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Abstract In this paper, we introduce a new general pseudo subregularity model
which unifies some important nonlinear (sub)regularity models studied recently in
the literature. Some slope and abstract coderivative characterizations are established.
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1 Introduction

Over the past decades, mathematical ideas based on the use of advanced techniques
of generalized differentiation have allowed to make significant advances in the study
of generalized equations, that is inclusions governed by set-valued mappings. These
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inclusions/ generalized equations cover many important problems in various areas of
mathematics and applied sciences such as physics, mechanics, and economics: equa-
tions; inequality systems; variational inequalities; complementary problems; optimal
control, and various other topics. Also, due to their importance, as well as from their
theoretical point of view and their broad applicability, variational systems have at-
tracted the interest of many mathematicians.

One of the pillars of study of these generalized equations is the notion of met-
ric regularity. This concept has emerged in the last decades, mainly after the con-
tribution of Borwein [4], even if according to Ioffe [12, 13] in a recent survey, “the
roots of this concept go back to a circle of fundamental regularity ideas of classi-
cal analysis embodied in such results as the implicit function theorem, the Banach
open mapping theorem, theorems of Lyusternik and Graves, on the one hand, and
the Sard theorem and the Thom-Smale transversality theory, on the other”. Nowa-
days, this concept is commonly regarded as central for studying the existence and
behavior of solutions of nonlinear equations under small perturbations of the data.
The crucial role of metric regularity in Optimization and Variational Analysis as well
as researcher’s interest in this field can be found in many seminal works including for
instance [4,7,9, 11-14,26], and references therein. By the time and demand of use
and applications, variants of this property have emerged suitable to practical prob-
lems. Weaker/stronger versions: calmness, (strong) (Holder) metric sub/regularity,
semiregularity or equivalent versions: pseudo Lipschitz, linear openness were stud-
ied and have proved to have an important role in various applications in Mathematics,
especially in Variational Analysis and Optimization [5, 12,13, 15-17,26], ...

Another direction in this line is to build directional models for these objects
as recently proposed by Arutyunov-Avakov-Izmailov [1], Gfrerer [8], Ngai-Théra
[20], Ngai-Tron-Théra [22], Ngai-Tron-Tinh [23]. Characterizations of these con-
cepts have been established and successfully applied to study optimality conditions
for mathematical programs, for calculating tangent cones,...This notion of directional
regularity is an extension of an earlier notion used by Bonnans and Shapiro [3] to
study sensitivity analysis. Later, Ioffe [10] has introduced and investigated an exten-
sion called relative metric regularity which covers many notions of metric regularity
in the literature. In [24] Penot studied this property to establish second-order opti-
mality conditions.

The paper concerns a new type of directional metric regularity. In this article,
motivated by the works mentioned above, especially those of (co)authors and by Gfr-
erer, we build a general new model which unifies almost (sub)regularity models in
the literature; especially it covers both directional Holder metric subregularity intro-
duced by Ngai, Tron and Tinh and metric pseudo subregularity explored by Gfrerer.
This property is given in Definition 3.2. Our aims are to give characterizations of the
property. First, we establish a slope characterization, after that we move to a subdif-
ferential/coderivative or a limit critical set characterization. Section 2 introduces the
mathematical notation and basic definitions. In Section 3, we present the motivation
of this paper and some slope characterizations of directional pseudo regularity. In
the final section, we explore how the use of an abstract subdifferential may derive to
characterizations of metric directional pseudo subregularity in terms of coderivatives.
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2 Preliminaries and notations

For the convenience of the reader, we include in this section the material concerning
set-valued analysis and variational analysis that will be extensively used throughout
the sequel. We use the monographs of Mordukhovich [18], Ioffe [14], Rockafellar &
Wets [26] and Penot [25] as our desk-copies.

For our purposes, we are going to work in the framework of real Banach spaces. If
X is such a space, we denote by || - || the associated norm and by d(x, ) the distance
from x € X to the subset Q of X, that is, d(x,Q) := inf{|lx—y| : y € Q}. Given X,
we denote the topological dual (continuous dual) by X*, by || - ||* the dual norm of
[I-]l, by Bx = {x € X : ||x|| < 1} the closed unit ball, by Sy = {x € X : ||x|| = 1} the
unit sphere, by B(x, ) the closed ball with center x and radius r, respectively.

By a set-valued mapping (also named by some authors multifunction), we mean a
mapping T from X into the subsets (possibly empty) of another Banach space Y and
we use the notation 7 : X = Y. The graph of T denoted by gphT is the set of those
points in X x Y such that y € T(x), while T-! : ¥ = X , the inverse of T (always
defined), is given by (x,y) € gphT <= (y,x) € gphT~!. We say that T is closed if
its graph is closed with respect to the product topology on X x Y. Given aset K C X,
we use the notation cone K for the conic hull of K, that is for the set of all conic
combinations Y=} A;x; of points of K where A; > 0 for each index i.

Given an extended real-valued function f : X — RU {+e} we use the nota-
tion clf to denote the lower semicontinuous envelope of f defined by clf(x) =
liminf,_,, f(«)), and Dom f will refer to the domain of f, that is, the set of those
points x € X such that f(x) is finite. We recall that the convex subdifferential of f at
x € Dom f is the set

Af(x):= {x" eX": (x,y—x) < f(y)—f(x) forall yeX},

with the convention that d f(x) = @, when f(x) = 0.

For the purpose of this study, we use the concept of slope |V f|(x) of a function f
at x € Dom f. This is the quantity introduced by De Giovani, Marino & Tosques [6]
and defined by

0 if x is a local minimum point of f
VA =9 limsup fx)—f0)

otherwise.
VX, YEX d(x,y)

For x ¢ Dom f, we set |V f|(x) = 4.

When f is a convex function defined on a Banach space and x is not a minimum
point, then according to Ioffe [1 1, Poposition 3.8] (see also Azé & Corvelec [2, Propo-
sition 3.2])

VF1(2) = sup LI

— and |V f|(x) =d(0,df(x)).
Y#X Hx y”
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In the following sections, we make use of the notion of abstract subdifferential
operator.This operator denoted by d satisfies the following conditions:

(C1) If f: X — R is a convex function which is continuous around x € X and § : R — R
is continuously differentiable at = f(x), then

I(Bof)x) AP (f)x* €X™: (x,y—x) < f(y) — f(x) VyeX}

(C2) df(x) =dg(x)if f(y) = g(y) for all y in a neighborhood of x;

(C3) Let fi: X — RU{+oo} be alower semicontinuous function and f3, ..., f, : X = R
be Lipschitz functions. If f| + f» + ... + f; attains a local minimum at xg, then for
any € > 0, there exist x; € xo + €By, x7 € dfi(x;), i € 1,n, such that |f;(x;) —
filxo)| < €,i€l,n, and [|x]+x5+...+x;| < €.

