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Abstract. This paper aims to establish the convergence rate of approximate solutions of the
p-system with damping towards its diffusive limit. We consider an approximation obtained with a
full discrete Asymptotic Preserving Finite Volume scheme. We study the discrete diffusive limit and
establish an exact formulation of the convergence rate. To access such an issue, we estimate the error
between approximate solutions of the hyperbolic system and the approximate diffusive limit using a
discrete version of the relative entropy method.
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1 Introduction

This paper is devoted to the numerical behaviour of asymptotic regimes satisfied by
approximated solutions of the p-system. The system of interest reads:

8,57 — amu = 0,

z,t) ERxR,, 1.1
Oru+ 0,p(T) = —0ou, (,¢) * (L.1)
where 7> 0 is the specific volume of gas and u €R stands for the velocity. Here 0 >0
denotes the friction parameter. Regarding the pressure law, p(7) >0 is assumed to be
smooth enough; namely C?(R%). Moreover, in order to enforce the system (1.1) to be
hyperbolic, we also impose p'(7) <0 for all 7> 0.

To simplify the notations, we set w="*(7,u) assumed to belong to the following phase
space:
Q={"(r,u); 7>0, ueR}. (1.2)
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The system (1.1) is endowed with an entropy inequality given as follows:
Orn(w) + 01 (w) < —ou?. (1.3)

The entropy-entropy flux pair (1,%) is defined by:

P(T):/Tp(s)ds, (1.5)

with 7% >0 a fixed reference specific volume.

In the present work, we study the long time behaviour of solutions to system (1.1)
with a dominant friction. Such behaviours are of particular interest since long time
solutions coincide with solutions of diffusive regimes. During the two last decades,
several works studied this kind of mathematical difficulties.

In the pioneer work of Hsiao and Liu [20], the authors established that the time
asymptotic regime of the system (1.1) coincides with the nonlinear porous media equa-
tion given by:

8ﬁ:c'?mﬂ,
_ 1 _ (Z‘,t)ERXR+, (16)
U=—— .'Ep(T)v
o
or equivalently
1
o

More precisely, they proved that the solution w of (1.1) converges to w="*(7,u) solution
of (1.6) when time goes to infinity. In addition, they exhibited an estimation of the
L°°-convergence rate in O(t’l/ 2). Next, by adopting energy estimate techniques,
Nishihara and co-authors improved this convergence rate in [32] (see also the com-
panion papers [30,31]). A generalization has been proposed by Bianchini et al in [3]
to deal with general entropy dissipative hyperbolic systems of balance laws. Under
the Shizuta-Kawashima condition, they established that the solutions under interest
converge to a constant equilibrium state. In addition they exhibited the asymptotic
convergence rate. Moreover, we refer the reader to the recent paper of Mei [26] where
a wide litterature devoted to the long time asymptotic behaviour of the p—system with
damping (1.1) is given.

Another method to analyze the convergence from w solution of (1.1) to w solution
of (1.6) consists in introducing a relevant time rescaling (see [24,26]). To address such
an issue, let us note € >0 a small parameter to govern the long time and the dominant
friction. From now on, because of the high friction, let us emphasize that the velocity
is naturally controlled by . As a consequence, the rescaled system writes:

8,57'8—[“)qu:0, ( t) R R (1 7)
z,t) ERxRy. .
e20,u° +0.p(7°) = —0u®, +
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This rescaled system is now endowed with the following rescaled entropy inequality:

O (7°,u%) + 0,0 (75, u%) < =0 (), (1.8)
where the rescaled entropy reads:

w2

nE(T,u):52?—P(T). (1.9)
From a formal Chapman Enskog expansion, let us note that the solutions of (1.7)
clearly coincide with the solutions of the asymptotic equation (1.6) in the limit of € to
zero.

This work is of course dedicated to the nonlinear formulation (1.1), but let us em-
phasize that, as soon as the pressure law is assumed to be linear, namely p(7)=—ar,
we recognize the well-known Goldstein Taylor model, arising from the two velocities
kinetic model [22,27]. Indeed let us set f* the distribution functions associated with
constant particle velocities £1 governed by the following system:

1 1, .
3tf++gazf+:? (f *er)v

O 0uf = (I f).

The macroscopic variables for this model are the mass density p= f*+ f~ and the
1

current j==(f*—f7). Since fT and f~ can be expressed in terms of p and j, we
3

obtain the following macroscopic model:

Orp~+0:j=0,
£201j — Opp=—2j.

We easily recognize the initial model (1.7) with a linear pressure.

Recently, Lattanzio and Tzavaras [24] rigorously proved this convergence and exhib-
ited the rate by adopting the well known relative entropy approach. Relative entropy
is a usefull tool to compare the difference (in a sense to be prescribed) between two so-
lutions. The notion of relative entropy for hyperbolic systems of conservation laws was
introduced in the pioneer works of DiPerna [10] and Dafermos [8]. It was used to study
rigorously the convergence from kinetic models to their hydrodynamic limit [14, 33].
Later, in [9], Dafermos adopted this method to establish a stability result for classical
solutions in the class of entropy weak solutions. Next, in [34], Tzavaras applied a similar
relative entropy method to study the convergence of hyperbolic systems with stiff relax-
ation towards the corresponding hyperbolic limit. Based on the same ideas, Lattanzio
and Tzavaras considered in [24] the case of diffusive relaxation. They treated several
hyperbolic systems with source term of type (1.7) which converge to a diffusive problem
when e goes to zero. In particular, they established the convergence of solutions to the
p-system (1.7) towards solutions of the porous media equation (1.6).

To be more precise, as soon as the hyperbolic system (1.7) is supplemented with an
entropy function 7°, the associated relative entropy is defined as the quadratic term of
the Taylor expansion between w® =" (7¢,u¢) solution of (1.7) and w="(7,u) solution of
(1.6) as follows:

n° (w|w) =n°(w) —n* (W) - vn* (W) - (w—w). (1.10)
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Since it will be useful in the sequel, let us introduce the space integral of the relative
entropy:

qﬁg(t):/Rng(wW)d:v. (1.11)

We emphasize that this quantity has a similar behaviour than ||w—wl|2, as long as 7°
is a convex function.

Lattanzio and Tzavaras estimated this quantity and obtained the following conver-
gence rate:
¢ (1) <C(¢°(0)+¢*), te[0,7), (112)

where C' is a positive constant depending only on T', the properties of the pressure
function p and estimates on the smooth diffusive limit w.

