/n)
yeK®
Hence, for these values of M and 7, there exists ng such that for n > ng
K(x/+/n, n
n¥?P(z + S(n) = y|r, > n) — ( k/(\g\/yﬁ/)f) <30
forallmEK;ﬁaandyEK(l)UK(Q)UK@:K' =

We now turn to the proof of Proposition which gives the exact asymptotics of
the probability P(x + S(n) = y,7, > n), for y varying with n. Proposition |12|is an
extension of [16, Thm 6].

We notice that the hypothesis of Proposition stating that y has to remain in Kqﬁs
will be removed in the next subsection, where the boundary case will be considered.
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Proof of Proposition[I9. Set m = [n/2]. Classically,
P(x+S(n) =y, 7 >n) = Z P(z4+S(n—m) = 2,7, > n—m)P(y+S5'(m) = z,7, > m).
z€EK
Let B > 0. On the one hand, by and Proposition E there exists a constant C(z)
such that
¥1(B,n) = Z P(z+ S(n—m) = 2,7 > n—m)P(y + ' (m) = 2,7, > m)
z€K,|z|>(A+B)y/n
<C(x)2P/ 2420 P27A2p(y 4 §'(m) > (B + A)V/n, ), > m)
<C K(V2y/v/n, w)dw
|w|>A+B/v2

for some constant C' > 0. Hence, by Theorem [6]

np/2+d/2 ( ) (38)
lim lim sup ——=%1(B,n)=0. 38
B—0on—00 e k(y/\/n)

On the other hand, by applying Proposition [11| to S’(m) and then [16, Thm 5] to
S(n —m), we obtain that

Z P(z+ S(n—m) = z,7 >n—m)P(y + 5 (m) = 2,7, > m)
2€K, [2|<(A+B)vn
ks

SR (@2 ST (B R K (Vg V3 V) exp (—n) +o(Ry)
2€K, |2|<(A+B)y/n
:=%9(B,n) + o(Ry),
with x being a constant coming from [16, Thm 5] and
Ry = P(ry > n—m)n™?k(y/v/m) + (n — m) P2~ 2k(y //m).
Using , we get
o(Rp) = o(n "~k (y/\/m)). (39)
Moreover, as n goes to infinity, by the Holder continuity of K(z,-) on K N B(0, A+ B),
we have the uniform convergence of the Riemann integral

sup (=2 N w(V22/ V) K (V2y/Vn, V22 /) exp (‘Mz>‘

A n
YERG.. 2€K, |2|<(A+B)vn

2p/2/ u(w)K (V2y/v/n, ﬁw)e‘|w|2dw — 0,
which yields
Yo(B,n) ~noeo n2p+dV(:c)n_p/2_d/2/ u(w) K (V2y/v/n, \@w)e_‘w‘zdw (40)
|lw|<A+B

uniformly on y € K;gg. In particular, by Theorem@ there exist C' > 0 and ng > 1 such
that
Yo (B, n) = Cn P22k (\/2y/\/n)
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forn > ng and y € K;fﬁ. Thus, combining , and yields

Plo+S(n) = 9,72 > 1) o K2V 0 [ ) K2y VR dw,
weK

It remains to compute the above integral. Note first that by homogeneity of K,

Moreover, by [16, Lem. 18],

w 2
Ki(x,w) ~ K u(z)u(w) exp <_|2t‘> P42 (41)

x—0
|w|<|z|~1/2

for some constant x’. Hence,

w2 . 1
[ e =t e |G K )
Since K is symmetric and is a Markov kernel,
w2 ) 1
Finally, using again in the latter equality yields
2
/ w(w) Ky o (y/v/m, w)e " dw = uy/v/n) 272 exp <_|2y|>
weK n

and

2
P(x 4+ S(n) =y, 7 > n) o~ KV (2)n P22y (y //n) exp <_|:2y7|z> . O

Local limit theorem close to the boundary. We generalize the previous results
to the case of an arbitrary element of K. We first give a useful generalization of [16]
Lem. 24] under stronger moment conditions on the increments.

Lemma 16. Let 0 < r < p and A > 0, and suppose that the increments X admit
moments of order ¢ > r 4+ 2. Set

S(z,n)T = sup {|SW)|: 7 > L}

1<l<nl—=

Then, for each s < (q—1)/2, s < (¢ —2)/2 and B € ((p/2 — 1) A0,p/2), there exists
C > 0 such that

E <(S($, n) )", S(x,n)*t > n1/2_€/8> < Cn =128 (1 4 |g|)P—28
for all x € K. In particular, uniformly on x € K, |x| < Ay/n,
E ((S(z,n)"), S(w,m)* > nl/2=e/%) < onst1,

The proof of this lemma follows closely the one of [16, Lem. 24], and we invite the
reader to refer to this reference for the proof of several facts used in the following
argument.
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Proof. Let £, < n'~¢ be the time where S(x,n)7T is reached by the random walk. As
in the proof of [I6, Lem. 24], we set u,, = min{j > 1: |X;| > n'/?75/4} and write

E ((S(fvan)ﬂr, S(z,n)" > nm_a/S) =E ((S(x, "), S (@ n)t = 0P, > Kn)

nl—e
+ 3 E((S(em) ), S n) 2 02 < i = 5)
j=1

=Fi + Es.

Using Fuk-Nagaev inequalities [25] as in [16, Lem. 24|, the term FEj is bounded by
exp(—Cnal) for some positive constants C' and &’ independent of x € K. Then, we
bound the second term as

nl—s
By <C S E(S(6y) =~ X ()70 = G ln > G fin = J)
j=1

+E(XG)" 7 25— L =3) + CE(SG = D", 72 2 J, pin = J)-

Using Doob and Rosenthal inequalities as in [16, Lem. 24], we get

nlfe
S TE(S(n) = XG)T e = gy ln = 5) in = §)
j=1

nl*i
<O Y TR > (X ()] 2 0P
j=1
nl—s
<Cn"1-9)/2y~a(1/2-¢/4) Z P(7y > j).
j=1
Then, by Markov’s inequality,
nl—¢ nl—¢
S E(XG)7a > 5 = Lot = ) <E(X[, X 2027 3T B(re 25— 1)
j=1 j=1
nlfa
<Cn~(a77)(1/2-¢/4) Z P(ry > j — 1).
j=1
Using again Fuk-Nagaev inequalities as in [16, Lemma 24] gives
nlfs
E(|z+ S — DI 7 2 jopin = §) < Cn~ @2/ 3" p(r, > j 1),
j=1

Hence, we have

nl—a
By < Cn~Wm/2H9E N " (7, > 5 - 1),
j=1
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with g : R — R linear. Then, we have

nlfe
FEs gCn—(q—r)/2+g(a)+(p/2—ﬁ)(1_5) Z P(r, > j— 1)
j=1
nlfs
<Cn~(a-7)/2+9(e)+(1=(p/2-5)) Z j—1+(p/2fﬁ)1p(7$ >j-1)
j=1

<Cn~ @/ 249E+ A=W/ 2=B) R (72/2-8) < O~ (477249 +(=(/2=8)) (1 4 || )P—28,

where we have used [35] Thm 3.1] in the last inequality. This yields the first part of the
lemma for £ small enough. Moreover, for any s < (¢ —r — 2)/2 we have by choosing ¢

—s+1
1?2 < Cn s+77

for all x € K, |z| < Ay/n. O

We now prove an estimate on the survival probability for the reverse random walk
S’; recall that 7/ denotes the exit time of 5.

Lemma 17. There exists ¢ > 0 such that for all z € K large enough alln > 1,
P(7. > n) > en P/2.

Proof. Let H be a hyperplane such that H N K C 0K such an H exists thanks to the
convexity assumption on K. Let v be the unit vector orthogonal to H and pointing
toward K. For z € K, let us denote by d,(z) the vertical distance from z to 0K parallel
to v: namely,

dy(z) =sup{A>0:z— v e K}.
Since z € K one has dy,(z) > 0 and for t > 0, d,(tv) = t. Moreover, if y € z + K, then
Yy —dy(2)v € z — dy(2)v + K C K, which yields

do(y) = dy(zy +sup{fA > 0:y— v € z + K}. (42)

Since the random walk satisfies there exists R > 0 such that for z € AN K
with |z| > R, there exists a path in B(z, R) N K with positive probability with respect
to S’ which starts at z and ends in z + K. Let ¢ > R be such that tv € 2y + K for
some zp € K NA, |z9] > R. Let IV be a path in B(zp, R) N K from 2y to an endpoint
20+« € zo + K with P(I'") > 0 with respect to S’. By convexity of K and the fact
that tv € 29 + K, the translation of I by tv — 2z yields a path T" in B(tv, R) N K from
tv to an endpoint tv + z € tv + K with P(T') > 0 with respect to S’. Concatenating n
times I" gives a path in K from tv to tv + nx with positive probability with respect to
S’. Let us set

d(z,0K)
w4 [t
Then for every M > 0 there exists n > 1 such that P(|tv+S(n)| > M, d(tv+S(n),0K) >
v|tv + S(n)|. Hence by [16l, Thm 1], V'(tv) > 0 and there exists ¢ > 0 such that

P (1, >n) > en~P/? (43)

2

for all n > 1.
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When C is a cone distinct from K containing x, denote by 7';70 the exit time for
the random walk = + S’ in C'. Suppose that z € K is such that d,(z) > ¢. Since K is
convex, z —tv € K and thus z — tv + K C K. Then yields

P(r, >n) 2P (7], _tpix >1) > cn P/ (44)

for all n > 1, since by translation P(7, ,_, . r >n) =P(7], ;r > n).

