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Abstract

Let us consider a quasilattice, spanned by the superposition of two
hexagonal lattices in the plane, differing by a rotation of angle . We study
bifurcating quasipatterns solutions of the Swift-Hohenberg PDE, built on
such a quasilattice, invariant under rotations of angle 7/3. For nearly all
a, we prove that in addition to the classical hexagonal patterns, there
exist two branches of bifurcating quasipatterns, with equal amplitudes on
each basic lattice.

1 Introduction

We look for quasipatterns, solutions of the steady Swift-Hohenberg PDE model
equation
(1+A)*u — pu+u® =0, (1)

where u(z, y) is a real function of (z,y) € R?, A is the Laplace operator, y a real
bifurcation parameter. Mathematical existence of quasipatterns is one of the
outstanding problems in pattern formation theory. The first proof of existence
appears in [6] already for the system (1). Quasipatterns are built as Fourier
expansions with wave vectors belonging to a quasilattice in the real plane. In
[6] it is obtained for a quasilattice built with integer combinations of 2¢ (¢ > 4)
wave vectors equally spaced on the unit circle, existence of a bifurcating so-
lution, invariant under rotations of angle 7/q is then proved. Quasipatterns
were discovered in nonlinear pattern-forming systems in the Faraday wave ex-
periment [1], [10], in which a fluid layer is subjected to vertical oscillations.
Since their discovery, they have also been found in nonlinear optical systems,
shaken convection and in liquid cristals (see references in [2]). It is shown in [7]
how to extend the existence of bifurcating quasipattern for the steady Bénard -
Rayleigh (fluid mechanics) convection problem. Bifurcating periodic hexagonal
patterns are proved to exist in such a system, since the sixties [16], [17], [14] and
the Swift-Hohenberg PDE is a paradigm of the Bénard - Rayleigh convection
problem.



The purpose here is to superpose two such hexagonal patterns for the model
equation (1), one pattern being slightly rotated by an angle o with respect to
the other (v may be chosen in )0, 7/6] without any restriction). For most angles
«, the result is a quasipattern of a new type, still invariant by rotations of angle
/3.

A curious experimental observation by S.Fauve, on superposed quasipatterns
is a sort of ”locking effect” while the small angle « varies. It looks like the pat-
tern keeps an hexagonal periodic superstructure, with a wave length decreasing
as the angle a grows (see Figures 2 and 3). We have no mathematical expla-
nation of this observation for any small «, while we can prove that for most of
angles « (in the Lebesgue sense) the solution is a quasipattern, i.e. is quasiperi-
odic in any directions. However, this hexagonal superlattice might be related to
the observation of Silber and Proctor, in [15], and Epstein and Fineberg in [11]
who explain the occurrence of an hexagonal periodic superlattice for special an-
gles « (forming a zero measure set) such that their cosine is a rational number
of a certain form (see (2) and the Remark after Lemma 5). The observation
mentionned above, that the periodic hexagonal superstructure persists for small
angles, might result from the proximity of our « to one of the special angles
satisfying (2). This remains an interesting open problem.

For the proof of existence of the new quasipatterns, we follow the lines of [6].
First we build a formal expansion in powers of an amplitude ¢, for the function
u(z,y) and the bifurcation parameter p. A truncation of this expansion is an
approximate solution of (1) which is a starting point for the Nash-Moser process,
based on a Newton iteration method. We find at Theorem 10 the eligible formal
expansions of two branches of bifurcating solutions, on which we need to apply
the method. This is done in section 3. In what follows, we only mention the
differences with respect to the simple case treated in [6]. In addition to the
two basic bifurcating hexagonal patterns which exist for all «, the result on the
existence of quasipatterns is summed up at Theorem 28. Roughly speaking,
our result is that, for most angles «, there exist two branches of bifurcating
quasipatterns invariant under rotations of angle 7/3 (see Figures 2 and 3). The
quasipatterns have at leading order equal amplitudes on each critical mode.

1.1 Statement of the problem

In the Fourier plane, we have two pairs of 6 basic wave vectors {k; : j = 1,2,..6}
and {k);j = 1,2, ...,6} both equally spaced on the unit circle (angle 7/3 between
k; and k;j+1 and between k; and k; +1) and such that k; is parallel to the
axis, while ki makes an angle a < 7/6 with the = axis (see Figure 1). The
quasilattice I' is then defined by

I={keR%*k= Z mjk; +mik;, mj,m; € N}.
j=1,...6



Figure 1: Definition of the lattice T

Notice that k and —k € I since k;13 = —k;, k3+3 = —k; for j = 1,2,3, and
notice that we also have

kK —ko+ks =0, kK, —Kk,+kj=0.

It should be noticed that if & € Qn then I' is a sublattice of the one which is
built with 2¢ equaly spaced wave vectors on the unit circle. In this latter case, it
is known that the lattice is dense in the plane. There are values of « for which I"
is periodic, as this is noticed in [15], in particular we obtain a hexagonal lattice
in the case when I' is a sublattice of a periodic lattice, built from two basic wave

vectors sy, sy such that |s1] = |sz2], (s1,82) = 27/3 and
ki = as;+bse, ki =as;+ (a—1b)ss, a,beZ,
2 4+ 2ab — 2b? 3 —2b
cosa = Ha—e@, sina = v3a(a )

2(a? — ab+b?) 2(a?2 —ab+b?)’ @

This leads to the following definition
Definition 1 The set &, of special angles is defined as
Ep i={a e R/21Z;cosa € Q,cos(a + 7/3) € Q}.

It is then clear that £, contains the angles o which satisfy (2). Moreover we
have the following

Lemma 2 The set &, has a zero measure in R/2nZ.
(1) If the wave vectors ki, ko, k7, k are not independent on Q, then a € &,.
(it) If a € &, then the lattice T’ is periodic with an hexagonal symmetry,
and wave vectors k1, ko, ki, kb are combinations of only two smaller vectors, of
equal length making an angle 27 /3.