From a numerical point of view, the derivation of a suitable discretization of (1.7)
in order to get a consistent approximation of (1.6) in the limit of & to zero is essential
to ensure an accurate approximation. In the two last decades, numerous works have
been devoted to both elaboration and analysis of so-called Asymptotic Preserving (AP)
schemes. This notion was introduced by Jin et al. in [21,22] in the kinetic framework.
Indeed they remarked that a particular attention has to be paid on the discretization
of the hyperbolic system in order to recover the correct asymptotic diffusive regime.
For instance, Naldi and Pareschi proposed several discretizations of a two velocities
kinetic equation in [27,28] in order to obtain a discretization of the heat equation at
the limit. In the same mind, we also refer to the work of Gosse and Toscani [16].
Numerous applications arising from complex physics require the development of AP
schemes: gas dynamics [4], radiative transfert M1 model [5,6], chemotaxis [2,15,18,29],
hydrodynamics [11,17].

In general, the asymptotic preserving property is obtained by performing a formal
Chapmann Enskog expansion. Recently, Mathis and Therme adopted in [25] the
relative entropy technique to analyse the diffusive limit of a finite volume scheme for
the linear Goldstein Taylor system on a bounded domain. In [1], a similar approach
was considered to study the long time asymptotic behaviour of a semi discrete scheme
for the nonlinear system (1.7). In addition, the authors established a convergence
rate, according to (1.12). Let us underline that the time discretization may introduce
additionnal error of approximation which make wrong some semi discrete results. We
also mention that the relative entropy can be applied in other numerical contexts
(see for instance [7,23]). Recently, in [12,13], authors used a discrete relative entropy
estimate to control the convergence error of the approximation of the barotropic
Navier-Stokes equations.

The main objective of the present paper is the full derivation of the asymptotic
convergence rate given by (1.12) in the context of the numerical scheme proposed by Jin
et al. [22]. At the discrepancy with [1], the time discretization involves new error terms,
which necessitate a particular attention to be controlled. To address such an issue,
in the next section, the scheme under consideration is detailed and our main result is
stated. The sequel of the paper is devoted to the establishment of the convergence rate.
To give short keys of the method, we first derive the discrete evolution law satisfied by
the relative entropy. Next, we exhibit the evolution of the discrete space average of the
relative entropy which is governed by a dissipative equation. The result is then obtained
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by relevant estimations of the dissipative terms. This proof is the aim of Section 3 while
Section 4 is devoted to the proof of some technical lemmas.

In the last section, several numerical experiments illustrate the relevance of the main
result.

2 Scheme and convergence rate result

For the sake of completeness, let us introduce the here adopted scheme given in [1,22]
to approximate the weak solutions of (1.7). Such numerical approach is based on a
suitable reformulation of (1.7) as follows:

Oy — 0z u=0,
o 1—g2
Opu—+0,p(T) = —e—zu — 67283519(7').

Considering this reformulation, a 2-step splitting technique is derived. The first step
consists in approximating the solutions of the following hyperbolic system:

Oy — 0z u=0,
(2.13)
atu+ 61p(7—) = 07
while, in the second step we approximate the solutions of:
8157' = O7
o 1—¢2 (2.14)

Now, we detail the discretization of each step. We consider a uniform mesh made
of cells (z;_1/2,%i41/2)icz of constant size Axz. We denote by At the time increment,
with t"T1 =¢" 4+ At for all n€N.

Concerning the first step, we use a HLL scheme [19] given by:

At AAtL
+1/2 n n n n n n
in /71+TAJ](U1 1% 1)+27A31‘(11721+1 1)’
At AAL (2.15)
+1/2 n n n n n n
U:L =U; YN (p(71+1)*17(7¢—1))+722m (ui+1*2ui +U¢—1)a

where we have set:

A< sup max( —p’(Tf)).

0<n<N i€Z
As usual the time step is restricted according to the following CFL like condition:

At 1
— A< .
Az — 2

Next, concerning the second step, the system (2.14) is approximated with an implicit
method:

n41 n+1/2
A i ’

+1/2 1 1 2.16
oo 1= () —p () (216)

At g2t g2 2Ax
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From (2.15) and (2.16), we get the complete scheme which reads:

At At
AL (8, =27 + 1 )+m(u?_~_17u?_l),

up = — ?“iﬂ T 9An ((p(7i+1)_17(7¢1) + ( -2 ) (p (i) —P(Tz—ﬁl))>

T”'H =7+ ——

AAt
+m( i1 2'(1; +ul 1)

(2.17)
Equipped with (2.17) to approximate the solutions of (1.7), we now exhibit a discretiza-
tion of the diffusive limit system (1.6). This asymptotic scheme is defined as the limit of
(2.17) when ¢ tends to zero. Straightforward computations give the following approxi-
mation of W solution of (1.6):

ol A A B
T =T+ AL (@1 —T7y) T oA (Th =277 +700), (2.18)

—n+1 __ 1 (p(—n+1)

- =— A
¢ 20 Ax i+l

Because 73, — 27 +7; 4 =O(Az?) coincides with numerical viscosity, this scheme is
naturally consistent with the limit regime equations (1.6).

-p(Th)

As usual, according to [1,24], the discrete numerical solution is assumed to satisfy
the following limits for all n € N:

3 n
lim 7/'= lim 7 =74,

i—+oo i—+o0o (219)
lim = lim @] =0.
i—Foo 1—>:i:oo

For the sake of simplicity in the notations, we set w;' = Eru?) and Wl =t (772, al).

In addition, let us introduce AX" = X" —X, and the following discrete derivative op-
erators:

§,XTHL/2 XXy 5.XT— Xy — Xty
g At ’ T 2Ax ’
2.20
S X Xiq —2X+ X", 5 X, - X (2.20)
wa X = Ax? o 9o Xibrye= Az

Endowed with these notations, both schemes (2.17) and (2.18) now read:

n A
S T2 =5 un + 3 AT8., ]
2 (2.21)
e20uf TP = — ou = ,p (), + 2 Atdp (7)) 4 55 Axdogul,

and A
§t?zz+1/2 =0,u; + 7A135zm??7
(2.22)
Hﬂ+1 5 p( n+1)z'

3

In order to present the required asymptotlc convergence rate from (2.21) to (2.22),
we define the measuring distance between w;' and w;' as follows:

r=> ni"Ax, (2.23)

i€EZ
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where n;" is the discrete relative entropy given by:

2
e,n n|=—n € n_=n n|=n
" =t (i) = 5 (uf =) = P(r 7)), (2.24)

and where P(7|T) writes:
P(r|7)=P(r)—P(7T)—p(T)(t—7). (2.25)

Moreover, to simplify the forthcoming estimations, we introduce the two following

norms:
1/2
[ X" |2 = (Z (X?)2A$> ,

iez (2.26)

[ X" || e =sup|X{'].
i€L

Equipped with these notations, we now give the expected convergence result.