We recall that the indicator function 8¢ of a closed set C in X is the function
defined by 8¢(x) = 0 when x € C and 8¢ (x) = oo, otherwise. Given an abstract sub-
differential d, the set N(C,x) := d8¢(x) is called the normal cone to C at x associated
with 9.

(C4) N(C,x) is assumed to be a cone for any closed subset C of X.

Let F : X =Y and (%,¥) € gph F. Given an abstract subdifferential d and normal cone
associated with d, the set-valued mapping D*F (%,7) : Y* = X* defined by

D'F(%,5)(y") = {x" €X": (x",—y") € N(gphF, (%.5)) }
is called the coderivative of F associated with d.
We assume further that o satisfies the separable property in the following sense:
(C5) If f is a separable function defined on X X Y, that is, f(x,y) := fi1(x) + f2(y),
(x,y) € X xY, where fi : X = RU{+oo}, fo:Y — RU{+eo}, then

df(x,y) =dfi(x) x dfa(y), forall (x,y)€XXY.

It is well known that the proximal subdifferential in Hilbert spaces, the Fréchet subd-
ifferential in Asplund spaces, the viscosity subdifferentials in smooth spaces as well
as the Ioffe and the Clarke-Rockafellar subdifferentials in the setting of general Ba-
nach spaces are subdifferentials verifying the conditions (C1)-(C5).

3 Slope characterizations of directional pseudo subregularity

For the understanding of the paper, it would be wise to recall the definitions of metric
subregularity and of Holder metric subregularity. We say that a set-valued mapping
F : X =2 Y between metric spaces X,Y is called metrically subregular at a point
(%,¥) € gphF with constant T > 0, if there exists a neighbourhood U of x such that

td(x,F~ (7)) <d(7,F(x)) forall xe U. (3.1)
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If in relation (3.1) we replace d(3, F (x)) by d (7, F (x))?, with ¥ > 0, then we say that
F is Holder metrically subregular at (%,5) € gphF with modulus 7 and order y and
(3.1) can be equivalently rewritten as

td(x, F~'(5)) <d(3,F(x))" forall x€ U. (3.2)

Throughout the rest of the paper, we assume given Banach spaces X and Y;, (i =
1,---,m), as well as a finite family of set-valued mappings 7;: X =2 ¥;,(i=1,--- ,m).
We note T := (Ti,...,T) : X = Y} X -+ X ¥, the set-valued mapping defined by
T(x):=Ti(x)X...x T,(x) and consider y := (7, ..., %) € R™ such that y > 1 which
means that % > 1 for i = 1,...,m. To begin with, let us first recall the definition of -
metric pseudo subregularity (-MPSR, for short) w.r.t. a given direction « and order
y>1

Definition 3.1 (directional pseudo subregularity, [9]) A set-valued mapping T =
(Th,...,Ty) : X =2Y1 X - XYy is said tobe (¥, ..., ¥ )-metrically pseudo subregular
(7: = 1) in the direction u at (¥,3) € gphT with modulus 7 > 0 iff there exist € > 0
and 6 > 0 such that

d(x,T7'(F) <TY |l — %' "d (5, Ti(x)) (33)
i=1

for x # % in B(%, &) N (£ -+ coneB(u, §)).
As observed by Gfrerer, y;-metric pseudo subregularity (y; > 1) in the direction u =0

implies Holder subregularity of order % Note also that whenm =1, if wenote T =T
and Y = v, then (3.3) becomes:

d(x, 7' (3)" < e —x""d(x, T7'(9)) < Td(5,T(x)). (34

Hence, if a set-valued mapping 7 : X =2 Y is y-MPSR at (%, ) in the direction u, then
T is directionally Holder metrically subregular of order 7y at (¥,¥) in the direction u
as mentioned in [23].

The new idea in this contribution is to consider a general metric pseudo sub-
regularity model called (y,h)—pseudo subregularity associated with a given func-
tion i := (hy,...,hn) : X — RY and with y:= (¥1,...,%m) € R” with % > 1 for
i=1,...,m. To facilitate ease of reading, we shall introduce some useful real-valued
functions corresponding to 7 = (Ti,...,Ty) : X S Y1 X - X Ypand Y= (Y1,..., Ym)-
For each j, we define pr,(-) =d(y;,T;(-)) and set

o, (x) = h0"

0 otherwise.

ifhj()(?) >0,

Now let us denote by ¢r the sum @r =}, @r;, by Yy = cl@r the lower semicon-
tinuous envelope of @7 and by S the sublevel set [y < 0]. Throughout the rest of the
document, we make use of the following assumption:

(o) hi,...,h, : X — R are continuous functions and satisfy

hi(x) =0= pr.(x) =0. (3.5)
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Definition 3.2 ((7,)-metric pseudo subregularity) Let T = (Ti,...,T,,) : X = ¥ x
.-+ X Y, be given and let (%,7) € gph T. The mapping T is said to be (7, h)-metrically
pseudo subregular in the direction u at (%,¥) € gph T for h = (hy, ..., h,) if there exist
7>0,€>0and 6 > 0 such that

d(x,T7'(y) <t (3.6)

for x € B(x,€) N (X+ coneB(u, 8)) with ¥, hi(x) > 0.

When the direction u := 0, we will say briefly that T is (7, h)—pseudo subregular at
(%,¥) (that is, the inequality (3.6) is satisfied for all x near x). Let us note that when
considering some special mappings A, one recovers the concepts of directional metric
subregularity mentioned above. For instance, if we choose the functions A;(x) = ||x —
||, one gets metric pseudo subregularity and if one considers the case m =1, h (x) :=
d(x,T~'(7)) one gets directional Holder metric subregularity. Especially, when 7; = 1
(i=1,...,m), one gets the usual metric subregularity.
Throughout the paper, it is convenient to keep in mind the notation used in [20]:

x 2 ¥is meant to be x — if u = 0 and x — x and ﬁ — HTMH otherwise, as well.

The rest of this section will be devoted to establish some characterizations for
the (7, h)-metric pseudo subregularity (Definition 3.2). For such a purpose, the next
proposition will be useful.