Let us show that there exists p > 0 such that for all z € K N A with |z] > R there
exists n > 1 with P(d,(z+ S(n)) > t,7. > n) > p. Let z € KN A with |z| > R, and let
I’y be a path in B(z, R) N K from z to z + K with positive probability for S’, whose
existence is given by Let ng be the maximum number of points of the lattice
inside B(z,2R) for z € R* and set

= i P(v),
YCB (O,gll%l){ll(v)éno @
P(v)>0

() denoting the length of v, where the probability is understood with respect to S’.
Moreover, set

0 :=min{d,(2) : z € AN K, |z| < 2R}.

Since there are at most ng points of the lattice in B(z, R) we may assume [(I';) < no,
which yields P(I';) > 7. Let z; be the endpoint of I';. Since z; € 24+ K NA and z € A,
then

supfA >0:2; — v ez+ K} > 0.

Hence, yields
dv(zl) > dv(Z) + 9.

Repeating the operation for 21, 2, ... at most L%j times yields ultimately a path T" in

K from z to 2/ € K of length m such that d,(z') > t and P(T") > nls). Then, the
Markov property and yield

P(r, >n) > UL%JP(TZ/ >n—m) > nLch(n —m)7P2 > In P2
for some constant ¢ independent of z. O

We are now able to prove Theorem |I} Recall that t] .(n) :=inf{m > 0:y+5(m) €
Ky} denotes the first time that y + S(n) reaches K, ¢, and y.(n) := y + S(t; .(n)).

Proof of Theorem[1 Let y € K. Then, since P(z 4+ S(n) =y, 7 > n) =Py + 5'(n) =
x, T, >n)
) Yy )

P(z+ S(n) =y,7 >n) =Py + S'(n) =zt _(n) <n'*, T, > n)

Y YY,Ee
+P(y + S'(n) = 2,8, .(n) < n' %, |S'(t, .(n))] > nl/2=¢/8, T, > n)
+P(y + S'(n) = 2,8, .(n) = n'=,|S'(t, .(n))] < nl/2=e/8 T >n).

By (12),

P(y + S'(n) = x,t;’e(n) > nlfe,T; >n) < ]P’(t;’s(n) <n'7E 7! > ') Cexp(—Cnf)
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for some constant C' > 0. Moreover, by Lemma [16| and the moment condition on the
increments, we get

P(t), . (n) < n'~%,|S'(#, .(n))] > nl/2=¢/8 > n)

Y,€
<P( s (SO > 0> 028 < om0 (45)

1<l<nl—<
for some r > 2p+d —2+2(1 —p/2)" > p+ 2. Thus, yields
P(y + S'(n) = z,t), (n) = n' =, |S(t, (n))| > n'/>/5 7 > n)

<Pty c(n) <n'7% 18" (ty ()] > n' 278 m) > m) sup Pz + S(m) = 2,7 > m)
K
n—nlz*esgmgn

gcln—(r—Q)—p/Q—d/Q

for some constant C’ > 0. By Proposition [12| and the strong Markov property of S’,

P(y + 5'(n) = a,t},.(n) < n'~%,|S(t) (n)| < n'/*7/% 1) > n)

=E(P(z + S(n — t,.(n)) = yL(n),7a > n —t, (n)),
ty(n) < n' =, [S(t ()| < 028 70 > ) ()
~rV ()P PE(u(yl(n) exp(=ly[*/(2n)), 1, .(n) < 0!,
|5 (ty,c ()] < 02570 > ) ()

uniformly on y € K, y < Ay/n. Using the definition of ¢{(n) and the lower bound
u(z) = cd(z,0K)P for some constant ¢ > 0, we get

u(yL(n)) exp(—|y|*/(2n)) > enP(1/2—€)

on {t, .(n) < n'~%,7, > t, (n),|S(t,.(n))| < n/2=¢/8}1 . Hence, there exists ¢’ such
that for n large enough,

_ 1-
P(y + S'(n) = z,t5(n) <n' =%, 7, >n)
> I PPTPEARP (1 (n) <007 > 8 (n), |S(8, . (n)] < n'PTEE),
By (12) and (@),
P(t < n' %7 > 5 |S(t, .(n)] < n'/27E8)

>P(t5 <n' %, 7 > n!T) — oD/
>P(7, > n'=%) — (exp(—Cn®) — n~=D/2),

Since r > p + 2 by [(H5)} Lemma [17] yields that

Ply+S'(n) = ,t5 < n' 5,7, > n,|S(t, .(n))| < nt/275/8) > en P2 =d270/2 (46)

for some constant ¢’ independent of y € K, |y| < Ay/n. Therefore, since r > p + 2, we
have

p(1/2 —¢e)+d/2+p/2 <p/2+d/2+ (r—2)/2,
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and thus

Py +5'(n) = 2,1, .(n) < n' 75, |S(ty, . (n))] > n/2/5, 7/ > )
=0 (P(y+8'(n) ==,t5(n) <n'"%,7) > n)).

Hence, finally

P(x 4+ S(n) =y, 7o >n) ~

KV (2)n P~ 2E (u(yL(n)) exp(~|y[*/(2n)), 1,

My e(n) <0757y > 1 (n),[S(E, ()] < 0}/,

We have again

E(u(yz(n) exp(=[yL(n)|*/(2n)), 1, .(n) = n' =%, 7 > 1, ()

< nP/? Su}}; ’u(y) exp(—|y|2/2)} P(Tg > nl_s,Té > t;)
ye

< CnP/? exp(—Cn)
for some constant C' > 0, and

E(u(yt(n)) exp(—[yt(n)?/(2n)), 1) (n) < 0!~ 70 > ) (n),[S(t) (n)] = n'/2~5%)
<nPl? sup |uly) exp(—lyl*/2)| P(ry < n' =% 7 > 15, 1S(t, (n))] = n'/?7/%)

for some constant C' > 0, with » > p 4+ 2. Hence, by ,
Pz + S(n) =y, 7 > n) ~ &V (@)n " PE(u(yL(n)) exp(=[y*/(2n)), 7, > 1}, .(n)). O

4. IDENTIFICATION OF THE MARTIN BOUNDARY

In this section, we identify the Martin boundary for K convex and d > 2, with the
Denisov and Wachtel harmonic function (3)).

Estimate of the local probability in middle and large range. In this subsection
we give a bound on the probability P(z + S(n) = y, 7, > n) when |z — y| is of order
(nlog(n))"/?.

We will use the coupling of Zaitsev and Gotze (see [26, Thm 4] and [16, Lem. 17])
for random walks having increments satisfying to Suppose that X has moments
of order r(p) with r(p) > 2p+d —2+2(1 —p/2)* and r(p) > 2 + 6. By [23, Thm 4],
there exists a constant K such that for v < 1/2 — 1/r(p),

P < sup |S(|k]) — B(k)) > n1/2—7> < Kn™, (47)
0<s<n

with 7 = r(p)(1/2 — v) — 1. Since we are only considering the case d > 2, we have
r > p/2 for v small enough (which we assume from now on).

Lemma 18. There exist k,e,C > 0 such that for all n large enough and A\/n <t <
n1/2+n’

P(|S(n)| > t, 7, > n) < C (u(y/v/n) exp(—t*/(2c3n)) V")
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and fO'f' Yy S Kn’g Such th(lt ‘y| < nl/z""”’

B(ry > n) < Cu(y/v/n).

Proof. Using the same construction as in the proof of Proposition [7]and using the same
notations (see (20))), we get

PS(n)| > t,7, > n) < / Ky /v, 2)dz + O(n™™).
N TN

Using the upper bound of Theorem [f] yields

/ Kyt /v, 2)dz
|2—y/ /Al >t /a2

< Ch(y* /v/n) /| e GOl = VAP ez (48)
z—=y/v/n|>t/\/n—2n""7

By the local Holder continuity of k given by Lemma
k(y™/vn) < k(y/v/n) + Ca (lyl/v/n)"™ 07 <uly/vn) +n=Drp=or,

Since u(y/v/n) = d(y/v/n, K)P > n~P¢, choosing r such that ay — (p — 1)k > 0 and ¢
such that € < (ay — (p — 1)x)/p yields that for some C’ > 0 and y € K"

k(yT/v/n) < Cluly/v/n).

Hence, after integrating in (48)) over the angular coordinate, we get that for some C”,

K(y* /v, 2)dz < C"uly/ /) / exp(—|2[2/(2¢5))d=.

x/|z—y/\/ﬁ|>t/\/ﬁ—2n—“/ z>t//n—(2+R)n~"

The latter inequality for t = 0 gives the second inequality of the statement. For the first
statement, notice that there exists C' > 0 such that [ °exp(—2z?)dz < C exp(—2?) and

so that choosing x < 7 yields exp((t/v/n — (2 + R)n=7)?/(2¢3)) ~ exp((t/v/n)?/(2¢3))
for ¢t < n'/2t%. Finally we get that for some constant C" > 0,

/ K(y* /v, 2)dz < C"uly/ /) exp(t/y/n)/(2¢s)). O
2=/ VAl >t/ /20

We can extend the latter result by relaxing the condition y € K, ..

