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The motional electric field experienced by an HJ ion moving in a magnetic field induces an electric
dipole, so that one-photon dipole transitions between rovibrational states become allowed. Field-
induced spontaneous decay rates are calculated for a wide range of states. For an ion stored in a
high-field (B ~ 10 T) Penning trap, it is shown that the lifetimes of excited rovibrational states can
be shortened by typically 1-3 orders of magnitude by placing the ion in a large cyclotron orbit. This
can greatly facilitate recently proposed [E. G. Myers, Phys. Rev. A 98, 010101 (2018)] high-precision
spectroscopic measurements on Hy and its antimatter counterpart for tests of C PT symmetry.

Introduction

The hydrogen molecular ions, H;r and its isotopes (HD™T, D;r ) have long since been identified as a highly
promising system for fundamental physics tests. High-precision spectroscopy of rovibrational transitions can
be used to determine the proton-electron and deuteron-electron mass ratios [1, 2] and probe their possible
time variation [3-5]. Furthermore, measuring an appropriate set of transitions in Hj and HDT would allow a
determination of the proton and deuteron charge radii and the Rydberg constant [6] and thus may contribute
to resolving the existing discrepancies on their values [7-11]. Spectroscopy of Hj compared with its antimatter
counterpart H, was recently proposed for improved tests of CPT symmetry [12].

Theoretical predictions of rovibrational transition frequencies have surpassed the 107! accuracy level [13]
which already allows for an improved determination of mass ratios [14, 15]. In HD™, experiments with
ultracold trapped ions have reached a precision of 10~ [16, 17] and more recently 5x 1071 [18]. Studies on
Hj [19-23] have been so far performed by different techniques yielding lower accuracies. The main obstacle
faced by ultrahigh-resolution spectroscopy of trapped H;r (or H,) is quantum state preparation, due to
the fact that, unlike in the heteronuclear HD™, rovibrational transitions are not dipole-allowed. As a result,
rovibrational states of vibration quantum number v > 1 have very long lifetimes typically of the order of 10
days [24, 25]. It would take several months for an ion produced in e.g. v = 10 to decay down to v = 0. Pure
rotational transitions for lower values of rotational quantum number L are even slower, the rotational levels of
v = 0 with L < 8 having lifetimes greater than one year, for example. In addition, optical pumping methods
for cooling the internal degrees of freedom [26] are not available. One solution [27] consists in creating the ions
directly in the desired rovibrational state by state-selective multiphoton ionization (REMPI) of Hy [28, 29].
However, no selective production scheme is available for antimatter H, ions [12]. Rovibrational cooling by
cold He buffer gas has also been proposed [30] but is again not well suited for antimatter ions.

In this paper, we study another rovibrational relaxation process relevant for experiments performed in a
Penning trap, first proposed in [12]. The idea is to exploit the motional electric field experienced by an ion as
it moves in a magnetic field. This electric field polarizes the ion [31] making one-photon ro-vibrational decay
allowed. The Stark quenching process is much less efficient in Hj as e.g. for the 2S state in hydrogen [32]
because the mixing of 1so, rovibrational states induced by the electric field occurs with excited electronic
states and is very weak. Nevertheless, our results show that rovibrational decay can typically be accelerated
by at least one order of magnitude in a high-field (B ~ 10 T) Penning trap.

In the following, we present the calculation of decay rates for a wide range of rovibrational states. The
paper is structured as follows : the theoretical expression of the decay rate is derived in Sec. I. The numerical
method is described in Sec. II. Results are presented in Sec. III, and their experimental implications briefly
discussed.



I. THEORY
A. Motional electric field

We consider an Hj ion in a Penning trap with a uniform magnetic field Bg along the z axis, placed in a
cyclotron orbit of radius r.. The ion’s velocity is

Bore .
v(t) = 4o0Te [sin(wct)ex + cos(wet)ey] (1)
m
where w, = ¢By/m is the cyclotron frequency. The moving ion experiences a motional electric field
Eo(t) = v(t) X Bg = Ej [cos(wet)ex — sin(w.t)ey] (2)

with Eg = ¢B3r./m. This electric field can be expressed in terms of the standard polarizations

1 .
€41 = :Fﬁ (ex L iey). (3)
One gets :
E .
Eo(t) = —= (e7™e_; + h.c.). (4)

V2

Decay induced by the field Eq(t) can be understood as a two-photon process whereby a ”cyclotron” photon
of energy hw, is emitted (or absorbed) and another is spontaneously emitted. Since the cyclotron frequency
is very small with respect to rovibrational transition frequencies in H;r, one may approximate Eq(t) by a
static field

Eo = % (6_1 — 61) . (5)

B. Dipole matrix elements

A ro-vibrational state (v, L) of Hj supported by the ground (1so,) electronic curve will be mixed by the
motional electric field with states of opposite parity supported by excited electronic curves. At the first order
of perturbation theory, the perturbed wavefunction may be written as

1

——d - Eg |, 6
Fop—mo Bo v, 1,0) (6)

1/17(112M> = [tv,L,m) +

As a result, one-photon transitions between ro-vibrational states become dipole-allowed. Keeping only
leading-order terms, the transition dipole moment is

