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VORTICITY AND STREAM FUNCTION FORMULATIONS FOR THE 2D
NAVIER-STOKES EQUATIONS IN A BOUNDED DOMAIN

JULIEN LEQUEURRE AND ALEXANDRE MUNNIER

ABSTRACT. The main purpose of this work is to provide a Hilbertian functional framework for the analysis
of the planar Navier-Stokes (NS) equations either in vorticity or in stream function formulation. The fluid is
assumed to occupy a bounded possibly multiply connected domain. The velocity field satisfies either homoge-
neous (no-slip boundary conditions) or prescribed Dirichlet boundary conditions. We prove that the analysis
of the 2D Navier-Stokes equations can be carried out in terms of the so-called nonprimitive variables only
(vorticity field and stream function) without resorting to the classical NS theory (stated in primitive variables,
i.e. velocity and pressure fields). Both approaches (in primitive and nonprimitive variables) are shown to be
equivalent for weak (Leray) and strong (Kato) solutions. Explicit, Bernoulli-like formulas are derived for recov-
ering the pressure field from the vorticity fields or the stream function. In the last section, the introduction of
suitable function spaces leads to a simplified rephrasing of the vorticity dynamics, as introduced by Maekawa
in [52]. At this level of regularity, the vorticity equation splits into a coupling between a parabolic and an
elliptic equation corresponding respectively the non-harmonic and harmonic parts of the vorticity equation.
New existence and uniqueness results are obtained for the related system.
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1. INTRODUCTION

The NS equations stated in primitive variables (velocity and pressure) have been received much attention
since the pioneering work of Leray [44] [46] [45]. Strong solutions were shown to exist in 2D by Lions and
Prodi [50] and Lions [47]. Henceforth, we will refer for instance to the books of Lions [48, Chap. 1, Section 6],
Ladyzhenskaya [42] and Temam [63] for the main results that we shall need on this topic.

In 2D, the vorticity equation provides an attractive alternative model to the classical NS equations for
describing the dynamics of a viscous, incompressible fluid. Thus it exhibits many advantages: It is a nice
advection-diffusion scalar equation while the classical NS system, although parabolic as well, is a coupling
between an unknown vector field (the velocity) and an unknown scalar field (the pressure). However the lack
of natural and simple boundary conditions for the vorticity field makes the analysis of the vortex dynamics
troublesome and explains why the problem has been addressed mainly so far in the case where the fluid
occupies the whole space. In this configuration, a proof of existence and uniqueness for the corresponding
Cauchy problem assuming the initial data to be integrable and twice continuously differentiable was first
provided by McGrath [54]. Existence results were extended independently by Cottet [12] and Giga et al. [25]
to the case where the initial data is a finite measure. These authors proved that uniqueness also holds when
the atomic part of the initial vorticity is sufficiently small; see also [34]. For initial data in L!(R?), the Cauchy
problem was proved to be well posed by Ben-Artzi [5], and Brézis [9]. Then, Gallay and Wayne [22] and
Gallagher et al. [I7] proved the uniqueness of the solution for an initial vorticity that is a large Dirac mass.
Finally, Gallagher and Gallay [I8] succeeded in removing the smallness assumption on the atomic part of the
initial measure and shown that the Cauchy problem is globally well-posed for any initial data in M (R?).

As explained in [26, Chap. 11, §2.7], the vorticity equation (still set in the whole space) provides an
interesting line of attack to study the large time behavior of the NS equations. This idea was exploited for
instance by Giga and Kambe [24], Carpio [10], Gallay et al. [21 20, 22, [19] and Kukavica and Reis [40].

Among the quoted authors above, some of them, such as McGrath [54] and Ben-Artzi [5] were actually
interested in studying the convergence of solutions to the NS equations towards solutions of the Euler equations
when the viscosity vanishes. This is a very challenging problem, well understood in the absence of solid
walls (that is, when the fluid fills the whole space) and for which the vorticity equation plays a role of
paramount importance. In the introduction of the chapter “Boundary Layer Theory” in the book [59], Lighthill
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argues that To explain convincingly the existence of boundary layers, and, also to show what consequences of
flow separation (including matters of such practical importance as the effect of trailing vortex wakes) may be
expected, arguments concerning vorticity are needed. More recently, Chemin in [T1] claims The key quantity
for understanding 2D incompressible fluids is the vorticity. There exists a burgeoning literature treating
the problem of vanishing viscosity limit and we refer to the recently-released book [26, Chap. 15] for a
comprehensive list of references. When the fluid is partially of totally confined, the analysis of the vanishing
viscosity limits turns into a more involved problem due to the formation of a boundary layer. In this case,
the vorticity equation still plays a crucial role: In [33], Kato gives a necessary and sufficient condition for the
vanishing viscosity limit to hold and this condition is shown by Kelliher [35], 36, B8] to be equivalent to the
formation of a vortex sheet on the boundary of the fluid domain.

In the presence of walls, the derivation of suitable boundary conditions for the vorticity was also of prime
importance for the design of numerical schemes. A review of these conditions (and more generally on stream-
vorticity based numeral schemes), can be found in [23], [29], [14] and [56]. However, it has been actually well
known since the work of Quatarpelle and co-workers [57, BT, B2 [16], B} [§], that the vorticity does not satisfy
pointwise conditions on the boundary but rather a non local or integral condition which reads:

(1.1) for all h € 9, / whdx =0,
_F

where F is the domain of the fluid and § the closed subspace of the harmonic functions in L?(F) (see also [6]
Lemma 1.2]). Anderson [I] and more recently Maekawa [52] propose nonlinear boundary conditions that will
be shown to be equivalent (see Section [§]) to:

(1.2) for all h € $, / (—vAw+u-Vw)hdz =0,
.F

where v > 0 is the kinematic viscosity and u the velocity field deduced from w via the Biot-Savart law.
Providing that w is a solution to the classical vorticity equation, Equality is nothing but the time
derivative of .

Starting from , the aim of this paper is to provide a Hilbertian functional framework allowing the
analysis of the 2D vorticity equation in a bounded multiply connected domain. The analysis is wished to
be self-contained, without recourse to classical results on the NS equations in primitive variables. We shall
prove that the analysis can equivalently be carried out at the level of the stream function. Homogeneous and
nonhomogeneous boundary conditions for the velocity field will be considered and explicit formulas for the
pressure will be derived.

2. GENERAL SETTINGS

The planar domain F occupied by the fluid is assumed to be open, bounded and path-connected. We
assume furthermore that its boundary ¥ can be decomposed into a disjoint union of C!! Jordan curves:

(2.1) D= ( CJ 2,;) ust.
k=1

The curves ;. for k € {1,...,N} are the inner boundaries of F while X" is the outer boundary. On X
we denote by n the unit normal vector directed toward the exterior of the fluid and by 7 the unit tangent
vector oriented in such a way that 74 = n (see Fig. [I). Here and subsequently in the paper, for every
x = (71, 72) € R?, the notation xt is used to represent the vector (—za,1).

Let now T be a positive real number and define the space-time cylinder Fr = (0,7") x F, whose lateral
boundary is X7 = (0,7) x X. The velocity of the fluid is supposed to be prescribed, equal on Y1 to some
vector field b satisfying the compatibility condition:

(2.2) /zb -nds =0 on (0,7).

The density and the dynamic viscosity of the fluid, denoted respectively by g and pu, are both positive constants.
The flow is governed by the Navier-Stokes equations. Introducing u the Eulerian velocity field and 7 the (static)
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FIGURE 1. The domain of the fluid: an open, C*' and N—connected open set.

pressure field, the equations read:

V-u=0 in ]:T
2.3¢) u="b onXp
2.3d) u(0) = ' in F.

1
2.3a) Owu + wut — vAu + V(p + 2|u|2> =f inFpr
)

In this system v = u/p is the kinematic viscosity, %Q|u|2 is the dynamic pressure, p = 7/p, f is a body force,
u! is a given initial condition and w the vorticity field defined as the curl of «, namely:

(2.4) w=Vt.u in Fr.

2.1. The NS system in nonprimitive variables. The Helmholtz-Weyl decomposition of the velocity field
(see [27, Theorem 3.2]) leads to the existence, at every moment ¢, of a potential function ¢(t,-) and a stream
function ¥(t, ) such that:

(2.5) u(t,") = Ve(t,) + V*ib(t,-)  in F.

The potential function (also referred to as Kirchhoff potential) depends only on the boundary conditions
satisfied by the velocity field of the fluid. It is defined at every moment ¢ as the solution (unique up to an
additive constant) of the Neumann problem:

(2.6) Ap(t,:)=0 inF and gﬁ(t, ) =0b(t,-)-n on 3.
n

The stream function 1) in ([2.5)) vanishes on X7 and is constant on every connected component ¥ (G=1...,N)
of the inner boundary ¥ ~. Moreover, it satisfies:

oy
on
Forming, at any moment, the scalar product in L?(F) (the bold font notation L?(F) stands for L?(F;R?)) of

([2.3a) with V16 where 6 is a test function that vanishes on X7 and is constant on every ¥, we obtain (up
to an integration by parts):

(2.7) AY(t,) =w(t,r) inF  and (t,-)=—[b(t,") = Ve(t,)] -7 on X for all ¢ > 0.

(2.8) (/ V@ﬂ/}-V&dx—i—/ wu~V6‘dx) —1// Vo.wV@dxz/ V- VOdx on (0,7).
F F F F

In this equality, the force field f(t,-) has been decomposed according to the Helmholtz-Weyl theorem:
f(t,-) = Vp(t,) + VEgs(t,)  forallt > 0.
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Integrating by parts again the terms in (2.8]), we end up with the system:

(2.9a) Ow+u-Vw —vAw = fy in Fr

d Ow o 61/)f -
(2.9b) —dt<Ekb-7ds>+/2kw(b~n)ds—u/2k8nd8—/k i ds on (0,7), k=1,...,N,
(2.9¢) w(0) = w! in F,

where fy = Aty and the initial condition w' is the curl of w' in (2.3d)). To be closed, System (2.9) has to be
supplemented with the identities ([2.5)), (2.6) and (2.7).

Remark 2.1. The N equations (that will be termed “Lamb’s fluxes conditions” in the sequel) cannot
be derived from (this is well explained in [32] Remark 3.2]). They control the mean amount of vorticity
produced on the inner boundaries. Such relations can be traced back to Lamb in [43] Art. 328a] (see also [63]
for more recent references), where in a two-dimensional viscous flow the change of circulation along any curve
is given by:

Dr ow q

Dt ) an

At this point, the lack of boundary conditions for w might indicate that System is unlikely to be

solved. Indeed, seeking for an a priori enstrophy estimate (enstrophy is the square of the L?(F) norm of the
vorticity), we multiply by w an integrate over F, but shortly get stuck with the term:

(2.10) / Aww dz,
F

that cannot be integrated by parts. The other sticking point is that the boundary value problem (2.7) permit-
ting the reconstruction of the stream function from the vorticity is overdetermined since the stream function
has to satisfy both Dirichlet and Neumann boundary conditions on Y. All these observations are well known.

2.2. Some leading ideas. Before going into details, we wish to give some insights on how the aforementioned
difficulties can be circumvented. To simplify, we shall focus for the time being on the case of homogeneous
boundary conditions (i.e. b = 0) and of a simply connected fluid domain (i.e. ¥ = X1). The latter assumption
leads to the disappearance of the equations in the system.

The first elementary observation, that can be traced back to Quartapelle and Valz-Gris in [57], is that a
function w defined in F is the Laplacian of some function ¢ if and only if the following equality holds for every

harmonic function h:
0
/ whdz =/ (T/J‘ —ADN¢|E) hls ds,
r s\ Onls

where the notation Apy stands to the Dirichlet-to-Neumann operator. Introducing $), the closed subspace of
the harmonic functions in L?(F), we deduce from this assertion that:

(2.11) AHZ(F) =98t in L*F).
We denote by Vj the closed space $ and decompose the space L?(F) into the orthogonal sum

(2.12) L*(F) =V, & 9.

This orthogonality condition satisfied by the vorticity plays the role of boundary conditions classically expected
when dealing with a parabolic type equation like (2.9a). The authors in [57] and in [31I] do not elaborate on
this idea and instead of deriving an autonomous functional framework for the analysis of the vorticity equation

(2.9a)), System (2.9) is supplemented with the identity:
w(t, ) = A(t,-) in F  forallte(0,T),
and some function spaces for the stream function are introduced. However, as it will be explained later on, the

dynamics of the flow can be dealt with with any one of the nonprimitive variable alone (vorticity or stream
function) by introducing the appropriate functional framework.
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Let us go back to the splitting . The orthogonal projection onto $) in L?(F) is usually referred to
as the harmonic Bergman projection and has been received much attention so far. The Bergman projection,
as well as the orthogonal projection onto Vj, denoted by P in the sequel, enjoys some useful properties (see
for instance [4], [62] and references therein). In particular, P maps continuously H*(F) onto H*(F) for every
nonnegative integer k, providing that ¥ is of class C¥+1:1. This leads us to define the spaces V; = PH}(F),
which is therefore a subspace of H!(F). We denote by Py the restriction to H}(F) of the projection P. A
quite surprising result is that Py : H}(F) — V; is invertible and we denote by Q; its inverse. The operator Q;
will be proved to be the orthogonal projector onto Hg(F) in H'(F) for the semi-norm ||V - [r2(z). The space
V1 is next equipped with the scalar product

(wi,w2)v, = (VQuwi, VQiwa)r2(F), wi,wz € V1,

and the corresponding norm is shown to be equivalent to the usual norm of H'(F). Since the inclusion
H}(F) C L*(F) is continuous, dense and compact, we can draw the same conclusion for the inclusion V; C Vj.
Identifying V with its dual space by means of Riesz Theorem and denoting by V_; the dual space of V;, we
end up with a so-called Gelfand triple of Hilbert spaces (see for instance [7, Chap. 14]):

VicVyCV_y,

where V is the pivot space. With these settings, it is classical to introduce first the isometric operator
AY : V4 — V_ defined by the relation:

<A¥w1,w2>vfl,vl = (w1,w2)v, for all wi,ws € V1,

and next the space V5 as the preimage of Vi by AY. The space V5 is a Hilbert space as well, once equipped
with the scalar product

(wi,w2)y, = (Ale,Ang)vo for all wi,wy € Vo,
and the inclusion Vo C V; is continuous dense and compact. We denote by AY the restriction of A} to V5 and
classical results on Gelfand triples assert that the operator AY is an isometry from V5 onto Vy. The crucial
observation for our purpose is that, providing that X is of class C31:

0
ng{weHz(}")ﬂVl : 870} E:ADNW|E} and Agw:—Aw for every w in V5.
n
In particular, every vorticity in V5 has zero mean flux through the boundary . Denoting by Vjo the preimage
of Vj, by AY for every integer k > 1, we define by induction a chain of embedded Hilbert spaces Vj, whose dual

spaces are denoted by V_j. Each one of the following inclusion is continuous dense and compact:
o CVem VgV co..cicWyc Vo o . CVopgp1 CVp C Vo1 C e

We define as well isometries A,‘g/ : Vi — Vi_o for all the integers k. This construction is made precise in
Appendix [A] It supplies a suitable functional framework to deal with the linearized vorticity equation. Thus,
we shall prove in the sequel that for every T > 0, every integer k, every fi € L?(0,T;Vj_1) and every w' in
V. there exists a unique solution

(2.13a) we HY0,T; V1) N C(0,T); Vi) N L2(0, T; Viy 1),
to the Cauchy problem:

(2.13b) Orw + VA,‘C/Jrlw = fy in Fr

(2.13c) w(0) =w' in F.

Let us go back to the problem of enstrophy estimate where we got stuck with the term (2.10]). At the level of
regularity corresponding to k = 0 in ([2.13)) for instance, we obtain:

1d
2dt
By definition [jwl|}, = [lwl|7. (7)» Which is the expected quantity but the second term in the left hand side is

(2.14) lwll, +vlwllf, = (fv,whviy,  on (0,7).

w||?2. = |[VQiw||?., £, whereas one would naively expect |[Vw||?., . We recall that Q; is the orthogonal
Vi L2(F) L2(F)
projection onto Hg(F). So now, instead of multiplying (2.9a]) by w, let multiply this equation by Q;w, whose
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trace vanishes on X, and integrate over F. The term ([2.10) is replaced by a quantity that can now be integrated
by parts. Thus:

[ Aeudr = ~(Vu, VQuwa = ~ IV Qo) = ol
On the other hand, regarding the first term in ([2.9al), we still have (at least formally):

anwdx:/awwdm—f—/ w2dx
/ft 1 K =y

because w is orthogonal in L?(F) to the harmonic functions and Q;w and w differ only up to an harmonic func-
tion. To sum up, in the enstrophy estimate, the natural dissipative term is not ||Vw||%2(f) but ||VQ1w||%2(]_-).

Notice that, since Q; is the orthogonal projector onto H{ (F):

||VQ1w||L2(}-) HVW||L2 for all w € H(F).
Defining the lowest eigenvalue of A" by means of a Raylelgh quotient:
wl|? VQuuw||3
(2.15) Ar = min & — mi “w’
2 Tl ~ 28 Tl

the following Poincaré-type estimate holds true:
)\f||w||%/0 < ||w||%/1 for all w € V7,

and classically leads with (assuming that fiy = 0 to simplify) and Gronwall’s inequality to the estimate:
lw®llve < llllvee™?7*  t=0,

where the constant Ar is optimal. This constant governing the exponential decay of the solution is actually
the same at any level of regularity. Thus, the solution to (2.13]) (with 8 = 0) satisfies for every integer k:

lw®llvi < w7, t=0.

Remark 2.2. Kato’s criteria for the existence of the vanishing viscosity limit in [33] and rephrased in terms
of the vorticity by Kelliher in [36] will be shown to be equivalent to the convergence of w¥ toward w in the space
V_1 (w¥ stands for the vorticity of NS equations with vorticity v and w is the vorticity of Euler equations).
Some care should be taken with the space V_1 because it is not a distribution space, what may result in some
mistakes or misunderstandings (we refer here to the very instructive paper of Simon [61] ).

As mentioned earlier, the analysis of the dynamics of the flow can as well be carried out in terms of the
sole stream function. It suffices to introduce the function spaces Sy = HE(F) and S; = HZ(F). The inclusion
S1 C Sp being continuous dense and compact, the configuration S; C Sy C S_1 (with S_; the dual space of
S1) is a Gelfand triple where Sy is the pivot space. We proceed as for the vorticity spaces and define a chain
of embedded Hilbert spaces S, and related isometries AS Sk — Sk_o for every integer k (we refer again to
Appendix [A] H for the details). In particular, providing that ¥ is of class C%1, we will verify that:

So=H3F)NHZF) and ASyp=-QAy  forallycS,.
The counterpart of the Cauchy problem , restated in terms of the stream function is:
(2.16a) o + VA b = fs in Fr
(2.16b) Y(0) =¢' in F.
For every T > 0, every integer k, every fs € L?(0,T;Sk_1) and every ¢! in Sg, this problem admits a unique
solution:
(2.16¢) ¥ € H'(0,T;S,-1) NC([0,T]; S) N L*(0, T Sg11),

which satisfies in addition the exponential decay estimate (assuming that fs = 0 to simplify):

() ||s, < |95, e " forallt >0

The constant Az is defined in (2.15) and is therefore the same as the one governing the exponential decay of
the enstrophy.
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The solution to problem ([2.13) can easily be deduced from the solution to problem (2.16) and vice versa.
Indeed, for every integer k, the operator:
Ak:¢65k+1l—>AwEVk,
can be shown to be an isometry. Thus, let be given T' > 0 and consider
o w e HY0,T;Vk_1) NC([0,T); Vi) N L*(0,T; Vik41) the unique solution to Problem (2.13)) for some
integer k, some initial condition w' € V} and some source term fi- € L?(0,T; Vi_1);
oy € HY(0,T; Sk —1) NC([0,T); Syr) N L23(0,T; Sys11) the unique solution to Problem (2.16)) for some
integer k', some initial condition ' € Sy and some source term fg € L2(0,T; Sk _1).
Providing that ¥ = k + 1, we claim that both following assertions are equivalent:
(1) w=Agy;
(2) wi = Akl/}i and fv = Akflfs.
If we take for granted that the operators Py : Sp_1 — Vi and Qi : Vi — Si_1 can be defined at any level of
regularity in such a way that Py extend Py if k < k' and Q; = P,;l, we can show that the diagram in Fig.
commutes and all the operators are isometries.

Alte
Vit2 Vi
Ag
P2 Qr2 Pk Qk
Af+l
Skt1 Sk—1

FIGURE 2. The top row contains the spaces Vj for the vorticity fields while the bottom row
contains the stream function spaces Si. The operators A,‘c/ and Af appears in the Cauchy prob-
lems and respectively. The operators Ay link isometrically the stream functions
to the corresponding vorticity fields.

To accurately state the equivalence result between Problems (2.13) (Stokes problem in vorticity variable),
(2.16)) (Stokes problem in stream function variable) and the evolution homogeneous Stokes equations in primi-
tive variables, it is worth recalling the functional framework for the Stokes equations by introducing the spaces:

(2.17a) Jo={ueL*F): V-u=0inF and u|s -n =0},
(2.17b) Ji={ueH'(F): V-u=0in F and u|s = 0},
whose scalar products are respectively:
(2.17¢) (u1,u2)3, = / uy - ug dx for all uy,us € Jg,
_7:
(2.17d) (u1,u2)3, = / Vug : Vug dx for all uy,us € Jy.
F

The inclusion J; C Jg being continuous dense and compact, from the Gelfand triple J; C Jy C J_; we can
define a chain of embedded Hilbert spaces J; and isometries A‘,! : Jg — Jg_o for every integer k. Providing
that ¥ is of class C!'!, it can be shown in particular that:

Jo=J,NnH*(F) and AJ=-IA,
where 1y : L?(F) — Jo is the Leray projector. For every T' > 0, every integer k, every fy € L?(0,T;Jj_1)
and every u! in Jy, it is well known that there exists a unique solution

uw€ HY0,T;J,_1)NC([0,T); Ip) N L2(0,T; Tpi1),
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to the Cauchy problem:
(2.18a) du+ VAL u=fy in Fr
(2.18Db) u(0) = in F.

The operator:
Vi eSpyr— Vi eJypy,
will be proved to be an isometry for every integer k. It allows us to link Problem (2.18) to the equivalent
problems ([2.13)) and (2.16)). More precisely, let be given T' > 0 and consider
o u € HY0,T;J,_1) NC([0,T);Ix) N L?(0,T;Jx11) the unique solution to Problem (2.13)) for some
integer k, some initial condition u! € J; and some source term fy € L2(0,T;J5_1);
oy € HY(0,T; Sk —1) NC([0,T); Syr) N L3(0,T; Sys11) the unique solution to Problem (2.16) for some
integer k', some initial condition ' € Sy and some source term fg € L%(0,T; Sk/_1).
Providing that k' = k, we claim that both following assertions are equivalent:
(1) u= Vi
(2) u' = Vil and f3 = Vit | fs.
To conclude this short presentation of the main ideas that will be further elaborated in this paper, it is
worth noticing that, contrary to what happens with primitive variables, the case where F is multiply connected

is notably more involved than the simply connected case. The same observation could still be came across in
the articles of Glowinski and Pironneau [28] and Guermond and Quartapelle [31].