Lemma 19. Let x € K. There exists C > 0 such that

P(|S(n)| = t, 7 = n) < C (V(x)n_p/2 exp(—t2/(2ncs)) V n—r)

for all t < n'/?*% where k is defined in Lemma .
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Proof. Let t;.(n) be the stopping time inf{n > 1: z + S(n) € K,.} and z.(n) =
& + S(tz,(n)). Then, applying [16, Section 4] to Lemma [18| we get

P(|S(n)| > t,7p = n) < c<n—p/2 exp(—t2/(2¢3n))

E (u(2(n)), 7p > tae(n), fge(n) < n175) v n>
+n7PRO (E (|ze(n) [P, |ze(n)] > O/, 7o > toe(n), tee(n) < n7°))
+ O(exp(—Cn®),

where 6, = n~¢/8 and &’ is small enough. Using Lemma with » = p and ¢ = r(p)
gives

n PR (|ze(n)P, [22(n)] > 0nv/n, 7o > toc(n), tac(n) < n'7%) = O(n~PPHd=4/270)
since 2p +d — 2 4 26 < r(p). Since (2p+d —4)/2 > r, Lemma 1§ yields
n~P/2E (]xs(n) P |ze(n)] > Opv/ny T > tee(n), tec(n) < nl_a) =o(n™")
for t < n'/?t*. Since, by [16} Lem. 21],
nlgroloE (u(xg(n)),ﬂv > tpe(n),tye(n) < nl_’f) =V (x),

the result is deduced. O

Lemma 20. There exist C' and ng such that for n = ng, all y € K, . such that
ly| < n'/?*% and all 2z € K,

Py + S(n) = 2,7, > n) < Cn~Y2u(y//n).
Proof. Let m := [n/2]. Then

Py +S(n)=z1,>n)= Z Py + S(m) = 2,7, > m)P(z' + S(n —m) = 2,7 > n—m)
Z’eK
< CP(1y > m)m~%?,

where we have used with u = 0 to bound P(2 + S(m) = z,7,, > n—m). Thus, by
Lemma there exists ng such that for n > ng and y € K, . with |y| < nl/2ts

Py + S(n) = 2,7, > n) < Cn~Y?u(y/V/n). O

Putting the previous results together yields the following estimate on the local
probability at middle range.

Proposition 21. Let x € K. There exists C such that
P(z+ S(n) = 4,7 > n) < CV(@)u(y)n ">~ 2 (077 exp(—|z — [/ (csn)) v n™")

for ally € K,, . such that |y — x| < nl/2ts,
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Proof. Let m := |n/2]. Then we have
P(x 4+ S(n) =y, 7 > n)

= Z P(z + S(m) = z,7x > m)P(y + S'(n —m) = y,7, >n —m)
2€K, |z—z|>|y—z|/2

+ Z P(z + S(m) = z,7, > m)P(y 4+ S'(n —m) =y, 7, >n —m)
zeK, |z—z|<|y—z|/2

=M + M.

By Lemma [20| and Lemma the first sum is bounded by
My <Culy/v/n)n~PP(1S(n)| > & — y|/2,7 > n)

<CV(@)uly/ V=2 (07" exp(~ly — al?/(en) V")

where we have used in the last inequality the hypothesis |y — z|/2 < n'/2** in order to
apply Lemma Similarly, by and Lemma the second sum is bounded by

Mz <CV(x)n=P7PPP(|S (m)| > |z - y|/2, 7, > n)
<OV (@)n= 272 (uly/vn) exp(=ly — z*/(czn)) vn ")
<CV(@)u(yyn= V202 (02 exp(—|y — 2/ (esn)) V")
where we have used in the last inequality the hypothesis that |y — z|/2 < n'/2% in

order to apply Lemma as well as the fact that u(y) > 1 for y € K,, . and n large
enough. The result is then deduced by summing the bounds on M; and M. O

Uniqueness of the harmonic function. The Green function (see (2))) is defined for
z,y € K by

G(z,y) = ZIP’(x +S(n) =y, >n).
n=0

We begin this subsection by giving an estimate of the truncated Green function

ly—x|>~¥
Z P(x 4+ S(n) =y, > n),
n=0
for v > 0.

Proposition 22. For v > 0, there exist positive constants C, and a such that

ly—z|>~

Y. P+ Sn) =y 7 >n) <Cly—af ™
n=0
witha>2p+d—2ifd>2anda>01ifd=1.
Proof. We follow the proof of [16, Lem. 24] and introduce the stopping time
po=inf{i > 1:]X| > |y — 27/},
with o large to be chosen later. Let n < |y — z|>7¥. Then
P(z+S(n) =y, 7 > n) = P(x+S(n) =y, 7 > n, p > n)+P(x+S(n) = y, 7 > n,p < n).
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On the one hand, using Fuk-Nagaev inequalities [25] as in [16, Corollary 23] yields
P(z+ S(n) =y, 72 > n, 1 > n) <P(|Sy] = & — y|/2,sup | Xi| < |y — z|77/%)
k<n

le—y|*/*/(2V/d)
nvde
< -
<rm - y|2v/a/2>

2lz—y|*/*/(2v/d)
|z — yP 7V Vde
<l — < —Clg — v/o

<’$ _ y’2_y/a/2 eXp( |:C y‘ )
for y large enough. On the other hand, recall that since X admits moments of order
r(p) >2p+d—2+2(1—-p/2)",

P(z +S(n) =y, 7 >n,pu < n)

<P > k= LIX > ly—al 7y + S (- ) = 2+ S())
k=1

Xr(p)
E(X] Zk P2(n 41— k)~2,

S V@) — [

where we have used the Markov property of the random walk, applied with u =0
to S’(n — k) and then in the last inequality. Hence, we get

Z P(xz+ S(n) =y,7 >n) < |y — x>V exp(—C|z — y|y/a)

B(xpw) I

+CV () T Z Zk PR2(p 41— k)~ 42
’y_x’ n=1
ly—a|>~" ly—=|>~¥
< Oy — g|~Uv/a)r@) Z L—P/2 Z E—4/2,
k=1

We now divide the proof according to the value of d. If d =1, thenp=1and ¢ =1
and

i: k;fp/Q Z kfd/2 ~ |y - x|271/’
k=1 k=1

which yields, since r(p) > 2+ § for some § > 0,

> Pa+S(n) =y, 7 > n) < Cly—az| /@CH) |y g2 L Oly—gPr-EHO0v/e),

Choosing a > 2 yields

ly—z|>~

3 P(a+S(n) =y, >n) < Cly —a| -0,
n=0
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If now d > 2, then

ly—a|>~" ly—a|>~ A
Z LP/2 Z 42 Clog |y — m‘ld:frlp:g (’y _ x,zfy)( —p/2)A
k=1 k=1

for some constant C' > 0. Hence,
ly—al*~
Z P(z4+S(n) =y, 75 > n) < Cly—a|~0=2/@r@+C=)((A=p/2)70) 50 |z |La=2F1p=2

n=0

Since r(p) > 2p+d —2+2(1 — p/2)", for a large enough we have

ly—a|>~"
S Ble+S(m) = g7 > n) = ofly — 2| P2, 0
n=0
For N > 1, set
(o]
Gn(w,y) =Y Pz +S(n) =y, 7 > n).
n=N

Proposition 23. Set p =1 —2¢ and let x € K. Then there exist R > 0 and v > 0
such that uniformly on y such that |y| — oo and d(y,0K) > R|y|’, we have for § < v

G‘y,aﬂzf& (z,y) ~ V(z)F(y),

where F(y) is a function independent of x. Moreover, there exists a constant C' such
that

F(y) > Culy)y~ "2,
and F' is bounded on its domain of definition.
Proof. Let A > 1. Let n > 0 and following Proposition [12flet n, be such that
P(z+ S(n) =y, 7, > n) “1l<n
KV (@)n P24 2u(y/\/n) exp(—|y[2/(2n))

forn > n, and y € Kéa.
Set R = A” and let y € K be such that d(y,0K) > R|y|’. Then for n < A%|y|? we
have

(49)

d(y,0K) > Rly|* > RA™nf/? > n'/>~=,

and thus y € K, .. Let v > 0 be such that (2—v)(1/2+x) > 1 (with « as in Lemmal[L8).
Suppose that § < v, and set Ny = |y — z|?>°. Let Ny be the first integer n such that
exp(—|y — z[2/(2¢3n)) = n~"+P/2, Recall that r = r(p)(1/2 — ) — 1 and that 7 > p/2
for d > 2, so that Ny exists. For d > 2 and y large enough, No > Ny, since

—r+p/2
exp iy — o2/ (2es =YY Z st  (_ly=al T
Klog |y — x| Klog|z — y|
for K large enough.
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Set P(n) :=P(z+ S(n) =y,7, >n). Then, for 6 <v

G|y—r|2*5 (l’, y)
Ny A7 | |y—al?] A?|Jy—z|?] o0
= Z P(n) + Z P(n) + Z P(n) + Z P(n)
n=Ni n=N2+1 n=A=2[|y—z[?|+1 n=A2||y—z|?]+1

=31+ Yo+ X3+ X4

In the above decomposition of G(x,y), X1 and ¥ are expected to be negligible terms,
whereas Y3 and Y4 should give the main contributions.

Study of Xo. First, by the choice of Ny and Proposition
A2 |y—z|?]

