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Abstract: In this paper we investigate the problem of estimating the regression function
in models with correlated observations. The data is obtained from several experimental
units each of them forms a time series. We propose a new estimator based on the in-
verse of the autocovariance matrix of the observations, assumed known and invertible.
Using the properties of the Reproducing Kernel Hilbert spaces, we give the asymptotic
expressions of its bias and its variance. In addition, we give a theoretical comparison,
by calculating the IMSE, between this new estimator and the classical one proposed by
Gasser and Miiller. Finally, we conduct a simulation study to investigate the performance
of the proposed estimator and to compare it to the Gasser and Miiller’s estimator in a
finite sample set.

MSC 2010 subject classification: 62G05, 62G08, 62G20.
Keywords. Nonparametric regression, correlated observations, growth curve, reproduc-
ing kernel Hilbert space, asymptotic normality.

1 Introduction

One of the situations that statisticians encounter in their studies is estimating a whole
function based on partial observations of this function. For instance, in pharmacokinetics
one wishes to estimate the concentration-time of some injected medicine in the organism,
based on the observations of the concentration from blood tests over a period of time. In
statistical terms, one wants to estimate a function, say g, relating two random variables:
the explanatory variable X and the response variable Y, without any parametric restric-
tions on the function g. The statistical model often used is the following: Y; = g(X;) + ¢;
where (X;,Y;)1<i<n are n independent replicates of (X,Y) and {g;,i = 1,--- ,n} are
centered errors.

The most intensively treated model has been the one in which (g;)1<;<, are inde-
pendent errors and (X;)i<;<, are fixed within some domain. We mention the work of
[6, 15, 23]among others. However, the independence of the observations is not always
a realistic assumption. For instance, the growth curve models are usually used in the



case of longitudinal data, where the same experimental unit is being observed on multiple
points of time. As a real life example, we consider the observation of the height growth
of children, it is clear that the heights observed on the same child will be correlated. The
temperature observations measured along the day are also correlated. For this, we focus,
in this paper, on the nonparametric kernel estimation problem where the observations are
correlated.

In the current paper, we consider a situation where the data is generated from m
experimental units each of them having n measurements of the response. For this data,
we consider the so-called fixed design regression model with repeated measurements given
by,

Y;(tl) = g(tz) —|—€j(ti) for ¢ = 1, e, N and ] = 1, e, M, (1)

where {¢;,7 = 1,--- ,m} is a sequence of i.i.d. centered error processes with the same
distribution as a process €. It is safe to relax the correlation assumption between the
experimental units since the latters are usually chosen randomly.

This model is usually used in the growth curve analysis and dose response problems,
see for instance, the work of [4]. It has also been considered by [2I] with m = 1. He
supposed that the observations are asymptotically independent when the number of ob-
servations tends to infinity, i.e., Cov(e(s),e(t)) = O(1/n) for s # t, which is not a realistic
assumption, for instance, in the growth curve analysis.

The correlated observations case was considered by [18], who investigated the estima-
tion of g in Model where ¢ is a stationary error process. Using the kernel estimator
proposed by Gasser and Miiller, see [15], they proved the consistency in 1.2 space of this
estimator, when the number of experimental units m tends to infinity, but not when n
tends to infinity as it is the case of independent observations.

The Assumption of stationarity made on the observations is however restrictive. In
the previous pharmacokinetics example for instance, it is clear that the concentration of
the medicine will be high at the beginning then decreases with time. For this, we shall
investigate the estimation of g in Model where ¢ is not necessarily a stationary error
process. This case was partially investigated by [9, 13|, where the Gasser and Miiller
estimator was used.

In this paper, we propose a new estimator for the regression function g in Model
. This estimator, which is a linear kernel estimator, is based on the inverse of the
autocovariance matrix of the observations, that we assume known and invertible.

The proposed estimator was inspired by the work of [25] 26, 27] but in a different
context than ours. They considered the parametric model: Y (t) = 8f(t) + (t) where
is an unknown real parameter and f is a known function belonging to the Reproducing
Kernel Hilbert Space associated to the autocovariance function of the error process ¢,
denoted by RKHS(R). They, similarly to us, assumed that the autocovariance matrix
is known and invertible. It is worth noting that the Reproducing Kernel Hilbert Spaces
have been used in several domains, for instance, in Statistics by [25] and more recently
by [12], in Mathematical Analysis in [28] and in Signal processing in [24].

We compare the proposed estimator to the classical Gasser and Miiller’s estimator,
proving in particular that, the proposed estimator has an asymptotically smaller vari-
ance. However the Gasser and Miiller’s estimator doesn’t require the knowledge of the
autocovariance function.

This paper is organized as follows. In section [2| we construct our proposed estimator
for the function g in Model where ¢ is a centered, second order error process with
a continuous autocovariance function R. It is constructed through a Kernel K and a



bandwidth h = h(n), more precisely, through the following function defined, for = € [0, 1],
by,

fun(t) = /0 R(s,t)@un(t) ds where ¢, ,(t) = lK(

r—S

h

), for te[0,1]. (2)
h

We shall see that this function belongs to the RKHS(R). This allows us to use the
properties of this space to control the variance of the proposed estimator. These properties
were introduced by [22] to solve various problems in statistical inference on time series.
We also give, in this section, the analytical expressions of this estimator for the generalised
Wiener process and the Ornstein Uhlenbeck process, since the analytical expression of the
inverse of the autocovariance matrix is known for this class of processes.

In Section 3] we derive the asymptotic results of this estimator. We give an asymptotic
expression of the weights of this linear estimator, which is used to derive the asymptotic
expression of its bias. The properties of the RKHS(R) not only allow us to obtain the
asymptotic expression of the variance, but also to find the optimal rate of convergence of
the residual variance. After obtaining the asymptotic expression of the Integrated Mean
Squared Error (IMSE), we derive the asymptotic optimal bandwidth with respect to the
IMSE. Moreover, we prove the asymptotic normality of the proposed estimator.

In Section [4] we give a theoretical comparison between the new estimator and the
Gasser and Miiller’s estimator in terms of the asymptotic variance. Proving that the
proposed estimator has, asymptotically, a smaller variance than that of Gasser and Miiller.
When ¢ is a Wiener process, we compare the two estimators in terms of the IMSE .

In Section [5], we conduct a simulation study in order to investigate the performance
of the proposed estimator in a finite sample set, then we compare it with the Gasser and
Miiller’s estimator for different values of the number of experimental units and different
values of the sample size. Since the classical cross-validation criterion is shown to be
inefficient in the presence of correlation (see for instance, [II, 11l 19, 20]), we use the
bandwidth that minimizes the (non-asymptotic) IMSE. The results of this simulation
study confirm our theoretical statements given in Section 3 and Section 4.

Section [0] is dedicated to the proofs of the theoretical results. Finally, Section [7] is
devoted to an appendix about the RKHS(R) and some technical details.

2 Construction of the estimator using the RKHS ap-
proach

We consider Model (|1)) where g is the unknown regression function on [0, 1] and {¢;(t),t €
[0,1]}; is a sequence of error processes.

We assume that g € C?([0,1]) and that (;); are i.i.d. processes with the same distribution
as a centered second order process €. We denote by R its autocovariance function, assumed
to be known, continuous and forms a non singular matrix when restricted to T" x T for
any finite set 7' C [0, 1].

2.1 Projection estimator

In this section, we shall give the definition of the new proposed estimator for the regression
function g in Model (). This estimator (see Defenition [I| below) is constructed using the



function f, , given by for x € [0,1], h €]0, 1] and K is a first order kerne]ﬂ of support
[—1, 1] belonging to C*.
This function is well known in time series analysis and has been used by several authors.
We mention, among others, the work of [5] and [25] for linear regression models with
correlated errors. It is mainly used due to its belonging to the Reproducing Kernel
Hilbert Space associated to the autocovariance function R (see Appendix 1 for more
details). This space is spanned by the functions R(-,;)1<i<, forming a closed subspace on
which an orthogonal projection of the function f, j is feasible. We shall call the estimator
obtained by this approach, the projection estimator.

The proposed estimator, which is a kernel estimator, is linear in the observations Y (;)
and is given by the following definition.

Definition 1 The projection estimator of the regression function g in the model based

on the observations of (t;,Y;(t;))1<i<n is given for any x € [0, 1] by,
1<j<m

pro Z m, h (3)

where Y (t;) = = > iy Yj(ti) and the weights (mg p(t:))i<i<n are being determined, letting
T, = (ti)1<i<n, by,

m;7h|Tn = fx,h|Tn/REﬂn (4)
with f%h‘Tn = (fx,h(t1)7 ey fx,h(tn)),; R\Tn = (R(t“ tj))lgi,jgn; R&i the inverse Of R|Tn
and Mo g, = (myn(ti),...,mqyn(ty))’, where v' denotes the transpose of a vector v.

This estimator appears to be complicated and uneasy to compute due to its dependence
on the inverse of the covariance matrix but the following propositions show that, for some
classical error processes, such as the Wiener and the Ornstein-Uhlenbeck processes, it has
a simplified expression.

Proposition 1 Consider the regression model | . where € s of autocovariance function
R(s,t) = fmm(s Db du for a positive constant 3. Let to = 0, tni1 =1 and set Y (to) =0
and Y (t, 1) = Y (t,). For any x € [0,1], the projection estimator (3)) equals to,

) = (S7w [ euntors

Y (tiy1) —Y(t;) [+
* tfHJ-rl e / (SBH tfjf)%,h(s)ds, (5)
i t;

i=0 i+1

Remark 1 Tuaking B = 0 in the previous proposition gives the expression of the projection
estimator in the case where € is the classical standard Wiener error process.

!The kernel K satisfies: fi1 K(t)dt =1, f t)dt = 0 and f 2K (t)dt < +oo0.



Proposition 2 If the error process € in Model is the Ornstein- Uhlenbeck process with
R(s,t) = e~ 1"=5| then for any x € [0, 1],

n—1 o tit1 — t2
grro(x) = ZY(ti)/ il n(s) ds + Y(tl)/ e pun(s) ds
=2 tiz1 0

n—1 t; I - t'_ ts
_ and tl — ey tz o
+ Y(tn)/ e o n(s) ds — g (Fi1) (*:) / e *vrn(s) ds
th—1 t;

1 — e 2(tit1—t:)
=1

n—1 —t: X~ —t'_ t;
e ity tl —e Uy tl i+l
+ E ( +1) ( )/ es¢x,h(3) dS,
t;

1 _ e_Q(tiJrl_ti)
=1

where @, 1, 1s defined in the previous proposition.

Remark 2 As the previous propositions show, the expression of Mg pyy, U8 known ana-
lytically for error processes of practical interest. For more complicated error processes,
numerical methods can be used as we shall see in the simulation study section. For more
general error processes, we will give an asymptotic expression of the weights of the pro-
jection estimator (see Lemma 3 below).

2.2 Assumptions and comments

In order to derive our asymptotic results, the following assumptions on the autocovariance
function R and the Kernel K are required.

(A) R is continuous on the entire unit square and has left and right derivatives up to
order two at the diagonal (when s = t), i.e.,

OR(t, s) OR(t, s)

OD#,¢t7) =lim——22 and ROY(t,tt) = lim —2=
) =g d AR =i

exist and are continuous (in a similar way we define R (¢,t7) and R (¢, t+)).
Off the diagonal (when s # t in the unit square), R has continuous derivatives up
to order two.

For t €]0,1[, let a(t) = ROV(t,t7) — ROV (¢,¢+). Assumption (A) gives the following
lemma concerning the jump function a.

Lemma 1 If Assumption (A) is satisfied then the jump function « is a positive function.

To obtain our asymptotic results, we shall give next a stronger assumption on the jump
function .
(B) We assume that «vis Lipschitz on |0, 1], that inf «a(t) = oy > 0 and that sup «a(t) =

o<t<1 O<t<1
a1 < Q.

Assumptions (A) and (B) are classical regularity conditions and were used in several works
(see for instance [5], 25] 29]).

(C) For each t € [0,1], RO (., ¢T) is in the Reproducing Kernel Hilbert space asso-
ciated to R, denoted by RKHS(R), equipped with the norm || - ||. In addition,
sup |[|RO?(.,t1)|| < oo (see Appendix for more details).
0<t<1

5



Assumption (C), which is more restrictive than (B) as indicated by [25], is necessary to
evaluate the weights of the projection estimator (see Lemma 3| below).

(D) K is an even function and K’ is a Lipschitz function on [—1,1].

Examples of autocovariance functions which satisfy Assumptions (A), (B) and (C) are
given as follows.

Example 1

1. The autocovariance function R(s,t) = o*min(s,t) of the Wiener process, has a

constant jump function a(t) = o and R (s,t) = 0 for all integers i,j such that
i+7=2ands #t.

2. The autocovariance function R(s,t) = o?e~ 7! of the stationary Ornstein- Uhnelbeck
process with o > 0 and X > 0. For this process the jump function is a(t) = 202\
and R (s,t) = o2 \2e A=,

3. Another general class of autocovariance functions was given by [25] and has the
form,

1/]t—s]
R(s.t) = / (1= lt — s)p(u) dp,

where p is a probability density and p’ its derivative are such that,

lim yi°p(p) < 00,  and / (' (1) + 3p(p)) )y < o0,

00

for some a. We have a(t) =2 [[° up(u) du.

3 Local asymptotic results

Let T,, = (tin)1<i<n for n > 1, be a fixed sequence of designs with 7,, € D,,, where,
D, ={(s1,82,-..,8,) : 0<s1 <8< --<s, <1}
Set ton = 0,tpi1n =1, djn = tj11n — tjn and let for z € [0,1], h = h(n),
Lp={i=1,---,n : [tic1n tiz1in)Nx — h,x + h[# 0}.

Denote by Np, = Card([, ;). Recall that [x — h, x + h] is the support of the function ¢, .
To obtain the asymptotic results, we require that the sequence (7},),>1 satisfies the next
assumption.
(E) lim sup dj, =0, lim ¢ sup d;, =0, lim Ng, 75 sup d3, =0 and
n—00 0<j<n n—00 " 0<j<n n—00 0<j<n ’

: 2 1 2
limsup(Nz, 75 sup dj,) <oo.
n—o0 0<5<n

A simple sequence of designs that verifies Assumption (£) was presented by [27] as follows.