2.3. Organization of the paper. The next section is devoted to the study of the Stokes operator in non-
primitive variables (namely the operators A} and A7 mentioned in the preceding section). The expression of
the Biot-Savart law is also provided. Then, in Section |4l lifting operators (for both the vorticity field and the
stream function) are defined. They are required in Section [5| for the analysis of the evolution Stokes problem
(in nonprimitive variables) with nonhomogeneous boundary conditions. The NS equations in nonprimitive
variables is dealt with in Section [6] where weak and strong solutions are addressed. Explicit formulas to re-
cover the pressure from the vorticity or the stream function are supplied in Section [/} The existence of more
regular vorticity solutions is examined in Section [§] and in Section [J] we conclude with providing some insights
on upcoming generalization results for coupled fluid-structure systems.

3. STOKES OPERATOR

3.1. Function spaces. Let ¥ stands for either ¥ or Xy for some j € {1,..., N}. Providing that Xy is of

class C*1 (k being a nonnegative integer), it makes sense to consider the boundary Sobolev space H**2 ()
and its dual space H =32 (3,). Using L%(3o) as pivot space, we shall use a boundary integral notation in
place of the duality pairing all along this paper. More precisely, we adopt the following convention of notation:

(3.1) <gl792>H—k—%(20)7Hk+%(20) = /2 g192ds for all g1 € H’k’%(EO) and g € H’”%(Eo).
0

In particular, following this rule:

(9, 1>H’k’%(20),H"+%(20) = /Z gds  forall € H""2(X).

0

Fundamental function spaces. For every nonnegative integer k, we denote by H"(F) the classical Sobolev
spaces of index k and we define the Hilbert spaces:

(3.2a) So={Y € HY(F) : Y|lg+ =0 and |y =c¢;, ¢ €R, j=1,...,N},

(3.2b) Sy = {1/) € SoN H*(F) : W o},

" onls
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provided with the scalar products:

(3.2¢) (V1,92)s, = (V1, Vib2)L2(5) for all 11,12 € So,
(3.2d) (V1,%2)s, = (A1, Athg) oy for all ¥y, 1hs € 5y.
The norm || - ||s, is equivalent in Sy to the usual norm of H(F). For every j = 1,..., N, we define the

continuous linear form Tr; : ¥ € Sy — 9|, € R and the function {; as the unique solution in Sy to the
J

variational problem:

(3.3a) (&,0)s, +Tr;6 =0 for all 6 € Sp.

The functions {; are harmonic in F and obey the mean fluxes conditions:

(3.3b) / a§Jc1 =—0F fork=1,...,N,

where 6;“ is the Kronecker symbol. We denote by Fg the N dimensional subspace of Sy spanned by the functions
& (j=1,...,N) that will account for the fluxes of the stream functions through the inner boundaries. Notice

that the Gram matrix ((fj, fk)go) LN is invertible and equal to the matrix of the traces (— Trkgj)Kj RN

Therefore, by means of a Gram-Schmidt process, we can derive from the free family {¢;, j = 1,..., N}, an
orthonormal family in Sy, denoted by {éj7 j =1,...,N}. The space Sy admits the following orthogonal
decomposition:

1L
(3.4) So = H}(F) ©Fs.

In Sy, the norm || - ||s, is equivalent to the usual norm of H?(F). For every j =1,..., N, we denote by y; the
unique solution in S; such that:

0AX; ds —

(3.5) A’y;=0 inF  and /7 o

—&f  fork=1,...,N,

where the normal derivative of Ax; is in H -3 (X4) (see the convention of notation (3.1))). We denote by Bg
the N dimensional subspace of S; spanned by the functions x;. The Gram matrix ((Xja Xk)sl)1<j.k<N being

invertible and equal to the matrix of traces (Trij)l <jh<n We infer that:

2 1
(3.6) Si = H2(F) & Bs.

In L%(F), we denote by § the closed subspace of the harmonic functions with zero mean flux through every
connected part X7 of the inner boundary (j = 1,..., N), namely:

(3.7) H= {h € L2(F) : Ah=0in D(F) and (h, Ax)pam =0, j=1,... ,N}.
The space L%(F) admits the orthogonal decomposition:
2 x L
(3.8) L*(F)=9®Vy where Vy=9€".
It results from the following lemma that the space Vj is the natural function space for the vorticity field.

Lemma 3.1. The operator Ag : ¢ € S1 — Ay € Vjy is an isometry.

Proof. Let w be in V and denote by ¢0 the unique function in HE(F) N H?(F) satisfying Ay = w. On the
other hand, using the rule of notation , the function

ho=h- Z(/ @hds)@,

is in the space ! = $ N H!(F) providing that h is a harmonic function in H*(F). It follows that:
N

0 0 0
(W, ho)r2(F) = (Atho, ho) r2(r) = /z %ho ds = /z [;)no - (/z ﬂﬁ] ) gj]hd =0.

j=1
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Since every element in H2(X) can be achieved as the trace of a harmonic function in H'(F), the equality

above entails that: v

o Mo ; 0%, Nt
— = ——¢&ids | =2 H™2(%).
on ;(/Z 8n§] ) on 1n (%)
We are done by noticing now that the function:
N
Mo 2 :
w:wo—2< anffds> &,
j=1 \E
is in S7 and solves Ay = w. Uniqueness being straightforward, the proof is then complete. O
The Bergman projection and its inverse. Considering the orthogonal splitting (3.8)) of L?(F), we denote by P
the orthogonal projection from L?(F) onto V{ while the notation P+ will stand for the orthogonal projection
onto $. When the domain F is simply connected, the operator Pt is referred to as the harmonic Bergman

projection and has been extensively studied (see for instance [4], [62] and references therein). The projector P
(and also P+ which we are less interested in) enjoys the following property:

Lemma 3.2. Assume that ¥ is of class C¥*t1 for some nonnegative integer k, then P (and P+ ) maps H*(F)
into H*(F) and P, seen as an operator from H*(F) into H*(F), is bounded.

Proof. Let u be in L?(F). The proof consists in verifying that
N

Pu = Awg + Z(Akau)L2(]:)AXk7
k=1

where the functions wg belongs to H3(F) and satisfies the variational formulation:
(39) (A’wo, Aeo)LQ(]_‘) = (U, Aeo)l;(}'), for all 8y € Hg(f)

The conclusion of the Lemma will follow according to elliptic regularity results for the biharmonic operator
stated for instance in [27, Theorem 1.11]. By definition:

1
Pu:argmin{/ |v —u|*da : UEVO}.
2J)F

According to Lemma there exists a unique w € S; such that Pu = Aw and:
1
w = argmin{/ |A0 —ul?dx : 6 € Sl}.
2JF

Owning to the orthogonal decomposition (3.6]), the function w can be decomposed as:

N
w = wp + Z Ok Xk
k=1
where wg € HZ(F) and (ay,...,ay) € RY are such that:

N
.1 2
(wo,al,...,aN):argmm{Q/ ’AGO—F E ﬂkAXk—u’ dz : (6o, B1,...,8n) € HF(F) XRN}.
F k=1

It follows that wp solves indeed the variational problem (3.9) and oy = (Ax,u)r2(F) for every k =1,..., N.
O

Remark 3.3. The following observations are in order:

(1) The harmonic Bergman projection is quite demanding in terms of boundary regularity, and one may
wonder if the assumption on the regularity of ¥ is optimal in the statement of Lemma[3.3 Focusing
on the case k = 0, the definition of the space §) requires defining the fluz of harmonic functions through
the connected parts of ¥~. The normal derivative of harmonic functions in L*(F) can be defined as
elements of Hfg(E). However, it requires the boundary to be C1'1 (see [30, page 54]), which is the
default level of regularity assumed for the domain F throughout this article.
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(2) For every u € L?(F), the function Pu belongs to $) and therefore admits a normal trace on every Dy
(G =1,...,N) in H*%(Ej_), We deduce that, when u belongs to H?(F), the fluzes of u across the
parts X7 (j =1,...,N) of the boundary are conserved by the projection P, namely:

P
Mds= 8—uds forallj=1,... N,
E; 871 2; 8TL

where OPu/dn belongs to H_%"’k(Zj_) providing that ¥} is of class CFLI for k=0,1,2.

Let us define now the operator:
(3.10) Q:ue€ HY(F)— Qu= argmin{/ VO — Vu|?>dz : 0 € So} € So.
f

The variational formulation corresponding to the minimization problem reads:
(311) (VQU, VG)L2(]:) = (Vu, VG)LQ(]:) for all 0 € S(),

what means that Qu is the unique function in Sy that satisfies AQu = Au in F. Denoting Q- = Id — Q, this
entails that Qtu is harmonic and choosing xx (k = 1,...,N) as test function in (3.11)) and integrating by
parts, we obtain:

(Qlu’aAXk)Lz(]:) :Oa k= 1a"'7N7

whence we deduce that QLu lies in $!. Besides, there exists real coefficients a; such that the function:

N
up = Qu — Zajxj,
j=1
belongs to Hj (F) because the Gram matrix ((x;, Xk)Sl)Kj w<n 18 invertible and equal to the matrix of traces
(Tij)1<j wen- 1t follows that for every h € Hl:

N
(3.12) (VQu, Vh)r2(r) = (Vuo, Vh)r2(z) — Y aj(h, Ax;)2(x) = 0.

j=1
So the operators P and Q are both orthogonal projections whose kernels are harmonic functions (§) for P and
$H! for Q) but for different scalar products. They are tightly related, as expressed in the next lemma, the
statement of which requires introducing a new function space. Thus, we define V; as the image of Sy by P and
we denote by P the restriction of P to Sy. It is elementary to verify that

P1:SO—)‘/1

is one-to-one. We denote by Q; the inverse of P;. The space V; is then provided with the image topology,
namely with the scalar product:

(wi,w2)v; = (Quwi, Quwa)s, = (VQuwi, VQiws) 2 (F) for all wi,wq € V7.
Observe that since H(F) = Sp & H', we have also V; = PH!(F).

Lemma 3.4. If X is of class C*', Vi is a subspace of H'(F), Q1 is the restriction of Q to Vi and the topology
of V1 is equivalent to the topology of H(F).

Proof. According to Lemma if ¥ is of class C*!, the space V; is a subspace of H!(F) and P is bounded
from Sy onto V; (seen as subspace of H!(F)). The operator Py : Sy — Vi being bounded and invertible, it is
an isomorphism according to the bounded inverse theorem. Moreover, for every 1 be in Sy:

QP1Y = Qv + (P1Y —¢)) = QU+ Q(P1¥ — ¥) = Q¥ = 7,

since the function P11 — 1 is in $'. The proof is now complete. O

Remark 3.5. When X is only of class CY', Vi is a subspace of Sy + 9. In particular, every element of Vy
has a trace on Y in the space H==(X). This trace is in H2(X) when X is of class C>'.
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Further scalar products. For every nonnegative integer k, we define $*¥ = N H*(F). Assuming that ¥ is of
class C*~11, the space H* is provided with the scalar product:

(h1, h2)ge = (hils, ha|s)

It would sometimes come in handy to provide H'(F) with a scalar product that turns Q into an orthogonal
projection. To do that, it suffices to define:

a4 for all hy, he € HF.

(3.13a) (u1,u2) 31 = (Qui, Qua)s, + (Qlur, Qtug) e for all uy,us € H(F).
Similarly, the scalar product:
(3.13b) (u1,u2) ¥ = (Puy, Pug)y, + (Pruy, Prug) g for all ui,uy € H'(F),

turns the direct sum H(F) = V; @ $' into an orthogonal sum.

3.2. Stokes operator in nonprimitive variables. The inclusion S; C Sy is clearly continuous dense and
compact. Identifying the Hilbert space Sy with its dual and denoting by S_; the dual space of S, we obtain
the Gelfand triple:

(3.14) Sy C Sy CS_q.

Following the lines of Appendix |A] we can define (with obvious notation) a family of embedded Hilbert spaces
{Sk, k € Z}, a family of isometries {/—\f : Sy — Sk—2, k € Z} and a positive constant:

(3.15) AS = min |Iw||§1.
vesy 9113,

Lemma 3.6. The space Sy is equal to H3(F)N Sy providing that X is of class C*1. For k > 2, the expressions
of the operator Ay is:

(3.16) AY e S — —QiAY € S,

If ¥ is of class C*' then Sy, is a subspace of H*1(F) and the norm in Sy, is equivalent to the classical norm
of HFTL(F).

Proof. We recall that AY is the operator ¥ € S; — (¢,-)s, € S_1. The space Sy is defined as the preimage
of Sy by A7, namely:

So={yeS: (¥)s, =(f)s, in S_1 for some f in Sp}.

Upon an integration by parts and according to Lemma[3.1] one easily obtains that the identity (¥,-)s, = (f,")s,
in S_1 is equivalent to the equality —PAy = Pf in V4. Invoking Lemma again, we deduce, on the one
hand, that PAy = A4). Under the assumption on the regularity of the boundary ¥, the equality —Ay = P f
where f and hence also Pf is in H'(F) entails that 1 belongs to H?(F). On the other hand, since f belongs
to Sg, Pf = P1f. Applying then the operator Q; to both sides of the identity —Aw = Py f, we end up with
the equality —Q1 Ay = f and is proven for k = 2. The expressions for £ > 2 follow from the general
settings of Appendix [A] Then, by induction on k, invoking classical elliptic regularity results, one proves the
inclusion S, C H**1(F) and the equivalence of the norms. O

We straightforwardly deduce that, by definition of the space Vi, the inclusion Vi3 C V; enjoys the same
properties as the inclusion S; C Sy, namely it is continuous dense and compact. We consider then the Gelfand
triple:

(3.17) VicVoC Vi,
in which Vj is the pivot space and V_; is the dual space of V. As beforehand, we define a family of embedded

Hilbert spaces {Vi, k € Z}, the corresponding family of isometries {A) : Vi — Vi_o, k € Z} and the positive
constant:

(3.18) AY = min -—
wen [|wl|F,

Remark 3.7. (1) As already mentioned earlier, the space V_1 is clearly not a distributions space.
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(2) The guiding principle that the vorticity should be L?-orthogonal to harmonic functions is somehow still
verified in a weak sense in V_1. Indeed, AY being an isometry, every element w of V_y is equal to
some AY w' with W' € V; and:

(W, i = (AT W' v v = (VQu', VQ1 )2 (7).

Identifying the duality pairing with the scalar product in L*(F) (i.e. the scalar product of the pivot
space Vy), we obtain that formally “(w, h) 2z = 07 for every h € H.

For the analysis of the spaces Vj, and their relations with the spaces Sy, it is worth introducing at this point
an additional Gelfand triple, that will come in handy later on. Thus, denote by Z; the space L?(F) (equipped
with the usual scalar product) and by Z; the space Sp. The configuration:

71 C Zy C Zfl,

is obviously a Gelfand triple in which Zj is the pivot space and Z_; the dual space of Z;. As usual, following
Appendix [A] we define a family of embedded Hilbert spaces {Zx, k € Z}, and a family of isometries {AZ :
Zy — Zi—o, k € Z}. Focusing on the case k = 2, a simple integration by parts leads to:

Lemma 3.8. The expressions of the space Zo and of the operator A% are respectively:

(3.19) Zgz{weH2(]-')ﬂSoz/ g—fds:o, j:l,...,N} and AZ 1) € Zo—s —AY € Zp.
=y

The space of biharmonic functions in L?(F) with zero mean flux through the inner boundaries is denoted
by B, namely:

(3.20) %:{oeﬁ(f) : Af € § and /E_gzcls:o, j:1,...,N}.

Since Af belongs to L2(F), the trace of # on ¥ is well defined and belongs to H~2(X) and the trace of the
normal derivative is in H~2(X). On the other hand, since Af belongs to 9, its trace on ¥ is in H~2(X) while
its normal trace is in H—2(%).

The space S7 being a closed subspace of Z, it admits an orthogonal complement denoted by Bg:

(3.21) Zy = S, & Bs.

An integration by parts and classical elliptic regularity results allow to deduce that:
(3.22) Bs =5 NB,

and that Bg C H*(F).

Lemma 3.9. The operator Ay is an isometry from S; onto Vo and also an isometry from Bg onto $, i.e.
the operator A% is block-diagonal with respect to the following decompositions of the spaces:

AZ S & Bs — Vo 8.
The operators AV and A? and the operators AY and A% are connected via the identities:
(3.23) AY =QiIA?Q,  and  AY =AJQ in Vi,
where the operator Q7 is the adjoint of Q1.

Proof. The first claim of the lemma is a direct consequence of Lemma
By definition, for every w € Vi:

AVw = (VQw, VQi)2r) = QIAZQuw,

and the first identity in (3.23) is proved. Addressing the latter, notice that for every w € V5, the function
w = AY w is the unique element in Vj such that:

(w,v)y, = (W,v)v;, for all v € V7,
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which can be rewritten as:
(w,v)2(F) = (VQiw, VQ10) 12 (), for all v € V7.
But the functions v and Qv differ only up to an element of $) and since w belongs to Vy = $*, it follows that:
(w,v)2(F) = (W, Quv) 12(F), for all v € V7.
Finally, since Sy = Z; and Qi : Vi — Sy is an isometry, the function w satisfies:
(w,2)r2(r) = (VQuw, V2)12(5), for all z € Z1,
which means that w = A7 Q;w and completes the proof. O

We can now go back to the study of the vorticity spaces Vi and the related operators /—\kV. Starting with
the case k = 2, we claim:

Lemma 3.10. The space Va is equal to P1Sy, or equivalently:
(3.24a) Vo = {w € PH*(F) : a%w L= 0}.
Moreover, the expression of the operator AY is:
(3.24b) AY weVar— —Aw e V.
Proof. The second formula in yields the following identity between function spaces:
AY Vo = AT Qi Vs
and then, since A‘Q/‘/Q =V
(AD)" Vo = Qi Va.
Invoking the first point of Lemma we deduce first that Q;V5 = S; and then, applying the operator P

to both sides of the identity, that Vo = P1S;. Using again the second formula in (3.23)) together with the
expression of AZ given in ([3.19)), we obtain the expression (3.24b)) of the operator AY . (]

Remark 3.11. According to Lemma if ¥ is of class C31 then Vy is a subspace of H*(F). If ¥ is of class
C21, V; is a subspace of H*(F) and the functions in Va can be given a trace in Hz (%) and a normal trace in
H=3(). Finally, if © is only of class C*, the trace still exists in H=2 (%) and the normal trace in H=3 ().

We use the fact that every function in Vs is by definition the sum of a function in H?(F) with a harmonic
function in L*(F).

For the ease of the reader, we can still state the following lemma which is a straightforward consequence of

(13.24b)) and the general settings of Appendix

Lemma 3.12. For every positive integer k, the expression of the operators AkV are:
AY tueVy— (u,-)y, €V and A} u €V — (AW E Vo fork >2.

For nonnegative integers k, Vi, is a subspace of H*(F) providing that X is of class C¥*11 and the norm in Vj,
is equivalent to the classical norm of H*(F). For nonpositive indices, the operators are defined by duality as
follows:

A‘—/k u €V —> (u, (—A)->v7k7vk eV ko, (k > 0).

The next result states that the chain of embedded spaces for the stream function {S, k € Z} is globally
isometric to the chain of embedded spaces for the vorticity {V, k € Z}, the isometries being, loosely speaking,
the operators P and Q. So far, we have proven that P15, = V5 and P1Sy = V4. To generalized these relations
to every integer k, we need to extend the operators P; and Q.

Lemma 3.13. For every positive integer k, the following inclusions hold:

PlSk,l CcC Vi and Qle C Skfl.



16 JULIEN LEQUEURRE AND ALEXANDRE MUNNIER

Considering this lemma as granted, it makes sense to define for every positive integer k the operators:

(3.25) P.:ue Sy_1—PiueV, and Qr:ueVy— Quue S,_1.
Then, we define also by induction, for every k > 0:

(3.26a) P =AY 0P jia(AS, )7 Sy — Vi,

and

(3.26b) Qi = A% 1 Qurra(AY ) ™h Vg = Sopet.

Theorem 3.14. For every integer k, the operators P and Q. defined in (3.25) and (3.26) are inverse isome-
tries (i.e. PrQr =1Id and QxPr =1d). Moreover, formulas (3.26) can be generalized to every integer k:

(3.27) AP =P oA? | and A} Qp = Qp_oAY,
and for every pair of indices k, k' such that k' < k:
(328) Pk/ = Pk, m Sk—l and Qk/ = Qk m Vk.

Remark 3.15. By definition, P is a projection in L?(F) and Q a projection in HY(F). The theorem tells us
that formulas allow extending these projectors to larger spaces.

The theorem ensures also that to every stream function v in some space Si_1, it can be associated a vorticity
field w = Pry in Vi,. The vorticity w has the same regularity as ¥ and is obviously not the Laplacian of 1.

The lemma and the theorem are proved at once:

Proof of Lemma[3.13 and Theorem[3.1]} Denoting by Q2 the restriction of Qi to V3, the second formula in
(3-23) can be rewritten as AY = AZQ,. Since the operators AY and AZ are both isometries, this property is
also shared by Qs and its inverse, which is denoted by Ps. We have now at our disposal two pairs of isometries
(P1,Q1) and (P2, Q2) corresponding to two successive indices in the chain of embedded spaces. Furthermore,
P, is the restriction of Py to V5. This fits within the framework of Subsection [A2] We define first P;, and Q,
(for the indices k # 1,2) by induction with formulas and we apply Lemma We obtain that the
operators Py and Q are indeed isometries from Sy_1 onto Vj and from V}, onto Si_1 respectively. Lemma
also ensures that P, = Py in V;, and Qi = Qi in Si_1 for indices k¥’ < k, whence we deduce that P; and Qy
for £ > 1 can be equivalently defined by . Next, since Py and Q are reciprocal isometries and P and
Qi are just restrictions of P; and Qp, then Py and Qj are reciprocal isometries as well. We draw the same
conclusion for nonpositive indices using formulas and complete the proof. O

Corollary 3.16. The constant Ny defined in (3.15) and the constant % defined in (3.18) are equal. We

denote simply by Ax their common value.

Notice also that since S; C Z; and Sy = Z;, we have:

(3.29) R U A U
’ F X = .
5 Tl S U TR,

Remark [3.15] points out that, for a given stream function ¢ in some space Sy_1, the function w = Pyt is not
the (physical) vorticity corresponding to the velocity field V+1). We shall now define the operators Ay that
associates the stream function to its corresponding vorticity field.

Definition 3.17. For every integer k, the operator Ay : Sgt1 — Vi is defined equivalently (according to
(3-27)) by:
(3.30) Bither Ay =—Al oPria  or  Ap=—PiA7,,.

The main properties of the operators Ay are summarized in the following lemma:

Lemma 3.18. The following assertions hold:
(1) For every integer k, the operator Ay, is an isometry.
(2) For every pair of integers k, k' such that k' <k, Ap = Ay in Sgi1.
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(3) For every nonnegative integer k, the operator Ay is the classical Laplacian operator.

Proof. We recall that the operators P, and A} are isometries, what yields the first point of the lemma. The
second point is a consequence of (3.28) and the similar general property (A.8) satisfied by the operators AY .
The third point is a direct consequence of Lemma [3.12 O

For any integer k, the operators Qi and —A_; can be shown to be somehow adjoint:
Lemma 3.19. For negative indices, the operators Ay and Qy satisfy the adjointness relations below:
(3.31a) Qe =—-A):weV_p— — (W, Ap)v v €S—k-1 (k> 0),
(3.31b) A p=—-Qp:veS pp1r— —(U,Qu)s_ 1.5, €Vor (k>1).