1
<7/’75},)L',Mf d-e 1/)1(;2,M> = Eo <<¢u',L',M'|d'6ﬁd'€o %, L, M)
v, L —
1
! L' ’ d 7d v
+ (Yo L | GOEU',Lf 7 ely ,L,M>> (7)
where ¢ = (e_1 —61)/\/5. This can be written in terms of the two-photon transition operator
QElEZ(wl,WQ) [33, 34] .
Ol deelel) ) = B 0 8
Yo | €y 10 ) = 0 (Yo, 1, M| Qepe(0, W) [0, 1,0M) (8)
where fiw = E, 1, — Ey 1/, and
Q€1€2(w13w2) = Qegel(w1)+Qelez(W2)a (9)
1
Qere,(w1) = deg—————d € (10)

EU,L — hw1 - H



C. Properties of the two-photon transition operator

Since this operator couples twice the vector operator d, it may be written as a sum of operators of rank
0, 1 and 2. Furthermore, one can decompose it into its symmetrical and antisymmetrical parts [33]

Qeres (Wi, wa) = @2, (w1, wa) + QL (w1, w2), (11)
Q§1€2 (wr,w2) = % (Qeyen(W1,w2) + Qege, (W1,w2)) (12)
Aawn,02) = 3 (Quren1,2) ~ Qe (w1,2) (13

Then QF ., (w1, ws2) is decomposed into operators of ranks 0 and 2, while QZ ., (w1, w2) is of rank 1.

Selection rules for Stark-induced decay are thus identical to those of two-photon transitions [35], i.e
AL = 0,+£2 for rovibrational transitions within the 1so, electronic state. L = 0 — L’ = 0 transitions only
involve the scalar component of the two-photon operator, while L — L 4 2 transitions only involve the rank
2 component. The L — L transitions with L > 1 are the most complicated cases, involving all three terms
(rank 0, 1 and 2).

We define the scalar (Q(°)) and tensor (Q(®)) operators appearing in the decomposition of QEIE2 by the
relationship

05, = 0 4 O (14)

The required qu ¢, components can then be expressed in terms of irreducible components Q,(JO), §2). One

obtains [5]

QS1a = \f Q) (15)

Qo = Q(Q) (16)

Qilq:l = (0) +5 Q(Q) (17)

Similarly, for the antisymmetrical part Q2 . we define the vector operator Q) by the relationship

€1€2

Qélo = Qgi (18)
and the qu ¢ components can be expressed in terms of irreducible components ( ) [33]
Qi = $Q(ilz (19)
1
Qilq:l = :FQB ) (20)

Finally, we set

_ (IQ L)

@ = 207 + 1 2D
~ (w|QW]vL)

@v = 2L + 1 (22)
QW L)

Q= 2L +1 (23)

D. Decay rates

The decay rate (or Einstein coefficient A) of a given state (v, L, M) associated with a transition towards
a state (v, L) (in s71) is given by

2w 3

Av. L Mo, L0 = 3eo Sehed

Z (o1 aar | d- €|¢U,L,M>|2 (24)

M’ e



In the usual case of spontaneous emission in an isotropic environment, the decay rate does not depend on
M, but here anisotropy arises from the fact that the electric field Eq is polarized perpendicularly to the z
axis.

In the simplest case L = L' = 0 we get

2w3 9 9
Ay, L=0,M=0,0',L/=0 = WEOQS- (25)
For '’ =L+2:
wg EO rriagt S 2 rriagt S 2
R Z( V'L M'[Q51,(0,w) [pLM)|? + | (o' L' M| Q5 (0,w) [vLM)| )
Mg

Iy (2) 2 Slirri (2) 2
(W L'M+2|Qs” |[vLM) +5 (W'L'M—-2|Q>5 |[vLM)

w3 3
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3eghe3 { 2

2
43 (W' L'M+1]Q'Y |vLM>‘ +%

WL'M-1Q%? |vLM>‘2 +1
4 -1 2

iy (2) 2
(W' L'M| Q) [vLM)|
_ @ §|<LM22|L’M+2>|2+§|<LM272|L’M72>|2 (26)
T 3eghcd 0| 2 2

1
+Z NLM21|L'M +1)* + % (LM2 — 1|L'M—1)|* + 5 |(LM20|L’M)|2} Q2

One can show that the averaged decay rate A, 1./ 1 = (Zlesz AU,L,M,U',L') /(2L +1) is

w3 Q2L’+1
3eohc® Eo torL+1°

Av,L,v/,L/ =

Finally, for L’ = L > 1 the spontaneous emission rate is

2w

AU,L,I\/[,U/,L = 36 hC?’EgZ‘ v LM |Qeoe( )|ULM> <’U LM |Q505(05w)|vLM>‘2
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3
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€pgnc
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2
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<2Q2+Qt +3@ > (29)

’Qs = (LM20|LM) Q; — (LM10|LM)