T <OV(xuly) D n " exp(—|y — =/(2e3n)).
n=No+1

Set gk 5(t) =t % exp(—B/t) with B,k > 0. Then
p(t) = (B2 =kt ™" ) exp(=B/1),
and thus gy p is increasing on [0, B/k]. Applying the latter property to k = p + d/2

and B = |y — z|?/(2c3) yields that if A2 > 2c3(p + d/2) (which we assume from now
on), then

2 < O(Lly — 2*/A% )77~ u(y) exp(—A%/(2¢3)).

Study of ¥1. By the choice v and 6§ < v, |y — z| < n'/** for n > |y — 2|9 and y
large enough. Applying Proposition [21] to ¥; yields then

x —yl? —_ o\ —T—p/2—d/2
2 <OV(@u(y) T2 (g — ) T

gCV(ﬂi)lg(y) ly — x|7(2r+p+d72)+f(1/)

)

where f : R — R is linear. Since r > p/2 for d > 2 (see the definition of r in (47)),
choosing v small enough yields

21 < CT’y o x,—(2p+d—2+u)’

with u = 2r — p > 0, for y large enough.
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Study of 3. By we have
[AZy[?]

Y3 2(1—n) > RV (@) "~ u(y) exp(~[y|*/(2n))
n=ly—z[?/A42]+1

1421y
>1-n) Y s&V(@n Y u(y)exp(—y*/(2n))
n={ly—ol?|+1
421y
Seu(y)exp(—[yf* /@y —=?) Y. wPT?
n={ly—ol?|+1

>cu(y) exp(—[y*/(2ly — =) (L|y — x| 7772+ — [A%|y|* + 1) 77792,
for some ¢ > 0 and y large enough. Hence,

S14 % _ o uly)ly -2 ((fy - x|?/A?]) P42 by (y) exp(—A?/(2c3))
N3 u(y)exp(—|y[2/(2ly — x2))([|y — @[?] P-4/ — | A2|y|2 4 1] —p-d/2H1)

) A2p+d—2
W Cexp(—A /(203)) (1 — 77)(1 — A*2p*d+2)’

where C' is independent of A. Since the right-hand side above goes to 0 as A goes to
infinity, we can choose A such that 21%322 < n for |y| large enough.

Conclusion. Hence
G(z,y) ~ X3+ X4
uniformly on y going to infinity. Set
Fly)=r Y n P PE(u(yl(n) exp(~|y[/(2n))) .ty < 7))
nz|ly—=|?/A?]
Then by Theorem (1}, for |y| large enough satisfying the hypotheses of the statement,
‘ G(z,y)
V(z)F(y)

Moreover, the bound on X3 above proves that for y large enough satisfying the
conditions of the statement,

—1’@7.

F(y) > Cu(y)|y| ="+,
For the upper bound, note that by definition of F'(y), we have for d > 2

F(y) <Y _ n PP sup u(z) exp(—|2[*/2),
zeK

n=1

which gives a general upper bound for F'. O

We can improve the above asymptotic behavior by removing the condition on the
distance to the boundary of K. Set

K.:={y e K :d(y,0K) > R|y|’},
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where p and R are given in Proposition For y € K, let 0, be the stopping time
inf{n > 0:y+ S(n) € K.}. Remark that 6, = ¢, .(|y|>~>°). Hence, noting that ¢, .(n)
is increasing in n, we get with [16, Lem. 14]

P(6, > nle,Ty >n) < P(ty.(n) > nle,Ty >n) < Cexp(n ) (50)

for n > |y|?>~2¢. Applying Lemmato the stopping time 6, and the moment condition
E(|X|"®) < oo yields that there exists C' > 0 and a > 0 such that

P(1Sp,| = ly — 2"/, 0, < ly — 2", my > [y —a*) <Cly —2[~*  (51)

with s > (2—-2)(2p+d —4+2(1 —p/2)")/2.
Theorem 24. As |y| goes to infinity,

Gz, y) ~ V(2)E(F(y + S,), 7y > 0y).
Proof. Split the Green function as

ly—a|*~ 21

Glx,y)= Y. Ply+58(n) =x71,>n)

n=1
)

+ Y Ply+Sn)=am > 0,0,y af%)
n=|y—=z|2—2¢
oo
+ Z ]P’(y + S'(n) = x’Tl// > Tl,@y < |y _ ‘,L,|2735-:, |Séy’ > |y . LL’|17€/O‘)
n:‘y,x|2—25
oo
+ Y Py+S) =m0y <y 2P AT, | < ly -l )
n:‘y,x|272s

=N+ T+ T3+ Ty,
and we shall study successively the terms T3, T5, T5 and Tj.

Study of T1 and T>. By Proposition Ty < Cly — x|~® for some a > 2p+d — 2.
Next,

To= Y  Pla+Sn)=ym>nb,>n")

nzly—z|?=2¢

+ Z P(z+ S(n) =y, 7 > n, |y — x> <0, <n'™).

n>|y—af2-2
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By (50)), the first term is bounded by D s ly—afz-2e Cexp(—n) < Cexp(—|y — 2|) for
some C' > 0 and some 0 < &' < . Moreover, by and ,

Z P(z+ S(n) =y, 7 > n, |y — x> < 0, <n'™)
n}ly,x‘272s

= Y E@+Sn-0,)=y+50,),7>n—0,7 >0,y 2> <0, <n'")

n=ly—xz|>-2

<)L Cla=n'=5) P PRR60, > Jy — a7 my > fy — o)

n2ly—z|?=2e
< Cexp(—ly — z**7%)
so that, finally,

)

Ty < Cexp(~ly —2I%),
for some constant C' > 0 and 0 < &’ < e.

Study of Ts. By , we have for n > |z — y|?>72¢ and y large enough

Py +5'(n) = z,7) > n,0, < |y —z[*%,[5) | > |y — =['~/*)
<E((n —8,) P72, 1) > 6,0, < |y — 2>, |5p, | > ly — z|'~/*)

—p/2—d _ _

<COnPRPP(7) > 0,0, < |y — a7, |G, | > |y — 2| ~/)
gcn—p/Z—d/2|y _ x|s.

Hence,

T3 < C Z n—p/2—d/2|y _ SL’|S < |y _ 33‘|_(2_25)(p/2+d/2_1)_8.

n=|z—y[?-32¢

By the definition of s given in ,

(2—-2e)(p/2+d/2—1)+s>(p+d—2)+2p+d—4+2(1—p/2)*) + f(e)
=2p+d—2+(p+d—4+2(1-p/2)")+g(e),
with g linear. Since p+d —4+2(1 —p/2)t >0forallp>1andd > 2,
T3 = of|lz —y|™*)
with b > 2p + d — 2 for € small enough.
Study of Ty. By Proposition we have

Ty = E(Glyyp2e(x,y + 5'(6y)), 7 > 0y, 0y < |y — 2>, |5(6)] < ly — '~/
>CE(uly + 8'(0,)ly + 5" (0,)| 722, 7) > 0,0, < |y — 2[*7%,|5(0,)| < |y — '~/
>Cly| 72y PR () > 6,6, < |y — 27,180, < |y — 2],

where we have used the fact that y + 5'(6,) € K. and |S(0,)| < |y — z|' 5/ to give a
lower bound on u(y + S’(,)). Hence

Ty > |y| 2P U2 (B(7) > |y — 2P7%) = Cexp(—|yl*) — Ky — z]*).
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By Lemma P(r, > |y — z|>73%) > Cly — x| 7P/2=3) and s > p/2(2 — 3¢) for  small
enough, which yields

Ty > C|y‘f2pfd+2+p(1f2s)fp/2(2735) > c‘y|72pfd+2+g(e)

)

with ¢ linear. Hence, for € small enough,
Ty + Ty + T35 = o(Ty).

Moreover, by Proposition [23]

E(Gly—app-2: (2, +5'(8y), 7y > 6,0y < |y — 2[*7,15(6,)] < |y — ')
~ V(@)E(F (2, + 5'(6,)), ) > 8,0, < |y — 2*7,15(8)| <y — a|'~*/*),
as y goes to infinity, which yields
G(,y) ~ V(@)E(F (z,y + 5'(0,)),7) > 0,0, < |y — 277, 15(8,)] < |y — «|'~/*).
Since we also have
E(F(z,y +5'(8y)), ) > 0y, (8 > |y —2P7) U (1S(8y)] > ly — 2|'~/*)) = o(T1)
for the same reasons as before, the result is deduced. Il

The uniqueness of the harmonic function is then a straightforward deduction of the
latter theorem.

Corollary 25. The Martin boundary of S killed on the boundary of K is reduced to
a singleton, and there exists a unique harmonic function (up to multiplication by a
constant).

Proof. Let xg,x € K and let (y,) be a sequence in K going to infinity. Then, by
Theorem [24]

G(z,yn)  V@EWF(Yn + S0y, ) Ty > 0ya) _ V(x)

G(wo,yn)  V(@0)E(F (yn + So, o7, > 0y)  Viwo)

7 "Yn

The Martin boundary is thus reduced to a singleton. O

APPENDIX A. REGULARITY AND ESTIMATES FOR THE HEAT KERNEL IN A CONE

We prove in this appendix several inequalities concerning the heat kernel in a cone.
We start with the boundedness of the gradient of w.

Lemma 26. There exists C' > 0 such that
|Vu(z)| < C]z\p_l.