Proof. We prove ([3.31al) by induction, the proof of (3.31b)) being similar. According to (3.27), QuAY = A7 Qa
what means, recalling (A.3) that:

QoAY w = (Qaw,")s, = (w,P2)v, = (AYw,AY Pa-)yy = (AY w, (—A0) vy,

where we have used the fact that the operators Py and A¥ are isometries. This proves (3.31a)) at the step
k=0.
According to the definition (3.26b) with & =1, Q_1; = A§Q;(A})~!. Equivalently stated, for every w € V;:

QA W =AQuw = (Quw,AS)s,  forall we Vi,

where we have used the general relation (A.6). The operator Py being an isometry:
(Quw, A3 )5, = (P1Quw, P1AS v, = —(w, Ay, = —(AYw, Ar v, v,

and ([3.31a)) is then proved for k = 1.
Let us assume that (3.31a]) holds true at the step k — 2 for some integer k > 2. According to (3.27),

Q_kA‘_/lC+2 = A§k+1Q_k+2 whence, recalling the definition (A.7)):

Q,kA‘,/k+2w = <Q7k+2w7Ag+l.>S—k+1’Sk—l for all w € V,k+2.

Using the induction hypothesis for the operator Q_x2, it comes:

Q—kA‘—/k-&-Qw = *<w7 Ak—2A£+l'>V—k+27Vk—2 = 7<w7A¥Ak.>V—k+2»Vk—2 for all w € V—k+2,
where the latter identity results from (3.30). Keeping in mind (A.7]), we have indeed proved (3.31a) at the
step k and complete the proof. (I

3.3. Biot-Savart operator. With a slight abuse of terminology, the inverse of the operator Aj denoted
by Ni will be referred to as the Biot-Savart operator. Quite surprisingly, the expression of this operator is
independent from the fluid domain F. We recall that the fundamental solution of the Laplacian is the function:

%(w):%lnhﬂ, r € R*\ {0}.

In the rest of the paper, we will denote generically by c the real constants that should arise in the estimates.
The value of the constant may change from line to line. The parameters the constant should depend on is
indicated in subscript.

Theorem 3.20. For every nonnegative index k, the Biot-Savart operator Nj, = (Ag) ™1 is simply the Newtonian
potential defined by:

(332) Np:weV,— Nw e Sk+1,
where Nw = 4 xw (w is extended by 0 outside F ).

Proof. Let w be in Vj (extended by 0 outside F) and denote by ¢ the Newtonian potential Nw. According
to classical properties of the Newtonian potential, A = w in R? and therefore it suffices to verify that 1
is constant on every connected part of the boundary ¥ and that its normal derivative vanishes. Define the
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constant § = 2max{|z —y| : z € 7,y € ¥t} Let j be in {1,..., N} and let ¢ be in LQ(E]._). Notice now
that there exists a positive constant Cs:- such that:

L[ vetivds = [ [ et —saojasas

< s [olvolZ 22 o0 lall s -

We are then allowed to apply Fubini’s theorem, which yields:

/]R2 w(y) (— - Gz —y)q(x) dsw> dy + /Ej < 9 G (x — y)w(y)dy) g(z) ds, = 0,

and this identity can be rewritten as:

(3.33) / AG(S,q) dx +/ Vads =0,
F Dy
where S;q is the single layer potential of density ¢ supported on the boundary X7, that is:
Sjq(x) = — G (z —y)q(y)dsy for all z € R?\ DI
e

The simple layer potential S;q is harmonic in R*\ 7 (we refer to the book of McLean [55] for details about
layer potentials) and we denote respectively by qu+ and S;jq~ the restriction of S;¢ to the unbounded and
bounded connected components of R? \ ¥, . The functions S;qt and S;q~ share the same trace on Y and ¢
is the jump of the normal derivative across the boundary X

Do 0 .

/ —S gds =0,

we deduce that the harmonic function qu has zero mean flux through the boundary X7 if and only if

/7qu=O.

On the other hand, for indices k # j, we have also:

/ —S+qu =0,

because the normal derivative of qu is continuous across ¥, and S;rq is harmonic inside X, . From (3.33)),

(3.34) qg=

From the obvious equality

we infer that for every w € Vj and every ¢ € LQ(Z;) with zero mean value:

Y qds =0,
Py
J
and then that ¢ is constant on ;. For every ¢ in L?(X7), the corresponding single layer potential Spq

supported on X1 has zero mean flux through every inner boundary ¥, (for k € {1,...,N}) and we deduce
from again that the trace of ¢ is nul on X+. It follows that v is in the space S.

Let now h be a harmonic function in F and assume that the normal derivative of h belongs to L?(3). Then
there exists go € L*(X7) and ¢; € L*(%) (j = 1,..., N) such that:

N
h=Sogo+» Sjq;  inF.

Jj=1
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Using again (3.33)) and the fact that + is nul on X and constant on ¥.7, we deduce that:
Oh
Ayhdx + Pp—ds =0,
F s- On

and therefore, integrating by parts, that:
/ —hds =0.

This last equality being true for every harmonic function h, it follows that the normal derivative of ¢ is nul
on X and therefore that ¢ belongs to S;. The proof is now completed. O

The expression (3.32)) when F = R? can be found in the book [53, §2.1]. For the Euler equations in a domain
with holes, the Biot-Savart operator (in the sense considered above, that is the operator allowing recovering
the stream function) is given by (see [51] for a proof):

sz: xr or all * .
(3.35) NPu(z) /F%( ) dy+2 W& (x)  forallwe F

In this identity:
(1) A : F x F — R is the Green’s function of the domain F. It is defined by:
H(x,y) =9 (x—y) — H(x,y) for all (x,y) € F x F s.t. x # vy,
where, for every z in F, the function J#(x,-) is harmonic in F and satisfies
H(x,)=%(x—-) on.

(2) The real constants a;(w) are given by:

a1 (w) €, €0)s0 - (EnEn)se ] ffww)fl(y)dy

aN (OJ) (fN? 51)50 s (§Na §N)SD f]-‘ dy
where we recall the the functions §; (j =1,...,N) are defined in Section
(3) For every j, the scalar I'; is the circulation of the fluid around the inner boundary X5

Notice that for the Euler equations in a multiply connected domain, both the vorticity and the circulation are
necessary to recover the stream function.

In case the vorticity is in Vj and in the absence of circulation, then the Biot-Savart operator for NS equations
and the Biot-Savart operator for Euler equations give the same stream function:

Proposition 3.21. Let w be in Vy and assume that the flow is such that I'; =0 for every j =1,...,N. Then
Now (defined in (3.32)) and NPw (defined in (3.35)) are equal.

The proof relies on the following lemma in which we denote simply by S the simple layer potential supported
on the whole boundary .

Lemma 3.22. For every function h € Fg (i.e. h harmonic in F and h belongs to Sp):

oh
(San ) (z) = h(x) forallx € F.
Proof. Let h be in Sy. Basic results of potential theory ensures that there exists a unique p € H _%(Z) such
that Sp(z) = h(z) for every z € F. The single layer potential Sp is harmonic in R?\ ¥ and belongs to H},,(R?)
(which means that the trace of the function matches on both sides of the boundary ¥). Since the trace of h
is equal to 0 on X7, the single layer potential vanishes identically on the unbounded connected component of

R?\ ¥F. For similar reasons, Sp is constant inside ¥, for every j =1,...,N. According to the jump formula
(3.34), we obtain that p = Oh/On on ¥ and the proof is completed. O

We can move on to the:



20 JULIEN LEQUEURRE AND ALEXANDRE MUNNIER

Proof of Proposition[3.21. For every x € F, the function:

H(x,-) = Z ), VE L2 (7))

j=1
belongs to §). Integrating by parts the terms in the sum, we obtain for every j =1,..., N:

(V5#(2,, Té o) = [ Ao G20 ds, = - ( 2i> (@) = ~&(a).

according to Lemma Let now w be in Vy. Then, providing that I'; = 0 for every j =1,...,N:
N

(3.36) NZw(z) = Now(x / H(x,y)w(y) dy + Zaj fj Z w)é;(z for all z € F,

where, for every j =1,...,N:
a;(w) = / w(y)é;(y) dy
f
The second term in the right hand side of (3.36)) vanishes by definition of V5 and both last terms cancel out

since they stand for the same linear application expressed in two different bases of Fg. (Il

It remains now to link the spaces Sj for the stream functions to the spaces Jj for the velocity fields. We
recall the definitions of the spaces Jy and J;. For every other integers k, the spaces Jj are classically
defined from the Gelfand triple J; C Jg C J_1, as well as the isometries A;€T : Jr — Jip_2. The following
Lemma can be found in [31]:

Lemma 3.23. The operators Vi : 1 € Sy V1 € Jg and Vi : ¢ € Sy — Vo € Iy are well defined and
are isometries.

Applying the abstract results of Section [A:2] we deduce:

Lemma 3.24. For every index k, it can be defined an isometry:
Vkl : Sk — Jk,

such that, for every pair of indices k < k', Vi- = V,Jc-, in Sy and Dz’agmm@ commutes.

Ak+1
Jog1 ———————Jp1

L 1
Vi Vi1

Ak+1
Sk+1 —_— > Skfl

FI1GURE 3. The top row contains the function Jj; for the velocity field and the bottom row
contains the spaces Sy, for the stream functions. All the operators are isometries.

Remark 3.25. Let be given a sequence (¥n)n in So and ¥ € Sy. Define the corresponding velocity fields
= Vg, and @ = Vg and the vorticity fields w, = A_19, and @ = A_12b. Then, the following
assertions are equivalent:

(3.37a) Py — P in Sp,
(3.37Db) Up — U in Jo,
(3.37¢) Wy, = @ in V_q.
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Let a time T > 0 be given and suppose now that (1), is a sequence in L>([0,T); So) and that ¢ lies in
L>([0,T7;S0). Then the velocity fields u, and @ belongs to L>°([0,T];Jo) and the vorticity fields wy,, and @
are in L>°([0,T];V_1). In the context of vanishing viscosity limit, assume that 4 is a solution to the Euler
equations and that u, is a solution to the NS equations with a wviscosity that tends to zero along with n.
Following Kelliher [36], the vanishing viscosity limit holds when w, — @ in Jo, uniformly on [0,T]. According
to , this conditions is then equivalent to either 1, — v in Sy , uniformly on [0,T] or to w, — @ in V_q,
uniformly on [0, T]; see also Remark ,

Most of the material elaborated so far in this section is summarized in the commutative diagram of Fig. [4]
which contains the main operators and their relations.

AYio
Vi+2 Vi
—Ay
Pry2 Q2 Py Qk
—N,,
At
Sk+1 Skf 1

FIGURE 4. The top row contains the function spaces V) for the vorticity fields while the
bottom row contains the spaces Sy for the stream functions. The operators AX and Af are
Stokes operators (see the Cauchy problems and in the next section). The operators
Ay link the stream functions to the corresponding vorticity fields.

3.4. A simple example: The unit disk. In this subsection, we assume that F is the unit disk and we
aim at computing the spectrum of the operator AY (i.e. the operator AY seen as an unbounded operator of
domain V5 in Vj; see )

All the harmonic functions in F are equal to the real part of a holomorphic function in F. The holomorphic
functions can be expanded as power series with convergence radius equal to 1. It follows that a function
w € L2(F) belongs to Vo = $H= if and only if, for every nonnegative integer k:

Re (/}_w(z) zkdz|> 0 and Im (/}_w(z) zkd|z|) 0.

Using the method of separation of variables in polar coordinates, we find first that a function w(r, 8) = p(r)O(6)
is in V;; when:

1 2
( / p(r)rF T dr) ( o(h)e™*? d9> —0 forall k €N.
0 0

Then, providing that —Aw = Aw in F for some positive real number A\, we deduce the expression of the
function w, namely:
(r,0) — pi(r) cos(k0) or (r,0) — pi(r) sin(k0)
for some nonnegative integer k. The function py solves the differential equation in (0, 1):
1 k2
(3.38a) pr(r) + ;pﬁc(r) + ()\ - 7"2> pe(r)=0  re(0,1),

and satisfies:

1
(3.38Db) / pr(r)rftldr = 0.

0

The solution of ([3.38a)) (regular at 7 = 0) is p(r) = Jp(V/Ar) where Jj is the Bessel function of the first
kind. Multiplying the equation (3.38a]) by r**1 and integrating over the interval (0,1), we show that ([3.38b)

is equivalent to:
VARJL(VA) = ki (VA) = 0.
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Using the identity Jy () = kJg(r)/r — Jg41(r), the condition above can be rewritten as:

(3.39) i1 (VA) = 0.

We denote by ai (for every integers j, k > 1) the j-th zero of the Bessel function Ji and we set
/\i = (aiﬂ)2 forall k> 0and 5 > 1.

Proposition 3.26. The eigenvalues of AY (and then also of AL/, Af and Ag for every index k, since they all

have the same spectrum) are the real positive numbers )\',i (k> 0,5 >1). The eigenspaces corresponding to )\6
(7 = 1) are of dimension 1, spanned by the eigenfunctions:

(3.40a) (r,0) — J0<\/)\>gr).

The eigenspaces of the other eigenvalues )\i (for k > 1) are of dimension 2, spanned by the eigenfunctions:

(3.40b) (r,0) — J’“(\/;io cos(kd) and (r,0) — J;.c(\/)gr) sin(k0).

Proof. By construction, the functions defined in (3.40]) are indeed eigenfunctions of AY. To prove that every
eigenfunctions of this operator is of the form (3.40)), it suffices to follow the lines of the proof of [I3] §8.1.1d.]
for the Dirichlet operator in the unit disk. (I

We recover the spectrum of the Stokes operator as computed for instance in [37].

4. LIFTING OPERATORS OF THE BOUNDARY DATA

4.1. Lifting operators for the stream functions. Considering , the velocity field u solution to the
NS equations in primitive variables is assumed to satisfy Dirichlet boundary conditions on X, the trace of u on
Y being denoted by b. Classically, this constraint is dealt with by means of a lifting operator. We refer to [5§]
and references therein for a quite comprehensive survey on this topic. In nonprimitive variables, as already
mentioned earlier in (2.5)), and (2.7), the Dirichlet conditions for u translate into Neumann boundary
conditions for both the potential and the stream function, namely:

9p _ o _9p
%71)” on Ot

Around every inner boundaries Y, the circulation of the fluid is classically defined by:

(4.1b) I; = /
5
This being reminded, identities (4.1a)) and (4.1b)) suggest that instead of the field b, the prescribed data on

the boundary shall rather be given at every moment under the form of a triple (g, g-, I") where g,, and g, are
scalar functions defined on ¥ and I = (I7, ..., I'y) is a vector in RY in such a way that:

N
(4.1c) bzgnn—#(gT—ZFjgij)T with /gnds:O and grds =10 (j=1,...,N).
j=1 s 55

(4.1a) and on X.

- oY .
b'Tds/Ej_ands (j=1,...,N).

We recall that n and 7 stand respectively for the unit outer normal and unit tangent vectors to X. The
definition of suitable function spaces for g, and g, requires introducing the following indices used to make
precise the regularity of the boundary 3. Thus, for every integer k, we define:

1l 1 1 1
(4.2a) I(k) = k—2’—2, Ju(k) = [k = 5| + 5 = max{li(k = 1), Li(k+ 1)},
max{Iy(k — 1), L(k+1)} if k>0
4.2b L(k) =k —1]+1 Jo(k) = ||k| = 1] +2 =
(4.2b) 2(k) = [k — 1]+ 1, 2(k) = [[k| — 1] + {12(k+1) k<L,

and we can now state:
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Definition 4.1. Let k be an integer. Assuming that ¥ is of class C''(®)1 it makes sense to define:

(4.3a) Gp = {g € H"3(%) : / gds = 0} ifk>2—-1 and G} =G", otherwise
)

(4.3b) and ;{geré(z);/ gds =0, jl,...,N},
=

where the boundary integrals are understood according to the rule of notation (3.1)).

The only purpose of setting G} = G™; when £ < —2 in is to simplify the statement of the next
results.

The problem of lifting the normal component g, by the harmonic Kirchhoff potential function is addressed
in the lemma below, where, for every nonnegative integer k:

(4.4) ﬁ%:{goer(}") : Agp:OinD’(}'),/(pdx:Oand/8(’0:0}.
F x On

Lemma 4.2. Assume that ¥ is of class C'¥'1 for some integer k > —1 and that g, belongs to G%. Then the
operator
Iy

(4.5) Ll gn € G} — p € HkH! where %‘2 = gn,

is well defined and bounded. The operator

0
(4.6) Tk:gnEGZH—w‘EEG;,

or

is bounded as well. Moreover, as for the definition of G, the definition of Ty, is evtended to integers k < —2
by setting T = T_1.

Proof. Let us only consider the weakest case, i.e. k = —1. We introduce the Hilbert space E and its scalar
product whose corresponding norm is equivalent in E to the usual norm of H?(F):

E= {9€H2(}') : g—z EO,/0|gd50}, (91,92)E:/ A AG dz.
P F

According to Riesz representation Theorem, for every g, € G”,, there exists a unique 6, € E such that:

0,0)5 = —/ gnb|n ds for all 0 € E.
b

One easily verifies that the function ¢ = Af, is in L?(F) and satisfies [, o dz = 0 and (9p/0n)|z = g, in
H-% (X). The rest of the lemma being either classical or obvious, the proof is complete. (I

The operator Ty is the tangential differential operator composed with the classical Neumann-to-Dirichlet
map. Regarding now the second identity in , we seek a lifting operator valued in the kernel of the
operator QA, that is the kernel of the Stokes operator for the stream function (see Lemma . Loosely
speaking (disregarding regularity issues), this kernel is Bg, the space of the biharmonic stream functions

defined in (3.22)).

Definition 4.3. Let k be an integer and assume that ¥ is of class C'2(F):1. The space of biharmonic functions

B and the lifting operator LT : GT — BE are defined differently, depending upon the sign of k:
(1) When k > 1, B = Bg N H*(F) (and hence B is simply equal to Bg defined in (3.22)) and for
any g- € GT, LTg, is the unique stream function 1 in B satisfying the Neumann boundary condition:

o
= o=y, 5.
an . g on
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(2) When k <0, for any g, € G, L}.g, is the element of the dual space Sy, given by:
(4.7) (LLgr,O)s_ .50 = / (P_g+10)g, ds for all 8 € S_y,
b

and the space BY is defined as the image of LT in Sk.

Remark 4.4. (1) For k < 0, the operator L], is well defined according to Lemma and Lemma
under the regularity assumption on the boundary ¥ of Definition [{.3

(2) For every integer k, the space G7, is actually well defined as soon as the boundary X is of class ch(k),1

(see Deﬁm’tion. However, further reqularity is needed to define the lifting operator, namely C'2(%):1,

For every pair of integers (k’, k), both positive or both nonpositive, the inequality &’ > k entails the inclusion
%’g C B%. We shall prove that the inclusion B C BY still holds and that the diagram on Fig. |5 commutes.
Notice that L}, is clearly invertible when k is positive. The question of invertibility for nonpositive indices k,
or more precisely of injectivity (since surjectivity is obvious) is not clear. This amounts to determine whether
the traces of the functions of V. are dense in H—%+3 ().

ToC G
\LL;, \LL;
k' k

BE Bk

FIGURE 5. The diagram commutes for any pair of integers (k, k') such that k' > k.

Lemma 4.5. The operator L}, is bounded for every integer k and is an isomorphism when k is positive. For
every pair of integers (K',k) such that k' > k, the restriction of Lj, to G}, is equal to L}, (providing that X is
of class Cmax{l2(k).I>(K)}.1 )

Proof. The boundedness is a consequence of Lemma Lemma [3.6] and the continuity of the trace operator.
Let X be of class C*!, g, belong to GT and introduce the stream function 1) = L]g,. Considering ¢ € B%
as an element of Sy identified with its dual space, we get:

('(/179)5’0 = (qu,VPlG)Lz(f) = /(P10>g7— ds — (A’(/J7 P19)L2(]:) for all 6 S S(),
P

where the last term vanishes because Ay belongs to $. This proves that L] = Lj in G7. The other cases
derive straightforwardly and the proof is complete. (I

We can gather Lemma [£.2] and Definition [£.3] in order to define a lifting operator taking into account the
circulation of the fluid around the fixed obstacles. In view of (4.1a)) and (4.1b]), we are led to set:

Definition 4.6. Let k be any integer and assume that ¥ is of class CP2F)1 and that the triple (gn,g-, T) is
in G x GL x RN with I = (I'y,...,I'n). We define the operator:

N
(48) Lg(gnag‘m F) = LE(Tkgn - gT) + ij§j7

j=1
which is valued in the space
(4.9) Sp =B @ Fs.

We can address the case of time dependent spaces:
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Definition 4.7. Let T be a positive real number, k be an integer and assume that ¥ is of class C71(F)1 (the
expression of Ji(k) is given in ) We begin by introducing the spaces:
GH(T) = L*(0,T;Gy,) NC([0, T]; Gp) N HY (0, T; G _4)
GL(T) = L*(0,T; Gi11)) NC([0, T); GR) N HY(0, T G y),
and also:
(410) () = {GZ(T) x GL(T) x H'(0,T;RY) when

k>07
L?(0,T; Gy, ) x L2(0,T; G;H) x L2(0,T;RYN)  when k < —

Assuming that ¥ is of class C72F)1 (with Jo(k) defined in ([{£2)) the operator Ly, | maps to space Gy(T) into
the space:

(411) SH(T) = HY0,T;8p_) NC([0,T]; Sp) N L2(0,T;Sp.,)  if k
' F if k

L*(0, T35 Sp4)

As a direct consequence of Lemmas [£.2] and [4.5] we can state:

)1

Lemma 4.8. Let k be any integer and assume that ¥ is of class C12(F) Then the lifting operator for the

stream function:
LY : GF x G x RN — SP,
is well defined and is bounded. Moreover, if k and k' are two integers such that k' < k, then Lf, = Lf m
G? x GT x RN, It follows that for every positive real number T and every integer k, providing that ¥ is of
class C72(R)1 the operator:
Ly« GR(T) — Sp(T),
is well defined and bounded as well, the bound being uniform with respect to T .

4.2. Additional function spaces. We aim now at building a lifting operator valued in vorticity spaces (i.e.
we aim at giving the counterpart of Definitions and Lemma for the vorticity). We recall that, for
every positive integer k, the lifting operator Lf is valued in S’}j. For nonpositive integers k, SE is a subspace
of Sy and therefore, the corresponding vorticity space is simply ka_l = Ak,lS}s. However, when k is positive,
SPN S, = {0}. A somehow naive approach would consist in taking simply the Laplacian of SP but one easily
verifies that AS,E’ C $ and $ is in no space V; for any integer j. This difficulty is circumvented by noticing
that Sp C Sp (still considering positive integers k). So V;> = A_;SP (with A_; defined in (3.31D))) seems to be
a good candidate for our purpose, an idea we are now going to elaborate on. More precisely, for every integer
k, S,E is a subspace of S, defined by:

4.12 Sy =SoNHMYF) ifk>1 and Se=5, ifk<0
(

The corresponding vorticity space is therefore in the image of Sy (seen as a subspace of Sp) by A_ if k > 1
and by Ag_; if k£ <0 (see Fig. . Thus we define:

(413) Vk = A,15k+1 if k 2 0 and Vk = Ak5k+1 = Vk if k < -

It is crucial to understand that, no matter how regular the functions are, the spaces Vj, are always dual spaces
(for every integer k). They are subspaces of V_;. We will show that V_; is the space of largest index that
contains in some sense the harmonic functions. We shall focus our analysis on the pairs (51, Vp), (S2, V1) and
(S3, V) only, the other cases being of less importance as it will becomes clear in the next section.

The pair (S1,Vp). The space S; is provided with the scalar product:

(4.14) (V1,92)5, = (A1, Aa) L2y + T(¥1) - T(1h2), for all ¥y, € Sy,
where, for every § € H?(F):

1“(0):(Fl(e),...,FN(G))teRN with ; /—ds (j=1,...,N).

Lemma 4.9. The space S, enjoys the following properties:
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(1) The norm induced by the scalar product [4.14)) is equivalent in Sy to the usual norm of H?(F).