Proposition 3.1 Suppose that T is not (h,y)-metrically pseudo subregular in the di-
rection u at (%,y) € gphT. Then, for each nonnegative real sequence (i) | 0, there
exists a sequence Xy — % which satisfies for large integer k the following conditions:
i d(xk,S) > 0;

ii. yr(x) < I_T%d(xk,S);
ii. |Vl//T | (xk) < max {ﬁ, Tk}.
Consequently, one has

liminf {|VWT\(x)} = 0. 3.7)

xibE,xQS,
yr (x)/d(x,8)—0

Proof According to the definition of metric pseudo subregularity, we can find a se-
quence % — & such that

=Y or,(%) = yr(®%). (3.8

Hence, the Isc function yr inherits the following property:

0 < yr (%) < wd (%, 5),k=1,2,... (3.9)

Let & := yr(%) > 0 and A := min {\/?kd(ik,S), %’k‘} > 0. By the Ekeland varia-
tional principle, there exists for each k an element £ such that
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= I = Tll < A
= Yr (%) = 35 [1% — %l = wr (B);
— the function fj : x — yr(x) + % ||x — £|| attains its minimum at £.

We are going to establish the following facts:
() & ¢S
(i) £ — x;
(i) yr (%) < L\ﬁ (£, 8);
(iv) |Vyr|(£) < max { /T, %}
Assuming that (i) does not hold, one has

Ted (%, S) < Tl % — &l| < T < & = wr (%),

in contradiction with (3.9).
To prove (ii), let’s note that A; = o(||% — %||) by virtue of the inequality

e < V/Td (5¢,8) < /T || % — ]|

Set py, == Hi’; :iH . After involving the triangle inequality, one deduces

-5 o X — Xy . -
(1- B8 s < g st < (14 L2 g

Recalling that ||£; — %] < A, we conclude that y;, — 1 as well as ||£; — x| — 0. If
u # 0, then a few straightforward calculations give us

X — X u <1)<f}<—f u >
€= flull Nt/ \NZe—%] [|ull
1 X — X 1
() e (1) o
e ) W% — x|\ ik [Jul

’ — 0, and therefore, (ii) is proved.

(3.10)

Using (3.10) it yields X” “u”
For establishing (111) We invoke (3.9) and obtain

l[/T()Ek) < de(ffk,S)
d(%,S) = d(%,S)

Since
|d(£r,8) —d(Zx,S)| < ||fe — &ae|| < M < V/1d (%, S),

for large k we get

l[/T(xAk) < T d ()Zk,S) T

d(%,S) ~ d(%,S) — vTd (%,S)  1—vT

Hence, (iii) follows immediately.
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In oder to verify (iv), remember that fi(-) attains a minimum at £. As a result,
Ek N .
yr(x) + )Tk\lx—XkH > yr (%)

for x close to £y. Equivalently,

yr () —yr(x) _ &
[ "

for all x # £ belonging to a neighborhood of £;. In summary, we have

. &k Yr (%)
\% X)) < — =max ————, T p S<Max /T, T (- 3.11
| V’T|( k) )Lk {ﬁd(fk,S) k} { k k} ( )
Letting x;, = %, the whole proof is established. O

Based on Proposition 3.1, the next theorem offers a sufficient criterion for metric
pseudo subregularity.

Theorem 3.1 Let T, v, h and yr be defined as above. Suppose that

liminf {|V1//T| (x)} >0 (3.12)
xibi.,ng,
vr (0)/d(x.5) 0

is fulfilled. Then, the set-valued mapping T is (y,h)-metrically pseudo subregular
w.r.t. the direction u at (%,y) € gphT.

Proof When (3.12) is valid, the set-valued mapping T must be (y, h)-metrically pseudo
subregular as a direct consequence of Proposition 3.1. a

Corollary 3.1 Under the same assumptions of Theorem 3.1, if now we have

liminf {\quﬂ (x)} >0, (3.13)
xi>f,x¢S,
yr () x50

then, the set-valued mapping T is (v, h)-metrically pseudo subregular w.r.t. the direc-
tion u at (%,y) € gphT.

Proof Relation (3.13) implies the one in (3.12). a

Using Theorem 3.1 and taking 4;(x) = ||x — X||, one obtains a slope characterization
of directional pseudo subregularity of 7.

Proposition 3.2 (slope characterization) If
mn .
liminf ’VCI(Z %)‘(x) >0 (3.14)
xi>x,x€5 i=1 H'_XHY'

lx=%~"or; (x) >0

then T is (y,h)-MPSR in the direction u at (X,7).
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Similarly, considering the case m = 1, h (x) :=d(x,T~'(§)), we derive a characteri-
zation of directional Holder metric subregularity of 7.

Proposition 3.3 ( slope characterization) Suppose that the following condition

dy,T(-
liminf ’Vcl%
P d(-, T ()
ldGer= L)1 0

’(x) >0 (3.15)

does hold. Then T is directional Holder y-metric subregular in the direction u at
(%, 9)-

In many applications, it is sufficient to focus on the case m = 1. For such a situation,
when applying Theorem 3.1 we have to deal with the slope of the quotient of two
functions. The next lemma will be useful to the computation of the slope of such a
function.

Lemma 3.1 Ler f,g: X — RU {0} be Isc extended real-valued functions and let
x € Dom f NDomg satisfying f(x) > 0 and g(x) > 0. Suppose in addition that g is
continuous at x. Under these assumptions, one has

(> TG e

Proof Let us denote O := L 1If x is an isolated point of Dom @, then x is a local

minimum of both ® and f, so |VO|(x) = [Vf|(x) = 0, and the conclusion is trivial.
On the contrary, we fix a sequence of nonnegative reals (&) J 0. Then, there is a
sequence (&) | 0 for which the following property holds true:

Iz —x|| < & = g(x) —8(2) < (IV&l(x) +&) x —z]- (3.17)
For each k, we may select z; € B(x, d) \ {x} such that
F0) = f(@) = (V1) — &) [l =zl (3.18)

Due to the continuity of g, it is possible to assume g(z;) > 0. We have

fx) - flz)
OW)—0(z) _ gx) glz)
[l — zi| [l — 2|
b &S ) gx) —8(z)
g(z)  x—zll  g(x)glze) Il —zl
1 f(x)
> @(Wﬂ()‘)_&c) - m(\VgI(XHEk)-



10 Huynh Van Ngai et al.

From the last inequality we derive

> timsop (- (9710) &) - 2 (el +e) )
— V10~ L5 9.
Since |V6) (x) = limsup @()‘i:?”(z), we obtain
6l(x) > timsup X2 o ) - Sl o)

O

Invoking Lemma 3.1, we obtain Lemma 3.2 used in the sequel for proving Proposi-
tion 3.4.