Definition 2 Let F be a distribution function of some density function f such that
sup f(t) < oo and Oilgflf(t) > 0. The so-called regular sequence of designs generated
<t<

o<1
T, = {tn - F—1<3),i - 1n}
n

by f is defined by,
6



In the sequel, the density f is assumed to be at least in C?([0,1]). This sequence of
designs verifies the following Lemma (see for instance Benelmadani et al. (2018a) for a
proof).

Lemma 2 Let (T,,),>1 be a reqular sequence of designs generated by some density func-
tion. For x €]0,1[ and h > 0, suppose that T,, N [x — h,x + h] # O and that nh > 1.
Then,
1
sup dj, = O(—) and Np, = O(nh), (6)
0<j<n n

where Nr, and dj, are defined as above. In addition, if limnh = oo then the regular
n—oo

sequence verifies Assumption (E).

3.1 Evaluation of the bias

In order to derive the asymptotic expression of the bias term of the projection estimator,
we shall first give the asymptotic approximation of the weights M, (defined by )
in the following lemma.

Lemma 3 Suppose that Assumptions (A),(B) and (C) are satisfied. Then for any x €

10,1,
mx,h(ti,n) =
%pr,h(ti,n>(ti+l,n - tifl,n) + O(an,h + ﬁn,h) Zf { ¢ {17 n} and
[ticim, tivin] N [T — R,z + R # 0,
O(NTnan,h + nﬁn,h) Zf 1€ {]., n},
O(ﬁn,h) otherwise,
where,

1
Qpp = SUpP sup dim |(8)prn(s) — a(t)pan(t)| = O<— sup C@),

. 2 .
0<i<n tin<st<tisin h*o<j<n

1 Vv 1
= sup ——||ROY(,t)||~—= sup d? :O<— su d2»>,
B i 204@)” S Vh osson ] Vh 0%5on
and C'is a positive constant defined in Proposition[J below. Recall that A, = O(n) means
that lim % < +o00.
n—oo

Remark 3 This Lemma allows to see that the weights of the projection estimator are
asymptoticly equivalent to those of some well known linear estimators of the regression
function g. For instance,

e Priestly and Chao (see [0, [23]) used the following weights:

Wl‘:h(ti) = (ti+1,n - ti,n)gpg;,h(ti) fO?”i = 1’ cee .

e Gasser and Miiller (see [15]) used the following weights:

Wan(ti) = / 7 Yen(s) ds fori=1,--- n,

Si—1,n

where, so =0, s, =1 and s;, = (tiy1n — tin) fori=1,--- ,n—1.

7



e Cheng and Lin (see [10]) replaced s; ., by t; , in the weights of the Gasser and Miller
estimator.

Using the asymptotic approximation of the weights given in Lemma [3] we can obtain
the asymptotic expression of the bias of the projection estimator as shows the following
proposition.

Proposition 3 Suppose that Assumptions (A)— (D) are satisfied. If T,N)x—h,z+h[# 0
and nh > 1, then for any x €)0, 1],

1 N
E(§7(z)) — g(z) = §h29”($)B + O(hQ) + O< h:;" OS<U,I<)1 din + Np, o + nﬁn,h),
SIS

where o, p, and B, are given in Lemma@ and B = f_ll 2K (t) dt.

Remark 4 Under the assumption of Lemma[g we have,

E (#£7°(x)) — g(x) = 5h°"(x) B + o(?) + O( ).

When ¢ in Model is a Wiener process, a direct computation of the bias term of the
projection estimator , with § = 0, show that the term O(%) can be improved. The

result is given by the following proposition.

Proposition 4 Consider Model with a Wiener error process of autocovariance func-
tion R(s,t) = min(s,t). Let (T,)n>1 be a reqular sequence of designs generated by a
density function f (cf Definition[d) and let K be a kernel satisfying Assumption (D). If
T,Nx — h,x + hi# 0 and nh > 1 then,

E (37°(x)) ~ 9(x) = 510" (1) B + o(1?) + O~ ).

where B is given in Proposition[3 above.

3.2 Evaluation of the variance

It is shown in Lemma [5| of the Appendix that f,  defined by (2)) belongs to the RKHS(R)
equipped with its norm || ||. Furthermore, by Lemma [5| of Appendix we have,

1 1
funll? = / / con(8)R(s )pun(t)ds dt 2 02 . (7)
0 0

In addition if Py, fs 5 is the projection of f, j on the subspace of F spanned by {R(.,t),t €
T,} then it is shown by (F2) in the supplement fact of the Appendix that,

|1 Pz, fopl[* = mVar g (), (8)

2
Z,

Um" — Var gP"°(z).

n

The following proposition controls the residual variance



Proposition 5 Suppose that Assumptions (A) and (B) are satisfied. Moreover, assume
that % sup d; <1 and let,

1<i<n

Ko = sup |[K(t)|, Ri= sup |[RYV(s— t+)] and Ry = sup |RO?(s,t+)].
te[—1,1] t,5€(0,1] t,s€[0,1]

Then we have for any x €0, 1],

2
Tz,h C
0< 5 Var g7o(x) < — sup d2,,
4 .
where C' = K&(gal + ]5%1 + 552) if (x _.h) and (z + h) € Ty,
K2 (501 + 2Ry + §Ry) otherwise.

If moreover {T},,n > 1} satisfies Assumption (E) then Proposition [5| gives,

T2
lim (Var gro(x) — = > = 0.
m

n,M—00
The next proposition gives the rate of convergence of this residual variance.

Proposition 6 Suppose that Assumptions (A), (B) and (C) are satisfied. Moreover, as-
sume that (T,)n>1 is a sequence of designs verifying Assumption (E). Then for any
x €|0, 1] and for any positive integer m,

= e ) 2 o) [ K2/3<t>dt}3v ©)

1
where o2, is given by .

Using Propositions [f] and [6] we can obtain the optimal convergence rate 1/(mn?h), in
the sense given by [I7], of the residual variance. The result is given in the following
proposition.

Proposition 7 Suppose that all the assumptions of Lemma[3, Propositions[5 and [0 are
satisfied. Then there exist some positive constants C' and C" such that for any x €]0,1]
and for any positive integer m,

2

lim mn%(ﬁ - Var(gpm(x))> <C (10)
n—00 m n -
and,
Tan
lim mn2h<—’ — Var ggm(:c)) > (" (11)
n—oo m

For stronger assumptions on the kernel K and the on design 7,, (instead of Assumption
(E) we take a regular sequence of designs as introduced by Definition [2|), we obtain the
asymptotic expression of the variance as shows the following proposition.



Proposition 8 Suppose that Assumptions (A) — (D) are satisfied. Moreover assume that
(T)n>1 is a regqular sequence of designs generated by a density function f (see Definition
ﬁ). If lim h =0 and lim nh = oo then for any x €]0, 1],

n—o0 n—o0

2
0%

Var(e(o) = 22 - o [ a0 ) )

where o h is given by (7] .

The following lemma, see [9], gives the expression of the main term of the asymptotic
variance o2, /m in terms of h.

Lemma 4 Suppose that Assumptions (A), (B) and (D) are satisfied. Then for any x €
10, 1], aih (as given by (7)) can be written as follows,
1
oz = (R(z,z) — 504(55)@(}1) + o(h), (13)

where Cx = f f1|u v|K (u) K (v)dudv.

3.3 IMSE and optimal bandwidth

Proposition [§ and Remark [4 allow to derive the asymptotic expression of the Mean
Squared Error (MSE) and the Integrated Mean Squared Error (IMSE) of the projection
estimator (3 given, without proof, in the next theorem.

Theorem 1 If all the assumptions of Propositions @ and@ are satisfied and if (T,)n>1 1S
a reqular sequence of designs generated by some density function (see Definition @) then
for any x €]0, 1],

MSE(§7"°(z)) = %(R(x,x) - %a(x)C’Kh> :

1 40 1 2 R2 4 h
+ 9" @) B + o'+ )

h 1
+ O(anh * n * n2h2)’
) 1 [ Cxh [
IMSE(gr") = E/ R(z, x)w(z) dr — S a(z)w(x) dx
0

! h 1 hooo1
B0y "0 N2 4,
+ 4h/0[ (@) Pw(@) do+o(h' + ) + O(—m + =+ — ),

where w is a positive density function, B and Ck are given in Propositions[3 and [§
Remark 5 We note here that the term 12mn2 f$+hh ;2((1&)) S%h( )dt appearing in the asymp-
totic variance, does not appear in the asymptotic MSE and IMSE, because it is negligible
comparing to the squared bias. However in the case of a Wiener error process (see Propo-
sition , we get the term O(=5;) instead of the term O(=) in the asymptotic bias, which
improves the rates in the expressions of the asymptotic MSE and IMSE.

When e is a Wiener process, the MSE and IMSE of the projection estimator (with
g =0) are given in Theorem@ below.

10



Theorem 2 Consider Model with a Wiener error process and suppose that the kernel
K wverifies Assumption (D). Moreover, assume that (T,),>1 is a reqular sequence of
designs generated by a function f (see Definition E) If lim h =0 and lim nh = oo then

for any x €0, 1],

MSE(§7 (z)) = %(R(:c,x) _ %a(w)C’Kh) - ﬁ% /_ K0 di

1 h h 1 1 1
LA (212 B2 <_ h4> (_ )
+ 4 lg"(@)] to m + +0 n? + mn3h? + mn? + nih?)’

and the IMSE s given by,

IMSE(§77°) — % /0 R(z, z)u(z )dx—(;—’;;‘ @) s

12mn2h/ P )dx+BZh4/01[ (1) Pw(z) dx+o<%+h4>
—l—O(h—i- : +1—|—1>,

n?  mn3h?  mn?2 nth?

where w 1s a positive density function, A = f_ll K?(t) dt, B and Ck are given in Propo-
sitions[3 and[8.

The asymptotic optimal bandwidth is obtained by minimizing the asymptotic IMSE and
is given in the following corollary.

Corollary 1 (Optimal bandwidth) Suppose that the assumptions of Theorem |1| are
satisfied. Moreover assume that = = O(1) as n,m — oo. Denote by IMSE(h) the IMSE
of the projection estimator when the bandwidth h is used. Then the bandwidth,

1/3
Bt = (CKIO )m) m=13, (14)

2B [Ng"(x)2w(z) do

with B and Cg given in Propositions [ and@ 1s optimal in the sense that,

o IMSE(h*) <1
nm—o0 IMSE(hy, 1) — ’

for any sequence of bandwidths hy, ,, verifying:

lim h,, =0 and lim mh, < +oo.
n,Mm—00 n,Mm—00

3.4 Asymptotic normality

The next theorem presents the asymptotic normality of the projection estimator for
any error process €.

Theorem 3 Suppose that the assumptions of Theorem[1] are satisfied. Moreover assume
that 2 = O(1) as n,m — oo, that lim nh? = co and that lim /mh* = 0. Then for

7,Mm—00 7,M—00

any x €]0, 1],
\/_<9£m( ) — 9(96)> 27 with Z ~ N(0, R(xz,x)) asmn,m — oo,

where 9 denotes the convergence in distribution and N is the normal distribution.
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4 Comparison with the Gasser and Miiller’s estimator

In this section, we shall perform a theoretical comparison between the projection estimator
given in (3) and the classical estimator proposed by Gasser and Miiller (see [15]) that we
recall in definition below.

Definition 3 The Gasser and Miiller’s estimator of the regression function g based on
the observations (t;,Y;(t;))1<i<n is given for any x € [0, 1] by,

1<5<m

0) =SV [ panls) ds. (15)
i=1 Si—1
where Y, ©z.n and h are giwen in Definition . The midpoints (s;)1<i<n are such that:

so=0,8, =1and fori=1,....n—1, s; = (t; + t;i11)/2.

In order to compare this estimator to the projection estimator with respect to the IMSE,
we recall in the next theorem the asymptotic expression of the IMSE of the Gasser and
Miiller’s estimator (for the proof see [8, O] for further detailed results).

Theorem 4 Suppose that Assumptions (A), (B) and (D) are satisfied. Moreover as-
sume that (T,,)n>1 1s a reqular sequence of designs generated by a density function f (see
Definition @) If lim h =0 and lim nh = co then for any x €0, 1],

n—oo n—oo

MSE(g,™ (7)) = %(R(x’ z) = %O‘(x)CK@ - ;lh4(9”(x))232 +o(n'+ ﬁ)

m

+O<h+ R S 1)
n?2  n2h?2  mn3h?  mn2/’

The IMSE is given by,

1 1 CKh 1 BQ 1
IMSE(¢M) = E/o R(z,z)w(x) dz — om ), a(x)w(z) dx + Ih‘l/0 [¢" (z)2w(x) do
h h 1 1 1
4 —_— —_—
* O<h * m) * O<n2 * nih? * mn3h? * mn2>’

where B and Ck are given in Propositions[3 and[§ and w is a continuous positive density.

The following theorem gives an asymptotic comparison in term of the variance of the
projection estimator and the Gasser and Miiller’s estimator .

Theorem 5 If the assumptions of Proposition@ are satisfied then for any x €]0,1],

1 a(z
n})ilgloo mn?h <Var G¢M (z) — Var gg“’(@) = EfQ((x)) >
For a comparison of the bias of these estimators, we mention that the Gasser and Miiller’s
estimator converges to zero slightly faster than the bias of the projection estimator, i.e.,
the term O(--) in the bias of the projection estimator (see Remark {4)) is replaced by
O(=37) in the bias of the Gasser and Miiller’s estimator (see [§]). However, for the Wiener
error process both estimators have the same bias convergence rates, thus we can compare
the asymptotic IMSE of both estimators in the following theorem.

12



Theorem 6 Consider Model where € is a Wiener error process. Suppose that the
assumptions of Theorem@ are satisfied. Moreover, assume that lim nh?> = 0 and that

n—oo
o= O(1) then,

: 2 ~GM Apro

n}rllr_rgoo mn~h (IMSE (g,"") — IMSE ( =1 f2

Remark 6 Theorems[J and[f] show that, the projection estzmator has an asymptotically

smaller variance than the Gasser and Muiiller’s estimator for any error process, it also

has an asymptotically smaller IMSE when ¢ is a Wiener error process. However the

Gasser and Miiller’s estimator doesn’t require the knowledge of the autocovariance function
whereas the projection estimator does.

) dz > 0.

5 Simulation study

In this section, we investigate the performance of the proposed estimator (3]) using finite
values of experimental units m and sampling points n. The following growth curves are
considered:

M1 x) =102 — 152 + 62° for 0 <z < 1.
( g
(M2) g(z) =2+ 05 e300 for 0 <z < 1.