(2) The space Sy admits the following orthogonal decompositions:

_ 1 1 1

(4.15) S1=2,8Fs =51®BsdFg,
where we recall that the expression of the space B is given in (3.22)) and that the finite dimensional
space Fg is spanned by the functions &; (7 =1,...,N).

The orthogonal decomposition can be given a physical meaning: The subspace 57 contains the stream
functions with homogeneous boundary conditions while the subspace Bg contains the stream functions that
solve stationary Stokes problems (with zero circulation though). Finally, the space Fg contains the harmonic
stream functions accounting for the circulation of the fluid around the inner boundaries ¥ (j=1,...,N).

Proof of Lemma[{.9 The equivalence of the norms derives from classical elliptic regularity results. On the

other hand, according to (3.21):
L _
(416) Zy=51HBs C 5.

Applying the fundamental homomorphism theorem to the surjective operator (—A) : S; — Zy whose kernel
is the space Fg, we next obtain that:

(4.17) S =Zy®Fs.
Finally, combining (4.16]) and (4.17)) yields (4.15)) after verifying that the direct sum is orthogonal for the scalar
product (4.14)). The proof is then completed. ([

Let us determine now the corresponding decomposition for the vorticity space Vo = A_1S; which is a
subspace of the dual space V_; (see Fig. 4. We shall prove in particular that Vj contains V whose expression
is (seen as a subspace of V_1):

(4.18) Vo ={(w, Q1) 2r) : weHT}.

Notice that in (4.18)), one would expect merely the term (w,-)z2(F) in place of (w,Q1-)z2(s), but both linear
forms are equal in V;. We define below two additional subspaces of V_j:

(4.19) Oy = {(w,Ql-)Lz(}-) fwE 5'3} and L% = {(w,Q1~)L2(}-) Tw € LQ(}')}.

The space $)y contains in some sense the harmonic vorticity field. Finally, we introduce the finite dimensional
subspace of V_j:

(4.20) o = span{G;, j = 1,..., N},

where, for every j=1,...,N:
(4.21) (G v v = —(VE, VQuw)Le(r) = / 9 Quwds for all w € V.

We can now state:

Theorem 4.10. The space Vy can be decomposed as follows:

_ 5 L Lo b L.

(4.22) VW=Ly ®F, =V}, where Vg = Oy O Fy,.

The direct sum above is orthogonal for the scalar product defined, for every @, and @y in Vo by:
N

(4.23) (@1,02)y, = (w1,w2)L2(F) + Z Qa1,j02,5,
j=1

where, for k = 1,2, @, = (wi, Q1-)r2(F) + (¥ with wy € L*(F) and ¢* = Z;\Ll oG in Fy (ak; € R for
j=1,...,N). B - B B
Moreover, the restriction of A_q to S1, denoted by Ag, is an isometry from Sy onto Vy (see Fig. @

Remark 4.11. Let us emphasize that:
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(1) In the decomposition @ = (w,Q1-)2(F) + ¢ of every @ of Vo, the term w which belongs to L*(F) will
be referred to as the regular part of @ while ¢ will stand for the singular part.

(2) Loosely speaking, the space Vo consists in functions in L?(F) and measures (; ( =1,...,N) supported
on the boundaries 33; (notice again that Fy, is not a distributions space). This can be somehow under-
stood from a physical point of view by observing that —(; is the vorticity corresponding to the harmonic
stream function §; which accounts for the circulation of the fluid around ¥ . Hence the vorticity is a
measure supported on the boundary of the obstacle. In connection with this topic, wondering how is
vorticity imparted to the fluid when a stream flow past an obstacle, Lighthill answers in [59] that the
solid boundary is a distributed source of vorticity (just as, in some flows, it may be a distributed source
of heat).

(3) The fact that Aq is an isometry asserts in particular that to any given vorticity in Vo corresponds a
unique stream function 1) in Sy that can be uniquely decomposed as 1) + 1hs + o where V1 =0 on
the boundary ¥, Vg solves a stationary Stokes system and V¢ is harmonic in F and accounts for
the circulation of the fluid around the boundaries ¥ (j=1,...,N).

The rest of this subsection is dedicated to the proof of Theorem In order to determine the image of S;
by the operator A_j, the factorization A_; = —AYVP; suggests to determine first the expression of the space
P1S;. This space is provided with the scalar product:

(wl,wg)plgl = (Awl, Awg)Lz(}-) + F(wl) 'F((UQ), for all wy,ws € Plgl,
and we denote by Py the restriction of Py to Si.

Remark 4.12. According to Lemma when X is of class C>1, the space P1Sy is simply equal to Vi NH?(F).
When ¥ is less reqular Remark applies replacing Vo with P1.57.

The decomposition (4.15) leads to introducing the spaces:
(424) %V = Pl%S and IFV = P1F5.

Nothing more than By = B NV, (where B is defined in (3.20)) can be said on the space By. The space Fy
however can be bound to the space Bg spanned by the functions x; (j = 1,...,N) defined in (3.5) (see the
definition below the identity (3.6)).
Lemma 4.13. (1) The space Bg is a subspace of So and Fy = A1Bg.

(2) The space P1S1 admits the following orthogonal decomposition.:

_ 1 1
(425) P1S1=Vo By dFy.
Moreover, the operator Py is an isometry from Sy onto P1.S; (see Fig. @

Proof. For every 6 € D, an integration by parts yields:
(4.26a) (xj:80)s, = —(Q192;,0)s, forallj=1,..., N,

where £2; = Ay;, because x; is of class C* in the support of §. On the other hand, for every pair of indices
J, k€ {l,...,N}, we have also:

0
(4.26D) (Xj> Xk)s, = /E Qlﬂj% ds — (Q142j, xk) 5o = —(Q125, Xk) 505

where we have used the rule of notation (3.1 (as being harmonic in L?(F), the trace of £2; on ¥ is well defined

in H=2(X)). Since the space D(F) @ By is dense in S according to the decomposition (3-6), we deduce from
the identities that Bg C Sy (recall the Sy is the preimage of Sy by A).

Notice now that the functions Pi&; (j = 1,...,N) belong to Vi, are harmonic in F and according to
the second point of Remark they satisfy the same fluxes conditions as the functions &;. All these
properties are also shared by the functions {2; whence we deduce first that:

(4.27) P& =02 (j=1,...,N),
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and then that Fyy = A1Bg, which is the first point of the lemma. The second point can easily be deduced
from (4.15)) and the second occurence of Remark O

Yet it remains to apply the operator Al to the equality (4.25] in order to get the expression of Vo = A_15;.
Since A} is an isometry, the decomposition (4.22) is a direct consequence of the decomposition ([4.25)) and the
following lemma, where the spaces f)y and F§, are defined respectively in (4.19)) and (4.20)).

Lemma 4.14. The following equalities hold:
(4.28) AYBy =Hy  and ATy =T}

Proof. By definition, every element of By can be written Py for some ¥ € Bg. The definitions of the
operator A} and of the scalar product in V; lead to:

(AVP19,0)v_, vy = (P19, 0)v, = (,Qul)z,,  forall 6 € Vi.
But B is a subspace of Z; according to (3.21)) and Q;V; = Z;. It follows that:
(¥, Qu0)z, = (ASY), Qub)z, = (w, Qub)2(7),  forall 6 € VA,

where w = A% belongs to $) according to Lemma The first equality in (4.28) being proven, let us address
the latter. For every j =1,..., N, some elementary algebra yields:

(AYP1&5,whv vy = (P1&j,w)v, = (V€ VQuw)r2(7) = (&, Qiw) s, for all w € V7.

Comparing with ([4.21]), we obtain indeed that A} P1{; = —(; and recalling the definition of Fy, given in (4.24)),
we are done with both identities in (4.28)) and the proof is completed. (]

As we did for S; and P15}, the space Vj can be provided with a norm stronger than the one of the ambiant
space V_y, namely the norm which derives from the scalar product (4.23). One easily verifies that the direct
sum (4.22)) is indeed orthogonal for this scalar product. Furthermore, the operator AY : P1S; — V; which

is the restriction of AY to P1S; is an isometry. §ince Ay = —A¥ P, and the operators A¥ and Ps are both
isometries, we can draw the same conclusion for Ay. The proof of the theorem is now completed. O
vy
—
1 1 AY _ 1L Lo
Vo By &Fy Vo=V Hv OF;,
——
_ Ly
P2 7A0
Sy
——
_ L4
S1 =51 %S eFg
z
2

FIGURE 6. Some function spaces and isometric operators appearing in the statement of The-
orem [£.10] and its proof. As usual, the top row contains the vorticity spaces while the bottom
row contains the spaces for the stream functions.

The pair (S2, V). We assume that ¥ is of class C>! and we consider the spaces:
(429) 5’2 = SO n Hg(F) and Vl = A_lgg.

The analysis of these spaces being very similar to those of S; and Vj, we shall skip the details and focus on
the main results.
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Lemma 4.15. The spaces Sy and P1Sy admit respectively the following orthogonal decompositions:

_ 1 2L _ iR SL
(4.30) Sy =S5,8B33Fs  and P15y =V;®BY aFy,

where %% = Bg N H3(.F) was introduced in Definition and %%/ = Pl%g. The spaces Sy and P1Ss are
provided with the same scalar product, namely:

(h1,902) g, = (A1, Aha)ypn + T(31) - T(¥2) for all ¥y, 1ps € Ss,
(Wi, w2)p, 5, = (Awl,Awg)}/p + DNwq) - T(w2) for all wy,ws € P1S,,

the scalar product (-, )1‘;1 being defined in (3.13b).
Finally, the operator P defined as the restriction of Py to Sy is an isometry from So onto P1Sy (see Fig. @

We turn now our attention to Vi = A_;Ss, which is a subspace of the dual space V_;. As a subspace of
V_1 the spaces V1 is identified with {(w,Q1-)z2(F) : w € V1} and we define as well:

5’)%/ = {(W7Q1‘)L2(}‘) weE 551},
where we recall that ! = § N H!'(F) (defined in Subsection . Finally, in the same way, we introduce:
Hy = {(w, Qi)r27) + w € HY(F)},
that can be compared with the space L?, defined in .

Theorem 4.16. The space V is a subspace of V_i which can be decomposed as follows:

¥ 1 + * + b : b 1 + *
(4.31) i=Hy,aeF,=VieV] with  V° =y, ©Fy,.
It is provided with the scalar product, defined for every @,,ws € Vi by:
N
(@1,@2)7, = (w1, w2) s + 0150,
j=1

where, for k = 1,2, 0x = (wk, Q1) r2(F) + ¢k with wy € HY(F) and (¥ = Z;V:1 ag ¢ i FY (ag; € R for
j=1,...,N). i i ) i

Finally, the operator Ay which is the restriction of A_y to Sy is an isometry from Sy onto Vi (see Fig. @
Remark 4.17. As in Remark in the decomposition & = (w, Qu-)r2(F) + ¢ of every vorticity field & in
Vi, the term w (belonging to H(F)) will be called the regular part of & and ¢, the singular part.

These results can be summarized in the commutative diagram on Fig. |7| where the operator AY defined as
the restriction of A¥ to the space P1S5 is an isometry from PS5 onto V.

vP
—
Lo L AY _ Lo L
Vs ® B3 OFy Vi=VioHl aF;
—_———
_ Hy
P3 —Al
S3
—_——

_ 1 2J_
52 252@%S@FS

FIGURE 7. Some function spaces and isometric operators appearing in the statement of
Lemma [£.T5]and Theorem [£.16] This diagram is worth being compared with the diagrams on
Fig. 4| and Fig. @ In particular, the following inclusions hold: S; C S7 C Sp and V3 C Vy C
V_1.
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The pair (Ss,V3). The decompositions of Vy and Vi rested mainly on the simple equalities L?(F) = Vo © §
and HY(F) = Vi @ H'. However, H?(F) is not equal to Vo @ $H2. Indeed, according to Fig. @ the correct
decomposition is more complex, namely:

H*(F) = Vo & By & Fy ©H2.
We are led to define:
H‘%:{(w,Q1~)L2(;) cwe H(F)} and ﬁ%/:{(w7Q1')L2(]:) Cw e Nk

Since Vo, By and Fy are subspaces of the pivot space Vj, they are identified to subspaces of V_; and the
following decompositions hold:

(4.32) Vo=HZ®F, =Vo @By @Fy oV with HZ =V, @By oFy @ H? and VP =02 o F;.

This direct sum is orthogonal once V5 is provided with the scalar product:

N
(@1,@2)‘72 = (Awh AWQ)LZ(]:) + (lel, PLWQ)fJZ + F(wl) . F(wg) + Zal,jazj,
j=1
for every @y, € V, such that @y = (wk, Q1) r2(F) + Zjvzl ay, ;¢ with wy, € H*(F) and ax; € R for k = 1,2.
The decompositions will play an important role in Section [§] and in particular the fact that V5 is not
equal to Vo & V.
We do not need to enter into the details of the decomposition of S3. Let us just make precise the norm this
space is equipped with, namely:

(1,1) g, = (A%1, A%a) 27y + (PEAY1, PEAY:) g2 + T(AY1) - T(Ago) + T(31) - T(¢ha),

for every 11,19 in S3. As usual, we denote by A, the restriction of A_; to S3 and we let is to the reader to
verify that:

Lemma 4.18. The operator Ay is an isometry from Sz onto Va.
Notice that obviously S3 contains the space S5.
4.3. Lifting operators for the vorticity field. The expressions of the lifting operators for the vorticity

derive straightforwardly from Fig. [f] and Fig. Following the lines of Definition [4.6| and recalling that the
indices Iz(k) and Ja(k) are defined in (4.2)), we can write:

Definition 4.19. Let k be an integer such that k < 2 and assume that ¥ is of class C2(F+D:1 . For every
triple (gn, gr, I') in Gy x Gy x RN with I' = (I'y,..., I'n) we define:

N
(4.332) LY (9> 9r: 1) = Dl 11 (gn 97 1) = ALl (Thgagn — 90) + T3¢ ifk=0,1,2,

=1

(4.33b) L (g 9=, 1) = Akl 1 (g 9. 1) if k< -1,
The operator LX 18 valued in the space ka defined by:
VP =ARSp, =98 oF,  ifk=0,1,2 and VP =ApSp C Ve ifk< 1.

Let T be a positive real number, k be an integer such that k < 1 and assume that ¥ is of class C’>(F+1):1 . The
operator L,CV_H maps the space Gi1(T) (defined in (4.10))) into the space:

HY0,T; VP ) NC([0,T}; VP) N L2(0,T; VP,)  if k= —1,0,1,

b —
(4.34) V() = {Lz(O,T; Vi) k<=2

As a direct consequence of Lemmas [4.8] we are allowed to claim:
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Lemma 4.20. Let k be an integer such that k < 2 and assume that ¥ is of class C2*+t1 " Then the lifting
operator for the vorticity:

LY : Gpq x Gy x RY — V2,
is well defined and is bounded. Moreover if k and k' are two integers such that k' < k < 2, then LkV, = LkV m
G X Gl X RN . It follows that for every positive real number T and every k < 1, providing that ¥ is of
class C72(F+1:1 the operator:

Lity : Gua(T) — V(D)

is well defined and bounded as well, the bound being uniform with respect to T.

This lemma makes precise the expression of the vorticity corresponding to any prescribed boundary Dirichlet
conditions for the velocity field on X.

Definition and Lemma justify the lengthy construction of the the spaces V; (k = 0,1,2) carried
out in Subsection[4.2] As already mentioned, the naive approach consisting in taking the Laplacian of a lifting
stream function does not result in the correct result, first because the correct vorticity (in both cases of Fig. |§|
and Fig. |7) belongs actually to dual spaces, the expressions of which requires the construction of the spaces
Vi, and V, and second because the circulation would vanish at the vorticity level.

5. EVOLUTION STOKES PROBLEM IN NONPRIMITIVE VARIABLES

The evolution Stokes problem, stated in the original primitive variables (u, p), reads:
(5.1a) atu—uAu+v(§) —f inFp
(5.1b) Vou=0 inFr
(5.1c) u="b onXp
(5.1d) u(0) = ' in F,

where the source term f, the boundary data b and the initial data u! are prescribed. We recall that the
constant v > 0 is the kinematic viscosity of the fluid.

5.1. Homogeneous boundary conditions. We have at our disposal all the material allowing to deal with
the evolution Stokes problem in terms of both the vorticity field and the stream function.

Definition 5.1. in terms of the stream function, the evolution Stokes problem (called 1¥—Stokes problem) can
be stated as follows: Let k be any integer, T be a positive real number, ' be in Sy, and fs be an element
of L?(0,T;Sk_1). The Cauchy problem for the stream function with homogeneous boundary conditions, at
reqularity level k, reads:

(5.2a) o) + VAL = fs in Fr,
(5.2b) P(0) =4 in F.

Problem (5.2) can be rephrased in terms of the vorticity field: Let k be any integer, T be a positive real
number, w' be in Vi, and fy be an element of L?(0,T;Vi_1). The Cauchy problem for the vorticity field, called
w—Stokes problem, at reqularity level k reads:

(5.3a) dw +vAy L w = fv in Fr,
(5.3b) w(0) =w' in F.
For every integer k, we introduce the function spaces:
(5.4a) Si(T) = H*(0,T;Sk_1) NC([0, T]; Sx) N L*(0,T; Sp11),
(5.4b) Vi(T) = HY(0,T; V1) N C([0, T]; Vi) N L2(0,T; Vi 1)

Invoking for instance [49] Theorem 4.1] or simply Proposition (we felt somewhat uncomfortable with
quoting general results on semigroups in Banach spaces in such a simple case for which everything can be
shown “by hand”; see the short subsection [A.3]), we claim:
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Proposition 5.2. For every integer k, every T > 0, every ¥ € Sy and every fs € L?(0,T;Sy_1), there exists
a unique solution v to problem (5.2) in the space Sk(T'). Moreover, there exists a real positive constant c,
(depending on v but uniform in F, k and T) such that:

(5.5) lellsucry < e (Ills, + 1 slzoise ) )-

For every integer k, every T > 0, every w' € Vi, and every fy € L?(0,T;Vi_1), there exists a unique solution
w to problem (5.3)) in the space Vi(T'). Moreover, the following estimate holds with the same constant ¢, as

(5.5b) leolivery < e (It v + v o msvi )

The solutions ¥ and w to problems (5.2) and (5.3 respectively, satisfy the following exponential decay
estimates:

Lemma 5.3. Let ¢ be a solution to the Cauchy problem (5.2) in the space Sk(T) for some integer k, some
source term fg € L*(0,T; Sk_1) and some initial condition ' € Sy. Then, the following estimate holds:

—[v(1— i 1 2
(5.6a) [@)]s, <e ¢ s)AﬂtW |12+ 2—%||fs||%2(0,T;Skfl)} * forallt €[0,T] and ¢ € (0,1),

where A\x > 0 is the constant defined in Comllarylé’.]@. If fs =0, we can choose € =0 in (5.6a)).
Let w be a solution to the Cauchy problem @ in the space Vi, (T') for some integer k, some source term
fv € LQ(O,T; Vi—1) and some initial condition w' € Vi,. Then, the following estimate holds:

—[v(l—e i 1 %
(5:60) el < e PR+ v a0, ] Jor allt € [0,T) and = € (0,1).

If fy =0, we can choose e =0 in ([5.6b)).

We can easily connect problems (5.2)) and (5.3) by means of either the operators Py and Qj or with the
operator Ay. The proof is straightforward, resting on the commutative diagrams of Fig. 3] and Fig. [4}

Theorem 5.4. Let k and k' be two integers and T be a positive real number. Let 1 be the solution in Si(T)
to Problem (5.2) with source term fs € L?(0,T;S,_1) and initial condition ¢ € Sy. Let w be the solution in
Vir (T) to Problem (5.3)) with source term fy € L*(0,T;Vis_1) and initial condition w' € V.
If k' = k + 1, then the following assertions are equivalent:

(1) w'= P19t and for a.e. t € (0,T), fy(t) = Prfs(t);

(2) For a.e. t € (0,T), w(t) = Pry2(t).
If k' = k — 1 then the following assertions are equivalent:

(1) w' = Ap_19' and for a.e. t € (0,T), fv(t) = Ap—2fs(t);

(2) Fora.e. t € (0,T), w(t) = Apep(t).
In addition to the data already introduced, let

uw€ HY0,T;J,_1)NC([0,T); ) NL2(0,T; T py1)

be the solution to Problem ([2.18)) for some fy € L*(0,T;Jx_1) and u' in Ji. The following assertions are
equivalent:

(1) vl = Vity! and for a.e. t € (0,7), f3(t) = Vi, fs(t);

(2) For a.e. t € (0,T), u(t) = Vi, 19(t).
5.2. Nonhomogeneous boundary conditions. Following the definition of Sk(T) and Vi (T),
of SP(T) and of VP(T) we introduce for every real positive number 7" and every integer k < 2:
(5.7a) Sk(T) = H'(0,T; Sg-1) N C([0,T1; S) N L*(0, T Sg41),

where we recall that the spaces Sy are defined in (4.12). The counterpart stated in terms of the vorticity is,
for every integer k < 1, the space (see Fig. |§| and Fig. [7)):

(5.7b) Vi(T) = H'(0,T; Vi,—1) N C([0, T); Vi) N L*(0, T; Vayr),
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where the spaces Vj, are defined in ([{4.13)).

Definition 5.5. Let a positive real number T, an integer k < 1, a source term fs € L*(0,T;S,_1), an initial
data ¥' € Sy and a triple (gn,g-, ') € G(T) be given. Define ¥} = ¢' — L7 (9,,(0), g-(0), I'(0)) when k = 0,1
and W}y = ' when k < —1. Finally, assume that ¥ is of class C’2(F)1 and that the following compatibility
condition holds:

(5.8) PheSy  ifk=1.

We say that a function ¢ € Si(T) is solution of the evolution 1)—Stokes problem satisfying the Dirichlet
boundary conditions on X as described in (4.1) by the triple (gn, g+, ") if:

(1) Whenk =0 ork = 1: There exists 1y € Sk(T) solution to the homogeneous )— Stokes Cauchy problem

(598‘) 6151:00 + VAE—&-le = _atLg—&-l(g?H gr, F) + fS in Fr,
(5.9b) ¥o(0) = 1y in F,

such that 1 = g + L£+1(gn79¢7 r).
(2) When k < —1: The function @ is the solution to the Cauchy problem:

(5.10a) O + VAL b = VAL LY 1 (9 0 ) + fs in Fr,
(5.10b) ¥(0) = o) in F.

The case k = 2 is more involved and will be treated in Section [8] The difference of definition depending
on the level of regularity k is worth some additional explanation. Before that, combining Proposition [5.2] and
Lemma [4.20] we are allowed to claim:

Proposition 5.6. Every i)—Stokes problem as stated in Definition admits a unique solution. Moreover,
there exists a positive constant cj, 7,1 uniform in T such that the solution ¢ € Si(T) satisfies the estimate:

Nl

(5.11) 15, cry < epr 1602, + 17 1350.2:80) + 190 9ms D))
The consistency of Definition [5.5]is asserted by the following results:

Proposition 5.7. Let a positive real number T, an integer k, a source term fs € L*(0,T;S,_1), an initial
data ¢ € Sy, and a triple (gn, 9+, I') € Gi(T) be given as in Definition |5.5. Denote by ¢* the solution whose
existence and uniqueness in the space Sp(T) are asserted in Proposition.