The averaged decay rate is

3

- w
Ava/L
s U 3€h3 0

II. NUMERICAL METHOD

We now present the calculation of two-photon reduced matrix elements. Our numerical method has been
previously described in Refs. [5, 35, 36], and we briefly recall the main points here. The three-body Schrédin-



ger equation is solved using the following variational expansion of the wave function :

l1l L
Upr(ry,re) E yﬁﬁ ry,1r2) Ry, (r1, 2, 712),
lLi+la=
Nll (30)
RlLllg (Tla Ta, 7,12) — E {Cn Re I:e_an,TIZ_BnTl_'YnTZ} + D, Im I:e_an,TIZ_BnTl_'YnTQ} }
n=1

r1,72,712 are the interparticle distances, and ylLlAf[(rl, ry) = 7”1 rlz YLllléf (t1,F2) where YLllAlj is a bipolar sphe-

rical harmonic. The complex exponents «,,, 8y, Vn are generated pseudorandomly in several intervals. All
parameters, i.e. interval bounds and the number of basis functions N;;, in each interval ¢ and angular mo-
mentum subset {l1,l>} (keeping the total basis length N =23, Nj;;, constant), have been optimized for a
few tens of states. This yielded accuracies of 10712 a.u. or better on the energy levels of all 201 rovibrational
levels considered here using basis lengths N = 2000 — 3500.

For the calculation of two-photon matrix elements, the following three terms, which correspond to the
possible values L'—1, L'+1, L’ for the angular momentum of the intermediate state, are evaluated numerically :

1
VERL+1)(2L +1)

ap+ = [(VL'|d(Eyr — Hpr)~'d|lvL) + (V'L ||d(Eyr — Hr)~'d||vL)] (31)

where Hy» denotes the restriction of the Schrédinger Hamiltonian H to a subspace of angular momentum
L", and ag, ai, a_ respectively correspond to L = L', ' + 1, L’ — 1. Basis lengths N~ = 2000 — 3000 are
typically used for Hp» which is more than sufficient to obtain these quantities with five significant digits.
The reduced matrix elements of Q%) are related to a_, a, ag in the following way :

VL] QO ||l
O = jerwra o
@LIQWRL) a_ ag a
°L+1 L{L+1) [T + L(L+1) LL] (33)
WL+2|QP|kL)  [2(2L+1) (34)
VL+s  \sert3) -
WLIQW|kL) 1 a-— ag a
2L+1 5\/(2L+3)(2LI)L(L+1)[L(2L—1) TI@+n T (2L+3)+(L+1) (35)
(W'L—2||Q?||uL) 2(2L+1)
oL -3  \[3@L—1) " (36)

III. RESULTS AND DISCUSSION

The range of ro-vibrational states was chosen in order to provide all the results relevant to any of the
following experimental situations :

(i) Hy ions produced by electron-impact ionization of Hy. This process has been shown to create ions
predominantly in v = 0 — 12, L = 0 — 4 with only ~ 1 percent probability of populating higher
vibrational states [37].

(ii) f[{ antimatter ions produced through the reaction H+ 4 p — I_{g +et, as proposed in [12], using H+
ions to be produced in the GBAR experiment [38]. The reaction being exothermic by 1.896 eV, the
H, ion will be produced with v =0 — 8 and L = 0 — 27, with low-v, high L states being favored.

The two-photon matrix elements @, Q. and Q; were calculated for all the required states [39]. The correspon-
ding M-averaged decay rates A/(Bar?) in s~'T~#mm~2 are given in the following Tables for L — L' = L —2
(Av=v—v"=0,1,2, Tables I-III), L — L' = L (Av = 1,2, Tables IV-V), and L — L' = L + 2 transitions
(Av = 1,2, Tables VI-VII). The total decay rates A, 1 =, 1, Ay 1,1/ are given in Table VIIL.

The decay rates decrease sharply with increasing Aw, as previously observed in the case of two-photon
transitions [40]. Decay towards v’ = v — 3 states was also included in the total rates of Table VIII. However,
since the fractional contribution of Av = 3 transitions to the overall decay rates amounts to less than 1073
in all cases, these decay rates are not reported here.



Normalized decay rate

IM|

FIGURE 1: Normalized decay rate A, 1 aror.1//Av Lo 10 for L = 27,L' = 25 (blue circles), L = 25, L’ = 27 (red
triangles), and v = 1, L = 25,v" = 0, L' = 25 (green squares). Note that the M dependence is independent of v and
v’ for AL = £2 (see Eq. (26)), but not for AL =0 (Eq. (28)).

The dependence of the decay rates on the magnetic quantum number M is illustrated in Fig. 1. One can
see that the decay rate increases with |M].

These results can be used to precisely model the time evolution of H, (or H, ) ro-vibrational populations
from initial conditions corresponding to different production schemes. Such a study is outside the scope of
the present paper, but it is already possible to draw some qualitative conclusions. Fig. 2 shows both zero-
field and Stark-quenched lifetimes of selected ro-vibrational states, for a magnetic field value By = 8.5 T
and a cyclotron radius r. = 2 mm which correspond to the parameters of the Penning trap operated in
Tallahassee [41].
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FIGURE 2: Stark lifetimes of HJ rovibrational states for an ion in a cyclotron orbit of radius r. = 2 mm in a magnetic
field Bp = 8.5 T are shown by thick red lines. For comparison, the zero-field lifetimes (taken from [24]) are shown by
thin black lines. Circles, squares, diamonds and triangles respectively stand for v =0, 1,4, 8.

