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ABSTRACT

Impulse response function (IRF) is frequently used for pipeline defect (e.g., leakage and
blockage) detection. IRF can be extracted via a least square (LS) deconvolution method
if the input signal is known. However, the LS deconvolution is usually an ill-posed
inverse problem, thus the regularization approach is needed to solve this problem. The
determination of the regularization parameter is essential for regularization problems and
is strongly problem-dependent (no universal method that always produces robust and
good results). In the present paper, prevailing regularization methods Generalized Cross
Validation (GCV) and L-curve are used and tested to decide the optimal regularization
parameter. Pseudo random binary sequence (PRBS) signal, which switches between two
constant levels with noise-level amplitude, is used as input signal. Numerical and
experimental examples show the importance of the determination of regularization
parameter and justify that the proposed methods are efficient for extracting the IRF with
PRBS signal.

1 INTRODUCTION

Pipeline defect detection is an important issue in urban water supply systems and have
attracted a lot of attention from both theoretical and application aspects [1-6]. The time-
domain impulse response function (IRF), which is the output of the system when
presented with an impulse input signal, clearly shows the reflections of impulse input
signal at defects and is thus frequently used for pipeline defect (e.g., leakage and
blockage) detection [7-9]. IRF also depicts the relationship between the input signal and
the resultant output signal and illustrates how the system modifies the input signal as it
propagates through the system.

IRF can be extracted by imposing a pseudo random binary sequence (PRBS) signal [10-
12] that switches between two constant levels. The spectrum of a PRBS signal is
approximately flat in a wideband of frequency provided that the sequence length is long
enough, meaning that a PRBS signal corresponds to a broadband noise and is thus
suitable for low frequency system identification [10]. The amplitude of PRBS can be
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noise-level such that the system operation disturbance and structural fatigue by other
wave generation methods (e.g., step or impulse signals by valve operation) can be
avoided. For this reason, recent pipeline leakage detection methods proposed in [13],
which is efficient but requires multiple measurements, become easy to implement.

The relationship between designed input signal and measured output signal can be
represented by IRF via a convolution, whose discrete form follows a linear model [7]. As
a matter of fact, linear relationship has been found and used widely in pipeline detection
problem [14-17], particularly the discrete form of the linear models have been proposed
[18,19]. For example, the pressure head variation due to leaks equals to contribution
from different leaks and each contribution equals to multiplication of leak size and a
function of leak location [14,15,20]. However, in the impulse response extraction
problem, the least square (LS) solution of the linear model is ill-posed, thus the
regularization problem needs to be considered [7].

The determination of the regularization parameter is critical for regularization problems
and is strongly problem-dependent. Up to now, there is no universal method for
determining the regularization parameter that always produces robust and good results
[21]. In a recent paper [7], the Tikhonov regularization for pipeline impulse response
extraction with least square deconvolution has been proposed. However, the
determination of the regularization parameter in this problem has not been discussed. In
the present paper, prevailing regularization methods Generalized Cross Validation
(GCV) [22] and L-curve [23,24] are used and tested to decide the optimal regularization
parameter.

The organization of this paper is as follows. In Section 2, the linear model for IRF
extraction is introduced. Section 3 briefly introduces GCV and L-curve methods.
Numerical and experimental results are presented in Section 4. Finally, conclusions are
drawn in Section 5.

2 MODEL

A reservoir-pipe-valve system is considered in this paper. A PRBS input signal, denoted
asx(t) , is used to excite the system. Let y(t) denote the system output signal, the input

and output signals have the relationship:

O =[" g(@)x(t =)dr, @)
in which g(#) is the IRF of the system. Let x[n],y[n] g[n],n=1,---,N, be the
discretized x(t),y(t), g(t) , a linear model describes the convolution Eq. (1):

y =Xg, )
in which
y =1l yIN])', g = (g[1],- gIN])’ ®)
and



x[1] 0 0 -0
x[2]  «[1] 0 -0
X=| «[3] x[2] 1] - 0 | (4)

x[N] x[N-1] x[N-2] - «[1]

Here, N is the maximum concerned time-step of IRF. For leak detection problem, in
general only the first period of IRF is concerned but both the input signal of PRBS and
the measured signal can be much longer.