Theorem 2.1 Let T'=(N+1)At the final time. Let w} be given by the scheme (2.21)
and W} be given by the asymptotic scheme (2.22).
We assume the existence of a positive constant K such that:

e T T [ P e P X A TTEy ¢ (2.27)

We assume the existence of a positive constant L, such that specific volumes are bounded
as follows:

<P F<L,Vie€Z 0<n<N. (2.28)

1
L.~ "
We assume the existence of a positive constant L, such that the pressure p and its three
first derivatives are bounded as follows:

1 1
7§p(7)§Lp7 —Lpgp/(T)S—f,
Ly Ly v 1/L,,L 2.29
1 . @) 1 TE[/ T 7—]- ( )
fgp (T)SLpa 7Lp§p (T)gffa

p P

We assume that the time step At is restricted according to the following parabolic CFL

condition: At
X<a, (2.30)

where
o

Cp= :
P 4L3 44502 +14/3L,+32/3L,L2 +49/3L,L, +4/K +6

(2.31)

We moreover assume that € and At satisfy:

2<min| ————_ TA 2.32
i —mm<0p(2+15Lg)’8A x) (2:32)

and
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Then the following convergence rate holds:
OV <M (60 + [[u — @3 +4), (2:34)

where M is a positive constant only depending on T and the parameters o, A\, K, L.

and L.

The estimation (2.34) contains the convergence rate e* and the term ¢2 + [|u® —u°||3,
which corresponds to the error at time ¢ =0 for general initial data. In the sequel, well
prepared initial data must satisfy

¢2+[|u® —7°||72 =0. (2.35)

As expected, according to the convergence rate (1.12) established by Lattanzio and
Tzavaras in [24], the above result ensures an e* convergence rate as long as the initial
data are well prepared. To reach this result, hypotheses have been imposed. Similarly
to [24] (see also [1]), assumptions must be put on w}. Essentially, these conditions
allow a control of the numerical viscosity. Because of the expected smoothness satisfied
by w7, these assumptions are natural. Moreover, in [1,24], conditions are imposed on
the two first derivatives of the pressure. Once again, to control the numerical viscosity
due to the time discretization, we here need an estimation of the third derivative of
the pressure. Let us underline that the classical pressure function p(7)=7"" with y>1
satisfies these conditions. Actually, the most restrictive assumption stated in Theorem
2.1 concerns 7" since we impose (2.28). Let us underline that hypotheses (2.32) and
(2.33) are not restrictive at all. Finally, the parabolic CFL condition (2.30) is relevant
according to the numerical experiments performed with the scheme (2.17) and natural
since we consider an explicit discretization of a diffusive problem. This CFL restriction
is discussed in Section 5 devoted to numerical experiments.

3 Proof of Theorem 2.1

In order to establish the convergence rate (2.34), several technical lemmas are needed.
They will be proved in the next section.

We first exhibit an evolution law satisfied by the measuring distance ¢7 defined by
(2.23). To address such an issue, in the following lemma, we state a discrete evolution
law satisfied by the relative entropy.

Lemma 3.1 Let w] be given by (2.21) and W} be given by (2.22). The discrete relative
entropy n;"", defined by (2.24), verifies the following expression:

n+12 1 ntl n+l nin2 €2 n+1/2\2
8um; +A7m<7/’ij1/2—wij1/2>—_g(A“i+ ) _§At (5tA“i ) (3.36)

+RM 4+ R+ RV 4+ RV,
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with the residues given by:

R =—eAul o) P 4 2 AtAU T Sap (7)1 T 4+ 2€2AxAu”+15mﬁ?,

(3

Rn,g :52AtA’LL?+15m;Ap (T)?Jrl/Z + 782AxAU?+15ZIA’LL?,

(3

R =AtAp(r ) o Auf T2 — A Ap(rH)8pa AT,

(3

R?A ( Qn+1/2+Q +1/2+,n+1/2A7_ )(;ﬁ?-s-l/er (p(Tf“)fQ?'H/Q) 5tATin+1/2,
(3.37)

where we have set:

QY2 P(rY = P(r1")  —nt1/2 P(FT)—P(FY) qn+1/2_p(7?+1)—p(7?)

Gty G TTamoy BT e
(3.38)
and where the discrete entropy flux writes:
1 1 1 1 1
w;flm— (Aufjl Ap(r{ ) + Aul T Ap( Zfl )) (3.39)

According to [1,24], the relation (3.36) is now numerically integrated in time and
space. By summation of (3.36), we obtain:

St RS (U, — e, ) = o 3 (At Ar— —AtZ((S A A

i€Z i€ZL

+Y R Az+Y R Ar+Y RMPAr+Y RMAw.
i€Z i€Z i€Z i1€Z
(3.40)
Since (2.19) holds, we have:

> (v —vtls) =0.

Using the definition of the discrete L? norm (2.26), we numerically integrate (3.40) with
respect to time to get:

N N 2 N
9
Y Gt T PAt=—0 Y || Au |7 At - S At > 16 Aum 27, At

n=0 n=0 n=0
N N N N
Y S RPIATALE Y Y CRMAzAt+Y S R AzAt+ Y Y RIMAzA.
n=01€Z n=01€Z n=0:€Z n=01€Z
Since we have:

25 ¢n+1/2At ¢N+1 0

n=0
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we easily obtain:

PN =0 — aZHAu"HHLzAt— AtZ||5Au”+1/2H2 At+ZZR“AxAt

n=0 n=0i€czZ
+ Z > R AzAt+ Z S R AzAt+ Z > R AzAL
n=01€Z n=0€Z n=04:EZ
(3.41)
Now our objective is to state an estimation of ¢ of the following form:
N
ON <o (ol + | A3, +et) + 8 erat, (3.42)
n=0

where a and f3 are two positive constants only depending on the final time 7= (N +1) At
and the parameters o, A\, K, L, and L,. Indeed, as soon as such an inequality is
obtained, a discrete Gronwall lemma immediatly yields:

oV <aeT (924 | A3 +),
and the proof is thus achieved.

We now need to obtain a control of each residue, essentially by either %, initial data,
or the nonpositive terms in (3.41). In the following, we give the sequence of required
estimations.

