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THE COMPLEX WKB METHOD FOR DIFFERENCE
EQUATIONS AND AIRY FUNCTIONS

ALEXANDER FEDOTOV AND FREDERIC KLOPP

ABSTRACT. We consider the difference Schrodinger equation 9(z + h) +(z —
h) + v(2z)¥(z) = 0 where z is a complex variable, h > 0 is a parameter,
and v is an analytic function. As h — 0 analytic solutions to this equation
have a standard quasiclassical behavior near the points where v(z) # +2.
We study analytic solutions near the points zo satisfying v(zp) = £2 and
v'(20) # 0. For the finite difference equation, these points are the natural
analogues of the simple turning points defined for the differential equation
—9""(z) + v(2)¥(z) = 0. In an h-independent neighborhood of such a point,
we derive uniform asymptotic expansions for analytic solutions to the difference
equation.

1. INTRODUCTION, PRELIMINARIES, AND MAIN RESULTS

1.1. The problem. We study analytic solutions to the difference Schrédinger
equation
Y(z+h)+v(z—h)+v(z)v(z)=0 (1.1)

where z is a complex variable, h is a positive parameter and v is an analytic func-
tion. We describe their asymptotics as A — 0.
Note that the parameter h is a standard quasiclassical parameter. Indeed, formally,
Y(z+h) =31, ?—:%(z) = eMiz9)(2), and h can be regarded as a small parameter
in front of the derivative.
One encounters difference equations in the complex plane in many fields of math-
ematics and physics. For example, they arise when studying an electron in a crys-
tal submitted to a constant magnetic field (e.g., [17]), wave scattering by wedges
(e.g., [1]) and one-dimensional quasi-periodic differential Schrédinger equations
with two frequencies (e.g., [10]). The quasiclassical case corresponds respectively
to the cases of a small magnetic field, of a thin wedge and the case where one
frequency is small with respect to another.
The quasiclassical theory of difference equations in the complex plane can also be
useful to study orthogonal polynomials, see section 1.7.
The quasiclassical asymptotics of analytic solutions to ordinary differential equa-
tions in the complex plane are described by the well-known complex WKB method
(see, e.g., [21, 7]). The complex WKB method for difference equations was devel-
oped in [3, 13, 15].
The present paper is devoted to uniform asymptotic formulas describing analytic
solutions to (1.1) in h-independent complex neighborhoods of simple turning points
(see sections 1.2.1 and 1.3.3). The results of this paper were partially announced
in [12].

The idea to study the asymptotics of solutions to a difference equation in a
complex neighborhood of a turning point appears to be very natural. One can say
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functions.
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that this idea and the techniques developed to get the asymptotics are the main
analytic innovations of the paper.

In the next sections, we first recall some basic definitions and statements of the
complex WKB method for difference equations. Next, we introduce a few objects
needed to formulate our results that we then state.

We assume that v is analytic on a disk U C C.
Below, a neighborhood is a J-neighborhood, in particular, a neighborhood of a point
is an open disk with the center at this point.

1.2. A very short introduction to the complex WKB method. Here, follow-
ing [13, 15], we briefly describe basic definitions and results of the complex WKB
method for difference equations.

1.2.1. The complex momentum. The main analytic object of the complex WKB
method is the complex momentum p. For (1.1) it is defined by the formula

2cosp+v(z) =0. (1.2)

It is a multivalued analytic function on U. At its branching points cos p(z) € {1},
thus, v(z) € {£2}.

In analogy with the glossary of the complex WKB method for differential equations,
the points where v(z) € {£2} are called turning points.

A set D C U is regular if v(z) # £2 in D.

1.2.2. The main theorem of the complex WKDB method. As in the case of differential
equations, one of the main geometric notions of the complex WKB method is the
canonical domain. In this paper we do not use it directly, and the reader needs
to keep in mind only that the canonical domains are regular, simply connected
domains independent of i, and that one has the following two theorems.

Theorem 1.1. Any regular point belongs to a canonical domain.
The proof of this statement repeats the proof of Lemma 5.2 from [11].

Theorem 1.2. Let K C U be a canonical domain, let zy € K, and let p be a branch
of the complex momentum analytic in K. Then there exist solutions 1+ to (1.1)
analytic in K and such that as h — 0

1 iz
Yi(2) = —— g [ pE) dete) ) g (1.3)

SE)

This asymptotic representation is locally uniform in K.

In [13] this theorem was proved for v analytic in bounded domains, and in [15] it
was proved in the case where v is a trigonometric polynomial.

Note that, by definition, at a turning point of p, one has sinp(z) = 0. Thus,
representation (1.3) cannot be valid in a neighborhood of a turning point.

Remark 1.1. For the differential equation —h?¢”(2)+v(2)1(z) = 0, formula (1.3)

has to be replaced with (see, e.g. [21]) ¥4 (z) = \/% et I2 p(2) dzto(l)
p(z

complex momentum is defined by the relation p? + v(z) = 0, i.e., as for (1.1), by
the symbol of the equation.

, where the

1.3. The complex momentum and the conformal mapping (. Here, we dis-
cuss properties of the complex momentum that we use throughout this paper. These
properties easily follow from the definition of p.
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1.3.1. Analytic branches of the complex momentum. Let py be a branch of the
complex momentum analytic in a regular simply connected domain D. Then, an
analytic function p: D — C is a branch of the complex momentum if and only if
there exists s € {£1} and n € Z such that

p(z) = spo(z) +27n, Vz € D. (1.4)

1.3.2. The values of p at turning points. We note that zg € U is a turning point if
and only if p(z9) = Omodm. A simple transformation of the equation shows that
it suffices to consider the case where p(zp) = O0mod 27. Indeed, for ¢, a solution
to (1.1), we set ¢(2) = e”™*/M4)(2). Then, ¢ satisfies equation

d(z+h)+ ¢d(z—h) —v(2)p(z) =0. (1.5)

The complex momenta for equations (1.1) and (1.5) differ by 7 mod 27, and 2z is a
turning point for (1.1) if and only if it is a turning point for (1.5).

1.3.3. The compler momentum near a turning point. Let zg be a turning point. If
v'(z0) # 0, we call the turning point zg simple. In this case, the complex momentum
is analytic in 7 = y/z — zg in a neighborhood of 0, and as 7 — 0 any of its analytic
branches admits a representation of the form

p(z) =p(z0) + kaT + O(7%), 7=z — 2, k1 #0. (1.6)

1.3.4. Our assumptions. From now on, we assume that

e in the disk U, there exists a single turning point, namely its center zy, and
it is simple;
e p(z9) = Omod 2.

1.3.5. The function (. The function { we describe here plays an important role in
the asymptotic analysis of (1.1) near turning points.
We cut U from zy to a point of its boundary along a simple curve and denote the
thus obtained domain by U’. In U’, we fix an analytic branch p of the complex
momentum.

We have p(zg) = 27n, n € Z. Clearly, p(z) —27wn also is a branch of the complex
momentum analytic in U’. So, we can and do assume that p(zo) = 0.

Let us fix in U’ an analytic branch ¢ of the function

2
3

2z <23Z /Z:p(z) dz)‘ . (1.7)

This branch is actually analytic in U. One has {(z9) = 0, and {’(zg) # 0.

Remark 1.2. There are three different analytic branches of function (1.7): they
equal e*™I/3¢ j € Zs = 7Z/37Z. The set of these branches is independent of the
curve along which we cut U to get U’ and on the precise choice of the branch p.

We note that the definition of ¢ implies that it satisfies one of the two equations
VIR (2) = ip(z),  zeU. (18)

Possibly reducing U somewhat, we can and do assume that

e ( is a bi-analytic bijection of U onto its image.
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FIGURE 1. Integration paths

1.4. Basic facts on Airy functions. The equation

w’(¢) =Cw((), (€C, (1.9)

is the Airy equation. Its solutions are Airy functions.

Let (v;);ez, be the curves shown in Fig. 1 borrowed from [22]; 7 is asymptotic to
the half-lines e*?"/3R,, R, = [0,4+00) C R; for j € Zs, rotating o around 0 by
2jm/3, one obtains ;. The functions defined by the formulas

3
w;(¢) = / (5 as jez, cec, (1.10)
Vi
are three Airy functions related to the standard Airy function Ai by the formulas
(see, e.g., [22])

w;i(C) = 2miw? Ai(w?(), w=e"/3  (eC. (1.11)

Assume that |arg z| < 27/3. As |z| — oo one has
exp (—22%/2 + o(1)) cos (22%2 + T + 0(1))

2/ 21/4 ’ N

where we use the analytic branches of z — z°/% and z — 2
z > 0 (see [18], pp. 116, 118 and 392).

Ai(z) = Ai(—2) = (I+0(1)) (1.12)

3/2 1/4

that are positive for

1.5. Notations. The letter C' denotes various positive constants independent of z
and h.

For two functions f and g defined on a domain D C C, we write that g(z) = O(f(2))
in D if |g(2)] < C|f(2)| for all z € D.

1.6. Solutions in a complex neighborhood of a branch point.

1.6.1. Asymptotic solutions. First, let us describe asymptotic solutions to (1.1).
Therefore, we introduce several objects. For a function f defined on U, we set

[H(NH)(z):=f(z+h)+ f(z—h)+v(2)f(z) if {z—h,z,z+h}CU. (1.13)
We let

sinh (VIR (2))
g(z) = , zeU, (1.14)
¢(2)
where the determination of the square roots in the denominator and the numerator
are the same (the definition of ¢ is independent of its choice). The function g is
analytic in U. Possibly reducing U somewhat, we can and do assume that

e g does not vanish in U.



We further define
Ap(z) :== . (1.15)

The function Ay is analytic in U.
One has

Theorem 1.3. There exist functions (A;)ienugoy and (Bi)ien, ( Ao being defined
by (1.15) ), all analytic on U and such that, for any L € N U {0} the following
holds. Let w be one of the Airy functions w;, j € Zsz. If we define

wn(z) =w (¢)/M3) . wh(z) = (C)/nT). (1.16)

and
L
W (z) = h3wy(z ZhlAl )+ hiwp(2) S RBi(2), (1.17)

then one has

HW)=0 (hL+2+%wh) +0 (hL+2+%w;) . (1.18)

We call the formal expression
2) Y hA(2) + hiw) (2 Z h'B(2) (1.19)
1=0

an asymptotic solution to (1.1).

Theorem 1.3 is proved in section 3, where we describe, inter alia, a way to
compute the coefficients (4;); and (By);.

Let us comment on the results of Theorem 1.3. First, we note that, for the
differential equation —¢"(2) +v(2)1¥(z) = 0, in a neighborhood of a simple turning
point (a point where v(z) = 0 and v'(z) # 0), there are asymptotic solutions of the
form (1.19) (with different coefficients (A;);, (B;); and function ().

