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Abstract

It is common practice to treat small jumps of Lévy processes as Wiener noise and to ap-
proximate its marginals by a Gaussian distribution. However, results that allow to quantify the
goodness of this approximation according to a given metric are rare. In this paper, we clarify what
happens when the chosen metric is the total variation distance. Such a choice is motivated by its
statistical interpretation; if the total variation distance between two statistical models converges to
zero, then no test can be constructed to distinguish the two models. We elaborate a fine analysis
of a Gaussian approximation for the small jumps of Lévy processes in total variation distance.
Non asymptotic bounds for the total variation distance between n discrete observations of small
jumps of a Lévy process and the corresponding Gaussian distribution is presented and extensively
discussed. As a byproduct, new upper bounds for the total variation distance between discrete
observations of Lévy processes are provided. The theory is illustrated by concrete examples.
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1 Introduction

Although Lévy processes, or equivalently infinite divisible distributions, are mathematical objects
introduced almost a century ago and even though a good knowledge of their basic properties has
since long been achieved, they have recently enjoyed renewed interest. This is mainly due to the
numerous applications in various fields. To name some examples, Lévy processes or Lévy-type processes
(time changed Lévy processes, Lévy driven SDE, etc...) play a central role in mathematical finance,
insurance, telecommunications, biology, neurology, telecommunications, seismology, meteorology and
extreme value theory. Examples of applications may be found in the textbooks [2] and [6] whereas the
manuscripts [4] and [17] provide a comprehensive presentation of the properties of these processes.

The transition from the purely theoretical study of Lévy processes to the need to understand Lévy
driven models used in real life applications has led to new challenges. For instance, the questions of
how to simulate the trajectories of Lévy processes and how to make inference (prediction, testing,
estimation, etc...) for this class of stochastic processes have become a key issue. The literature
concerning these two aspects is already quite large; without any claim of completeness, we quote [1],
Chapter VI in [2], [3], [5] and Part IT in [6]. We specifically focus on statistics and simulation for Lévy
processes, because our paper aims to give an exhaustive answer to a recurring question in these areas:
When are the small jumps of Lévy processes morally Gaussian?

Before entering into details, we take a step back and see where this question comes from. Thanks
to the Lévy-It6 decomposition, the structure of the paths of any Lévy process is well understood and
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it is well known that any Lévy process X can be decomposed into the sum of three independent Lévy
processes: a Brownian motion with drift, a centered martingale M associated with the small jumps
of X and a compound Poisson process describing the big jumps of X (see the decomposition (2) in
Section 1 below). If the properties of continuously or discretely observed compound Poisson processes
and of Gaussian processes are well understood, the same cannot be said for the small jumps M. As
usual in mathematics, when one faces a complex object a natural reflection is whether the problem
can be simplified by replacing the difficult part with an easier but, in a sense, equivalent one. There
are various notions of equivalence ranging from the weakest, convergence in law, to the stronger con-
vergence in total variation.

For some time now, many authors have noticed that marginal laws of small jumps of Lévy processes
with infinite Lévy measures resemble to Gaussian random variables, see Figure 1 and 2. This remark

0 260 460 660 860 1000 0 200 400 600 800 1000

Figure 1: Discretized trajectory of a Lévy process Figure 2: Discretized trajectory of a Lévy process
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has led to propose algorithms of simulation of trajectories of Lévy processes based on a Gaussian
approximation of the small jumps, see e.g. [5] or [6], Chapter 6. Regarding estimation procedures, a
Gaussian approximation of the small jumps has, to the best of our knowledge, not been exploited yet.
A fine control of the total variation distance between these two quantities could open the way of new
statistical procedures. The choice of this distance is justified by its statistical interpretation: if the
total variation distance between the law of the small jumps and the corresponding Gaussian component
converges to zero then no statistical test can be built to distinguish between the two models. In terms
of information theory, this means that the two models are asymptotically equally informative.