Given x[n],y[n], the discrete IRF can be obtained by solving the least square (LS)
problem with Tikhonov regularization [7]:

~ . 2 2 =

g, = argrmng(Hy - XgH2 + ngH2) = (XTX + AI) ]XTy (5)

in which A is the regularization parameter and

X stands for the L2-norm. Note that

according to the Gauss-Markov theorem, the LS solution without regularization
(i.e., 1=0) of Eq. (2) is optimal in the sense of minimum variance unbiased estimator if
the measurement errors of y are uncorrelated, zero-mean, and have a constant variance.

It can be seen from Eq. (4) that X is a lower triangular matrix which theoretically has
full rank. In practice, however, the matrix X is usually numerically rank deficient and
ill-conditioned (in particular for large size of X)), which can be verified via the singular
value decomposition (SVD). As a result, the LS solution is ill-posed. Therefore,
regularization (i.e., a non-zero A4 in Eq. (5)) has to be applied; in this case, a new
problem is solved that does not inherit the properties of the LS solution.

The determination of the regularization parameter A is critical for Tikhonov
regularization and is strongly problem-dependent that no universal method always
produces robust and good results [21]. This issue is illustrated by Figure 1. Here,
experimental results with data that have been used in Ref. [12] are shown, where a steel
intact pipe with length being 37.5 m is considered and PRBS signal are used to excite the
system. The experimental setup, as well as the input PRBS signal and output
measurements, can be found in Ref. [12]. Figure 1 shows the IRF estimation obtained
from Eq. (5) with various 1<[10*,10°]. It is clear from this figure that the IRF
extraction is sensitive to A and its determination is important for obtaining an IRF with
least noise. To the best of our knowledge, this issue has not been reported in the
literature, which is the main goal of the present paper.

3 GCV AND L-CURVE FOR DETERMINING THE REGULARIZATION
PARAMETER

In this section, the GCV [22] and L-curve [23,24] methods are briefly introduced to
decide the regularization parameter A .

GCV originates from the leave-one-out (LOO) cross-validation method. The basic idea is
to minimize the average estimation error of a data point y[n] computed from a (N-1)-



dimensional data/model where the n-th line in Eq. (2) left out [25]. GCV is a rotation-
invariant version of the LOO cross-validation which decides the regularization parameter
A by minimizing:

_ la-a@yl;

cevd) trace(I—- A(1))

(6)

LS deconvolution, lambda = 0.0001 LS deconvolution, lambda = 0.01

Normalized IRF
=)
Normalized IRF
°

0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25
time [s] time [s]
LS deconvolution, lambda =1 LS deconvolution, lambda = 10

Normalized IRF
=)
Normalized IRF
1)

0 0.05 0.1 0.15 0.2 0.25 : 0 0.05 0.1 0.15 0.2 0.25
time [s] time [s]
LS deconvolution, lambda = 100 LS deconvolution, lambda = 1000

Normalized IRF

. [=}
Normalized IRF

o

0 0.05 0.1 0.15 0.2 0.25 : 0 0.05 0.1 0.15 0.2 0.25
time [s] time [s]
LS deconvolution, lambda = 10000 LS deconvolution, lambda = 100000

Normalized IRF
o
Normalized IRF
o

0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25
time [s] time [s]

Figure 1. Impulse response function obtained from the Eq. (5) with various Tikhonov
regularization parameter 4 .

where
A= XX'X+AD)"'X". (7)

L-curve is a graphical tool with a log-log plot of 7(2)=|g.||, versus

p(4) =|ly —=Xg.|, for all the possible 2 . Note that (log p(4),logn(A)) usually has a

distinct L-shape, and the vertical and horizontal parts of the L-curve correspond to over-
regularization and under-regularization, the corner point of the L-curve is seen as a good
estimate of the regularization parameter. This corner point is automatically computed by
choosing the maximum point of the curvature x(A) of the plot (log o(1),log (1)) .