Proof. If S is a sphere and s € S, denotes by n(s) the outward normal vector at s.
Since K is either C? or convex, by [46, Eq. (0.2.3)] there exists a constant C’ such that
for all z € K,

u(z) < C'd(z, K)|z|P~L. (52)
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Set 7 = d(z,0K). If v is a unit vector in R?, d,u is harmonic and we have

! / Opu(s)ds
B(z,r)

[9uu(2)] :VOI(B(Z, 7))
/ u(s)(v,n(s))ds
OB(z,r)

- 1

~ Vol(B(z,7))
o Vol(0B(z,))
= Vol(B(z,7))

for some positive constant C”, where we have used (52)) at the last line. Hence, since
Vol(0B(z,r))
Vol(B(z,r))

C"| 2P~ rds

= C’”’% for some C", we have

[Buu(z)| < ClzP~
for some constant C' > 0. g
The latter result yields in the next lemma the Holder continuity of . In the following

statement, u is said locally Lipschitz with local Lipschitz constant K(z) at z € K if
U)B(z,1) is Lipschitz with Lipschitz constant K (z).

Lemma 27. Ifp > 1, then u is locally Lipschitz at z € K with local Lipschitz constant
|z[P~L. If p < 1, then u is Hélder continuous with exponent p.

Proof. Suppose that p > 1 and let y,y’ € K with |y —¢/| < 1. Then, by Lemma
1 1
|u(y) — u(y)| = ’/ (Vuly' +tly =),y - y’>dt‘ <y - yIC/ Y+ t(y — )P dt.
0 0

Since p > 1, there exists a constant C’ such that fol |y +t(y — )P~ tdt < C'|y' P71, so
that

u(y) = u()] < "y Py — /|
for some positive constant C”.

Suppose now that p < 1 and let y,y' € K with |y/| > |y|. Set ¢y’ = %y’, so that

"I = lyl|. Since |y| < |¢| and y” is proportional to y’, one has

W=y —y) >0,
so that [y — | <y —y/| and |y" — /| < |y —v/|.

On the first hand, joining y to y” by a geodesic on the sphere of radius |y| yields
that |u(y”) — u(y)| < Cly[P~tly — y"| for some constant C. Since y” and y are on the
same sphere, there exists a constant K (independent of the radius of the sphere) such
that |y — y”| < Kly|, and thus |y|P~! < K'7P|y —¢”|P~1. Hence

u(y") — u(y)l < CK'"Ply —y"P < C'ly —y')?
for some constant C’ > 0.
On the other hand, if we set M = [|u|xnga-1/oo, the scaling property of u yields that

lu(y') —u(y”)] < M(y'[P = [y"P).
Since p < 1, (|y'|P — |y"|P) < p2'P|y’ — '[P, and thus
lu(y') —u(y")| < C'ly —y"|P < C'ly' —ylP

|y
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for some constant C” > 0. Finally,
Juy) — u(y)] < Ju(y) — uly")] + lu@y") —u@@)] < (C"+ )y —y'I". O
The following lemma gives the proof of .
Lemma 28. There exists ¢ > 0 such that for allt > 0,
Ziél}f{V(z, Vi) > 2,

Proof. Write K as the epigraph of a Lipschitz function ¢ : H — R with Lipschitz
constant L, where H is a hyperplane of R%. Let v be the unit vector normal to H
pointing toward the epigraph of ¢; then one has z + z € K for all z € K and z € R?
such that (z,v) > v/1 — L=2|z|. Therefore, for some positive constant ¢, one has

V(x,Vt) = Volf|z| <V, (z,0) = V1 —L2|z|} > at¥?,

Note that if K is convex, then z + (B(O, Vi) N K) C K for all z € K, so that we can
simply choose ¢ =V (0, 1). O

From the Gaussian estimates we can deduce the Holder regularity of k and K. In
order to obtain this regularity, we first need to give a uniform bound for the ratio of k;
and ky for ¢ < t. This is done in the following lemma, using the fundamental volume
doubling property of the réduite u (see [27, Thm 4.19]): there exists a constant D > 0

such that
/ u(z)?dz < D/ u(z)%dz (53)
B(z,2r)nK B(z,r)K
for all x € K,r > 0.
Lemma 29. For all 0 <t < 1/2, there exists ¢l > 0 such that
S k(s2) <1

Co X k(z) X
forallx € K and s € [t,1 —].

Proof. Since k(sz) = ky—2(x) = P(7P™ > s72), k(sx) is increasing with s and we only
have to prove the bound for s =¢. Let n > 1 be such that 0 < 27" < t. Let us prove
the result for r := 27", which implies the result for ¢t. By (@, we have

, | V(rz, 1) fB(x71)ﬁKu(Z)2dZ u(rz)  k(rx)
V(D) \ Tppanor 62702 u@) < k(@) =

2. By Lemmaand the fact that V(z,1) < Vol(B(0,1)) for all z € K,

Vire, 1) c
\ V1) ~\ Vel(BO, 1))

Moreover, by the scaling property of u,

/ u(z)?dz = rd/ u(rz)?dz = rd+2p/ u(z)?dz,
B(rz,1)NK B(z,r—1)NK B(z,r—1)NK

‘H\

Q

for
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where we have used that r~! (B(rz,1) N K) = B(x,r~!) N K by the cone property.
Using n times the doubling volume property yields

/ u(z)?dz = / u(z)?dz < D”/ u(z)%dz,
B(z,r—1)NK B(z,2")NK B(z,1)NK

independently of x € K. Therefore,

/ u(z)?dz < rd+2pD"/ u(z)%dz,
B(rz,1)NnK B(z,1)NK

and thus

2
fB(a;,1)mK u(z)?dz > 9—nd/2-nppy=n/2
fB(r:p,l)ﬁK u(z)QdZ

Finally, we have

/
¢ < klrz) O

2—nd/2—npD—n/2 < <
¢ Vol(B(0,1)) ~ k(2)

We say that a function f is locally Holder at z € K with exponent o and constant
C(z)if |f(Z') — f(2)] < C(2)|2 — 2| for 2’ such that |z — 2’| < 1. The function is said
globally Holder on D C K with exponent « and constant C' if | f(2") — f(2)| < C|z' —z|*
for z,2/ € K.

Proposition 30. There exist exponents 0 < o < 1 and 0 < x, as well as a constant
Cq > 0, such that k and ﬁK(x, -) for x € K are locally Hélder at each z in K with

exponent o and with respective constants (where « is given by Them‘em@
Co(14|2'1X)  and Co(1+ |2X) exp(—|z — z[*/(2¢3)).
By symmetry, K(-,y) is also locally a-Hélder at z € K with Holder constant
Ca(1 +[2[Y) exp(—|z — y[*/(2¢3)).

Proof. We suppose without loss of generality that a < p. Let us start by the Holder
continuity of ﬁK(w, -). Let x,y,y’ € K be such that |y —¢/'| <1 and |¢| > |y|. By
the second part of Theorem [6] we have

K(.%',y) K(.’E,y/) / OéKQ(xvy)
- <Oy (ly—yl)" =
uw) ) | SOV
Hence
1 1 1 u(y)
— K -K N <Cy——y — ¢ |*K —K ! —1].
o VK 0) = K] < Gl = Ko + s Kea/)| 22— 1
Using the first part of Theorem [6] and then Theorem [] gives
1 k(y') u(y')

K(z,y) < Cs exp(—|z —¢/|*/c3) < C

= exp(—|z —¢'|*/c
) HCRNATE) () p(—lz —y'|"/c3),
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for some constant C', where we have also used in the last inequality that V(z,1) > ¢
for some positive constant ¢ independent of z (see the previous proof for a proof of this
fact). Likewise,

1 k(z/v2)  k(y/V?2)
Ty 2@ y) <G e IVG D exp(—|z — y[*/(2c3))

<C

Ty Pl =3/ (26s)) < Coxp(—r —yP/(2e3))

where we have used Lemma [29] in the last inequality. Thus

@ ‘K(.I,y) _K(xayl)‘

1

/

u(%)

Let 3 = p A l. By Lemma 7] for y,3' € K such that |y —y/| < 1, we have for some
constant C’ > 0

< Cly —y/[*exp(—|z — y|*/(2¢3)) + C

exp(—|z — y/|*/es) [uly) — u(y')| .

u(y) — u(@) < Cl P ly —y'1°.
Since d(y},0K) > ¢y by definition, [16, Lem. 19] yields that from some constant ¢ > 0
u(yy) = ccp (54)
Hence, with x = p — 8, there exists C® such that
1
u(yy)
Therefore, there exists C'Y > 0 such that

u(y) —u(y)| < Ol Xy —o/|°.

k(lfv) K (2,y) = K (2,9)] < CWly — ¢/ |*(1+ |y [¥) exp(— e — yI*/(2¢5)),

which proves the first part of the lemma. Since k is bounded by 1, K(x,-) is also
locally a-Hoélder with the same constants, and by symmetry the same holds for K (-, y).
Therefore, for z, 2’ € K such that | — 2/| < 1,

Ik(z) — k()] < /K K (z,y) — K(a\y)|dy
<OV 4 [Nz — 2')° / exp(—|2’ — yP/(2e5))dy < Ca(1 + ¢/ — |
K

for some constant C,, > 0. Il

Remark 31. Since exp(—|z — y|?/(2¢c3)) < 1 for all x, 2 € K, Proposition [30| implies
ﬁ (z,-) and K (-, x) are globally Holder on any bounded subset D of K with a Hélder
constant C'(D) independent of x € K.

We end this section by a uniform (in time) estimate of the convergence of the heat
kernel.