Investigating the goodness of a Gaussian approximation of the small jumps of a Lévy process in
total variation distance makes sense only if one deals with discrete observations. From the continuous
observation of a Lévy process, the problem of separating the continuous part from the jumping part
does not arise: the jumps are observed. The measure corresponding to the continuous observation of
a continuous Lévy process is orthogonal to the measure corresponding to the continuous observation
of a Lévy process with non trivial jump part, see e.g. [11]. However, the situation changes when
dealing with discrete observations. The matter of disentangling continuous and discontinuous part of
the processes is much more complex. Intuitively, fine techniques are needed to understand whether,
between two observations X, and X, , there has been a chaotic continuous behavior, many small
jumps, one single bigger jump, or a mixture of these.

A criterion for the weak convergence for marginals of Lévy processes is given by Gnedenko and
Kolmogorov [9]:



Theorem 1 (Gnedenko, Kolmogorov). Marginals of Lévy processes X™ = (X[)i>0 with Lévy triplets
(bn, 02, v,) converge weakly to marginals of a Lévy process X = (X;);>0 with Lévy triplet (b,a?,v) if
and only if

by — b and 0260 + (22 A D)y, (dz) = 0260 + (2% A 1)v(dx),

. . . w .
where &g is the Dirac measure in 0 and — denotes weak convergence of finite measures.

A remarkable fact in the previous statement is the non-separation between the continuous and
discontinuous parts of the processes: the law at time ¢ of a pure jumps Lévy process can weakly
converge to that of a continuous Lévy process. In particular, if X is a Lévy process with Lévy measure
v then, for any € > 0 and t > 0, the law of the centered jumps of X; with magnitude less than
¢ converges weakly to a centered Gaussian distribution with variance to?(g) = t f\zl _.r’v(dx) as
e — 0. We aim to understand this phenomenon, using a notion of closeness stronger than the weak
convergence, providing a quantitative translation of the result of Gnedenko and Kolmogorov in total
variation distance.

There exist already several results for distances between Lévy processes. Most of them (see for
example [8], [11] and [12]) are distances on the Skorohod space, distances between the continuous
observation of the processes, and thus out of the scope of this paper. Concerning discretely observed
Lévy processes we mention the results in [13] and [14]. Liese [13] proved the following upper bound in
total variation for marginals of Lévy processes X7 ~ (b;, E?, vj), j=1,2: for any t >0

H2(N (thy, t52), N (tb, t52))
2

|2(X}) — LX) |rv < 2\/1 - (1 — )Qexp(—tHQ(zq,uz))

with 51 =b; — f_ll av (dz), 52 = by — f_ll azvo(dx) and H denotes the Hellinger distance. This result is
the analogous in discrete time of the result of Mémin and Shyryaev [15] for continuously observed Lévy
processes. There is a clear separation between the continuous and discontinuous parts of the processes,
which is unavoidable on the Skorohod space but that can be relaxed when dealing with the marginals.
Clearly, from this kind of upper bounds it is not possible to deduce a Gaussian approximation for the
small jumps in total variation: the bound is actually trivial whenever tH?(vy,v5) > 1.

Such an approximation may hold in total variation as proved in [14], where the convolution structure
of Lévy processes with non-zero diffusion coefficients is exploited to transfer results from Wasserstein
distances to total variation distance.

In the present paper we complete the work started in [14], providing a comprehensive answer to
the question: Under which asymptotics does a Gaussian approximation capture the behavior of the
small jumps of a discretely observed Lévy process adequately so that the two corresponding statistical
models are equally informative? Differently from [14] which deals with marginals, we also establish
sharp bounds for the distance between n given increments of the small jumps. This is an essential
novelty. Even though from a bound in total variation between marginals one can always deduce a
bound for the n sample using ||P®" — Q®"||rv < +/2n||P — Q||1v, this kind of control is in general
sub-optimal as in many situations, ||P®™ — Q®"||ry is of order of \/n||P — Q||7v, as n goes to infinity.
This faster rate can be obtained using the methods developed in the present work.

