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Abstract

The parabolic Anderson model is defined as the partial differential equation du(z,t)/0t
= wAu(z,t) + &(x, t)u(x,t), » € Z4, t > 0, where x € [0,00) is the diffusion constant, A is
the discrete Laplacian, and £ is a dynamic random environment that drives the equation.
The initial condition u(x,0) = ug(z), x € Z%, is typically taken to be non-negative and
bounded. The solution of the parabolic Anderson equation describes the evolution of
a field of particles performing independent simple random walks with binary branching:
particles jump at rate 2dk, split into two at rate £ V 0, and die at rate (—&) Vv 0. In earlier
work we looked at the Lyapunov exponents

1 1
Ap(k) = lim —logE([u(0,)]")/*, p €N,  Ao(x) = lim —logu(0,1).

For the former we derived quantitative results on the x-dependence for four choices of
&: space-time white noise, independent simple random walks, the exclusion process and
the voter model. For the latter we obtained qualitative results under certain space-time
mixing conditions on &.

In the present paper we investigate what happens when skA is replaced by AX, where
K = {K(x,y): z,y € Z¢ = ~ y} is a collection of random conductances between neigh-
bouring sites replacing the constant conductances x in the homogeneous model. We show
that the associated annealed Lyapunov exponents A,(K), p € N, are given by the formula

Mp () = sup{A,(k): Kk € Supp(K)},

where, for a fixed realisation of I, Supp(KC) is the set of values taken by the K-field. We
also show that for the associated quenched Lyapunov exponent Ag(K) this formula only
provides a lower bound, and we conjecture that an upper bound holds when Supp(K)
is replaced by its convex hull. Our proof is valid for three classes of reversible ¢, and
for all K satisfying a certain clustering property, namely, there are arbitrarily large balls
where K is almost constant and close to any value in Supp(KC). What our result says
is that the annealed Lyapunov exponents are controlled by those pockets of X where the
conductances are close to the value that maximises the growth in the homogeneous setting.
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In contrast our conjecture says that the quenched Lyapunov exponent is controlled by a
mixture of pockets of IC where the conductances are nearly constant. Qur proof is based
on variational representations and confinement arguments.
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1 Introduction and main results

Random walks with random conductances have been studied intensively in the literature. For
a recent overview, we refer the reader to Biskup [2]. The goal of the present paper is to study
the version of the Parabolic Anderson model where the underlying random walk is driven by
random conductances, and to investigate the effect on the Lyapunov exponents.

1.1 Parabolic Anderson model with random conductances

The parabolic Anderson model with random conductances is the partial differential equation

0
(D) = (M) () + & (@ tu(a, 1),

u(x,0) = up(z),

reZit>0. (1.1)

Here, u is an R-valued random field, AX is the discrete Laplacian with random conductances
IC acting on u as

Aru(a,t) = Y Kz, )[u(y, t) — ulz, 1), (1.2)

yezd
Yy~

where {K(x,y): z,y € Z% x ~ y} is a (0,00)-valued field of random conductances, x ~ y
means that z and y are neighbours, while

€ = (&)i>0 with & = {&(z,t): = € 29} (1.3)

is an R-valued random field playing the role of a dynamic random environment that drives
the equation. Throughout the paper we assume that

0 <wup(x) <1 vV ezt (1.4)

The ¢-field and the K-field are defined on probability spaces (2, F,P) and (Q,]:" , IP’), re-
spectively. Throughout the paper we assume that

(1) 0<e<K(z,y)<C<ocoVa,ycZi z~y.

2) K(z.y) = K(y,2) Yo,y € Z4 z ~ . (15)

The formal solution of (|1.1)) is given by the Feynman-Kac formula
t
u(z,t) = By <exp {/ f(X’C(s),t —s) ds} uo(X’C(t))> , (1.6)
0
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where XX = (XX(t));>0 is the continuous-time Markov process with generator AX, and P, is
the law of XX given X*(0) = z. When K = & € (0,00), we write XX = X*. In Section
we will show that under mild assumptions on £ the formula in is the unique non-negative
solution of . These assumptions are fulfilled for the three classes of & that will receive
special attention in our paper, which we list next.

1.2 Choices of dynamic random environments

(I) Space-time white noise: Here ¢ is the Markov process on {2 = RZ* given by

&(z,t) = %W(m,t), (1.7)

where W = (W,)¢>0 with Wy, = {W (z,t): x € Z9} is a field of independent standard Brownian
motions, and (1.1)) is to be understood as an Ito-equation.

(IT) Independent random walks:

(Ila) Finite system: Here & is the Markov process on Q = {0, ..., n}Zd given by
n
Ea,t) =) 6V (1)), (1.8)
k=1
where {Y”: 1 <k < n} is a collection of n € N independent continuous-time simple random

walks jumping at rate 2dp and starting at the origin.

(ITb) Infinite system: Here ¢ is the Markov process on 2 = NOZd given by

Ny
Eat) =) D &Y (1), (1.9)

y€Zd j=1

where {Y/: y € 74,1 < j < Ny, Y/(0) = y} is an infinite collection of independent continuous-
time simple random walks jumping at rate 2d, and (Ny),czq is a Poisson random field with
intensity v € (0,00). The generator L of this process is defined as follows (see Andjel [I]).

Let I(z) = e 7l 2 € Z¢, with || - || the Euclidean norm. Define the l-norm on Q as
Inlle =Y n(@)i(), (1.10)
z€Z?

and define the sets & = {n € Q: ||n|; < oo} and £; = {f: & — R Lipschitz continuous}.
Then L acts on f € L; as

(LA =Y > @) fa™) = f(), (1.11)

x€Z4 yerd
y~x
and ™Y is defined by
,’7(2)7 z # x? y?
nY(z) =9 n@) -1, z=uz, (1.12)
ny)+1, z=



Write p for the Poisson random field with intensity v. This is the invariant distribution of
the dynamics.

(III) Spin-flip systems: Here ¢ is the Markov process on €2 = {0, l}Zd whose generator L
acts on cylinder functions f as (see Liggett [I8, Chapter III])

(L) = el n)f@") = fn)], (1.13)

x€Z4

where, for a configuration 7, c¢(z,n) is the rate for the spin at x to flip, and

=) = { 717@;7(9;), e (1.14)

We assume that the rates ¢(x,n) are such that

(i) & is ergodic and reversible, i.e., there is a probability distribution g on € such that &
converges to p in distribution as ¢ — oo for any choice of &y € Q, and c(x,n)u(dn) =
c(x,n®)u(dn®) for all n € Q and = € Z%.

(ii) € is attractive, i.e., c(x,n) < c¢(x,() for all n < ¢ when n(z) = ((x) = 0 and c(z,n) >
c(z, ) for all n < ¢ when n(z) = ((x) = 1 (where we write n < ¢ when n(z) < {(z) for
all x € Z%).

We further assume that
(iii) &o has distribution .

Let M be the class of continuous non-decreasing functions f on (2, the latter meaning that
f(n) < f(¢) for all n < (. As shown in Liggett [I8, Theorems I11.2.14 and I11.2.13], attractive
spin-flip systems preserve the FKG-inequality, i.e., if &y satisfies the FKG-inequality (e.g. if
&o is distributed according to p), then so does & for all t > 0, i.e.,

E(f(&)g(&t) > E(f(&)) E(g(&)) V f,g € M. (1.15)

Examples include the ferromagnetic stochastic Ising model, for which

c(x,m) =exp |—f Z o(z)o(y)| , o(z) =2n(z) —1 e {-1,+1}, (1.16)

Y~z

with 5 € (0, 00) the inverse temperature. This dynamics has at least one invariant distribution.
It is shown in Liggett [18 Theorem IV.2.3 and Proposition IV.2.7] that any reversible spin-
flip system is a stochastic Ising model for some interaction potential (not necessarily between
neighbours).

1.3 Lyapunov exponents

Our focus will be on the annealed Lyapunov exponents

1
Mp(K) = Jim E1ogﬂ-z([u(o,t)]?’)l/p, peEN, (1.17)
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and the quenched Lyapunov exponent
1
M(K) = lim — log u(0,1), (1.18)
t—oo t

provided the limits exist. Note that
» K is fized, i.e., the annealing and the quenching is with respect to £ only.

We write \p(x) when K = k.

Let £ be the edge set of Z4, and let Supp(K) = {K(x,y): (z,y) € £}, i.e., Supp(K) is
the union over all edges (z,y) € £ of the values taken by the marginals KC(z,y). For x € Z¢
and t > 0, let

Bi(z) =z + ([-t, ]2 N &Y (1.19)

be the edges in the box of radius ¢ centered at x.