46 K. RASCHEL AND P. TARRAGO

Lemma 32. Lettg > 0 and M > 0. Uniformly int > to, and xz,y € K with |y—x| < M
Kivn(2,y) ~n—o Ki(z,9)

and uniformly in tg <t < 2ty and x € K,

kirn(z) ~ho k().

Proof. For the first convergence, let t > tg and z,y € K with |y — x| < M. Then for
h >0,

h
Ken(o.) = Kilwg)| < [ 0Kui (o )ldr.
0
Hence, by the last part of Theorem [6] for |h| < to/2,

|Kt+h(xa y) - Kt(x)y)’

<Cs /h kisr (@) kisr (y)
h 0o (t+r)VV(z,VI+r)V(y,Vt+r)

Applying now the lower bound in the first part of Theorem [6] we get

(L4 |z = yP?/(t + )" exp(=|z — y?/ (4t + 7)) dr.

Kuoae0) ~ K| S(Co/es) [ Kageless) (o w4 )P
exp(—|z = yI/(4(t +7)) + | — y/(Cat +)))dr

<C / K ) (1 M2 (10/2) 1 exp(M2/ (c(t0/2))

where C' and c are positive constants. Since K;(x,y) is decreasing in t,

1 1
|Kin(z,y) — Ki(z,y)| < CKypp(z,y) (752 - (t—l—h)2> ;

and Ky p(z,y) ~ Ki(x,y) uniformly in ¢t > tg, and z,y € K with |y —z| < M as h

goes to zero. The case h < 0 is similar.
For the second convergence let 4 > 0 and M > 0 be such that

[ explleP zestato + ho)dz < 9
|z|>M

and let 0 < hg < to be such that for all ¢ > ¢y, z,y € K with |y — 2| > M, and h € R
such that |h| < ho,

(1= 0)Ki(z,y) < K < (14 0)Ki(z, ).
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Then for such x € K, t,h > 0, we have by the first part of the lemma

kipn() 2/ Kiyn(2,y)dy +/ Kiyn(w,y)dy
|z|<M |z|>M

kion(z)
<(1+4) /|Z<M Kt(l‘,y)dy+02W/Z|>M exp(—|2/*/(2¢3(2to + ho))dz
kt(.%')

ctd

<O+ k() + (14 6)Cy /| I 2es(2to + ho))a:

k‘t h(.’I))
L /|2>M exp(— |22/ (2e5(2ty + ho))dz

(1+)Cad Chd N
s <(1 T+ c(to — ho)d> fale) & c(to — ho)dth( )

where we have used Theorem [6] and Lemma [7] in the second and third lines. Hence,

§)Cad
(1+06) + {5t
bn(x) < Ao=h0) k() < (14 8 Yhe(a)
1 - C(tofho)d
for all z € K,tg <t < 2ty, where §’ goes to zero as § goes to zero. The lower bound is
obtained similarly. O

APPENDIX B. EXTENSION OF THE RESULTS OF [16] TO THE CASE OF ARBITRARY
CONVEX CONES

In [I6], Denisov and Wachtel obtain fundamental results on the long-term behavior
of a random walk in a convex or C? cone. As we mentioned in Section these results
are the main ingredients in the proofs of the present paper. Unfortunately, the results
of [I6] are only valid when the cone K satisfies the following condition:

(H*) There exists a bigger cone K’ with 0K \ {0} C int(K’), such that the réduite

u can be extended to a harmonic function on K.

This condition is a strong limitation on the geometry of the cone, since it implies in
particular that 0K is piecewise analytic. In this appendix, we prove that the condition
(H™)| is not necessary to get the results of [16] for a convex cone under the moment

conditions [(H5)}
Define f : K — R by

f(@) = E(u(z + X)) — u(z),

where we have set u(z) = 0 for ¢ K. By [10, Remark 4], the condition |(H*)|is only
needed in [I6] to prove that

E (i\f(ﬂerS(f))I) <O A [x"7T) (55)
£=0

for some positive constants C' and r and for all z € K. All other results are deductions

of the bound and other arguments which do not involve |(H*)l The main result of
Appendix |B| is thus the extension of to an arbitrary convex cone.
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Proposition 33. Suppose that K is convex. There exist C and r > 0 such that for all
e K,

Te—1
E (Z |f(z+ S(@)!) SO+ [P
/=0

Let us first give some new bounds on the higher derivatives of u.

Lemma 34. There exists C > 0 such that for oll z € K,

C
o < —— Pt
|u$zx] (:l:)| = d(m,@K) |‘T| )
C -1
|ux¢xja:j (z)] < d(z, 0K )? |z~

Proof. The proof follows closely the ones of [16, Lem. 7] and Lemma By Lemma
we have

[ta, ()] < ClafP™!

for some constant C' > 0 independent of ¢ and x € K. Hence, by harmonicity of u,

|,
ufﬂil'j
B(z,d(z,0K))

~ Vol(B(, d(z, 0K))

1
~ Vol(B(z, d(z,0K)))
VOl@B (e, d(z, 0K))
= Vol(B(z,d(x,0K))) 8B(xd(z,0K))

(1 v;ds

/8B (z,d(z,0K))

<L!3«"V’ -
d(z,0K)
for x € K, which proves the first inequality. The second inequality is deduced similarly
by using the harmonicity of 4y, ;s, on the ball B(z,d(z,0K)/2). O

Let K be the set {z € K : d(z,0K) > |z|/2T}, with § > 0.
Lemma 35. There exists C' > 0 such that
f ()| < C(L+ |a])P~>°

forxe.f(, and

@) < Cin (1) (o)

forze K\ K.

Proof. Let # € K. Applying Lemma [34] to z € K such that d(z,0K) > |z|}/2+9/2
yields
SUP [ty (0)] < CloP 320 and sup [tgyayne ()] < ClaP 2,

1<ij<d 1<i g k<d
yEB(z [z['/*0/2)
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Then, applying Taylor’s theorem to the third order to u at x and using the latter
inequality yield

d
1 1
ule )~ u(y) = (Vul@).0) = 5 D7 v, @iy | < s a2yl
\17‘77 =<
2€B(, ||+ /2)

<C|z|P~2 70y 3,

1,j=1

for y € B(x, |z|'/?*%/2). Since f(z) = E(u(z + X) — u(z), we have therefore as in the
proof of [16, Lem. 8]

|f@)] <E(u(z + X) = u(@), |X] < [ /2)] + [E(u(z + X) - u(z), |X] > |2 /*+0/2)]

d
<E(Vu(2), X) + 3 thare, (2)X: X5, X < [2[1/245/2)
ij=1
+ ClafP 2 OR(|X P, 1X] < [2]1/259/2) + CE(Jaf? + [¢ + X PP, [X] > |a]/2+9/2)

d
<E(Vu(@), X) + ) e, () X3 X5, | X| > [2]/270/2)|
i,j=1
+ ClzP2PE(X P, | X| < [2M2T0/2) + CE(|2P + |z + X [P, |X| > |2[V/?T0/2),

where we have used the bound on u on the last term of the second inequality, and the
harmonicity of u together with the zero-mean and standard variance hypotheses on X
to get the first term of the last inequality. By Markov’s inequality and the moment
assumption E(|X|*) < co (note that r(p) > 2p+d —2+2(1 —p/2)* >4 for d > 3 and
p > 1), we get

d
[E(V(u(x), X) + D tae, () XX, |X] > [/ /2)]

ij=1
< CE(|2P X |+ |70 X2, 1X| > JafV240/2)

and

E(|z] + | + X |7, |X| > |2'/*%°/2) < Cmax(|z[P7>7, 1).
Since E(|X[?,|X]| < |z]Y/2+0/2) < E(|X|?), we get for z € K

flz) S CQA+ [ar~27%).
For the second part of the proof, we first decompose f(x) as
flz)=Euz+X)—u(z),z+ X ¢ K)
+E(u(x + X) —u(z), | X| > d(z,0K) /2,2 + X € K)
(

Z
+E(u(x + X) — u(z), | X| < d(z,0K)/2).
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In the first term, u(z + X) = 0 and necessarily | X| > d(x,0K), thus
E(u(e + X) - u(z), 2 + X ¢ K)| <Ju()[P(X| > d(z, 0K)
<Cd(z,0K)|z|P~'P(|X]| > d(z, 0K))

C
<—— |gP? 2).
S 40, 0K |lz[PT E(| X %)

In the second term, we can use Taylor’s expansion at zero order to get

E(u(z + X) — u(z),|X| 2d(z,0K) /2,2 + X € K)

N

E{ sup [[Vu(z)[|[X],|X] > d(z,0K)/2
z€[x,z+X]

< CR(max(|aP, | + XY, |X| > d(z, 0K) /2)

< ClaP'P(1X] > d(x,0K)/2) + E(IX [P~ > d(z,0K)/2).

Using again Markov’s inequality yields the bound
E(u(x + X) — u(x),|X| > d(z,0K)/2,z+ X € K) < d(CaK)E(|X|p) max(1, |z[P~1).
x’

The last term is handled as in the first part of the proof, with a Taylor’s expansion up
to the second order in the ball B(z,d(z,0K/2)).

In order to conclude, we show that f(z) < C(1+ d(z,0K))(1 + |z|P~!). Using the
bound u(z) < Cd(z, 0K)|z[P~1, we get

|f(2)] < Cd(z,0K)|z|P~t + E(|z + X P~ d(x + X, 0K)).