One may observe that Stark quenching is most efficient for excited vibrational states, leading to lifetimes of
e.g. less than one hour for v = 8, a few hours for v = 4, and a few days for v = 1. This represents a reduction
by 1-2 orders of magnitude with respect to the zero-field lifetime. Quenching of the vibrational motion down
to v = 0 may thus be expected to occur within ~ 1 week in present-day Penning traps. Quenching of the
rotational motion is significantly slower, with lifetimes ranging from ~ 10 hours for (v = 0, L = 27) up to
~ 23 years for (v = 0, L = 2). Thus for manipulation of antimatter molecular ions which may be formed in
high-L states [12] it would be useful to transfer the ions to a larger trap where the ions could be placed in a
cyclotron orbit of very large radius. For example, for By = 10 T and r, = 20 mm, the lifetimes would range
from ~ 3 minutes for (v =0,L = 27) to ~ 7 days for (v = 0, L = 3). Rotational quenching down to L =1
or 2 could thus occur in about 1 week.

In conclusion, our results indicate that vibrational quenching of Hj or its antimatter counterpart may be
achieved within ~ 1 week in existing Penning trap apparatus, and that rotational quenching is achievable



over a similar time scale in a specially designed apparatus allowing for larger cyclotron radii. This opens
new possibilities for ultra-high resolution spectroscopy of the simplest (anti)-molecule. Rovibrational Stark
quenching of Hf (and other homonuclear diatomic molecular ions) could also be significant if they are stored
in heavy-ion storage rings in which the bending sections have comparably large values of Bir?

Finally, it is worth noting that, although we have focused on the case of an HJ ion orbiting in an external
magnetic field, the results presented here may readily be applied to calculate its decay rates in an external
static electric field Eq. Since the decay rate of a particular M state depends on the electric field polarization,
Eqgs. (26) and (28) have to be adapted to the specific case under study. However, the averaged decay rates are
independent of the field polarization, so that Eqgs. (25), (27), and (29) may be directly applied. The results
of Tables I-VIII can also be directly exploited using the relationship Fy = ¢BZr./m.
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TABLE I: Averaged decay rates A, 1, //(Bgr2) in s™'T™*mm™2 with o' = v, L' = L — 2.
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3.085E-13 4.896E-13
1.838E-12 2.918E-12
5.615E-12 8.912E-12
1.269E-11 2.014E-11
2.416E-11 3.833E-11
4.114E-11 6.527E-11
6.485E-11 1.029E-10
9.660E-11 1.533E-10
1.378E-10 2.189E-10
1.902E-10 3.022E-10
2.555E-10 4.066E-10
3.361E-10 5.355E-10
4.345E-10 6.936E-10
5.538E-10 8.862E-10
6.977E-10 1.120E-09
8.708E-10 1.403E-09
1.079E-09 1.746E-09
1.328E-09 2.161E-09
1.628E-09

1.989E-09

7.703E-13
4.591E-12
1.402E-11
3.170E-11
6.035E-11
1.028E-10
1.623E-10
2.420E-10
3.459E-10
4.785E-10
6.451E-10
8.519E-10
1.107E-09
1.420E-09
1.802E-09
2.270E-09

1.209E-12
7.207E-12
2.203E-11
4.983E-11
9.494E-11
1.620E-10
2.559E-10
3.824E-10
5.479E-10
7.599E-10
1.028E-09
1.363E-09
1.779E-09

1.904E-12
1.136E-11
3.474E-11
7.868E-11
1.501E-10
2.566E-10
4.064E-10
6.089E-10
8.752E-10
1.219E-09
1.656E-09

3.029E-12
1.808E-11
5.537E-11
1.256E-10
2.402E-10
4.116E-10
6.539E-10
9.836E-10
1.420E-09

4.900E-12
2.928E-11
8.981E-11
2.042E-10
3.916E-10
6.735E-10
1.075E-09

8.124E-12
4.861E-11
1.495E-10
3.409E-10
6.564E-10

1.395E-11 2.517E-11
8.366E-11
2.580E-10




TABLE II: Same as Table I, with v/ = v — 1.

1

2

3

4

5

6

7

8

9

10

11 12

@OO\]CDU!)&OJMS
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2.819E-11
3.959E-11
4.789E-11
5.512E-11
6.198E-11
6.876E-11
7.564E-11
8.274E-11
9.016E-11
9.800E-11
1.063E-10
1.153E-10
1.250E-10
1.355E-10
1.470E-10
1.596E-10
1.735E-10
1.889E-10
2.060E-10
2.252E-10
2.466E-10
2.708E-10
2.980E-10
3.288E-10

7.437E-11
1.042E-10
1.258E-10
1.445E-10
1.621E-10
1.794E-10
1.970E-10
2.150E-10
2.338E-10
2.537E-10
2.748E-10
2.975E-10
3.221E-10
3.489E-10
3.782E-10
4.105E-10
4.463E-10
4.862E-10
5.307E-10
5.806E-10
6.368E-10
7.003E-10