This growth curve was used by [9] [I8], due to its similarity in shape to that of the
logistic function, which is frequently found in growth curve analysis as noted by [18]. The
sampling points are taken to be:

ti=(—05)/n fori=1--- n. (16)

The error process ¢ is taken to be the Wiener error process with autocovariance function
R(s,t) =0 mm(s t). The Kernel used here is the Epanechnikov kernel given by K(u) =
(3/4)(1 — w?)Ij_11)(u) and the bandwidth is the optimal one with respect to the exact
IMSE. We consider the mean of all estimators obtained from 100 simulations. We take
0% = 0.5. Simulations for other values of 02 gave similar results. The results are given in
Figures [I] and [2] for a fixed number of observations n = 100 and three different values of
experimental units m = 5, 20, 50.

1.0

0.8

08
|

0.4

0.2
|

0.0
|

m=5 m=20 m=50

Figure 1: The regression function of model (M1) is in plain line and the projection
estimator is in dashed line.
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We can see, from Figure [I| that the projection estimator gets closer to the regression
function when m gets bigger, which proves its good performance and consistency when
m increases. These results are confirmed for another growth curve given in the following
figure.

@ _|

(]

= _|

o

D_

20T T T T T T
00 02 04 06 08 10

m=5 m=20 m=50

Figure 2: The regression function of model (M2) is in plain line and the projection
estimator is in dashed line.

In this simulation study, we consider the comparison of the proposed estimator
to the Gasser and Miiller ([15)) (referred here by GM estimator) with respect to the non-
asymptotic IMSE in finite sample set. For this, we consider again the cubic growth curve
of model (M1). We consider also the uniform design given by (16), the quartic kernel
K(u) = (15/16)(1 — u*)*I;_y 1j(u) and the Wiener error process where R(s,t) = min(s, t).

The weight density w, chosen here, is the uniform on [0, 1], i.e., w = 1 on [0, 1], we
consider the optimal bandwidth with respect to the exact IMSE of the two estimators,
ie., Oir}}lil IMSE(h). The bandwidth h is chosen over a grid of 50 bandwidths from 0.09 to

0.5. The results are given in Tables and [3| for n = 10, 30, 50 and for different values of
m. The tables present the integrated bias squared denoted by Ibias?, integrated variance
denoted by lTvar and the IMSE together with the optimal bandwidth associated to the
smallest exact IMSE for each estimator.

First, we can see from all these tables that, the optimal bandwidth decreases when m
increases, as shown in Corollary [l In addition, the optimal bandwidth of the projection
estimator is smaller than that of the GM estimator for a large n.

It is shown also that both, the Jvar and the Ibias?, of the two estimators decrease
when m increases. In addition, the GM estimator has a smaller Ibias? while the projection
estimator has a smaller Jvar. The IMSE is slightly smaller for the projection estimator.
These results are confirmed in Figure [3]

In Figure {4 when the regression function given by (M2) is considered, we have the
same results mentioned above for the IMSE and Ivar, but with a smaller Ibias? for the
projection estimator when m is large (m > 10). This can be argued by the fact that the
bias depends very much on the second derivative of the regression function.

It should be noted here that, in order to solve the problem at the edges [0, h|N[1—h, 1],
it was necessary to modify the kernel by using,

z+h

K(x):K(x)// K(u)du, for z €[0,h|N[1—h,1],
z—h

as suggested by [I8§].
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Table 1: The integrated squared bias, integrated variance, IMSE and the optimal band-
width for n = 10 and different values of m under the Wiener error process, for the GM

and the projection estimators.

n=101|m Tbias? Tvar IMSE Popt
GM 5 3.4410 x 1072 | 8.7513 x 1072 | 9.0954 x 1072 | 0.416
Pro 7.4427 x 1073 | 7.2007 x 1072 | 7.9450 x 10~2 | 0.500
GM 15 8.10002 x 10™* | 3.0451 x 1072 | 3.1451 x 102 | 0.299
Pro 23.401 x 107* | 2.6937 x 1072 | 2.9277 x 10~2 | 0.307
GM 30 4.2610 x 10™* | 1.5616 x 1072 | 1.6042 x 1072 | 0.232
Pro 8.7476 x 10~% | 1.4468 x 1072 | 1.5343 x 1072 | 0.198

Table 2: The integrated squared bias, integrated variance, IMSE and the optimal band-
width for n = 30 and different values of m under the Wiener error process, for the GM

and the projection estimators.

n=30|m Ibias? Tvar IMSE Popt ‘
GM 5 3.2965 x 1073 | 8.4542 x 1072 | 8.7838 x 1072 | 0.424
Pro 3.5847 x 1073 | 8.0784 x 1072 | 8.4368 x 10~2 | 0.374
GM 15 8.6360 x 10~* | 2.9460 x 1072 | 3.0324 x 1072 | 0.307
Pro 16.907 x 10~* | 2.8055 x 1072 | 2.9746 x 1072 | 0.274
GM 20 3.6112 x 1074 | 1.5075 x 1072 | 1.5436 x 1072 | 0.248
Pro 8.0738 x 10~* | 1.4626 x 1072 | 1.5433 x 102 | 0.198

Table 3: The integrated squared bias, integrated variance, IMSE and the optimal band-
width for n = 50 and different values of m under the Wiener error process, for the GM

and the projection estimators.

n=>50|m Ibias® Tvar IMSE hopt |
GM : 3.2822 x 1073 | 8.4325 x 1072 | 8.7607 x 1072 | 0.424
Pro 2.3635 x 1073 | 8.4423 x 102 | 8.6787 x 1072 | 0.315
GM 15 8.5576 x 10~* | 2.9388 x 102 | 3.0244 x 10~2 | 0.307
Pro 12.413 x 10~% [ 2.8845 x 1072 | 3.0086 x 10~2 | 0.240
GM 20 3.5593 x 10~* | 1.5038 x 1072 | 1.5394 x 1073 | 0.248
Pro 6.6009 x 10~* [ 1.4842 x 1072 [ 1.5502 x 10~2 | 0.182
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Figure 3: The Ibias?
The projection estimator is in plain line and the GM estimator is in dashed line.
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0002 0004 0006 0008 0.010

Figure 4: The Ibias?
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The number m

IMSE

IMSE

002 003 004 005 006 007 008 0.09

0.06 0.08 0.10

0.04

T
10 15

The number m

, Tvar and IMSE in term of m when n = 10 and g(x) of model (M1)

10 15

The number m

, Tvar and IMSE in term of m when n = 10 and ¢(z) of model (M2).

The projection estimator is in plain line and the GM estimator is in dashed line.

6 Proofs

In this section, we shall omit the index n in ¢;,, when there is no ambiguity.

6.1 Proof of Proposition [1]

min(s,t)

It is known that (see, for instance [29] page 88) if R(s,t) = |, YuP du then for any

functions u and v and for any sampling design 7,, we have,

n—1
,6’+1 + Z
k=1

1

u(tpr1) — ulte))(v(tee1) — v(te))
tﬁ+1 tﬁﬂ :
k+1 k

I p—1
ur, By v, =

Replacing u = f,, and v = Y we have,

~pro fen(t)Y — (fon(tivr) = fon(t) (Y (tig1) = Y ()
gn*(x) = tﬁ+1 +Z (B pr ' (17)
=1 i+1 7
Recall that R(s,t) = zig min(s, )"+ and,
1 1 t; 41 511 1
Fontt) = [ Rlsstoento) ds = o (5 unto) as [ ents) ds).
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Thus,

1 tiv1 1
Fraltisn) = fea®) = 5o ([ 5" M an(o) ds 281 [ (o) ds
6 + 0 tit1

ti 1 ! !
_/ s, n(s) ds — tf“/ ©un(s) ds+ tf:f/ Pu,n(s) ds — tzﬂ—:_ll/ Pon(s) d8>
0 b "

ti

1 Lit1 1
o ﬁ + 1 (/ (SB—H tzﬂ—;l)@m,h(S) ds + (tf_:rll tiﬁ+1>/ Qpr,h(5> d3>
t; ¢

i

! tﬂ“ B+1\ &
n—1 )
Y(tip1) = Y(t;) [Ut
Z tﬂjrrl P / (s = 7w n(s) d3>
=1 i+1 t;
f:c ()Y (1) 1 ti o 1
CESEENS (Z Y (t;) Cen(s) ds =Y (t1) | @en(s) ds
t 5 +1 =2 ti—1 t1
1 n—1 <= — L
— Y tz Y ti i+1
+Y(tn)/ Pan(s) ds + iﬁill) tﬁ+(1 )/ (sP+1 — tzﬁ:f)%,h(é‘) ds).
tn—1 =1 liyr b ti

Letting ty = Y (tg) = 0 we have,

_ " 1
th(tf;)rl (t1) - —1F 1 (};ﬁ(ﬁ) /0 s7 o, n(s) ds +7(t1)/ rn(8) d3>
; 1

t1
1 /Y(t)=Y(ty) (™
< Bl B+1 / (" =t ) prn(s) ds

T B+1
o t1 . 1
+Y (1) / Pan(s) ds+ V(1) / Pan(s) ds).
0 t1
Finally,
1 n-l t; . 1 . 1
ggro(q}) = m(ZY(tl)/ Sox,h(3> ds — Y(tl)/ @x,h(s) ds + Y(tn)/ (,Dx,h(S) ds
i=2 ti—1 ty tn—1
- tn - tn
+ Y(tn)/ Yun(s) ds — Y(tn)/ ©un(s) ds
tn—1 th—1
n—1 x> 5 )
Y(tl 1) — Y(tz) tit1
> tﬂil A / (5" = 7 )pun(s) ds
i=1 i+1 Y ti
Y(t) =Y(t _ (31 . 1
+ (B-‘:l-z—ﬂ—(kl())/ (s — 90, n(s) ds +Y(t1)/ ©rn(s) ds+ Y(tl)/ ©en(S) ds)
tl - to 0 0 t1
1 o b (tiy1) z) i 1
B B+1 (Zy(tl) /t Pan(s) ds + Z ﬁjll _ tﬁ+1 /t (7 - tﬁ: )z (5) d5>>
i=1 i1 —0 b i

where ¢, 1 = 1 and Y (t,41) = Y (¢,). This concludes the proof of Proposition . O
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6.2 Proof of Proposition 2|

It is known (see [2] page 210) that for every functions u and v and for every design T,, we
have,

n—

+ (1 —e 2(ti+1_ti—1))

1
1 — e—2(t2—t1) 1—e tn tn 1) — 1 — e 2(tit1— t))(l _ 672(“7”*1))

_ u(ty)v(t u(ty,)v
i, R, = T +

n—1
_ Z u(ti)v(tivr) +ultivi)v(ts) )

1 — e2(tit1—ti)

i=1

Taking u = f,;, and v = Y we get,

fmh(tl) ( )_|_ th( ) ( ) +n25 fm,h(ti)?(ti)(l—6_2(ti+1_ti—1))
(

~DTO
n ( ) 1 — e 2(t2 tl) 1 — e 2(tn7tn 1) 1 _ e*Q(tz?%lfti))(l _ 672(&7&',1))

Z th H—l) + fx h( Z+1)?<ti>€—(ti+1—ti)

1 — e 2(t1+1 t)

éfmh(tl) ( )+ Jen(tn)Y ( ) LA (18)

Note that,
1 — 672(ti+1*ti71) — (1 _ 672(t¢+1*t¢)) + (1 _ e*Q(ti*tifl)) _ (1 _ 6*2(%*1‘4‘71))(1 _ 672(t¢+1*t¢)).

Thus,

fa:h Y th
Zl—e_”—tzl 21_6—2(@“ —t;) fo”h
i fanti-1) ~(ti—ti) Z Fen(tis )Y (6) (11010
1 _ 6_2 tl—tl 1 1 _ e—2(t1+1 —t; )

n—1 B —
] —(ti—ti—1)\ _ fw,h(tn—1>Y(tn) —(tn—tn—1)
<1 —2 tz—tz 1) (th( i) = fonlti-t)e 1 ) 1 — o—20a—tan) © 1

=

)_l

?(tz) (tis1—ti) fx’h(t2>?(t1) —(ta—t1)
+ . 1 — e—2(tit1—t:) (th(tz) — faon(tizr)e Vit ) 1 o2t 6_2(t2_t1)e
n—1
=) fen(t)Y (t) (19)
i=2

Simple calculations yield,
xh(tz fa: h( i— 1) —i=tio) —

t; 1
/ e prn(s) ds — e / e *opn(s)ds+eh(1— G_Q(ti_ti_l))/ e . n(s) ds.
ti—1 ti—1
(20)
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In the same way we have,
fom(ti) = fon(tipr)e” B =) =
tit1 Lit1 tit1
e / e opn(s) ds — eti/ e un(s) ds+e (1 — 62(“““))/ e’ prn(s) ds.
t t 0

@ %

(21)
It is easy to verify that,
n—1 n—1 t; n—1 1
Zf%h(ti)Y(ti) = Y(ti)e_ti/ e prn(s) ds+ Y(ti)eti/ e *pan(s)ds. (22)
1=2 =2 0 =2 t;
We obtain using Equations , , and ,
n—1 1 n—1 Eva —t; t;
— _ Y (t;)e " ‘
A= ZY(ti)etl / e “opn(s) ds + Z T e< 2)(t . / e*pun(s) ds
i=2 ti—1
n—1 ?(tl)etl t - n—1 . » tit1
_ Z; TRy /t‘1 e opn(s) ds + ZY(ti)e i /O e*prn(s) ds

n—1 5 ) n—1 54 )
Y(ti)eti ti+ s Y(ti)e_ti tit1 s
T 2; 1 — e—2(ti+1—t:) /t € Sﬁx,h(3> ds — ZQ 1 — e—2(ti+1—t:) /t € Spgc’h(S) ds

. fx,h(tQ)Y(tl>e_(t2_t1) o fx,h(tn—l)?(tn) e_(tn_tnfl)

1 _ 6—2(t2—t1) 1 _ G—Q(tn—tn 1)
n—1 t‘
— Z_ t )eti/ e*pn(s) ds — ZY / e “opn(s) ds.