The first term on the right-hand side above is bounded by C(1+d(x,0K))(1+ |z[P~1).
The second term is bounded as

E(lz + X~ d(z + X,0K)) < CE((J«"~! + [X [P~ (d(z, 0K)) + | X))
< d(z, 0K) |z~ + E(|X|P) + d(z, 0K)E(]X|P~1)
+ |z[PTTE(]X])
< (1 +d(z,0K))(1 + |z[P7h). O

In order to prove Proposition we write

Te—1 oo o0
E (Z |f (@ + Sw))\) =E (Z Lol fla+ S(@)!) =Y E(f(x+S5(0)], 72 > 0).
/=0 /=0

=0
We will show that E(|f(z 4+ S(£))], 7. > £) < C(1 + |z[P~" )=+ for some C,a > 0

independent of z, by using a coupling of the random walk S with a Brownian motion.
First, let us split the latter expectation as

E(|f(z+ S))], 72 > £) =E(|f(z + S®))|, 72 > ¢, d(z + S(¥),0K) > 51/277)

FE(|f(z 4+ SW)|, 7 > £,d(x + S(£),0K) < £Y/277)
=A,+Cy
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with v small enough to be chosen later. Then, we split A, for € small enough as
Ap =E(|f(x + S(O)|, 7 = €, tec(0) > 175 d(x + S(£),0K) > 61/2’7)
+E(f(x 4+ S|, 72 = bte(l) <75 [S(tee(0) > 0,V0, d(z + S(0), 0K)
+E(|f(z 4+ SEO)|, 7 = b tp(£) <0758ty (0)) < 0,V 0, d(x + S(¢), 0K)
=B{" + B® + BY,
where ¢, .(¢) is the usual stopping time inf{n > 1: 2+ S(n) € K,.}.
The proof of Proposition [33] is then a straightforward combination of Lemma [36]
Lemma |37 and Equation .

Lemma 36. For any v > 0, there exist C > 0 and n > 0 such that
> Co <O+ [al)P.

>

NN

61/277)

£20
Proof. Let us decompose Cy as
Co =E(|f(x + S(0)|, 72 = £,d(w + S(£),0K) < £1°77,[S(0)] < €172+
TE(|f(z + S(O)], 72 = £,d(z + S(£),0K) < £/277|S(0)] > £1/2+7"),

with ¢’ small enough to be adjusted later. We have by Lemma
E(|f(x + SO)|, 72 = £, d(z + S(£),0K) < €277, [S(0)] < £1**7)

1
<< ¥ uwrtiv )P+ 56 = > 0
yGKﬂA d(y7 8K)
d(y,0K)<e/2=7
ly—z|<el/2+0

1
< p—1 - —d/2 /
< D> ly (”d(;,,@K))g P(ry > (/3)P(7) > (/3),
yeKNA
d(y,0K)<et/2=
ly—a|<er/2

where we have used the decomposition
P(x 4+ S() =y, > 0)
= 3 Pla+S(L) =2 > DR+ S(L]) = 27 > DRy + S'(E—2[4]) = 2,7 > £)
z,2' €K
<CUPP(r, > (/3)P(1) > (/3),
and with © = 0 to bound the middle term in the latter sum. For each y € K, let
yt € OK be a boundary point such that |y — y*| = d(y, 0K), let H, be a hyperplane

tangent to K at y* (which exists because K is convex), and denote by H™ the half-space
delimited by H and containing K. Then,

TZ// < Tf ,
where Tf is the exit time for the random walk y + S’ in the domain H™. It follows
from [49] that

P(rH > 0) < Cd(z, H)t~/?



52 K. RASCHEL AND P. TARRAGO

uniformly for d(z, H) = o(+v/¥), which implies

P(7), > ) < Cd(y, 0K )¢~/
for y € K such that d(y, 0K) < n'/?>~7. Hence, we finally get
E(|f(z+ S(O))], 7 > £,d(x + 5(£),0K) < 277, |S(0)] < £/°+7)

1

< p—1 - —d/2—1/2

<C > |yl (1 Vv d(y,aK)> (ol P(r, > £/3)d(y, 0K)
yeKNA

d(y,0K)<e/2=
ly—al<et/2+

<Cc > ly|P~rCe 2= 12p (1, > 0/3)
yeKNA
d(y,0K)<e /2=
ly—a|<er/2+8'

< CU P2 (| 4 (2P, > £/3) Vol{y € B(x, 64%1) d(y, 0K) < (1277}

The volume of the region {y € B(x, 032+ d(y, 0K) < (Y277} is asymptotically
bounded by C¢41/2+8) =7 which yields

E(|f(z + S(0)|, 7 = £,d(z + S(0),0K) < €277 a4 S(0)] < £/
<C€*1/2*7+0(5/)(|x] +£1/2+5')p71]]?>(7_x > 0/3)
<OpPP1=70 0 p(r, > 0/3) + Ce7V 27, > 4/3).
Hence, for ¢’ small enough, we have
E(|f(z+ S)|, 7o = £,d(z + S(£),0K) < 1277 a4 S(0)| < £1/%)
L C(P2710 g P~ 2 P(ry > 0)3),
for some k > 0. Using [35, Thm 3.1] with the fact that p > 1 yields

Y E(f(@+ SO, > 6d(x + S(0),0K) < LV27, |z + S(0)] < £/
£=0

<C i(ﬁpm’l’“ + 2P~ 2P (7, > /3)
=0
<C (BE2A") + 2P E(R/2 7)) < O(1 + |l
for some C' > 0 and k > 0. For the second term of Cy, we have
E(|f(z + S(0)|, 7 > £,d(z + S(0),0K) < LM% S(0)] > £1/*+%)
SCE(|z 4+ S(O)[P~2, 70 > £,|S(0)] = £/
<C|zPIP(my = £, |S(0)] = 2 4 CR(IS(O) P~ 7 = £,|S(0)] = £1/2+).
By Lemma [16| with 8 = p/2 — 1/2 + K, the first term is bounded as
Clz[P~ P(ry = €,|S(0)] = Y249y LOJa|P~1 (1 + |o] )P~ 2= 145) p=r(2)/241=(p/2=p/2+1/2=r) +0(3")
<C(1 + [a])P=20g—r)/241/2wt0(d)),
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Since 7(p) > 2p +d — 2+ 2(1 — p/2)™, taking x and § small enough yields
ClalP™ P(ry > £,1S(0)] = (V/2T) < C(1 + |a| )P0 27742 L O(1 + |25t

for some 1 > 0 and C > 0. Next, by Lemma [16| with 8 small enough, the second term
is bounded as

E(|S(O) P, 7 = £,1S(0)] = €/210") < C(1+]|a|) 220120~ (@)= (0=1))/2+(1=p/2+5) T +0(5")

Likewise, since r(p) > 2p +d — 2+ 2(1 — p/2)™, choosing 8 and ¢’ small enough and
using the fact that d > 3 yields

¢~ (s=(p=1))/2+(1=p/24+B) " +0(&") < p=1-n
for some 1 > 0. Hence,
E(|f(z+S(0)], 7 > £, d(x+5(6),0K) < 0277, |S(0)] = 61270y < C(1+ |z~ e7 "

for some r,77 > 0. Therefore,

o0
Y Ci< O x|
{=0
for some constant C' > 0. U

Lemma 37. There exists a constant C > 0 such that for some n small enough,
ST BN+ BP <1+ Jam).
=0
Proof. Since f(z) < C(1+ |z[P~1) on K, the first term is bounded by
BY < CE(jz + S0P 70 > £t c(0) > 015 d(z + S(0), 0K) > (1/277),
Using Holder’s inequality together with [16, Lem. 14] gives

p—1
BY < (B(le + SO, 7 > €,d(w + S(0),0K) > 0270)) " B(ry > 4, t,,0(0) > 065

#
—-1/2 1
<E < sup |z + S(¢) yp1/2> ’ P(1y = bty (€) = £175) 51

1<l<T
< C(1+ 2P exp(—C'¢*)
for some C,C" &’ > 0, where we have used [35, Thm 3.1] in the last inequality. Hence,

> B <o+ laP
=0

for some constant C' > 0.
Likewise, we have for 1 small enough

BY <E((z+ S0 1 > £tae <75 [S(toe ()] = 00VE, d(z + S(0),0K) > £/277)
% 1-n
<E < sup |z + S(0) yM> (1o 2 ltoe < 075, |S (Lo (0))] = 0pV/E) 7
1<l<T
1—n

SCA+ 2P (e = Ly tge <075, |S(tpc(0))] = 00V 0) 7.
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We bound the right-hand side of the last inequality using Lemma with 8 small
enough to get

P(7p = £ tye <0758t (€)] = 0,V0) < CLTTP2(1 4 |gp])P=20072(1=(p/2=5))10

for r(p) > 2p+d—2+2(1 —p/2)*. Therefore, choosing 7 small enough and 3 small
enough yields
Bt@ < C(1+|z))P (1 +|z|)F2B/n2/pp=r®)/20+(1/p=(1/2=B/D)T < O(1 4 || )P~ ¢~
for some r,7" > 0. Hence,
o
STBE <o+ ol O
£=0
It remains to handle the term Blg ). Since X admits a moment 7 > 0, we use [23]

Thm 4] to deduce that for 0 < 7' < 1/2 and r > 3 there exists C' and a coupling of S
with a Brownian motion B such that

P( sup |B(k) — S(k)| = n'/?77") < Cuntr(1/277)

1<k<n
for all n € N. Hence, with our moment assumptions, we can choose such a coupling
with 7 =r(p) > 2p+d—2+2(1 —p/2)". Set