This Lemma is proved in Appendix.



Figure 2: Superposition of two hexagonal patterns for a = 4°,7° 7/18,7/6.
Order € and 3, =1 in Theorem 10 is represented.
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Figure 3: Superposition of two hexagonal patterns for o = 4°,7° 7/18,7/6.
Order € and 3, = —1 in Theorem 10 is represented.



Remark 3 The set &g = QmN]0,7/6] is included in gy = (Ep)°. This results
from the fact that when o = pr/q with ¢ > 7, then cosa is irrational as is
cos /6.

Let us assume that a € g, = (£,)°. The function u(z,y) is a real function
which we put under the form of a Fourier expansion

u= Z uetkx ) — 7=k ¢ C, (3)
kel

We observe that any k € I' may be written as
k12121k14*22k2‘¥23k34*Z4ké, z = CH522523724)€ Z45

so that I' spans a 4-dimensional vector space on Q since o ¢ &,. The norm Ny
is defined by
Ne= Y |zl =1zl

To give a meaning to the above Fourier expansion we need to introduce Hilbert
spaces Hs, s >0 :

H, = {u =S u®ekx 00 =g e, ST WP+ N2 < oo} ,
kel kel

It is known that H is an Hilbert space with the scalar product

(u,0)s = > (1+ N u®),
kel

and that H, is an algebra for s > 2 (see [5]), and possesses the usual properties
of Sobolev spaces Hy in dimension 4. We prove in Appendix the following useful
Lemmas:

Lemma 4 If a € &, a function defined by a convergent Fourier series as (3)
represents a quasipattern, i.e. is quasiperiodic in all directions.

Lemma 5 For nearly all o € (0,7/6), in particular for o € Eg = QnN]0,7/6],
the only solutions of |k(z)| =1 are +k;, £k j = 1,2 and k = £ks, or £kj,
i.e. corresponding to z = (+1,F1,0,0) or (0,0, £1,F1).

Let us denote by & the set of a’s such that Lemma 5 applies.

Remark 6 In general, if a € £, then a € &.

Comments on this Remark are in Appendix.
Now we need the following Lemma, proved also in Appendix:



Lemma 7 For nearly all o € &, N (0,7/6), and for € > 0, there exists ¢ > 0
such that, for all |z| > 0, such that |k(z)| # 1,

C

(Ik(z)]* —1)* > 22+ (4)

holds.
Let us denote by &; the set of a’s such that Lemma 7 applies.

Remark 8 In the case when a € &, the lattice being periodic, by Lemma 2, we
have a much better estimate for a certain ¢ >0 :

(|k(z)]* — 1)? > ¢, for any k € T with |k(z)| # 1.

Remark 9 We notice that for a = % € &g, Lemma 5 applies, hence o € &.
It is shown in [12] that the diophantine estimate (4) holds with an exponent 4ly
instead of 12 + &, where 2(lo + 1) = ¢(2¢'), ¢ being the Euler totient function
and ¢ = q if q is a multiple of 3, and ¢’ = 3q in the other cases. Hence the
lower bound (4) may be too optimistic in such cases, so that Eg is not included
into &.

Notice that Lemma 7 indicates a possible small divisor problem when we
need to invert the operator (1 + A)?. This is the source of the main difficulties
of the problem, which needs the use of the strong implicit function theorem to
be solved (see [6]).

2 Formal solutions

For proving mathematically the existence of a quasipattern, we start with its
formal expansion in powers of an amplitude €. A truncated expansion plays the
role of a first approximation, and is a starting point of the Newton iteration
process, ruling the Nash-Moser method.

2.1 Symmetries

Our problem possesses important symmetries. First, the symmetry S defined
by
Su=—u

which commutes with (1) because of the imparity of the equation. Let us define
Lo = (1 + A)?), then we have

SLO = L()S, Su3 = (Su)3

The system is invariant under rotations of the plane. Denoting by Ry the
rotation of angle 6, centered at the origin we define classically

(Rou)(x) = u(R—px),



so that
RyLo = LoRg, Rgu® = (Ryu)®.
The third symmetry 7 represents the symmetry with respect to the bisec-
trix of wave vectors k; and kj. This changes (ki, ks, ks, —ki, —ko, —k3) into
(kh, —Kkb, —kb, —ki, k5, k). We also have the commutation properties

7Ly = Lo, Tu® = (Tu). (5)

2.2 Formal series

In this section, we are looking for solutions, invariant under rotations of angle
7/3, under the form of formal power series in an amplitude &:

u = anun, = anun,

n>1 n>1

where ¢ is defined by the choice of u;, and u,, has the form of a Fourier series
(3) which is finite. At order £ we obtain classically

L0u1 = 0,

which means that u; lies in the kernel of Lg. In the class of functions invariant
under the rotation of angle 7/3, and provided that « € &y, the kernel is two
dimensional, spanned by

U= Z eikj»x, w = Z eik;‘x'
§=1,2,..,6 j=1,2,..,6
We observe that
TV =w, TW=". (6)
We then set
up =w+ B (7)
where the coefficient in front of w fixes the choice of the scale €, provided that

we choose to impose
(Un,w)o =0, n=2,3,...

since the linear operator Ly is selfadjoint in Hy. The coefficient 3, is chosen
later. Then we can prove the following

Theorem 10 Let us consider the Swift-Hohenberg model PDE (1). The super-
position of two hexagonal patterns, differing by a small rotation of angle o leads
to formal expansions in powers of an amplitude &, of new bifurcating patterns
invariant under rotations of angle w/3. For a € & we only have the bifurcating
(classical) periodic hexagonal patterns and two branches of new patterns (see
Figure 4), with formal expansions of the form

u = e(w+p) +e3uz+..e Mgy +.., By =21, (8)
<u2n+lav> = <172—’r\l_+/1)w>:07 7'172—7\1_-:1:51772—;4-/17 Tu:ﬁlu)
po= Epy ety ey, oy iy >0,



Figure 4: Bifurcating branches of quasipatterns. Actions of symmetries are
indicated with arrows.