1.476E-10
2.066E-10
2.489E-10
2.855E-10
3.197E-10
3.533E-10
3.871E-10
4.219E-10
4.582E-10
4.965E-10
5.374E-10
5.814E-10
6.291E-10
6.812E-10
7.386E-10
8.021E-10
8.727E-10
9.516E-10
1.040E-09
1.140E-09

2.618E-10
3.659E-10
4.404E-10
5.044E-10
5.643E-10
6.228E-10
6.818E-10
7.424E-10
8.056E-10
8.725E-10
9.440E-10
1.021E-09
1.105E-09
1.197E-09
1.299E-09
1.413E-09
1.539E-09
1.681E-09

4.384E-10
6.122E-10
7.362E-10
8.426E-10
9.418E-10
1.039E-09
1.137E-09
1.237E-09
1.343E-09
1.454E-09
1.574E-09
1.704E-09
1.845E-09
2.002E-09
2.176E-09
2.370E-09

7.110E-10
9.926E-10
1.193E-09
1.365E-09
1.525E-09
1.682E-09
1.841E-09
2.004E-09
2.176E-09
2.359E-09
2.555E-09
2.770E-09
3.005E-09

1.134E-09
1.583E-09
1.903E-09
2.177E-09
2.434E-09
2.685E-09
2.940E-09
3.204E-09
3.482E-09
3.780E-09
4.103E-09

1.798E-09
2.511E-09
3.019E-09
3.455E-09
3.865E-09
4.269E-09
4.680E-09
5.108E-09
5.562E-09

2.857E-09
3.990E-09
4.802E-09
5.502E-09
6.162E-09
6.817E-09
7.488E-09

4.584E-09
6.408E-09
7.721E-09
8.860E-09
9.943E-09

7.489E-09 1.259E-08
1.048E-08
1.266E-08
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TABLE III: Same as Table I, with v/ = v — 2.

2

3

4

5

6

7

8

9

10

11 12
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1.874E-12
2.072E-12
1.958E-12
1.745E-12
1.503E-12
1.260E-12
1.032E-12
8.236E-13
6.392E-13
4.797E-13
3.447E-13
2.337E-13
1.455E-13
7.890E-14
3.296E-14
6.870E-15
2.459E-16
1.320E-14
4.654E-14
1.019E-13
1.822E-13
2.917E-13

6.880E-12
7.608E-12
7.197E-12
6.426E-12
5.550E-12
4.674E-12
3.849E-12
3.097E-12
2.430E-12
1.851E-12
1.358E-12
9.471E-13
6.154E-13
3.581E-13
1.715E-13
5.313E-14
2.122E-15
1.988E-14
1.108E-13
2.832E-13

1.704E-11
1.886E-11
1.786E-11
1.598E-11
1.385E-11
1.171E-11
9.697E-12
7.863E-12
6.231E-12
4.807E-12
3.587E-12
2.562E-12
1.721E-12
1.053E-12
5.512E-13
2.096E-13
2.878E-14
1.580E-14

3.562E-11
3.945E-11
3.741E-11
3.355E-11
2.915E-11
2.475E-11
2.060E-11
1.682E-11
1.344E-11
1.048E-11
7.929E-12
5.763E-12
3.963E-12
2.508E-12
1.384E-12
5.839E-13

6.787E-11
7.522E-11
7.143E-11
6.418E-11
5.591E-11
4.764E-11
3.983E-11
3.269E-11
2.630E-11
2.068E-11
1.579E-11
1.161E-11
8.096E-12

1.223E-10
1.356E-10
1.290E-10
1.160E-10
1.013E-10
8.657E-11
7.262E-11
5.984E-11
4.836E-11
3.819E-11
2.931E-11

2.129E-10
2.362E-10
2.247E-10
2.024E-10
1.770E-10
1.515E-10
1.273E-10
1.051E-10
8.507E-11

3.628E-10
4.024E-10
3.829E-10
3.451E-10
3.018E-10
2.584E-10
2.172E-10

6.114E-10
6.777E-10
6.445E-10
5.804E-10
5.073E-10

1.028E-09 1.739E-09
1.138E-09
1.080E-09
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TABLE IV: Averaged decay rates A, 1, . //(Bore) in s™'T *mm™2 with v’ =v —1, L' = L.