Lemma 3.2 Assume that ||5tu”+1/2||2 <K, ||6txp(T )"+1/2|| <K and ||0;,u" ||L2 <
K for all0<n<N, with K a positive constant. Then for all 9>O we have:

2
ZZR” 1AmAt<QZ |Au" 17, At+— <1+0At+;\Ax> e, (3.43)

n=04€Z

Lemma 3.3 Assume that ||5ﬁ"+1/2||L;o <K for all 0<n<N, with K a positive con-
stant and the conditions on the pressure (2.29). Then we have:

N
ZZR” 2Ao:At<—2 (At+)\> S AurH 2, At
n=0

n=01€Z
2 (LAt (L KPARY al AP A (3.44)
+lA$ Az + 4 + 2;%” u ”Li :

3.2
3Lp5 At

N
Aoz (V2N KPAR 4+ K2 Ax?) > grat.

n=0

Lemma 3.4 Assume that ||5mF”HLic <K for all 0<n<N, with K a positive constant
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and the conditions on the pressure (2.29). Then we have:

3

ZZR”A At< - ¢N+1 LAAQ ZHAU”“HL At

n=07€Z
A 2 KQAtQ 1 Z 12 LAt
N

9LEAL A2At
+< N (8)\2+2)\2K2At2+K2Ax2)+1+2Lp(A 5 +2)\KL> > ¢rAt
n=0

(3.45)

Lemma 3.5 Assume that ||5t?”+1/2||L;o <K for all0<n<N, with K a positive con-
stant, the conditions on specific volumes (2.28) and the conditions on the pressure (2.29).
Then we have:

ZZR"4AxAt<( ( L.+ KAt+= KQAt2+ZKL At+§L2>

n=01:€Z
A At a2, A L (A (1 (Th s kats treae+ kLA
+ t Z” u HLz t+ sz D g 'r+ t+6 t+Z T t

2 N
+§Li) +At> +KL, (KL (1 + KAt> +KAt+2LT+1>> > orAt.

n=0
(3.46)

After tedious computations, the estimations of the four above lemmas (3.43)—(3.46)
allow us to rewrite (3.41) as follows:

N N
1
O <G4 SO b Y A At Y A A
N n=0 n=0 (347)
+aget +asy ¢t At+as| A,

n=0

where a1, as, az, as and as write:
2

es (C 3
a1 :—0‘—}—94—@ (;A(E-l—)\) +chp,

g2 9 K2At? 9 K2At2\ 1
a2=1- (3LpCpr <1+ 1 ) +>\) +C, (9Lp <1+ 1 ) +2)

1
+C, (Lp <;LT+KAt+6K2At2+ZKLTAt+iLi) +At> :

KT
40

as=(3+¢*)3L3C, (BN + 2N K> At* + K*Aa®) +1+2L, (A’ Cp +2AK L)

A\ 2
as3= (l—i—aAt—i— Am) ,

1
L, {wcp (Lp (;LT + KAt + EKQAtQ + ZKLTAH §L3> +At>
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11 2
+KLP<KLP<2+3KAZ€> +KAt+2LT+1> ,
L3C

as = p2p7

with C), given by (2.31).
N

A particular attention must be paid on GQZ |Au™||2; At. Performing a discrete

n=0
integration by parts, this sum rewrites:

N N N
0> 80" 3 Ar=ar 3 (180" — 8w 3 ) Attar 3 [ Aum [, At
n=0 n=0 n=0

N
= — ao|| AuN T2 At +as | AuC||7: At tan Y [ Aumt|7 At

n=0
N
< apl| A7 At +az Y || Au |2 At
n=0
Hence we have:

N N
1
SN <+ (a1 +a2) Y [|Au ! 72 At +aze® +as PR

2 (3.48)

n=0 n=0
+ (a2 At +aj) HAUOH%%.
Choosing # =C), and under the conditions (2.30) and (2.32), we have
a1 +ao <0,

and the inequality (3.42) is obtained. The proof of Theorem 2.1 is achieved.

4 Proof of technical lemmas

This section is devoted to the proof of technical lemmas 3.1 to 3.5. For sake of clarity
in the presentation, we first establish intermediate results and then we give successively
the required proofs.

Lemma 4.1 Let us assume the hypotheses of lemmas 3.2 to 3.5.

(i) Let (X7');cz. o<n<n e given. Thus we have:

1 - 2
102 X" N[22 < - IX "2z, 102X 22 < I X" (22,

4 (4.49)
600 X" 2 < g 167 2
(ii) We have the following estimations:
IAT"|[72 <2Lp7, (4.50)
At AT 212, < 228 (| Aur|2, 48321, 67 451
[6: AT HLg_ng [Au™|[Z + p®C ) (4.51)
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(iii) The quantity SgcAp(T”)i_i_l/2 satisfies the following relation:

1
5D (7)1 p = Be AT / P (77 + 028,77 1 )ds
0 (4.52)

1 1
+5z??+1/2ATi”/ I{L_s_l/zsds+A:c51??+1/25xATf+1/2/ 5]{’+1/27Sds,
0 0
where

1
Iy = /0 D" (0 sDT8 Ty ot (AT) 5 DTS AT o) ) dt. (4.53)

i) The quantity At||6.Ap(T)"T1/2||2, is estimated as follows:
L(E

6L2At K2A¢2
A5, Ap(ry+ 1123, <L (1+

o (15 s

6LIAL
+ g (BN 2N KA + K Ax) g7
i

(4.54)

Proof. (Proof of Lemma 4.1.) The proof of (i) follows from direct computations
using the definition of the discrete derivative operators.

Concerning (%), from the definition of ¢ and 7" we have:

2
n € n\2 n|=n n|=n
o1 =3 (5 (Bu) - Py ) vz - Y PTITA
€L €L
Moreover the definition of P(7]"|7}") and a Taylor expansion directly gives:

1
PP =(Ar) [ (1-s)p! (71 + sAeT)ds,
0

Since the pressure function satisfies (2.29), we get:

1

= (ATT)?
2Lp( T’L)?

P(rT) <=

to write

1 2
F>or > (Aar)? Az,

P ez

and the inequality (4.50) is proved.

Concerning the establishment of (4.51), from (2.21) and (2.22), we have the evolution
law satisfied by A7]* as follows:

A
Ot AT =6, Au + §Ax5mATZ—".
Then the following equality holds:

2
AtH(StAT”+1/2||2L§ :Atz (5IAU?+ ;AxdmATi”> Azx.

i€
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Since for all a,b€R we have (a+b)? <2(a?+b?), the following estimation is satisfied:
n+1/2)2 a2 Ao ny2
At||6, AT 72 <2A8> " ( (5:Aup) + 5 A (0as AT ) Aa
’ i€z
By applying estimation (4.49) on [|6, X" ||z and on [|0,4 X" | 2, we have:

At
Atls A7y <2 (1Aup 3, +4X2 AT ).