- "
v = E ekix gy = g ek x (k1 k) = a.

j=1,2,...6 j=1,2,...6

Fore € E,N&y the expansions (8) converge, giving periodic patterns with hexag-
onal symmetry (superhexagons indicated in [15] and [11]).

Remark 11 We show on Figures 2 and 3 the order € of the branches with
81 =1 and B, = —1 respectively, for different values of a.

Proof. At order 2 we obtain
Louy = puyus,

and the compatibility condition gives that there exists 8, € R such that

w1 =0, uz = Byv. 9)
Order €2 then leads to

Lous = pipu1 — uf, (10)
with the compatibility conditions

apy —c—3b57 = 0,

aBypy — 306, — Cﬁi’ = 0,



where (in all cases)

a (v,v) = (w,w) =6,
b = (Viw,w) = (wQU,v> = 36,
c = (ww) = (v*v) =90,
2w, v) = (wv,w) = @3 w) = (W v) =0.

For example, the term (w3,

that

v) is 0 because there does not exist m/, mj, € Z such
mik] +mbks =k;
due to Lemma 5, for o € &. This gives
(¢ —30)(57 — B1) =0, (11)
and there exists 85 € R such that

c b ,
-+ 3-07,
Ha o aﬂl
us = 63’1}4”&3, <’U43,’U> = <’LL3,’LU> =0.
The term u3 only contains Fourier modes e™* with k = m/k} + mky.
Then, we can show easily

(i) ugn =0, pig, 4 =0,forn=1,2,....
(ii) For 8, = 0 we recover the classical periodic hexagonal pattern

u=cw+ O, p=epuy + 0(54), po = 15,
and using the symmetry 7, the other classical hexagonal pattern
Tu=cv+ O, p=e*uy + O, uy=15.

(iii) For 8, = £1, uy, = 33 and the series for v and T7u = (,u are uniquely
determined. Then, the uniqueness of the series implies S5 = 0 (see the proof of

(33)). m

Remark 12 Su = —u is the solution which corresponds to change € into —e,
which does not change . So, we only have two branches of bifurcating solutions

(8) (see Figure 4).

Remark 13 For o € &y, N &y, the proof of existence of a quasipattern with
asymptotic expansion (8) is made at next section.

Remark 14 For a € £, N &, the proof of convergence of the series (8) is stan-
dard in the frame of analytical functions of € (Lyapunov-Schmidt method).

Remark 15 When « is close to 0, it can be shown that the coefficient ug is
of order (a)™*. This is due to 2k; — k} and 2k} — k; occuring as wave vectors,
and which have a norm 4(1—cos «) appearing with a square at the denominator.
This factor (o)™ also appears in higher orders in the expansion.
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3 Existence of quasipatterns

Let us consider the quasipatterns corresponding to a formal expansion of the
form (8) where o € &, N Ey. We may use the same scaling as in [7]:

uw = U.+eW, W=1u+p6v, ue{v,wt, (12)
UE — 5(w+61v) +53a3a ﬁl = ila
o= e, pe=epy + ey,

SU: =U-—, Rrp3Ue =Ue, TU: = B1Ue,
with € € [—ep, €0]. Then

LoU. = MgUa - Ugg +55faa
f- fo+e2f fo = —Lous,

where f. is a known quasiperiodic function with a finite Fourier expansion, even
in e. We obtain

[Lo — p. — i + 3U2|W = fie U, — ef. — 3e*"U.W? — B W3,

which splits in using the projections Py on the kernel of Ly, and Qg =1 — Py
on its range:

3~ p.pv + 3Po(UZW) — [ifv] = fi(w + Byv) — PV (13)
—3e"PoU. (T + Bv)? — e Py (1 + pv)3,
fe " uz — eQofe — 36 QoU:(u + Pv)?

—€8Q0(ﬂ + ﬁv)3. (14)

The idea is to solve first (14) with respect to u as a C! function V (e, 7, ),
where i = £%i, and to replace it into (13) which is two dimensional. ~The
projection on w and v of (13) allows to solve with respect to fi(g), 5(g)). Indeed,
V(e, I, B) is expected to satisfy V(e, i, 3) = —V(—e¢, 1, —F) (by uniqueness of
the solution) and to be of order € for |i| < 1 and using the identity (notations
of previous section)

[Lo — pe — [ 4 3Qo(UZ (1 + Bv))

apy = ¢+ 3b,
we obtain
aji — 6”03, 3 — 3" (uiV,w) = (£, w) + O(7), (15)
—Brafi + 2¢e° B + 3% (u2V,v) = —8(fV v) + O(7). (16)

Since we expect to obtain V (e, 7, 3) as a C* function of its arguments, and of
order ¢, it is clear that the implicit function theorem applies for solving (15,16)
with respect to (i, 3), so that finally

fi=0(), B=0(),
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then we prove that 8(¢) = 0 by using the uniqueness of the result.

Our problem now is to prove the existence of such a solution V (e, i, 3)
provided that the parameter (g, 1, §) belongs to a ”good set” in its 3-dimensional
space. Then we need to check that the solution (e, fi(¢), 3(¢)), which we find as
indicated above, belongs to the good set.