L/v 1 2 3 4 5 6 7 8 9 10 11 12

0 1.298E-10 3.033E-10 5.405E-10 8.716E-10 1.343E-09 2.027E-09 3.040E-09 4.576E-09 6.963E-09 1.079E-08 1.713E-08 2.816E-08
1 1.794E-10 4.344E-10 8.014E-10 1.335E-09 2.120E-09 3.289E-09 5.055E-09 7.771E-09 1.204E-08 1.893E-08 3.044E-08 5.052E-08
2  1.665E-10 4.003E-10 7.335E-10 1.215E-09 1.918E-09 2.962E-09 4.536E-09 6.952E-09 1.075E-08 1.688E-08 2.713E-08 4.505E-08
3 1.659E-10 3.986E-10 7.301E-10 1.209E-09 1.909E-09 2.948E-09 4.516E-09 6.928E-09 1.072E-08 1.687E-08 2.717E-08

4  1.673E-10 4.024E-10 7.376E-10 1.222E-09 1.932E-09 2.988E-09 4.584E-09 7.045E-09 1.093E-08 1.723E-08 2.785E-08

5 1.698E-10 4.089E-10 7.506E-10 1.246E-09 1.973E-09 3.056E-09 4.699E-09 7.239E-09 1.126E-08 1.782E-08

6 1.731E-10 4.175E-10 7.678E-10 1.277E-09 2.026E-09 3.147E-09 4.852E-09 7.497E-09 1.170E-08 1.860E-08

7  1.771E-10 4.281E-10 7.891E-10 1.315E-09 2.093E-09 3.260E-09 5.041E-09 7.819E-09 1.226E-08

8 1.819E-10 4.407E-10 8.144E-10 1.361E-09 2.172E-09 3.395E-09 5.270E-09 8.209E-09 1.294E-08

9 1.874E-10 4.553E-10 8.438E-10 1.415E-09 2.266E-09 3.554E-09 5.541E-09 8.673E-09

10 1.937E-10 4.721E-10 8.778E-10 1.477E-09 2.375E-09 3.741E-09 5.860E-09 9.223E-09

11 2.008E-10 4.911E-10 9.165E-10 1.548E-09 2.500E-09 3.957E-09 6.232E-09

12 2.089E-10 5.127E-10 9.606E-10 1.630E-09 2.644E-09 4.207E-09 6.666E-09

13 2.179E-10 5.370E-10 1.010E-09 1.722E-09 2.809E-09 4.496E-09

14 2.280E-10 5.643E-10 1.067E-09 1.828E-09 2.998E-09 4.829E-09

15 2.392E-10 5.949E-10 1.131E-09 1.948E-09 3.214E-09

16 2.517E-10 6.292E-10 1.202E-09 2.084E-09 3.462E-09

17 2.657E-10 6.677E-10 1.283E-09 2.239E-09 3.748E-09

18 2.812E-10 7.109E-10 1.375E-09 2.416E-09

19 2.985E-10 7.594E-10 1.479E-09 2.619E-09

20 3.178E-10 8.139E-10 1.597E-09

21 3.394E-10 8.754E-10 1.731E-09

22 3.636E-10 9.449E-10

23 3.907E-10 1.024E-09

24 4.211E-10

25 4.554E-10
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TABLE V: Same as Table IV, with v/ = v — 2.

L/v 2 3 4 5 6 7 8 9 10 11 12

0 1.717E-12 7.717E-12 2.265E-11 5.468E-11 1.178E-10 2.360E-10 4.500E-10 8.297E-10 1.497E-09 2.669E-09 4.748E-09
1 6.366E-12 2.480E-11 6.501E-11 1.433E-10 2.867E-10 5.404E-10 9.804E-10 1.735E-09 3.026E-09 5.249E-09 9.135E-09
2 5.116E-12 2.024E-11 5.376E-11 1.199E-10 2.424E-10 4.613E-10 8.435E-10 1.503E-09 2.638E-09 4.600E-09 8.045E-09
3 5.001E-12 1.985E-11 5.291E-11 1.183E-10 2.399E-10 4.574E-10 8.381E-10 1.497E-09 2.631E-09 4.597E-09

4 5.063E-12 2.013E-11 5.374E-11 1.203E-10 2.443E-10 4.664E-10 8.558E-10 1.530E-09 2.694E-09 4.716E-09

5 5.207E-12 2.073E-11 5.539E-11 1.242E-10 2.523E-10 4.823E-10 8.858E-10 1.586E-09 2.797E-09

6 5.412E-12 2.157E-11 5.768E-11 1.294E-10 2.632E-10 5.037E-10 9.263E-10 1.661E-09 2.934E-09

7 5.673E-12 2.263E-11 6.057E-11 1.360E-10 2.770E-10 5.306E-10 9.771E-10 1.755E-09

8 5.992E-12 2.392E-11 6.410E-11 1.441E-10 2.937E-10 5.633E-10 1.039E-09 1.869E-09

9 6.373E-12 2.547E-11 6.830E-11 1.537E-10 3.136E-10 6.024E-10 1.113E-09

10 6.823E-12 2.729E-11 7.327E-11 1.651E-10 3.373E-10 6.488E-10 1.201E-09

11 7.350E-12 2.943E-11 7.909E-11 1.784E-10 3.650E-10 7.034E-10

12 7.964E-12 3.192E-11 8.589E-11 1.940E-10 3.976E-10 7.676E-10

13 8.677E-12 3.482E-11 9.381E-11 2.122E-10 4.356E-10

14 9.504E-12 3.819E-11 1.030E-10 2.334E-10 4.800E-10

15 1.046E-11 4.209E-11 1.137E-10 2.581E-10

16 1.157E-11 4.661E-11 1.261E-10 2.868E-10

17 1.285E-11 5.186E-11 1.406E-10 3.203E-10

18 1.434E-11 5.796E-11 1.574E-10

19 1.606E-11 6.503E-11 1.770E-10

20 1.806E-11 7.327E-11

21 2.039E-11 8.286E-11

22 2.309E-11

23 2.623E-11

€1



TABLE VI: Averaged decay rates AU,L,U/,L//(B{%?_"E) in sT'T™*mm™2 with v" = v — 1, L’ = L + 2. Stars indicate cases where the (v — 1, L + 2) level lies above the (v, L)
level. In these cases, the "reversed” decay rate AvlyL/yvyL/(Bérf) is given instead.