=2 12}

Replacing this expression of A in ((18) gives,

n—1 tit1 2 —tit1 _ ?(t) —t;  pliv1
ADTO 554 i—s z 1 i)€ s
@) = YY) / Kl o (5) ds + 3 L) — VIt | ety ds
i—2 ti1 P 1 e~ z+1 i t

n—2 > — ]
(t)etss —Tt)e [, O
Z 1 — e—2@tit1—ts) /t € (Pw,h(s) ds + 1 — e—20t2—t1) /tl ‘ Soac,h(s) ds

=2 i

Y(tn 1)67%_1 tn s 7(t2)6t2 t2 s
—_ / e (Px,h(s) ds — —tg—t1)/ (& ng’h(8> ds
th—1 t1

1-— 6_2(t”_t”*1) 1— 6_2(

Y(ta-i)et [ fen@)Y () fon()Y () (ot
+ T o2—tny) /t_le *rn(s) ds + [ o2ty ] o26-i)¢ 2—t1

Fen)Y(tn)  fenltn)Y () —tt,0). (23)

1 — e20n—tn1) ] — g—2(ta—ta1)

Note that Equation yields,

Y<t1) (ta—t1 ?(tl)etl t2 s
1 — e—2(ta—t1) (.f:c h(tl) fx h( ) )) = m/ﬁ € ngyh(S) ds
Y (t;)e ™ t2 o - to
L | oo ds 4 Tte™ [ epunts) ds (24)
— " "
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Similarly, Equation yields,

? tn _ _ ? tn e_tn tn
1— e2((tn)tn—1) (far(tn) = fon(tn-1)e (in tn*l)) = ) ) / e Qrn(s) ds
tn—1

1 - e*Q(tn*tn—l

Y (ty)et e v [ s
gy /tl e prn(s)ds+Y(t,)e /tl e *prn(s) ds. (25)
We obtain using and (25) in (23),

n—1

t1+1 2 —t1+1 _ ?(t '>e_ti ti+1
ro t;—s| Z+1 v s
S B B N S e AL

- i=2

DY (i)t — Y (t)et i Y(ty)e ™ [
Z 1 ) / (& ng,h(S) ds + m/ € goLh(s) ds
— e~ z+ T t; e t

1 —
1=2

7( e tn . ?(tQ)etg to .
T e 2(tn—ta-1) /tn e’z n(s) ds — 1= o2t /t1 e “oun(s) ds

?(tn_l)et“—l tn s ?(tl)etl t2 s

R /t e Penls) ds + T S /tl € prn(s) ds
Y(ty)e™ b2 — f2

- %/ e pen(s) ds +Y (t)e ™ / e*prn(s) ds
_ "

t1
7(1571)67% tn s ?(tn)etn n —s
+ ]_ — 6_2(tn_tn71) /t—l € SOIJL(S) dS N 1 — 6_2(tn_tn71) /;_1 ¢ @m7h(5> dS

1
+ Y(tn)etn/ e opn(s) ds
tn—1

n—1 o tir1 to o 1
Y(ti)/ els—t | +h(8) ds+ Y(tl)/o es_tlgO%h(S) ds + Y(tn)/ et"_sgpx,h(s) ds
=2 ti—1 th—1

n—1

W T (ti) — T () [
_Ze ( +1) € ( ) / e—sgpm,h(s) ds
- t;

1 — e 2(tit1—t:)

T () — e BT (k) [
+Ze ( +1) € ( )/ es@x,h(S) ds.
t;

1 — e2(ti+1—ti)
=1

This concludes the proof of Proposition 2 O

6.3 Proof of Lemma [1l

Let (u,v) € [—1,1]%. We first consider the triangle {—1 < u < v < 1} which is further
split into smaller triangles:

Di={0<u<v<l}, Do={-1l<u<0<wv<l1} and D3={-1<u<wv<0}.

Let b €]0,1[. For (u,v) € Dy, using Assumption (A), Taylor expansion of R around (x, x)
gives,

1
R(z 4 bu,z + bv) = R(x, z + bv) + buRYM (2, + bv) + §b2u2R(2’0) (€zyx + bv)

1
= R(z,z) + boR"Y (z,n,) + buRM (z, x + bv) + §b2u2R(2’0) (€z, @ + bV),
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where r < e, <x+bu <z +bv and x <1, < x + bv. Thus,
R(z 4 bu, x + bv) = R(x, ) + boROV(z, 2%) + buR"Y (2, 27) + o(b).
Now, for (u,v) € Dy we obtain in the same way,
R(z +bu,x + bv) = R(x,x + bv) + buRM (z, x4 bv) + %bZU2R(2’O)<€I, z + bv)
= R(z,z) + bwR®V (z,n,) + buRM (2, 2 + bv) + %bQUQR(Q’O)(ex, x + ),
where x +bu < e, <x <x+bv and z < n, < x + bv. Thus,
R(z + bu, z + bv) = R(x, z) + boROV (2, 2%) + buROY (z, 27) + o(b).
Finally, for (u,v) € D3 we get,
R(z +bu, z + bv) = R(z 4 bu, z) + bRV (2 4 bu, z) + %b202R(0’2)(x + bu, ny)
= R(z,x) + ubRM (e, 2) + bu ROV (x + bu, m,) + %bZUZR(OQ) (z + bu, n,),
where z + hu < x +bv <1, < x and x + bu < £, < z. Thus,
R(z 4 bu, x + bv) = R(x, ) + boROV(z, 2%) + buROV (2, 27) + o(b).

Hence for v > u we have,

R(z + bu,x + bv) = R(x,x) + g(R(O’l)(a:, 27) + ROV (z,27)) (u +v)
b
+ i(R(O’l)(x, 2T) = RO (z,27)) (v — u) + o(b).

Similarly, we obtain for the triangular {1 > u > v > —1},

b
R(x + bu,x 4+ bv) = R(x,x) + 3 (ROY(z,2™) + ROY(z,27)) (u+v)

+ S(R(O’l)(:c, a) — ROY(z,27)) (u —v).

Thus, for (u,v) € [—1,1]? we have,

R(x + bu,x 4+ bv) = R(x,x) + g(R(O’I)(x, ) + ROV (g, 7)) (u+v)
+ g(R(O’l)(x, zt) — ROV (g, z7))u—v|. (26)

Consider now a function g, bounded and integrable on [—1,1]. The Dominated Conver-
gence Theorem yields that R(.,t) X g is an integrable function for every ¢ € [—1,1]. Using

and putting,

y(x) = 5 (RO (z,27) + RV (w,27)),
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we obtain,

/ /[_171]2 R(z + bu, 2 + bv)g(u)g(v)dudv = R(z, 7) ( /_ 11 g(u)du)
+29(2)b /_ 11 o(w)du /_ 11 vg(v)du — ga(a:) / /[—1,1]2 g(u)g(v)]u — vldudv + ob).

The left side of is non-negative since the autocovariance function R is a non-negative
definite function. Taking g(u) = ulj_q 1 (u) we obtain,

1
/ g(u)du =0 and // wolu — v|dudv = -5
-1 [—1,1]2 15

1—5a(x) +o(b) > 0.

Taking b small enough concludes the proof of Lemma/[l O

2

(27)

Thus,

6.4 Proof of Lemma 3l
The great lines of this proof are based on the work of [25] (c.f. Lemma 3.2 there). Let

z,h €]0,1] and put g, = Pr, fop, it is shown by (106) in the Appendix that,

— me,h(t]>R(t]’t1) fOI‘ au Z = 17 PN ,n

On the one hand, Assumption (A) yields that g, is twice differentiable on [0, 1] except on
T,,, but it has left and right derivatives. Thus, for every : = 1,...,n we have,

meh Ut t7) and g)(t me t) ROV (5, 6).

Since for j # i, ROV (t;,t7) = ROV (¢;,¢}) then Assumption (B) yields,

In(ti) = 9, (1) = alts)man(ts). (28)
On the other hand, Assumption (A) yields that f, (as defined by (2))) is twice differen-
tiable on |0, 1], thus for ¢ =1,...,n — 1, Taylor expansion of f,; — g, around ¢; gives,

fon(tivr) = gn(tiv1) = (fan(ti) = gn(t:)) + di(fy 1 (t:) — g (1)) + Qd?(th(az) In(0i),

where d; = t;11 — t; and o; €]t;,t;11[. Recall that, for all i = 1,...,n, fon(t;)) = g.(t:)
(see Appendix, Equation (104))). Thus,

Funlt) = Gh(6) = =5 Falo0) — G2(e)), (29)
Similarly, for ¢ = 2,...,n, we have,
Funlt) = dh(67) = S (F20(6) — 9160, (30)
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for some 6; €t;_1,t;. We obtain subtracting from and using for i =
2,...,n—1,

1

a(ti)ma,n(ti) = ——d (fon(oi) = gu(03) = 5dia (frn(6:) — 9 (6))- (31)

We shall now control the last expression. On the one hand we have,

t 1
Fint) = / ROV (s, ) n(s) ds + / ROV (s, ) n(s) ds, (32)

0 t

and,
fon() = ROV, %) = ROV (147)pun(t) + /1 RO (s, %), 1(s) ds
0
— a(t)pen(t) + /01 RO (s, tF) e n(s) ds. (33)
On the other hand we know, using (F3) in the Appendix, that every function in the

RKHS(R), noted by F(g), is continuous, hence Assumption (C') implies that R (- ¢+)
is a continuous function on [0, 1] for every fixed t € [0, 1]. Thus,

ROD (¢, t1) = lim RO (s,t7) = lim R®? (s,¢7) = R (¢, ¢7),

slt st
from which we get that R(*?)(¢,¢) exists. Hence for i = 1,...,n we have,
gt Zm () ROD(t5,1,). (34)

In addition, it is shown by (F4) in the Appendix that for every ¢ € [0, 1],

f;/,h(t) - g:;(t) = _Oé<t)90x,h(t) + <R(072)('7 t)a f;t,h - gn>> (35)

where (-, -) is the inner product on F(¢). Injecting in we obtain,

1 1 1
a(ti)mgn(t;) = zdia(o;) e n(0i) + =di10(0;) 0 n(0:) — §di<R(0’2)('7 i), foh — Gn)

2 2
1
- Edi—1<R(0’2)(', 91')7 f:mh - 9n>-

Using Assumption (B) we obtain for i = 2,...,n — 1,

1 1
M (ti) = §(dz‘ +di—1)pan(ti) + 2a(t‘)di (Oé(Ui)S%,h(Uz‘) - Of(tz')%,h(ti))
1 1
R ) . N A ) A p02) _
+ QQ(ti)dz_l(a(ﬁz)%,h(&) a(ti)pen(ti)) QQ(ti)dz(R (-,04), for — Gn)
1
4. _(RO2)(. g. —
20[(157’) i 1<R (a z)7fa:,h gn>
1
2 §(dz‘ +dis))pan(t) + AN + AP — AP — AW, (36)
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Using the Cauchy-Schwartz inequality, Assumption (C') and Equation (in the proof
of Proposition [5| below) we obtain,

1
AY 4+ AY) < sup ——||ROD (1)

su d2 - 37
SU ) p Br,h (37)

1<
\/E 0<5<n

where C' is a positive constant defined in Proposition [5| below.

Recall that ¢, j is of support [x—h, z+h], thus for ¢; such that [t;_1, t;11]N]z—h, x+h[= 0,
0 n(t) = 0 so that Agl) =0 and A?) = 0. For t; such that [t;_1,t; 1|0z — h,z + h[# 0,
let,
Qpp = SUP sup  ——d;|a(s)pn(s) — alt)pen(t)|. (38)
0<i<n t;<s,t<t;11 204( )
We obtain using and . 38)) together with fori=2,....,.n—1,
(t) . %@x,h(ti)(ti-i-l - ti—l) + O<an,h + ﬁn,h) Zf [ i—1; H—l]m]x - h’a T+ h[# @
wh O(ﬂmh) otherwise.
After having obtained m, (t;) for i = 2,. — 1, we are now able to obtain m, (t;)
and my ,(t,). We have for i = 1,.
n—1
R(ty, ti)man(ty) + R(ta, ti)man(tn) = fon(ts) = man(ty)R(t; ;). (39)
7j=2

Recall that Ny, = Card I, = Card {i = 1,--- ,n : [ti_1,ti1]N]x — hyx + h[# 0} and
that t,,; are the points of 7, for which ¢ € I, ,. We have,

n—1 Nr, n—1
> man(t)R(t,t) =Y man(te ;) R(teg ti) + Y Ler, yman(t;) R(t;, 1:).
j=2 j=1 Jj=2
On the one hand, we have using (where A, ; stands for A; with ¢; replaced by t, ),
1
meh t)R(tjti) = 5 D (daj + dej1)an(te ) Rlta. ti)
j=1
Nr, n—1
+ Z(Aglc,j + A?c,j - Ai,j - Ai,j)R(txjv Z Lijer, h}(A + A4)R(tjati)
= =
NTn Nr, n
5 Z dej+ dej1)Pen(te;)R(te, ti) + Z(Azlv,j + A?c,j)R(t:r,jati) - Z(A? + A?)R(tjati)-
] 1 j=1 j=1
(40)
On the other hand,
1 x+h 1 Ntn oty i
fon(ts) = / R(,t;)0pn(s) ds = / R(s, t:)an(s) ds = 5 > / R(5,1;)0zn(s) ds
0 z—h jzl tﬁ,]‘_l
NT" NTn
z]+l
= —Z doj + dgj—1)R(ta,, ti)pan(t Z/ R(s, 1) n(s) = Blte s ti)oun(te;s)) ds.
tfl)] 1
(41)
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Inserting and in we obtain for i =1,...,n

Nr,

a:j+1
R(ty, t)man(ty) + R(tn, ti)yma p(t Z/ R(5,t)pan(s) = R(ta s t:)0an(te;)) ds
Nr, n
A
=) (Ay+ A2 )Rt ) + Y (AT + ADR(L, 1) = Bpn(ts).
j=1 j=1

We then obtain the following linear system,

R(t1, t1)myn(t1) + R(tn, t1)mep(t1) = Pun(tr).

(42)

R(t1, tn)mx,h(tl) + R(tna tn)ma},h(tn) = (I)a:,h(tn)

Solving for my ,(t1) and my 4 (t,) we obtain,
R(tnv tn)q)x h(tl) - R(tla tn)q)x h(tn)
wn(tl) = ’ : 43
man(tr) R(ty,t)R(tp, tn) — R(t1,t,)? (43)
() — ()

mx,h(tn) _ R<tla tl) :p,h(tn) R(tla tn) :p,h(tl) (44)

R(ty,t1)R(tn, tn) — R(t1,t,)?
Finally, simple calculations yield,
mx,h(tl) = O(NTnan,h + nﬂn,h) and mx,h(tn) = O(NTnan,h + nﬁn,h) .