4 NUMERICAL AND EXPERIMENTAL RESULTS

In this section, a numerical example is introduced to show the performance of the
proposed methods. The pipe length is [ =1km and the pipe diameter is D=0.2 m. The
wave speed is a =1000m/s. Let the coordinates of the upstream and downstream nodes
be x=0and x=1000 m. A leak is assumed to locate at x =300 m and the leak size is
CiA" =3x10"*m?2

A transmitter and a pressure sensor are both located at the downstream node x =1000 m.
A PRBS signal is emitted by the transmitter, it propagates along the pipe and is measured
by the sensor. Both the signal emission and the measurement last T =80s. The wave
propagation is simulated via the Method of Characteristics (MoC) [26], where the grid
lengths in space and in time are Ax =10m and At =0.01s. Figure 2 (a) shows the input
signal of the first two seconds, while Figure 2 (b) displays the output signal for 0-20 s.

(a) input signal
T T
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Figure 2. Normalized (a) input signal (PRBS) and (b) output signal at the downstream
end of the pipe.

SVD is done for the matrix X where N =8000 ; the singular values in descending order
normalized by the maximum are shown in Figure 3, which tends to 0 at around 7000-th
singular value, meaning that the LS deconvolution is an ill-posed inverse problem. Here,
the GCV and L-curve methods are used to regularize this problem. In fact, the IRF can
also be obtained from the cross-correlation method [11]:

R,(t)= % ix[i]y[i +1]. (8)

Note that in order for Eq. (8) to be used as a valid estimate of the IRF, the signal is
needed to be broadband, i.e, the spectrum of the input function is flat within the
considered frequency range. In this section, numerical results of IRF estimation using
four methods are compared, i.e., the cross-correlation method (Eq. (8)), LS without



regularization (A =0 in Eq. (5)), GCV, and L-curve. Figure 4 shows the normalized
reconstructed IRF. Here, independent and identically distributed Gaussian random noise
is added to the measurement and the signal-to-noise ratio (SNR) is 10 dB. Note that the
reference signal in the definition of SNR is the average of the output signal, instead of
the signal drop due to leak in Refs. [3,14,15]. It can be seen from Figure 4 that the LS
without regularization returns a very noisy IRF estimate that the leak cannot be localized.
By contrast, from the results of the other three methods, the jump in the IRF due to leak
can be clearly observed and GCV returns a less noisy IRF estimate.

Singular values
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Figure 3. Singular values o, in descending order of X, normalized by their maximum

value o; .

In order to detect a leak, the error of IRF estimate must be much lower than the jump in
IRF due to wave reflection at the leak. For example, as can be seen in Figure 4 where the

leak size is C*A" =3x10™* m?, the jump corresponding to the reflection at the leak is 0.2.

For a larger leak, the jump in IRF increases, for example if C*A" =107 m? the height of
jump is approximately 0.8 (we numerically test this case but the result is not shown in the
present paper), such that the leak detection tolerates a higher IRF estimation error and a
higher noise level. However, in order to detect a small leak which is the main concern of
the leak detection problem, an IRF extraction method with error as low as possible is
desirable.

Finally, let us revisit the results shown in Figure 1 that uses the experimental data in Ref.
[12]. Here, the cross-correlation, GCV and L-curve methods are used to extract the IRF;
the corresponding results are shown in Figure 5. In this case, the cross-correlation
method returns a very noisy result. The Tikhonov regularization parameters A decided by
GCV and L-curve are respectively 20 and 210. The fluctuations in the results of GCV
and L-curve are relatively small comparing with the main reflection at the boundary. In
particular, L-curve returns almost the optimal results in the sense of least fluctuation in
IRF estimation, which can be observed by comparing Figure 5(c) with Figure 1. Note
that different from the random noise added in the previous simulation example, model
uncertainties appear in real experiments, for example the corner sharpness of the PRBS
signal. Tikhonov regularization is able to deal with uncertainties while the cross-
correlation method seems to only cancel random noises.



5 CONCLUSION

This paper proposes the generalized cross validation (GCV) and L-curve methods to
decide the optimal Tikhonov regularization parameter in the least square (LS)
deconvolution method for impulse response function (IRF) extraction of water pipeline.
The methods proposed in this paper are also compared with the cross-correlation method.
The performance of these methods is evaluated by the estimation of IRF with pseudo
random binary sequence (PRBS) input signal. The numerical and experimental results
show that the choice of IRF extraction method is important. The availability of the
proposed methods is also justified by experimental data.
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Figure 4. Estimation of IRF normalized by its maximum value. SNR=10 dB.
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Figure 5. Impulse response function obtained from the Eq. (5) using the cross-
correlation, GCV and L-curve methods.
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