L/v 1 2 3 4 5 6 7 8 9 10 11 12
1.056E-10 2.798E-10 5.574E-10 9.913E-10 1.663E-09 2.701E-09 4.312E-09 6.835E-09 1.085E-08 1.739E-08 2.835E-08 4.750E-08
5.695E-11 1.511E-10 3.013E-10 5.362E-10 9.001E-10 1.462E-09 2.335E-09 3.701E-09 5.875E-09 9.412E-09 1.534E-08 2.570E-08
4.364E-11 1.159E-10 2.312E-10 4.117E-10 6.913E-10 1.123E-09 1.794E-09 2.843E-09 4.513E-09 7.230E-09 1.178E-08 1.974E-08
3.590E-11 9.539E-11 1.904E-10 3.391E-10 5.695E-10 9.255E-10 1.478E-09 2.342E-09 3.717E-09 5.953E-09 9.702E-09
3.024E-11 8.036E-11 1.604E-10 2.857E-10 4.798E-10 7.796E-10 1.244E-09 1.972E-09 3.129E-09 5.009E-09 8.162E-09
2.566E-11 6.820E-11 1.361E-10 2.424E-10 4.069E-10 6.609E-10 1.054E-09 1.670E-09 2.648E-09 4.237E-09

2.179E-11 5.788E-11 1.155E-10 2.055E-10 3.448E-10 5.596E-10 8.921E-10 1.412E-09 2.236E-09 3.573E-09

1.843E-11 4.891E-11 9.751E-11 1.734E-10 2.905E-10 4.710E-10 7.499E-10 1.185E-09 1.874E-09

1.548E-11 4.103E-11 8.170E-11 1.450E-10 2.427E-10 3.928E-10 6.240E-10 9.837E-10 1.551E-09

1.288E-11 3.408E-11 6.772E-11 1.200E-10 2.003E-10 3.234E-10 5.123E-10 8.046E-10

10 1.058E-11 2.794E-11 5.539E-11 9.787E-11 1.629E-10 2.619E-10 4.131E-10 6.454E-10

11 8.568E-12 2.255E-11 4.455E-11 7.840E-11 1.299E-10 2.078E-10 3.256E-10

12 6.809E-12 1.785E-11 3.509E-11 6.142E-11 1.011E-10 1.605E-10 2.491E-10

13 5.288E-12 1.378E-11 2.692E-11 4.676E-11 7.627E-11 1.197E-10

14 3.990E-12 1.032E-11 1.997E-11 3.432E-11 5.523E-11 8.525E-11

15 2.901E-12 7.421E-12 1.418E-11 2.398E-11 3.784E-11

16 2.010E-12 5.061E-12 9.489E-12 1.567E-11 2.399E-11

17 1.303E-12 3.207E-12 5.841E-12 9.294E-12 1.353E-11

18 7.696E-13 1.826E-12 3.172E-12 4.739E-12

19 3.939E-13 8.781E-13 1.402E-12 1.858E-12

20 1.583E-13 3.124E-13 4.173E-13

21 3.880E-14 5.593E-14 4.244E-14

22 1911E-15 2.881E-16

23 9.695E-16* 1.756E-14*

24 3.659E-14*

25 1.999E-13*
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TABLE VII: Same as Table VI, with v/ = v — 2.

L/v 2 3 4 5 6 7 8 9 10 11 12

0 1.392E-11 5.119E-11 1.269E-10 2.654E-10 5.057E-10 9.117E-10 1.588E-09 2.712E-09 4.587E-09 7.753E-09 1.322E-08
1 9.373E-12 3.450E-11 8.562E-11 1.792E-10 3.417E-10 6.165E-10 1.075E-09 1.838E-09 3.114E-09 5.275E-09 9.023E-09
2 8.947E-12 3.298E-11 8.194E-11 1.717E-10 3.277E-10 5.918E-10 1.033E-09 1.769E-09 3.003E-09 5.102E-09 8.759E-09
3 9.163E-12 3.383E-11 8.416E-11 1.765E-10 3.374E-10 6.102E-10 1.067E-09 1.830E-09 3.115E-09 5.307E-09