3.1 Inverse of the differential

We want to solve (14) with respect to w. For this purpose we follow the lines of
[6] and [7]. Let us define the differential of (14) at some & = V' in a neighborhood
of 0in H, :

Lepy — ul (17)
where the linear operator L. gy is acting in the space QoH;, t > 0 and is
defined by

Lep,v = Lo—pI4+3Qo(UZ) — 6" Qo[Us (V +5v)(-)] =3 Qo[(V +v)*(-)]. (18)

We notice that for s > 2, L. 3 v is analytic in (¢, 3, V) € (—eg,&0) X (—M, M) X
QoH,, taking values in £(QoH¢, QoHi—4), for any ¢ > 4. In fact, the perturba-
tion term (after Lg) is a bounded operator in £(QoH;) for any ¢ > 0. Taking
the advantage of the selfadjointness of L. gy in Hy, we wish to have a bound
for the inverse of L. g, — il for a given function V' (e, 3, i) in a suitable class of
functions, and for suitable values of 1. The difficulty comes from the unbound-

—~—1
edness of the pseudo-inverse Ly in QoH, for any s > 0, due to the small
divisor problem, controlled by the (loss) estimates of Lemma 7 and Remark 9,
which give

~—1_
[[Lo  wlls—13

< ||ﬂ||S for a € &1 N &y,
~——1_ _ r
Lo ulls—at, < |lulls for a = 7€ &g,
where 2(lp +1) = ¢(2¢'), ¢ = qor 3q if ¢ =0 or # 0 mod 3.

Let us introduce the projection Iy :
Definition 16 Let s > 0 and N > 1 be an integer, we define
EN = HNQQHS,

which consists in keeping in the Fourier expansion of u € QoHs only those
k(z) € T such that |z| < N. By construction, with Lemma 7 and Remark 9, we
obtain

(TN LoTTn) ™[5 < eo(1 4 N?)*,

where I, is defined by
41y = max{13,4lo}.

Then, as in [6] we have the following Lemma which gives a bound of the
inverse of Iy (Le g,y — pI)IIx for small values of N.

12



Lemma 17 Let S > sg > 2 and g9 > 0 small enough and assume that o €
(&1 N &) U Eg. Then there exists ¢; > 0 with the following property. For
0<e<eg we assume N < M. with

1 .
M, = Ll/—%} (integer part of) (19)

and (g, 11, 3, V) € [—e0, g0] x [—€2,€2] X [~ By, Bo] X En. Then, the following holds
for s € [s0,S] and V' such that ||V]|s < 1,

(I (Le gy — ADIIN) 7|5 < 2¢0(1 + N?)o

In the Lemma above, the perturbation term after IInyLolly is very small for
small values of N. The serious difficulty occurs for N large.

Let us now define A = {e, i);e € [—ep,e0], 2 € [—€2,€%]}, and for M > 0,
S0 > 2,

U o = {V e CA x [<By, Bol, En] ; V(0,7,8) =0, (20)
IVllso < 1,110:58V |50 < M, |05V |5, < (M/?)}.

Assuming that V' € Z/l](év), we consider now the operator

On(Le g vie,ns DIy = Ty Lolly —filly+e2B{™ () +e° B (e, 8,V (e, i, B)),
(21)
where BEN) and BéN) are analytic in their arguments. Moreover all operators
in (21) are selfadjoint in IIxQoHp.
The eigenvalues of Iy (L. g,v(c,z,8 — #I)IIx have the form

O'j(E,,E,B) = fj(‘gaﬁaﬁ) — [, (22)

where f; is Lipschitz in (e, [z, 3) as this results from the Lidskii theorem (see [13]
theorem 6.10 p.126). Moreover f; is C* in f for (e, 3) fixed, as this results from
the selfadjointness and from [13] theorem 5.11 p.115. We have the following
estimates with a constant ¢ > 0 independent of (e, 1, 3) € A x [—f,, B0

I%I < e (23)
|fj(57ﬁaﬁ2)_fj(57ﬁaﬁ1)| S CE5|62_61|’ (24)
|file2, 10, 0) = fi(er, i B)l < e max{lejl ez —eal. (25)

We now define the "bad set” of 11 for certain 7 and v to be determined later,
as (below N < bN* denotes the dimension of Ey)

B W) = {fiel-e%e%(e,8,V) € [~eo, 0] x [-8, ol x U},

3 € (LN oy, )| < 55 -

13



Because of (23) we know that o; is strictly monotone in /i, hence we obtain that
the set Bg\é),y (V) is a union of intervals

N ~
BUYL (V) = UL, (75 (e, 8), 1] (=, ),
with .
~+ Y
Uj(EaIU’j ,B) = N
Because of (23) we know that, for g9 small enough

- — 4
0< Mj(‘%ﬂ) 7#] (575) < Fv
(N)

By is bounded as

so that the measure of B

4bry
meas(Bé B)V(V)) < N

Moreover, because of (23,24,25) the functions ﬁji (e, B) are Lipschitz continuous,
and there exists ¢’ > 0 independent of (e, 1z, 3),such that

1} (e2,0) = i (e1, ) < ¢ max{e;|tez —enl, (26)

Iﬁf(s,ﬂz) - ﬁj‘[(&ﬂl” < c’55|62 = B4l (27)

We may define ”bad layers” of degree N, in the 3-dimensional space (¢, i, §) as
BSN(V) 1= {(e,1i, B) € A x [~ By, B)i I3 T € (T (e, 8). iy (e, )}

We see that BSy (V) is a union of thin layers, bounded by Lipschitz surfaces,
nearly parallel to the (8 direction.
Let us now define the ”good set” of i for (g, 3,V) fixed:
N
GUR, (V) = [=e0, o\ B (V).
It is important to notice that if u € G(N) (V), then all eigenvalues of
Hn(Leg,v(enp — p)IIy are at a distance > o from 0, and since the op-

NT
erator is selfadjoint, we obtain (same proof as in [6])

Lemma 18 Assumey <7 = 1/(2%0t1¢y) and 7 > 7+ 121} ForV e L{(N) nd

(e,8) € [—¢0,e0] X [=Bq, Bo] fized, then if i € Gsﬂ’y( )N [—€e2,e%], N > 1
- N7
NN (Le g veip) — BDIN) o < - (28)

Moreover, for N > M., the measure of the ”bad set”B(N) (V) is bounded by

4by/NT=4 while it is O for N < M.. The measure of the "bad set” Upy, <K<NB£ ﬁ)'v(v)
is bounded by 'y /M2, with ¢ independent of (¢, 3,V).
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The above estimate is in £(QoHo). In fact, we need to obtain a tame estimate
for (IIn (L g,y (e — FDIIN) ™ in £(QoHs) for s > 0, with an exponent on
N not depending on s. This needs to use results of Bourgain in [8], and Craig
in [9] with ideas of Berti and Bolle in [3], as is done in [6].