Lemma 3.2 Let T : X =2 Y be a given set-valued mapping and let (%,5) € gphT.
Suppose that h : X — R is locally Lipschitz around X and that the subsequent
condition is valid as well

d(x,S
fimsup 255 oo (3.19)
u o h(x)
X—>X xS
for some u € X. Then,
1 Vel
liminf ‘v(%) ‘(x) > liminf {CpT_le)} (3.20)
xiﬁ,xéS, hY xi)i,xgs, h(x)y
h<x>:(*7g)r @ 0 h(x)pr (x)—0

Proof Applying Lemma 3.1 with f = clpy and g(-) = h(:)?~! we deduce

clpr Velpr|(x) clpr(x) [V(H"")|(x)
V()@= TR 21
for each x ¢ S. According to [19], we have
V(A1) |(x) = (y— Dh(x)"2|Vh]|(x). (3.22)

But since & is locally Lipschitz, it holds that k(x) := |Vh‘(x) is locally bounded
around X. Let’s re-write (3.21) as follows

‘V(Clﬂ) ‘(x) > [Velpr|(x) (r—1)k() clpr(x)

hY—1 h(x)r-1 h(x) (323)
Vel X X d(x, ’
> [Velprlty h(x’;i'ﬁ ) (= Don(r! h(x)fT]( dz}g 5 ,i(x)).
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Combining (3.19), (3.20) with (3.23) we infer

1 Vel
liminf V(%) ‘(x) > liminf %
xiﬁ,x%& h xi>i,x¢S, h(x)
a(x) 17, X O pr(x
ot Torto g ! Torlo g
Assume that (x;) is a sequence in X such that
u h(x)'7pr ()
— S, ——————= —0.
Xic Xy Xk € ’ d()Ck,S)
By virtue of (3.19), we have
(xka S)
limsup o0,
ks M(XK)

which yields

d(x,S) h(xx)

limsup {h(xk)’VpT (Xk)} — limsup { h(x) ""pr(xe) d(xk,S) }

k—oo k—o0
As aresult, we get
Vel Vel

e RIC eags, L AT
W)~ 7pr (5)50

Combining (3.25) with (3.27), it holds that

vel vel
limint YLPTI) { Velpr(x) } .
xibf,x%S, h(x)y xibf,xgs, h('x)y
h(x) L(*V;)T @ o h(x)~7pr (x)=0

In summary, (3.24) and (3.28) give us

liminf ‘V(ClpTN(x)} liminf {VCIPTKX)}.

u —1 u —1
X—>XXES, h¥ X=X XES, h(x)y
W) pr() o h(x)~"pr(x)—0
d(x,S)

This completes the proof of Lemma 3.2.

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

O

Based on the previous results, we present a robust version of Theorem 3.1 for the

case m = 1 which might be more comfortable in practice.

Proposition 3.4 Let T, X,  and h satisfy all assumptions of Lemma 3.2. Then, under

the following condition

v
liminf  LV.1P7I(¥)

xiﬁ,ng, h(x) -
h(x)~Ypr (x)—0

>0,

(3.30)

the set-valued mapping T is yY-metrically pseudo subregular at X for ¥ in the direction

u.

Proof The proof follows by combining Theorem 3.1 with Lemma 3.2.

O
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4 Coderivative characterization of directional metric pseudo subregularity

Theorem 3.1 provides two sufficient conditions ensuring the validity of directional
pseudo subregularity through the slopes corresponding to suitable functions. Gfrerer
in his work [9] dealt with such a property using the notion of coderivatives. In or-
der to study the directional metric regularity property, the authors of [21], introduced
the notion of limiting critical set around a reference point (¥,7) € gphT. Follow-
ing a similar trend, we shall develop an infinitesimal criterion for directional metric
pseudo subregularity using the coderivative associated with an abstract subdifferential
d. Hereinafter, we assume that the abstract subdifferential d satisfies the following
quotient fuzzy rule:

(Cs): Let f1, f2: X — RU{+oo} be two locally Lipschitz functions around xp € X
with fi(x0) > 0, f2(x0) > 0. For any € > 0 one has

P (f1) we U {fz(x0)9f1(x1)—f1(x0)3f2(x2)

f f2(x0)?

+8Bx*}.

x1,%2€B(x0,€)

Note that (Cs) is valid for all usual subdifferentials in the literature of variational
analysis.

Proposition4.1 Let T : X =Y =Y X --- XY, be a closed set-valued mapping
between two Banach spaces X and Y and (%,7) € gphT. Suppose given functions
hi: X — Ry, (i=1,---,m) locally Lipschitz around . Let u € X and y > 1 be given
for which the following condition is fulfilled

: d(x,S)
limsup max

e i=lm hi(x)
X—>XXES

If T is not metrically pseudo subregular in the direction u at (X,y), then there exist
some real sequence () | 0 together with (uy,vi) € Sxxy, uy € X* and vi € Y* such
that

(a). lim ||ug| =1, lim |[[jufjux — u|| = O;

k—roo k—so0
(b). Jim maxi, o {(5) vl [} =0;
(c). the vector (ug,—V;) belongs to N(gphT, ()?thkuk,)?thkvk)), where Vi € Y* is

given by Vi, = h,~()?—|—tkuk)1’7"vzi;

v =%y, .

(). lim _ im:11<vzi’h"("+”<”’<)_ Y"k’>1 _ 1

ke || (hl(x+tkuk) TNV, 7hm (x+tkuk) _Ymvkm) H

.l It =0, li L = 1.

(). tim (I} =0, im {17}

Proof For convenience, we assume that the distance on Y is given by

¥y = lyillyy + -+ ymllv,-

Further, with the aim of simplifying the notation, let us use ||-|| to indicate the norm
in any Banach space. By Proposition 3.1, we can find some sequences x; — & such
that
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(1) xx &S5 )

oy 1o Wr(Xk)

@) i es) ~
Gii) Jim {[Vyr|(x) } = 0.

Denoting 0y := ||lx; — %|| > 0 and assuming yr (x;) = Brd(xt,S) where B | 0, for
each k, choose some positive parameters oy and 7. satisfying o = o(yr(x;)) and
Nk < Ok. Making o and 7 smaller if necessary, we may suppose

= 2Mi + 0 < yr ()
- @r(2) > yr(x;) — 0 whenever ||z — x| < Mk

Let 7 := |Vl//T | (xx), then according to the definition, x; is a local minimum to the
function w7 () + (4 0k ||- —xx || Hence, there exists a radius ry < nlun {hj () Yime

such that
vr(g)= min {l//r(x)+(fk+0k)||x—ka}. 42)

[lx—xg [|<2rg

By the definition of a Isc envelope, we may select some (£, $x) € gph T which fulfills
the two properties below:

o 17 =l _

X% — x| < ok and < yr(x) + orre 4.3)
SRy

Using (4.2), we deduce

S — Vil
Z . yjil <Y (x) + (T + o) [|x — x| + Ok

< Bgpnr (%,) Z ”y/)yyju + (T + o) ||x — 2 | @9
+ (% + Gk) [k — X || + Okr-
Define a Isc function f; : X X ¥ — RU {400} by the formula
fi(x,y) := Sep7 (x,¥) +Z||y’)yyj|l|+(rk+ck)||x—£k||. 4.5)
Observe that fi (£, 9x) = Y7 M and that