Definition 1.1. We say that K has the clustering property when for all k € Supp(K), § > 0
and t > 0 there exist radii Ls . (t), satisfying lim;_,o Ls x(t) = 0o, and centers x(k,d,t) € Z4,
satisfying im0 ||z (K, 9, t)||/t = 0, such that K(y,z) € (k — 0,k + 0) N Supp(K) for all
(y7 Z) € BL(;’,i(t) (.%'(H,(S, t))

For the binary case Supp(K) = {1, K2}, the clustering property states that there are two
sequences of boxes Bl(t) and B2(t), whose sizes tend to infinity and whose distances to
the origin are o(t), such that K(z,y) = s for all (x,y) € B(t) and K(z,y) = k2 for all
(x,y) € B2(t). Note that if K is i.i.d., then it has the clustering property with probability 1.

Our main result for the annealed Lyapunov exponents is the following.

Theorem 1.2. Let £ be as in (I)—(III), and let K have the clustering property. Then for all
p € N the limit in (1.17)) exists and equals

Ap(K) = sup{A,(k): £ € Supp(K)}, p € N. (1.20)

This equality holds irrespective of whether the right-hand side is finite or infinite. Moreover,
Ap(K) is continuous, non-increasing and convez in each of the components of KC on any open
domain where it is finite.

To obtain a similar result for the quenched Lyapunov exponent, we need to make a different
set of assumptions on &:

(1) & is stationary and ergodic under translations in space and time.

(2

)
(3) s+ &(x, 5) is locally integrable for every z € Z¢, &-a.s.
)

(4

As a consequence of Assumptions (1)—(4), (1.1) has a unique non-negative solution given by
(1.6) (see Erhard, den Hollander and Maillard [8]). The dynamics in (I)—(III) satisfy (1)—(4).
More examples may be found in [8, Corollary 1.19].

Theorem 1.3. Suppose that u(x,0) = do(x). Let & satisfy (1)—(4), and let K have the clus-
tering property. Then the limit in (1.18]) exists P-a.s. and in P-mean and satisfies

Mo(K) > sup{Ao(k): k € Supp(K)}. (1.21)

¢ is not constant and E(]£(0,0)]) < oo.

E(e%(09)) < oo for all ¢ € R.

This inequality holds irrespective of whether the right-hand side is finite or infinite.



1.4 Discussion and outline

1. Theorem shows that, in the annealed setting, the clustering strategy wins over the non-
clustering strategy, i.e., the annealed Lyapunov exponents are controlled by those pockets in K
where the conductances are close to the value that maximises the growth in the homogeneous
setting, i.e., mixed pockets in K are subdominant. For the quenched Lyapunov exponent this
is not expected to be the case, see also Item 4 below. For the annealed Lyapunov exponents
we can use variational representations, for the quenched Lyapunov exponent the argument is
more delicate.

2. Examples (I) and (III) are non-conservative dynamics. Examples (IIa)—(IIb) are con-
servative dynamics. All are reversible.

3. For K = k, the annealed Lyapunov exponents \,(x), p € N, are known to be continuous,
non-increasing and convex in x when finite, for each of the choices in (I)—(IIT). Hence
reduces to

Ap(K) = Ap(Ky), ks = essinf[Supp(K)], p €N, (1.22)

i.e., the annealed growth is dominated by the pockets with the slowest conductances.

4. The quenched Lyapunov exponent A\y(k) is continuous in x as well, but it fails to be non-
increasing (it is expected to be unimodal). Hence we do not expect the inequality in
to be an equality, as in the annealed case. In Section [5| we provide an illustrative example for
a decorated version of Z?, i.e., each pair of neighbouring sites of Z¢ is connected by two edges
rather than one, for which the inequality in is strict. We conjecture that the following
upper bound holds.

Conjecture 1.4. Under the conditions of Theorem (1.3
Mo(K) < sup{Ao(k): k € Conv(Supp(K))}, (1.23)

where Conv(Supp(K)) is the convezr hull of Supp(K).

5. The Feynman-Kac formula shows that understanding the Lyapunov exponents amounts to
understanding the large deviation behaviour of the integral of the ¢-field along the trajectory
of a random walk in random environment. Drewitz [0] studies the case where A is replaced
by a Laplacian with a deterministic drift and & is constant in time. It is proven that the
Lyapunov exponent is maximal when the drift is zero.

6. We expect that pushing the method of our proof a bit further one may relax the bounded-
ness and uniform ellipticity assumption (1.5)) on the K-field. However, at this point this seems
only a technical issue and does not provide much more insight so that we refrained from doing
S0.

Outline. The outline of the remainder of the paper is as follows. In Section [2| we derive
variational formulas for the annealed Lyapunov exponents and use these to derive the right-
most inequality in (2.2)), i.e., < in and the monotonicity in each coordinate of /. In
Section we derive the leftmost inequality in , i.e., > in . The proof uses a confine-
ment approximation, showing that the annealed Lyapunov exponent does not change when
the random walk in the Feynman-Kac formula is confined to a slowly growing box. In



Section [4] we turn to the quenched Lyapunov exponent and prove the lower bound in Theo-
rem [I.3] with the help of a confinement approximation. In Section [5] we discuss the failure of
the corresponding upper bound by providing a counterexample for a decorated lattice.

In Appendix [A] we show that the annealed Lyapunov exponents are the same for all initial
conditions that are bounded. In Appendix [B]we prove a technical lemma about the generator
of dynamics (IIb).

2 Annealed Lyapunov exponents: preparatory facts, varia-
tional representations, existence and upper bound

Section [2.1] contains some preparatory facts. Section gives variational representations for
Ap(KC) for each of the four dynamics (Propositions below) and settles the existence.
Section explains why these variational representations imply the upper bound. Section
provides the proof of the variational representations.

2.1 Preparatory facts

The following proposition, whose proof is deferred to Appendix [A] shows that the annealed
Lyapunov exponents are the same for any bounded initial condition ug, i.e., without loss of
generality we may take ug = dg or ug = 1.

Proposition 2.1. Fiz p € N and k > 0. Let £ be as in (I)-(III), and let )\go(/@) and Aj(k)
be the p-th annealed Lyapunov exponent for ug = dg and ug = 1, respectively. Then

1 _ 1
A (K) = Ap(k). (2.1)
Consequently, the proof of Theorem reduces to the following two inequalities:
sup{)\go(/i): k€ Supp(K)} < )\ZO(IC), A;I(IC) < sup{)\;}(/i): k € Supp(K)}. (2.2)

We prove the second inequality (upper bound) in the present section and the first inequality
(lower bound) in Section For ease of notation we suppress the upper index from the
respective Lyapunov exponents.

Before we proceed we make three observations:

(I) For £ space-time white noise, it follows from Carmona and Molchanov [3, Theorem II.3.2]
that

E([um,t)]p):E?p(exp{ S / 11{X£C<s>:X;-%s)}ds}ﬂuo(XzC(t))), (2.3)

1<i<j<p

where Eg@ P is the expectation with respect to p independent simple random walks X {C, ey XI’,C,
all having generator AX and all starting at 0.

(ITa) For ¢ finite independent simple random walks we have

P on P
E([u(0,1)]) = (EgT®ES™) (exp { > Z/O {X (s) = X (s)} dS} HuO(Xf(t))>, (2.4)

i=1 j=1 i=1



which is similar to (2.3)). In particular, the proof of the upper bound in Theorem is similar
for (I) and (IIa). Therefore we will only give the proof for (Ila).

(I)—(III) are reversible, and so we have

u(0,t) = E0<exp { /0 t E(X%(s),s) ds}uo(X’C(t))) (2.5)

in P-distribution.

2.2 Variational representations

We assume that up = 1. Forpe N, i e {1,...,p}, v = (z1,...,2p) € 7% and y € 74, write
f(2)|z;—y to denote f(x) but with the argument z; replaced by y.