To justify the Ansatz (1.19) for the difference equation, one has to derive as-
ymptotic formulas of the form

wp(z £ h) = f(2)wn(2) £ h3 g(z)w)(2) + ..., (1.20)

where f(z) = cosh(1/((2){’(z)) and the dots denote smaller order terms. If one
tries to prove this formula usmg Taylor expansions for the left hand side, one has to
handle an infinite number of infinite subsequences of terms of the same order. So,
an effective resummation of these sequences is required. As we see in this paper,
to derive formulas analogous to (1.20), instead of resummation of Taylor series, it
is very natural to use tools from complex analysis.

Formula (1.20) imply that

H (wp) (2) (2cosh (VCEIC (2 )wh()-i-.... (1.21)

In view of (1.2) and (1.8), the leading term in the right-hand side of (1.21) is zero.
Finally, we note that if h=3|¢(2)| is large, then wy(z) and wj, in (1.17) can
be replaced by their asymptotic representations. As a result, in view of (1.12),
the leading term in (1.17) turns into a linear combination of the leading terms
from (1.3).
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1.6.2. Solutions with standard asymptotic behavior. Our main result is

Theorem 1.4. Let L € N, and let W be one of the functions constructed in The-

o
orem 1.3 for the order L. Then there exists an h-independent neighborhood U C U
of zo such that, for sufficiently small h, there exists ¥, a solution to equation (1.1)

that is analytic in U and admits there the asymptotic representation
W(z) = W(z) + O(wp hETH5) + O(w), hET1H3) (1.22)
where wy, and w), are defined in (1.16).

Theorem 1.4 is proved in sections 5 and 6.

Let us briefly explain the idea of the proof of Theorem 1.4. First, in section 5, using
the approximate solutions constructed in Theorem 1.3, we construct a parametrix
R, i.e., an operator such that, for suitable functions f, one has HRf = f + Df,
where H is defined in (1.13) and D is a small operator. The operator D is a
singular integral operator. We estimate its norm using natural geometric objects of
the complex WKB method. This allows us to prove Theorem 1.4 on some special
subdomains of U. In section 6, we study the thus constructed solutions on larger
domains and complete the proof of Theorem 1.4.

To complete this short description, let us underline that, as equation (1.1) is non-
local in z, the ideas of analysis of (1.1) are different from those used to study the
analogous differential equation.

1.7. Related results. The WKB asymptotics of solutions of difference equations
on 7 with “slowly varying” coefficients have been studied since the end of 1960-s.
In [20] and [19], the authors essentially studied equations of the form

Vi1 = M(hk)Yy, ke€Z, (1.23)

with a small positive h and an (n x n)-matrix valued function M defined on R. We
note that if

Y(z+h)=M@)Y(z), zecR, (1.24)
then, the sequence (Y3)rez = (Y (kh))rez satisfies (1.23). We note also that equa-
tion (1.1) restricted to R is equivalent to (1.24) with M (x) = <—v1(3c) _01), and
that a turning point for equation (1.1) is a point & where the eigenvalues of the
matrix M (x) coincide.
The short note [20] is essentially devoted to the case where all the eigenvalues of
the matrix M in (1.23) are distinct. In [19] the author constructed asymptotic
solutions to (1.23) in a small (depending on h) neighborhood of a point where two
eigenvalues of M (x) become equal.
In [5] the authors considered difference equations of the form

J
> aj(hk,h)yrs; =0, keZ.
j=I
We note that this class includes the difference Schrodinger equations
Yrt+1 + Y—1 +v(hk)yp =0, k€ Z.

The authors described the asymptotics of solutions to this equations for Ak being

in a small (as h — 0) neighborhood of a point where v(z) € {+1}.

We mention also three (series of) papers motivated by problems originating in the

theory of orthogonal polynomials.

First, there is a series of papers by J.S. Geronimo and co-authors, see, e.g. [16]

and references therein, devoted to uniform asymptotic formulas for solutions to the
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equation ag419¥k+1 + bk¥r + ark—1 = A\, k € Z, where X is the spectral param-
eter, and the coefficients aj are positive and by, are real.
Also we mention papers by R.Wong and coauthors, see e.g., [23], who also studied
solutions to three terms recurrence relations with real coefficients for large values
of the integer variable.
Finally, we mention paper [6] where the authors studied WKB asymptotics of so-
lutions to a difference equation using the Maslov canonical operator.
There are more papers devoted to the subject. The reader can find more references
in the papers that we mentioned above.

To the best of our knowledge, the present paper is the first where one rigorously
obtains uniform asymptotics of analytic solutions to a difference equation on C in
an h-independent neighborhood of a turning point.

2. THE SPACE OF SOLUTIONS TO EQUATION (1.1)

The observations that we discuss now are well-known in the theory of difference
equations and are easily proved.
Let c € Rand I = {z € U : Imz = ¢}. We assume that the length of the
segment [ is sufficiently large (with respect to h) and discuss the set S of solutions
to equation (1.1) on I.
Let {f,g} € S. The expression

(f(2),9(2)) = f(z+ h)g(2) = f(2)g(z + h), z z+hel, (2.1)

is called the Wronskian of f and g. It is h-periodic in z.
If the Wronskian of two solutions does not vanish, they form a basis in S, i.e, ¢ € §
if and only if

¥(z) =a(2)f(z) +b(2)g(z), =z, z+hel, (2.2)

where a and b are h-periodic complex coefficients. One has

(¥(2), 9(2)) (f(2), ¥ (2))

9 =), 92) T 92)

b(z) = (2.3)
3. ASYMPTOTIC SOLUTIONS: THE PROOF OF THEOREM 1.3

3.1. The proof of Theorem 1.3 up to two propositions. First, we formulate
two statements needed to construct asymptotic solutions to (1.1). Below we use
the notations introduced in (1.16).

Proposition 3.1. Let A be analytic in U. Let N € N. If {z — h,z,z+ h} C U,

H (Ah%wh) = h%wh ihlal + O (hNJFH%wh)
=2 (3.1)

N
+hdu), S Al 40 (hN+1+%wg)
=1

as h — 0. All the coefficients (a;);>2 and (by);>1 are analytic in U, independent of
the choice of w in (1.16), and

d
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Proposition 3.2. Let B be analytic in U, and let N € N. If {z—h,z,z+h} C U,

N
H (B h%w@) = hiw, lz; hle, +0 (hN+1+%wh)
. (3.3)
N
+hiwg, S nd O (R )
=2

as h — 0. All the coefficients (¢;);>1 and (d;);>2 are analytic in U, independent of
the choice of w in (1.16), and

o1 = e1[B] = (By o log(¢B%). (3.4)

Before proving Propositions 3.1 and 3.2, we use them to prove Theorem 1.3. The
proof is done by induction on the order L. For L = 0, one has W = th%wh. In
view of (1.15) and (3.2), the coefficient b; corresponding to A = Aq is equal to 0.
So, the statement of Theorem 1.3 for L = 0 immediately follows from (3.1) with
N =1.

Now, we assume that Theorem 1.3 is proved up to the order L = Ly — 1, Ly € N.
Let us prove it for L = Lg. We set

Lo LO
W(z) = hiwn(2) Y B AI(2) + hiwy(2) Y B'Bi(2), (3.5)
=0 =1

where (A;)i<r, and (Bi)i<r, are chosen as in the case L = Ly — 1, A, and By,
still having to be chosen. By the induction hypothesis

Lo*] L[)*l
H (héwh ST ntA 4wy, > hlBl>

1=0 =1
) (hL0+1+%wh) +0 (hLOHJF%w;L) . (3.6)
In view of Propositions 3.2 and 3.1 this implies that
Lo—1 Lo—1
1 2 1 2
H (hwh > hA 4 hsw Y hlBl> =ah 5wy, + bhPH Sy,
=0 =1
+0 (nFor2 ) 4 0 (RFot2Hiuy, ),
where a and b are analytic functions in U. On the other hand, using (3.1) and (3.3)
with N =1, we get
H(Ap,h ot 5wy) = hEoT S b [AL ] + O(h 2 3wy) + O(hF0 T2 5wy),
H(Br,h*o+iw,) = Wbt ¥ 5wy, ey[Br, ] + O(hbor 2 5wy) + O(hbot 2+ 3 uw)).
Therefore,
HW = 154 (b, (a+ i [Bry)) + hiwh, (b4 bilAw,]))
+ O(hFo+2 54, ) + O(hEot2+ 5y ).
So, to prove Theorem 1.3, it suffices to choose Ar, and By, so that
a+ci[Br,] =0, and b+0b[AL,]=0.

In view of (3.2) and (3.4), these relations are equivalent to the equations

d d
§BLOg£ log (CB%OQ) = —a, and ALog£ log (A%Og) = —b. (3.7)
8



One constructs solutions to these equations by the formulas

1 *bdz 1 Z adz
A= m )l v T s L v Y
As

e ¢ and ( are analytic in U,
e ¢ does not vanish in U,
e ( vanishes in U only at zg where it has a simple zero,

the coeflicients Az, and By, are analytic in U. This completes the proof of Theo-
rem 1.3. U

Remark 3.1. The function Br, constructed by (3.8) is the only solution to the
first equation in (3.7) that is analytic in U. The function Ay, constructed by (3.8)
is unique up to a solution to the homogeneous equation ALOg% log (A2L0 g) =0
that is proportional to Ag given by (1.15).

3.2. The proof of Proposition 3.1. Consider (w;);cz, the three solutions to the
Airy equation (1.9) defined by (1.10). Let w be w; for some j € Zs and let v be
the corresponding integration path ~; in (1.10).

Note that

t3 1

h%w(h—%g):/e*%(? ) at, h%w’(h—%g):/e*ﬁ(%“)tdt. (3.9)
vy vy

Below, we use the notations from (1.16). Let K C U is a closed disk centered at
zp and independent of h. Below, we assume that z € K and h is sufficiently small.
The proof of the asymptotics of H(Ah%w) in K as h — 0 is broken into several
steps.

1. In view of (3.9), we get

1 (3
H (Ah%w) :/e‘ﬁ(%‘tf(z))Fo(t,z,h) dt, (3.10)
v
Fo(t,z,h) = A(z + h)er CETM=C@) 4 A(y — p)er CEM—CE) 4 y(2)A(2).
(3.11)

Note that (¢, z, h) — Fy(t, 2, h) is analytic in C x K x V, where V is a sufficiently
small neighborhood of zero.

2.  To get the asymptotics of the integral in (3.10), we apply the well-known
method described in detail in section 4 of chapter VII of [22]. First, we represent
Fo(t, z, h) in the form

Fo(t, z,h) = ag(z, h) + bo(z, h)t + (> — C(2)) fo(t, 2, h) (3.12)
with
w(h) = 5 (/GG 20) + Fo(= /), 1)) (313)

bo(Z, h)

1
- T (F(VCE) 20 = Fo(—VCG)2m) s (3.14)

where, in (3.13) and (3.14), we use one and the same branch of /((z).
Both ag and by are analytic in (2, h) € K XV (we remove the removable singularities
at z =0). With ag and by so chosen, it is easily seen that the function fy is analytic
in (t,z,h) eCx K x V.