We first need to show ”separation properties” of ”singular sites” which gen-
erate small divisors. The eigenvalues of the unperturbed operator IInyQoLollx

are
(1—-|k(z)]*)?, k(z) €T, k #k;, K}, j=1,.6, |z <N.

Let us define for a certain p > 0, the singular set
Sy={zeZ' k(z)el, (1-|k(z)]*)’ <pk#k;kj, j=1,.6, |z <N}

We define A , the positive definite matrix in R*, defined by

k(z)]? = (z,Az)=q + q2cosa + g3V/3sina,
g1 = Z% + Z% + Zg2, + Zi + 2122 + 2324
G2 = 22123+ 22024 + 2124 + 2223
q3 = 2223 — Z1%4.
So, we have
A = Ajg+twiA; +wrAy,

2A; have integer coefficients,

wi = cosq, wy = V3sina.
Then we can prove the following

Lemma 19 Let S be a subset of Z* such that (z, Az) is bounded on S. Then
for nearly oll o € (0,7/6), (o € & defined below), there exists v > 0 such that
for all B > 2 and for any sequence {z;}j=01,..Kx of distinct points of S such
that |z;41 — z;| < B, we have K < B".

Proof. In the cases when o € Qm, the proof is the same as the one in [6].
For the cases when o € &1 N &y and ¢ Qm, we use the diophantine estimate (4)
and the following key ingredient in Proposition 20, replacing Lemma 2.1 in [12],
then the proof is the same as in [6]. =

Let us consider the matrix M defined by

M, = (e, Aey), I,m=1,..d <4,

where vectors e; have integer coordinates in Q*, and {e;;j = 1,..d} are linearly
independent. The determinant of M is of the form

1 n, m
det M = ( > tnmwiwd). (29)
0<n+m<d
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Since the coefficients of 2A are integers, bounded by 2, the coefficients a,,,, are
integers bounded by
S = 2%max{|e,,|}]*.

Replacing w3 by 3—3w?, we replace the polynomial in (w1, ws) by the polynomial

. n n—1
Pla,a) =:ap + E Anow? + an_1,1W7  wa,
1<n<d

where the coefficients are still integers now bounded by 3%S.
Notice that a € Z(24+1D\{0} since det M # 0 due to the fact that the vectors
{em;m = 1,..d} are independent and A is positive definite.

Proposition 20 For nearly all o € (0,7/6), there exists ¢ > 0 such that for all

a € Z24HD\{0} and for 1 = 2d(2d + 1),
detM > =

lal’

where a = (ag, Gno, an-1,1,n = 1,..d) and

lal = laol + Y lanol + lan—11l.

1<n<d

Proof. The proof of the above Proposition is in Appendix. =

We denote by £ the full measure set of a’s satisfying Proposition 20. This
set contains £g and is a subset of £ U &g.

Now this Lemma allows to prove (see [6])

Lemma 21 Assume o € E. There exists py > 0 independent of N such that if
p € (0, py], then there exists a decomposition of Sy = UaeaQq into a union of
disjoint clusters Q4 satisfying:
(i) For alla € A, M, < 2m, where M, = max,cq, |2| and m, = min,cq, |zl;
(i1) There exists § € (0,1) independent of N such that if a,b € Aja # b,
then
(M, + M,)°

dist(Qq, Q) = i -7/ >
i5t(€2a, ) ze(zrjl,lzl’leQJz 2 2
Then this last Lemma allows (as in [3]) to prove

Lemma 22 Assume o € E;. Let v and 7 be as in Lemma 18, and choose
S0 >3+ TTH where § is the number introduced in Lemma 21, and define

m = 27 + 6.
Assume (e,11,3,V) € [~e1,e1] x [=€%,€%] x [y, Bo] x US}, with €1 small
enough and i € gt (V), where

€,8,7

gg\é?v (V) = mME<K§NGg2,Y (V).
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Let S > sg. Then for all s € [so,S] there exists K(s) > 0 such that for any
u € Iy QoHs, we have for any N > 1

~ 1~ N™ ~
(T (Le,p,v (e 0) — BDIN) Ml < K(S)T(HUHS + [[VI[slfalls, )-

3.2 Resolution of the range equation (14)
The proof of Proposition 25 in [6] leads to

Proposition 23 Choose Ny > Ny > M., and V; € UY, Vo € U} and for
(e,0) € [—¢1,e1] X [=B0, Bo] consider the set of ;. which are "good” for Vi, and
”bad” for Vs :

€,B8,y .8,y

e (9 0) gl o).

where the apex ¢ denotes the complementary in [—e1,e1]. Assume that ||Va —
Villso < Ny 7, with o > 7, and T > 7+ 1213, then for €1 small enough (g1 <
205 .
yo) .
(N2) ¢ (N1) s
meas [(G17(v2)) N gl ] < & -

We now set i = 27i for being able to write (14) under the form
F (e, B,u) =0, (30)

with F: [—e1,e1] X [=1,1] X [=8y, o] X Qols — QoKs—4, s > 5o > 4, defined
by

f(s,ﬁ,ﬂ,ﬂ) : = [LO 7#5 *ﬁ€2]1’2+3Q0(U€2(ﬂ+6U)) 7ﬁ€u~3+€Q0f€
+3e*QoU. (T + Bv)? + 8Qo (1 + fv)3,

analytic in (e,f1, 8) and satisfying good tame properties with respect to o €
Qo5 as in [6], and such that

f(oaﬁaﬁaa) :L0a7 ]:(_57/75 _Ba _a) = _‘F(E,ﬁ’ﬁ’a)'