=V hy()

filBo9) < inf f(x,y) + &,

[lx—xg || <2rg

where & := (Tx + Ok ) ||xx — £x|| + Okr > 0. Setting Ay := ry/0r > 0 and applying the
Ekeland variational principle, take (%, ;) € X x ¥ such that
= [[(F 90) = (e i) | < A
=SB, 9e) = 55 G Fi0) = G T | = feF 3
— (%, Jx) is a minimum to the function (x,y) € X X ¥ — fi(x,y) + %‘(H(x,y) -
(%, 7 )| subject to the constraint ||x — x| < 2ry.
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Observe that Ax = o(ry), so X # X, which allows for writing Ji;; # ¥,. The last con-
dition along with the properties (C1) — (Cs) of the subdifferential operator show that,
there are some elements &, %, € X, 7. €Y, §i; € ¥; and also x}(*,fz EX*, Jreyr,
Vi FEY; * which fulfill the following conditions:

(i) max {15 =5, 15— 1565l 1551 } < vieo where vie < min { A4, B3 —
ylea"'vﬁk”)_’m*)ﬁ"ka},

(i) (5*,5¢") € Oxxr Sopnr (£, 5) = N (gph T, (%, 51)):

(iii) T € Iy |- — &l ():

(iv) (xk ) € x4 ) = G T (T, 77

W) 55 € oIy —I5E):

(v 5 € (1) () = (1= st (Oxcy) (5 )

(vii) ||x (TkJer)xk + ikili*JFZ]:l ||)’./ yijxkj || < Op;
(Vi) [[53] + 5% +hj(xk,)]’ it < o
We shall establish the conclusion of Proposition 4.1 step-by-step through several aux-
iliary facts.

Fact 1 It holds that

A S )24.—)(
N 7t/ R x_k|| _ o _k|| _o; 4.63)
koo |xp —X|| koo |Jxx — X ke [ —X||
hi(% hi(x hi(x}
tim ) _ g AT RO — 1 (4.6b)
k—>o0 hj(xk) k—roo hj(xk) k—ro0 hj(xk)
: 1 &5 =3l
lim =1; 4.6¢
k%{m) LT (60
1 m
lim Y I5; yk{'J =1,i=1,2,3; (4.6d)
k—oo | W (x) = hj (xk)Y/
-4
| ._
lim 15— "’_”1 —1. (4.6¢)
ke | W () 124 hy(3E)Y

Proof of Fact 1 Firstly, we establish (4.6a). Equality l1m HHX" xchH =0 is trivial due to
the choice of X;. Further, since
max {[|%, —Fll, 15 — %l } < A = ol — 1),
whereas ||%; — £ || < A4 = o(||xx — X||), one gets
max {[|%, — x|, |15 — x| } = o( [l =),

which implies (4.6a).
For (4.6b), let us involve the Lipschitz property to each function 4;. Indeed, for
each j=1,2,...,mthereis L; > 0 and r; > 0 for which one has

x—%|| <rp||X =% < r;
P S S — - n <Ll @)
J

Ilx =X <r
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Thus, when £ is large, it holds that
|1 (%) — hj(x) | < Lj|% — xel| < Ljoyr. (4.8)

This allows us to write

) 1‘ <L Gi. 4.9)

" hj(x)

By interchanging in turn the role between £; with Xy ;, )E}( and repeating the arguments
above, we deduce

hj(%) ;
maX{H,.(fk’)l\v\ZjE -1fp<e h()

Since r < hj(xg) N, (4.6b) follows from (4.9) and (4.10).
In the next step, we prove (4.6c). According to the choice of %, it is possible to
derive

(O +21/3%). (4.10)

hj(£) 7055 = il = hy(®) ' 1d (37, Ti (%)) = o1, (xi).-
As a result

Z |y] .);/k]‘l‘ > (pT(-xk) > WT(-xk) O.
j=1 xk J

il 1% < yr(xx) + Okry by the choice of ji;. Thus, the

limit (4.6¢) is a direct consequence of the fact that o = o(yr (xz)).

Based on (4.6b), we can derive that the proof of (4.6e) is similar to the one
of (4.6d). Thus, it is sufficient to verify (4.6d) only. Indeed, fix an index i € {1,2,3}.
We infer from (4.6b) that

L& 5=l
lim =1.
k%w{ WT(xk) ]z:l h: ('“l)y/*l

According to the choice of )7}; ; we get

Further, we have Y

9% = Diill < ;= i ll + 1% — el < 24k = 2r+/,
which yields
”yjcjf),)\ij o Tk
T Al S Kk~ a1
wr (o) ()0 wr (a)hy (&)

(o) Yimy
S O )]

Recalling that 1y < oy = o(yr(xy)), we obtain (4.6d) by applying (4.6b). O
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Fact 2 We have y ¢ T (x}).

Let us define
= ||(8—%5—) ||, (4.11a)
= (1) " H(& - %), (4.11b)
vii o= () G =), i=1,...,m. 4.11¢)

Then the following relations are valid as well

[ (ue, vl = 1, (4.12a)
lim ||| = 1, (4.12b)
k—yoo
lim ||[|ue]| g — ue|| =0, (4.12¢)
k—ro0
I v} = 0. 412
Jim {(1)" ¥ |viall } =0 (4.12d)

Proof of Fact 2 Firstly, by the triangle inequality:

e — & || < e — Sl + 186 — %l + (|5 — Bl < Okre+ A+ Vi = ().

Hence, for k large ||x; — £}|| < 1. Thus, we infer from the choice of 7 that

or(®) > yr (%) — oF > Mk

This shows that y ¢ T()E,i) Particularly, one has )?}C # %, which implies #; > 0. Hence,
the elements uy, vi; are well-defined. The equality (4.12a) is trivial by the defini-
tions (4.11a)~(4.11c). To prove (4.12b), we note that || — || ~ [xx — &[] = o ac-
cording to (4.6a). It follows from the choice of §; that (see (4.3))

(15 — Fill < hi( @)% (wr (x) + owre) = o(ox),
which allows for writing

ka, Viill + [Pk = Ixill + ||9ri — ¥l
5% — Fell + 5% = Fxll + 119 — il
Vi + A+ |9k — Jill = o( o).