9



3. Substituting (3.12) into (3.10) and integrating by parts, we get

t3
il (Ah%wh) = aghswy, + boh3w, + / e H(EHO) (2 _ 2y fo dt
K . (3.15)
1 2 ~H(5-1@)
= aph3w, +boh3wy, +h [ e Fi(t,z,h) dt.
vy

where Fy(t,z,h) = %(t,z,h).

4. Now, we transform the last integral in (3.15), the one containing Fj, in the
same way as we transformed the integral with Fy from (3.10).

For a fixed positive integer N, we repeat this procedure inductively N + 2 times.
Reasoning as above, one proves that

N+1 N+1
H (A h%wh) =hiw, Y Wla(zh)+hiw), Y bz, h) + WV 2Dy, (3.16)
=0 =0

where, for [ € NU {0}, we have defined
+3
I = /e*%(?“(”)ﬂ(t, 2, h)dt. (3.17)
8!

As when [ = 0, the coefficients a; and b; are expressed in terms of F; by

azh) = 5 (B 20 + B~V 2h)
(e = 5 (FVEGL )~ RE-VEE )

and the function f; is defined by the relation

Fi(t,z,h) = aj(z,h) + bz, h)t + (t* — (2)) fi(t, 2, h) (3.18)
Finally, for [ > 1, one has Fi(t, z,h) = 8}(’{;;1 (t,z,h).

For | € NU {0}, the coeflicients a; and b; are analytic in (z,h) € K x V.

5. To estimate the integrals I;, one has to estimate the functions F;. Below, the
constants C' are independent on z, h and t. The symbol O(+) is subsequently used
for estimates uniform in z, ¢ and h.

Let us assume that that(t, z, h) € Cx K xV and show that there exists a constant
Cy > 0 such that, for any [ € N, one has

Fi(t,z,h) = O (ecolf\) : (3.19)

where the implicit constant in (3.19) depends only on the index I.

This estimate is obvious for Fy. Let us assume that it is proved for some [ = [y and
prove it for [ = Iy + 1.

Clearly, ¢((z) is bounded on K. In view of the definitions of (a;);>0, (b1)i>0 and
the induction hypothesis, we have a;,(z,h) = O(1) and b;,(z,h) = O(1). These
observations, the definition of f; (3.18) and the induction hypothesis imply that
there exists R > 0 independent of & such that, for all |t| > R, f;,(t, z, h) = O(e0lt]).
By the maximum principle, this implies that f;, satisfies this estimate for all ¢t € C.
Now the Cauchy estimates for the derivatives of the analytic functions imply (3.19)
for i =1y + 1.

6. Let us prove that

1= 0 (hbwn) +0 (Rhuj) . (3.20)
Therefore, one essentially has to repeat the reasoning made in Section 4, Chapter

VII of [22]. So, we omit some details.
10



If Z = h_%((z) is bounded by a constant, setting T = h_%t7 we change variable
n (3.17). In view of step 5, we get

3 1 1
I, =hs / e*(TT*TZ)O(eCOhB' T dT = O(h53),
Y

and this leads to (3.20) as w and w’ have no common zero.

If Z = h_%((z) is large, we estimate the integral I; using the method of steepest
descent. In view of the fifth step, we have

]l:/ _,(f—tq(Z))O(eColﬂ)dt.
5

We deform the integration path to a path of steepest descent for e E< tqz))
exactly as when computing thg asymptotics of the Airy function w, i.e., the asymp-
totics of the integral f,y e_%(%_t“z)) dt. The saddle points ++/¢(z) are uniformly
bounded when z € K. Let » > 0 be sufficiently large for the saddle points to be
inside the disk of radius r centered at 0. We compute the asymptotics of the inte-
gral over v N {|t| < r} directly by means of the method of steepest descents and,
comparing the answer with the asymptotics of the Airy function w(Z) as Z — oo,
we find that this integral is bounded by O(h3wy,) + O(h%wjl). The integral over
the remaining part of v quickly tends to 0 as h — 0: actually, it is exponentially
small with respect to O(h3wy,) + O(h%w;L). This yields (3.20).

7. Formula (3.16) and estimate (3.20) lead to the representation

H (Ah%wh) (2) = h3w gh a(z, h) + hiw) (2 Zhlbl 2, h) o1
i) (hN+1+%wh(z)) ) (hN+1+§wh(z)) ,

The coefficients (a;);enuoy and (br)ienufoy being analytic in h, we can approximate
them by Taylor polynomials. This yields

N N
H (A h%wh) (2) = h3wn(2) Y hlay(z) + hiwy(z) 3 hibi(z)
=0 =0

+0 (hN+1+%wh(z)) +0 (hNHJr%w;L(z)) :
where (a;(2))ienugoy and (bi(2)))ienugoy are new coefficients independent of h. In
particular, one has
ap(z) = ap(z,0), bo(z) = bo(z,0),
o (3.23)
al(z) :0,1(2,0)4-7(2’,0)7 bl(z) :bl(Z,O) 8]”? (Z O)

Now, to complete the proof of Proposition 3.1, it suffices to compute ag, by, a1, b;.
8. Let us check that

(3.22)

8[10

ao(z,O) = Oh

Substituting (3.11) into (3.13), we get

ap(z,h) = A(z + h)cosh (\/@ W)
+ A(z — h)cosh <\/@ W) +o(2)A(2).

(2,0) = 0. (3.24)

Thus,

ap(z,0) = A(z (2 cosh (\/C(2)¢' (= )

11



Recall that the complex momentum p is defined in (1.2). In view of (1.8) we get

2cosh (VC(z)(’(z)) +uv(z) =0. (3.25)

So, ap(z,0) = 0. As ag(z, h) is even in h, we also see that %Lff(z,()) = 0.
9. Let us check that

bo(=,0) = 0, %19(2,0>2A'<z>”"h(%“”) 2)cosh (VEEIC(2)) ¢ (2).
(3.26)

Substituting (3.11) into (3.14), we get

sinh (\/@ C<z+h}17<<2) )

€(2)

sinh( ¢(2) 7<(27h}37<(z))

V¢(2)

Clearly, bo(z, h) is odd in h, and so by(z,0) = 0. Computing 22 (z,0), we complete
the proof of (3.26).

10. To compute aq(z,0) and b1(z,0), we first study fo. Let r > 0 be such that
IC(2)] < r?/2 forall z € K. Let [t| =7, 2 € K and h € V. Formulas (3.11)
and (3.25) imply that

Folt, z,h) = Fo(t, 2)+O(h), Folt,z) = 2A(2) (cosh (tC'(2)) — cosh (\/C(2)C' (= )

This result, the formulas ag(z,0) = by(z,0) = 0 (see steps 9-10) and (3.12) imply
that for || = r one has

bo(z,h) = A(z + h) + A(z—h)

F() (t, Z)
2 —((2)
By the maximum principle for analytic functions, this representation remains true
for all || <.

11. The result of the previous step and the Cauchy estimates for the derivatives
of the analytic functions imply that, for |t| <r/2, z € K and h € V, one has

fo(t,z,h) = +O(h).

o 0 F()(t Z)
Fi(t,z,h) = Fi(t,z) + O(h), where Fi(t,z)= pn (C(Z)) . (3.27)
Therefore
¢(2),2 +F1 C(Z)Z Fi(1/C(2),2) —F1(—1/C(2),2
(o0 = BOBDACSD) MDA T)
As t — Fi(t,z) is odd, one has
_ _ 10 [ Fot,2)
ai(z,0) =0, b1(z,0) = . B (t2 — C(Z)> .

Elementary calculations yield

bi(z,0) = AC ( z)cosh (\/C) W) ;o (=¢(2).

2¢
The results of the steps 8, 9 and 11 imply that

o 2
() =h() =a(:) =0, h(z) = Ae(x) TELID (),

where g is the defined in (1.14). Substituting these formulae into (3.22), we ob-
tain (3.1) and (3.2). This completes the proof of Proposition 3.1. O
12



3.3. Proof of Proposition 3.2. The proof of Proposition 3.2 being parallel to
that of Proposition 3.1, we concentrate only on the differences and omit details.
We assume that B is analytic in U. Let w, v and K be as in the proof of Propo-
sition 3.1. We use the notations from (1.16). We assume that z € K and that h
is sufficiently small. The derivation of the asymptotics of H (Bh%w’ ) is split into
several steps.
1. We get

H (Bh%w;) :/e‘% K Go ¢, 2, b dt, (3.28)

2l

C(z+h)=C(2) S(z=h)—¢(2)
h t h t

Golt,z,h) =t (B(z + h)e + B(z — h)e + v(z)B(z)) . (3.29)

2. Fixan N € N. Reasoning as in steps 1-6 of the proof of Proposition 3.1, instead
of (3.21), for z € K and for sufficiently small h, we prove that

N N
H (B h%w;) = hiwy, S ez h) +hiw), Y hldi(z,h)
=0 =0

+0 (hN+1+%wh) +o (hN+1+%wg) :

where, for I € NU {0}, one computes

a(zh) =1 (Gl( C(2), 2, h) + Gi(—/C(2), 2, h) (3.30)
dleh) = 1{(2) (G(/CE 20~ G(—TE.=m) . (331)
at, 2, h) = Gl(t’j;h_) C_(Z —dt %. (3.32)

In (3.30) and (3.31), we use one and the same branch of /{(z).
Approximating the (¢;);enugoy and (di)ienuqoy as functions of A by Taylor polyno-
mials, we get

N N
H (B h%wg) = h¥wy, Y hle(z) + hiw), Y hldi(z)
1=0 1=0 (3.33)

+0 (N ) + 0 (BN g ).
One has

co(2) = c(2,0),  do(z) = d(z,0),
dcy

c1(2) = c1(2,0) + %( ,0), di(z) = dy(z,0) +

ddo (3.34)
o —(2,0).

3. Substituting (3.29) into formula (3.31) with [ = 0, we obtain the formulas

0dy

do(z,0) = S22

,0)=0 (3.35)

in the same way as we obtained (3.24).
4. Let us check that

a0 =0 G0 = VE (B rinh (VEC) + Blaeosh (V) VECY).
3.36
13



where ¢ = ((z). Substituting (3.29) into formula (3.30) with I = 0, we get

co(z,h) = B(z + h)\/@ sinh <\/C(7) W)
+ B(z — h)\/((2) sinh (\/@ C(Z—hh)—f(z)) .