We finally obtain (see the proof in [6], using a Berti-Bolle-Procesi theorem in

(4])-

Theorem 24 Assume o € E2NENEy, and let so be as in Lemma 22. Then for
all0 < v <7 there exist ea(y) € (0,&0) and a Ct— map V : (0,e2(7)) x[-1,1] —
Hso+a such that V(0,11, B) = 0 and if e € (0,e2(7)), it € [-1,1]\C: g+, the func-
tion w =V (e, i, B) is solution of (30). Here Ce g~ is a subset of [—1, 1], which
is a Lipschitz function of (g,3) and has a Lebesgue measure less than Cvle|?
for some constant C > 0, independent of (g,8,7). Moreover V(—e, i, —3) =

7V(€7 /A'La 6)

Remark 25 We notice that for f/(s, I, 3) € UI(V][V), then \7(5, e, 8) = Ve, i, B) €
C' and its first derivatives are bounded by M.
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3.3 Bifurcation equation

The 2-dimensional bifurcation system (13) leads to (15), (16). With 1 = %,
and V replaced by V (¢,7i, 3), the terms O(¢7) are C! functions of (¢, 7, 3), and

we notice that the matrix
a —6003,
—afy 2c

has for determinant 2a(c — 3b) # 0. Hence, we may use the implicit function
theorem to solve with respect to (i1, 3) and find

o= en=eh(e), (H) (31)
B = eg(e),

with h and g even functions of e, and where eh(e) and eg(e) are C! functions
of € € [0,e1]. Now we should check that in the 3-dimensional space (¢, i, §) the
curve (31) crosses transversally, in the 3-dimensional parameter space, the bad
set formed by the infinitely many thin layers

UnENBnSNn (Vn—l)
where N,, = [No(7)]?", and V;, are the successive points obtained in the Newton

iteration of the Nash-Moser method.

3.4 Transversality condition

Let us consider for a given N one bad layer, bounded in the 3-dimensional
parameter space, by the two surfaces

ii=0;(e,8), R=10](p).

We already know that the two functions ﬁji (¢, 8) are Lipschitz in (e, ) such
that (26,27) holds. It results that, on the surface 5 = 3(¢)) (see (31)) we have

11 (22, B(e2)) — iy (21, B(en))| < [ty (e2, B(£2)) — Fij (€1, B(e2)))|
+H7i7 (61, B(e2)) — iy (€1, B(en))]

¢ max |ej]|e2 — 1] + ¢ max |e;|°|B(e2) — B(e1)]
j=1,2 7j=1,2

IN

< ¢ llea —e1].
< C1jH:1%’);|€J||€2 €1l

It results that the intersection of the surfaces u = ﬁji (e, B) with the surface 8 =
B(g) (parallel to the 1z axis), are two Lipschitz curves (i, 5) = (ﬁf (g,B(e)), B(e)).
The problem is now to study the intersection of these curves with the surface
(H) given by f2 = €®h(e). If the intersection is transverse, this gives a little "bad”
interval, corresponding to an interval de which we would like to measure. This
leads to a transversality condition
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Transversality condition: Let fi(e) be any one of the limiting curves of
the bad strips given by {8 = €g(e)} Npen BSN,, (Vo—1). Then we assume that for
any of these curves, there exists ¢ > 0 independent of N, such that for h € R
in a neighborhood of 0, the following inequality holds:

[fie + h) = fi(e)| = clef*|Al. (32)

Remark 26 This is a very weak assumption for ﬁ;-t(e, B(g)), since this means
that the slope t() has a lower bound |t(¢)| > c|e|. Indeed, in the cases (the most
probable cases) when the eigenvalue o (E,ﬁi,ﬂ) given by (22) is not multiple,
it is C' in its arguments, and a classical result on derivatives of eigenvalues,
leads to

% 2:(BM(0)¢; (e, 1, 8), ¢, (e, 1%, B)) = Oe),
BM(©0) = Tn(—pyl + 3Qo[(w + B,0)2 )Ly,

where (; (E,ﬁi,ﬁ) 18 the eigenvector with norm 1, belonging to the eigenvalue
0 (E,ﬁi, B) of the operator HN(£87B,V(E,ﬁi,ﬁ) — ﬁiH)HN. It results that in such
cases i (e, B(e) has a slope |t(e)| > cale|, and this is in general the case. If
unluckily the eigenvalue o (E,ﬁi (e,B8(€)), B(e)) is multiple, as this might occur
for a certain set of € for a fizted N, we have no a priori lower bound for the
slope t(g), since it is even not defined. After all the Nash-Moser process (where
N = [No(7)]*",n € N), this leads to eliminate a set of €’s on which we have no
control, and which has to be of small measure. This is why we make the above
transversality condition.

Let us denote by d11 the measure of the "bad” g, and by de the corresponding
measure for bad ¢’s. Then we have,

For a fixed £, we have a bound of the total measure of "bad” intervals o,
as this is given by Theorem 24: Cve® (recall that i = £%/i). Hence, with the
transversality condition (32) this gives

Cvye?

c

meas(bad set of €) <

The complementary subset in (0,e2(7y)), constitutes the good set of |¢|, which
Cre?
C

is of asymptotic full measure since [|e] — l/lel = 1 as e — 0.

Remark 27 If we start in taking u_ in (12) at a higher order than €*, we should
find i of higher order than €%, which flattens the slope of the bifurcation curve
(H). Then we might weaken the transversality condition (32) and replace €3 by
an order larger than 3, which still garantees transversality with (H). Then notice
that we can increase the order (here €3) for the size of the bad fi in Theorem
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24, just in increasing T in Lemma 22 and Proposition 23, so that we can keep
an order of smallness € for the bad set of €’s. Finally, this shows that the
transversality condition (32) reduces to assume that the limiting curves of bad
strips fi(e) are not flat.

Now, we observe that
TU. = B, U,
then, for g, =1,
T(u(e) + Be)v) = Tu(e) + Ble)w
is the solution @(g) + B(e)v by the uniqueness of the result. Hence, 3(g) = 0.
For 8, = —1, 7u(e) + B(e)w is the solution corresponding to —u, i.e.