~1 _
19 — Vil < |
|

<
<
<V

Thus, the limit in (4.12b) is obtained directly from (4.11a) and (4.11b).
With the aim of verifying (4.12c¢), let us define the auxiliary element i := a1 ] (xk

x|
X) — u. For such a notation, we have

| — = (1) ™" [|ul| (%} — 1) —u
— Xk

[l — fll

= g+ o] = 1)+ ] e -

= x| (i + ) — e+ e

— Xk
[l — ]
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Observe that x; — &; we get l2|| — O, and hence, (4.12¢c) follows from (4.12b)
and (4.6a).
Finally, we establish (4.12d). Due to (4.11a), (4.11c) we may write

Ly 5% =7 15 =3 ke |51 =7l
) vl = = < = R —.
TE —w S - T ) x| [Joc — x| %

Recalling the estimation for ||5} — || as above, we find

198 = Fill < Vi + A+ 1[90 — 3l
<Vie+A+ hi()?k)y"71 (WT(xk) + O'krk) .

h;
We know that lim sup (xkz < oo, lim Yr (%) = 0. Therefore, (4.6a) and (4.6b)
koo |1k — ]| koo d (g, S)
[ NEAY:
imply limsup (k)—WT(xk) = 0. Since ry < hi(xg)Y My and A = o(ry), vie = o(ry),
koo | — X[
we conclude that ||§; — || = o(||xx — &||%). Thus, (4.12d) is thereby proved. O

Fact 3 Foreachi=1,2,...,m it holds that
tim { ()] =1 (4.13)
k—so0
Proof of Fact 3 Invoking (viii), there exists w}; € Byi* such that
kakl ykl + /B yl%;+h(le)17%92;
3%

By virtue of (iv), the sequence (37) is bounded in norm, so

hm Hykl +h 'xkl 1 %ykz || = 4.14)

By using (4 6b), it follows that hi(%}) > 0 as k is sufficiently large (because of
hi(%}) ~ hi(x;)). This implies 7, # y; unless a finite many of indexes k. Taking into

account (v) and since the function |[j; — -|| is convex continuous on Y;, we can say
that 3¢, is a minimum to the function ||3; — || — (7}F,- — §7,). Thus,
16 1 =1, 119 = Fiall = = (53— i) (4.15)

The latter permits us to obtain
ANI—y (sl )ty 5!
h(xg;) " — ||)’kl*+h ) yyka (7l
<ha) T3+ hGE) T @.16)

Combining (4.6b), (4.14) with (4.16) we obtain (4.13). O
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Fact 4 Let us define with respect to each k the elements below:

up =%, (4.172)
Vi 1= —hi(®+ ) U5 (4.17b)
Ur = (T ) IV (4.17¢)
For such elements, we have

Jim vl =1, (4.182)

—o0
(g, =515, — V) € N(gPhT, (X+ tiug, Y+ txvi) ), (4.18b)
lim [lug|| =0, (4.18¢)

k—so0

i hi(F+ o) Vv
lim 1<Vk’ Sas V"’>l ~1. (4.184)
FE T G ) vt e e 50T ) |

Proof of Fact 4 The relations (4.18a) is derived from (4.17b) and (4.13), while (4.18b)
is a consequence of (ii). In order to obtain (4.18c), we invoke (iii), (iv), (vi), (vii), (4.6e)
and (4.13). Indeed, thanks to (vii), there is i} € By+ such that

oty = %) +(T"+G")i%*+xk ”3*+): (1-7%) ”;’( y)";ﬁ;,, (4.19)
i\Xi

where iif; € dxh;(%;) satisfies ¥ = (1 —y)h (xkl) Yii;. According to (iii), (iv) and
by the Lipschitz property of each function 4;, it is possible to check that

timsup {ma {12,159 1,0 - |} < ome (420

Denoting ¥* = max{¥i,..., ¥}, (4.19) yields

15 < ol + (T + o) 157 to H~3*||
4.21)
! 54 (
-1 i
w7 =) (s s ) ( max 1] ) 3
d(x,S)
Using (4.6b) and observing that limsup i) < 400, we deduce
k—yoo
d(x,S
limsup (. k; ) < oo,
koo i (xkz)
As aresult, (4.18c) is obtained under the combination of (4.20), (4.21), (4.6¢) and the
assumption that "'T%; — 0.

With the aim of establishing (4.18d), we define some quantities

agi = hi( X+t ) TV Vi) ak = Y ag,
by = hi(X+ tage) 1 vl b == X b
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Then, we have

{aki = (fk)_1<)~’1£,'*7}711,~ —¥i)s (4.22)

bi = (1)~ hi(hi(%)) 1|5 — il
sl & B*

Since yi7 + 5357 +hi (&)1 7% 5E = opw}; (see in the proof of Fact 3), it follows that

— tkhi (B a = (hi(%5) " 5k — 5i) = ochi(56) Y 0 S — i)
173 j ~ - ~1 _
- zkh )OS — ) — O S — )

Consequently, we find

. h,’ f4~ ¥i—1
tichi (X + ) l{bki_ {(7](1')} aki}

hi(fk)
o )
= s~ sl { ety ST
sl 5 *29
=gt { omtatye ST
||yl ykz”
o (3 50— i)
s {1 - SR
||J’i—)’ki||
As in the proof of Fact 3 (see (4.15))
15451 =1, 13 = 50l + -3 = 5) = O,
and the latter implies
(ke — 31 = |19 = Tl + 5k 5k — i) - (4.24)

Moreover, recall that vy < Bi||9; — || (cf. (i)). Therefore, from the fact max{||5}; —
Fuill, 17 = Fuill} < Vi (by virtue of (i) one has

lim (5% — 9 — lim 158 — il _ (4.252)
koo ||5i = Fuill - koo (|90 — Tl
i =Tl =Sl (4.25b)

koo ||Fi = Jiil| koo || 57 — Vil
Combining (4.25a) with (4.25b), we obtain
Sdx 4 Yikd
limsup <|<yk, T — yk,>> < lirmup(lly g — yk,I) 0.
k—oo HYt yk,H k—voo ||y1_ykl||

Taking into account the estimation

)

‘ <5}£:(7)~)kl )_)l>
HYI y]a”

<‘ 7”)71'_5}2” |<.)721*7)7]£l y£l>|
15 — il 15 = 3l
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we find . o
T
lim <1 _ <yki_7yki~1 yz>> —0.
k—yeo Hyi _yk,'H
Hence, we can infer from (4.23) that

_ hi (&) n1 o
whi+ s (o= (] o =olsi-shl). @29
i\Xg
which implies
hi (%)%
bii — ki bii). 4.27
¢ [h,(x})] o(bu) 4.27)

Taking the sum over the index i in (4.27), we reach the conclusion

- Z { [ xk’ } aki} = o(by)- (4.28)