Proposition 2.2. Let £ be as in (I). Then, for all p € N,

M) =L s (A - A, (2.6)
p”leQ(de):l

where

A=Y > olwiz)f(x),

xeZdp 1<i<j<p

1 P (2.7)
Arf) =5 D DD Klwi, o) [f (@)l — f(@)].
x€Zdp i=1 ezd
Proposition 2.3. Let § be as in (Ila). Then, for all p € N,
MWE) =T s {Af) ~ A() — As(), (28)
p I171l,2 (zdp  zdn, =1

where

AN =% 3 S Gl ) fa )

erdp yezdn =1 j=1

A =5 3 S K ) )l F ) 9

T€ZIP yeZdn i=1 zezd

Lk 73

As(f) :g Z Z Z Z [f(l‘ayﬂyjﬁz_f(x’y)f‘

x€ZIP yeZdn j=1 zezd
Zry

Proposition 2.4. Fiz p € N. Let & be as in (IIb) and let G(0) be the Green function at the
origin of simple random walk jumping at rate 2d. Then, for all 0 < p < 1/G(0),

M (K) = 1 sup sup <<L+ZP:A§C+VN> f,f>7 (2.10)

P NEN [7ll,2(ugm)r pt
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where

(AXHmy) =D K@i 2) [f (0.9l — F(0,1)] (2.11)

zezd
zrvy;

p = ®;e7aPOI(v) is the Poisson random field with intensity v € (0,00), m is the counting
measure on Z¢, and Vi : N%d x ZP4 — R is the truncated function given by

p

Vn(n,z) =Y [N An(z;)] (2.12)

=1
and L acts on f solely on its first coordinate.
Proposition 2.5. Let £ be as in (III). Then, for all p € N,
1

Ap(K) == sup  {A(f) — Aa2(f) — As(f)}, (2.13)
p ||f||L2(H®mp):1

where mP is the counting measure on Z%, and

Ai(f) = / (dn) ZZU% ?

reZdp 1=1

As(f) = / (dn) > Z > K@i y) [£, @)y — f(0,2)] (2.14)

xGZdP i=1 yGZd
Yy~

As(f) = / (dn) Z Z c(y,m )_f(’r/?x)]Q'

TEZP yeZd

2.3 Proof of the upper bound in Theorem

Let € be as in (I), (IIa), (III) or as in (IIb) with 0 < p < 1/G(0). By Propositions
Ap(K) is a continuous, non-increasing and convex function of the components of .
Moreover, Propositions are still true when K = k € (0,00). It therefore follows that
Ap(K) < sup{A\p(k): & € Supp(K)}. If € is as in (IIb) but with p > 1/G(0), then by [10,
Theorem 1.4] the annealed Lyapunov exponents \,(x) are infinite for all p € N and & € [0, 00).
Hence, the upper bound in Theorem trivially holds in this case.

2.4 Proof of Propositions

The proofs are, besides the proof of < in ([2.10)), essentially straightforward extensions of the
proofs of [3, Lemma II1.1.1], [4, Proposition 2.1] and [12], Proposition 2.2.2] for K = k € (0, 00).
We only indicate the main steps (and so the arguments in this section are not self-contained).

2.4.1 Proof of Propositions and

Proof. As mentioned in Section the Feynman-Kac formulas for the annealed Lyapunov
exponents for white noise and finitely many independent random walks are similar, since the



term
t
> / {X/(s) = X (s)} ds (2.15)
1<i<j<p”?
in (2.3 for white noise is replaced by the term

ZZ/O {X[(s) = X[ (s)} ds. (2.16)

i=1 j=1

in for finitely many independent random walks. Therefore a slight adaptation of the proof
of Proposition below is enough to get the corresponding result for £ being space-time white
noise, i.e., & being as in (I).

The proofs of Propositions 2.3 and [2.5 follow the same line of argument as the proofs of
[4, Proposition 2.1] and [12], Proposition 2.2.1], respectively, for K = k. Below we detail how
to adapt the proofs. Consider the Markov process Y = (Y (¢)):>0 with generator

(2.17)

K _ Li+3P AN+ Vi on Z(m"@mP), if €is as in (I1a),
v Lo+3SP AN +V,  on L2(p@mP),  if ¢ is as in (III),

where L; and Ly are the generators of (ITa) and (IIT) respectively, AKX is given as in (2.11))
but acting on the second coordinate of f € 2(m" ® mP) and f € L?(u ® mP) (if £ is as in
(ITa) and (III) respectively), and Vi (as in [4, Eq. (16)]) and V5 (as in [12, Eq. (2.2.2)]) by

n p
Viley) =Y > doleg —yi), @=(z1,-,2p) €27, y=(y1,-- ,ya) €27, (2.18)
i=1 j=1

and »
Va(n,z) = Zn(xi), neQ, = (1, - ,xp) € ZP. (2.19)
i=1
Since L; and Ly are self-adjoint and bounded, and K has compact support and is symmetric,
G’& is a bounded self-adjoint operator.
Upper bound: Let
k* = esssup[supp(K)], ks« = essinf[supp(K)], (2.20)

and let Bg(t) C Z¢ be the box of radius R(t) = tlogt centered at the origin. Then, for any
fixed realization of K, we have

Py(X™(t) ¢ Bryy) < P(N(2dk*t) > R(t)) < exp[—C(d, *)R(t)] (2.21)

for some C(d,x*) > 0, where N(2dx*t) is Poisson distributed with parameter 2drx*t. Thus,
hmt%oo%log Py(XK(t) ¢ Bp)) = —oo. Consequently, by a cost of a superexponentially
small error, it is enough to consider in the Feynman-Kac representation ((1.6)) only random
walk paths that stay in Br(t) until time ¢. This allows to use the spectral theorem as in [12]
Proposition 2.2.1]. We omit the details.

Lower bound: Since K is bounded away from zero and infinity, it follows that for any finite
K C 7% there exists C' > 0 such that

[ 2, )1
Py (XK(1) = 2) > [ -2 —Qdﬁ*(7*>c. Vze K. 2.22
() =) > (5 ) "e 222

10



Let 6 > 0 and take f5 such that inserted in the right hand side of (respectively of (2.13))
it approximates the corresponding supremum in (2.8]) (respectively in ) up to a difference
J. It was argued in [12], Proposition 2.2.1] that there is a finite set K5 such that 0 < f5 < lg,.
Picking K = K5, § > 0, we get, as in [12, Eq. (2.2.10)],

EJ? @ EQ" (exp { (Y (s)) ds})

> OO S By ® B (o0 [ v as}).

T1,...,2pEKs
Y1ye-Yyn€Ks
(2.23)

if £ is as in (IIa), and

Ep0...0 (exp{ /0 tVa(Y(S))dSD >(CFP Y. Euas, (exp{ Ot_lvz(Y(s»ds}),

z1,...,2pEKs
(2.24)
if ¢ is as in (III). Here CF = mingex, P(X*(1) = 2) > 0 and C§ = mingeg, Po(X*(1) = z) >
0. Now proceed as in the proof of [I2| Proposition 2.2.1] and then apply the Rayleigh-Ritz
formula as in the proof of [12, Proposition 2.2.2]. |

2.4.2 Proof of Proposition

Proof. We only prove the case p = 1, the extension to general p being straightforward, see
also Remark 2.7] The proof of Proposition [2.4] is divided into 2 Steps.

Step 1: We first show that A;(K) is bounded from above by the right-hand side of (2.10)).

Recall (2.12).

Claim 2.6. There is a sequence of constants Cy, t > 0, with lim;_, Cy = 0o such that for all
N eNandt>0,

t
Eu,o<e><p{ / Viv (&5, X*(s)) ds}) < PN (2tlogt 4 1) + Ot (2.25)
0
where [, o denotes expectation w.r.t. the joint process (&, X% when € is drawn from p and

XK starts at 0, and

AVy)=  sup  ((L+A%+Wn) 1 f). (2.26)

”f”L?(u@m):l

Claim [2.6] implies the upper bound in Proposition Indeed, via monotone convergence, for
all ¢ > 0,

Eu,o(exp{/Otg(XK(s>,s)ds}>
- ]\}EHOOEmO(eXP{/O VN(€S,X’C(3))ds}> (2.27)

< sup{e?V) (2tlogt + 1)? 4 e~} = et suPnen VM) (2t log t + 1)% + e~ 1t
NeN
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Taking the logarithm, dividing by ¢ and letting ¢ — oo, leads to the desired upper bound.

Before we begin the proof of Claim we recall some facts from Gértner and den Hollan-
der [10]. A slight generalization of [I0, Proposition 2.1] states that

Euo (eXp { /Otﬁ(X’C(S), s) ds}UO(XK(t))>

t (2.28)
="Ky <exp {1// w(XX(s), s) ds}uo(X’C(t)))
0
Here, the function w is the solution of the equation
@ () = A1) + by (@) (. 1) +1)
atwa:, = Aw(z,t) + oxry) () wiz,t) + 1j, ce7 t>0. (2.29)
w(zx,0) =0,

Moreover, [10, Propositions 2.2-2.3] state that there is a function w: Z? x [0,00) — R such
that: (i) w(x,t) < w(0,t) for all z € Z%, ¢ > 0; (ii) ¢ — w(0, ) is non-decreasing with limit

G(0) :
B(0) = { TGO if 0 <1< 1/G(0), (2.30)
00, otherwise.