Tii(e) + Ble)w = ~ie) - Ble)v,

which implies that
Tu(e) = Brule), Ble) =0 (33)
in all cases.
Finally we have

Theorem 28 Assume o € E2NEYNEy, which is a full measure set, and assume
that the transversality condition (32) holds (condition which may be weakened,
see Remark 27). Then there exist so > 2 and €2 > 0 such that for an asymp-
totically full measure set of values of |e| € (0,e2), there exist two branches of
bifurcating quasipattern solutions of (1), invariant under rotation of angle 7w/3,
of the form

u = U.+e*ue), ue {v,w}t,
UE = €(w+ﬂlv)+€3u~3, 61::&1,7"11,:61’114,
o=y +etuy +ae),

where U(e) € QoHsy, W, v, U3, Ly, ity are defined at Section 2, and functions of €
are C1 with w(0) = 0, fi(¢) = O(£%). Su = —u corresponds to change ¢ into —¢.

4 Appendix

k-x

Proof of Lemma 4. When o ¢ &,, a term e’** in the Fourier expansion is

such that

k-x = [m+ % + (ms + %)cosaf %\/gsina]er

3 3
+[zma + yMmacosa + (ms + %)\/gsin a]i

2 /3

with (mq,ma, m3z, m4) € Z*. Since at least one of the terms cos a or V3sina is
irrational, the sets

m m. m.
{ma + 72 + (m3 + 74)COSOZ - 74\/5811104; (m1,ma, m3, ma) € Z*}
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and

3 3
{§m2 + gma cosa + (ms3 + %)\/gsina; (m1,ma,m3,my) € Z*}

are dense on the real line. This is sufficient to show that a function u with a
convergent expansion as (3) is quasiperiodic in each direction (with a rational
or an irrational slope), with a Fourier spectrum built with integer combinations
of two or three basic incommensurate frequencies. i

Proof of Lemma 2. The set of rational values for cosa is of measure 0,
hence the measure of &, is zero.

Assume that ki, ko, k), Kk, are not independent on Q. This means that there
is a non trivial solution z = (21, 29, 23, 24) € Z* of

z21ky + 20k + 23K) + 24k = 0,

where we can assume that z; € Z after multiplication by the common denomi-
nator. It then results that

3
21 + %2 + (23 + Z—;)cosa — 72:4511&04 = 0,
3
g,@ + —5 zacosa + (23 + %)sina = 0.
Hence
22123 + 22024 + 2124 + 2223
cosa = — 5 5
2(25 + 25 + z324)
. V3(2124 — 2223)
sina = 5 3 ,
2(23 + 23 + z324)
and o € &p.

Now assume that a € &,, then cosa = p/q and since cos(a+7/3) is rational
we can state that v/3sina € Q and we can always assume that v/3sina = p//q
(with the same denominator ¢). Now, any point of the lattice I' may be written
as z1ky + 22ko + 23K + 24K = (2, y) with

/

_ Z2 Za\p P
x = zl+2+(Z3+2)q Z42q
3 3p zg\ P
3 = — —_— — ) —
yV3 2z2+2qz:4+(z3+2)q,

hence any point of I" has coordinates of the form

(

n m
2¢" 2¢\/3

where n and m have the same parity. This shows that these points belong to

an hexagonal lattice, of length side q%, so that the wave vectors are integer

), (n,m) € Z?

21



combinations of only 2 basic vectors of equal length making an angle 27/3, as
in [15]. I
Proof of Lemma 5. We have

kP> —1=q — 1+ g2 cosa + g3V/3sina,

with
2 2 2 2
Q= 21tz + 23+ 25+ 2122 + 2324,
g2 = 22123+ 22224 + 2124 + 2223,
q3 = 2223 — Z1%Z4-

Assume that in the plane (cos o, sin @) the line

D:q —1+Q2COSa+Q3\/§sina:0

exists. This means that (go,¢3) # (0,0). This gives two possible solutions for
a, as soon as |¢1 — 1| < y/q5 + 3¢3. For all possible couples(ga, g3) # (0,0) we
then obtain a denumerable set of possible angles . Hence, choosing « outside
this zero measure set does not allow any solution « of D = 0. It then follows
that 42 = (g3 = 0, q1 = 1, i.e.

2 2 2 2
2i+t2z5+ 23+ 20 +2122+ 2324 = 1,
22123 + 22024 + 2124 + 2223 = 0,
2023 — 2124 = 0.

Then we notice that 23 +25+2122 > 0, as 25+ 25 +2324 > 0. If 2§+ 254+ 2120 =0
then 27 = 29 = 0 and 23 + 27 + 2324 = 1. The solutions (z3,24) = (&1,0) or
(0,=£1) correspond to +k’ j = 1,2. Now, for the other cases we have 23+ 27 > 2
and

1 1
Z§+Zi+2324: §(Z3+Z4>2+§( 3%*25) =1

Hence
z§+zz:2, 23+ 24 =0,
which corresponds to +(kj — kj). The other solutions are obtained similarly
with z§ + zZ + 2324 = 0 and z% + z% + 2129 = 1.
In the cases where a € Qm N (0,7/6), an equation with integer coefficients
as
a1 + as cosa + \/gagsinoa =0

with « = rx/q, ¢ > 6 implies that
a1 = a = az = 0.

Indeed 2 cos « is an algebraic integer which is solution of a polynomial of degree
1¢(2q) where ¢ is the Euler totient function (see [12]). Now, since 0 < a < /6,
we have ¢ > 7, hence %¢(2q) > 3. This comes into contradiction with

(a3V3sina)? = —(a; + azcosa)?

2

= 3a3(1—cos® )
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which would mean that 2 cos« is a quadratic algebraic number.