The expected result (4.51) easily comes from inequality (4.50).

Concerning (iii), by definition of the discrete operator b5, we have:

B AP ()12 = 2 (P() ~0(T) — ((T) ~B(TT))).

Moreover, from a Taylor expansion, the two following equalities are obtained:
1
P =plr)+ Ay [0 50,872 )i,
0

1
P(FTy) = p(72) + ATBTT, / P70+ 50,8,7 0,1 )5,

to write
~ 1
S Ap(T" )Z+1/2—(5 +1/2/0 (T + 50,0 2 Ti41/2)ds
1
) Tz+1/2/ p’(??Jrsaxéﬁ?H/z)d&
0
Since 4, 7'H_1/2 Sp AT +1/2+5 TH_I/2, we obtain:

1
0z AP (T") ;112 =4 AT+1/2/O (71 4 50,0 2Ti41/2)ds

1
£, /0 ( (774 50,8,74 1 o) =D (77 + 8008, 77, /2)) ds.
(4.55)
Similarly, applying a Taylor expansion, we have:

(P 4 8080701 ) = (77 +5020,77, 1 1) + (AT +5Aw8, AT, /2)1;;1 P

with Izn+1/2s defined by (4.53). Plugging the above quantity in (4.55) yields to the

expected result (4.52).

We achieve the proof of Lemma 4.1 by establishing (4v). Using the same type of
arguments based on Taylor expansions, we get:

1
5 Ap(r)" T2 =6 AT"“/Q/ P (" + sAts ) ds
0
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+ o7 T AL / 2 ds+ Ao 726, A ”“/2/ I ds,
0

where

1
Y2 ‘/ ( ‘+5Ah&7"+u2+t(Arf+sAnﬂAT?+u2))dt
0

1,8

Thus, by definition (2.26) of ||.|[z2, we obtain:

At||(5tAp(7—)n+1/2H%2 :Atz (5tATin+1/2/ (77 4 sALS, 7_n+1/2)ds
i€z 0
1 2
oA / "+1/2ds+At(5ﬁ"+1/25tA n+1/2/ SI"+1/2ds> Az,
0

7,8

For all a,b,c€ R, we have (a+b+c)*> <3 (a?+b%+c?), so that the above inequality be-
comes:

1
At||§tAp(T)n+1/2||%2§3Atz<<5tATih+1/2/ p (7] + sAtS, T, n+1/2)ds>
* 0

€L

2

1 2 1 2
<§ JL+1/2AT / T’L+1/2ds> + (At5tT;L+1/25tAT?+1/2/ SIZ:Ust) ) Ax.
0 0

Moreover, from assumptions (2.29) on the pressure law, we have:
1 1
/ p/(Tf+8At5tT:+1/2)d8§Lp, / Zn:l/2d3<L / sIZ?lmdsng/Z,
0 0 0
thus
n+1/22 2 At =n+1/2)|2 n+1/2)2
At|[0:Ap(T) 22 <3L AL 1+T||5t7 [Ze ) I6:AT 22
T AT 1 ).

Finally, since H(Sﬁ”"‘l/2||Lgo <K by (2.27), combined with (4.50) and (4.51), the in-
equality (4.54) is obtained. The proof of Lemma 4.1 is thus achieved. O

Proof. (Proof of Lemma 3.1.) By definition of the discrete relative entropy (2.24)
and the discrete operator d; given by (2.20), we have:

2
n 1 — _
bt " = = (At = (Qu)?) = 5 (P 7 = P ).

Involving the deﬁnition of the relative pressure P(7|T) given in (2.25), and since for all

a,b€R we have a? —b? =2a(a—b) — (a —b)?, we obtain:

en+1/2
our;’ 2At<

1
=57 (PO = P@E) —p@ AT — P+ P(T7) +p(T})ATY).

20 (Al - Auf) - (Aur ! - Auf)?)
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We reformulate the above relation as follows:

6ma,n+1/2 *sQAu"H(StAu"H/Q B iAt <6tAun+1/2)2 B P(TZ?LH) —P(1]") §t7n+1/2
i = i i 5 i nt1_ _n i
| PEY—PE)

T.
n+1y
e (7S, AT"H/2+%5 2N
Ti -7, 7

(4.56)
Moreover, from both schemes (2.21) and (2.22), we derive the following evolution law
for Aul:

20, Au] T = — o AT - 5, Ap (1Y) 42 At (1)

A _n
+2f3 Am&zzu —e25 H/Z

Arguing the notations Q?H/Q, QnH/Q *n+1/2 defined in (3.38), and plugging the above

relation equality within (4.56), &1, "+1/2 now reads:

2 2
Sen P = —%At (6tAu?H/2)

+ Ayt (—JAU?H—émAp( ") P Atdpp (T )n+1/2+ 52Am5mu —e26, "H/Q)

7Q;L+1/25t7_7;n+1/2+@?+1/25t?;‘1+1/2 +p(??+1)5tATf+l/2 +a?+1/2ATin5t??+l/2-

We develop the second term to get:
5mie,n+1/2 - 5 (Au?""l)Q —Au?"_l(swAp( n+1)l +£2AtAu"+15 Zp( )n+1/2

A n § n

+ S A AU Oy} - A 0 %At ((mui 1/ 2)

= QU G S s AT g R A 7

(4.57)
The objective now is to correctly control the above quantity according to (3.36)

.36). To
address such an issue, we reformulate the discrete entropy flux, defined by (3.39)
follows:
1 n+1 n+1 1 A n+1A n+1 A n+1A n+1
Ax (¢i+1/2_¢z 1/2) 29Ar (Au Ap(r] ™)+ Au p(Tih)
A AP - A Ap(r )
_Ap( n+1)Auzn++11 Aun+1 A n+1 Ap( zrf:il) Ap(Tinj_ll)
2Ax 2Ax
=Ap(r! TS Aul T + Aul 5, Ap (7
(4.58)
to write
1
n+1 n+1 n+1 n+1
—Au} o, Ap (7 )i:_fx (wiﬂ/Z_wij1/2>

+ ALAP(T NS AT 4 Ap(r 5, Al
Moreover, using (2.21) and (2.22) we have:

SpAul =6, A2 A:ccSmAn—",
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and (4.58) becomes:

1 n
A8, Ap (7)== = (Ve =0 ) + AAR(T o Au) T

+Ap(rP S AT - gAmp(Tfﬂ)%mﬁ

We plug the above expression within (4.57) to obtain:
e,n+1/2 n+1 n+1 n41 n+1/2
(5,577 + F (’l/JiJ:rl/Q — wl Jrl/z) —0 (Aul + ) At (5t )
+ AtAD(TI NS AUl + Ap(r s AT )\AxAp(TZL+1)5I$ATZL