This completes the proof of Lemma [3] [

6.5 Proof of Proposition 3|

Recall that Ny, = Card I, = Card {i = 1,--- ,n : [t;_1,ti1]N]x —h, 2+ h[# 0} and de-
note by ¢, ; the points of T, for which 7 € I, , that is T,N|z—h, z+h[= {ts2, - ,ta N, —1}-
Since E(Y (t;)) = g(t;) then,

ro §
p My, h

NTn n—1
- Z ma:,h(t:c,i>g(tz,i) + Z 1{i¢1x’h}m$,h(tj)g(tj> + mw,h(t1>g(t1) + m.t,h(tn)g(tn)
—1 =2

Using the asymptotic approximation of Ma,h, given in Lemma @ we obtain,

Nr,
1

E(gh(z)) = B Z(tz,i+1 — taic1)Pap(lai)9(tas) + O<NTnan,h + nﬁn,h), (45)

i=1

For z € [0, 1] let,



and write,
E(g5(2)) = E(g5° () — In(x) + In(x) = Agp + In(x) + O(Np,0mp +nfp),  (46)

where,
N, to
1 x,i+1

2 i=1 Y ta,i—1

A:L‘,h =

We first control A, ;. We have,

Nr,

N
1 Tn teit1 n to,it1
Ben=5 3 pentted) [ ot~ @) a4 33 [ g0 pualtn) — ante)
i=1 toi—1 i=1 Yta,i-1

Since 4 is in C! and g is in C? then Taylor expansions of ¢, 5 and g give,

! 1 /!
9(t) = g(tei) + (t — tei)g (tei) + 5(75 — t2,0)°9" (020),
and,

pr,h(t) = ‘Pw,h(tm,i> + (t - tr,l’)@?p,h(”ﬂ?,l‘)v
for some 0, ; and 7, ; between ¢ and ¢, ;. Thus,

Nr,

NTn tz,i+1 1 tz,i+1 9
= 35 z xz :cz L=ty dt — — e, h (L " Hmz [ dt
3 2 panta)d ) [t =33 pnattnd) [ 0 1
| Mo
x,i+1 , x,i+1 , 9
- _Zg @i / P (Nei) (E = ta dt——Zg i / P (M)t — o) di
tac i—1 tx i—1
1 NT" t1,1+1
32 [ O~ ) e
i=1 Y la,i—1
Recall that ¢’ and ¢” are both bounded and that,
c , d
sup [pan(t)] < and sup [¢ (1) < -3, (47)
0<t<1 h 0<t<1 h
for appropriate positive constants ¢ and ¢’. Using this we obtain,
NTn to s
1 x,i+1 N
et [ 00 = 0( N sup )
i1 toio1 0<5<1
NTn to. :
1 x,i+1 N
330t [ e =t de = 0 G sup a2, )
i—1 teio1 0<;<1
Nty
1 x,1+1 " NT
— 03” ! .0 t—t;CZth:O< ~su d3 .
DY SACREAORIE s,
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Thus,

N,

ta,it1 1 . ta,it1
= 3 Z Pz, h T z ty 7,) / (t - ta:,z)dt - 5 Z g(tx,z)(p%h(tx,z) / (t - ta:,z) dt
tei—1 i=1

tr,i—1

nit1 / Nr,
——Zg m/ (t—tx,z-)<<px,h(77x,z) Pt )) dt+0( R Jn)

NT” x,i+1 N
Tn
Zg 2, / (t = tay) (%,h(ﬂx,i) - @;,h(tx,z')) dt = O( 13 m)-
tei—1 0<5<1
Thus,
NTn te,it1 1 Ny, toit1
x h = T3 Z Pz, h T 7, x 7,) / (t - t:t,z)dt - § Z g(tx,z)(p;7h(tx,z) / (t - ta},z) dt
loi—1 i=1 toi—1
+0 ).
( h3 o<j<1 >
Basic integration gives,
NTn NTn

mh___z(pxh I’L )(d2 xl 1 __Zg 2 SOxh xz)(dQ d?m' 1)

We shall show that,

Nr,

N
xz 2 d2 — Ty d3
A= ngmh xz )(d T,i— 1) O( h2 OS<13151 jm |
NTn N
A / 2 Ty 3
B2 y(t. )@ — 2, ) =0 & ).
> -0 0 =0( sw &)

Starting with the term A. Recall that, since ¢ is of support [v—h, z+h] and t, 1, N, —1 ¢
Jx — h,x + h[, then @, 4 (teng, ) = @, h( 1) = 0 thus,

N, —1 N, —2
A - Z Spr,h(tz 7 (L‘ z d2 Z P, h xz—i—l (tx z—l—l)d
i=2
N, —2
= Z (Sox7h(tx,i)g/(t:c,i) — Qon(teiv1)g (L xz-l—l))dxz + (pr,h(tx,NTn—l)g/(t:aNTn—l)diNTn_l
=2
- %,h(t:c,z)gl(tm,z)di,l)
2 A+ A,
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On the one hand, Taylor expansions of ¢, ; around ¢, n,, and t,; yield,

o n(teNg, 1) = (to.Ng, -1 — LoNg, )P (Va,Nz, )
Cen(te) = (te2 — th)SO:r,h(ryﬂ?,l)a

for some v, n;, €]ta Ng, —1,teny, | and some v,1 €]ty 1, . 2] Using (47) and the fact that

¢’ is bounded we obtain,
1
A2:O< sup d3n).
h2?o<j<1 7

On the other hand we have,

N, —2
Al - Z (¢$7h(t$7i)g/(t$,i) - pr,h(tx,i-kl)g( :cz+1))d2
=2
Nz, —2 Nz, —2

= Z pr,h(tx,i) (gl(tx,l) - ( lerl dxl + Z lerl @m,h(t:p,i) - ¢m,h(tx,i+1))diyi'

Since ¢, 5, is in C* and g is in C? then using ([47), we obtain,

A= O(NT” sup d37 )

h 0<5<1

In a similar way and from Assumption (D), we obtain,

N
B:O( Z. n)
h3 o<j<1
Hence,
N-
Ban = OG5 sup d5..).
" h? o<j<r

Thus using ,

B(°(0)) = (o) + O(Ng, s+ 1) + O( 52 sup ).
SIS

The control of Ij,(x) is classical and it can bee seen from [16] that,

1

1
Th(a) = gla) + 3h2g"(@) [ K () di+ o), (48)
—1
Finally,
E(7(2)) — o(e) = S12g" () [ 2K () db + o(? oS N
i) — ole) = 22" @) [ er (0 d o) + 0N sup d, + Ny nf)
1 0<j<1

This concludes the proof of Proposition 3} O
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6.6 Proof of Proposition [
Let tg = 0, t,41 = 1 and set Y (¢g) = 0 and Y (¢,,1) = Y (¢,). Recall that,

n+1 t: t:
o o 7 ’L 1 ’L) 1+1
@) =3V [ s ds+2 L= HO) T bl
i=1 i-1 ti i

Since E (Y(t;)) = g(t;) then,

n+1 . )

o gtivs) — g(t:) [
g Zg / Pan(s dS—i—Z%t()/t. (s = tit1)@an(s)ds.

Recall that Ny, = Card I, = {i = 1,--- ,n : [tic1n, tiv1n)N)T — hyx + h[# 0} and
denote by t,; the points of 7;, for which ¢ € I, ;. Using the support of ¢, we obtain,

Nr,

ro " g z,0 1) g(tw,l) Lot
p Zg 0 / prh dS+Z t+ Lo ] (S_tz,i+1>gom,h(5>d8'

toic1 zi+1 = bz @i

Let dy; = tyir1 — tei. Since g is in C? and ¢, is in C' then Taylor expansions of g
around ¢, ; and of ¢, ) around ¢, ;,; yield,

g(tmﬂ) = g(t:v,i) +dii g ( M) + 2d92m /I(Qm),
@x,h<5) = @x,h(tm,ﬂrl) + (s — ta:,iJrl)SDx,h(Si)'
for some 60,; €|t,i, t.i11] and some s; €]s,t,;41[. Recall that, using the support of ¢,
Sox,h(tz,l) = pr,h(tx,NTn) =0 thUS,

Nr,, —2

Nz, tai tr i+l
pro Zg T,i / Soa:h dS + Z xz Soxh cc7,+1) / (S - tac,i-l—l)ds
tz i—1 tzv’i

il / faitt 2 7 1 NTn " bari 41
+ Zg (tz:) / (8 = tuiv1) @pp(si)ds + 2 Z Pap(tair1)g” (0z,i)du,; / (5 = teip1)ds

i=1 boi i=1 tayi

1 Nz, tr,itl
F5 Y 0G| el

=1 tz,i

Recall that ¢’ and ¢” are bounded, Lemma 2| yields Ny, = O(nh) and d,; = O(+) and
using we obtain,

& m 2 1/ 1
Zg / (S 7+1) (px,h(s) S (n2h>

x,i

1 Tn te i+l 1
: Z panltaia 0. des [ = tupds =0( ).
) tz,i
” tz i+1 9 4 1
Py Z :z:z :z:z " (5 - tm7i+1) (Px,h(si>d3 =0 ﬁ .

)4
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It follows that by simple integration,

Nr. Np —2
. 1 e 1
pro Zg T, / @x,h(s)ds - 5 Z g (tx,i)(p:c,h( xz-i—l)d + O( h)

:vz 1 =1
NTn N,
—2/ fanls ds+2/ Pon(3)(9(tr) — g(s)) ds
tei—1 tri—1
Nr, —
1 & 1
a :cz T x,0 d2 O
3 2 9 (tei)Pen(teiv)dy; + (th)

On the one hand, we have,

Nr,

Z/ﬂ 19% g(s) ds = /:+h Gan(s)g(s) ds.

—h

On the other hand, Taylor expansion of g and ¢, arround ¢, ; yield,

g(tx,z) = g(S) + (tx,i - S)QI(tx z) - %(txz - S>2g”<52)7

an(8) = @en(tes) + (s —ta 1>90x h( 7

/ "
for some s} and s} in |s,t,;[. Thus,

z+h NT’ﬂil tei
E (§7(z)) = / Prn(s)g(s) ds+ > g (tr)antes) / (tei —s) ds
.Z'—h i=2 tm,i—l
]\/vTn tei 1 NTn te.i
3 ) [ i P ds = 5D panltad) [ gD s 5 s
i=1 to i1 i=1 t:c,z 1
1 Nt g 1 N, —2
+3 / 9" (5)¢en(s7) (tai — 5)” ds — 5 > g te)anteivr)d
i=1 Yta,i-1 i=1

N, / . 1

;g(tx,i)/tm_l(t $)* 0 n(s7) ds = O(m)-

1 o 2 1

33 praled) / /() (b — )2 ds = O(n—)
Nin ot

1 ne N, 7 " )3 _ L
52 [ S eta it - ds=0( 5 )
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x+h Nry, =2
B @) = [ ool dst 5 3 o e deanlte
NTn 1
- A Z :sz szh mz—i—l)di,i + O(ﬁ)
z+h 1 Nry, =2 1
= \/w_h pr,h(s)g(s) dS + 5 ; <g/(t:c,i+1) - g/(tx,i)>90x,h( xz+l)d + O( h)

Since ¢’ is Lipschitz, then we have,

B = [ e o) ds+0( ), (19

—h

Finally, from (48]) we obtain,

B (5°0) — o) = 31°5"w) [ EKOar+o0)+0( 1)

This concludes the proof of Proposition [d O

6.7 Proof of Proposition [5]

The great lines of this proof are based on Sacks and Ylvisaker (1966) [25]. From the defi-
nition of the orthogonal projection (see the Appendix) and using the Pythagore theorem
we obtain,

2

g
(2 —Vargrr* (@) = 1ol = 1P fonl® = o = P fealPs (50)

where Py, fon is the orthogonal projection of f,; on the subspace of F(e) spanned by
{R(-,t;),t; € T,,}, denoted here by Vr,. We shall then prove that,

C
||fw,h - P|Tn.]c;r,h||2 S E sup din (51)

0<j<n

Recall that Ny, = Card I, = Card I, , = {i=1,--- ,n : [ti—1n, tiz1a)N|z—h, x+h[# 0}
and denote by ¢, the points of T}, for which ¢ € I, . Let g, := gno = Y1y VaiR(: i)
with 7, ; = 0 for every i ¢ I, 5. It is clear that g, € Vi, and thus from the definition of
the orthogonal projection we have,

||fz,h - PITnfw,h||2 < ||fa:,h - gn||2'
Now using (F1) in the Appendix and the support of ¢, , we obtain,

||fx,h - gnH2 = /0 (fz,h(t) - gn@))@m,h(t) dt — Z(fz,h<t1> - gn(tz))f}/x,z

z+h
= [ a0 = 0ul)an(®) = S et = gnlta) s (52)

=1
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In what follows, we distinguish between three cases according to the location of ¢, ; and
teNg, in the interval [z — h,x 4 h].
First case. Suppose first that ¢,; = — h and ¢, v, = 2 + h and take,

te i+l
Vaii = / wpn(t)dt for i=1,...,Np, — 1. (53)
t

x,1
we have in this case,

Nr,

en =0l =30 [ (0 = 00 = ) =t Jantt) . (5)

Assumption (A) yields that f, j is twice differentiable on [0, 1], while g, is twice differen-
tiable everywhere except on T},, but it has left and right derivatives. Taylor expansion of

fon — gn avound t,,; for i =1,--- | Np, — 1 and t €]t,;,t,41] gives,
fen(t) = gn(t) = (fon(tei) = gultes)) + (t = tei) (frn(tei) — 90 (L1,))
1
+ §(t - tw,i>2(fa,c/,h(0$,t> - g,’{(eit)), (55)

for some 6, €]t,;,t[. On the one hand, we have,

Ny, —1

Gt = Y RO (tasth )y (56)
j=1

On the other hand, using we obtain,

z+h NTnil tz,j+1
Pt = [ RO gl as = 3 [ ROt ) ds
N, —1 tej+1 te,it1
=S / ROD (s, £ Ypun(s) ds + / ROV (s, £ ) pun(s) ds. (57)
j:1 ta:,j tac,i
i#i

When j # i we have,

tz,j+1 te,j+1
/ J ROV (s, ] )pan(s) ds = ROV (ty 5, tei)va s +/ T te ) RO (s tai)pan(s) ds,
t

tz,j @,

(58)

for some 0, ; €]t ;, s[, while for j =i we have,

tr i+l teitl
/ R(O’l)(s,t;i)wx,h(s) ds = / R(O’l)(s,t;i)npz7h(s) ds
tac,i ta:,i
tac,i+1
= ROV (¢, 5, 8, ) Yo + / (s = tag) ROV 15 )an(5) ds. (59)
¢

T,
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Collecting (j56) @ and @ we obtain,

Nr, —1 Nr, —

tac j+1
f;::,h(tx,i) Z R (© 1) z,7 a: 7 71’] + Z / S B tI] R(l b (6s7ja tm,i)@x,h(*S) ds
J#Z J?él
to. NTn_l
1) - mr (1,1)/ s+ (0,1) +
+ R(07 (tw,i? tx,i)’y%i + R (55 z7tx Z)QOx’h(S) ds — Z R™ (t J?tx z)ryx’j
tz,i jil
Nr,, —
n z]+1
—altaest 3 / DR, 6 anls) ds.
It is easy to see that
Ny, ~ 12 J+1
|th( ) n( )|<041%cz+—31 Z / ds
Nr, —1
K -
S Tald:cz _I' Z d (60)

We deduce from that for all 0, €]t,;, teir1] We have,

| fon(Ou)| < - M + TRQ X 2h = 7, M + 2Koo .