4 9.614E-12 3.555E-11 8.858E-11 1.861E-10 3.561E-10 6.451E-10 1.130E-09 1.943E-09 3.315E-09 5.668E-09

5 1.018E-11 3.772E-11 9.415E-11 1.981E-10 3.798E-10 6.891E-10 1.210E-09 2.085E-09 3.568E-09

6 1.083E-11 4.018E-11 1.004E-10 2.117E-10 4.066E-10 7.393E-10 1.301E-09 2.249E-09 3.862E-09

7  1.152E-11 4.283E-11 1.073E-10 2.265E-10 4.360E-10 7.945E-10 1.402E-09 2.430E-09

8 1.225E-11 4.565E-11 1.145E-10 2.424E-10 4.675E-10 8.541E-10 1.511E-09 2.630E-09

9 1.302E-11 4.860E-11 1.222E-10 2.591E-10 5.011E-10 9.179E-10 1.629E-09

10 1.382E-11 5.168E-11 1.302E-10 2.768E-10 5.366E-10 9.860E-10 1.756E-09

11 1.464E-11 5.489E-11 1.386E-10 2.954E-10 5.743E-10 1.059E-09

12 1.550E-11 5.823E-11 1.474E-10 3.150E-10 6.141E-10 1.136E-09

13 1.639E-11 6.171E-11 1.566E-10 3.356E-10 6.564E-10

14 1.732E-11 6.535E-11 1.663E-10 3.573E-10 7.013E-10

15 1.828E-11 6.915E-11 1.764E-10 3.803E-10

16 1.928E-11 7.312E-11 1.871E-10 4.046E-10

17 2.032E-11 7.728E-11 1.983E-10 4.303E-10

18 2.141E-11 8.165E-11 2.102E-10

19 2.255E-11 8.622E-11 2.226E-10

20 2.374E-11 9.101E-11

21 2.498E-11 9.601E-11

22 2.626E-11

23 2.758E-11

ST



TABLE VIII: Total decay rates AU,L/(Bgrf) ins !'T *mm™2.

1

2

3

4

5

6

7

8

9

10

11 12
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6.693E-14
3.996E-13
1.224E-12
2.774E-12
5.299E-12
9.062E-12
1.435E-11
2.146E-11
3.075E-11
4.259E-11
5.741E-11
7.569E-11
9.800E-11
1.250E-10
1.573E-10
1.959E-10
2.417E-10
2.959E-10
3.599E-10
4.352E-10
5.238E-10
6.279E-10
7.503E-10
8.942E-10
1.064E-09
1.264E-09

2.353E-10
2.363E-10
2.384E-10
2.420E-10
2.475E-10
2.553E-10
2.659E-10
2.798E-10
2.975E-10
3.195E-10
3.466E-10
3.795E-10
4.190E-10
4.661E-10
5.219E-10
5.876E-10
6.648E-10
7.552E-10
8.609E-10
9.843E-10
1.128E-09
1.297E-09
1.493E-09
1.723E-09
1.993E-09
2.311E-09

5.987E-10
6.013E-10
6.067E-10
6.156E-10
6.286E-10
6.466E-10
6.702E-10
7.005E-10
7.383E-10
7.847E-10
8.408E-10
9.081E-10
9.881E-10
1.083E-09
1.194E-09
1.324E-09
1.476E-09
1.653E-09
1.860E-09
2.101E-09
2.383E-09
2.712E-09
3.097E-09
3.550E-09

1.157E-09
1.162E-09
1.173E-09
1.190E-09
1.216E-09
1.250E-09
1.295E-09
1.351E-09
1.422E-09
1.507E-09
1.611E-09
1.734E-09
1.880E-09
2.053E-09
2.255E-09
2.492E-09
2.768E-09
3.092E-09
3.470E-09
3.912E-09
4.431E-09
5.040E-09

2.013E-09
2.022E-09
2.042E-09
2.073E-09
2.118E-09
2.178E-09
2.257E-09
2.357E-09
2.479E-09
2.629E-09
2.809E-09
3.024E-09
3.279E-09
3.580E-09
3.933E-09
4.348E-09
4.834E-09
5.405E-09
6.076E-09
6.866E-09

3.327E-09
3.343E-09
3.377E-09
3.430E-09
3.507E-09
3.610E-09
3.744E-09
3.913E-09
4.122E-09
4.376E-09
4.682E-09
5.048E-09
5.482E-09
5.996E-09
6.603E-09
7.318E-09
8.162E-09
9.159E-09

5.354E-09
5.381E-09
5.438E-09
5.528E-09
5.656E-09
5.830E-09
6.054E-09
6.337E-09
6.687E-09
7.114E-09
7.629E-09
8.246E-09
8.982E-09
9.857E-09
1.090E-08

8.503E-09
8.549E-09
8.644E-09
8.795E-09
9.010E-09
9.299E-09
9.674E-09
1.015E-08
1.073E-08
1.145E-08
1.232E-08
1.336E-08
1.462E-08

1.346E-08
1.353E-08
1.369E-08
1.395E-08
1.431E-08
1.479E-08
1.542E-08
1.622E-08
1.721E-08
1.843E-08
1.991E-08

2.136E-08
2.150E-08
2.177E-08
2.220E-08
2.281E-08
2.364E-08
2.471E-08
2.608E-08
2.778E-08

3.427E-08
3.450E-08
3.497E-08
3.571E-08
3.678E-08
3.822E-08
4.010E-08

5.592E-08 9.367E-08
5.633E-08 9.442E-08
5.717E-08 9.599E-08
5.850E-08
6.041E-08
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