Observe that
sl 5. g1
hmsup| il —limsup{h,-(i}c)WIW}
k—soo  Dii k—ro0 [19i = 9l

<timsup { ()" 51} =1, 4.29)

k—o0

we deduce
bk—ak:bk_i}{V}llii(();%))}%_laki}
{1 ))}” e} =ol). @30)

This shows that lim <1 — Zk> = 0, which is equivalent to (4.18d).

k—yoo0 k

Combining Facts 1, 2, 3, 4 we obtain a full proof for Proposition 4.1. O

Definition 4.1 ((y,h)-limiting critical set) Let 7, v and % as similar as in Defini-
tion 3.2 and let (%,y) € gphT. For some fixed element u € X, we define the limiting
critical set SCry,;, T (%,¥)(u) with respect to T, ¥, h and u at the reference point (X, )
as follows. A pair (v,u*) € Y x X* lies in SCry,;, T (X,)(u) if it is possible to find
some sequences (fx) | 0, (vi,uf) LES.SN (v,u*) and (ug,vy) € Sx x Sy« which fulfill
simultaneously the following conditions:
i dim ||]]ee]lug — u|| =0
—yo0

ii. the pair (xg,yx) with xg := X+ tig, yii := Ji + (1 )" vy; is in gph T but § & T (xi);
i, (g, = () MvE o —hm () v ) € N(gphT, (xk,yx)) and one has

lim :n 1<V217h (xk)l_%(yki_yi» -1
koo ||| (1 () =0 0kt = 51)s - Ao () 110 (Vm — ) ) | '




Directional Metric Pseudo Subregularity of Set-valued Mappings: a General Model 21

Using this new notion, we are now ready to present the infinitesimal characterization
for the property of (7,h)-metric pseudo subregularity. The next theorem is in this
sense.

Theorem 4.1 Let T, ¥, h and (X,¥) as in Definition 4.1. Suppose that each function
h; is locally Lipschitz around % and that

i d(x,S)
lim sup
X—X,x¢S hi (x )

< oo i=1,...,m. @.31)
1f(0,0) € SCry, T (%,y)(u), then the set-valued mapping T is (Y, h)-metrically pseudo
subregular in the direction u € X at (%,53).

Proof The proof is almost based on Proposition 4.1. Assume that the norm in Y* =
Y x--- x Y coincides with the maximum

”y*HY* = H()ﬁvﬂ’fn)’ y* :max{||yT||Yl*?""||y:'(nHY,Z}'

Suppose on the contrary that T is not (y,%)-metrically pseudo subregular in the di-
rection u at (¥,). Let 1 > 0, (ug,vi) € Sxxy, and (uf,vi) € X* x Y* be the sequences
in the conclusion of Proposition 4.1. Let us define

Xk =X+ tUg, Yk =Y+ vis 4.32)
then it is clear that
(Lt;é, —h (xk)l*y1 Vilseees —hm(xk)lfy’"vzm) € N(gph T, (xk,yk)), (4.33a)
fim [|u}[| = 0, lim ||}, ]| = 1, (4.33b)
k—roo k—so0
lim [[ue|| = 1, lim |||[ue]|ux — u]| =0, (4.33¢)
k—ro0 k—so0
lim { ()N = Tim { () -0 433d
kg{}o{( ) v |l kg{}o{( ) Ve } =0, ( )
m v hi =Yy, .
lim 1’—1<v’“ (%) Vf’> ~1. (4.33¢)
koo ||| (B o) =1 vkr -y B () v ) |
Further, as proved in Fact 2, we also have y & T (¥ + fyuy) = T (xg). Setting
i = [luge]| e, (4.34a)
i = |~ e, D 2= (1) o) v, (4.34b)
g = Vil g, 0 = vl (4.34c)
we obtain
Xg = X+ Dy, yri = Vi + () " 0ni, (4.35a)
(a5, —h () 7051y —hon () 7 9,,) € N(gph T, (v, 30) ) (4.35b)
|l = 1, [ =1, (4.35¢)

im [[9]] = 0, lim ||| = 0. (4.35d)
k—o0 k—so0
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On the other hand, combining (4.34c) with (4.33b) and (4.33e), we find

Py (P i) (i — 30))
| (2 (i) = et = 515+« i () =7 (ke — Fim) ) ||

lim
k—yoo0

— lim Hvﬂrl 1lm:l <V;i7hi(xk)17%"{ci>
ke | (1 () =0k (32) v ) |
-1 mo ok 11—y
j— ‘ah' % i
= lim <.max |v;l|) 1171<sz i(x) v:c)
k—yo0 z:l....,m H(hl (xk) i Vkla"'vhm(xk) 7%71\}km)H
=1.

In addition, taking into account the representation
- -1 -1
eell e — e = Y| el e — 20) + ([l 7 = 1) e,

(4.33c) implies klim I loel| 2 — uH = 0. In summary, it follows that (0,0) € SCr,, T (%, ) (u),
—So0

which contradicts the assumption of Theorem 4.1. a

Remark 4.1 By letting h;(x) = ||x — X||, Theorem 4.1 subsumes to somewhat studied
in [9, Theorem 1]. Takingm =1, h| = d(x7 71 (y)), then Theorem 4.1 recovers the
results presented in the works [21,23].

Note that certain applications concern set-valued mapping having a convex (and
closed) graph. For such situations, the counterpart of Theorem 4.1 might be also
fulfilled. The next result is in this sense.

Proposition 4.2 (Set-valued mapping with convex graph) Suppose that the set-
valued mapping T : X == Y has closed convex graph. Fix some given (%,¥) € gphT
and u € X. Let y and h be the same as in Theorem 4.1. If T is (v, h)-metrically pseudo
subregular in the direction u at (X,), then one has (0,0) & SCry,;, T (X,5)(u).

Proof Replacing T by T (+) := T(-+X) —y if necessary, we may assume X =0 and § =
0. Let T satisfy the assumptions of Proposition 4.2 but (0, 0) be in the set SCry,;, T(0,0) (u).
The definition of SCry,;, 7(0,0)(u) shows that, there exist a real sequence (sx) | 0 to-

gether with some sequences (i, v;) € Sx x Sy« and (v, uf) LECSN (0,0) which fulfill
the conditions below:

klij{}QHH”HMk —ul| =0;

we have y, € T (x;) but 0 =3 & T (x;), in which x; = sguy € X and yg; = (s¢)"vii;
= (uf, —h1 () "M, =R (i) ¥y, ) is an element of the normal cone N ( gph T, (x, vk ) )

— lim ;nil <V2i’hi(xk)17%yki> -
koo || () =00k P (0) Ty || .