In addition, for 0, €]t,;,t,i+1] we have,

Np —1
- Ko
@)= | D ROt 000 < 2R Z ;= —32 x 2h = 2K Ry,
=1 =
Thus,
K
| fun(Ozs) — g0 (07, < — ot 4K Ry. (61)

Equations , and yield that for i =1,--- , Ny — 1,

/t o [(Fon(t) = gn(t)) = (fon(tei) — gn(tai))] 0wn(t) dt‘

x,1

tac,i+1
< / (t— ta )| o (tes) — (170 ()] dt
t

X,

1

te,it1
w3 O U0 O (0]

x,1

N, —

KOO tz7,+1
(Bzadi+ 52 Z &) [ e tleanola

x,1

IN

1 K tz,’H—l
+ 3 (};’Oal 4 4K00R2) / (t— txﬂ-)2|g0m,h(t)‘ dt
tzi

Np, —1
Ko Koo " o \ Kwo o 1/ Ks Ky 5
—Zandy + o+ 5 | T+ 4K
(hald,+2hR1 ;dw> o 2<ha1+ R2> TR

VAN

N, —
W K g2, Z 2+ (C;; + Ry ) (62)

| /\
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Injecting this inequality in (54]) yields,

NTn 2 2K o NTn_l
2 o) 1 3
th—nnm|_zﬁﬂ4:§jd )+-——(h+Rg > o,
NT 2 NT -1
d dm — R d d:m
< Gt s i Z )+ ) s D>

Since Zij\f{fl d,; = 2h then,

4
||fw,h - -P|Tnfx,h||2 S (3_ha1 + Rl + 3R2) Kgo sup din
1<i<n

Finally, since h < 1 then,

4 1
fon — P fonl2 < (cn+RHRQKﬂ_wpd

3 “hi<i<n

Proposition [5|is then proved for the first case.

Second case. Consider now the case where ¢,; < = — h and ¢, N, > x + h. For
t=2,...,Np, — 2 set,

tz,i+1 tz,2 z+h
e = / on(t) db, Yoy = / ont) dt, Yoy 1= / on(t) dt and 75, = 0.
tzﬂ' x

—h t:L',NTnfl
(63)
Using this we obtain,

W=l = | ((Fan®) = 0006 = an(tea) = b)) )rn(t)

We first control the first term of . Let,

A Y — - Jx dn Ja z,1 nllz1 Pz dt.
z,h / h (( 7h<t> (t)) ( ,h(t ) ) (t ) ))) Jl(t) t
For t E]IE — h,t%Q[ we have,

Jen(t) = gn(t) = (fen(ten) = gn(ter)) + (¢ = te2) (fon(ten) = g (E51))

= P70 (Be) — gL(65)), (65)

+2(
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for some 6,1 €|z — h,t[. Equation yields,

z+h NT" tzj+1
fa,:,h(t:c,l) :/ R(Ol)(satil)@xh ds = Z / S, a:l)cpzvh( )d

_h te,
tr,2 NT'"‘ z,j+1 0 0
x—h tz,
tac,2
= ROt )00 + / (8= o) BV, 1)) ds
Ng, —1 Nr, — m+1
+ Z R(O 1)< x]a m 1 7:5] + Z / 8 N t (1 1)(5S,j7ti~:l)(px,h(8) dS. (66)
j=2 ta,
Recall that,
Ng, —1
go(ty) = ROV (tor tf ) ea + Y ROVt ten) Ve (67)
j=2
Equations and give,
Ng, —

x,j+1

fon(tan) — gn(tiy) = alten)ves + Z / (5 — to ) ROD (8., 151)0un(s) ds

ta:,2
[ ) ROV o) ds

—h

Note that t, o — (x — h) < sup d,,. We obtain,

1<i<n
K. Mo
"ty < —2ay su dm—l— —=R d> +—R sup d7,
|f:p,h( ) gn( x, 1)‘ 3 11<z£n 2% 1 Z 11<z£n
K K
S —Oél sup dzn + K Rl sup dln + — Rl sup d
h 1<i<n 1<i<n h 1<i<n
3
< K (041 + R1> sup d;p (68)
h 2 1<i<n
By (61)) we have,
Ko
F20(600) = 61067)] < 20 + AR Ry (69)

Equations , and yield,
t1,2
AN ealton) =gt [ = telean(o] d
1 o2 21 el "/ n+
t3 ) (t = te )| o n (1) — gn (05 )| [0en(t)] dl

K Ko K
< (K (al + 3R1> sup di,n> sup d <Ta1 + 4K R2>— sup d

h 2 1<i<n 2h 1<i<n 6h 1<i<n
2 3 2 K?
<|=a;+- R1 + =Ry | == sup d (70)
3 3 h 1<i<n
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Similarly we obtain,

AB2 [ (0 = 000) = Ut = {1, ) o)

tI‘NTn

2 3 2\ K2
AP < (2 °Ri+ 2R, | == & 71
| x,hl—(3a1+4 13 2) 2 f;f?n (71)

Thus,

4 3 4 K2
|A(1,l)z + A 22L| < (3@1 + -Ry + RQ)_ sup d

3 h 1<i<n

Forv=2,..., Ny, — 2, similar calculations as those leading to give,

’/+ (fon () = gn(8) = (Fan(tes) = gn(tei))$an(?) dt’

oo 2 3
_4h2Rld Zd 3h h -+ Ry)d? .

Thus,

N, —

> / () = 0 = Uil = ) et

4 4 K2
< <§Oé1 + Ry + §R2> —— sup d (72)

h 1<i<n

Then, Equations , and yield,
4 2

4 K2 4 K2,
R, + —Rg)—sup d (3a1+R1+ Rg)—sup dm

3 h? 1<i<n

4
o = Pr el < (Gou +

Third case. Suppose now that ¢,; = x — h and teNg, > T+ D (respectively t,1 <z —h
and t, n, = x4+ h). Let T,_y = T, — {x — h} (vespectively T,,_, = T,, — {z + h}). Since
Pr, . fon € Vi, we obtain,

| for = Profenll* < (| fon = Pro_ fonl
we can then apply the result of the second case to the right side of the previous inequality.

The proof of Proposition [5|is complete. [

6.8 Proof of Proposition [6]

The great lines of this proof are based on the work of [25]. Keeping Equation in
mind we deduce that Equation @ is equivalent to,

N2
hm—foh—P|TnthH >—a {/ K*3(t) dt} (73)

n—oo — 12
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We shall take the same notation as in the previous proof. Let g, = P, fon, it is shown
by Equation (106 in the Appendix that:

In(ti) = fan(ts ZRt],t Yman(t;), fori=1,-- n.
We have from (F1) in the Appendix that,

1

z+h
N /—h (fx’h(t) B g"(t))saoc,h@)dt

Suppose first that ¢, = — h and ¢, n, = @ + h, then the last equalities give,

Nr,, —

o=l = u/°zz” Font) — gu(t)) e n(t)dt. (74)

Under Assumptions (A) and (B), the function f, ; is twice differentiable at every ¢t € [0, 1]
and g, is twice differentiable at every ¢ € [0, 1] except on T,,, however, it has left and right
derivatives. We expand (f,, — ¢») in a Taylor series around ¢, ; for ¢ €]t ;, t, 1] up to
order 2 we obtain,

fx,h(t) - gn(t) = (fx,h(t:r,i) - gn(tr,z)) + (t - t:p,i)(fglc,h(tz,i) - g;@;z))

1
+ 5t =) (fln(0ws) = g2 (074)),

for some 0,4 €|t,;, t[. Since g, (ts;) = fon(tzs) then,

fen(t) = gn(t) = (t = tei) (frn(tei) — gultss) + %(t — tei)*(fon(0ne) = gnlode),  (75)

On the one hand, we have fori € 1,..., Ny, — 1,

Jen(teiv1) = gnteivn) = doi(fop(tes) — gn(tl:)) + 2d:25 i(fon(00i) = gn(o7:))-
for some 0,; €]t,i, tyiv1]. Thus,

1

Fonltes) = 9u(t20) = =5 dui(Fon(023) = 9u(07,))- (76)
On the other hand, it is shown by (F4) in the Appendix that,
FL) = gn(t™) = —a(t)an(t) + (RO (47), fon — gn). (77)

Injecting and in gives,
1 1
Fan(8) = gn(t) = =5 (8 = o) doi(f0(020) = 90(02)) + 5(8 = £0)* (i (02) — 90(07,))
1 1
= 5lni(t = 123)0(02:)Qun(00:) = 5 = t2:) U00) P (02)

= it = ) (RO (,05), fon = ga) + 50 = Lo PLROD . 01), o — 90)
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Thus,

/ttzyiﬂ(fx’h(t) — Gn(t))pen(t) dt =

T,

1 te,it1 1 te,it1 9
;ﬂmﬂ%ﬂ%ﬂ%ﬂ/) ¢~ tedpan® dt =5 [ (= a0 pen o) oralt) d
tz,i t:v,i

te i+l
4, (ROD(., m>ﬁh—%y/ (t— tos)pun(t) dt
ta: I3

+

DO | = l\DI'—‘

te,itl
/ (t = tos)(ROD (- 02), fon — gudoun(t) dt
t

X,

= Zd?” (Um,i)ﬁpi,h<‘7:r,i> - _d3 O‘(‘% 2)9093 h(gw i)

L1 beit
d:v zOé(le)SOx h(ax 'L) / (t - tx,i)[(px,h (t) - Soz,h(o.x,i)] dt
t

x,1

2
1 teit1

~ 300 enn(ns) [ (=t pnnlt) = prn(ons)) d
o .

3,

1

2

(t - t:v,i)Q[a(Uﬂc,t)SOm,h(Ux,t) - O‘(Uz,i>€0x,h(0:v,i)]§0x,h(t) dt
ta:,H»l

dmuw2<,“>ﬁh )/ (t— to)pun(t) di
tcv,i

1 te,itl
g [ RO L) fa — 92)nalt)
tz,i

_ Edf’“ 00 i) P2 (0i) + AL — AR) 4B AW L f0) 78)

1 tr 1+1
where, Aftlﬂ) = édw,ia(gaxi)@m,h(aw,i)/ (t — tei)[pen(t) — @ﬂah(aw,i)] dt.
(259

1 tz,z+1
A2 = Sa0ei)ern0) [ (= taiPloan(t) = prnlon)] de.
tac,i

AB) _ L fremn 2

oi = g (t = tei) [(00) Pan(Out) — (02i) P n(0ri)|@an(t) dt.

tz,i

@ _ 1 (0,2) faits

Am,z = §d$ﬂ<R ( ) $z) th > (t - tw,l)goﬁh(t) dt.
t

5 1 [te 2/ 15(0,2)
Ax,i = B (t —teq) (RO(, a:t) fon — Gn) Pz n(t) dt.
tz,i

We shall now control these quantities. Let,

BY = sup  pen(t) —wen(s) and B = sup  [a(t)pn(t) — a(s)pan(s)].

by i <8<ty it1 by, i <8,t<ty it+1

Since o and ¢, j, are Lipschitz then,

1 1
sup B() O(h_ sup d]n) and sup B() O(_ Sup dﬂﬂ) (79)

0<i<n 0<5<n 0<i<n h? 0<5<n

38



Elementary calculations show that,

AL < B, AR < 2BUE, and |AY) < TBOE,  (80)

for appropriate constants ai, as and as. We obtain from the Cauchy-Schwartz inequality,
Assumption (C') and Proposition [5| that,

1 e
gn“ hdi’% E sup djna (81)
0<j<n

ap

AW 4140 < 2

for an appropriate constant a4 (C' is defined in Proposition . Thus,

/t Wl(ffvh(t) — gn(t))pan(t) dt

T,

= S 0(0e ) () + AL — AZ — A% AW 4 A

2 xz
> _d3 T, 2 x,i) d3 ; EB(I) B(Z) - d; n)- 82
=12 zz (U ,)(px,h(o- ,) x,z( h x,1 + h + h Oiljgn Js ) ( )
Let,
prng, = sup (ZBY + 2@ LT g g, ).
" 0<i<Ng, N h h 0<j<n

Equation implies that for an appropriate constant ¢ and ¢ we have,
/

— sup d;, + ——= sup d; )
|ph7NTn| o <h3 0<]I<)n i h3/2 0<j£n I

Using and together with Equation in we obtain,

Np, —1
r 1
en=all = 3= (3300020062 4(020) = e, )2,
i=1
1 Ny, — CNT C/NT
— O'xz Oz dg»— ~ su d4 " su d4 . 33
12 z:: SDCCh )CE’Z h3 O<]£)n " h3/2 OSJIS)” " ( )
Then the Holder’s inequality gives,
Nr, -1 3 /
1 1 CN CN
3 — g 2>— a0y 2 Owi 3d1-1} _ Th su d4 Tn su d4
e =0l 2 | 3 leloudebatonaldns) = S sup af = G2 sup
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We shall now control the first term of the right side of this inequality. We have,
N, —1

{ ]Zl (Oé(a:v,i)@?c,h(%,ﬁ)édm}:3
:{/_:h( (t)ezn(t) édt—NTi /+ goxvh(t))é_(a(%)@i’h(%)w}g

N, —

Z /tx1+1 prh(t))% (a(ax,i)%zc,h(gm))é)}g

z

-{/ T (awetan) } {
o [ (o)
+3{/:Zh (Oz(t)gpxh ) dt}{NTn

)y / T (@O0} ~ (@lon)ia(oni))}) }
A {/::h (a(t)goih(t))g dt}3 + B,

We obtain using and the fact that « is Lipschitz,

Nr, 2 Nr, 2 2/3 Nr,
B = O(<h5/3 Ozl;gp djn> >+O(<h5/3 Oiljl<p djn>h +0 <h5/3
Assumption (F) implies that for an appropriate constant ¢ we have,

C” N T

Nt,, —

> / T (@)} ~ (@l o)

z

ol

2
sup dfn> h1/3) .