Let k' be any integer lower than k and, all other data remaining equal, denote by VF the corresponding
solution in Sy (T). Then F = ¥

Proof. The proposition is obvious when k and k' are both nonnegative or when k and k' are both negative, so
let us focus on the case k = 0 and k' = —1 and compare the solutions % and ¥~!.
By definition, the function 9° solves the Cauchy problem:

8t(w0 - Lf(gTL?gT?F)) + VA‘lg(d}O - Lf(gn7gT7F)) = 7at|-‘1s(gnvg~rv[‘) + fs in Fr,
¥0(0) = o in F.

Since the operator A5 extends the operator A7 to Sy, the function ¥° belongs to L?(0,T;S;) C L?(0,T}; So)
and the lifting operator LY is valued in SP, which is a subspace of Sy, we are allowed to write that:

AT (U = L7 (gn, 97, 1)) = AGY" = AGLY (gn, 97, T)-
It follows that ¢° solves as well the Cauchy problem:
0° + vASY® = vAGLY (gn, g 1) + s in Fr,
v0(0) = ¢! in F,

a solution of which is 1~!. The proof is now completed. O
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The definition of weak solutions (i.e. for negative integers k) with nonhomogeneous boundary conditions
given in Definition can be rephrased by means of the duality method (or transposition method; see [5§]
and references therein).

Proposition 5.8. Let data be given as in Definition [5.5 and assume that k is a negative integer and fs = 0.
Denote by 1 the unique solution to the corresponding Cauchy nonhomogeneous 1— Stokes problem (5.10). Then
for every 9 € L*(0,T;S_x_1) and 6 € S_1(T) solution to the backward Cauchy problem.:

—00+vAS, 0=19  inFr,
0(T)=0 in F,
the following identity holds:

T T
(5.12) /0 <¢,19>Sk+1757k71 dt = <1/1179(0)>5k,57,€ - V/o <A*k9|27bT>H7’€*%(2),H’C+%(2) dt,
where (see identities (4.1))):
23
b‘r*Tk—Q—lgn ngrZFJaj

Proof. Equation (5.10a)) holds in L2(0,T;Sk_1), which is the dual space of L?(0,T;S_j4+1). Forming the
duality pairing of (5.10a]) with 6 yields:

T T T
S S S
/0 <atw70>sk71,sfk+1 dt+l//0 <Ak+1w’9>sk,17s,k+1 dt = V/() <Ak+1Lk+1(gn’gT’F)’9>Sk,1,s,k+1 dt.

Integrating by parts and using the definition of the operator AY 11, we obtain for the term in the left hand
side:

T T
S
613 [ @) o ey [ A0 o, =

T
— <1/)’, 0(0)>Sk,s,k + /0 <1/)7 —0:0 + A§k+19>5k+1,5471 dt.

The right hand side term is dealt with as follows:

T T
/0<Af+1Lf+1(gn,gT,F),9>Sk_1’s_k+ldt:/0 (U1 (Gn 90 1) AS ),

where, by definition (see (4.8)):

T
(5.14) /0 <LE+1(gn, 9= 1), A§k+19> dt

Sk+1,S—k—1

- N
= LT T n — 9r I "AS 9> dt.
/0 < 21 (Te19n — g )JF]; 565 A2 kg1 Ski1sS po1

Since the index k is negative, AkaH belongs to Sp. It follows that for every j € {1,...,N}:

0
(515) <§j,A§k+19>Sk+l’S—k ) (ij,VA k9 LZ(]: / ng kedS.

Recalling the definition (4.7)) of the operator L] ; and the factorization (3.30)) of Aj, and then gathering (5.13)),
(5.14) and (5.15)), we obtain indeed (5.12]) and complete the proof. d

Definition and Propositions and can be restated in terms of the vorticity field.
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Definition 5.9. Let a positive real number T', a nonpositive integer k, a source term fy € L2(0,T;Vi_1), an
initial data w' € Vi, and a triple (gn, g-, ') € Gr41(T) be given. Define wi = w' — LY (9,(0), g-(0), I'(0)) when

k= —1,0 and wi) = w' when k < —2. Finally, assume that ¥ is of class C”**+1):1 and that the following
compatibility condition holds:
(5.16) wh€Vi  ifk=0.

We say that a function w € Vi(T) is solution of the evolution w—Stokes problem satisfying the Dirichlet
boundary conditions on X1 as described in (4.1) by the triple (gn, g-, ') if:

(1) When k = =1 or k = 0: There exists wg € Vi(T) solution to the homogeneous w—Stokes Cauchy
problem

(5.17a) Orwg + I/A,‘C/Hwo = —8thV+1(gn,gT, N+ fv n Fr,
(5.17b) wo(0) = w}) in F,

such that w = wqy + L,ZH(gn,gT,F).
(2) When k < —2: The function w is the solution to the Cauchy problem:

(5.18a) Ow + VA 1w = vAL L1 (gn, g0, T) + o in Fr,
(5.18b) w(0) = w}) in F.

Proposition 5.10. Every w—Stokes problem as stated in Definition admits a unique solution. Moreover,
there exists a positive constant cy, r ) (uniform in T) such that the solution w € Si(T) satisfies the estimate:

Nl=

(5.19) ool cry < etz (Il + 1 Bxo.isy + 1 9ms 92 DI, )

Proposition 5.11. Let a positive real number T, an integer k, a source term fy € L*(0,T;Vi_1), an initial
data w' € Vi, and a triple (gn, g-, I') € Gri1(T) be given as in Definition|5.9. Denote by w* the solution whose
existence and uniqueness in the space ‘_/k(T) are asserted in Propositionﬁ.] !

Let k' be any integer lower than k and, all other data remaining equal, denote by W the corresponding
solution in Viy(T). Then w* = w¥'.

Proposition 5.12. Let data be given as in Definition with k < —2 and fy = 0. Denote by w the
unique solution to the corresponding Cauchy nonhomogeneous w—Stokes problem (5.18). Then for every ¥ €
L2(0,T;V_k_1) and 0 € V_i(T) solution to the backward Cauchy problem:

—00 +vAY, 0=19  inFr,
0(T)=0 in F,
the following identity holds:

T T
(5.20) /0 R R X T (U)o u/o (AY) 10

where (see identities (4.1))):

ol bT>H—k—% (Z)’HkJr% (=) dta

N ¢,
b‘r =T n — 9r Fij
k+29n — gr t Z I an |y
Jj=1
Proof. We form the duality pairing of (5.18a)) in L?(0, T’; Vi_1) with 8 in L2(0,T; V_s1), then the proof follows
mainly the lines of the proof of Proposition Let us focus on the right hand side term only, namely:

T
/(; <A}€/+1L}€/+l(gnagTaF)a9> ds.

Vi—1,V_k41

According to (A.7)), the duality pairing can be turned into:

<A¥+1LX+1(gmg‘rv F)79> = <L1‘c/+1(gmg7'a F)’ AYk+19>

Vi—1,V_k41 Vit1,Vok—1
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Then, using the definition (4.33b)) of L,‘c/+1 and the second formula in Lemma we obtain:
<LX+1 (gm gr, F), A‘—/k+10> = <L£+2(gn, gr, F)v Q—k—lAYk+19>
Vit1,Vor—1
Resting on formula (3.27)), the last term is proven to be equal to:
<L§+2(gn7 9r, F)a AEkQ—k+10>

and therefore it is very much alike the left hand side in (5.14). The proof is then completed after noticing that
—A_;_1Q_p41 = AYk+1 (see for instance Fig. . O

Sk+2,5—k—2

)
Sk+2,5—k—2

6. NAVIER-STOKES EQUATIONS IN NONPRIMITIVE VARIABLES

6.1. Estimates for the nonlinear advection term. Following our rules of notation, we define for every
positive integer k and every positive time 7', the time dependent space for the Kirchhoff potential:

(6.1) 9h(T) = H'(0,T; 95 ") nC([0,T]; 5% ) N L*(0, T; H5),

where we recall that the spaces $% were defined in (4.4). Then, we aim at establishing some (very classical)
estimates for the nonlinear advection term of the Navier-Stokes equations. Denoting by u a smooth velocity
field defined in F, an integration par parts yields the equality:

(VUU, VLQ)Lz(}-) = (DQGU,UL)Lz(]:) for all 6 € S;.
The main estimates satisfied by the right hand side term are summarized in the lemma below:

Lemma 6.1. Let a stream function 1 be in Sy (this space being defined in (&.15))) and a Kirchhoff potential
¢ be in H3% (defined in ([4.4)). Then the linear form:

(6.2) AT, p) 10 € Sy — —(D?OVY), V) (7) + (D20V 0, Vi) e (7 — (D?0Ve, Vi)12(7) € R,
is well defined and bounded. Moreover, there erists a positive constant c(x,,) such that:
(1) For every 6 € S:
_ 1% —_ _
(6:38) 1(AF(D+0,0),0)5_1.,] < SN0, + cman (1913, 19113, + el I3, ) 1613,

+ g (113, 1815, + Iel3s Il )-
(2) For every pair (01,02) € S1 x Sq:

— — v
(6.3b) (A7 (¥ +02,0) = AT($ +01,9).O)s_,.5,| < 1103,

+ g 1912, 1913, + el el + 1000, 16:03, ] 1013,
where © = 6y — 0.

If for some positive real number T, 4 belongs to C([0,T]; So)NL*(0,T;S1) and ¢ to C([0,T]; H5)NL*(0,T; H%)
then A5 (1, @) is in L2(0,T;S_1) and there exists a positive constant cx such that:

(6.3c) 147 (&, @)l 2(0,135_1) < ©F U|1E||c([0,T];so)|\1/;||L2(0,T;Sl) + H@HC([O,T];ﬁ}()||90||L2(0,T;ﬁ§<)}~
Proof. Considering the first term in the right hand side of , Holder’s inequality yields:
(6.4a) (D?0V 4, V)2 )| < (IVO[Ramllflls,  forall 6 € 5.

Then Sobolev embedding Theorem followed by an interpolation inequality between the spaces L?(F) and
H(F) leads to:

1 1
fullscr) < exlullyy ) < ol baglullhs sy for allw e HY()
Combining this inequality with Lemma [4.9] (equivalence of the norms in S; and H?(F)), we obtain first:

IVillesr) < exllPl3, 1012 -
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Once plugged in ([6.4a)), it gives rise to:
(6.4b) (D20V, V) (7| < ex|[dllsolldlls, 10]ls,  forall 6 € .

Based on the same arguments, it is then straightforward to prove the existence of a positive constant ¢z such
that:

(A5, 0), 05, 5] < cx (1115, 1015, + Il ielloy )I6lls, for all 6 € 5.
This shows that the linear form A7 (1, ¢) is indeed bounded and satisfies:

(6.5) 145, @)ls- < e (115, 1915, + elog s, )-

Let us move on to the estimate (6.3a)). Some of the terms vanishing after an integration by parts, we end up
with the following equality:

(6.6) (AT (Y +0,9),0)s .5, = —(D*0VY, V' h)r2r) + (D*0V0, V)12 (7
+ (DY, V4 0)L2(r) — (D*0V 9, V)12 (7).

Addressing the first term in the right hand side, let us start over from the inequality (6.4b)) to which we apply
Young’s inequality:

_ _ 1% _ _
(D?0V%, VE)racm)| < 1013, + el 1915,
The four remaining terms in the right hand side of can be handle the same way and summing the resulting

estimates yields (6.3al).

With the notation of the occurence of the Lemma, some elementary algebra leads to:
(AT () + 02, 0) — AT (Y + 61,0),0)5_,.5, = —(D*OV (¢ + 01), V=O)p2(5) + (D*OV* 0, VFO)12( ),

and proceeding as for (6.3a) we quickly obtain (6.3b]).
Finally (6.3c|) derives straightforwardly from (6.5) and the proof is completed.

In case the stream function is more regular, the nonlinear term satisfies better estimates:

Lemma 6.2. Let a stream function v be in Sg (see (4.30) for a definition) and a Kirchhoff potential ¢ be
in $H2% (see [A.4)). Then the linear form A (1), ¢) defined in (6.2)) extends to a continuous linear form in Sp

whose expression is:
(6.7) AG (1, 9) 0 € Sg — (AP(VHY + V), V)25 € R.
Moreover, there exists a positive constant cx such that:

ST T2 2 \Z 7k
(6.8) 145 @ )lise < e (1912, + lelZe, )" IBNE 11,

Let T be a positive real number and let 1 be in Sy(T), ¢ be in $H%(T) and 0 be in Si(T) (these spaces being
defined respectively in (5.7a)), (6.1) and (5.4a))). Then A5 (1 + 6,¢) belongs to L?(0,T;Sy) and:

— 1 -
(6.3) 4565+ 0.0 s0z.50) < T (113, + Nl oy + 1013, ).
Finally, for every pair (61,02) € S1(T) x S1(T):

(6.8¢) (|45 (% +82,9) — 45 (% + 01, 9) | 12(0,7;50)

1
< cpIT <||1Z||2§1(T) + ||01||231(T) + ||92||231(T) + ||<P||525§((T)) “1162 — 01l s, (1)

Proof. Assume that 6 belongs to S;. Then, integrating by parts, we obtain:

(6.9) (AP(V ) + Vo), V025 = —(D*oV, VO)L2(r) — (D*OVY, V)2 7y — (D?0VY, V)2 F).

Integrating by parts again the first term in the right hand side, it comes:

(6.10a) (D*9V1), VO)L2(F) = —(AOV, V)12 (7) — (D Ve, VO)L2(5),
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while the last term can be rewritten as follows:

(6.10b) (D*YV @, VO)2(r) = (V(VO - V), Vo)r2(r) — (D*OVY, Vo)r2(5),
and the first term in the right hand side vanishes. Gathering (6.10a)) and (6.10b]) yields:
(6.11) (D*eV, VO)L2(5) = —(AOV R, V)12(5) + (D*0V, Vo)r2(r) = —(D*0V 4, Vo)L (7).

Replacing this expression in , we recover indeed the definition (6.2]) of A7 (v, ¢).
Applying Holder’s inequality yields:
- - _ 2 _8 _
IAGT5 + V)22, < erlAG Fa | A0Sy (1982 + IVl )

and then, Sobolev embedding Theorem leads straightforwardly to (6.8al).
From , we deduce that:
2
H

145 @+ 0,0)lls0 < ex (1013, + )2 + 1003, ) " (112, + o3, ) ",

and therefore, in particular:

145+ 0.0)1,5 0mspy < 7 (1813, ey 1 cry + 161, r))-
The estimate (6.8b]) follows with Holder’s inequality. The last inequality (6.8¢c|) is proved the same way. O

Remark 6.3. (1) Denoting u = Vi + Vi in the statement of the lemma, it is classical to verify that:
(6.12) (A5 (), 9),0)s, = (Vuu, V3027 for all 0 € Sp.

(2) In this lemma, the assumption ¢ € H% (T) is too strong. Indeed, the Kirchhoff potential is not required
to belong to L*(0,T;$3;) and one can verify that ¢ € C([0,T); H%) would be suffisant. However, the
hypothesis ¢ € $2%(T) will be necessary later on.

6.2. Weak solutions.

Definition 6.4. Let a positive real number T, a source term fs € L*(0,T;S_1), an initial data ' € Sy and
a triple (gn, g, I') € Go(T) be given. Define i = ¥' — L5 (9, (0), g-(0), '(0)) and assume that ¥ is of class
Cc31L.

We say that a stream function ¢ € So(T) is a weak (or Leray) solution to the 1)— Navier-Stokes equations
satisfying the Dirichlet boundary conditions on Y1 as described in (4.1) by the triple (gn,g-, ") if ¥ = p +
vy + Y where:

(1) The function vy, accounts for the boundary conditions. It belongs to SY(T) defined in and is
equal to LY (gn, g-,I');

(2) The function vy accounts for the source term and the initial condition. It is defined as the unique
solution in So(T') of the homogeneous (linear) 1p—Stokes Cauchy problem

(6.13a) Opthy + VAT Yy = =0y, + fs in Fr,
(6.13b) e(0) = b in F.

(3) The function ¥4 accounts for the nonlinear advection term. It belongs to the space So(T') and solves
the nonlinear Cauchy problem:

(6.14a) Oha + VAT YA = — A7 (W + e + Ya, ) in Fr,
(6.14b) $a(0) =0 in F,

where ¢ = L1g,, is the Kirchhoff potential that belongs to $H%-(T).

Theorem 6.5. For any set of data as described in Definition there exists a unique (weak) solution in
So(T) to the ¥— Navier-Stokes equations.
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Proof. The existence and uniqueness of 1), is asserted by Proposition Lemma [6.1] being granted, the proof
of existence and uniqueness of the function ¥, is quite similar to the proof [48, Chap. 1, Section 6]. Let us
focus on the main differences and omit some details.

Denote by v the function in Sp(7T') equal to the sum vy, + v, (where the functions 1/, and v, are given) and
notice that, according to Proposition and Lemma [4.2}

[N

e [I10613, + 1751 320.2:5-1) + 1gns 97, D))

crllgnllcnry < exll(gn, gr Dllaor)-

(6.15a) 191l 57y
(6.15b) el ()

Then, for every positive integer m, introduce S7*, the finite dimensional subspace of S; spanned by the
m~—th first eigenvalues of A7 (loosely speaking, this operator is equal to A7 seen as an unbounded operator
in S_; of domain Sy; see ) Denote by II,, the orthogonal projector from S; onto S7* and by II, its
adjoint for the duality pairing S_; x S7. Finally, let ¢’{' be the unique solution in S7* of the Cauchy problem:

(6.16a) Oy + vATYR = —II5 AT (b + 07 ) in Fr,
(6.16b) P (0) =0 in F.

<
<

The existence and uniqueness of ¢ € C*([0,7,,]; S1) on a time interval (0,7},) is guaranteed by Cauchy-
Lipschitz Theorem. Forming now for any s € (0,7,,) the duality pairing of equation (6.14a)) set in S_; with
P71 (s) in Sy and using the estimate (6.3a) for the nonlinear term, we obtain:

d
(6.17) FIA G5 IR ()5 < 26)ER ()5, + 2(s),

where, for every s in (0,7):

0(s) = e I3, 1963, + o) 3 o3 ]

One easily verifies that ® belongs to L(0,7) and that, according to the estimates (6.15) above:

(6.18) 1@zt 0,7) < CpF {H%H%o + 1 fsllZ207.5 1) + H(QmQT,F)H?;O(T)]

Then, integrating (6.17)) over (0,t) for any ¢ € (0,T,) and introducing the constant Az defined in (3.29) yields
the estimate:
t

t
RO, + [ (A== 26 |67 (6)I% ds < [ d(e)ds  forallte (0,7)
0 0
which, with Gronwall’s inequality, leads to the estimate below, uniform in ¢ according to ((6.18]):

1 1
Ll .
(6.19a) 107 Ollso <UPN L1 0™ O S Cruubliso sl 2rss_ il @nge Do)

We deduce that T, can be chosen equal to T. Going back to inequality (6.17)), integrating it again over the
time interval (0,7) and using the estimate (6.19a)), we get another estimate uniform in ¢:

(6.19b) 19 | 2001381) S Cmaliwhlisg I fslizomns sy l@ngeDllgocm]-
From identity (6.16a)), we deduce now that:

1008 | 20,755 1) < VIR 200,580 + 1A® + ¥, 0l L2 (0,35 1)
Combining (6.3c)), (6.19a)) and (6.19b)) allows us to deduce that:
(6.19¢) 1064 |22 0,735 1) S ClFw i llse sl iz ors 1ol (gnsge Dllgo )

It follows from the estimates that the sequence (¢¥'f")m>1 remains in a ball of So(T"), centered at
the origin and whose radius depends only on F, v and the norms of the data |[¢|s,, ||fsllr2(0,m;s_,) and
1(gn> 97+ ') || Go(ry- The existence of a solution as limit of a subsequence of (¢'{'),, is next obtained, following
exactly the lines of the proof [48, Chap. 1, Section 6].
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Let us address now the uniqueness of the solution. We denote by ¥, the difference 1% — 9} between two
solutions to the Cauchy problem ((6.14) and this function satisfies:

WA +VATT, = —AT (P + 3, 0) + AT (Y + ¥, ) in Fr.

Forming, for a.e. t € (0,T), the duality pairing of this identity set in S_; with ¥4(¢) € S; and using the
inequality ([6.3b]) results in the estimate:

d S
7l + [Mr — iz (1913, 19115, + lel5s lells, + II¢}1II§1||¢,1AII%O)] 12415, <0

The conclusion follows with Gronswall’s inequality, keeping in mind that inequalities (6.19al) and (6.19b]) hold
for 4} as well. The proof is now completed. O

Definition [6.4] and Theorem can easily be rephrased in terms of the vorticity field. The nonlinear
advection term is defined for every @ € V and ¢ € H% as an element of V_s by:

AY("‘_}7 30) = A—QAf(Aalwa 90) = 7<Af(Aalw’ 90)’ Q2'>5717S1a
the latter identity being deduced from (3.31h)).

Definition 6.6. Let a positive real number T, a source term fy € L*(0,T;V_3), an initial data w' € V_1 and
a triple (gn,g-, ') € Go(T) be given. Define wh = w' — LY (9,(0), g-(0), I'(0)) and assume that % is of class
Cc31.

We say that a vorticity functionw € V_1(T) is a (weak) solution to the w— Navier-Stokes equations satisfying
the Dirichlet boundary conditions on Y1 as described in (4.1) by the triple (gn, 9+, ) if w = wp + we + wa
where:

(1) The function w, accounts for the boundary conditions. It belongs to V°,(T) (defined in(4.34) ) and is
equal to LY (gn, g+, T);

(2) The function wy accounts for the source term and the initial condition. It is defined as the unique
solution in V_1(T) of the homogeneous (linear) w—Stokes Cauchy problem

(6.20a) Opwi + VAY wp = —Owwy + fv i Fr,
(6.20b) we(0) = wh in F.
(3) The function wa accounts for the nonlinear advection term. It belongs to the space V_1(T) and solves
the nonlinear Cauchy problem:
(6.21a) Owwp + VA(‘)/wA = —AY(wb +we +wa, @) in Fr,
(6.21b) wa(0) =0 in F,

where ¢ = L1g,, is the Kirchhoff potential that belongs to H%-(T).

Theorem 6.7. With any set of data as described in Definition there ezists a unique solution w to the
w—Navier-stokes equations. Moreover, if 1 is the unique solution to the 1)— Navier-Stokes equations as defined
mn Deﬁnitz’on and W' = A_1Y', fir = A_sfs, all the other data being equal, then w = Ag).

Proof. It suffices to apply the operator A_5 to (6.13)) and (6.14) to obtain (6.20) and (6.21]), because, according
to the commutative diagram of Fig. 4l A ;AT = Ay Ao. O

In case of homogeneous boundary conditions, we recover the exponential decay estimates as stated in
Lemma [5.3] for the 1)—Stokes Cauchy problem, namely:

Corollary 6.8. Assume that v is solution to the 1¥— Navier-Stokes equations with homogeneous boundary
conditions (i.e. 1y, = 0 in Definition[6.4]). Then the exponential decay (5.64) holds true with k = 0.
Similarly, if w is solution to the w—Navier-Stokes equations with homogeneous boundary conditions (i.e.

wp = 0 in Definition , then the exponential decay (5.6b)) holds true with k = —1.
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Proof. In case of homogeneous boundary conditions, 1) solves the Cauchy problem:
o+ VAT = —AV(4,0) + fs in Fr,
(0) = ¢! in F.
It suffices to form the duality pairing with ¢ € 1, notice that (A7(¢),0),%)s_, 5, = 0 and apply Gronwall’s
inequality to complete the proof. [l

Remark 6.9. In Definition the initial condition w' can be taken in the dual space V_i. This space
contains, for every 1 < p < 2:

LI‘)/ = {(W’Ql')L2(}') LW E LP(Q)},
which can be identified with LP(F). The space V_1 contains also, for every Lipschitz curve € included in F
and for every q € H 2 (€) what can be identified as a vorticity filament:

wq:HEW»—)[qulﬂds.