We are now ready to prove Claim We use ideas from Kipnis and Landim [16, Appendix
1.7]. Recall the uniform ellipticity assumption on the KC-field. Thus, by standard large
deviation estimates of the number of jumps of X* and by 7, there is a sequence
of constants C} as in the statement of Claim such that for all ¢ > 0 and N € N,

Epi0 (eXp { /Ot Vv (&, X" (5)) dS}ﬂ{X’C([OJ]) - BR(t)}> <e (2.31)

Here, Bp( denotes the box centered at the origin with side length R(t) = tlogt. We now
make use of the following fact (which follows from Demuth and van Casteren [5, Theorem
2.2.5]). Let W: N%d x Z% — R be a bounded function. Then L + AX + W is a self-adjoint

operator on L2(N(Z)d Y ANTES m), and is the generator of the semigroup
t
(P f)(n,2) = Epy (exp { /0 W (&, XX (9)) dS}f(&,X’C(t))), t>0. (2.32)

In particular, the function v;(n, z) = (P~ f)(n,z) with f(n,z) = I{z € Bp)} is a solution
of the equation

o) K
Zu(n,x) = (L 4+ A% + Vy)vu(n, ),
{ ot v 2) = Jor(n, ) nENZd, T EZd, t> 0. (2.33)

UO(%JU) = f(n,l”),

12



Here Vi acts as a multiplication operator. Since f € L? (N%d x 72, ;1 ® m) we can write

E,.0 (eXp { /0 Vi (&, X% (s)) dS}H{X’C([Oat]) C BR(t)}>
<Euo (eXP {/o Vi (&, X5 (s)) dS}H{XK(t) € BR(t)}>

/ > la € Bpg }Em<exp{/ Vi (&, X5 (9)) dS}]l{XK(t) € BR(t)}> du(n)

0 reZd

= (PN F, f).

Moreover, by (2.33)), for all ¢ > 0,

(2.34)

B P12y /N X (5 AF ) (B ) x (B P (n.)] du()

zeZd
—9 <(L + A% vN) PN f, PN f>

V
(2.35)
where interchanging the derivative and the scalar product is justified by dominated conver-

gence in combination with Lemma in the appendix section. Further note that

HPDVNf||L2 (B ) = |Bryl < (2tlogt + 1)4, (2.36)
so that, by Gronwall’s lemma,
| BYY 7|2 < VNt (2tlogt + 1)%. (2.37)

L2(NE x4, puom)

Using Cauchy-Schwarz and || f||? = 1, we obtain that

L2(NZ? 24, um)

<PtVNf, f> < VWt (2tlogt + 1) (2.38)

The claim follows by combining (2.31)), (2.34) and (2.38).

Step 2: It remains to show that A\;(K) is bounded from below by the right-hand side of
. The proof follows the same line of argument as the proof of [12, Proposition 2.2.1] for
K = k. The details to adapt it are left to the reader since they are similar to those given in
the proof of the lower bound in Section [2.4.1] |

Remark 2.7. To adapt the above proof to general p note that (2.30) reads in this case

@(0) = { et 0 <p<1/G(0), (2.39)

0, otherwise.
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3 Annealed Lyapunov exponents: confinement approximation
and lower bound in Theorem

In Section we show that the annealed Lyapunov exponents for K = x do not change
when the random walk in the Feynman-Kac formula is confined to a slowly growing box
(Proposition . In Section we use this result to prove the lower bound in Theorem
ie., sup{A\y(k) : kK € Supp(K)} < A,(K). Throughout this section we assume that ug = do,
see Proposition for a justification of that assumption.

3.1 Confinement approximation
Proposition 3.1. Fiz p € N and k > 0, and let & be as in (I)—(III). Fiz a non-decreasing
function L: [0,00) — [0,00) such that lim;_,oo L(t) = 0o. Then

1
lim — log E

t—o00 p

t P
Eo (exp {/0 ,g(Xn(s),s)ds} So(X*(£))1{ X" [0,1] C BL(t)(O)}) ] = \p(K).
(3.1)
Proof. We write out the proof for the dynamics (I), namely for space-time white noise. Given

p independent simple random walks X7, X%, ..., X}, write X" = (X{, X§,...,X]). For
0 <s<t< oo, define

ESTWN (g 4) = E®p<exp{ Z /S]l{X“ — ]’?(v)}dv}
1<i<j<p

(3.2)
X So(X5(t — 5)) n{xn[o,t —s]C BL(ts)(O)}>,

where, with a slight abuse of notation, we redefine Bp)(0) = [—L(t), L(t)]% N Z9. Pick
u € [s,t]. Using that L is non-decreasing, inserting So(X"(u — s)), and using the Markov
property of X" at time u — s, we see that

ESTWN (s, 1) > E5TWN (5, u)Z5TVN (u, t). (3.3)
Hence,
: 1 —STWN
tll)rgoglogu (0,t) (3.4)

exists. Thus, in order to prove Proposition it suffices to prove that

1
lim —TlogESTWN(O,nT) = Ap(k), T €(0,00). (3.5)

n—00 PN

Fix T > 0. First, inserting 1{X*[0,nT] C By ,1(0)} and second inserting &o(X"*(kT)),
k€ {1,2,...,n — 1}, and using the Markov property of X* at times kT for the same set of
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indices, we get

nT
E?”(exp{ > / H{Xﬂv)—Xf(v)}dv}ao@“(nif)))
1<i<j<p”V

Z ESTWN(O7 nT)

n
H ESP (exp {
k=1

x 1{ X"[0,T] C BL(nT)(O)}>.

v

T —
3 / ll{Xf(v)—Xf(v>}dv}5o(X”(T))

1<i<j<p

Taking the logarithm, dividing by pnT’, and letting n — oo followed by T" — oo, we obtain

1
Ap(k) > lim lim —Tlog ZSTVN(0,nT) > N\y(K), (3.7)

~ T—oon—00 pn

which is the desired claim.

The proof for (IT)—(IIT) works along the same lines. To use the superadditivity argument
as in (3.3) and to get the inequalities in (3.6)), the same techniques as in the first step of the
proof of Proposition in Appendix [A] may be applied. |

3.2 Proof of the lower bound in Theorem [1.2]

We give the proof for (I). The idea of the proof is to restrict the random walk to a box that
slowly increases with time such that the K-field is constant on this box. The existence of such
a box is guaranteed by the clustering property of K stated in Definition Proposition
then yields that the resulting Lyapunov exponent equals A,(x) with x the value of IC on this
box.

Proof. The proof comes in 2 Steps.

Step 1: We first prove the lower bound in Theorem under the assumption that Supp(K) =
{Kk1, K2}, 0 < K1 < K2 < co. By the clustering property of K, there is a function L: [0,00) —
[0, 00) with limy_,e L(t) = oo such that there is a x(k;,t) € Z¢ with g;(t) = lz(k1,t)| € o(t)
such that K(x,y) = r; for all edges (z,y) € Br)(z(si,t)), I € {1,2}. We fix | € {1,2} and,
as in the proof of Proposition denote by XX the Z%®-valued process (X{C, .. ,X]’)C). We
further denote by Z(k;,t) € Z% the vertex given by (w1(ky,t), ..., zp(k;,t)), where z;(k;, t) =
x(ky,t) for each i € {1,...,p}. An application of the Markov property of XX at times g;(t)
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and t — g;(t) yields

E?”( { > / 1{ X[ (s) f(s)}ds}éow“(t)))

1<i<j<p
EES% ( { Z / ]I{XK ( )}d‘s}ém nl,)(XK(gl(t))))
1<i<5<p
t—2g;(t)
< BP S [ ) = X b (X5 20(0)
1<i<j<p
< B ( { S / " aixt s ;-<<s>}ds} 50(X’C(gz(t)))>
1<i<j<p
e 17 (1) x Us(t) x Us(0).
(3.8)
Note that
UL(t) > Po (X5 (ai(t) = 2(s,1)) (3.9)
which is bounded from below by
K qi(t) K ai(t)
s A

so that lim; o %log Ui(t) = 0. The same reasoning shows that also lim;_, %log Us(t) = 0.
To control Us, we use the lower bound

t—2g;(t _
UQ(t) ZELL‘ (k1 t)( {1<Z< / ’ ]l{X,C ) ( )}ds} Z(Ky t)(XK(t_2gl(t)))

p
X HH{X’C [0,t = 2g,(2)] € BL(t)_1(x(/€lat))})-

i=1
(3.11)

Note that for each i € {1,...,p} the random walk XX on the event {X/[0,¢] C Bry—1(x(k, 1))}
is distributed as a random walk with diffusion constant k; confined to stay in this box. Hence,
by the shift invariance of X" in space and Proposition

t—2g;(¢ _
Us(t) > E®p<exp{ S / n{x“l) X;’(s)}ds}éo(X“’(t—2gl(t)))

1<1<]<p

3.12
x H ]I{Xf’ 0,t —2g(t)] C BL(t)—l(O)}> ( !

i=1
> ere(r0)(E=2g:(t))pto(t)

Finally, (3.8H3.12) yield that

Mp(K) = masx{ (1), Ap(s2)} (3.13)

16



which settles Theorem for the case where Supp(K) = {k1, ka}, K1, k2 € (0,00).