The coefficient ¢g(z, h) is odd in h, and so ¢g(z,0) = 0. Computing %(2,0), we

complete the proof of (3.36).

5. As G; is computed in the same way as Fj in steps 11-12 of the proof of

Proposition 3.1, we omit the details and write down the result:

ot h (t¢') — cosh !

Grlt =) = Ga(12) + O, Grfh2) = 230 LU Zeosh (D),
(3.37)

where ¢ = ((z). This representation is locally uniform in ¢ and uniform in 2z € K.

6. Having described G, we easily get the formulas

d1(z,0) =0, ¢1(2,0)= BZC/ (Clcosh (\[CC') + W) , ¢=((2).

We again omit elementary details and only note that the first formula follows from
the evenness of the function t — Gy (t, 2).
7. Substituting the results of steps 3,4 and 6 into (3.34), we get

o 2
) =do(2) = () =0, erlz) = CE)BE) TELT I )

where g is the function from (1.14). Substituting these formulas into (3.33), we
prove the statement of Proposition 3.2. (]

4. PROPERTIES OF ASYMPTOTIC SOLUTIONS

We now study basic properties of the asymptotic solutions. More precisely,
we fix an integer L and study the functions (W;),ez,, i.e., the functions W from
Theorem 1.3 corresponding to the chosen L and to the Airy functions w = wj,
jE€Zs.

4.1. Functional relations. We recall that the function (W;);cz, are defined in a
domain U satisfying the assumptions from sections 1.3 and 1.6.1.

Lemma 4.1. One has
WQ(Z) + Wl(Z) + WQ(Z) =0, Vz e U. (41)

Proof. Formula (1.10) and the definitions of the integration paths (v;);ez, (see
Fig. 1) imply that
wo(C) +wi(¢) +w2(¢) =0,  (eC. (4.2)

As the function ¢ and all the coefficients (A;);enuqoy and (Bi)ienuqo} in represen-
tations (1.16)— (1.17) are independent of the choice of w, the solution of the Airy
equation in this representation, the relation (4.2) implies (4.1). O

Relation (4.1) implies that
(Wo(2), Wi(2)) = (Wi (2), Wa(2)) = (Wa(2), Wo(2)),  V{z,z+h}CU, (43)

where (f(2), g(2)) = f(z+ h)g(z) — g(z + h) f(2) is the difference Wronskian of f
and g.
14



g1

a2

U

FIGURE 2. Stokes lines and sectors

4.2. Estimates of W;. To prove the existence of analytic solutions that admit
asymptotic expansions of the form (1.19), we need rough estimates of (W;);ez, in
U. Therefore, we first introduce some tools.

4.2.1. Geometry. We recall that the function ¢ defined in (1.7) is analytic in U and
bijectively maps U onto V = {(U), ¢(z0) = 0.
We put

0j :C_I(Vﬂaj), a; :6_2mj/3R,7 j € Zs, (44)
where R_ = (—o00,0]. The curves (0;);ecz, are analytic. They all begin at zo. Any
two of them do not intersect except at zy. The angles between these curves at z
are equal to 27 /3.
The curves (o) ez, cut the domain U (a neighborhood of z;) into three simply
connected subdomains that we call sectors. We denote them by Sy, S and Ss so
that the sector Sy is bounded by o7 and o9, S7 is bounded by oy and oy, and S
is bounded by o¢ and o1, see Fig. 2. Let

Uj:U\O'j, j € Zs. (45)

These domains do not contain branch points of the complex momentum p: the only
branch point of p in U is z = zy. We shall use
Lemma 4.2. For j € Zs, there exists a branch p; of the complex momentum that
is analytic in U; and such that p;(zo) =0 and

(1) Im [ pj(2) dz > 0 inside S;;

(2) Im fzzo pj(z) dz < 0 inside the two other sectors;

(3) Im fzzo pj(z)dz = 0 along the curves o1, o2 and oy (in the case of o;, we

mean the boundary values);

Moreover, one has
P1 = —Po inaoU51 UO’QUS()UUl, P2 = —Po inUoUSQU01USOUUQ. (46)
In the WKB method, the curves o, j € Zs, are called Stokes lines.

Proof. Let us check the first three points of Lemma 4.2 for j = 0. We recall that
¢ is an analytic branch of the function (1.7). We can assume that in (1.7) pisa
branch of the complex momentum analytic in Uy and such that p(zg) = 0.
Formulas (4.4) and the definition of ¢ imply that Im f:o p(2)dz = 0 on any of the
Stokes lines. We note that

((Sj)={veV : v#0, argv € —2mj/3+ (—7/3,7/3)}, j€Ls. (4.7)
15



This and the definition of ¢ imply that Im f;o p(z)dz # 0 in each of the sectors.
In view of the analysis made in section 1.3.1, in Uy, we can choose an analytic
branch pg of the complex momentum so that Im f; po(z)dz > 0in Sy. For pg, the
statements 1. and 3. of Lemma 4.2 are obviously valid.

To prove point 2., it suffices to check that Im f; po(z)dz < 0 in the sectors S and
Ss. Therefore, we note that as z # 29, 2 ~ zg, crosses g moving from Sy to S;
the argument of ((z) decreases (¢ vanishes only at z = zy) as does the argument of
f.:o po(z) dz. Therefore, point 2. of Lemma 4.2 follows from points 1. and 3.

To complete the proof of Lemma 4.2, we choose p; in the following way. First, we
restrict pg to S1; then, in S; we choose p; = —pg and continue p; analytically from
S1 to U;. For the thus chosen p;, we have

Im/ pl(z)dz:—Im/ po(z)dz >0, =z€ 5.
zZ0 20

This proves point 1 for p;. Point 2 and point 3 for p; are proved as for py and p.

To choose po, first, we restrict pg to Sz, then, in Sy we choose ps = —py and po
analytically from S5 to Us. To complete the proof of Lemma 4.2 for py, we reason
as for p;. We omit further details. O
4.2.2. Estimates. For j € Zz and z € U;, we set

pi(2) = e%fzzo Pj(zl)dzll (4.8)

We note that p; is continuous up to the cut along o;, and the boundary values of
its absolute value |p;| on both the sides of the cut equal one. So, below, we consider
lp;| as a continuous function in U.

Let us recall that H is defined by (1.13). We set

3;(z) =[HW;)|(z), zeU, Jj € Zs. (4.9)

Proposition 4.1. For each j € Z3, one has
W;(2)| < Ch'3|py(=)], =z €U, (4.10)
0;(2)] < CREF2H3pi(2)|, {2, 2+ h,z—h} CU, (4.11)

where L is the order entering the definition of W, see (1.17).
Proposition 4.1 immediately follows from formulas (1.16)—(1.18) with w = w; and
Lemma 4.3. Let j € Z3. Then one has

[ (W3¢ < Clos(2)l, - wj(h3¢(2) < Ch78lpi(2)l,  z€U.  (412)

Proof. We prove (4.12) only for j = 0. The other cases are treated similarly. We
recall that wo = Ai, that ¢ bijectively maps U onto its image and that {(z9) = 0
(see (1.7)). Clearly,

wo(h™5¢(2)) = O(1) and w(h~3¢(2)) = O(1) if [¢(2)| < h5. (4.13)

Now we turn to the case where |¢(z)] > h3. It suffices to prove (4.12) in Up.
The asymptotic formulas (1.12) imply that, for Z € {Z € C\R_ : |Z] > 1}, one
has

3 3
lwo(Z2)| < C|Z|7% |e7327 | and |w)(Z)| < C|Z|7 |e=5 2

e , (4.14)

where the Z — Z3% is analytic in C \ R_ and positive when Z > 0.
Estimate (4.14) and the definition of Uy, see (4.5), imply that, for z € Uy such that

2

|¢(2)] > h3, one has

3 3
\wo(h_%((z)ﬂ <Cle @2 | and |w6(h_%§(z))| < Ch7s |e s ¢? ] (4.15)
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where z — ((2)3/2 is analytic in Uy and positive along ag = ¢~1((0, 00)).

In view of the analysis made in section 1.3.1,

3i [*
C(2)% = j:EZ po()d2', =z € Up.

20

As ap = (71((0,00)) C Sp, along g one has Im fzzo po(2') dz’ > 0. Therefore, in Uy
. . 3

((2)% =% [7 po(z') ', and ‘e—% O ‘ = |po(2)|. This and (4.15) imply (4.12)

for |((2)| > h~2/3. This and (4.13) imply the statement of the lemma. d

4.3. Wronskians. Below C C U is a closed disk independent of h with the center
at zg. We now prove

Lemma 4.4. For {z,z+ h} CC, as h — 0 one has
(Wo(2), Wi (2)) = h(wp(2)wi () — wh(2)wi (2)) + O(h3).
Before proving Lemma 4.4, we check
Lemma 4.5. Let j € Z3, and let w = wj. For {z,z+h} CC, as h — 0 one has
hiwp |o4n, = h¥cosh (\/C(2)C' () wn + g(2)h w) + O(h3wy) + O(h¥w)
where we use the notations from (1.16) and g is defined in (1.14).

Proof of Lemma 4.5. We proceed as in the proof of Proposition 3.1. Thus, we omit
some details and concentrate on the new computations.

Let v = ; be the integration path in (1.10). Also, below we assume that z € C
and that A is sufficiently small. The proof is broken into several steps.

1. We compute

h3wy,

1 (3 +
:/e‘f(?‘“(z))E(t,z,h) dt, E(t,z h) = erCEHN=CE)  (416)
z+h v

2. We represent E(t, z,h) in the form

E(t,z,h) = a(z,h) + B(z, h)t + (2 — C(2))p(t, 2, h) (4.17)
with
Ot(ZJL) — E(\/ C(z)7z7h) +2E(_ C(Z),Z,h) = cosh <\/Z~C(Z + h}z — C(Z)) ,
_ BE(V¢(2),2,h) — E(=\/¢(2),2,h) 1 ¢(z+h) —¢(2)
B(z,h) = 2 /G =7 sinh <\/Eh> .
3. Clearly,
oz, h) = cosh (VEC) + O(h),  Blsh) =g() +O(h).  (418)
4. Substituting (4.17) into (4.16) and integrating by parts, we get
hswy| = ahSwy, + Bhiw) + h/ e*%(%“(z))a(t, 2, h)dt,
Hh ) g (4.19)
Br(t,2, 1) = 50 (1,2, h).