Our main results are presented below in a simplified context. First, we established an upper bound
for the Gaussian approximation of the small jumps in total variation.

Main Result 1. Let e > 0 and M (e) be a Lévy process with Lévy triplet (0,0, v.) where ve is a Lévy
measure support in [—e, €. Set 02(e) = [*_a?v.(dx), ps(e) = [ aPve(dx) and pa(e) = [°_ x*ve(dz).

FizbeR and ¥ > 0 as well as A > 0, n > 1. Under the assumptions of Theorem 2 below, there
exists a constant C > 0 that depends only on the constants in the assumptions of Theorem 2 (and



therefore independent of b, X, v, A, n and ) and such that

IV (b, AT?) 5 M ()%™ = N (b, AE? +0%(0)) "y, <

nyi(e) ny3(e) 1
\/A2(22 O T AR 1ot n‘|

Main Result 1 is non-asymptotic, which allows to quantify just how “small” the small jumps must
be, in terms of the number of observations n and their frequency A, in order for it to be close in total
variation to the corresponding Gaussian distribution.

More precisely, fix n and A, provided p3(e)/(02(¢))* — 0 and p3(g)/(0%(e))® — 0 as € — 0, the
total variation in Main Result 1 for ¥ = 0, that we write 7, A(€), is bounded under the assumptions
of Main Result 1 by a quantity of order

C

(¢) |13 (e) 1
Vnra(e) +1/n = \/ﬁ(A{;é))Q + \/K(/;(i))s/?) + o (1)

A sufficient condition to ensure 7, A(¢) — 0 as ¢ — 0 is that £/0(¢) —+-0 0 - since we have, taking
N = max(n, 1/ra(e)?/3) > n, that 7, a(e) < Tn.ale) . It is straightforward to see that if y3(e) # 0
then 7, A (€) —<—0 0 as soon as \/ne/VAc(g) —.0 0. When p3(g) = 0, this can be further improved
to the condition /ne?/Ac?(e) —.0 0. To exemplify, consider the small jumps of symmetric (-
stable processes with Lévy measure v, = 1j;<./ |z|'*#, B € (0,2). Then, a sufficient condition for
Tra(g) —es0 018 /nel /A —.0 0 - see Theorem 3 and Proposition 2.

An interesting byproduct of Main Result 1 is Theorem 6 in Section 3 which provides a new upper
bound for the total variation distance between n given increments of two Lévy processes. A peculiarity
of the result is the non-separation between the continuous and discontinuous part of the processes.
Then, Theorem 6 is close in spirit to Theorem 1 although it holds for the stronger notion of total
variation distance.

Main Result 1 can be sharpened by considering separately large and rare jumps, see Theorem 3 -
this has an impact in the case where the jumps of size of order € are very rare. It is optimal, in the
sense that whenever the jumps of size of order € are not “too rare” and whenever the above quantity
r in (1) is larger than a constant, then the upper bound in Main Result 1 is trivial, but the total
variation distance can be bounded away from 0 as shown in Main Result 2 below.

Main Result 2. Let v be a Lévy measure, b € R and ¥ > 0. For anye >0, A >0 andn > 1
such that e < /(5% + 02(e))Alog(e V n)? and [*_dv > A~V (log(e V n)/(nA)), there exist an

absolute sequence o, — 0 (independent of b,v,e, %, A) and an absolute constant C' > 0 (independent
of byv,e, X, A, n) such that the following holds:
[(V(bA, AT?) x Ma(£))®" — N(bA, A(S? + 0°())®"|| 1 =

{1 oA o) A%+ oQ(e))‘*] _ an},

nyiz()? nyig(€)?
where M () is a Lévy process with Lévy triplet (0,0,v1_, ).