Step 2: We next prove Theorem for the general case by reducing it to the setting of Step
1. Recall (2.20). Fix n € N. Given a realization of K, we define a discretization IC,, of K by
putting, for each z,y € Z¢,

Kn(2,y)
_ /i*—k(j—l)("’”*;i”*), ifm—l—(j—l)@<l€(xy)<m —|—j( ) 1< j<n,
K*, if K(z,y) = K"
(3.14)
A slight adaptation of Step 1 yields
Ap(Kr) > max{\y(k), k € Supp(KCp,) \ {*}}. (3.15)

Here, the restriction to the set Supp(K,)\ {x*} comes from the fact that P(K(z,y) = £*) =0
is possible, e.g. when the distribution of K is continuous. By Carmona and Molchanov [3]
Proposition II1.2.7], k — Ap(k) is continuous, hence the right-hand side of converges
to sup{\,(k), kK € Supp(K)} as n — oo. Hence it suffices to show that limsup,,_,., Ap(KC;) <
Ap(K).

To do so we borrow ideas from the proof of [13, Theorem 1.2(i)]. First we introduce the
notation K(z) = 3 yeza K(z,y), v € 74, and we define K,, in a similar fashion. An application
of Girsanov’s formula yields that (see Konig, Salvi and Wolff [17, Lemma 2.1])

B [expd 3 / XK (5) = XK ()} ds b bo( X5 (1))

1<i<j<p

- Eg?P(exp 3 /n{x’C XK(s)}ds p S0(X¥ (1))
1<z<j<p (316)
W(XE(S121), XK (S))
Xexp{z Z [ KX (50). XES) )
=R (XK () — R(XE ()] ds
/0 [Rn(XE(s)) K<X2<>>]d}>,

where N (X*;t) denotes the number of jumps of the random walk XK with generator AX up

to time ¢. Note that ’C"((x ’y)) < 1 for all T~ y € 74 and that — fo W(XE ()= K(XK(s))] ds <

2dt/n. Hence, the right-hand side of ( is bounded from above by

E®p<exp{ > / 1{XX(s) ]’?(s)}ds}50(X’<(t)))e2dt/". (3.17)

1<e<i<p

Consequently, (3.16) and (3.17) show that limsup,_,., \p(KC,,) < Ap(K). This finishes the
proof. The proof for (IT) and (III) is the same as above, with the additional restriction that
0 < p < 1/G(0) for (ITb). To get the inequality in we use the techniques in the first step
of the proof of Proposition in Appendix By Castell, Giin and Maillard [4, Theorem
1.1(ii)] and Gértner and den Hollander [10, Theorem 1.5], k — A,(x) is continuous for (II),
which allows us to take the limit on the right-hand side of . The continuity of kK — A\ (k)
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for (III) follows from Proposition which still holds when « is deterministic. Indeed, the
variational formula in Proposition shows that k — A,(k) is convex. Since { is bounded
for (III), so is k — Ap(k), which yields the desired continuity. To obtain the result for (IIb)
with p > 1/G(0), for which A,(k) = oo for all & > 0, we note that averaging u(0,¢)P first with
respect to the trajectories ij present in the definition of £, then with respect to the Poisson
field (Ny),eze and using standard Feynman-Kac identities, an adaption of the proof of [10]
Proposition 2.1] yields the estimate

E[u(0,t)!] > E | B, (exp { /tg(X’C(s),t — %) ds}Il{X’C(s) = Ofor all s € [O,t]}) ]
0
t (3.18)
zexp{ —pt Z IC(O,:C)+p1/t} exp {p w(0, s) ds},
||lz||=1 /0
where w solves the equation
{ f?<if€’>’i§,“"’””” Fooln)l O+ g >0 (3.19)

To conclude it suffices to note that by [10, Proposition 2.3] (with the notation r4 = 1/G(0)),
t — w(0,t) is non-decreasing with lim;_, w(0,t) = oco. n

4 Quenched Lyapunov exponent: confinement approximation
and lower bound

In Section [4.1] we show that a confinement approximation holds for X = x. In Section {.2] we
use this result to prove Theorem

4.1 Confinement approximation

Proposition 4.1. Let L: [0,00) — [0,00) be non-decreasing with lim;_,o, L(t) = co. Then
P-a.s. and in P-mean,

tl'gglo%logEO <exp{/0t€(Xﬂ(3),s)ds} 5o( X5 (1) ]l{X”[O,t] C BL(t)(O)}> = Xo(k). (4.1)

Proof. For 0 < s <t < 00, define

=(s,t) = Ey <exp {/Ot—SS(Xn(v), s+ ) dv} So(X"(t — s)) H{X“[O,t — s C BL(t_S)(O)}> .

(4.2)
Pick u € [s,t]. Using that L is non-decreasing and inserting do(X"(u — s)) under the expec-

tation in (4.2)), we obtain
(s, ) 2E0<exp{/ f(X“(v),s—i—v)dv} Jo(X"(u —s)) ]l{ *0,u — 5] € Bru—s)
0

W—/

x exp{[Ltsﬁ(X”(v),s+v) dv}éo(X“(t—s))]l{X u—s,t— 5] € Brg_u)

—S

H/—/
\_/
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Applying the Markov property of X* at time u — s, we get
E(s,t) > E(s,u)Z(u,t), 0<s<u<t<oo. (4.4)

Since ¢ is stationary and ergodic, and the law of {E(u+s,u+1): 0 < s <t < oo} is the same
for all w > 0, it follows from Kingman’s superadditive ergodic theorem that

1
lim n log 2(0,t) exists P-a.s. and in P-mean, and is non-random. (4.5)
—00

Thus, in order to prove (4.1)), it suffices to show that

1
lim —TlogE(O,nT) = Xo(k), T €(0,00). (4.6)

n—o0 M,

Inserting 1{X"[0,nT] C Br,1)(0)} and do(X"(KT)), k € {1,2,...,n — 1}, and using the
Markov property of X* at times kT for the same set of indices, we get

Ey (exp {/OnT E(X"(s), s)ds} 50(X"‘(nT))>

> =(0,nT)
> Z-leO (exp {/OTf(X"‘(s), (1— 1T+ s)ds} do(X"(T)) H{X”[O,T] C BL(nT)(o)}> .
Using that £ is invariant under time shifts, we get (47)
Lafiogn (e { [ 0005 anernm )]
> ﬁE[log 2(0,nT)] (4.8)

v

%E [logEo <exp{/OTﬁ(X“(S),S)dS}50(XR(T)) II{X"[O,T] - BL(nT)(O)}>:| :

Letting n — oo followed by T — oo, using the L'-convergence in (4.5, and recalling that
ug = dg, we arrive at the sandwich

Xo(k) > lim Tim iTlogE(o,nT) > Xo(k). (4.9)

T T—oon—oo N

The convergence of the rightmost term in (4.8]) to the rightmost term in (4.5) can be shown
by a direct comparison between these two terms using condition (4) for &. n

4.2 Proof of Theorem [1.3]

With the help of Proposition [4.1] we can now give the proof of Theorem [1.3

Proof. The proof comes in 3 Steps.

Step 1: The proof of the existence in an almost sure sense and in the L'-sense of the quenched
Lyapunov exponent follows along the lines of the proof of [I3] Theorem 1.1].
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Step 2: We first prove Equation under the assumption Supp(K) = {k1, ka}, K1, k2 €
(0,00). By the clustering property of K, there exists a function L: [0,00) — [0,00) with
lim; o L(t) = oo such that there is an z(k;,t) € Z¢ with g;(t) = ||z(ki,t)|| € o(t) such that
K(x,y) = k; for all (z,y) € Bry)(w(ki,t)), i € {1,2}. We fix i € {1,2}. An application of the
Markov property of the random walk at times g;(¢) and ¢t — g;(t) yields

o (o0 { [ 6009905 (o) )
i(t)
> Ey <exp {/Og g(X’C(S)v S) ds} 6z(m,t) (XK(gl(t))))
t—2g;(t)
X Eye,.t) <exp {/0 ’ (XN (s), 5+ gi(1)) ds} ) (X’C(t — Qgi(t)))> (4.10)

i(t)
X By t) (eXP {/Og §(XF(s), 5+t — gi(t)) dS} 50(XK(91'(75))))

def Ui(t) x Ua(t) x Us(t).