0<j<n

|B| < sup d7,,.

0<j<n

Using the Riemann integrability of a and ¢, ;, we get,

1 x+h ) 1 3 "’ )
en =0l > o —{ [ (a0ta)’ ae} =5 s

c' Ny,
n
4
sup d; ,
N N N IS o

1 z+h 9 g 3 ' ) c NTn . J NTn )
- 12N12“n{/wh <a(t)%’h(t)> dt} T Nehooo® jn = B3 sup d;, — 13/2 sup d;,,

T, 0<j<n 0<j<n 0<j<n
1 z+h ) 3 ! )
- 1K ) dth — i
12h2N2, { /M ( (K= ) } Nl oeioy im
N 'N-
B sup d} — e} sup d‘{n

,7’L
h3  o<j<n ? R3/2 o<j<n ’

h 1 9 3 3 " )
-t WK t) dth — 0
| [, (oo =) } T

?n 7
h3 0<j<n h3/2 0<j<n

Assumption (F) implies that,
/

1 1
lim —Np, sup d2 =0, lim-— sup d N7, 5 =0 and lim —c ¢ 5 Sup d4 ZNr, = 0.
n—soo h? 0<j<n n—o0 b4 0<j<n THOOh/ 0<j<n
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Finally the continuity of « yields,

NZ
lim —||f, 2> K(t)5 dt
i Mgz o [ xotal

Inequality is then proved for a sequence of designs containing z — h and x + h.
Consider now any sequence of designs {7,,,n > 1} satisfying Assumption (E) we can
adjoin the points {z — h,z + h} to T), (if they aren’t present). Hence we form a sequence
{S,,n > 1} with S,, € D, 4> and satisfying (73)). We have,

||fa:,h - P\Snfa:,hHQ < ||f$,h - PITnfa:,h||2'
Then,
Né%anz,h - P\Snfz,h||2 < Ngan:B,h - PITnf:r,h||2- (84>
We know that Ng, € {Np, + 1, Nr, + 2}, replacing Ng, in the right term of by
(Nr, +2) (or (Ng, + 1) ) gives,

4+ 2Ny, NZ
O 2 e~ Prr Sl P <

N2
ff" o — Piso fonll® —

Assumption (F) and Equation (51)) yield,

||fa:,h - PITnfa:,h||2'

4+ 2Ny,
G2V f, s~ P ol =0

lim
n—oo

Hence, for any sequence {T,,,n > 1} we have,

N2
llm_||fmh_P|nggh|| >—a {/ K23t dt}

n—oo

This completes the proof of Proposition 6] O

6.9 Proof of Proposition [7]
On the one hand, Proposition [5| yields that there exists a constant ¢ > 0 such that,

2

0< Zzh oy gro(z) < — sup d;,,.
m mh 0<j<n

Lemma [2[ implies that there exists a constant ¢ > 0 such that,

/

sup d2 < —2
0<j<n b n

Thus, for n > 1 we have,

02 /
x,h — Var gpro( ) < cc

0< .
m mn2h

Finally, taking C' = ¢’ we obtain,
2

- o?
: 2 o ~APTO <
lim mn h<_m Var ¢ (z )) <C.

n—oo
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Inequality is then proved. On the other hand, Proposition @ yields,

mN%’"( T Ny g ) = ga@{ / K2/3<t>dt}3.

h m
Lemma [2| implies that there exists a constant ¢ > 0 such that,
Nz, < d'nh,

which implies that,

¢"mnh (i — Var §7°(z )) > iQ (x){ / 1 K2/3(t)dt}3.

m

3
Finally, taking C" = 126,,a(x){ fjl K2/3(t)dt} we obtain,

2

lim mn2h<a— — Var g7"(x )) > (.

n—00 m

This concludes the proof of Proposition [7} OJ

6.10 Proof of Proposition
The first part of this proof is the same as that of Proposition @ Recall that,
2

O'
(%2 —Var g7°(@)) = el = 1P fonl P = 1o = B ol

m

Using and we obtain,

2
Apro Jx,h 1 2
Var g™ (x) — = ——||fer — Pz, funll
m m
RRL
= (5@’; 000 ) PE(00i) + AL — A = AT = AL+ A;i?) ()
m b b b b b

for some 0,; €]t tyi1] and some o, €]t ;, t[, where,

1 te it
A = Sdraoei)ern(od) [ (= tai)lpan(t) = prnlon)] de.
t

2 x,1
o _ 1 e >
A:p,z’ = éa(az‘,i)@x,h(gai) (t = t2i) " [Pan(t) — Pun(0)] dt.
t;r: [
(3) 1 t:v,z+1 9
Api = 3 (t = tei)[a(000)Pap(00t) — A(00)02n(00,:)@un(t) di.
tz,i
(4) 1 (0 2) to,it1
A:v, = §du’cﬂ<R 7 ( ) :Ez) fﬂﬁh - gn> (t - tl’,l)gpx,h(t) dt.
tm,i
) 1 faita 2/ 1(0,2)
Ax,z = § (t - t%Z) <R 7 ( ) :Bt) fl?h gn)SO:c,h(t) dt.
tz,i
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From the definition of the regular sequence of designs (see Definition [2) and the mean
value theorem we have for i =1,--- |, N,

4+ 1
dw,i =t g+l — =F" <Z i )
n

_F1<%) :nf(lt*i)’

z,

where ¢} ; €]t ;,t,iy1[. Using this together with we obtain,

2 Nr,
0_1« h 1 1 9
V. pro — = — dxz— 0 .0
1
1 2 3 4 5
-3 (A0 - A2 - AY - A+ AT),
=1

Lemma [2] yields that Ny, = O(nh). Using (80), and we obtain,

Ag{g:o(#), A% = o( ! ). Ag’;g:o(#) and A + AL) O(L).

nAR3 nAR3/2
Finally,
N,

2
Oz

1 1 1 1
Var ;"¢ h— dmz— z,0 2 z,0 O .
o) = S = T & e g ) ) + (mnW ! mnSﬁ)

Using a classical approximation of a sum by an integral (see for instance, Lemma 2 in [7])
and the fact that 0 < h < 1 we obtain,

Var gro(a) ~ Joh 1 /”ho‘(t) ()dt+0( 1)

m 12mn? J,_, f2() mn3h?

This concludes the proof of Proposition [§ O

6.11 Proof of Theorem 2.

First, note that since a and f are Lipschitz functions then the asymptotic expression of

the integral in is:
1 T+ o(t) 1 L a(z —th)
o |, PO = / S0 K
a(z —th)  a(x)
i ( dt*/ (f2(:1: —h) f2(a:))K2(t) )

= ;thQ /K2 dt+0< n)

This last equality together with Proposition [§] and Proposition [4 concludes the proof of
Theorem 2l [
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6.12 Proof of Corollary 1l
Let I, = fo ) dx and put,

U(h,m) = _Ckh

2m J

We have from Theorem

a(zr)w(x) dx + ih‘lBg/o [¢" (z)]Pw(x) dx.

I iy h 1 h 1
IMSE(h)—E%—\P(h,m)%—o(h >+O<mn2h+_+W>’
Let h* be as defined by (14]). It is clear that h* = argmin ¥(h,m) so that U(h,m) >
0<h<1

U(h*,m) for every 0 < h < 1. Let Ay, be as defined in Corollary [I] We have,

IMSE(h*) o+ Ut m) + O(h*4 + ﬁ) + O(mnzh* + 24 nh)

IMSE(hmm) % + \I]<hn,m7 ’ITL) + 0<héL,m P m) + O(mnzlhn m + . + 112hl2 >

n

I + mY(hym,m) + 0(mh*4 + h*> + O( o + I ngﬁz)

I + mW(hy s m) + 0<mh%7m + hn,m) + o(n% AT m)

n

<

We have, using the definition of h*, mh3, = O(1), lim h,, = 0 and using the

n,m—oo

assumption ™ = O(1) as n,m — oo we know that mW(hy n,, m) = O(hpm). Thus,

o IMSE(h*) <1
nm—o0 IMSE(hy, 1) — '

This concludes the proof of Corollary [I} [

6.13 Proof of Theorem [3l
Let x €]0, 1] be fixed. We have the following decomposition,

V(g (@) — g(@)) = \F(gzr;’nm —E(3(@)) + vim (E@a @) - g().  (36)

Since lim /mh = 0, 2 = O(1) as n,m — oo and lim nh®> = oo then Remark
n,Mm—00 n,Mm—00
implies that,
im v (E(g7(2) = g(x)) = 0. (87)

Consider now the first term of the right side of (86). Since Y (t,;) — E(Y (t,;)) = &(ts4),
we have, as done by [14],

Vi (a87ne) —B(@) ) = = 30 3 et (t)

= L Ematlet) ~ @)+ (Emaw) (7 Xoew) @

=1



We start by controlling the second term of this last equation. Using Lemma |3| together
with Lemma 2] we obtain,

mx,h(ti,n) -
(
S (lin)tisin = i) + O + i) if i ¢ {1} and
[ti—l,na ti—l—l,n] N [$ - ha T+ h] 7& ®7

o4 + —nlﬁz> if ie{l,n},

1 .
\ O WE> otherwise.

Recall that Ny, = Card I, = Card {i = 1,--- ,n : [t;i_1,ti1]N]x — h,x + h[# 0} and
denote by t,,; the points of T;, for which ¢ € I,, Lemma [2| yields that Ny, = O(nh).

Thus,

| N1

;mz,h Z prh :):z xz+1 tzz 1)+O<nh)

Since lim nh = +o00, then using the Riemann integrability of K, we obtain,
n—oo

Np, —1

n,rlrlzgloo;mx’h(tz) = énggloo Z (ngh gcz :vz+1 xz 1 / K

The Central Limit Theorem for i.i.d. variables yields,

1 m
ﬁZesj(x)n%;Z where Z ~ N (0, R(z, x)).
j=1

We shall prove now that the first term of Equation tends to 0 in probability as n,m
tends to infinity. Let,

Apn(x) = \/_Zmeh )—ei(z)) = ;

7j=1 =1

From the Chebyshev inequality, it suffices to prove that lim E(A2? , (z)) = 0. We have
n,m—00 ’

for j # 1, E(¢j(x)ei(y)) = 0 then E(T,, ()T, (x)) = 0. Hence,

B (0)) = 5 32D BT ) Toa(e) = o S BT o)
We have o J
B = Zm (tman (6)E((55(8) — 25(0)) (51(8) — 55(2))
= Zilimmh(tz)mwh(tk)(}%(t“tk) R(t;, ) = R(z,t) + R(x,x))
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Note that E(T} ;(x)) does not depend on j hence,

E(A2, Z Z M (t)Man(te) (R(ti, t4) — R(ti,r) — R(z, 1) + R(z, x))

i=1 k=1

2 Bp1(2) — Bua(z) — Bus(x) + Bpa(x). (89)

Using Lemma 3| and the approximation of a sum by an integral (see, for instance, Lemma
2 in [7]) we obtain,

x+h z+h 1 1
- — 2 -
/x /x_h Oun(8)pzn(t)R(s,t) ds dt + O<nh> oont O(nh>'

Using Equation ([13|) we obtain,
(z) = R( )_1()CKh (h) ( )
Bpa(x R(z,z Qc)zx +o(h)+ O -

where Cx = f_ll f_ll |u — v|K(u) K (v)dudv. Since lim h =0 and lim nh = oo then,

n—o0 n—oo

lim B, 1(z) = R(x, z). (90)

n—oo

Consider now the term B, 2(z). We obtain using Lemma [3| and the approximation of a
sum by an integral,

/x-i-h /x—i-h ©un(8)prn(t)R(s,x) ds dt + O(nlh)
m$+h o
B /wh Pan(5) (s, x) ds + 0(nh>

1

= » K(s)R(x — hs,x) ds + O<nh>

_ / ° K(s)R(x — hs, x) ds + /0 K(s)R(z = hs, ) ds + O <n1h>

For s €] — 1,0], Taylor expansion of R(-,z) around z yields,

R(s,z) = R(z — sh,z) — shRY (z, 2) + o(h).
Similarly for s €0, 1] we obtain,

R(z — sh,z) = R(z,z) — shRYY (2™, z) + o(h).
Thus,

0

Bra(x) = R(z,z) — hRMO) (2, 2) /

1
[ s k(s) s —hROO () /0 s k(s) ds o) +0 ().

Hence,

h_)m Bya(z) = R(z, ). (91)
Similarly,

11_>m B s(z) = R(z, ). (92)
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It is easy to verify that,
lim B, 4(z) = R(x, z). (93)

n—oo

Inserting , , and in yields,
lim E(A2 ,(z)) = 0.

n,1M—00

This concludes the proof of Theorem [3 O

6.14 Proof of Theorem [l
Let = €]0,1[. On the one hand, we have from Proposition [ and Remark [f]

2
Var §77(z) = b A @) +O( L 2 ) (94)

m  12mn2h f2(z) mn3h?  mn?

where A = f_ll K?(t) dt. On the other hand, it can be seen in [8] that,

2 1 1
Var 5 (@) = 222 40—+ — ). (95)

mn?  mn3h?
Equations and then yield,

A a(z) 1
2h ( ~GM ApTO) - (h _)
mn-h ( Var g,; Var g 12 72(2) +O(h+ —
Recall that a(x) > 0 and that ﬁ > 0. Since h — 0 and nh — o0 as n,m — oo we
obtain,
A o)

lim  mn’h (Var &M (z) — Var Qﬁ’“%x))

n,Mm—00

This concludes the proof of Theorem [5 [J

T 12PE)

6.15 Proof of Theorem [6l
We have from the proof of Proposition {4| (Equation ) for any x €]0, 1],

~APro 1
E(327(x)) = g(x) = Iuf) = g(2) + O( ). (96)
where,
z+h
o) = [ panlslals) ds
x—h
Hence, using and we get for a positive density measure w,

IMSE(gP") = %/0 o w(z) do — 127:”%/0 J?;(é)) w(x) dx —i—/o (In(z) — g(a:))2 w(x) dx

1 h 1 1
* O<n4h2 * n? * mn3h? mn2>' (97)
It can be seen in [§] that,
N 1
E(GEN (2)) — g(x) = (@) = 9(2) + O ). (98)



Using and yield,
1 ! 1
IMSEGEY) = [ o2 wie) dot [ (Tala) - g(0))? wo) da
0 0

h 1 1
+ O<n4h2 * n? * mn? * mn?’h?)' (99)
Then, Equations and (99) yield,
1
2 ~GM ~ 7‘0 2
mnh(IMSE( ) — IMSE (g? 12/ f2 dm—i—O( h-l—mh +h+—h).