A more technical and general lower bound, that holds without condition on the rarity of the jumps
of size of order ¢, is also available, see Theorem 5. This lower bound matches in order the general
upper bound of Theorem 3 - implying optimality without conditions of our results. The proof of the
lower bound for the total variation is based on the construction of a sharp Gaussian test for Lévy
processes. This test combines three ideas, (i) the detection of extreme values that are “too large” for
being produced by a Brownian motion, (ii) the detection of asymmetries around the drift in the third
moment, and (iii) the detection of too heavy tails in the fourth moment for a Brownian motion. It



can be of independent interest as it does not rely on the knowledge of the Lévy triplet of the process
and detects optimally the presence of jumps. It uses classical ideas from testing through moments
and extreme values [10], and it adapts them to the specific structure of Lévy processes. The closest
related work is [16]. We improve on the test proposed there as we go beyond testing based on the
fourth moment only, and we tighten the results regarding the presence of rare and large jumps.

The paper is organized as follows. In the remaining of this Section we fix notations. Section 2 is
devoted to the analysis of the Gaussian approximation of the small jumps of Lévy processes. More
precisely, in Section 2.1 we present upper bounds in total variation distance whereas in Section 2.2 we
provide lower bounds proving the optimality of our findings. In Section 3 new upper bounds for the
total variation distance between n given increments of two general Lévy processes are derived. Most
of the proofs are postponed to Section 4. The paper also contains two Appendices. In Appendix A
technical results can be found. In Appendix B we recall some results about total variation distance
and present some general, and probably not new, results about the total variation distance between
Gaussian distributions and discrete observations of compound Poisson processes.

Statistical setting and notation

For X a Lévy process with Lévy triplet (b, X2, v) (we write X ~ (b, X2, 1)), where b€ R, ¥ > 0 and v
satisfies [(2% A 1)v(dz) < oo, the Lévy-Itd decomposition gives a decomposition of X into the sum of
three independent Lévy processes: a Brownian motion with drift b, a centered martingale associated
with the small jumps of X and a compound Poisson process associated with the large jumps of X.
More precisely, for any € > 0, X ~ (b, %2 v) can be decomposed as

Xt = b(E)t + ZWt + lim (ZAX517I<|AXS<6 - t/ xu(dm)) + ZAXS]-|AXS\>&
n—0 s<t n<|z|<e

< s<t
= b(e)t + XWy + My(e) + Zi(e), Vt>0 (2)
where AX; = X; — limgy X, denotes the jump at time ¢ of X and

ble) :=b+ = Jeciai1 2(d) %fg =1 ;
f1<‘$|§5 zv(dz)  ife>1.

W = (W;)¢>0 is a standard Brownian motion;

M(e) = (My(e))e>0 is a centered Lévy process (and a martingale) with a Lévy measure v, :=
v1[_c ) with support in [~¢, €] i.e. it is the Lévy process associated to the jumps of X smaller
than e. We write 02(g) = [ 2?v.(dx) for the variance at time 1 of M(e).

Z(g) = (Zi(e))i>0 is a Lévy process with a Lévy measure concentrated on R\ [—¢,¢] i.e. it is a
compound Poisson process of the form Z;(¢) := Zle Z; with intensity A, := v(R\ [—¢,¢]) and
jump measure P(Z; € B) = A%IB 1p\[—c.o (2)v(dT);

W, M(e) and Z(e) are independent.

Note that in the present article we only focus on W and M (g) and Z(e) will not be taken into account.
Finally, we recall that the total variation distance between two probability measures P; and P»
defined on the same o-field B is defined as

1 dP, dP:
|Py — P||ry := sup |P1(B) — Po(B)| = 7/ 1y 412
BeB 2

du du

where p is a common dominating measure for P; and P». In order to ease the reading, if X and Y are
random variables with densities fx and fy with respect to a same dominating measure, we sometimes
write | X —Y|rv or ||fx — fy|lrv instead of || Z(X) — Z(Y)|rv.