Further note that, by Jensen’s inequality,

Eflog Uy (t)]

— E(€(0,0))gs(t) + log Py (X’%gz-(t» = a(k, t>) ,

(4.11)
where the interchange of the expectations is justified because

([ 0086, 01s | XEG0) = o0, )] =B 0Dai) < . (412

A similar computation yields the same lower bound for E[log Us(t)]. Note that the lower
bounds are sublinear in ¢. To control Us, note that XX restricted to the event {X*0,t] C

Bry—1(w(k;,t))} is distributed as a random walk with diffusion constant x; confined to stay
in this box. Hence

t—2g;(t)
Ug(t) Z Ex(ni,t) <exp {/0 S(XM(S), S+ gi(t)) ds} 533(,%70 (XM (t — 29i(t)))
(4.13)
X H{Xni 0,2 —2¢;(1)] C BL(t)l(x(Kiat))}>a
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so that, by the space-time shift invariance of £ and Proposition

t—2g;(t)
Elog Us(t) > Elog Ey (exp { [ e, s)ds} o (Xt — 20(1))

. (4.14)

% 1 X(0,¢ = 20,(1)] € Bryy-1(0)}

> e 0 (ki) (t=2gi(t))+o(t)
Since, by the first step of the proof, we have the representation
1
Ao(K) = lim EE(log u(0,1)), (4.15)
(IO ET) yield

)\()(IC) > max{)\o(m), Ao(:‘@)}, (4.16)

which settles the claim for the case Supp(K) = {k1, K2}, k1, K2 € (0, 00).

Step 3: The strategy to extend the proof to the general case works similarly as in the second
step of the proof of Theorem in Section (3.2l However, since we do not know whether
Kk +— Ao(k) is continuous, some modifications are needed (see [I3, Theorem 1.2(i)], where
conditions are provided under which the quenched Lyapunov exponent Ag(x) is Lipschitz
continuous outside any neighbourhood of zero). Fix n € N and given a realisation of K define
a discretization KC,, of K as in the second step of the proof of Theorem An adaptation of
Step 1 yields

Ao(Kr) > max{Ao(k), K € Supp(KCp,) \ {x"}}. (4.17)

To continue, we claim that k — A\g(k) is lower semi-continuous on (0,00). Indeed, fix t > 0
and k € (0,00), as well as a sequence (kp)nen such that k, — Kk as n — co. An application
of Girsanov’s formula yields that

U(O,t; /in)

B (exp { /O (X7 (s),5) ds} By (X7 (t))> 1s)
o (exp {/Otg(X”“(s), 5) ds} So (X (1)) exp { N (% 1) tog | "] — 2t — K]}> .

Hence, from Fatou’s lemma we get that liminf,, . u(0,¢; K,) > u(0,¢; ). This shows that
k> u(0,t; k) is lower semi-continuous for all ¢ > 0. Using that

1
Ao(k) = sup — logu(0,t; k) (4.19)
>0 t

(see the proof of [I3| Theorem 1.1]), we get the claim by using that suprema of lower semi-
continuous functions are lower semi-continuous.

To proceed, let M = sup{\o(x), k € Supp(K)}. We claim that the liminf of the right-hand
side of (4.17)) is bounded from below by M. We distinguish between two cases. If M = oo,
then for each R > 0 there is kg € Supp(K) such that A\o(kg) > R. Since k — Ag(k) is lower
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semi-continuous, for any € > 0 there is a neighborhood Up, of K such that A\g(k) > \o(kr) —¢€
for all kK € Ur. Hence, for all R > 0 and € > 0, we obtain

lim inf max{\o(x), k € Supp(K,) \ {k"}} > R —e. (4.20)

n—oo

From this we get the claim by letting R — oo. The case M < oo, may be treated similarly.
It only remains to show that lim sup,,_,., Ao(Kr) < Ao(K). But this works verbatim as in the
second step of the proof of Theorem [ |

5 Quenched Lyapunov exponent: failure of upper bound

In this section we provide an example where the upper bound fails for a decorated version of
7%, namely, we show that there is a choice of K for which

Ao(K) > sup{Ao(k): k € Supp(K)}. (5.1)

Let (V, ) denote the usual graph associated with Z<, i.e., V = Z% and € = {e(z,9): =,y €
V, x ~ y} is the set of edges connecting nearest-neighbour vertices of V. We consider (V*,£*),
a decorated version of (V, &), where V* =V but

EF = {(el(x,y),eg(x,y)): z,yeV,z~ y}, (5.2)

i.e., we draw two edges rather than one, say red and green, between every pair of nearest-
neighbour vertices of Z<.

Pick any K on £* that has the alternating cluster property, i.e., there exist boxes Bp, ),
with limy_, o L(t) = oo, on which all red edges have value k; and all green edges have value
ko. For such K, by the confinement approximation of Proposition 4.1 we have

)\O(K) > X (}C = (Hl, 52)8) = )\o(K,l + 162), (53)

where (11, k2) means that all red edges take value x; and all green edges take value ko. In
[13] we exhibited a class of dynamic random environments £ for which

K +— Ao(k) is continuous on [0, 00),
Mo(k) > E(£(0,0)) Vi € (0, 00), (5.4)

In particular, k — Ag(k) is not monotone on [0,00). Hence there exist &1,72 € (0,00) such
that

Xo (’_’“ : ’_””2) > max{o(F1), o(2)}- (5.5)
Picking k1 = R1/2 and k2 = Ra/2, we get
Ao (]C = (K1, /-@2)5) > max {)\0 (IC = (K1, /{1)5) , Ao (IC = (Ko, IQQ)E)} . (5.6)
Combining and , we arrive at .

The above counterexample does not apply to A\g(K) on (V,€). Nevertheless, since all
previous theory developed for \o(KC) on (V. &) carries over to (V*,£*), the above example
shows that there is little hope for the upper bound to hold for Z¢9.
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A Restriction to a localized initial condition

In this appendix we prove Proposition The proof is somewhat long and technical, but
the flexibility in the choice of initial condition is important. The proof is an adaptation of the
proof of Drewitz, Gértner, Ramirez and Sun [7, Theorem 4.1]. Throughout this section we fix
p € N.

A.1 Dynamics (I)

Proof. Recall the representation of the p-th moment of u(0,¢) in , and the notation
X"~ = (X, X§,..., X}). For 0 < s <t <ooandy, z € R% such that ys, 2zt € 7% write

3 / h X” - ;@)}m}n{fcﬂ(p@:a}), (A1)

1<i<j<p

”;TZWN(S t) = Eg%p(exp {

where under Eg the process X* starts in ys. Abbreviate (in case it is well defined) = =, VN (s, 1) =
55" (s,1). Tt is enough to show the existence of a concave and symmetric functlon a: R —

R such that, for all compact K C R,

1
lim su “log Z5TVN(0,t) — a(y/t)| = 0. A2
R P e (0,2) —aly/?) (A.2)

Indeed, suppose that such a function exists. A short computation shows that « obtains a
global maximum at zero. Moreover, a standard large deviation estimate for the number of
jumps of X* shows that there is a compact subset K C R% such that

limsupilogEng<exp{ Z / KX (v) = f(v)}dv}]l{X”([O,t]) - Kt}) < -

=00 1<i<j<p
(A.3)

Hence, given such a set K, it is enough to focus on the contribution coming from those
random walk paths such that {X*[0,¢] C Kt}. Note that necessarily 0 € K. Fix ¢ > 0. By
the approximation property of « in (A.2)) we can find a ty > 0 such that, for all ¢t > tg,

a(0) —e < - log E =y (0, log|Kt|+a( ) +e, (A4)
yeEKt
ytezdp

which yields the desired claim.
The proof of the existence of « is divided into 3 Steps.

Step 1: We first show the existence of a function a: Q% — R such that, for all y € Q%,

1
hm flog"STWN(O t) = a(y). (A.5)
ytEZdP

To that end, we fix y € Q% and take 0 < s < u < t such that ys, yu, yt € Z%. Forcing X" to
be at position yu at time u — s, an application of the Markov property of X" at time u — s
yields

VN (s,u) 25TV (u, t). (A.6)
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Consequently, t +— log Z5™"N(s, t) is superadditive for each s as above, and the claim in (A.5)
follows.