Let 7, & and r be positive real parameters such that

dx,T710) <t Y hi(x)'%d(0,T;(x)) (4.36)
i:hj(x)>0
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whenever x € coneB(u,d) with 0 < ||x|| < r. Since gim || l2¢] 145 — ]| = 0, x;c will be in
—yo0

coneB(u, §) after skipping a few first indexes k. Hence, it is possible to apply (4.36)
at x = xy

d()«?k7 T_l (O)) <7 i hi(xk)l_%d(Q T,(xk))
o (4.37)
<t Y hile)' |yl
i=1

Recall that x; & 7! (0). By virtue of (4.37), for some 0 < o} < 1 there exists z; €
7-1(0) which fulfills the inequalities

0 < [Jre —zll < T(1+0k) Y Aioi) '~ Lyl (4.38)
=1

Because the set gph T is convex, we may derive from the choice of u} and v} that

m

(i 2 —xi) + Y (—hix) v, —yi) < 0. (4.39)
i=1

As a result, we obtain

7 (o) 'yl P (ki i (o) ' T
2% — x| || (A1 () Mye s 7hm(xk)i_ym)’km> 1 (4.40)
<uk7-xk _Zk>
llzx — x|
Combining (4.38) with (4.40), we deduce

1 Ve hi (o) Yy
T(1401) || (h1 () =" ykts - o (i) =Yg ) | @.41)

<szxk >

< ——— < gl
[z — x|

Passing to the limit w.r.t k in both sides of (4.41), we obtain the following estimate

{ 1 e hi(o) Yy
(

liminf
T 1 + Gk) || (hl (xk)li,ylykl, e ,hm(xk)lfymykm

k—so0

<0, (442)
)l }

Since the left-hand side of (4.42) takes a positive value, we reach a contradiction.
This completes our proof. O

As arising from many applications, for instance, in generalized equations, we restrict
our consideration to the case m = 1 and T = f + F where f: X — Y =Y is C!
and F': X =2 Y has a closed and convex graph. Under some robust condition imposed
on the given data f and the abstract subdifferential d, the next proposition has the
advantage of offering a necessary and sufficient condition for (y,4)-metric pseudo
subregularity.
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Proposition 4.3 () Let Y= € [1,2) and h = h; : X — R be the same as in state-
ment of Theorem 4.1. Suppose in addition that the Jacobian map Vf is Lipschitz
around X while the coderivative associated with d obeys the sum rule

D*(f+F)(x,f(x)+2) = Vf(x)* +D*F(x,z) (4.43)

for every (x,z) € gphF near (%,Z) € gphF. Then, T = f+F is (,h)-metrically
pseudo subregular in the direction u at (%,y) € gph T if and only if (0,0) & SCry,;, T (%,7) (u).

Proof 1t is sufficient to prove only the necessary part. Without any loss of generality,
we may assume X = 0, f(X) = y = 0. Suppose T is (7, h)-metrically pseudo subreg-
ular in the direction u at (0,0). Let k, §, € be positive real numbers under which the
following estimation

d(x,771(0)) < th(x)'"7d (0,7 (x)) (4.44)

holds whenever x # 0 € cone B(u,5) NeB. If (0,0) € SCry,;, T(0,0)(u), we may select
for each k, some elements s; > 0, ux € Sy, vy € Y, up € X* and v € Sy« such that

(a). the pair (xg,yx) is in gph T with x = sguy and yr = f(xx) + 26 = (s¢) s
(b). Jim || lleal |4 — || = lim ||we]| = lim ||ug || = 0;
—»o0 k—yo0 k—»o0

(©). (ug,—h(x)'""v5) € N(gphT, (xe, y¢));

im Vi h() ) |
o o ikl

In view of (c¢), one has
h(xe)" g € DT (o, ) (7).
Applying the sum rule formula to T = f+ F at (x, zx), the latter inclusion yields
(i)Y uf — V f () "V € D*F (x, 20) (V). (4.45)

According to the definition of a coderivative, and noticing that gphF' is closed and
convex, we deduce

(h(x) ™y — V() Vi x —xi) + (= v,z —26) <O (4.46)

when (x,z) € gphF. Taking (b) into account, we may apply (4.44) with x = x; and
get

d (o, T~'(0)) < th(x)' 7 (0, T (%)) < wh(e) '~ |yl (4.47)
Recall that S = T~1(0). Let o; > 0 be such that limsup % _ 0 and let X €
koo (X%, S)
S\ {x¢} satisfy
. . 1 _
|l — e || < d(xx,S) + min {(Y]€7 p/’l(Xk)l J/|yk||} . (4.48)

Substituting x = £ and z = — f(£) in (4.46), we get

()" e — V() Vi i — 3 )+ (= Vi, — (k) — zi) < 0. (4.49)
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Consequently, after replacing z by yx — f(xx), (4.49) reads

(h(ee) " g, & —xe) + Vi, )

. . . (4.50)
< (Vi — (&) + f () + YV f (o) (B — x))-
Combining inequalities (4.47), (4.48) and (4.50), yields
*’ P 1 —1 *7
R S AR (” z) o
[| %% — x| k llyell 4.51)
1
< — O, —f(& \% X — .
E— (Vies = f (Re) + f (i) + V f () (B — xe) )
Setting 7y, := £ — x; and applying the Taylor expansion to f gives:
1
S8 = F(5)+ V) ) + [ (9o +18) =V (500} 00)
From the Lipschitz continuity of the Jacobian V f, we have
su Vi(xe+tiy) — VIx
limsup Preio,1) {1V k- W)= Vi) } < oo,
koo [
and therefore, we obtain
oy _vy N
lim sup I/ () f(xk2 : S @l _ (4.52)
k—soo [l 2|
This leads to the estimation
(B —xe) (H 1) o)
€6 — x| k2 [l (4.53)

< Och () |8 — x|

in which the real sequence (6;) is bounded. Due to the choice of £, it is possible to
write
d(x,8) < |2 —xi]| < d(xi,S) + o,

which permits to deduce that

- 8 —xll . (||)2k_xk| d(xk75)>
limsup ———— = limsu . < oo, 4.54
TP Th P ds) A (354

Taking into account that ||uj|| — 0, and passing to the limit as k — oo in (4.53), we

obtain that
1 -1 *7
liminf (’H— 2) <vk yk> <0
e 2) lud

However, the latter relation obviously contradicts (d). Thus, the proof is complete.
O
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Remark 4.2 The conclusion of the preceding proposition is still valid for y = 2 if we
choose h(x) = ||x — %||. Indeed, following the proof above, we have

[1yell = Cse)llviell = llxeell " lviell = ACee) VIl vell- (4.55)

Reminding (4.47), this yields d(xt,S) = o(h(xx)), and hence, from the choice of %,
this implies

15k — xil| = o(h(x))- (4.56)

Combining this relation with (4.53), we reach a contradiction as in the previous proof.
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