Since 2 = O(1) and mh* — 0 as n,m — co we obtain,

lim  mnh (IMSE (5EM) — IMSE (§7") ) da > 0.

n,m—00

T 12 f2
This concludes the proof of Theorem [0 O

7 Appendix

Let € = (€(t))icpo,1) be a centered and a second order process of autocovariance R, such
that R is invertible when restricted to any finite set on [0, 1]. Let L(e(t),t € [0, 1]) be the
set of all random variables which maybe be written as a linear combinations of () for
t € [0,1], i.e., the set of random variables of the form 3\_ a;e(t;) for some positive integer
[ and some constants o, t; € [0,1] for i = 1,--- | I. Let also Ly(¢) be the Hilbert space of
all square integrable random variables in the linear manifold L(s(t),t € [0, 1]), together
with all random variables U that are limits in I.? of a sequence of random variables U, in
L(e(t),t € [0,1]), i.e, U is such that,

3 (Up)nso € Le(t),t €10,1]) :  lim E((U, — U)?) = 0.

n—oo

Denote by F(e) the family of functions g on [0, 1] defined by,
F(e) ={g:10,1] — R with g(-) = E(Ue(-)) where U € Lo(¢)},

We note here that for every g € F(e), the associated U is unique. It is easy to verify that
F(e) is a Hilbert space equipped with the norm || || defined for g € F(¢) by,

lglI* = E(U?).
In fact, let g € F(e), i.e, g(-) = E(Ue(+)) for some U € La(e). We have,
o [lgl] = ET) > 0.
o lgll = VEUZ) =0=U=0as =g=0.
e For g € Fle), ie, f(-) =E(Ve(-)) some V € Ly(e). We have,
lg + fIF =E((U +V)*) =E(U?) + E(V?) + 2E(UV)
< E(U?) + E(V?) + 2y/E(U2) VE(V?) ( E(U2) + )2.

Thus, |lg + fI| < VE(U?) + VE(V?) = |lg]| + [If]]
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We now prove the completeness of F(e). For this let g,(-) = E(U,e(:)) be a Cauchy
sequence in F(e), i.e.,
n'}rlLIEongn - gm||2 =0.

From the definition of the norm || || we obtain,

lim E((U, —U,)?) = lim ||g, — gml|* = 0.
7,1M—00

n,M—00

This yields that (U,),>1 is a Cauchy sequence in Lo (), which is a Hilbert space as proven
by [22] (see page 8 there). Thus it exists U € Ly(e) such that,

lim E((U, — U)?*) = 0.

n—oo

Taking g(-) = E(Ue(+)), which is clearly an element of F(e) gives,
i — 2 = | — 2 =
Jim [lg, —g[|” = lim E((U, — U)7) = 0.
This concludes the proof of completness of F(e).

The Hilbert space F(e) can easily be identified as the Reproducing Kernel Hilbert
Space associated to a reproducing kernel R (with R(s,t) = E(e(s)e(t))), which is defined
as follows.

Definition 4 [29] A Hilbert space H is said to be a Reproducing Kernel Hilbert Space as-
sociated to a reproducing kernel (or function) R (RKHS(R)), if its members are functions
on some set T, and if there is a kernel R on T x T having the following two properties:

{R(-,t) cH forall teT, (100)

(9, R(-,t)) =g(t)  forall teT and g€ H,
where (-, ) is the inner (or scalar) product in H.
To prove this, we need to verify the properties given in . For ¢t € [0, 1] we have,
R(s,t) =E(e(s)e(t)) for all s e ]0,1].
Since &(s) € Lo(e) then R(-,t) € F(e) for any fixed t € [0,1]. Now let g € F(e), i.e.,
g(-) =E(Ue(:)) for some U € Ly(e).

Then,

(E(U?) +E(e(t)*) — E((U —&(1))*))

N —

1
(g, R(, ) = S (Ilgll” + IR DI = llg = R, D)I[°) =
1
= ;EQUe(?)) = 9(t).
These properties together with the following theorem yield that F(e) is the RKHS(R).

Theorem 7 (E. H. Moor) [3] A symmetric non-negative Kernel R generates a unique
Hilbert space.
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In the sequel, we take R to be continuous on [0, 1]> and we shall consider the function of
interest given by . More generally, we consider the function f, defined for a continuous
function ¢ and t € [0,1], by

1
f(t) —/ R(s,t)p(s) ds. (101)
0
Lemma 5 We have f € F(e), i.e., there exists X € Lo(e) with,

f() = E(Xe(). (102)

112 = E(x?) = // (5, )0(s)o(1) dt ds.

Proof. Define, for a suitable partition (x;,,)=1... » of [0,1],

In addition,

n—1
Xn Z xz—i—l n xzn (xim)g(mi,n) S L2(€)a
=1

such that for any ¢ € [0, 1],

n—1

F#) = Hm Y (@ip1m — 2in)@(@in) R(Ti0, 1) = lim E(X,e(t)).

n—o0 4 n—00
=1

We shall prove that (X,,), converges to a certain element of L% i.e.,

3Xel’ : lmE((X, - X)*) =0, (103)
n—oo
and by the definition of Lo(e) the limit in (103 proves that X is an element of Ly(e).
Now the proof (103]) is immediate, in fact it is easy to check that (X,) id a Cauchy
sequence in 2. By the completeness of L2, we deduce (103). In addition we have,
lim E(X,e(t)) = E(Xe(t)), this is due to the following inequality,
n—oo

‘E(Xne(t))—]E(Xs( ‘<]E‘X ~ X)e(t )<\/E (X — X)) VE((

and the fact that limE((X,, — X)?) = 0 and E(g(t)?) < oco. The proof of (102) is

n—oo

concluded. Finally,

E(X?) = lim E(X;) = lim ZZ Tit1n = Tip) (Tjr1n = Ljn)P(Tin) 0(Tj0) R(Tin, Tjn)

n—00 n—00
=1 j=1

_ /0 1 /0 (o (t)R(s.1) ds dt.

This concludes the proof of Lemma 5] O

Now let T}, = (t1,to, -+ ,t,) with 0 < t; <ty <--- <t, <1 andlet V. be the subspace
of F(e) spanned by the functions R(-,t) for t € T,,, i.e.,

Vi, = {g:[0,1] = R with g(-) = E(Us(-)) where U € L(z(t),t € T,)}.
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Our task is to prove that if Ry, = (R(t;,1;)i<ij<n) is a non-singular matrix then V7,
is a closed subspace of F(g). For this let, (g,;)m>1 be a sequence in Vz, converging to
g € F(g). We shall prove that g € Vr,. Note that,

gm(t) = E(Une(t)) with Up = aime(t:), where (aim)ms1 € R.
=1

Since g,, converges in F(¢) then it is a Cauchy sequence, i.e.,

lim g, — gmsz = 0.

mi,Mma—0o0

By the definition of the norm on F(g) we have,

n

19, = G 2 = E(Un, = Una)?) = B((3 (@10, — asm)e(t))°)

(3
n n

/
= E E (ai,ml - ai,m2)<aj7m1 - aj7m2)R(ti? tj) = Aml,ng\TnAml,mza
i=1 j=1
! _ !
where A;, = (@1my = Qlmgs "+ s Qnmy — Qnomy)’ - Thus,

. / .
lim Aml’m2R|TnAm1,m2 =0.

mi,Mma—00

Since R|r, is a symmetric positive matrix, we obtain,

m%i,gzlzﬁ\ooA;nl,m2 - mlli,rrfllgaoo(al,m1 — A1mg, 7t 5 Anmy — an7m2)/ - (0’ s 70)/7
which yields that (a;m)m is a Cauchy sequence on R for all i = 1,--- ,n. Taking a; =
lim a;,, we obtain by the uniqueness of the limit,

m—00

n

g(-) =E(Ue(:)) with U= Z@ﬁ(ti)»

i=1
which yields that g € Vz,,. Hence V7, is closed. U

Since Vr, is a closed subspace in the Hilbert space F(g), one can define the orthogonal
projection operator from F(e) to V, which we note by P,, i.e., for every f € F(e),

Py, f = argmin ||f — g
g €V,

Par definition of Py, , we have for any g € V7,
<P|Tnf - f,9> =0.
Now, for t; € T,,, R(-,t;) € Vr,. Hence, for every i = 1,... ,n.
(Pm,f — [, R(-,t;)) = 0 or equivalently (P, f,R(-,t:)) = (f, R(-,t:)).
The last equality, together with , gives that,

P J() = f() on T,. O (104)
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Supplementary facts

(F1) Let f be defined by (101). We shall prove that if g € Vr,,i.e.,if g(-) = >_7_, a; R(t;, )
for some a; € R, then

If gl = / o(5)(F(5) — 9(5)) ds — 3 as(f (1) — g(t).

In fact,

If =gl ={f-9.f-9)=(ff-9 —(9.f-9
On the one hand, note that f — g € F(¢) and by using (100 we obtain,

n n

(9.f—9) = Z%(R(ti, ) f=9) = Zai(f(ti) — g(t:))- (105)

i=1 i=1

On the another hand, Lemma [5| and its proof yield that f(-) = E(Xe(:)) where
X € Ly(e) and that,

-1
llirgloE(Xl — X)2 =0 where X;= Zl(xj_i_l’l — 25 Cun(Ti)e(Ti),
j:

where (z,;)j=1,...; is a suitable partition of [0,1]. Let Fj(-) = E(X;e(-)) which is an
element of F (). Clearly,

(Lf=9)=(-F.f-g9 +(F,f—9)
We have,

((f=F, =gl <|If = EllIf —gll < VE(Xi = X)?)[[f —gll-

Thus llim (f — F, f —g) = 0. In addition,
—00

-1
(F f = 9) = ( X0 = 2o (@i Rz, ). f = g)
7j=1

-1 -1
= > (w410 — z)e(xj) Rz, ), [ —g) = Z(%‘H,z—xj,l)<ﬁ($j,z)(f($j,l)—g(l’j,l))-
Hence,
i (R f =g) = [ 00 - a(0) i
Finally,

of —g) = / SO () — g(t)) dt. O
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(F2)

(F4)

For z € [0,1], let f,; be defined by (2)). We shall prove that,

mVar(g2°(x)) = || P, fon]

In fact, by the definition of the projection operator P, , we have P, f,, € V7, and
for t € [0, 1],

P, fan(t) Zaz (t;,t) = Zal )e(t)) for some a; € R fori=1,--- n,

and then,

n 2 n n n
1P, fonl? =E (Z aie(ti)> = Zai Z@jR(tiatj) = ZaiﬂTnfx,h(tz)

i=1 =1 j=1 i=1

Recall that mw»h\lTn = fl’:hiTnR\Tn and using ([104) we obtain,
P|Tnfx7h( f:ch meh tzatj)- (106)
We have then, using ((106)),
HP\Tnfm,hH2 :Zaizmx,h(tj) tzut meh ZCL’L tl7t
=1 j=1

= Zmr,h(tj) me,h<ti)R(ti,t ) = mVar(g™(z)). O

We shall now prove prove that every function in F(¢) is continuous on [0, 1]. In fact
let g € F(e), ie
g(-) =E(Ue(+)) for some U € Ly(e).

For s,t € [0, 1], (100) and Cauchy-Swartz inequality yields,

9(t) = g(s)] = [(R( 1), 9) = (R(-5), >|=|<R(‘ )—R(',S),gﬂ
< [[R(- 1) = R, 9)[[ [lgl] = [[R(-, s)Il VE(U?).

Since ¢ is of second order process then E(U?) < oo and since R is continuous on
[0, 1]* we obtain,

lim [|R(, 1) = R( 5)|[* = lim (R(t,) + R(s,s) — 2R(s,1)) = 0,

s—t

which yields that lin% lg(t) — g(s)| = 0. Hence g is continuous. [
s5—

Suppose that R verifies Assumptions (A), (B) and (C). Let f be defined by (101]).
We shall prove that if g € Vo, i.e., g(-) = >4 a;R(t;,-) with (a;); € R then,

7=1

F'(t) = g"(t") = —a(t)p(t) + (R (- £7), f - g).
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In fact, we have, as in Equation ,

17(t) = —alt)p(t) + / ROD(s, t+)p(s) ds.

In addition, we have clearly

n

g”(t+) _ Z ajR(o,z) (tj, t+).

J=1

Thus,
1
F(0) - ') = —ale®) + | RONs,t)e ds_zajgm (1.1,
0

We have,
(ROD(,1%), f — g) = (RO (. t7), f) = (ROD (%), 9)
On the one hand, since by Assumption (C), R®? (-, ¢+) is in F(e) then (100) yields,

3

(R*( Z a;j(R ) R(, ) = a;ROD (8, 1), (107)
j=1
On the other hand, from Lemma [5| we have f(-) = E(Xe(-)) where X € Ly(¢) and,
-1
EmE(X; - X)* =0 with X = Z;(ﬂfjﬂ,l — 2j)p(50)€(250),
]:

where (x;;);=1,...; Is a suitable partition of [0,1]. Let Fj(-) = E(Xe(-)) € F(e), we
have,

(ROD( 1), f) = (ROD(t7), f = ) + (ROV (), Fy), (108)
and,
(ROD( ), f = F)| < [|ROD A IF = Bl = [|ROD0)]VE(X - X)2).

The last bound together with Assumption (C) gives Jim (ROD(. %), f — F))| =0,
—00

in addition,

N
|
—

(ROD (. 1), F) = (Tj410 — xj,l)¢($j,l)<R(0’2)('7 t), e(zs0))

- .
Il
— =

(xjp1, — Ij,l)¢($j,z)R(0’2) (zj0,t7).

<.
I
—

Thus,
1

lim <R(0’2)(-,t+),Fl) :/ w(s)R(O’Q)(s,tJr) ds. (109)
0

l—00

Finally, using (107)), (108) and (109) yield,

1 n
(ROD(, ), f — g) = /0 P(s)R O (s,t7) ds = 3 a; ROV (t,¢). O

j=1
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