() (@) |p(de),



2 (aussian approximation for the Lévy process in total vari-
ation distance

2.1 Upper bound results

We investigate under which conditions on A, n and €, a Gaussian approximation of the small jumps
is valid, provided that v is sufficiently active. Define

Ape 1= / v(de), 0<np<e, and Xo.=limA\,., (3)
n<|z|<e n—0
where Ao . = +oo if v is an infinite Lévy measure. These quantities account for the activity of the

Lévy measure v.

Theorem 2. Let v be Lévy measure, fit 0 < e, A >0, n >1,b € R and ¥ > 0. Assume that
Xoe > 24log(eV n)/A and that there exist two constants ¢ > 1,C" > 0 (independent of b,v,e, X, A
and n) such that for all integers k € [0,401log(e V n)] it holds

+oo =~
/ log( )lxllék)(t)thsdz’%!n*, where W (t) = E[e"¥2)] — 78015, (Hu ()
clog(evn

> _ XWa + Ma(e)
and Xa(e) == NETIE)

Finally, assume that there exists ¢ € (0,1] such that

cc <+/log(eVn)/4 and e <\/(02(e) +X2)A/\/log(e V n).

Then there exists a constant C > 0 that depends only on ¢,C’ and such that

[V (bA, AT?) % Ma(£))®" — N (bA, A(Z2 + 0%(£)) || 1y <

ny(e) nyi3(e) 1
\/A2(22 e P AL o@p T al (4)

Remark 1. In (Hy(2)), U, is the characteristic function of the rescaled increment X () restricted to
the event “the process jumps at least once in the case of a finite pure jump Lévy processes.” Otherwise,
if the Lévy measure is infinite and/or if it has a Brownian component, it is simply the characteristic
function of Xa(e). The addition of the indicator function in W, permits to keep (some) compound
Poisson processes in the study, e.g. compound Poisson processes with continuous jump density, for
which limyy| 4 o Elexp(itXa(€))] converges to e=**=. However these compound Poisson processes
should also satisfy Ao, > 241log(eV n)/A, i.e. their intensity cannot be too small. The latter assump-
tion implies that the probability of observing no jump in any of our n observations converges to 0,
which is a necessary assumption if X = 0 in order to avoid getting a trivial bound, as explained below
in Subsection 2.1.1.

C

If ¥ =0, we immediately get the following Corollary using that
pa(e) < 20%(e),  ms(e) < ea’(e). (5)

Corollary 1. Let v be a Lévy measure satisfying the assumptions of Theorem 2, and consider the
same notations. Then, it holds



e If v is symmetric, then,

IMa(&)®" ~ N (0, ()"l 7v < o[ e }1] ©)

e If v is not symmetric, then,

||MA(5)®TI _ N(O, AUQ(E))(@'”HTV < C|: TLA;:;(E) + ’:L:| . (7)

Theorem 2 can be improved as follows. We provide a control of the distance between the increments
of a Lévy process (b, X2, v.), where v, has support [—¢, €] and the closest Gaussian distribution, which
may not be the one with average bA and variance A(X2+02(g)). It permits to weaken the assumption
£ S V/A(X? 4 02(e))/logn through the introduction of the following quantities. Set u™ := wf for the
largest positive real number such that

Au+ eNA > log(e V n).

Note that such a u™ exists and is unique whenever v, is a Lévy measure such that \g. >
which holds under the assumptions of Theorem 2. Consider the quantity

log(eVn)
nA

ﬂ*:sup{u ue [ut,e],u <e/(o(u)? + X2) A/\/IogeVn)}Vu+.

The introduction of the latter quantity permits to remove the assumption on & in Theorem 2 .