Reasoning as when proving Proposition 3.1, we check that the last term in the right
hand side of (4.19) is O(h3w) + O(h3w'). Lemma 4.5 follows from this estimate,
asymptotics (4.18) and representation (4.19). O

Now, we turn to the proof of Lemma 4.4.
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Proof of Lemma 4.4. Below we assume that {z, z+h} C C and that h is sufficiently
small. Using (1.17) and Lemma 4.5, we compute

(Wo(2),W1(2)) = A3(2)
x (¥ eosh (VG o + gh wh + O(hFwo) + O uh)
(h3wi + O(hwr) + O(hbuh)
~ (W cosh (v/E¢') w1 + gh w] + O(h¥wr) + O(hw))
(hFwg + Ohtug) + O(hFup))

Here, w; = w;(h™3((2)), j € Zs, ¢ = ((2), and g = g(2).
Now, we assume that z € oo US; Uogg U Sy U oq. Then, by (4.12) and (4.6)

lwowy| < C,  |whwy| < Ch™s, |wow)| < Ch™8, |whw)| < Ch™3,  (4.20)
and we get
(Wo(2), Wi (2)) = hg(2) A3 (2) (wiwy — wow) + O(h3).

In view of (1.15), Lemma 4.4 is proved for z € oo U S; Uog U Sy U oy.
When z € oo U Se U oy U Sy U g, we similarly get

(Wo(z), Wa(z)) = hg(2) A3 (2) (whwz — whwo) + O(hS). (4.21)

In view of (4.3), (Wo, W) = —(Wy, W1) and relation (4.2) imply that wjws —
wowhy = —(whw; — wow}). Therefore, Lemma 4.4 for z € Sy follows from (4.21).
This completes the proof of Lemma 4.4. O

5. SOLUTIONS TO (1.1) ON PRECANONICAL DOMAINS

Fix L € N. Here we construct solutions (;);ez, to equation (1.1) that, up to
O(h*), coincide with (W) ez,, the functions from Theorem 1.3. The result of this
section is preliminary: we only construct the (1;);ez, on some subdomains of U.

5.1. The result of this section.

5.1.1. Notations and some definitions. First, to formulate the results of this section,
we introduce some notations and recall some definitions related to the complex
WKB method for difference equations, see, for example, [13].

For z € C, we let z = Rez and y = Im 2.

A curve v C C is called wertical, if z is a piecewise continuously differentiable
function of y along ~.

Let v C U be a regular vertical curve parameterized by z = z(y). Let p be a
branch of the complex momentum continuous on 7. The curve «y is precanonical

with respect to p, if the function y — Im fz(y)

20
function y — Im f;o(y)(p(z) — 7)dz is non increasing.
Let d > 0. For M C C we define the horizontal d-neighborhood of M to be the set
M®:=M + [~d,d] and M~ := (M —d)n M N (M +d).
We recall that, for j € Zs, the sector S; and the Stokes line o; are shown in Fig. 2.
For j € Zs3, we denote by S; j+1 the closure of the domain S; U ;41 without the

boundary of U. For example, one has

p(z) dz is non decreasing and the

51’2 =01 USyUogU S Uos.
We also note that relations (4.6) imply that
lpj(2)pj+1(2)l =1, z€Sjj41, JELs (5.1)

Let 11 < rg. Weset S(r1,m2) ={z€C : r; <Imz < ra}.
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5.1.2. The main result of the section. One has

Theorem 5.1. Let j € Z3, L € N, ¢ € (1,2) and r > 0. Let K C S 41 be a
regqular simply connected domain bounded by two curves having common endpoints
z1 and zo and both precanonical with respect to either the branch p; or pji1.
Then, for sufficiently small h, there exist two solutions v; and 1,41 to (1.1) that are
analytic in K" and that, in K" N S(Imzy + rh, Im 2z — rh) admit the asymptotic
representations

Di(z) = Wi(2) + O(p|h*H1F5), 1€ {5,j+1}, (5:2)

where Wy is the function described in Theorem 1.3 and corresponding to w; and the
order L.

Let us discuss the solutions ; and ;11 described in Theorem 5.1.

Corollary 5.1. In the case of Theorem 5.1, the solutions ¢; and ;41 can be
analytically continued to U N S(Im z1, Im 23). Let r > 0. As h — 0, one has

(1 (2), ¥541(2)) = (W;(2), Ws1(2)) + O(hEH1H3) (5.3)
in K" N S(Imz; +rh, Im 2z — rh).

Proof. The solutions being analytic in K* with ¢ > 1, they can be analytically

continued to U N S(Im 21, Im 23) just be means of equation (1.1).

We fix | € Z3 and note that, for all z in a compact set C C U, for sufficiently

small h, one has |p;(z + h)|/|pi(2)] < C. For z € K N S(Im z; + rh, Im 2o — rh),

representation (5.3) follows from this observation and from (4.10), (5.2) and (5.1).
O

The remainder of this section is devoted to the proof of Theorem 5.1.
For the sake of definiteness, when proving Theorem 5.1, we assume that j = 0
and that the two curves from Theorem 5.1 are precanonical with to respect to the
branch pg. The other cases are treated similarly.
Below, K is as in the theorem (for j = 0), it is bounded by the precanonical curves
~1 and 9, and their common endpoints satisfy Im z; < Im 2. Finally, h is supposed
to be sufficiently small.

5.2. Ideas of the proof. In the present section, we describe the construction of
the solution 1g. The solution v is constructed similarly.
Let us assume that v is a solution to (1.1) analytic in K" that we expect to be
close to Wy. Let us recall that 6 = HWj. Clearly, Ag := Wy — 9 satisfies the
equation

H(Ao)(2) = 60(2), {z—h, 2 z+h}cC K" (5.4)
For z € K" let v(z) denote a vertical curve in K" that contains z and connects
z1 and z9. We construct a solution to the equation for Ay in the form

Ao = Rggo where Rogo(2):= /( )TO(Z,C)QO(C) dg, (5.5)
v(z

1 Wo(z)W1(§) = Wo(OWa(z) , (C—=
i) () = te
(5.6)
Here, (Wy(¢), W1(¢)) is the difference Wronskian of Wy and W;. The choice of
Ansatz (5.5) is explained by

T(J(Z,C) =

Lemma 5.1. Let 0 < 8 < 1. Let f be a function defined and analytic in U N
S(Im z1,Im z5) and such that the expression

fo(z) = (z = 21)°(2 = 22)° f(2) (5.7)
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is bounded. Then, if {z —h,z,z+h} C U N S(Imz;,Im z3), one has
HRof() = /()4 Duf2), Dof() = [ db(500@dc (59
v(z

where

1 aEWQ) = Wol)i(2) (C —i 0) , (5.9)

do(z,() = —

TR (TRTA) h
and 0; := HW; are the “error” terms estimated in (4.11). The function Dof is
analytic in U N S(Im 21, Im 29).

Proof. The analyticity of f and the boundedness of fg imply that Dgf is well
defined and analytic in U N .S(Im 21, Im z3). The relation HRyf = f + Dy f follows
from the residue theorem. We omit further details. O

We note that an operator similar to Ry was introduced in [14], but, was not
studied for small h.
In view of Lemma 5.1 and the formulas Ag = Rygo and H(Ap) = dp, we can expect
that in K

go + Dogo = (50. (510)

Roughly, to prove Theorem 5.1, we consider (5.10) as an equation on a vertical
curve . It appears that if 7y is precanonical, the operator Dy is small. This enables
us to construct a solution 1y to equation (5.10) on ~;. Next, we check that it is
analytic in K", satisfies (1.1) and admits the asymptotic representation (5.2). The
solution 17 is constructed similarly.

5.3. The integral operator Dj. The aim of this section is to estimate the ope-
rator norm of Dy in a suitable functional space.
Let v be either 7 or 5. We fix a € (0, 1) and define the strip

H'y,a =7 \ {Z]7 22} + [—ah, Oéh]

We recall that z — |pg(2)| defined in Uy is a continuous function in U. We fix
0 < B < 1andlet Hy,p be the linear space of functions analytic in II, , and
having finite norm
|f8(2)l
Il = sup =2

z€MLy. [Po(2)]
fs being defined in (5.7). Obviously, endowed with this norm, H., o 3 is a Banach
space.
For f € H, o 3, we define Dy f by the formula in (5.8), where y(z) is a vertical curve
that connects the points z; and 23 in Il ,, and passes through z. The function Dy f
is then analytic in IL, ,. One has

(5.11)

Proposition 5.1. For sufficiently small h
2
| Doll, o psm, s < ChETS.

The remainder of this subsection is devoted to the proof of Proposition 5.1. There-
fore, for f € H, o3, we estimate Rf(z). Up to the end of this subsection, we
assume that {z,(} C II, o and that h is sufficiently small.

5.3.1. Auziliary lemma. When estimating Rf(z), we use

Lemma 5.2. For q > 0, there exists C > 0 such that

po(¢)
po(2)

sup

{z. ¢} C Iy o
min [ — z — kh| > gh
kEZ

do(z,g)‘ < ChF*3. (5.12)
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Proof. We proceed in several steps.
1. Proposition 4.1 and Lemma 4.4 imply that

I e

2. Recall that in Sy ; one has po(2)p1(2) = ( see (5.1)). As v, v2 C Sp1, one has
lpo(2)||p1(2)| < C for z € I, o. Therefore,
(—2-0
h

po(¢)
3. For z €1l ,, we define z; € 7y so that Imz; = Imz. We have

po(2)
i [t
exp (2}1/ po(2’) dz’) ‘ :

4. On the complex plane outside a fixed neighborhood of the points Z, we have
the estimate

2

po(C)
po(2)

ez =

do<z7c>‘ < O+ (1+ ¢(2,0)) |60

(5.14)

le(2,Q)| < C

1 Imz>0;
0 = | cot —jl<C -
60(2)] = | cot(rz) — ] {m -

Therefore, for ¢ outside the (gh)-neighborhood of z + hZ, we get

0o <<ZO> <C and
h
(R
—%Im [ pdz
— — z ] — > .
e(2,€) o (C : 0)‘ <cle if Im (¢ — 2) > 0;
h 2Im [ (p—m)dz
e L if Im (¢ — 2z) <0.
5. As v is a precanonical curve, we finally get

6o (CZO> <0, and l|e(z() 0 <<;0)‘ <C. (5.15)
This and (5.14) imply (5.12). O

5.3.2. Estimates in the strip S(Imz; + h/2, Imzo — h/2). When z € S(Imz; +
h/2, Im zo — h/2), we prove

p0(2) 1 Do f(2)] < CREFS| £ (5.16)

First, we assume that z is between the curves v+ «ah/2 and v+ ah. Then, one can
deform the integration path v(z) in (5.8) to 7. The distance between the poles of
dp and -y is larger than Ch. This, (5.11) and (5.12) imply (5.16).
Next, we assume that z is either between the curves v and v + ah/2 or on one of
them. In this case, in (5.8) we can replace the integration path v by 4 where
e 7 is a continuous curve that connects z; to 2s,
e ¥ coincides with v — ah/2 in the strip {Im z; + h/2 < Im z < Im 25 — h/2},
e outside this strip, 4 consists of two segments of straight lines.
Reasoning as above on this new integral, we again obtain (5.16).
Let us assume now that z is to the left of v. We note that, by the Residue theorem,
the integral in (5.8) decomposes as the sum of

BEWA) - Wo0() ;i g

Wo(2). Wh () f(z) =O(h ) f(2)
and the integral defined by (5.8)—(5.9) with 8((¢ — (2 +0))/h) replaced with 6((¢ —
(z—=0))/h).
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This new integral for z to the left of v is analyzed as above. This completes the
proof of (5.16).