6.3. Strong solutions.

Definition 6.10. Let a positive real number T, a source term fs € L?(0,T;Sp), an initial data ' € Sy and
a triple (gn,g-, ") € G1(T) be given. Define ¥} = ' — L (g, (0), g-(0), I'(0)) and assume that ¥ is of class
C?' and that the compatibility condition:

Oy
on

(6.22) Yh €81 or equivalently that =0,

P

is satisfied.

We say that a stream function v € S1(T) is a strong (or Kato) solution to the 1— Navier-Stokes equations
satisfying the Dirichlet boundary conditions on X1 as described in (4.1) by the triple (gn,g-, ") if ¥ = Uy +
e + P4 where:

(1) The function 1y, accounts for the boundary conditions. It belongs to S?(T) and is equal to L5 (gn, g+, I');
(2) The function vy accounts for the source term and the initial condition. It is defined as the unique
solution in S1(T') of the homogeneous (linear) 1— Stokes Cauchy problem

(6.23a) Oube + VA = —Ohy + fs in Fr,
(6.23b) e(0) = b in F.

(3) The function ¥4 accounts for the nonlinear advection term. It belongs to the space S1(T') and solves
the nonlinear Cauchy problem:

(6.24a) Bitpa + vAS YA = —AG (Yo + e +a,0)  in Fr,
(6.24D) $4(0) =0 in F,
where @ = LY g, is the Kirchhoff potential that belongs to $3.(T).

Theorem 6.11. With any set of data as described in Definition there exists a unique (strong) solution
in S1(T") to the yp— Navier-Stokes equations.

Proof of Theorem[6.11] The proof is based on a fixed point argument. The existence and uniqueness of v,
and 1)y being granted, denote by v the sum ), + 1, that belongs to S1(7T") and introduce the constant:

Ro = [I6b13, + 151132050 + 19> 9rs DI, ()]
Then, define three maps:
(1) Xg : L*(0,T;So) — S1(T) where, for every f € L?(0,T;Sp), # = Xz f is the unique solution in Sy (T')
to the Cauchy problem:
00 +vASO=f  in Fr,
0(0)=0 in F.
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(2) Y : S1(T) — L*(0,T;So) where, for every 0 € Si(T), Yr(0) = —A§ (¢ + 0,¢) (remind that the
Kirchhoff potential ¢ = L%g,, is given).
(3) Zr =Y o Xy : L*(0,T; So) — L*(0,T5; Sp).

Combining the estimates (6.8b]), (6.8c) and (5.11]), we deduce that for every f, f1, fo € L%(0,T; Sp):
1
1Zr fllz20 750 < e T (B2 + 110,z )

1Zrf2 — Zr fill L2 0.7.50) < €T (Ro + 1 fillz20.7:50) + Hf2||L2(O,T;SO)) Ilf2 = fillz2(0,7,50)-
Let now R be equal to 2Rg. Then, for every f, fi, f2 in Bg, the ball of center 0 and radius R in L?(0,T’; Sy):
1Zr fll 22 (0.17,50) < €T 10 R2,
1Zrfa — Zr fill 120750 < € TR f2 — fill L2 (0.1.50)-

Thus, for Ty = 1/(4c[].—7,,}R0)10, the mapping Zz, is a contraction from Bpg into itself. Banach fixed point
Theorem asserts that Z7, admits a unique fixed point whose image by Xr, yields a solution ¥4 to the Cauchy
problem on (0,Tp). Let (0,7*) be the larger time interval to which the solution 1 = 14 + 1y + ¥, can
be extended. The time of existence Ty depending only on Ry, standard arguments ensure that the following
alternative holds:

(6.25) Either T =T or lim |[9(t)]|5, = +oo.

t—=T*
As being a weak solution, estimates (6.19a)) and (6.19b)) hold for 14, namely [[v)al|co,1;50) and [[allz2(0,1351)
are bounded. On the other hand, forming the scalar product of equation (6.24a)) with A5, in Sy, we obtain:
1d *
5&”1%”?91 + VHwAH%Q = —(A0(¢7 @)7A§w/1)50 on (07T )
Considering the nonlinear term in the right hand side, Holder’s inequality yields:
(6.26) |(A0(,0), A5 ) 50| < AP L4 V9 + Voollna ) l[9alls, -

whence we deduce, proceeding as in the proof of Lemma that:

(Aot ASa)sy] < |5

with ©1 = [[[vall3, + 1vell3, + lvellE, +llel32 | and Oz = [[lYallg, + 1¥slls, + 1vells, + lel3 ]+ [lvelz, +
4¢3, ] The functions ©1 and O, both belong to L(0,T). It follows that:

JFC[]—',V]Ql} [¥allE, + ci7,.)O2 on (0,77),

d *
a”w/l”%'l + (V - c[}',u]el)”w/lH%g < c[]—',u]QQ on (OaT )7

and by Gronwall’s inequality, we conclude that ||¢4]|s, is bounded on [0,7*). The latter occurence in (6.25))
may not happen and therefore 7% =T O

Definition [6.10] and Theorem can easily be rephrased in terms of the vorticity field. The nonlinear
advection term is defined for every @ € Vi and ¢ € H% as an element of V_; by:

(6.27) AY (@,0) = A1 A (AT 0, 0) = —(W(VH + V), VQI)L2 (),

the latter identity being deduced from (3.31b)). In (6.27), w stands for the regular part of & (see Remark [4.17)
and ¢ = A7 '@,

Remark 6.12. Notice that even at this level of regularity, the nonlinear term of the vorticity equation cannot
be written in the most common form, namely as the advection term u - Vw (see Section @)

Definition 6.13. Let a positive real number T, a source term fy € L?(0,T;V_1), an initial data w' € Vy and
a triple (gn,g-,T) € G1(T) be given. Define wh = w' — LY (g.(0), 9-(0),'(0)) and assume that 3 is of class
C?1 and that the compatibility condition w} € Vo is satisfied.

We say that a vorticity function w € Vo(T) is a strong (or Kato) solution to the w— Navier-Stokes equations
satisfying the Dirichlet boundary conditions on Xp as described in by the triple (gn,gr, ') if w = wp +
wy +wy where:
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(1) The function wy accounts for the boundary conditions. It lies in VO(T) and is equal to LY (gn, gr, I');
(2) The function we accounts for the source term and the initial condition. It is defined as the unique
solution in Vo(T) of the homogeneous (linear) w—Stokes Cauchy problem

(6.28a) Oy + Z/AYUJz = —Oywp + fv in Fr,
(6.28b) we(0) = wh in F.

(3) The function wa accounts for the nonlinear advection term. It belongs to the space Vo(T) and solves
the nonlinear Cauchy problem:

(6.29a) Orwp +vAY wy = —AY (wy + we + wa, @) n Fr,
(6.29b) wa(0) =0 in F,
where ¢ = LB g, is the Kirchhoff potential that belongs to $%(T).
The counterpart of Theorem [6.11] reads:

Theorem 6.14. For any set of data as described in Definition there exists a unique (strong) solution
in Vo(T) to the w— Navier-Stokes equations. Moreover, if v is the unique solution to the ¢—Navier-Stokes
equations as defined in Definition and W' = Agy', f = A_ifs, all the other data being equal, then
w = Ald)

Once again, we point out that Equations and are set in L2(0,T;V_;) where V_; is not a
distribution space. As very well explained in [61], this may be the cause of numerus mistakes and misunder-
standings. Inspired by Guermond and Quartapelle in [32], let us elaborate a “distribution-based” reformulation
of Systems —. Any solution w to the w—NS equations can be decomposed into:

N
(6.30a) W =wy + wr + wp where Wy = w? + ¢ with (= ij(j.
j=1

In these sums, wy and we belong to Vo(T), wy is in H'(0,T;V_1) N C([0,T], L3) N L*(0,T; HY,) and I €
HY(0,T) for every j = 1,...,N. In the splitting (6.30a)) ¢, is identified as the singular part of w while the
“regular part” is:

(6.30b) Wy =Wy +wp + wbﬁ.
Recalling the decomposition (3.4)) of the space Sy, namely:
1
Sy = HY (F)®Fs,
where the finite dimensional space Fg is spanned by the functions &; (j =1,..., N), we deduce that:
i

Vi = P1H(F) ®Fy.
From any source term fy € L?(0,T;V_1), we define fi, € L?*(0,T; H~'(F)) by setting:
(6.30c) fv={v,Pryviiv.

Theorem 6.15. Let w be a solution to the w— NS equations as described in Definition |6.13 and introduce wy,
Cp and fi, as explained in the relations (6.30). Then w, obeys the equation:

(6.31a) Owy —vAw, + V- [w (VI + V)] = f,  in  L*(0,T; H ' (F)),
and for every j =1,...,N:
(6.31b) I+ v(Vwr, VE L2 (r) — (we(VE + V), VE 2 = (fv, P1&)vi, v in L*(0,7).

Proof. By definition of a strong solution to the w—NS equations, the following equality holds for every 6 € V;:

N

d

Tl v + > NGO v, v+ v(wn O)v, — (@ (VY + V), VQiO)Lem) = (fv.0)v_, v,  on (0, 7).
j=1
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Notice now that
(W, O) vy vy = (wa 4+ we, O) v, + (W, Qi) r2(F) = (wr, Qub) r2(7).-
Choosing the test function 6 in Py H}(F), we obtain (6.31al) and choosing 6 in Fy- leads to (6.31D)). O

Appart from the nonlinear advection term, formulation (6.31]) is quite similar to System (2.9) displayed at
the beginning of this paper. In Section [8] we shall seek more regular solutions to the w—NS system in order
to obtain Identity (6.31a]) satisfied in L?(0,T; L?(F)).

7. THE PRESSURE

The purpose of this section is to explain how the pressure can be recovered from the stream function or the
vorticity field, i.e. to derive Bernoulli-like formulas for the 1)—NS equations. In the literature, the existence of
the pressure field is usually deduced from the Helmholtz-Weyl decomposition and no expression is supplied.

7.1. Hilbertian framework for the velocity field. The following Lebesgue spaces shall enter the definition
of the pressure:

(7.1) feL2 /fdas—O and  Hn,=HNL2,
as well as the Sobolev spaces below:
1 1 2 2 2 2 . Of
(7.2) H. = H'(F)nL%  and Hm:{feH(f)mL = —o}.

The last two spaces are provided with the norms:

(f1, f2)m = (Vf1,Vfa)L2(F) for all f1, fo € Hy,

m

and

(f1; f2)m2, = (Af1, Af2)r2(F) for all fi, fo € HZ.
We recall that the lifting operators L}, (for every integer k) were introduced in Definition

Definition 7.1. For every f € L2, we denote by Oy the unique function in H2, satisfying:
ABOy=f inF,

and we denote by Wy the unique preimage of f in Zs by the operator AY (see Lemma @
Then, we define the operator H : L2, — L2 by:

00
Hf = ALT af for all f € L2
It is worth noticing the obvious equality:
, 00
(7.3) By = 18—;’ § for all f € L2,

The operator H will come in handy for defining the pressure from the stream function. The main properties
of H are summarized in the following lemma:

Lemma 7.2. The operator H is bounded, ImH = $,, and kerH = Vj, what entails that H is an isomorphism
from Hm onto Hiy.

Denoting classically by H* the adjoint of H, we deduce that ImH* = §,, kerH* = V4 and H* is an
isomorphism from $y, onto itself. Furthermore, for every f € $Hm, the function H* f is the harmonic conjugate
of f i.e. the unique function in Hy, such that the complex function

z = (21 +izg) — f(21,22) + 1 (H" ) (21, 22)

is holomorphic in F.
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Proof. The boundedness results from elliptic regularity results for ©; and from the boundedness of the operator
LT (we recall that by default ¥ is assumed to be at least of class C1'1). By construction, H is valued in £, so
let a function h be given in $,,. According to Lemma[3.9] ¥, belongs to B and:

6y7h 8g’h
o —/hdx—Z/i—d =0.

We can then define ¢ € H?(X) such that dg/87 = 0¥, /On on X. We denote now by ), the biharmonic
function in H2(F) such that 80,/0n = 0 and ), = g on . One easily verifies that Afj, belongs to L2, and
HA#;, = h. This proves that ImH = §,,.

According to Lemma the operator L7 is an isomorphism from G7 onto Bg. Therefore, if Hf = 0 for
some f, then Oy is in S; and hence f = ABy is in V), which means that indeed ker H = V4.

Let now h be in $,, and f be in L?n. Then:

00 oh
(hHf)L2(7) = (h, AWug) L2(F) :/ Hfd —/h —Lds = /EQfd&
>

Introducing h the harmonic conjugate of h, we deduce that:

(hyHf )27 = / a—@f ds = (h, AOf) 127y = (b, [)r2(F)

and the proof is completed. [l

We turn now our attention to the Gelfand triple:
(7.4) H, CHyCH_4,
where Hy = H}(F), Hy = L?(F) is the pivot space and H_; = H~!(F) is the dual space of H;. The space

H; is provided with its usual scalar product, namely:

(7.5) (u,v)m, = / Vu: Vudz for all u,v € Hy.
f

Theorem 7.3. For every uw € H; there exists a unique triple (¢, ¢,h) € S1 X S1 X Hm such that h is the
harmonic Bergman projection of the divergence of u and

(7.6) u=V=ry+ Vi, + VO, + Ve  in F.
It follows that the divergence and the curl of u are given respectively by:
(7.7) V-u=Ap+h and V*'-u=Ayp+Hh inF,

1L
and these decompositions in L*>(F) of V -u and V= - u agrees with the orthogonal decomposition Vo & $) of the
space L2(F).
Finally, let uy,us be in Hy and denote 11,%s, ¢1, P2 the functions in S1 and hy, he the functions in $Hy
such that:

(7.8) uj, = v%pk + VAW, + VO, + Ve, in F - (k=1,2).
Then, the scalar product ([7.5)) can be expanded as follows:
(ur,u2)m, = (V u1,V - ug)2(F) + (V4 uy, Vv “U2)L2(F)
(7.9) = (AY1, A p2(F) + (Hha, Hho) 27y + (b1, he) 27y + (Adr, Ad2) 12(F)

Proof. Let u be given and decompose the L? functions V* -u and V - u respectively into the sums w + wj, and
0+ h with w,d € Vy and wy, h € $. Since:

/hdxz/(é—i—h)dx:/u-nds:O,
F F by

the harmonic function h is actually in $,,. In the same way:

/whdx:/(w+wh)dx:—/u~Tds:0,
F F b
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and wy, is in Hy, as well. Define now ¢ and v in Sy such that A¢ = § and Ay = w. One easily verifies that
the vector field:

v=u— [V + Vi, + VO, + Vo) in F,

is in Hy and that V-v = 0. On the other hand V' -v = wj, — Hh, which means in particular that V1 -v € $,,.
This entails that v = 0. Indeed, according to Helmholtz-Weyl decomposition (see [27], Theorem 3.2]), there
exists ® € H! and ¥ € S; such that:

v=VIU 4+ VP in F.

But ® = 0 since V - v =0 and ¥ belongs to S; according to the boundary conditions and the regularity of v.
It follows that AU € 1 but as observed earlier, AU = V1 . v € §,,, what implies that ¥ = 0. This proves
the existence and uniqueness of the decomposition (7.6).

Assume now that u; and up are in D(F) = D(F;R?) and introduce their decompositions as in (7.8).
Integrating by parts, we obtain:

(uh u2)H1 = _(Aul, u2>L2(]:)

(7.10) = —(VT Ay + VHHA u0) Vhy + VA¢1, ug)

D'(F),D(F) < D/ (F),D(F)"

We switch to the duality pairing in the second equality because although u; is smooth, this does not guaranty
that every term in the decomposition ([7.6)) is also smooth (notice that invoking elliptic regularity results would
require the boundary ¥ to be smoother than C*1). The former term in the right hand side of (7.10) yields:

(VEAY, + VLth,u2>D,(F),D(f) = (A1 + Hhy, V' - ug)r2x

= _(Awlv A¢2)L2(]:) - (th, Hh2)L2(]-');
while the latter leads to:

(Vhy + VA¢17U2>D,(I)’D(JT) = —(h1 + A1,V - u2)r2(F) = —(h1, h2)12(7) — (Ag1, Ad2) r2(F)-
The equality (7.9) follows by density of D(F) into H; and the proof is complete. O

Remark 7.4. (1) The decomposition (7.6|) differs from the one in |27, Theorem 3.3] where u € Hy is
decomposed into

(7.11) u=Vp+(—Ap)tVp in F,

with ¢ € S1 and a potential p in L2. The operator (—Ap)~1 obviously stands for the inverse of the
Laplacian operator with homogeneous boundary conditions. The stream function v is the same in
and .

(2) In [2, Theorem 3] or [39, Theorem 2.1], every vector field u € L*(F) is shown to admit the decompo-
sition:

(7.12) w=VY+Vth+Vp  inF,

with ¢ € HY(F), p € HL, and h € Fg. This expression is used by Maekawa in [52] to derive necessary
and sufficient conditions for u to be in Jy.

(3) Identity is a trivial version of Friedrich’s second inequalities; see [27, Lemma 2.5 and Remark
2.7] and also for instance [41]. However, it can also be readily deduced from that there exists a
constant cx such that for every u € Hy:

luller, < erIPrwllzzry + 16l2r)  or Julll, < eFllwliz) + IPH0llza (),

where w =V -u and 6 =V - u. It means that the Hy-norm of a vector field is controlled by:

(a) Either the harmonic Bergman projection of the curl and the divergence of this vector field in L?;
(b) or by the curl and the harmonic Bergman projection of the divergence of this vector field in L?.
We were not able to find this result in the literature.
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(4) The decomposition (7.6) of Theorem allows to deduce a necessary and suffisant condition for the
following overdetermined div-curl problem to be well-posed: There exists a unique u in Hy such that:

V-u=9 and Viu=w in F,

with § and w in L2(F) if and only if PYw is the harmonic conjugate of P-5. This result seems to be
new as well.

As shown in [60], the definition of the pressure for the Navier-Stokes equations (in classical velocity-pressure
formulation) is not possible for a source term fj in L?(0,7;J_1), what means in nonprimitive variables, for
fs € L*(0,T;5_1) (see Fig.[3). The definition of the pressure requires the source term to be in L?(0,T; H_1).
To be more specific, we need to elaborate on the structure of the dual space H_1.

Proposition 7.5. For every linear form fg in H_1, there exists a unique pair (6g,wn) € L2 x Vo such that:
(fa,wu_, 1, = (0, V- u)r2(r) + (wp, V* W) L2 (F) for all w € Hy.

If fyg belongs to Hy, then:

(7.13a) oy =—¢u —H*Yg and wg = —Pi¢q,

where fu = Vou + V> is the Helmholtz-Weyl decomposition of fu. The identities can easily be

nverted:
(7.13b) ¢ =—0g+Hwa and Ya=-Qun.

Proof. Let fyg bein H_;. According to Riesz representation Theorem and Theorem there exists ¢, € Sy
and h € H, such that:

<,]"H,u>1-171,1-11 = (A¢ + (Id + H*H)h, V. u)L2(]:) + (A¢, vt ~u)L2(].—) for all w € Hj.

It suffices to set og = A¢ + (Id + H*H)h and wyg = Aq.
Assume now that fg lies in Hy and denote by ¢y € HY and ¢y € Sy the functions entering the Helmholtz-
Weyl decomposition of fy, i.e.

fu=Voa+Viyg inF.
By definition of Hy as pivot space:

(fr,wya_ a1, = (fa,w)LeF) = — (08, V- u)r2F) — (ba, V' - u) 2o for all u € Hj.

1
The orthogonal decomposition L2 (F) = Vo @ Hy, leads to V4 - u = PgV+ - u+ PgVL - u. But according to
Theorem Py VL u=HV - u, whence we deduce that:

(fowa_, i1, = —(6u + HYa, Vw2 — (P, V- u) 2 ),

and the proof is complete. O

Remark 7.6. It is now easy to verify that if fu € H_1 and fg € S_1 are two linear forms such that:

(fr, V'Y)u_, |1, = (fs.¥)s_1.5 for all ¢ € Sy,

then Pfs = wy where wy € Vg and 6u € L2, are defined from fg in Proposition . We shall prove that the
pressure depends only upon dg and therefore is actually independent of the source term fs.

7.2. Weak solutions. When the equation is nonlinear, the operator H is not suffisant to define the pressure.
Thus, for every u € L*(F), define mg[u], my [u] € L2, by means of Riesz representation Theorem as:

(7.14a) (W@[u],f)L?n = —(DQqu,u)Lz(]:)
(7.14b) (moul, f)rz = (D*¥ru,ut ) for all f € L2.
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Definition 7.7. Let T be a positive real number, 1 be a function in So(T), ¢ be in 9k (T) (this space is
defined in (6.1)) and du be in L*(0,T;L2). Then introduce the velocity field u = V11 + Vo and for a.e.
t € (0,T) define pe(t) by:

(7.15a) po(t) = —dpp(t) + molu(t)] + H* [W(t) - w[u(t)]} — ou(t),

where w(t) = Ap(t) (i.e. w(t) is the reqular part of Agtp(t), see Remark . The pressure p corresponding
to these data is obtained by summing p,, called the regular part of the pressure, and a singular part ps:

(7.15b) D =P+ Ps with ps = —O:H™ .
The proof of the lemma below is obvious:

Lemma 7.8. The function p, belongs to L?(0,T; L2) and the mapping

(¢, ¢,0m) € So(T) x H)(T) x L*(0,T; L}) = pr € L*(0,T; LY,),
is continuous. The function ps lies in W~=5°°(0,T; L) and the mapping 1 € So(T) > ps € W1°(0,T; L?)
18 continuous.

We can now state the main result of this subsection:

Theorem 7.9. Let T be a positive real number and let 1 € So(T) be a weak solution to the v— Navier-Stokes
equations as defined in Deﬁnition and whose source term is recalled to be denoted by fs. Let o € HL(T)
be the Kirchhoff potential also introduced in Definition . Finally, let fg be in LQ(O,T; H_,) such that (see
Remark :
(fa.V*'Ou_, 1, = (fs.0)s .5,  forallfeS.

According to Proposition to the linear form fu can be associated a pair (6u,wn) € L*(0,T;L32) x
LZ(O, T; Vo)

Denote now by u the vector field Vo + V14 and by p the pressure defined from 1), ¢ and oy as explained
in Definition . Then the pair (u,p) is a weak (Leray) solution to the Navier-Stokes equations, namely, for
every w i Hy:

dt
Proof. Remind that 1 satisfies, for every 6 € Sy:

d
(7.16)  —(u,w)r2(F) — (Vwu, u)rzr) + V/ Vu:Vwdr — (p,V-w)r2r) = (fm,wn_, 1, on (0,7).
f

d
(7.17) &(Vi/’y VO)L2(F) + (AP, AO)L2(F) + (D*0u,ub)r2r) = (fu, V' 0)u_,m, on (0,7).