Xe = { sup [B() — S(k)| < ¢/ } |
1<k</

Lemma 38. There exist positive constants C and s such that
E(|f(x 4+ S))|, 72 = {,tze(f) < 0z (0) < 0,\V/¢, X§,d(x + S(€),0K) > £1/2—W)
C(1+ |z|P~Yye12.
Proof. By Lemma 1£(2)| < |z[P~~1/24Y on {z € K : d(z,0K) > ('/?>77}. Hence

we have
E(|f(z + S|, 7o = £ tec(0) < L752.(0) < 0V, X5, d(z + S(0),0K) > £1/277)
E(|z + S(€) P~ x)e /2
< ClaP ()2 + E(IS(0) P xg) e /2,

Since (r(p) —2)/2 > 1 (note that p > 1 when K is convex), for v small enough we have
|z[P~IP(x§)e~ /247 < C¢~177 for some constants C,n > 0. Moreover, since X admits
moments of order r(p), the Holder inequality for ¢ = r(p)/(p — 1) yields

CIERR(IS(0)PING) < €TPTE(IS(0) )P (xg) e
Einmahl’s theorem yields
p(xg)l—l/q < (2-rPA-2))/2(-1/q)
and Rosenthal inequality gives
E(‘S(g)’q(:ofl))q*1 ~ Cpr—1)/2
for some constant C' > 0. Hence,
CIEIER(S(OP NG < O
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with
r=01-1/¢)(r(p)1-29)-2)/2—(p—1)/2+1/2 -~

_ (1 J;(;;) (r(p) —2)/2 — (p— 1)/2 4 1/2 + o(7,7)

r(p)/2 —p+1/2+ i(_p)l +o(9).

By the condition r(p) > 2p+d — 2+ 2(1 — p/2)*, we obtain
r>d/2-1/2+(1-p/2)" +(p—1)/r(p) +o(7,7)

Hence, since d > 3, we get

r>14n
for v small enough and some n > 0. Hence,
E(IS(O)Px§, d(z + S(£),0K) = (7)< cemt o,
so that

E(|f(z + S|, 7o = £ te () < 075 2.(0) < OV XG, d(x + S(€),0K) > 11/277)
SO+ fzfP=hye=t,
and a summation concludes the proof. O
We conclude with the main part B(ES), which consists in the part of the random walk
which is close to the coupled Brownian motion:

E(|f(z+ SO))|,7x > £ tee(f) < 075, 2:(0) < 0V, xp, d(z + S(6),0K) > £1/*77)

=E(E(f(ze(0) + S~ O] Xt 72 > £~ 1e(0), dlx + S(0),0K) > €277) 7, > t,.(0),
b e(0) < 0175, 2:(0) < 0VE).

Lemma 39. There exist positive constants C and r such that

E(|f(2=(0) + S —t=(0))] xes 7o > L—te(L), d(x+5(£), 0K) > €1/277) < C | (0)P

uniformly on the event {7, >ty (£),tze(£) < 0175, 2.(¢) < OV}

Proof. Let us temporarily set m = {—t.(¢) and z = z.(¢). We divide the proof according
to the value of z 4 S(m). For the remaining part of the proof we fix 0 < v < v and we
set
o Ay :={d(z+ S(m),0K) > 2|z + S(m)|'/2%9, |z + S(m)| = m!/?*77},
o Ay :={m'/?77 < d(z 4 S(m),dK) < 2|z + S(m)|"/*+}.
Case A1: For m large enough, on the event yy, the inequalities

d(z+ S(m),0K) > 2|z + S(m)[?*° and |z + S(m)| = m'/>™7

imply that d(z + B(m),dK) > |z + B(m)|'/?9. Hence, on the set A; N xy, we have by
Lemma
fz+8(m)) < Clz + Sm)[P27° < C'|z + B(m) P27,
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where we have used the fact that |z + S(m)| > m'/?>= and |S(m) — B(m)| < m'/?>~7
on the last inequality. Recall from Section (3| that for z € Ky ., 2™ denotes the element
z+ Roxoﬂl/Q_“/, so that we have
{me > ¥, xe} C {T:fl >0, xe}-
Since |z 4+ B(m)| < |2+ + B(m)|, we have
E(‘f(z + S(m))|7X€7A177—z > m) < E(|Z + B(m)|p72767><€7 Ay, > m)
SE(|z7 + B(m)[P727%, xp, A1, 72 > m)
<E(]z" + B(m)[P>7%, 72 > m).

By [16, Lem. 18], we thus have uniformly on z € K, |z| < 0,,,/m,
E(|f(z + S(m))l, xe, A1, 72 > m) < Cmpd/Q/ u(z)uly) "~ exp(—y?/(2m))dy
K

< Cu(zt)m1 /K w(y) P> exp(—y2/2)dy,

where we have made the change of variables y <> y/y/m in the last inequality. Therefore,
there exists C' > 0 such that

E(’f(z + S(m))‘7X€aAlaTz > m) < CU(ZJr)milié.

Case Ay: On the set As N g, because v < v/ we have for m large enough
! <c . ,
d(z +5(m),0K) = d(z" + B(m),0K)
so that, by Lemma [35{ and the fact that |zt 4+ B(m)| > m!/?~7 on Ay, we have
1
a(z + S(m), OK)
1
<
h Cd(zJr + B(m),0K)
2t + B(m)[P~
= T d(zt + B(m),0K)’

Then, following the same proof as in the first case gives

E(|f(z+5(m))|, xe, A2, 72 > m)
< C’IE(|z+ + B(m)|P~Y/d(z" + B(m),0K), x¢, Ag, T2 > m)
< CE(|* + Bm)P~fd(=* + B(m)), 0K), Ay, 7 > m)

u(y) -
ml/2= <d(y,0K) U(ﬁ)mf?ﬂp texp(—y®/(2m))dy.
d(y,0K)<2y|' /2

|2+ S(m)[~!

fz+5(m)) <C

(|z+ + B(m)P~ + m(pfl)(l/%v))

Let us introduce the set

0K, := {y € K :d(y,0K) < 2m_1/4+5]y|1/2+5} .
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Using the fact that u(y) < Cd(y, 0K)|y/P~! on K, the change of variable y « y//m
yields

E(]f(z + S(m))], xe, A2, 7 > m) < CU(Z+)m_1/ ly[??~Y exp(—y*/2)dy.
OKm
Since |y|'/2t9 < |y| for y € K such that |y| > m'/2~"", we have

/ ly[2P~Y exp(—y?/2)dy </ ly 2P~V exp(—y?/2)dy
OKm d(y,0K)<m=1/4+3|y|

< Vol(w € 2, d(w, %) < m~1/4+9) / Y2~ exp(—y?/2)dy
R+
<Cm_1/4+6,

where we recall that ¥ denotes the intersection ¥ N S ! and we have used Steiner’s
formula (see Theorem 46 in [36, Ch. 16]) to compute the infinitesimal expansion for
the volume of the tubular region around the boundary of a Riemannian manifold with
convex or C? boundary. This gives

E(|f(z + S(m))], xe, A2, 72 > m) < u(z™)Om171/4+0
for some C' > 0. Summing the terms coming from A; and As gives the bound
E(If (++S(m))], xe, 7= > m, d(z+S8(m), 0K) > 1/27) < Cu(z")m™17" < Cm= 17|24

for some 7 > 0 and uniformly on z € Ky, with |2| < f,1/m. Since z € Ky, |2| = £1/27¢,
so that the condition v > ¢ yields

|2F] <zl +m 77 < 2z

for ¢ large enough. Since m ~ ¢ as ¢ goes to infinity on the event {t,.(¢) < £'7¢}, the
result is deduced. 0

(3)

We can now give a bound on B,™.

E(|f(x+ S(0)] ;72 = £ tac(l) < 075, [S(tac(0)] < 0V xp,d(z + S(m),0K) > £+/277)
SCUVTE(z (O, 70 > toc(0), tac(t) < 075, [S(tac(6))] < 0,V0)
SCLUTE(|2 + S(tac(0) P, 7o = toc(0), tae () < €7, [S(tae(0))] < 0,VE)

Then, by the condition |S(t,¢(£))| < 0V,

E(2 + S(tae(O)F, 7o 2 tae(0), tae(t) < L%, |S(te(0)] < V)
=E(|x + S(tac(O)P " + S(tac(O)]", 7o > tae(l),tac(l) < L5, |S(tee(0)] < 0V)

<C ’]w\ + Ggﬂ’rE ( sup |z + S(n)’PT> < C(|z” +£r/2)(1 + |z)PT,

1<n<7y

where we have used the general bound E(sup;<,<,, [z+S(n)[?) < C(1+|z|)? for B <p
given by [35, Thm 3.1]. Finally, we have

E(|f(z+ SO)|, 70 > € tae(6) 75,18t (0)] < 00V xe) < O+ |a])Pe' 772,
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In particular,

S o BP <orlap Y <O+ faf P/
O=|z|1/2 o=|z|1/?

for some constant C' > 0. By [35, Thm 3.1],

jo]1/? jaf1/2 272
> BY < B(f@+ SO > 0 <C Y Blla+ SO 72s0)
=0 (=0 =0

<C|x\1/2E< sup |x+5(4)yp—1),

1<,

<C(1+ |z|)P~ Y2

Therefore, using the latter bounds with Lemma [38] finally yields

STBY <O+ |zl (56)
=0

for some positive constants C' and r.
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