5.3.3. Estimates in S(Im z1, Im 21 +h/2) and S(Im z5 —h/2, ITm z5). Both domains
are treated similarly. So, we detail only the analysis for the first one. We prove
that

po(2) " (Dof)a(2)| < CHEHE £ (5.17)
For z between v+ «h/2 and v+ ah, reasoning as in section 5.3.2, one obtains (5.16)
that implies (5.17).
For z between 7 and v+ ah/2, by contour deformation, the integration path in (5.8)
is replaced with 4 defined in section 5.3.2. We, thus, write Dy f as the sum of an
integral, say A, over the part of ¥N{Im ¢ < z; + h/2} and an integral, say B, over
the part of ¥ N {Imz; + h/2 <Im(}.
Reasoning as in section 5.3.2, we estimate B and obtain

po(2) "LB| < ChEFE| ] (5.18)

Let us turn to A. We again use (5.13). Now, both |z — 21| and | — 21| are bounded
by Ch; thus, |po(z)/po(¢)] < C. Furthermore, for such z, only one pole of the
integrand, the pole at the point z, can approach the integration path in A; the
other poles stay at a distance greater than Ch from it. Therefore, we get

_ 2 |dd]
po(2) T Al < CREFIES | 1] :
Im 2<Im z1+h/2 ‘Z - <| |< - Z1|'B

where we integrate along 4. Changing variable ¢ = ({ — 21)/|z — 21|, one checks
that the last integral is bounded by C/|z — z1|?. Thus,

po(2) "LA| < CREFIFE || f]|/|2 — 2P

This and (5.18) yields (5.17).

We omit further details and note only that, to prove (5.17) when z is to the left
of ~y, we first transform the integral from (5.8) as when doing the estimations in the
strip S(Im z; + h/2, Im z5 — h/2) (see the end of the section 5.3.2).

5.3.4. Completing the proof of Proposition 5.1. Proposition 5.1 follows from esti-
mates (5.16) and (5.17).

5.4. Solutions to the integral equation (5.10). Consider the integral equa-
tion (5.10) in H,  g. Proposition 5.1 and the estimate for o from (4.11) imply

Lemma 5.3. For sufficiently small h, the equation (5.10) has a unique solution gg
in Hy o p. It satisfies

lgo(2)]l = O(h"+2+%). (5.19)
Moreover, one has

Lemma 5.4. The solution gy, constructed in Lemma 5.3 for the curve v = 71, can
be analytically continued to the domain K". It then satisfies (5.10) and in K"

z—zz—zﬁwo(z)' L4243
(21 — 2) (22 — 2)| 02| < ChFt2ts, (5.20)

Proof. The proof is divided into four parts.
1. As go is analytic in IL,, , it suffices to continue it to the right of v;. The function

¢— by ("2270) has all its poles in z 4+ 04 hZ. Hence, for z between v, and 71 + h,

we can define Dygo by means of (5.8) with v(z) = 71, and Dpgo appears to be

analytic between 1 and 1 + h.

As gg is analytic between v and v + ah, to define Dggy for z between v, + ah
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and v1 + (1 + a)h, we can deform the path of the integral in (5.8) to a vertical
curve connecting z; to z9 staying between v, and 1 + ah. Thus, (5.8) implies that
Dygo is analytic in z between v; and v; + ah + h. In view of equation (5.10), this
implies that g itself is analytic to the left of v + (o 4+ 1)h. Reasoning in this way
inductively, one shows that go and Dygo are analytic between vy and v + (a + 2)h,
between v and v + (a + 3)h and so on. As a result, one sees that go and Dggo are
analytic in K" to the right of v and satisfy (5.10) for all z € K",

2. Clearly, go is analytic in I, ,, the expression |(21 — 2)(22 — 2)|?|go(2)| stays
bounded in IT,, , (as 1 and 2 have common ends), and gy satisfies equation (5.10)
along v = 5. By Lemma 5.3, for sufficiently small h, this equation has a unique
solution in H., o g which, thus, coincides with go. Hence, go satisfies (5.19) with
the norm of H,, o 3.

3. In view of the previous step, go satisfies (5.20) in IL,, o UIL,, o. This and the
maximum principle for analytic functions imply that go satisfies (5.20) also in the
domain bounded by ~v; and 79, i.e., in K.

The proof of Lemma 5.4 is complete. (]

5.5. The solution to the difference equation. We define Ay by (5.5) in terms
of gg constructed in section 5.4. One has

Lemma 5.5. The function Ao can be analytically continued to K(+®" where it
satisfies equation (5.4).
Let0<c<l+aandr >0. In KN S(Imz; +rh,Im 2z — rh), one has

[Bo(2)] < Clpo(2)h™ ). (5.21)

Proof. By (5.20) the function z + (21 — 2)(22 — 2)|?|g0(2)| is bounded in K", For
a given z, the poles of the kernel in (5.5) are contained in z+ h(Z\ {0}). Thus, the
function Ay is analytic in (Ko‘h)h = K(+a)h,

By means of the Residue theorem, one checks that HAy = HRygo is equal to
go + Dogo if 2,2+ h € K(U+0h  Ag g satisfies (5.10) in K", we obtain (5.4) if
2,24+ h e K(1t+ah,

To prove (5.21), we estimate Rygo in the same way as in section 5.3.2 we estimated
Dy f. So, we omit further details and only note that

(1) outside (Ch)-neighborhood of the set z + hZ, instead of (5.12) we obtain

Po(C)
po(z)
(2) on the diagonal {¢ = z}, ro, the kernel of Ry, is analytic whereas dp, the

kernel of Dy, has a pole. This simplifies the estimates of (Rogo)(z) to the
left of ~;.

TO(Z»C)’ < Ch_%é

O

Having constructed Ag, we construct a solution g to equation (1.1) setting vy =
Wo — Ay, see (5.4). Let ¢ € (0,2). In view of (5.21), one has

Yo(2) = Wo(2) + O(|po(2)|REH), 2z € KN S(Imz +rh, Im 2o —rh). (5.22)

In view of (4.12), estimate (5.22) implies (5.2) with L replaced with L — 1. As
we could choose a larger L, this actually completes the proof of the statement of
Theorem 5.1 on the solution ).

5.6. The second solution. Mutatis mutandis, the construction of the solution
repeats that of ¥g. We omit further details and mention only that, in this case,
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e we set ;1 = Wy — R1g1 where Ry is an integral operator with the kernel

r(z,C) = % WO(Z);’;;()((CC))VVVVI O((CC)))W“Z) 0, (C - Z) 01() = cot(t) + i
e instead of (5.11), we use the norm ||f|| = sup |f[3(z)|
z€Ily o pl(z)‘

6. PROOF OF THE MAIN THEOREM

In this section we finally prove Theorem 1.4. We recall that in U there are three
Stokes lines beginning at zg. They are analytic curves, and the angle between any
two of them at zg is equal to 27/3. So, possibly reducing U somewhat, we can
assume that at least two of them form a vertical curve. We prove the theorem in
the case where these are o1 and o2, and o1 goes upwards from 2z, i.e., the vector
tangent to o1 at zg is directed in the upper half-plane. Mutatis mutandis, the other
cases are treated in the same way. Moreover, we assume that the tangent vector to
0y is either directed in the lower half-plane or is parallel to the real line and directed
to the left. Then the curves o, j € Z3, correspond to Fig. 2. The complimentary
case is studied similarly.

Below we assume that h is sufficiently small.

6.1. Two geometric lemmas. To prove Theorem 1.4, we shall use the following
two lemmas.
Lemma 6.1. There exist two curves in Sy precanonical with respect to pa and
having common endpoints, and lofl C U, a neighborhood of 2y, such that

e the domain K1 bounded by the two curves is simply connected,

o K ﬂ((h = 51720(0]1.

and

Lemma 6.2. There are exist two curves in oo U Sy U o1 precanonical with respect
to po and having common endpoints, and Uy C U, a neighborhood of zy, such that
e the domain Ky bounded by the two curves is simply connected,

L] Koﬂ&():(O'QUSoual)mUo.

We prove these two lemmas in section 7.1.
We define U = UgNU;.

6.1.1. Solution ¢;. We denote by 19, and 11 o the solutions 1y and 1; constructed
by Theorem 5.1 for the domain K, and consider the solution 7 constructed in

Theorem 5.1 for the domain K;. In view of Corollary 5.1, in U (possibly reduced
somewhat), all the three solutions are analytic, the Wronskian of ¢ o and 1 ¢ does
not vanish (see also Lemma 4.4), and one has

Y1 = ath1,0 + bibo,o, (6.1)
where a and b are h-periodic coefficients (see section 2). We prove
Lemma 6.3. One can reduce U so that for z € U

a(z) =1+ O0(h**3), b(z) =0(h*3),  h—o0. (6.2)



Proof. In U (possibly reduced somewhat), the coefficients a and b are described
by (2.3) with ¢ =11, f =110 and g = o0

Let 412 = (01 Uo2) NU. By Lemmas 6.1 and 6.2 one has v12 C Ky and 12 C K.
First, we fix ¢ € (1,2) and assume that {2,z + h} C (y12)".

In view of Lemma 4.2, one has |p1]| = |p2| = 1 on 712. This and the definitions of |p1 |
and |pz|, see section 4.2.2, imply that there exists C' > 0 such that |p1(2)], |p2(2)| <
C in (")/12)Ch.

As (712)" is a subset of both K§* and K{", by means of (5.2) and (4.10), we get

(U1, v00) _ (Wi +O(h5), Wo + O(h'+5)) _ (W, Wo) + O(h"*5)

(Y10, %00)  (Wh + O(hE*3), Wy + O(RL+3)) (Wi, Wo) 4+ O(RE+8)’
Lemma 4.4, then, yields the asymptotic representation for a from (6.2). Reasoning
similarly, we get

b (Y10,91) _ (W1, W) + O(hF+35) — O(hL+3).

5

(¥1,0:%0,0) (W1, Wy) + O(hE+3)

This is the estimate for b from (6.2).