In the case o = /6, the result of Lemma 5 is already shown in [12] since
this is the case of 12 points equally spaced on the unit circle. |

Comments on Remark 6

Let us define the rational numbers cosa = p/q and v/3sina = p’/q, hence

3p*+p” = ¢,

where we can assume that p, p’, ¢ have no common divisor. From the proof of
Lemma 2, for a € &, the lattice corresponds to points (n,m) € Z? such that

n = q(2z1 + 22) +p(223 + 24) — P24,
3qze + 3pzy + P’ (223 + 24),

with
3n? +m? = 12¢°, (34)

when the points lie on the unit circle. We already know 12 solutions (n,m) =
(£2q,0), (+q,£3q), £(2p, 2p"), £(p—1', 3p+p’), £(p+', p' — 3p), corresponding
to ki, +ko, +ks, £k}, £k, k5. The number of solutions z € Z?* of (34) for ¢
fixed, is out of the scope of this paper.

Another way to look at this problem, is to come back to (2) and notice that

g—p = (a—20)°=p7
2¢ = 3d®+
2p = 30/2_52)
p = ap.
Now we have
k|?—1 = ¢+ qcosa+qgsV/3sina

1 /
= 5((11(1 + q2p + g31’),

with
2, .2, .2, .2
q = Zl+22 +23+Z4 +2122+Z3Z4_1a
G2 = 2z123 + 22924 + 2124 + 2223
g3 = 2223 — Z1%4.

We show in the proof of Lemma 5 that (q1, g2, g3) = 0 implies that k = +k;, £k
j = 1,2 which correspond to z; = £1,2; = 0 for j # j/, or k = £k, or £kj,
which correspond to z = (+1,F1,0,0) or (0,0, £1,F1).

Points of I' on the unit circle satisfy |k|? —1 =0, i.e.

Qg+ @p+qp’ =0,
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hence
B* (a1 — q2) + 2aBqs + 3a*(q1 + q2) = 0,
which implies that there exists k£ € Z such that

a3 +3(a3 —qi) = K.

This property means that z is forced to belong to a set (varying k) of algebraic
hypersurfaces of degree 4. This is in general not realized, except for (¢1, g2, q3) =
0.

Proof of Lemma 7. Let us define

P = (pn—17 Q=g +3q,
0(z) € [0,27]; cosB(z) = qa/\/Q, sinf(z) =3q3//Q.
We observe that

|Z|2<| <
9 > |91 >

3z/?
2

3 1
; g2l < §|Z|27 lgz| < §|Z|27 Q < 3Jz|".

Then

k(z)]> —1=q1 — 1+ /Qcos(a — 0(z)). (35)
Choose € > 0, it is known that for nearly all Q ¢ Q, there exists C' > 0 such
that (classical diophantine estimate)

|P/Q — Q| > %, for all Q € Z\{0}.

Since the function € = cos? 3 is smooth with a non zero derivative in nearly
all angles (observe that for 3 = 7/2 — h, then Q ~ h?, while for 3 close to 0,
1-Q~ 62/2, so that a zero measure set in ) corresponds to a zero measure
set in 3), the set of angles 3 such that there exists C'(3) > 0 such that

c(B)
Q2+E

is of full measure. For each () there corresponds a finite set {z;}, hence a finite
set {0(z;)}, so that the set of a € (0,7/6) such that there exists C'(c) and

|P/Q — cos® 3| > , for all @ € Z\{0}

C'(a)
|P/Q — cos®(a — 0(z))| > Q2+
is, for each @, the intersection of the sets above for a finite number of §(z;).
This set is then also of full measure.

Now a simple study of hyperbolas y? — w? = i% and an estimate of the
distance to the asymptote for w = 1, implies that

’\/g— | cos(a — )|

, for all @ € Z\{0}

C/
> W’ for @ large enough.
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Then this leads to

C/
It — 1+ /Q cos(a — 0(z))| > 4Q3/2+e’

and, since Q < 3|z|*, the Lemma follows. I

Proof of Proposition 20

We wish to bound the measure of the set of ”bad «” such that cosa = wy,
V3sina = wy and for a certain ¢ > 0, and [ to be determined,

|P@@ﬂ§f%JMa¢Q
a

Let us introduce
7 =+/3tana/2,

then
3—72\" 3—r2\"! 67
) = a0 3 o (32 s (52) 7 (52)
=y 3+71 3+7 3+7
Q(a,7)
(3 4 72)d’

where, because of a € (0,7/6) we observe that

7| < V3tan(n/12) < 1/2,
(347%™ > 1, for any n € [0,d].

Now it is sufficient to consider the ”bad 7’s” such that

Q(a,7)| < E (36)

where we now work on a polynomial of degree 2d not identical to 0, and with
integer coefficients. Let us write this polynomial as a product

Qla,r)=(ao+ Y (=1)"ano)jz1, 2a(r — 75),

then, since the coefficient (ag + Z (=1)"anp) is an integer, for any 7 there
1<n<d
exists j(7) such that
Ir =7 < Q7))

where, in the case 7;(,) is complex, we replace 7;() by its real part. Notice
that if the coefficient of higher order in (36) is 0, we need to choose the next
non zero leading coefficient, which then gives an exponent in the left hand side,
smaller than 2d. Hence, in all cases, the bad 7’s satisfy

. 1/2d
IT =7 < | — :
|a]
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Summing for j = 1, ...2d, the measure |§7| of such 7 solution of (36) is bounded

by
1/2d
67| < 4d (ﬁ) . (37)

This leads to the measure of bad « , for a fixed:

2 57| 8dc!/2?
ST < — .
V3T V/3lal/ Y
We now need to count the number of coefficients a of polynomials corresponding

to |al. This number is bounded by (2|a])?4*1). Hence the measure of the set of
bad a’s for all a € Z2%1\ {0} with a fixed norm |a| is bounded by

0] <

del/2d92—2d

\/§|a|l/(2d)—(2d+l) :

We choose to take
1/(2d) — (2d+1) =0,

i.e.

[ =2d(2d +1).

Since c is arbitrary, this finishes the proof of the Proposition.
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