A
+E2AtAun+16mp< )n+1/2) + 252A$Aun+16w$u
—sQAu?“(Sm?H/Q _ Q?+1/25 n+1/2 +Qn+1/25t*n+1/2

+p(E S AT g T R AT,

(4.59)
We remark that, using (3.37), we have:

AtAp(T 5y AT — %AmAp(Ti"+l)5m A =R"?,

and

Ap(TfH)étATfH/z _Qn+1/25 _n+1/2 +@7-L+1/26ﬁ?+1/2 +p(??+l)5tATinH/2
+7n+1/2A7_n6 7n+1/2 RZLA’

and (4.59) rewrites as follows:
5 en+1/2 1 n+1 n+1 _ A n+1\2 2A 5. Au TL+1/2
t1; T Az <¢i+1/2_wi71/2) =—o(Auf")" B) ( t )
— 2 AP s TP 2 AL AU S p (F)TT2 4 252AxAu”+16mH§‘

XAt AU S, Ap (7)Y 4 262AxAu"+15mAu
+RM 4+ RM,
We recognize R?’l and R?’z in the second and third lines and the expected evolution

law (3.36) is obtained. O
Proof. (Proof of Lemma 3.2.) Arguing the definition (3.37) of R!"', we have:

SR Ar=—2Y " Aurtlal P An+ Aty Au op (7)Y Ax
i€Z i€L i€EZ

A
+ 552AIZAU?+15M¢AI.
€L

A Cauchy Schwarz inequality immediatly gives:

S RM A < At 2 52 2 4+ 2 AL Au 12 (162600 (F) T2 | 1
1€ZL
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A
+ 552Ax||Au"+1||L§ 022" || L2 -

Considering assumptions (2.27) together with the limit scheme (2.22) we obtain:
A
ZRf’lAJC <VKe? (1 +oAt+ 2Am) [ Au" | 2.
i€Z
Then for all 8 >0, a Young inequality yields:
K A\
ZR?’lAm <f||Au"t? ”%i + 0 (1 +oAt+ 2A3:> et
i€Z

The expected estimation (3.43) comes from a discrete integration with respect to time.
d
Proof. (Proof of Lemma 3.3.) Arguing the definition (3.37) we have:

A
R Ar=e2AtY Auf o, Ap(r)! T2 Ar+ Se2Ax Y Aul 6, Aul A,
; 7 é K2 t p( )7, 2 g 7 K

Once again, a Cauchy Schwarz inequality gives:
A
> RPIAz <At Aum| 2 (|61 Ap(r) "2 2 +§62Ax||Au"“||L§ 1620 Au™ 12
i€z
Moreover, applying item (i) of Lemma 4.1 for |65 (6; Ap(7)""1/2) || 12 and [|6,0 Au™|| 12,
we have:

. 2At 2)e?
SR Aw < S A g |8 Ap(r) 2 p +
i€L v

s PN P

A Young inequality yields:

2
2 € At "
E R Az<— <M||Aun+1||2Lg+At||5tAp(T) +1/2%3>
1€EZ
Ae? " n
+ o (1w, + 1 aur2,)

Using (4.54), we get:

2 /At 2 [3L2AL K2At?
ZR;WME(+A)|Aun+lnig+€( G R

P — Az \ 2Azx Ax Az 4
3L32At
+ S (BN 2N AR + KA o
X

A discrete integration with respect to time gives the required estimation (3.44). O
Proof. (Proof of Lemma 3.4.) Arguing the definition (3.37) we have:

> RMPAr=A"+B",
i€Z
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where

:Atz Ap(TZ—"H)émAu?H/QAx,
i€EZ
A
B = §AmZAp(r;l+1)5mATfo.
i€EZ

We first provide the estimation for A™. A discrete integration by parts with respect to
time gives:

ZA”At—— AtZZétAp )25, Aul Az At

n=0:€Z
+ALY Ap(rV Y AuN T Az — ALY T Ap(r0)8, Auf Az
i€Z i€EZ

Once again, we apply Cauchy Schwarz inequality:

N N
S ATAL<ALY (|6 Ap(T) T 12|16, Au”| 2 At
n=0 n=0
+ AL AP(TNT) | 22 [16: Au™ | L2 + AL Ap(T0) || 1218, A 2,

and Young inequality, which leads to:

ZA”AKZ (A3 A (Y2 3+ At A2 ) At | Ap(r )

0
+ —At2||5mAuN+1||Lz +2

1
2 L 012
5 S AP + 5o At]6, A0 .

where 61, 65 >0 will be fixed further.
From a Taylor expansion of p, we have for all 0 <n < N:

2

1
303 =3 (8t [ 7 +sanis) A

i€z
Moreover, properties (2.29) on p give:
IAP(T™) 122 < Ly AT™1Z:
and from (4.50) we obtain:
[Ap(T™)|72 <2LyoL

By plugging the previous estimation for n= N +1 and n =0 in the expression of A" and
by applying estimation (4.49), we get:

At
n n+1/2 n
E:A At<—§ 6: Ap(T)" 1212, A+ s 2§ [Au™(|7. At

n=0 n=0

+O, L3N+ ||AuN+1HL2 +92AtL3¢0 At|\Au°||L2.

A20 A20
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1
575 and 6= to get 1/2 as coefficient of ¢ *! and At as coefficient of

2L
@Y. We thus get:

1
We fix 6122 1;;
P

N At N
DALY I Ap(r) TR G At 5 ZHA "7 At
n=0 n=0

3 3
Z& A2 |LA1HV+1”%£'+1At¢S 21& 2

¢N+1 Atl A7,

Since ||Au"T!||2, and ¢ are nonnegative for all n=0,...,N, we clearly have:

N N
AN F, <D AT G, and @2< Y 4,

n=0 n=0

and we obtain:

N N

n At n+1/2(2 n
S4B GE S IS AN T A A QZHA 12,20
3

2A2

1 LAt X
+§¢?’+1 Ap ZIAU"“IIQLgAH;qS?AH Atl|Au’|7s.

We conclude by using the estimation (4.54) to write:

n N+1 LBA n+1
ZA At<- q5 A e ZHAU 172 At

n=0
At 9 K2A#? o
+ oAz (GL < . >+1)§ || Aum|f7: At

n=0

3

3LEAt al L3At
P 2 2772 A\ 42 2 2 n P
+< Az (BN H2NRKPAL + K2 Ax )+1> n§:0¢EAt+2M2

| Au0|2,.