Step 2: To extend « to a function on R% and to get uniform convergence on compacts as in
(A-2), we show that for any compact subset K C R,

1
lim lim sup sup —[log Z57"N(0,t) — log Z77"N(0,t)| = 0. (A.7)
el t—o0 z,ye K, xt,yt 7P
lz—yll<e

To that end, we fix € > 0 and note that for all ¢ > 0 and all y € K such that yt € Z%,

SN0, = ) BN, (1—e)t) Z5VN((L - )t ). (A8)
weRP
w(l—e)tez®

Moreover, by standard large deviation estimates for the number of jumps for each component
of X", it is possible to find an R > 0 such that

1
limsup —logsup > ZTVN(0, (1 — o)) EENN((1 - )t t) < —1, (A.9)
t—o0 yeK wéBpt
w(l—e)tez

so that the main contribution to (A.8) comes from those w such that w € Bgi. Here, Bg
denotes the box centered at the origin with radius R. Consequently, to conclude Step 2 it is
enough to show that

it oy L] 1og Srekrim-orezs Z0,(0- 90 SN - o)
e0 t—oo z,yE K xt,ytc 2w t EwEBRt:w(lfs)tEde EEUTWN(()? (1 - E)t) Ezsurl:ZVN((l —e)t, t)

llz—yll<e : )

A.10

But this follows from the fact that the term appearing under the integral in the exponential
in (2.3) is bounded, together with standard estimates on the random walk transition kernel.
The details can be found in the proof of [7, Lemma 4.3].

Step 3: Using the results in Steps 1-2, we can conclude the proof as in [7]. We only give
a sketch. Because of , o is continuous and hence can be extended to a continuous
function o: R% — R. The uniform convergence in follows from and a compactness
argument. Clearly, o is symmetric, i.e., a(z) = a(—=2) for all z € R%, which is a consequence
of the symmetry of £. It remains to show the concavity of .. For that, fix z,y € R®, 3 € (0,1)
and take sequences (t,)nen, (Tn)neN, (Yn)nen such that lim, o t, = oo, lim, o0 Tpt, = =,
1imy, 00 Yntn = ¥, and Byntn, (1 — B)ynt, € Z% for all n € N. Then, constraining X* to be at
position Bt,y, at time §t,,, we see that

log 5PN 1 1o (0, 1) = Log Z57VN(0, Bt) + Log ZE7Y L1 o (Bt tn)- (A.11)

The term in the left-hand side converges to a(By + (1 — 8)z) after division by t,, the first
term in the right-hand side converges to a(y) after division by ft,, while the second term in
the right-hand side converges to a(x) after division by (1 — 3)t,. This yields the existence of

a function « as claimed in (A.2]), and finishes the proof. |
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A.2 Dynamics (IIa)

Proof. For 0 < s <t < co and y, z € RU"P) guch that ys, 2t € Z4"P) define

=Y (s,1) = (B9 @ E°7), (exp{ZZ / X (0) = f(v)}dv}n{xa—s):zt}),

=1 j=1
(A.12)
where X = (X{,..., X5, X7,..., X}). The function o from (A.2) is constructed on RA(+p)
rather than on R%. The construction is similar to that for dynamics (I) and will therefore
be omitted. m

A.3 Dynamics (IIb)

Recall that the dynamics starts from a Poisson random field on Z¢ with intensity v € (0, co)
and the representation derived in Section [2.4.2] For the proof we distinguish between two
cases.

Case: p > 1/G(0).

Proof. For this case it is known that )\;}(/i) = oo for all choices of x, and hence it is enough to

show that /\g0 (k) = co. However, this is a simple consequence of [10, Proposition 2.3 and Eq.
(3.3)]. |

Case: 0 < p < 1/G(0).

Proof. The proof works along similar lines as for (I). We only highlight the differences. For
0<s<t<ooanduy,teRP such that ys, 2zt € Z%, define

By (8,1) = E%J(eXp {”Z/ )dv}]l{X”"(t —5) = zt}> (A.13)

where X* = (XF,..., X}7) and the process X" starts at ys under EgP. Abbreviate 2y (s, t)
==, (s,t). It is again enough to establish a convergence similar to the one in (A.2), i.e., to
show that there is a concave and symmetric function a: R% — R such that, for all compact
subsets K C R,

1
lim sup |-1logZ"™(0,t) — a(y/t)| = 0. A.14
s |LosS]0.0 — a0 (A1)

The proof comes in 3 Steps and is similar to the proof for (I).

Step 1: Define the function o on Q% with the help of a superadditivity argument. To exhibit
the dependence of the function w on the trajectories X7, ..., X we write

w(ajv S) = wa[O,t],...,XI’j[O,t] (CL‘, S)a s € [Ovt] (A15)
It was argued in [10, Eq. (4.11)] that, for all s,¢ > 0,

= wa[O,s],...,Xg[O,S] (LL', U), for u € [07 S]a

A.16
> wa[s,s—&-t],...,X;[s,s—&-t] ('T’ U — 5)7 for u € [S’ s+ t] ( )

WXE[0,5+1],.... X5 [0,t+5) (T, U) {
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—IIRW
=y
fashion as for (I). This yields the existence of a on Q.

Therefore the superadditivity of ¢ — log (s,t) for each fixed value of s follows in a similar

Step 2: As for (I), we want to show that, for any compact subset K C R,

1
lim lim sup sup ~[log Z,"7(0,1) — log =, (0,t)| = 0. (A.17)
e}l t—o0 zyeK xtytcZd
llz—yl|<e

The difference with (I) is that we no longer have the same relation as in . However, by
the lines following (2-29), we have the bound w(z,t) < w(0,t) for all z € Z%, t > 0. Moreover,
by (2.30), the assumption 0 < p < 1/G(0) yields that @(0,t) is bounded. Hence, we can
use large deviation arguments for the random walk to show that the main contribution to
comes from those random walk paths that stay until time ¢ inside a box of size Rt for
a suitable chosen value of R. Moreover, using that, for all t > 0, € € (0,1) and z,y € Z%,

- P r(1-e)t B
By (ﬂ{X“((l — o)1) =y} exp {Z /0 w(XE(v), ) d}) PEP(XA(1) = o)
=1

_ p (1—e)t -
= E;" (ﬂ{X”((l —&)t) =y} exp {Z/O w(XF(v),v) dv} 1{X"(t) = m}>
=1

p t

< B (H{X“«l —o)t) = y} exp {Z /0
=1

~ p (1—e)t
< 6p2tG(0)/(1—pG(0))ES?P (]1{)(“((1 —&)t) =y} exp {Z/ w(Xf(v),v) dv})
=170

x PEP(X5(t) = x),

w(Xf(v),v) dv} H{X5(t) = :U})

(A.18)
where we used 2.30: to obtain the last inequality and the relation (A.16)) was used throughout
all inequalities in (A.18). We can now proceed as for (I).

Step 3: This works almost verbatim as for (I). We omit the details. n

A.4 Dynamics (III)

Proof. The idea of the proof is the same as for (I)—(II), but some additional technical difficul-
ties arise. Write Eﬁ’; =E,® EZP for the expectation when (&, X*), with X" = (XT5 . X))
a collection of p indendent simple random walks jumping at rate 2dk, has initial distribution
(,6z). For 0 < s <t < oo and y, z € R%? such that ys, 2t € Z%, define, similarly as in ,

=55(s,1) = ED,, (exp { > /0 (X, 0) dv}n{X% —s) = zt}>, (A.19)
=1

and write Z57°(s,t) = E]7(s, ). As for (I), it is enough to show the existence of a function

a: R% — R such that, for all compact subsets K C R,

1
log Z75(0,) - a(y/t)‘ ~0. (A.20)

lim sup
t=00 ye Ktz
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The proof comes in 3 Steps.