Let up = VX + Vo, ug = u — up = Vb + V4hu (see Definition [6.10) and wy, = Aty. Then, for every
w € D(F):

(7.18a) /}_Vub s Vwdr = —(Auy, w)pr(7),D(F) = —(Vlwb,w}D/(}-)’p(}-) = (wp, V* W) 2(F),
and this result extends by density to every w € Hy. According to Theorem we can decompose w into
(7.18b) w=V0+ Vi, + VO, +Vé  in F,

with (6,¢,h) € S1 x S1 X H,, and it follows that V4 - w = Af + Hh. Since w, € Hy, we infer that:
(7.18¢) (wo, V5 - w) 20y = (wpy Hh) 207 = (Hwp, h) 20y = (H'w, V- w) 25y,

because H*w = H*wp. On the other hand, since ug belongs to Hy, according to , it follows that:
(7.18d) /fVuo :Vwdr = (A(pa + ), A0) 125y = (AP, AO) 125y,

the latter equality resulting from the orthogonality property (A, Af)p2(F7) = 0. Gathering now the identities

(7.18)), we obtain:
(749) V/ Vu: Vwds = v(Ay, AG)H(}‘) +v(H'w, V- w)Lz(J-‘).
f
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Invoking again the decomposition (7.18b)), we get:
(7.20) (usw)rz(r) = (Vi, VOr2(7) — (HY + 0, V- w)p2(7),
and also:
(Vuwu, u)L2(]:) = (D29u, uJ‘)L2(}-) + (DQWHhu, uJ')Lz(]:) + (DQ(@h + o)u, U)Lz(]:).

But notice that Hh = H(V - w) and ©), + ¢ = Oy.,, (both functions share the same boundary conditions and
the same Laplacian). Using the notation (7.14)), we are then allowed to rewrite the above equality as:

(721) (un, U)LZ(]:) = (D20u, 'I.LJ')LZ(]:) + (H*’frq; [u], V- 'LU)LZ(]:) — (7T(~) [u]7 V- w)La(;).
Finally, considering the source term:
(7.22) (fowa_ 1 = (fu, ViOu_ 1 + (faw— Vi m1, = (fs.0)s_ 1.5 + (01, V - w) 2 (5).

Summing now the time derivative of (7.20) with (7.19) and subtracting (7.21)) and the term (p,V - w)z2(5),
we obtain (7.22), taking into account (7.17). The resulting equality is therefore (7.16)) and the proof is
completed. 0

7.3. Strong solutions. For every u € H?(F), define ®[u] as the unique element in H] such that:
(7.23) (®[u],0) 1 = —(Vuu, VO)2(r)  forall 6 € Hp,.

Definition 7.10. Let T be a positive time, 1 be a function in S1(T), ¢ be in H%(T) and ¢u (accounting for
the source term) be in L?(0,T; HY). Then introduce the velocity field u = V+1 + V. For a.e. t € (0,T)

define p(t) by:
(7.24) p(t) = =0p(t) + @[u(t)] + vH* Qi w(t) + dn(?),
where w(t) = Ap(t) (i.e. w(t) is the reqular part of Ay3)(t), see Remark .
Proposition 7.11. The function p belongs to L?(0,T; HL) and the mapping
(v, 6m) € S1(T) x Hi(T) x L*(0,T; So) = p € L*(0, T Hy),

18 continuous.

Moreover, if 1 is a solution to the 1)— NS equations as described in Definition [6.10 with Kirchhoff potential
¢ and source term fs € L*(0,T;Sy), then p defined in(7.24) from the triple (1, p, pu) is equal to the pressure
of Deﬁnition computed from the triple (¢, @, dm) with g = —¢m — H* fs.

Proof. The continuity of the mapping being obvious, let us verify the claim that p in (7.24) matches the
expression given in (7.15b). For a.e. ¢t € (0,7T), 0y is in Sy and since ¥ is a strong solution to the ¥—NS
equations it follows that:

OH*) = H* 0 = W (= vAS (Y + r) = A5 (4, 9) + fs).

On the one hand, according to the expression of AS:

H*AS (Y4 +1br) = —H*Qu(wa + we) = —H*PT Qi (wa + we) = H*Qf (wa + we),
because H* = H*P+ and P{Q; = (Id — P1)Q; = —Qi. On the other hand, for every f in L2 :

(H*AG (0. 0), flrar) = (A5 (4, 90), AVwp) r2(m) = —(A§ (1, 9), Uhg)s, = —(Vuu, VEUhp)e ),

the latter equality resulting from . Summing up, we obtain that for every f € L2 and a.e. t € (0,7):
(7.25) (7o [u(t)] + H* [rw(t) — mo[u(t)] — OH"Y(1), f) 1, = —(D*Of(t)u(t), u(t))r2(x)
(D (t)ut), () () — (Vo V) A0 (H w0 (0), )2 40 (HQE () (8), £iz, —(H f, 1,

m

The two first terms in the right hand side can be rewritten as:
(D26 (ult), ult)) ) + (D2Biag (Du(t), ut ()gar) = (V(VOs + VEByag) (0)ult), u(t) s .
and the resulting quantity can now be integrated by parts:
(V(VO; + V) (B)ult), u(t)) Lacr) = —(Vult)u(t), VO (t) + V' hay (1) )L (.
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Turning our attention to the two last terms in the right hand side of ([7.25)), we observe that H*w(t) = H*wy,(t) =
H*Qi ws(t) according to the properties of H* stated in Lemma and the fact that w;, is the harmonic part
of w=wy + wp + wp. We have now proved that:

(o [u(®)]+H" [ (t) —ma [u(t)]] =0H $(t), f) o = (Vu(t)u(t), VO (1)) +v(H* Qi w(t), £z, —(H fs, )Lz,
Recalling the definition of ®[u(t)], we can integrate by parts the first term in the right hand side:
(Vu(t)u(t), VO ())r2(r) = —(VO[u(t)], VO (1))r2(r) = (R[u(®)], f)L2,,

m

and thus complete the proof. O

Theorem 7.12. Let T be a positive real number and let yp € Sy(T) be a strong solution to the 1— Navier-
Stokes equations as defined in Definition . Let p € H%(T) be the Kirchhoff potential also introduced in
Definition [6.10,

Denote now by u the vector field Vi + V1 and by p the pressure defined from 1, ¢ and ¢y = —H* fs as
explained in Definition , Then the pair (u,p) is a strong (Kato) solution to the Navier-Stokes equations.

Proof. The stream function ¢ is also a weak solution to the 1)—NS equations in the sense of Definition
According to Proposition the pressure p is a “weak” pressure in the sense of Definition [7.7] as well. It
follows from Theorem that (u,p) is a weak solution to the NS equations in primitive variables. From the
regularity of u and p we are allowed to deduce that (u,p) is indeed a strong solution to the NS equations in
primitive variables. ([

8. MORE REGULAR VORTICITY SOLUTIONS

So far and even for strong solutions as described in the preceding subsection, the regularity of the functions
does not allow writing the vorticity equation in the most common form , that is, loosely speaking, as
an advection-diffusion equation set in L?(F) (see Remark . To achieve this level of regularity, a first
guess would be to seek solutions in V;(T'), in which case, the operator (—vA) should be vAY. However, since
the nonlinear advection term u - Vw does not belong to V{ in general, we are inclined to conclude that this
approach leads to a dead end. We shall prove that the solution should rather be looked for in the space V; (T).
We recall that the spaces Vo, Vi and V; are all of them subspaces of V_;. They are defined in Subsection

Before addressing the w—NS equations, we begin as usual with Stokes problems. All along this Section, we
assume that the boundary ¥ is of class C>'.

8.1. Regular Stokes vorticity solutions. For every positive real number 7', we aim to define solutions to
Stokes problems belonging to:
Vi(T) = H'(0,T; Vo) NC([0,T]; Vi) N L*(0,T; Va).

We recall that Vo C V4 C Vy C V_1 (see Subsection . So, let a triple (gn, g+, I") be given in G2(T) and
define w;, in VP(T) by:

N
(8.1) wp(t) = LY (gn(t), g- (), (1)) = wd (t) + ij(t)cj for a.e. t € (0,7),
j=1

where w;?(t) belongs to $2, (the operator LY is defined in ([£.33)) and maps continuously G(T') into the space
VP(T) defined in ([4.34))). The source term fy- is expected to belong to L?(0,T;V;) and the decomposition
(4.22) of the space Vj leads to the splitting:

N

(8.2) Fo() = RO+ 20+ af (t)g  forae. t € (0,7),
j=1

with fo(t) is in Vp, f2(t) in H1 and a{'/(t) in R for every j =1,..., N. Similarly, taking now into account the
decomposition (4.32)) of V5, we seek the total vorticity in the form:

N
(8.3) w(t) =wi(t) +wp(t) with wi(t) = wo(t) +wm(t) + Zﬂj ()12, for a.e. t € (0,7),
j=1
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where the function wg(t) belongs to Va, wes(t) is in BE and B;(t) in R for every j = 1,..., N. They are the
unknowns of the problem. The function wy is supposed to satisfy in particular Equation (5.17a)) for £ = 0,
namely:

(8.4) Orw1 + VAl w1 = fv — Oy in Fr,

this equality being set in L?(0,T; V_1). We want this equation to be satisfy in the slightly more regular space
L?(0,T;Vy). Thus, the operator A} turns into the operator A} (defined right above Proposition. Keeping
in mind the decomposition of Vy we apply successively to Equation the orthogonal projections
onto the spaces Vp, v and I}, respectively to obtain the system:

N
(8.5a) Orwo + VAY wo = fU — Oywas — Z B;82; in Fr
(8.5b) vAY wy = £ — 0wy =t in Fr
(8.5¢) 1/5]-:]“]{704{/ in (0,7) forevery j=1,...,N.

A solution can be worked out by taking the time derivatives of the equations (8.5b)) and (8.5c]). Thus, one gets
the expressions of J;wsy and 9,8; that can be used in (8.5a)). This leads us to the following statement:

Proposition 8.1. Let T be a positive real number, (gn, g-,I") be a triple in
(8.6a) GH(T) = Go(T)NCH[0,T); G8 x G7 x RN)n H?(0,T;G™, x GT, x RY)
(8.6b) = {(gn,gT,I’) € Go(T) : (01gn,0vgr,I") € GO(T)},

and fy be a source term in

N
(8.6¢c) F,(T) = {fy €L*(0,T;V0) : fv = [y + [P+ Yo ¢ with fy € L*(0,T; V),
j=1

F9 € LX0,T; Hv) N C([0,T); Vo) N HY(0,T;V_s) and o, € HY(0,T) for every j =1, .. N}

Let wy, be defined from the boundary data as in (8.1)), let W' be an initial data in Vy satisfying the compatibility
condition w' — wy(0) € V4 and let:
i i 1 -1 1
(8.7) wy =w' —wp(0) — ;(AY) ( 2 — 3twb - - ozv (0))£2;.

v
J:1

Then wo belongs to Vi and there exists a unique solution wg € V1(T') to the Cauchy problem:

(8.8a) Drwo + VAY wy = f8 — %(A(‘)/)*l(atf{} — 5‘t - ii F“ o Qj in Fr.
(8.8b) wo(0) = wi) = in F.
The vorticity function: N
(8.9) W=t (AY) (R~ 0wd) + L (I — d) 2 e,

j=1

belongs to V1 (T) and solves System (8.5)). It will be called a regular vorticity solution to the w—Stokes equations.

It is worth noticing that:

(1) System (8.5) is no longer a simple parabolic system but rather a coupled parabolic-elliptic system.

(2) The regularity assumptions entail that the functions f;? and 9w}’ both belong to C([0,7]; V_1)
and therefore that the equality (8.7) at the initial time makes sense.

(3) Under the hypotheses of the Proposition, the function w; can be defined as in (8.3)). One easily verifies

that wq solves (38.4))
(4) In the definition (8.6¢)) of the space F,(T'), the regularities of the harmonic and nonharmonic parts of
the source term are different.

Proof. The proof is straightforward: The right-hand side of equation ([8.8al) clearly belongs to L?(0,T;Vp) and
hence it suffices to apply Proposition [5.10 O
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From Proposition and Equality , we deduce:
Corollary 8.2. The spaces G,(T) and F,(T) being equipped with their natural topologies, there exists a positive

constant ¢z ) such that, for every regular vorticity solution to a w—Stokes problem as defined in Proposi-
tion[8.1], the estimate below holds true:

. 1
(8.10) lwollvr () < ez w13y + 11(gns 9o, DG, oy + 1Fv 7 )] -

8.2. Regular Navier-Stokes vorticity solutions.

Setting up the system of equations. To begin with, let us recall the expression (6.27) of the advection term in
the NS equation (strong vorticity version). For every w € V4 and every Kirchhoff potential ¢ € $2%:

A (w,0) = —(we (VP + Vo), VQ1-)L2 (7).

where w; is the orthogonal projection of w on H‘l/ (i.e. w, is the regular part of w; see Remark |4.17)) and the
stream function ¢ = (—A1)~w belongs to Sy (see Fig. . Assuming now more regularity, namely that w is
in V5 and ¢ in 7, an integration by parts yields:

0
(Ag(w,go),H)Vflyl =— w,a—ine ds + ((VJ‘w + Vo) -V, Q1) 2(F) for all 0 € V1,
»

which leads us to define:

Definition 8.3. For every vorticity w in Vs, we denote by ¢ = A;lw the corresponding stream function and
by (wr, Qu-)r2(F) the orthogonal projection of w on HY, (i.e. wy is the regular part of w). For every Kirchhoff
potential ¢ in H%, we define:

(8.11a) v, (w, ) = 7/ w,a—wds (j=1,...,N) and AY(w,¢)= (V'Y + V) Vuw, € L*(F),

and the linear form on Vy:
(8.11b) AY (@, 0) =D 7w, 9)¢ + (A7 (w,9), Qu) L2(7)-
j=1

Let boundary data (gn,g-,I") and a source term fy be given as in the preceding subsection. Taking now
into account the nonlinear advection term, System (8.5 can be rewritten as follows:

N
(8.12a) Orwo + vAY wo = f) — PAY (w, ) — Oywsm — Z 3582 in Fr
_ j=1
(8.12b) VA  wy = 2 — PTAY (w, ) — 01wy in Fr
(8.12¢) vp; :F;—a{,—i—'yj(w,gp) in (0,7) for every j =1,...,N.

This formulation allows recovering the formulation (2.9)) given at the beginning of the paper and that can be
rewritten with the notation of this Section:

(8.13a) Owwr +u - Vw, — vAw, = fy in Fr
Owy ; .
(8.13b) —Fj{—i—/ Wy gnds — v wds:—a{/ on (0,T7), j=1,...,N,
E; Z; 871

with © = V19 4+ Vo and ¢ = A;lw. Thus, decomposing w in V5 as in (8.3)), the regular part of the vorticity
wy is given by: N N
wr:woer%JrZBijerf and w:errZFj(j.

j=1 j=1
Summing (8.12a)) and (8.12b]) gives (8.13al) and (8.13b) is a rephrasing of (8.12c). Indeed, since wy, wy and
w? have zero mean flux through the inner boundaries, we have for every k =1,..., N:

Aw N a0,
L d :E , Zds=—
u o j:lB] s on e
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according to and the second point of Remark

It is worthwhile comparing also the formulations (or equivalently ) with the results of Maekawa
in [52]. Therein, focusing on Section 2, only homogeneous boundary condition are considered and no function
space is specified for the vorticity. The author claims that the vorticity has to satisfy the integral condition:

9g;

8
(8.14) — o+ Z ) IVEw, Vg ) 2 5

an =0 onX,

where the functions ¢; are a free family in Fs chosen in such a way that ¢; = cjég on Y;” with ¢; a normalizing
real constant ensuring that [|Vq;|2r) = 1. In equality , (—Ap)~! obviously stands for the inverse
of the Laplacian operator with homogeneous Dirichlet boundary conditions on . It seems however that the
family {G;, j = 1,..., N} should be replaced by an orthonormal family (such as the one we have denoted by

{éj, j=1,...,N}). This remark holds earlier as well, in [52, Theorem 2.1], the proof of which amounts to
quote [39, Theorem 3.20] where the family {g;, j = 1,..., N} (with different notation though) is indeed an
orthonormal family. Besides this observation, the condition (8.14]) can be rephrased in a simpler way:

Proposition 8.4. Assuming that w belongs to H'(F), condition (8.14) (replacing the functions §; by the
functions &;) is equivalent to the condition:

(8.15) w € V.
Proof. Let w be smooth in F and define 1 the stream function such that:

(8.16) Y= (- w+z —Ap)'Vtw, VEE) L6 in F

Then ¢ belongs in particular to S; and —Aw = w in F. Condition (8.14)) means that v is in S; and hence
that w is in Vy. Reciprocally, let w be in Vo N H'(F) and denote by ¢ the stream function in S; such
that —A¢Y = w. In that case, V*1i = (=Ap)~'V+w in F. Decomposing v according to the orthogonal

i
decomposition of the space Sy = H}(F)®Fg, we obtain exactly the right hand side of (8.16]) (and indeed
the family {¢;, j = 1,..., N} has to be an orthonormal family at this stage). Therefore ¢ = ¢ and (8.14)
holds. [

Further in [52], the dynamics for the vorticity is claimed to be governed by the system of equations:
(8.17a) Ow —vAw+u-Vw=0 in Fp,

with u = V14, the stream function v being given by the Biot-Savart law (8.16). The classical evolution
equation (8.17a)) is supplemented with an initial condition:

(8.17b) w(0)=wy eV
and a boundary condition on Xr (once again it seems that the functions ¢; in Maekawa’s paper have to be
replaced by the functions éj):

dw al 9E; B 3 al 9E;
(8.17¢) l/{an — Apnw +;(Vw,V§j)Lz(}-)aTZ} = an( Ap)  (u-Vw) —i—; wu, VE;) L2(F) 87”3'
Notice that in the case of a simply connected domain, this condition was already mentioned by Weinan and
Jian-Guo in [I4], borrowed from an earlier article of Anderson [IJ.

Proposition 8.5. Condition (8.17¢) is equivalent for every w solving (8.17a)) to
Jw(t) € V for a.e. t € (0,T).

Proof. As already mentioned in the proof of Lemma [3.1] for every function A harmonic in F, the function

o=h— Z(/ 5jhds> &,
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is in $. For a.e. t € (0,T), let us form the scalar product in L?(F) of (8.17a)) with hg. Integrating by parts,
we obtain on the one hand:

Ow ol ) 9E;
Aw, ho)p2(F) = — —A N2 (F) =2 chd
v(Aw, ho)2(7) V/E{an DNW+;(V‘/J’V§J)L ) an} s,
and on the other hand, considering the advection term:
0 —1 N 2 8@
(u~Vw,h0)L2(;) = — f(*AD) (UVCU)+ (wu,ng)Lz(]:)— hds.
by on = on

This shows that (8.17c|) is indeed equivalent to (0;w(t), ho)r2(r) = 0 for a.e. t € (0,7) and completes the
proof. O

Summarizing Propositions and Maekawa’s System (8.17) turns out to be equivalent to:

(8.18a) Ow —VvAw+1u-Vw=0 in Fr,
(8.18b) w0) =wo € Vo in F,
(8.18c) Ow € Vp on (0,T).

This seems to contradict the claim of [52] Theorem 2.3] (namely, the equivalence of System (8.17) with the
classical NS equations in primitive variables) in a multiply connected domain because Lamb’s fluxes conditions
(8.12c)) (see [43], Art. 328a]) on the inner boundaries:

0

—wds:O for every j =1,..., N,

E; 6”

are missing and cannot be figured out from System (8.18) (this is explained in [32, Remark 3.2]). Notice
however that the equivalence holds in the particular case of a simply connected fluid domain.

Existence and uniqueness of a global solution. We shall now study the existence of solutions to System (8.12))
(or equivalently (8.13)). For simplicity purpose, we restrict our analysis to the case where there is no source
term and to homogeneous boundary conditions for the velocity field. The system we consider reads therefore
as follows:

(8.19a) Orwo + VA;/UJO = —PAY (w) — Orwss in Fr
(8.19b) vAY wes = —PAY (W) in Fr,
(8.19¢) w(0) = w! in F,

with w' € Vi, w = wp +wy € Vo @ B%, AV (w) = V1 - Vw and ¢ = A 'w. System (8.19) can be rephrased
as a more standard Cauchy problem whose unknown is wg (the coupling condition (8.19b|) cannot be got rid
of though since w still appears in the nonlinear advection term):

1 _
(8.20a) Oueon + VA wo = —PAY (w) + — (AY) Lo (PEAY (W) in Fr
| _ )
(8.20b) wo(0) = ' + —(AY) PLAY (') in F.
The solution w to System (8.19)) will be looked for in the space:
Q(T) = [L*(0,T; Hy) N H(0,T; V)] n [C([0,T]; Vi) N CH([0,T]; V_y)].
Theorem 8.6. For every positive time T, System (8.19) admits a unique solution in Q(T).

Remark 8.7. In [52], the author shows local in time existence for the same system, considering the particular
case where the fluid domain F is a half-plane.

We begin with establishing an a prior: estimate.



VORTICITY AND STREAM FUNCTION FORMULATIONS FOR THE 2D NS EQUATIONS IN A BOUNDED DOMAIN 55

Lemma 8.8. For every initial condition w' € Vi, there exists a positive constant ClFvwi Such that for every
positive time T, any solution w to System (8.19) in Q(T) satisfies:

lw®)llv: < €7 pwi-
We emphasis that the constant does not depend on time.
Proof. We proceed in several steps:
First step: We need an estimate of |w||y, in terms of [wol|v, and lower order terms. Forming, for a.e. t
in (0,7), the scalar product of (8.32b]) with AYwep(t) in Vo, we obtain (using Hélder’s inequality followed by
interpolation inequalities):
1 1 1 1
vllws (D17, = (V- Vew(t), Aws () 27 | < cxllw®)F lw@IF lw@)13 o @12, lws )7,
that is to say:

1 1 1 1
[lwss ()], < || WOV, W@, [l @7, [l @15,
But ||o.)(t)||%72 = [lwo(®)[13, + [lwss (t)H%—/ thh by Young’s inequality yields:

Cr 1 1 1 1 Cr
lwss (D)7, < jlluf(lf)l\@,1 Jo @I, o, ko ()11, + 2 lw@® vy llw@®lvollw(®lva,

and therefore:

AT 3o L CF

lo @, < -l @IV, Il @15 w1V oo @117, + 5 lw@lvo o @ ve lw®llve + llwo@)llv,

CF
(8.21) < Jrlw®lvello@®lvello@)llv + elleo(®)llv,-
Our first goal is now achieved.
Second step: For a.e. t € (0,T), we form the scalar product of the equality:

1 -1
Do (t) + VAT wo(t) = =PHAY (W) (1) + (A7) [PAY (w)(1)],

with AY wg(t) in Vj to obtain:

(822) 5 Slo(@I, +wloo(t)IR, = ~(PHAY (@)(0), A o), + - ((AF) ™ [APAY (@)(1)], AY (),

Both terms in the right hand side have to be estimated, this task being easier for the first one than for the
second one. Indeed, the first term can be rewritten as:

(PJ_A:/((JJ)(t), AXWO(t))VO = (de) : Vw(t), AWO(t))LQ(]:),
whence we deduce that:
[(PAY (@), A wo(8) . | < V() 1 2 Vo) s o () v
< crllw®IF Nlw @5 w13, w11, llwo (@) llve-

Once combined with (8.21)) to get rid of the term [|w(t)||y,, we end up with:
o
(8.23)  [(PHAY (w)(8), AZwo(t))y, | < =~ llw(®)lv-. [lw(®lvollw(®vi llwo (t) v+

1 1 1 3
crllw®F, lw®F, lw@3; lwo (D)1,
and we are now done with the first nonlinear term.