Now we provide an estimation for B™. We add and substract Ap(7]*) and we proceed
to a discrete integration by parts in space to get:

B" :ffA:L'AtZ(LAp Y26 AT Ar+ = mZa Ap(T™) 417202 AT 1y A
i€EZL €L

Applying the formula (4.52) we obtain:

B" :——AmAtZ(5tAp VY25, AT A
1€EZL
A 2l
+§A:rz (5 ATH/Q) /0 (11 4 sAzd, T 2)dsAx
i€EL

)\ - 1
+§AxZAT;L5ﬁ?+1 /20 AT /g /0 Iy g odsAx
i€EZ
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A . 2 1
+§Ax225ﬂ;;1/2(5 ATH/z) / SIV /g (dsAx,

€L

where I is given by (4.53). We now estimate each term of the previous expression

i+1/2,s
to obtain an estimation of B™. Using assumptions (2.29) on p, we have:

A 2 ! n T .n
§Ax; ((5 ATH/Q) /0 P (7! —I—SAx(SwTiH/z)dsAxSO,

1 1
/0 Iy psds <Ly and /OSIz'n+1/2,sd5§Lp/2-

Moreover, the Cauchy Schwarz inequality allows us to write the following estimation of
B"™:
n A n+1/2 n
B §§AxAt||5tAp(T) 2 [[02a AT™|| L2

AL ~ ~ AL ~ -
S AT e AT 12 18, AT g + S A 8,7 1o |, A" 3

Using regularity assumptions (2.27) on 7 and estimations (4.49), we get:

20AL
B" <=~ ll6:Ap(r )" 2| 12 || AT 2+ 2AK Ly || AT" |2

Now, we consider the Young inequality and estimations (4.54) and (4.50) to write:

6L AL K2A#?
n P ni|2
<t (1 S0 )
BLZAL A2At n
+2L,,< Aoz (BN AN KIAL £ K2 Aa?) + 5 + 20K L, | 2.

The expected result (3.45) is recovered after summing in time the estimation of B"™ and
combining it with the estimation of A™. O
Proof. (Proof of Lemma 3.5.) Arguing the definition (3.37), we have:

R — _Qr_url/z +@ﬁ+1/2 +’77+1/2A7-.” 6ﬁ@+1/2 1 (p(rt _Qr_z+1/2 5tAT7L+1/2_
(3 K3 3 ql (2 K3 p 1 K3 1
According to a sequence of Taylor expansions, we write:
1
Q= [ [t + e )67 75 ds,
o L

1.
UANEES / P70+ AL = )7 T s,
o L

K2

1
p(rm ) = / (D) + AP (7)) + At 4 A, A2
oL
ARSI R AT AT 4 AT T T 4 T ds,

1
Q2= / (D7) + AT (71 + AL = )67 2P+ A1 = s)s A7 2]
0
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FALS(1— )57 T 25, AT PP L Ab(1— ) AP ST 2T+ T,
+(1_S) zs2]d5

where we have for all s€[0,1]:
pl=p (7! + sAté, ?nH/Z)
p? =p" (T + sAté, ?nH/Q)
= (AT (1= s)p/ (7} +sAT]),
Tiiy = AAT 8, AT+ As (A7 2) o

1
A ((ﬁl“/ 24 5,Arm Y 2) (sAr" ! 4+ (1—5)Arn)° / (1—1)p® (m)dt,
0

with mg =77 +tAT] 4+ sAt (6fn+1/2 +t5tATZ-n+1/2> for all s,t€[0,1].

Equipped with these formulas, we can rewrite R?A as follows:

1
RV = /0 [(—p( ™Y AT (F) — At(1— 8)6, 72T — At(1— )5 AT 2L

—At?s(1 —s)étrnﬂ/zéA L2 pll —At(1 —S)AT”(StT"H/z —Th —(1—5)T},
+p(7y) + AL (L= )87 2 AT (7)) + A1 = 5) Arfoy e 2T ) gt
+5 (Atéﬁ’?“/ L+ A ATV Ao T g A 2
FACAT 07 PR 4+ Ty ) S AT ds.

After simplifications, we get:

1
R :AtétATin—s_l/2 [5157'?“/2/ (25— l)zT’Sds—&—(StATme/ splds
0 0

2 1 - 1 -
—At (5ﬁ?+1/2> / s(1— S)p’s’ds+5t??+1/25tA7'in+1/2/ Ats*pllds
0 0

1
FATPS T2 / spg’ds} +T7,
0
where

152

1
Tﬁ:/ {_(T;;1+(1 $)T7Ly) 67, T2 4 sT06 m"*l/?]d (4.60)
0

Moreover, performing a Taylor expansion on p’,, we get:

1 1 1
/ (25 —1)plds = / (2s—1) <p'(T?)—|—sAt5tT?+1/2 / p"(T?+5tAt5tT?+1/2)dt> ds
0 0 0

1
:At(;ﬁfﬂ/?/ s(1—s)pds,
0
and

1 1 1
/ sﬁds:/ s<p( ")+ sALS, *”“/2/ P (7 +stAt5t"+1/2)dt> ds
0 0 0
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1 At _, ! _
o )+ S0 [ s
0

We can rewrite RZLA as follows:
R A, AT Y2 | A (5,7712) 1 | ) pds + 28, A2 (7
i T RL0tAT; tT; A s(1—s)p 3+2 taT; p'(77)
At . _py1y2 n+1/2 ! N7 _nt1/2\2 ! —57
+75t7i St AT (1—s°)pds— At ((StTi ) s(1—s)pds
0 0
1 1
R AT Wi raa / Atspllds+ At s, / sp’s’ds]Jrﬂ”.
0 0

After simplifications, we obtain:

K3

At n 2 AN 2 n 2 1 _
R =S5 (8,7 2) )+ Symat T (siar ) /(1+52)pgds
0
1
+ AtAT S 25, AT / splds+ T
0
1
Now we focus on T} defined by (4.60). Setting IS:/ (1—1)p® (m)dt and developing
0
T, we get:
2 1 - 1 -
T0 = AtAT" (5tmi"+1/2) / splds — AtATI 6726, Ar /2 / (1-s)p7ds
0 0
3 L 2 rl .
+A2 (5,871) / s*plds— Ao (A7) / s(1—s))plds
0 0
2 1
—Ar(ar)? (a7 / (1—s)Lds

0

9 1
—28E AT (7Y A / s(1—s)Ids
0
3« —n+1/2\2 nt1/2\2 [1 o
— At (5,57'i ) ((5tATZ- ) / s°(1—s)lsds
0
1
FAL(ATY 57 T 25, AT / (25 —1)Ids
0