Step 1: We first show the existence of a function a: Q% — R such that

: 1 —SFS _
tlggo Elog 2, °(0,t) = a(y). (A.21)
ytezr

The idea is again to establish the superadditivity of ¢ — logZ}™(s,t) for all y € Q% such
that ys,yt € Z%. In the present context, however, this is a bit more tricky than before,
which is why we provide the details. Fix y € Q%, and take 0 < s < u < t < oo such that
ys,yu, yt € Z%. Constraining the random walk X* to be at position yu at time u — s, we can
use the strong Markov property of (&, X*) at time u — s to get

25 (s, t) > BT <8(yu, u— ) Eip_s’yu <5(yt, t— u))) , (A.22)

where we abbreviate
p t 7
e =eo{ Y [r@mafixo -y, tzoyezr )
i=1"0
Expanding the exponentials, we may rewrite the right-hand side of (A.22)) as

— L1/ o1 [
S (I e (I o)

x E®P (H(yu,sgl), e ,s%”);u — s) ESP (H(yt, s&Q), e ,s%);t — u))),

,ys Eu—s,yu

n p
H(y,s1,- - smit) = || [Zg(x;(sj),sj)] {X*(t) =y}, neN,ts,...,5,>0,ycZP

j=1Li=1
(A.25)
Note that by the non-negativity of &, for all n € N, yu € Z%, s1,..., 8y, u—5 >0,
H(yu,sl,...,sn;u—s) (A.26)
is a non-decreasing function of the np-tuple (£(Xf(s;),s;), 1 <i <p, 1 <j <n). Hence, the
attractiveness of ¢ implies that for all m € N, yt € Z%, s1,..., 83, t —u > 0,
E?f_s’yu (H(yt, S1yeves St — u)) (A.27)

is a non-decreasing function of &,_s. Therefore, since £ is positively correlated (recall ((1.15)),
Liggett [18, Corollary 2.21, Section I1.2] yields that

E®P (”H(yu,sgl), .. .,s;");u — s) ]E?p (H(yt,sf), U P u)))

1,y w s Y s S
= Ef,’;p [Eu (H(yu, sgl), . sg); U — s) Egﬁs’yu (’H(yt, 332), e s,(g);t — u)))} (A.28)
= E??up [EM (’H(yu, 851)7 EEE 3£z1)§ U — 8)) Ef?gu_s,yu <7—[ (yt, 352), cees sg);t — u))} ,
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where ué&,_s is the distribution of £ at time u — s when £ starts from p. But u is an invariant
measure, and so this distribution equals pu. Consequently, the right-hand side of (A.28)
becomes

Effg/s (H (yu> Sgl)v R ngl);u - S)) E%ﬁ/“ (H (yt, 852), ceey Sg); t— u)) . (A29)
Substituting (A.29) back into (A.24)), we see that
B (s, ) > B3 (s, u) 257 (u, 1), (A.30)

from which the existence of a follows.

Step 2: As in the proof for (I), we want to establish that, for any compact subset K C RY,

1
lim lim sup sup ~[log Z57°(0,t) —log Z,7°(0, )| = 0. (A.31)
el0  t—o0 zyeK xtyteZd
llz—yll<e

The difference with (I) is that we no longer have the same relation as in . However,
because of the boundedness of £, we can use a large deviation argument for the random walk
to show that the main contribution to comes from those random walk paths that stay
until time ¢ inside a box of size Rt for a suitable chosen value of R. Moreover, using that, for
allt >0, e¢€(0,1) and w,z € Z%,

B p (1—e)t B
E.% (ﬂ{X“((l —e)t) = w} exp {Z /0 E(XE(v),v) d}) POP(X"(t) = )
=1
® 3 p (1—e)t B
= Euf) H{X"((1—e)t) =w} exp Z/o E(XT(v),v)dv p I{X"(t) =z}
=1
< E;?}g (]l{)_(”((l —e)t) = w} exp {Z/O E(XE(v),v) dv} 1{X"(t) = x})
=1

) D (1-e)t _
< epatEf% <]I{X”((1 —e)t) =w} exp {Z/O (X7 (v),v) dU}) POP(X"(t) = ),
=1

(A.32)
we can finish the proof as for (I).

Step 3: Use the techniques from Step 1 to proceed in a similar manner as in Step 3 for (I).
We omit the details. |

B A technical lemma

The following lemma was used in Section [2.4.2

Lemma B.1. Let L be the generator of the dynamics in (IIb). For N € N, define Vy : NOZd X
Z¢ — R by Vn(n,z) = n(x) AN (recall 2:12)), and let PtVN be the semigroup of LVN =
L+ AX + Vy. Then for every t > 0 there is a g € Ll(N%d x Z% @ m) such that, for all
UAS N%d and y € 74,

‘(ﬁVNPtVNf) (7, ) % (PtVNf> (nyy)‘ < g(n.y) (B.1)
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locally uniformly in t. Here, for R > 0, f(n,y) = 1{y € Br} and Bg is the box centered
around the origin with radius R.

Proof. We may assume that ¢t > 1, which we do for notational convenience. It is straightfor-
ward to show that the statement is true when £'¥ = L + A 4 Vi in (B.1)) is replaced by
AX + V. Furthermore, since By is a finite set, it is enough to show that

[(LP60) (.9 x (P¥8,) (n.9)] < g(n.w) (B.2)

for any v, w € Z?. For notational convenience we assume that v = w = 0. The general case
follows in a similar manner. Note that by the definition of L in (1.11)) we see that, for all

t>0and (n,y) € NZ* x 74,

‘(LPtVNcSO) (n,y) x (PtVN50) (U,y)’

<X @) |(B) (7 y) = (BY) (y)| N B(XE = 0).

zeZd z: ||z||=1

(B.3)

To estimate the difference |[(PY~d0)(n** 2, y) — (PY~80)(n,y)|, we introduce the following
coupling.

Let z € Z% such that n(x) > 1, and let ¢ be (IIb) started in 1 and £%%+# be (IIb) started
in 7%**t# Note that both systems start with the same number of simple random walks. Let
Y, be simple random walk with jump rate 2d started from z. We can couple ¢ and £*%*2
such that, for all w € Z% and ¢t > 0,

&(w, s), w # Yz(s), Ya(s) + 2,
E9TE(w, 8) =< E(w,s) — 1, w = Yy(s), (B.4)
E(w,s)+1, w=Yy(s)+z.

With this coupling at hand, we see that

‘(PtVNC;O) (™", y) — (Ptv”%) (n, y)‘

(B.5)
< 2eMP, (35 € 0,t]: XN(s) € {Ya(s), Ya(s) + 2}, X () = 0),

where P, , denotes the product measure of (X*,Y,) started from (y,z). Combining (B.3)
and (B.5)), we see that

sup  [(LPYNo) (n,y) (PY¥d0) (n,y)]

sE€[t—1,t+1]
< 2€2N(t+1)
DY n(x)Py,x(as €0,t+1]: (B.6)

xeZd z: ||z]|=1
X5 (s) € {Ya(s), Yals) + 2,0 € X([t = 1,¢+ 1))
x Py (3seft—1,t+1]: X’C(S):O).

We complete the proof by showing that the right-hand side of isin Ll(N%d X Z4 u®
m). To see why, note that integration of the right-hand side of over 1 € N%d yields the
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upper bound

2) Y vP.(Fse(0,t+1]: XN(s) € {Ya(s),Va(s) +2},0 € XX([t — 1, + 1))
z€Ze z: ||z||=1
x Py(Iselt—1,t+1]: X¥(s)=0).
(B.7)
Summing the right-hand side of (B.7)) over y € Z%, we get

22Ny N Py (3s € (0,64 1] | XK(s) = Yals)|| = 1,0 € X([t — 1, + 1))
zyezd (B.8)
x Py(3set—1,t+1]: XX(s)=0) <T+1I,

where
I =2e2ND Z P,(3seft—1,t+1]: X (s)=0),
y€Zd4
11 =20y Py, (3s € 0, ¢+ 1): | XN(s) = Vals)| =1,0 € XN([t = 1,6 +1])) .
zAy

(B.9)
The first property in (1.5)) combined with standard large deviations estimates shows that I is
finite. To see that I is finite, note that by the Cauchy-Schwarz inequality,

IT<22NEFD YN ) \/Pw(as € [0,t+1]: || XE(s) — Yu(s)| = 1)

yeZd keN z: ||z—y||=k (B.10)

x \/Py<0 e XK([t—1,¢+ 1])).

To proceed, note that for any y € Z¢,

> Y Re(Eenit 1 1xte vl =1)
keN : |lz—yll=k
<> > \/Py,x(N(X’C—Yx,t+1) > k—l).

keN z: ||lz—y|=k

(B.11)

Here, N(X’C —Y,,t+ 1) denotes the number of jumps of XX —Y,. Thus, the first property
in (1.5) combined with standard large deviation estimates shows that the sum in (B.11) is
bounded uniformly in y. To conclude, use that

v [P0 € XK(it = 1.t 4 1)) (B.12)
decays faster than exponential in ||y||. This implies that I7 is finite, and shows that the
right-hand side of is in Ll(NOZd x 7, @ m). n
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