Let ¢; and ¢y correspond to the minimal strip S(c;,c2) containing (y12)<". We
proved estimates (6.2) for a(z) and b(z) in the case where 2,z + h € (y12)°". As
¢ > 1 and as a and b are h-periodic, these estimates remain valid in S(cy, ¢2). This
implies Lemma 6.3. 0

In view of Lemma 6.1, the solution ¢ admits representation (5.2) with { =1 in

[e] [e]
S1,2NU. Let us prove that it admits this representation in Sy N U.
In view of Lemma 6.2, the solutions 1 ¢ and 1 o admit representations (5.2) with

l=0and!=11in Sy NU. Substituting (6.2) and these representations into (6.1)
and using (4.10), we get for z € Sy NU

U1(2) = (1+ O(RFF3)) (Wi (2) + O(RE 15 py (2)))
+O(hEF5) (W (2) + O(WE+1F5 py(2)))
= Wi(2) + O(hE 1 pi(2)) + O(hE po(2)).

In view of Lemma 4.2, in Sy one has |po(2)| < |p1(2)|. For 1 in SoNU, this implies
representation (5.2) with L replaced with L — 1. As we can increase L, we actually

proved (5.2) for 7 in the whole domain U.
Now, we note that

h%|po(2)| < ClhFwe(h™3¢(2)| + Clh3wh(h™5¢(2))l, z€U.  (6.3)

For sufficiently large values of h™3 |¢(2)], this estimate follows from the definition
of py and the asymptotic formulas (1.12). For bounded h~3|¢(z)|, it follows from
the fact that w and w’ do not have common zeros.

Estimates (5.2) and (6.3) imply (1.22) with L replaced with L — 1. As we can
increase L, this completes the proof of the statement of Theorem 1.4 on the solution
11 in the case that we consider.

6.1.2. Solution 1g. Let 111 and 12,1 be the solutions 1; and 12 constructed by
Theorem 5.1 for the domain K, and let 1y be the solution constructed by Theo-

rem 5.1 for the domain K. For z € U (possibly reduced somewhat) one has

Yo = a1 + bipa 1, (6.4)

where a and b are h-periodic. One proves
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02
g0
: U
FI1GUrE 3. Domain K;
Lemma 6.4. One can reduce U so that, for z € U, one has
a(z) = =14+ O(hET3), b(z) = -1+ OMKLtE), h—o. (6.5)

Proof. We omit details explained in the course of the proof of Lemma 6.3. We fix
c € (1,2) and assume that 2z, z + h € (y12)°". For the coefficient a from (6.4), we
get

(Yo, Y1) _ (Wo, Wa) + O(hEF5) (=W = Wa, Wa) + O(hX*5)

(Y11,%21) (Wi, W) + O(hE+5) (Wy, Wa) + O(hE+3)

)

where, in the last step, we used relation (4.1). Continuing, we get a = —1 +
O(hE*3). Similarly one proves that b = —1 + O(hL+3). So, (6.5) is proved for
z we considered. Reasoning as in the completion of the proof of Lemma 6.3, we
complete the proof of Lemma 6.4. (]

By Theorem 5.1 and Lemma 6.2, the solution 1 admits representation (5.2)

with I =0 in (01 U Sy Uoge) NU. Estimates (6.5) and (4.10) imply that in Sy 2N U
one has

Yo = W1 — Wa+ O((lpa| + lp2)) A" ) = Wo + O((|p1| + |p2])R*T).

In view of Lemma 4.2 and the definitions of |p;|, in Si2 one has |pi| + |p2| <

C|po| which yields (5.2) with { = 0 in S; N U. Reasoning as in the completion
of section 6.1.1, we complete the proof of Theorem 1.4 for vy in the case that we
consider.

6.1.3. Solution 3. One proves the main theorem for 1 using the same techniques
as for 1g and ;. So, we omit the proof and note only that in Sy one represents
19 as a linear combination of 11 o and 1,0, and computes the coefficients in this
linear combination as in the case of 1.
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7. PROOF OF THE GEOMETRIC LEMMAS

7.1. Proof of Lemma 6.1. This is done in several steps.

Below, all the precanonical lines are precanonical with respect to the branch p, of
the complex momentum. We recall that py is defined and analytic in the domain
U, and continuous up to its boundary.

7.1.1. AntiStokes lines. We recall that the Stokes lines o, are defined by (4.4). The
AntiStokes lines, (o) jez,, are defined as

;= ¢ NV Ne 2™9/3 0, +00)). (7.1)

For j € Z3, 0 Na; = {20} and the curve o; U ¢ is analytic. The angles between
any two of the AntiStokes lines at zo equal 27/3.

In the case we study, the Stokes and AntiStokes lines are pictured in Fig. 3; the
AntiStokes lines are represented by dotted lines. In particular, as goes up from zy,
and a1 goes down from z.

Reducing U if necessary, we assume that the AntiStokes lines «; and a4 are vertical
in U. As in Fig. 3, let z; be the lower end of a; and z, the upper end of as.

One has

Lemma 7.1. Along the AntiStokes lines o, a1 and ao, one has Re f;o podz =
0. The vector field z — v(z) = VIm fZZU p2dz vanishes only at z = z9. The
AntiStokes lines are tangent to this vector field at z # zy. As z moves away from
zg, Im fzzo p2 dz monotonously increases along s and monotonously decreases along
a1 and ag.

Proof. The statement on Re f;ﬂ p2 dz follows directly from the definitions of the
function ¢ and of the AntiStokes lines. We note that ||v(z)|| = |p2(2)|, and that p2(2)
vanishes only at zy (the complex momentum vanishes modulo 7 only at turning
points and zq is the only turning point in U). Therefore, the vector field v vanishes
only at z = zy. The statement on Re fzzo p2 dz and the Cauchy-Riemann equations
imply that the AntiStokes lines are tangent to the vector field v where it does
not vanish. This and the first two points of Lemma 4.2 imply the statements of
Lemma 7.1 on Im f;o padz. O

We also use

Lemma 7.2. There exists U C U, a neighborhood of zy, such that the lines oy N U
and as NU are precanonical.

Let us parametrize (oq Uap) NU by y =Imz, z = z(y) = z(y) + iy. Then, if
y # Im zg, one has

d z(y)
d—ylm / p2(2)dz > 0, (7.2)
Z0

d z(y)
ot / (pa(2) — ) dz < 0. (7.3)

Proof. As a1 and ay are vertical, inequality (7.2) follows from Lemma 7.1. Fur-
thermore, one has

#(y)
diylm /ZO (p2 — m)dz = Tm (' (y)p2(2)) — .

Therefore, as p2(zg) = 0, reducing U somewhat if necessary, we ensure (7.3).
Since oy Uarg is vertical, (7.2) and (7.3) imply that the curve a; Uasg is precanonical.
O

Below, we assume that U = U (if necessary we reduce U somewhat).
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7.1.2. Precanonical line ;. We now construct a precanonical line 7, C Sy 2. It
consists of three segments 1,2 and 3 shown in Fig. 3. Let us describe them.
The segments 1 and 3. To construct these segments, we use

Lemma 7.3. Let v be a compact vertical C'-curve parameterized by y = Imz,
z = z(y) = z(y) + ty. We assume that (7.2)— (7.3) hold along . Then, any
compact C*-curve sufficiently close in C-topology to v is precanonical.

This statement immediately follows from the definition of the precanonical curves.
The segment 1. It is a segment of a compact precanonical C'-curve ¢; C S1,2
that begins at z; and above z; goes to the left of «;. When choosing ¢, we take
an internal point of a; as %, and, as ¢i, we take a C'-curve close enough in C'-
topology to a; between z; and Z;. Lemmas 7.2 and 7.3 guarantee that c; is a
precanonical line.
The segment 3. Similarly, the segment 3 is a segment of a compact precanonical
Cl-curve c3 C S 2, having the upper end at 2, and going to the left of as below
the point zo.
The segment 2. We note that a; U as is a level curve of the harmonic function
z — Re f:‘o p2(2)dz in Sq2. The segment 2 is a segment of another level curve ¢
of this function in Sj 2. This curve is located to the left of a3 U ca. It does not
contain the point 2y, the only point in Sj 2 where py vanishes. So, ¢ is smooth.
We choose ¢, sufficiently close to a; U ap to ensure that

e ¢ is vertical (as oy and g are);

e one has (7.2) along ¢y (the vector field VIm f;ﬂ p2(2) dz does not vanish

along co and is tangent to cz);
e (7.3) holds along c¢s (as it holds along a; U aw);
e ¢, intersects both ¢; and c3.

Clearly, co is precanonical.

The curve 1. The segment 1 is the segment of ¢; between z; and the point of
intersection of ¢; and co, the segment 2 is the segment of ¢, between the segment
1 and the point of intersection of co and c3, and the segment 3 is the segment of c3
connecting the segment 2 with z9. Clearly, the curve y; made of segments 1-3 is
precanonical.

7.1.3. The sign of Im ps in S5. The only place where we use our assumption on the
direction of the tangent vector to oy at zy is the proof of

Lemma 7.4. Both in Sy between the curves as and o1 and on these curves, near
zo one has Impa(z) < 0 if z # 2p.

Proof. Below we assume that either z is in Sy between the curves as and o7 or on
one of these curves. In view of (1.6), we can write

p2(2) = ki7(1 4+ O(1)), /Z pa(z)dz = §k173(1 +O(7)), z— 29, (7.4)

20
where k1 # 0 and 7 is the branch of \/z — zg analytic in Uy and positive if z > z.
Let 0 < 63 < 7 be the angle at zg between the line {z > 2p} and the curve s .
Note that the angle between oy and s equals 7/3. Therefore, as the tangent vector
to gg at zg is either directed downwards or parallel to the real line and directed to
the left, one has 27/3 < 0, < 7.
In view of Lemma 7.1, along as, Re fZZO p2dz = 0 and Im f;ﬂ p2dz is monotonously
increasing. This and the second formula in (7.4) imply that

3
arg k1 + 592 = gmod 2. (7.5)
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Let z — 29 = |z — 2z0|e?®. Using (7.5) and the first formula in (7.4), we get near 2o

Tmps(2) ) ( 0 ) ( 0 — 0,
———~ =gin|argk 1 + =+ o0(1) ) =cos | 0 — +o(1) ). 7.6

202 3 ol z ) )
Now, we note that, for z we consider, near zy one has 3 —7/3+0(1) <8 < f340(1).
Therefore, for z sufficiently close to zp, one has

2?”+o(1)g92+o(1)g92—9_92

m T
< — —
02 + 5 +o(1) < 6

This and (7.6) implies the statement of Lemma 7.4. O

7.1.4. Precanonical line . The precanonical line 7, is located in S; 2 and consists
of six segments 4-9 shown in Fig. 3. Let us describe them.

The segments 4-5-6-7. The segment 4 is a segment of a compact precanonical C*-
curve ¢4 C S1,2. This curve begins at z; and above z; goes to the right of a. It is
constructed as the curve c; containing the segment 1.