2 1
+2AL AT ST (8,872 / 5(25—1)L,ds
0

3 1
—|—At3(5ﬁ?+1/2 (6tATin+1/2) / s*(2s—1)I.ds
0
5 ol 3 1
+ALH(AT)? (5tmi”+1/2) / sfsds+2At2ATﬁ(5tmf“/2) / $21,ds
0 0

4 1 1
+ At (5,5A7'i"+1/2) / s3Iyds— (ATZ»")Z(Sﬁ?H/Q/ (1—s)p" (7' + sAT]")ds.
0 0
We plug this development in the expression of R?A to write:

vt = S (5ar72) )

R, -5
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2 1 1 _
+AtAT! (8,872 / spllds+ AtATl o7 25, A / (25— 1)plds
0 0
3t A2 2 ! —
+ A2 (5a77 ) / splds+ =07 (8,802 / (352 —25+1) plds
0 0

2 1
_At(ATY (552’““) / (1—s)I,ds
0

2 1
COARATT (5ﬁf+1/2) S AT/ / s(1—s)I,ds
0
3 (¢ =n+1/2 2 n+1/2 2 ! 2
— At <5tri ) (5,5A7'i ) s¥(1—s)Ids
0

1
FAL(AT) 57T 2 AT / (25 —1)I,ds
0

2 1
+2AR AT (8,87 ?) / s(2s—1)1,ds
0
3 1
+At3(5ﬁ?+1/2 (5,5A7i"+1/2) / s%(2s—1)1,ds
0

2 1 3 ol
+At(ATf)2(5tATf“/2) / sfsds+2At2ATf(5tAT{‘“/2) / 21,ds
0 0

. 4 1 1
+ A8 <5tATi"+1/2> / s3I ds — (ATf)25t7?+1/2/ (1—9)p" (71 + sAT]")ds.
0 0

Assumptions (2.29) on p, which give in particular that I, is negative, imply that:
At
2
9 p1
At(AT])? (&AT.”“/ 2) / sI,ds <0,
0

(g7t 2)2 (7 <0,

4 1
At3<5tATinH/2) / $31.ds<0.
0

In addition, assumptions (2.28) on 7 and (2.29) on p, p”" and p®) together with a Cauchy
Schwarz inequality allow us to write, after summing in space:

1
ZR;“‘*MgﬁLpLTAt||5tAT"+1/2\|§£
€L

LA e | AT 5,82

2L, ASAT R 4 L L AR 5, AT
L ALY AT 2,

S L AR 6T | AT e 6,4

L AP AT, + Ly L 67 o | AT 3

1
+ 5 Lp L AL 712 e S AT
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3 _ n
S Lo L AP S s |, AT 7

4 1
+ 3 Ly LI A0, AT 2T, + S LolloT Lo |AT" 2.

Application of Young inequality, assumptions (2.27) on 7 and estimation (4.50) give:

11 2
€L
1 1 4 1
+ At <Lp (ZLT+2KAH—12K2At2+;KLTAt+3L3) +2At) ||5tAT"+1/2||§i.

Invoking (4.51) and a discrete integration in time lead to the required estimation (3.46).
]

5 Numerical experiments

In this section, numerical experiments are performed to illustrate Therorem 2.1. To
address such an issue, three simulations, with distinct initial data and distinct pressure
laws, are displayed on the interval (—10,10). All the numerical results are considered at
final time T'=0.5. The friction coefficient is fixed to o =1 and we have adopted standard
Neumann boundary conditions. The pressure is under the form p(7)=7"" with > 1.
For all the numerical tests, initial data are well prepared according to (2.35) while the
initial velocity is fixed as follows :

W0 — () —p(ry)

) — .61
¢ o 2Ax (5.61)

We compute the approximate solutions of system (1.7) with ¢¢€
{1,5.1071,3.107%,1.1071,5.107%,1.1072,1.1073,1.10~*} and different numbers of
cells M € {50,100,200,500,1500}.

The time step At must be restricted according to a CFL condition. The restriction
(2.30) can be adopted. However, constants involved in (2.27), (2.28) and (2.29) are
clearly not optimal. Indeed, to improve the readability of Theorem 2.1, the number
of constants have been minimized. In fact it is possible to get a better CFL condition
with the introduction of numerous additional constants. The full evaluation of C),
defined by (2.31), according to the adopted numerical values, is of order 1076, Here we
have considered less restrictive CFL condition as follows :

Ax?
o= /(=1 :
max (7' ()] 7 (7))

yer

At=Cecrr,

First, we present on Figure 1 simulations with Ccpp =0.4 and v=1.4 for two different
initial conditions as follows :

e Discontinuous initial condition :

1 if x<0,
To(ac):{2 clse (5.62)
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(a) Discontinuous initial data (b) Smooth initial data

Figure 1: Space integral of the relative entropy ¢ *+1 with respect to ¢ in log scale with
Ccrr=0.4 and y=1.4.

1.0e-02 1.0e:02

1.0e-08 1.0e04

1.00-06 1.06-06

1.06-08

N1
Pe

1.0e-10

10608

N+1
Pe

10610

1.0e12 1.0e12

1.0e14 1.0e14

1.0e-16

0.0001 0.001 0.01 01 1 0.0001 0.001 € 0.01 01 1

(a) Ccpr=04 (b) Corpr=0.25

Figure 2: Space integral of the relative entropy ¢ +! with respect to ¢ in log scale with
the discontinuous initial data and v=1.4.

e Smooth initial condition :

To(x) =2+cos (%) (5.63)

We display the discrete space integral of the relative entropy at final time ¢¥ ! with
respect to ¢ in log scale. We can see that both for the discontinuous and smooth initial
data, the slopes are of order £*, which is expected according to Theorem 2.1.

Next, we study the behaviour of the convergence rate for different values of the
constant Copr,. We adopt the discontinuous initial data given by (5.62). The pressure
coefficient is equal to 1.4. Once again we present, on Figure 2, the discrete space integral
of the relative entropy ¢! with respect to ¢ in log scale for two distinct values of the
CFL constant, Copr, =0.4 and Copr, =0.25. As expected, the slopes are of order 2.

Finally, on Figure 3, we display the convergence rate with the discontinuous initial
data (5.62) and Copr, =0.4 for two different pressure functions respectively defined by
v=1.4 and v=3.5. Here again, we obtain a convergence rate of order £*.
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CE40-0027-01) and the Centre Henri Lebesgue (ANR-11-LABX-0020-01).
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Figure 3: Space integral of the relative entropy ¢ *+1 with respect to ¢ in log scale with
the discontinuous initial data and Copr, =0.4.
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