Third step: The second term in the right hand side of (8.22)) can be turned into:
((AY) " [rPAY (@) ()], AY wo(t)) . = (BPAY (@) (1), Al AY wo (1)), = (OPAY (W) (1), wo(t))y, | .,

and therefore:
(8.24) (AY) ™ [0:PAY (W) (1)], AT wo (), | < 10:PAY (w)(®)]lv- llwo(®)]lv,-
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From the expression (8.34c) we deduce that:
18:PAY (@)D lv- < IV llear) VO lLacr)
1 1 1 1
(8.25) < erllw@®V_, lw® 10w @17, 10w ()15,

and we need now to estimate both terms involving a time derivative. As being a strong solution to the w—NS
equation, w(t) satisfies for a.e. ¢ in (0,7") the identity below, set in V_;:

duw(t) = —vA{ w(t) — Ay (w(?), 0),

where we recall that the definition of A} is given in (6.27). This equality provides us with the inequality:

10ew(®)llv_y < vllw®llvy + 145 (w(#), 0)lv-,
Resting on the definition (6.27)), we next easily obtain that:

1 1
148 (@(®), 0)llv_, < IVe@®)llLam lw®lliz) < exlw®lIF, lw®)llv lw®)IF,
and therefore:
1 1

(8.26) 0w (®)llv_, < vlw®)llvy +crllw@lv, lw@®)lv llw@7, -
On the other hand, since by hypothesis w is a solution on (0,7") to System (8.19)), it satisfies for a.e. ¢ in (0,T"):

dw(t) = vAw(t) — VE(t) - Vw(t) in Vg,
whence we deduce that:

1 1 1 1
[0 (®)llvy < vlwlly, +exllw®IF, w5 lw@IF, [w@)lF, -
Once combined with (8.21]), this estimate becomes:
Cr 3 3 3 3

(8:27) G (®)llvy < evllwollv, + —=llw®llv_. lo®)llvs lw®)llvi + exllw @IV, lw @15, lw @I, loo @17,

Gathering now ([8.24]), (8.25)), (8.26)) and (8.27) we finally obtain the following estimate of the second nonlinear

term in (8.22):

(828) | ((AY) " [oPAY @) (], AYwo(®))y, | < cxllw®i., Iw®)l, <V||w(t)|él||wo(t)||\g}2

@12 @2 @l o @, + Vilo@ i lw@1E lw@l e,

+ V@I, I @I, @I, lwo I, + \%Ilw(t)llé_l @ lIvo ()1, o (8) v,

# 1 Ol IOl T ol ).

Both terms in the right hand side of (8.22)) have now be estimated. Let us collect all the estimates obtained
so far and move on to the next step consisting in applying Gronwall’s inequality.

Fourth step: Combining (8.23) and (8.28]) with (8.22) and using Young’s inequality, we end up with:
v Cr Cr
(8.29) §allwo(t)\|?/l +vfwo®)F, < §|Iu)o(t)||%/0 + ;\\W(t)llgf,l||w(t)||%/0||w(t)ll%/1 + 7|Iw(t)ll‘x‘/,lllw(t)\\?/o~
As being a weak solution to the w—NS equations, we can apply Corollary [6.8] and hence:
t
. B 1. .
(8.30a) lo@®)llv_y < lw'llv_,e™#*  and /0 lo()t, ds < o 17, -
Arguing that w is also a strong solution to the w—NS equation, we obtain that:
1 3 v Cr 4
3 lw@I% +vlwlty <erlwlly lwlv llwlls, < ol + el lwliv,,
which leads us to the estimates:

i CFy i —iv
(8.30b) @l < el exp (il ) e3>,



VORTICITY AND STREAM FUNCTION FORMULATIONS FOR THE 2D NS EQUATIONS IN A BOUNDED DOMAIN 57

and

t
CF i CF i
(8.300) [ et as < e, [1+ il exn (FIE )]

Using the estimates (8.30)) in (8.29)) and applying Grénwall’s inequality, we finally obtain:

i Lo
(831) o1 < 1, + R, I exm (5, ) 14 ol |
what completes the proof of the lemma. O

The rest of the section is devoted to the proof of the theorem, which is classical and based again on a fixed
point argument. Let us fix T' > 0 and w' € V1 and introduce the spaces:

QT, W) = {we QT =w'},
U(T) = [L*(0,T; 53) NnH! (O,T; Sy]ne(o, T); S2) nct([0,T]; So)],
and
F(T) = {fy € L*(0,T; L3)NnC([0,T); V_y) : P fy € H'(0,T;V_3)}.

Then define the mapping Xt : fyy € F(T) — w € Q(T,w') where w = wq + wes is the solution to the w—Stokes
problem:

(8.32a) Dywo + vAY wo = Pfy — Oywm in Fr
(8.32b) vAY wes = PLfy in Fr,
(8.32¢) w(0) = w! in F,

and Yr : w € QT,w') = AY (w) € F(T) where AY (w) is defined in (8.11a) (with ¢ = 0 since, as already
mentioned, we consider only homogeneous boundary conditions).

Lemma 8.9. The mapping Xr is well-defined and there exists a positive constant c|r ) such that:

1
(8.33) IXe ()l < e (1613, + WivlBony]? for all fy € F(T).
The mapping Y1 is also well-defined and there exists a positive constant cr such that, for all wi and wy in
T, w'):
1 1
(8.33b) Y7 (w2) = Yz (@)l pery < exT [[lwil|ger) + lwallm ] ? lwe — wrlla
providing that T < 1.

Proof. The mapping Xr is well-defined from the space Fy(T) (defined in (8.6c)) into Vi(T) according to
Proposition [8.1] and following Proposition [8.1} there exists a positive constant c(x ) such that:

lwllv(ry < e (1015 + v 122 0,723, + 10:(PL Al Z20,rv )] *

However, comparing with Proposition[8.1] the source term fy is assumed herein to satisfy the extra hypothesis
fv € €([0,T];V_1) (and not only P+fy, € C([0,7];V_1)). We recall that every solution to the w—Stokes

problem (8.32)) satisfies also:
Oyw = —AYW + fv in Frp.

Since w belongs in particular to C([0, T7], V1), we infer that d;w is in C([0,77]; V_1) and finally that there exists

a constant c[x ;| such that (8.33al) holds.
For every 6 € Vi, we have by definition:

(8.34a) (A (W), 0)v_, v, = (V- Vw, Qi) 12 (7) = —(@V T, V(Q10))L2 (),
(8.34b) (PEAY (@), 0)v 11 = (PH(VIY - VW), Quf) 2 () = —(VH4 - Vi, Qi 0) 2 (),

the latter expression resting on the equalities PLQ; = Id-P)Q1=Q —1d = —Qf‘. Assuming now that 6
belongs to V5, the right hand side in (8.34b|) can be integrated by parts twice to obtain:

(V- Vw,Qa0) 27 = (D*(Qa 0) VY, V)12 (5),
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whence it can be deduced in particular that:
(8.34c) (0 (P AY (W), 0)v_y v = (D*(Qz )V, V) 25y + (D*(Qy 0) Vb, V5 041h) L2 (7).
The same arguments as those used in the proof of Equality (6.8b]) yield:

1 2 g
||VL1/J : VwH%?(o,T;L?(I)) <crFl’s ||w||5([0’T];V1)”7:/}”3([0,T];Sl)||w||£2(07T;H‘2/)7
which entails that:
1 1
(8.35) 147 (w2) = A (@)l 2(0,7522) < €#T [|wrllBer) + lwzllbery]  lwe — willaer-

Considering now the expression (8.34al), we first easily obtain:

1 4
(8:368) [lw2V e — w1 Vi [lLe () < exllwe —will§ llwe = willZa o V2 llLs ()
+erllwillLam) V(2 = ¥1) L)

On the one hand, since w; and ws share the same initial value, we are allowed to write that:

1
(8.36b) lwa = wille(o,ry;v0) < T2 |0ww2 — Orwrll L2 (0,75v0) -
On the other hand, Sobolev embedding theorem ensures that:
(8.36¢) |wa = willeo,rize(7)) < €xllwz = willeqo,r1:v1)
(8.36d) [VY2llco.ryas (7)) < exllwalleqorve)-
The second term in the right hand side of (8.36a)) is estimated in a similar manner, thus:

1

(8.36e) V(%2 — 1) lleo.miLar)) < exllwe —willeqo,mve) < €712 ||Owwa — Orwr || L2(0,1:v0) -
Assuming that 7" < 1, the estimates (8.36) give rise to:

1 1
(8.37) 147 (wa) = A (@D)lleo,rivery < €T [wrlbery + w2llder)  lwe — willaey-
We turn now our attention to the right hand side of (8.34c)). On the one hand, we obtain that:
(8.382) V(o2 — 001V ¥2llF20, 7,102 (7))
1 2 8
< erT5 10wz — Ownllé o 11.v ) lwzllZ o,zyv0) 18wz — Oewrll 2o vy -
On the other hand, using again (8.36b)):
(8.38b) VO ||V (2 — )l 220,722 < e7T2 0w [l 220, 75v0) |1 Oow2 — Brwn |0, 75v4)-
Providing again that T' < 1, both estimates (8.38]) yield:
1 1
(8.39) 10:(A (w2)) = 0e(AY (W)l 22(0,75v-2) < € 7T T [lwilldry + lwalldery] * w2 — willaer.
Estimate (8.33b)) derives now straightforwardly from (8.35), (8.37)) and (8.39)). This completes the proof. O

Proof of Theorem [8.6 Define the mapping Zr : fy € F(T) — Y7 o Xy(fv) € F(T) et let fi, = Z7(0). Then,
according to the estimates of Lemma

i = i
1Zr(fv) = folleay < crn T (1fvliEe + lwoll,)  forall fy € F(T),

1 i i
1Zr(fi) = Zr(fi)ll pery < emn T (1 I Eery + 1 Ewy + 1913) 15 = ey,

for every fi, f& in F(T) and T < 1. For every R > 0, there exists a time 7* < 1 (depending only on F, v,
lwillv, and R) such that Zp- is a contraction from B(fi,, R) C F(T*) into B(fi,, R). From Banach fixed point
theorem, the mapping Zr- admits a unique fixed point in B(fi,, R), the image of which by the mapping Xr-
is a solution to System on [0,7%*). We conclude that T* can be chosen arbitrarily large following the
lines of the proof of Theorem [6.11] using the estimate of Lemma [8:8] Finally, every solution is also a strong
solution in the sense of Definition [6.13] which was proved to be unique. (Il
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9. CONCLUDING REMARKS

By introducing a suitable functional framework, the 2D vorticity equation has been shown to be not a
classical parabolic equation but rather a parabolic-elliptic coupling. Indeed, applying the harmonic Bergman
projection to the equation O;w — vAw + u - Vw = 0 leads to its splitting into, on the one hand, an evolution
diffusion-advection equation for the non-harmonic part of w (equation (8.32a))) and on the other hand a (steady)
elliptic equation for the remaining harmonic part (equation ) It is worth noticing the surprising role
played by the circulation in this context, circulation being well understood for entering the analysis of perfect
fluids but usually less came across in the context of viscous fluids. The other point that deserves to be
highlighted is the simple form taken by the Biot-Savart operator, described in Theorem [3.20

In a forthcoming work, we shall apply our method to fluid-structure problems by considering a set of disks,
pinned at their centers but free to rotate, immersed in a viscous fluid. The equations governing the coupled
fluid-rotating disks system can be stated in terms of the vorticity of the fluid and the angular velocities of the
disks only. The analysis of these equations will obviously be carried out in nonprimitive variables.

APPENDIX A. GELFAND TRIPLE

A.1. General settings. Let H; and Hy be two Hilbert spaces. Their scalar products are denoted respectively
by (-,-)1 and (+,-)o and their norms by || - |1 and || - ||o. We assume that:

(Al) Hl C H07

where the inclusion is continuous and dense. Applying Riesz representation theorem, the space Hy is identified
with its dual H). It means that, for every u € Hp, the linear form (-,u)o is identified with u. The space Hy
is usually referred to as the pivot space. Therefore, the space H; cannot be identified with its dual H_; but
with a subspace of Hy. Thus, the configuration

(A.2) Hy C Hy C H_q,

is called (with a slight abuse of terminology) Gelfand triple. The inclusions are both continuous and dense.
We define the operator

(A.3) A :Hy — H_q, Aju=(u,-);, forallue Hy,

and it can be readily verified that A; is an isometry. Then, we define the space Hy = Al_lHo and the operator
As : Hy, — Hj by setting, for every u € Hs:

(A.4) (Au,)o = Atu in H_j.
We equip the space Hy with the scalar product:

(u,v)2 = (Agu, Agv)g, for all u,v € Ho,
and the corresponding norm || - ||o.

Lemma A.1. The space Hy is a Hilbert space, the operator Ag is an isometry and the inclusion Ho C Hy is
continuous and dense. It entails that the inclusion H_1 C H_o, where H_o stands for the dual space of Hs,
is continuous and dense as well.

Proof. The estimate below is satisfied by every u € Hs:
(A.5) l[ullo < cllAzullo.

Indeed, the continuity of the inclusion (A1) yields ||u||3 < c|lul|?. Then, the definitions of both the operator
A, and the space Ho lead to the identity |u|? = (Agu,u)o. Applying Cauchy-Schwarz inequality, we obtain

(A5).

Let assume that (uy,),>0 is Cauchy sequence in Ha, or equivalently that (Aguy)n>0 is a Cauchy sequence in
Hj, and denote by v* the limit of (Agun)n>0 in Hy. According to (A.5)), we deduce that (uy)n>0 is a Cauchy
sequence in Hy as well. The equality:

(A2Un — AU, Uy — um)O = Hun - um“%?
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available for every pair of indices n and m, entails that the sequence (uy,)n>0 is also a Cauchy sequence in Hj.
We denote by u* its limit in this space. Letting n goes to co in the identity:

(Agun, -)o = Atu, in H_q,

we obtain:
(U*7 ')O = AIU*7
and therefore u* belongs to Hs. This proves that Hs is complete and hence is a Hilbert space.
Let now v be in H2l in Hy. There exists u € Ho such that Asu = v and:

loll§ = (Azu, v)o = (u,v)1 = 0.

It follows that Hs- = 0 in H; and therefore Hs is dense in Hj.
The continuity of the inclusion Hy C H; results from the identity:

[ul|} = (Agu,u)o, for all u € Ha,
combined with Cauchy-Schwarz inequality:

(Agu,u)o < [|Agullol|ullo,, for all u € Hy,

and estimate (A.5)).
Finally, the operator A, is onto by definition and it is also injective because the identity Asu = 0 for some
u € Hy leads to (Aqu,u)o = |[ul|? = 0. The proof of the lemma is now completed. O

Let us define the operator Ag : Hy — H_5 by:
(A6) Ao SUGHO}—)(A2~,U)0€H_2.
Lemma A.2. The operator Ay is an isometry.

Proof. The operator Ag is injective. Indeed, the identity Agu = 0 for some u € Hy entails that (AgAglu, u)g =
|lul|2 = 0. The operator Ag is also onto: Any element of H_5 can be written, according to Riesz theorem, as
(-,v)2 = (Ag-, Agv)p for some v € Ho, and hence it is equal to Aqu with v = Ajv € Hy.

Finally, the operator Ay is also an isometry since we have, for every u € Hy:

[(Agv,u)o| “u [(Agv,u)o| - |(w, u)o]

= _ _ lully
[v]]2 very  ||A20]o wery |00 [[ullo
v#0 w#0

[Aoul|—2 = sup
vEH

and the proof is completed. (Il

So far, we have proved that in the chain of inclusions:
HyCH  CHyCcH_; C H_Q,

every inclusion is continuous and dense and that the operators Ay : Hy — Hy_o for k =0, 1,2 are isometries.
By induction, we can next define Hy49 = A,;llH . for every positive integer k. The operator

Ak+2 t Hipo — Hy,

is defined from the operator Ax11 by setting Agou = Agyiu for every u € Hyyo. The spaces Hy4o are Hilbert
spaces once equipped with the scalar products:

(u, V) gr2 = (Aksou, Agrot)k, for all w,v € Hy4o.
For every k > 1, the dual space of Hy is denoted by H_j; and we introduce the operator
A g:H j— H j_o,
defined by duality as follows:
(A7) A_rpu = (u,Apt2) ik € H_ 2, for all u € H_y.
It can be readily verified that the Hilbert spaces Hy (k € Z) satisty:
..CHyywCHyCHy1C...CHHCHycH C...CH ;1 CH yCH__1C...
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each inclusion being continuous and dense. Furthermore, for every integer k, the operator:
Ai: Hy — Hy_o,
is an isometry.
Lemma A.3. For every integers n,n’ such that n’ < n and for every u € Hy, the following equality holds:
(A.8) Apu = A u.

Proof. For n’ > 0, the property (A.8) is obvious.

On the other hand, let 0 < k' < k be given and assume that u € H_y C H_j. The definition of A_gu leads
to:

A_pu= <U7Ak+2'>fk,k € H j_o.
But Axi2 = Aprqo in Hiyo and therefore:
(U, Akg2e) gk = (U, Apryor) i = Apru.

The proof is now complete. O
Lemma A.4. For every integer k, the following identity hold:
(A.9) (Agr1u,v)g—1 = (u,v)g, forallu € Hgyy, for allv € Hy.

Proof. The proof is by induction on k. The equality (A.9) is true for £ = 1 according to the definition (A.4]
of Ay. Let us assume that (A.9)) is true for some integer k. By definition, if z belongs to Hyi2, then Agiq2
belongs to Hy. Replacing v by Ap11z in (A.9)), we obtain:

(Akt1u, App12) k-1 = (U, Ag12)k, for all w € Hyyq, forall z € Hyyo,
that is to say, reorganizing the terms:
(Agyoz,u)g = (2,u)gy1, forall u € Hiyq, forall z € Hyo,
and therefore, formula is true replacing k by k + 1. Let us verify that it is also true for k£ — 1. Thus, we

have:
(Agt1u,0)g—1 = (u,v) = (Agu, Agv)g—2, for all u € Hiyq, for all v € Hy.
But Ak is an isometry from Hy41 onto Hi_; and A = Agqq in Hyyq, then:
(w,v)k—1 = (U, v) = (W, Agv)g—2, forall w e Hi_1, forallve Hy.

The proof is now complete. O

Lemma A.5. Let k be an integer, w be in Hix_1 and u be in Hy such that:
(w,v)p—1 = (u,v)g, for allv € Hy,.
Then v € Hiy1 and w = Agyiu.

Proof. Let @ = A,;ilu). Then (@ — u,v); = 0 for every v € Hy, and therefore u = . O

A.2. Isometric chain of embedded Hilbert spaces. Let {Hy, k € Z} and {Hy, k € Z} be two families of
embedded Hilbert spaces build from Gelfand triples. We assume that Hy and Hy are not necessary the pivot
spaces. As usual, for every integer k, there exist isometries Ay : Hy — Hjp_o and Ay : Hy — Hj_5 such that
Ak = Ak,1 in Hk and Ak = Ak,1 in .E[k

We assume furthermore that there exist isometries py : Hy — Hy and p1: Hi — H, such that P1 = Po
in Hy. For every integer k > 2, we define by induction pp = A;lpk_gAk- and for every k > 1, we set

Ptz =A_kp 1A L.
Lemma A.6. For every pair of integers k and k' such that k' < k:
(AlO) Pk’ = Pk m Hk

Moreover, for every integer k, the operator py : Hy, — Hy, is an isometry.
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Proof. Since Ay and A, are isometries for every integer k, we can draw the same conclusion for py providing
that pr_o is an isometry as well. The conclusion follows by induction for every k > 0. The same reasoning
allows proving that p_j is also an isometry for every k > 1.

It remains to verify that the equalities are true. Assume that for some index k > 0, px = pr41 in
Hy11. So, from the identity:

(Ars2u,v) g, = (U, V) H, s for all u € Hyyo, forall v € Hyyq,
we deduce that:
(pkAk+2u,pkv)Hk = (p/chlvakJrlU)f[Hla for all w € Hy1o, forallve Hyiq.
From the definition of pyt2, we deduce that ppAgyo = Ak+2pk+2, whence, denoting v = prv = pg41v:

(Ak+2pk+2u,v)ﬁk = (pk+lqu)Hk+1v for all u € Hyyo, forallve Hk+1-

This equality entails first that Ak+2pk+2u = /:\k+2pk+1u and next, since Ak+2 is invertible, that pyiou = prriu
for every u € Hy4o. The conclusion follows by induction and the cases k < 0 are treated similarly. (]

A.3. Semigroup. We assume that the inclusion (A.1)) is in addition compact. In that case, we claim:
Lemma A.7. For every integer k, the inclusion Hy11 C Hy is compact.

Proof. We address the case k = 1. Assume that the sequence (u,)n>o is weakly convergent toward 0 in Ho.
On the one hand, it means that:

(Un, V)2 = (Agttn, Agv)g —> 0 as n — +o0 for all v € Hs,
and therefore, that:
(Agup, w)g — 0 as n — +00 for all w € Hy.

That is, (Agup)n>0 is weakly convergent toward 0 in Hy. On the other hand, since Hs is continuously included
into Hi, the sequence (u,)n>0 is also weakly convergent toward 0 in H; and hence strongly convergent in H.
It follows that:

||Un||% = (A2unaun)0 — 0 as n — +oo.

Since the operators Ax were proved to be isometries for every k, the other cases follows and the proof is
completed. ([

For every integer k, we define the unbounded operators A of domain D(Ay) = Hyyo in Hy by:
(A.11) Apx = Apiox for all x € D(Ay).

Proposition A.8. For every integer k, the operator Ay, is self-adjoint with compact inverse. All the operators
Ay, share the same spectrum that consists in a sequence (A )n>1 of positive eigenvalues that tends to +oo. All
the operators Ay share also the same eigenfunctions, denoted by e,, (n > 1) and for every nonnegative integer
n:
en € Ho  with  Ho = () Hy.
p=0

The eigenfunctions are chosen to form an orthogonal Riesz basis in every Hy and they are scaled to be of unit
norm in Hy.

The spaces Hj, are isometric to the spaces:
0 = {u — (up)us1 €RY 2 3 N2 < +oo},
n>1

provided with the scalar product:

(u,v)e, = Z /\ﬁunvn for all u = (up)n>1 and v = (Vp)n>1 in l,
n>1
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the isometries being obviously:
—+oo
Ty :u € Hi — ((u,en)k)n>1 € € with inverse I,;l tu = (Up)n>1 € ks — Zunen € Hy.
n=1
In ¢), we define the strongly continuous semigroup of contraction (T (t)):>0 by:
Tk (t)u = (e*/\"tun) for all t > 0 and u = (un)n>0 € lk.

n>0
This semigroup admits the operator B = I, A7, ! as infinitesimal generator. We deduce that the semigroup
(Sk(t))i=o defined by:
Sk(t) = Z,) ' T(t)Zs,
is a strongly continuous semigroup of contraction in Hj, with infinitesimal generator Ay. It is a simple exercice
to verify that:

Lemma A.9. (1) For every u € {y and for every positive real number T':
Ti(-)u € H'(0,T;,—1) NC([0, T]; €x) N L*(0, T; £y 11).
(2) Let v be in L*(0,T;4,_1) and define w(s) = fot Ty (t — s)v(s)ds for every t € (0,T). Then:
w € HY(0,T;0,_1) NC([0,T); ) N L*(0,T; Ly s1).
Considering, for any integer k, any time T > 0 and any initial data ' € H, the Cauchy problem:
(A.12a) Ou+ Agpiu=f on (0,7)
(A.12b) u(0) =u' in Hy,
where the source term f is given in L?(0,T; Hy_1), we deduce:

Proposition A.10. The Cauchy problem (A.12) admits a unique solution in the space:
HY0,T; H,_1)NC([0,T); Hy) N L*(0, T; Hyy 1),

and this solution is given by:
t
u(t) = Sp(t)u! + / Sk(t—s)f(s)ds for allt € [0,T).
0

Remark A.11. (1) The chain of embedded spaces Hy and semigroup (Sk(t))i>o0 fit with the notion of
Sobolev towers as described in [15, §11.2.C].
(2) The semigroups (Sk(t))i>0 are called diagonalizable semigroups; see [64, §2.6].
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