The segment 5 is a segment of a level curve ¢5 of the function z — Re f; p2(z)dz
in 57 2. The construction of ¢ is similar to one of ca. The curve c5 is located to
the right of a;. We choose c¢s5 sufficiently close to a;. Then, c¢5 is a precanonical
curve and intersects both ¢4 and the Stokes line 0.

The segment 4 is the segment of ¢4 between z; and the point of intersection of ¢4
and c5. The segment 5 connects this point with a point of os.

We prove

Lemma 7.5. Let v be a vertical curve, let a € v and let p be a branch of the complex
momentum continuous on . If, on vy, either Im f; p(z)dz = 0 or Im f:(p(z) —
m)dz = 0, then v is precanonical with respect to p.

Proof. Assume that Im [~ p(z)dz = 0 on 7. Then, z — Im [ (p(z) — m)dz =
—7lm (z — a) is decreasing along v when Im 2z increases. Thus, v is precanonical.

If Im [7(p(z) — 7)dz = 0, then z — Im [ p(z)dz = Im [ ndz = Im(z — a) is
increasing along v when Im 2 increases. Thus, 7 is precanonical. O

The segment 6 is the segment of ¢g = oo between the upper end of the segment
5 and the point zyg. The segment 7 is the segment of ¢; = o7 between zy and an
internal point a of o;. We describe this point later. Lemma 7.5 implies that the
segments 6 and 7 are precanonical.

Segment 8. This segment is a segment of cg, the level curve y(a) of the harmonic
function z — Im f; (p2(z) — ) dz that contains a € o1. To choose the segment 8,
we check

Lemma 7.6. If a € o1 \ {20} is sufficiently close to zy, then v(a) intersects oy
transversally at a, enters at a in So going upwards, intersects ae and, up to inter-
section and at the intersection point, remains vertical.

Proof of Lemma 7.6. Below, we identify the vectors on R? with the complex num-
bers in the standard way, and the bar denotes complex conjugation. The Stokes
line o, is tangent to the vector field z — vo(2) = pa(z) at z # zp (p2(20) = 0). The
curve y(a) is tangent to the vector field z — v, (2) = p2(z) — 7.
Let a € o1 \ 20 be sufficiently close to the point z;. In view of Lemma 7.4,
Imps(a) < 0. Therefore, y(a) is vertical at a. Moreover, both the vectors vg(a) and
vr(a) are directed upwards and v, (a) is directed to the left of vg(a). Therefore, at
a, the curve y(a) intersects oy transversally and enters Sy going upwards.
Furthemore, in view of Lemma 7.4, as long as y(a) stays in Se near zo between the
curves as and o7 or on them, it remains vertical.
To complete the proof, it suffices to show that if a is sufficiently close to zgp, then
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~(a) intersects ap remaining vertical. Therefore, we note that v,(z9) = —m. So, at
zo the vector tangent to v(zg) is parallel to R, and the curve v(zo) intersects the
analytic curve as U og transversally. Depending continuously on a, 7(a) intersects
this curve also for all a sufficiently close to zp. But, if Ima > Im 2y and «a is suffi-
ciently close to zp, the curve y(a) goes upward from a. Therefore, for a sufficiently
close to zp, the curve y(a) intersects as still remaining vertical. This completes the
proof of Lemma 7.6. (]

The segments 8 and 9. We choose the point a, the end of the segment 7 and
the beginning of the segment 8, so that cs = 7y(a) intersects ay as described in
Lemma 7.6. The end of the segment 8 is the point of intersection of cg and as.
By Lemma 7.5, the segment 8 is precanonical. The segment 9 is the segment of
a connecting the upper end of the segment 8 to the point z5. It precanonical by
Lemma 7.2.

The domain K7 bounded by v, and ~s is the one described in Lemma 6.1, the
proof of which is complete.

7.2. Proof of Lemma 6.2. The proof uses the same techniques as the proof of
Lemma 6.1. Therefore, we omit standard details. The construction of the curves
~1 and y5 bounding the domain Ky from Lemma 6.2 is illustrated by Fig. 4. Below,
all the precanonical lines are precanonical with respect to pg.

7.2.1. Curve ;. This curve consists of segments 1-3. Let us describe them.
We take an internal point of o5 as z1, and we fix a, an internal point of o1. The
segment 1 is the segment of o5 between z; and 2, and the segment 2 is the segment
of o1 between zg and a.
To describe the segment 3, we consider g (a), the curve in o9 U Sy U o1 described
by the equation Im [ (po(z) — 7)dz = 0. We suppose that a is sufficiently close
to zp. Then, vo(a) intersects o1 at a transversally, enters in Sy going upwards and
is vertical in a neighborhood a (To prove this, one uses the observation that near
zp on o1 one has Impy(z) > 0. The proof of this observation is similar to one of
Lemma 7.4.) The segment 3 is a segment of vy(a) connecting in this neighborhood
a to a point zo € Sy . We choose z5 later.
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Lemma 7.5 imply that the segments 1-3 are precanonical.
The points z; and z9 are the ends of 7.

7.2.2. Curve y2. This curve consists of two segments, segments 4 and 5.
The segment 4 is a segment of ¢4, a level curve of the function z — Re f;l po(z)dz
in Sy U oo that contains the point z;. The curve ¢4 is orthogonal to o9 at z;.
Let us note that, under our assumptions on oy and oo (see the very beginning of
section 6), the angle at zp between o9 and the horizontal line {z > 2} belongs to
(0,7/3). Possibly reducing U somewhat, we assume that, at any point ¢ € g, the
angle between o9 and the line {z > ¢} belongs to (0,7/2). Then, ¢4 is vertical at
least in a neighborhood of the point z; and goes upward from z; into Sy.
The segment 5 is a segment of a level curve c; of the function z — Im f;o po(z)dz in
So. It is located to the right of oo Uy (which is also a level curve of this function).
We choose the curve cs sufficiently close to o3 U o7. Then it is vertical, intersects
vo(a) and ¢4, and the segments of these curves between o2 Uo and the intersection
points are vertical.
The point 2o is the point of intersection of vp(a) and ¢5. The segment 4 is the
segment of ¢4 between o9 U 01 and c5, and the segment 5 is the segment of cs
connecting c4 to zs.
The segment 5 is precanonical in view of Lemma 7.5. Arguing as when proving
Lemma 7.2 and reducing somewhat U if necessary, we check that the segment 4 is
precanonical.

The domain Ky bounded by the curves v; and 7., is the one described in
Lemma 6.2. Its proof is complete.

REFERENCES

[1] V. Babich, M. Lyalinov and V. Grikurov, Diffraction theory: the Sommerfeld-Malyuzhinets
technique. Oxford, Alpha Science, 2008.

[2] V. Buslaev and A. Fedotov. The monodromization and Harper equation. Séminaires Equations
auz Dérivées Partielles, 1993-1994, XXI1:1-23, Ecole Polytechnique, Palaiseau, 1994.

[3] V. Buslaev and A. Fedotov. Complex WKB method for Harper equation. St. Petersburg Math.
J., 6(3):495-517, 1995.

[4] N. Bleistein. Uniform asymptotic expansions of integrals with many nearby stationary points
and algebraic singularities. J. Math. Mech., 17:533-559, 1967.

[5] O. Costin and R. Costin. Rigorous WKB for finite-order linear recurrence relations with smooth
coefficients. SIAM J. math. an., 27:110-134, 1996.

[6] S. Yu. Dobrokhotov, A. V. Tsvetkova. On Lagrangian manifolds related to asymptotics of
Hermite polynomials. Math notes, 110(6), to appear.

[7] A. Fedoryuk. Asymptotic Analysis. Linear Ordinary Differential Equations. Springer-Verlag,
Berlin, Heidelberg, 2009.

[8] A. Fedotov. Monodromization method in the theory of almost-periodic equations. St. Peters-
burg Mathematical Journal, 2014, 25:303-325, 2014.

[9] A. Fedotov and F. Klopp. A complex WKB method for adiabatic problems. Asymptotic anal-
ysis, 27:219-264, 2001.

[10] A. Fedotov and F. Klopp. Anderson transitions for a family of almost periodic Schrodinger
equations in the adiabatic case. Communications in Mathematical Physics, 227:1-92, 2002.
[11] A. Fedotov and F. Klopp. On the absolutely continuous spectrum of an one-dimensional
quasi-periodic Schrédinger operator in adiabatic limit. Transactions of AMS, 357:4481-4516,

2005.

[12] A. Fedotov and F. Klopp Difference equations, uniform quasiclassical asymptotics and Airy
functions Proceedings of the conference “Days on Diffraction 2018”, IEEE, St. Petersbury,
2018, 98-101, to appear in 2018.

[13] A. Fedotov and E. Shchetka. The complex WKB method for difference equations in bounded
domains. J. of Math. Sciences, 438:236-254, 2015.

[14] A. Fedotov and E. Shchetka. A Complex WKB Method for Difference Equations in Bounded
Domains. Journal of Mathematical Sciences(New York), 224:157-169, 2017.

31



[15] A. Fedotov and E. Shchetka. Complex WKB method for the difference Schrodinger equation
with the potential being a trigonometric polynomial. St. Petersburg Mathematical Journal,
29:363-381, 2018.

[16] J. S. Geronimo, O. Bruno and W. Van Assche. WKB and turning point theory for second-
order difference equations. Operator theory: advances and app.,69:269-301, 1992.

[17] J. P. Guillement, B. Helffer and P. Treton. Walk inside Hofstadter’s butterfly. J. Phys. France,
50:2019-2058, 1989.

[18] F. W. J. Olver. Asymptotics and Special Functions. Academic Press, New York, 1974.

[19] G. A. Tsyganov. Asymptotic behavior of the solution of a linear difference system with small
difference in the presence of a turning point. Diff. equations (in Russian), 10:1312-1321, 1974.

[20] A. B. Vasilieva, E. Yuldashev. Linear difference systems with small lag. Diff. equations (in
Russian), 6:2267-2269, 1970.

[21] W. Wasow. Asymptotic expansions for ordinary differential equations. Dover Publications,
New York, 1987.

[22] R. Wong. Asymptotic approzimations of integrals. STAM, Philadelphia, 2001.

[23] R.Wong, Z. Wang. Asymptotic expansions for second-order linear difference equations with
a turning point. Numerische Mathematik, 94: 147-194, 2003.

(Alexander Fedotov) ST. PETERSBURG STATE UNIVERSITY, 7/9 UNIVERSITETSKAYA NAB.,
ST.PETERSBURG, 199034, Russia
E-mail address:  a.fedotov@spbu.ru

(Frédéric Klopp) SORBONNE UNIVERSITE, UNIVERSITE PARIS DIDEROT, CNRS, INSTITUT DE
MATHEMATIQUES DE JUSSIEU - PARIS RIVE GAUCHE , F-75005, PARIS, FRANCE
E-mail address:  frederic.klopp@imj-prg.fr

32