Theorem 3. Let v be a Lévy measure and fir 0 < e, A >0, n >1,b € R and ¥ > 0. Assume
that No e > 24log(e vV n)/A. Assume that there exist two constants ¢ > 1,C" > 0 (independent of
b,v,e, 5, A and n) such that Assumption (Hy(e)) is satisfied at point u*, i.e. for all integers k such
that 401log(eVn) >k >0

+oo S
/ W8 (1)2dt < C'28kIn 2, where W (1) = E[e"Xa)) — gm0 10 00 (Hy ("))

clog(eVvn)
EWa + Ma(u*)
A(Z? +o2(ur))

and XA (W) ==
Assume that 1 > ¢ > 0 and cc < /log(e V n)/4, in the definition of u*. Then, there exists a constant
C > 0 that depends only on c,C’ such that

Bééfg%zo [(V(bA, AT?) % Ma(£))®" — N(BA, AS*)®"| ., <

e i (i) nadd () o an
{e o AC[\/A2(22+402(5*))4 AT 1 o2 /0] [1-e et ()

2.1.1 Comments

Discussion on the rates of Theorem 2 and Corollary 1. The results are non asymptotic and we
stress that (4), (6) (7) and (8) hold without assuming to work with high or low frequency observations.
An explicit relation between ¢, 3, n and A depending on v via 02(g), u3(e) and p4(e) is given. More
precisely, we derive from Theorem 2 and under its assumptions that the total variation distance in (4)
is bounded by

p4(e) p3(e) 1
C(\/E<A(22 + 02(e))2 * VA(S? + 02(5))3/2> + ﬁ) (9)



As highlighted in Corollary 1, a sufficient condition (under the assumptions of Theorem 2) for the
total variation distance to be small is given by £/0(¢) — 0 as € — 0, with a rate depending on n, A.
Unsurprisingly, we observe that the rate of convergence for a Gaussian approximation of the small
jumps is faster when the Lévy measure is symmetric.

The assumption of Theorem 2 that e < \/A(X2 + o2(e)/+/logn imposes a constraint on the cu-
mulants of v. It is restrictive, but intuitively meaningful, it means that the jumps cannot take values
that are too extreme with respect to the standard deviation of the increments. These extreme values
would indeed enable to differentiate it easily from a Gaussian distribution. Theorem 3 allows to get
rid of this assumption.

Finally, the remainder term 1/n in (4) is a consequence of the strategy of the proof and can be
improved, at the expanse of modifying some details in the proof.

Discussion on Theorem 3. A restrictive assumption in Theorem 2 and Corollary 1 is that ¢ <
&\/(0%(e) + ¥2)A//log(e V n), i.e. ¢ smaller than the standard deviation /A(02(g) + X2) of the
increments (up to a multiplicative constant and a logarithmic term). This assumption is avoided in
Theorem 3, which follows directly from Theorem 2 by dividing the total variation on two events, where
respectively all jumps are smaller than @*, or where there is at least one jump larger than w*. The idea
behind this subdivision is that the Gaussian distribution that is the closest to N'(bA, AX?)x Ma (¢))®"
is not N (bA, A(X2+02(¢)))®™, but rather N'(bA, A(X2 +02(u*)))®™. Indeed all jumps that are larger
than u* are very rare and large enough to be recognized as non-Gaussian. The upper bound on the
total variation distance is then composed of two terms, the first one that appears in (9), but expressed
in u* and not €, and the second one is the probability of observing a jump larger than u*, namely
exp(—nAlg o).

Remark on the assumption on A\g.. What one needs for establishing Theorems 2 and 3 and
Corollary 1, is that Ao > 24log(e V n)/A. For establishing Theorem 4 (lower bound on the total
variation distance in Section 2.2) we only need that Ao > A7V (log(e V n)/(nA)). Indeed, if this is
not the case, the asymptotic total variation is either 0 or 1.

e Casel: a,A"'n~1> Ao, where a,, — 0. In this case one does never observe any jump with
probability going to 1. So the total variation distance goes to 0 as n — oo.

e Case 2 (only in the noiseless case b = 0,3 = 0): a,A7n7! < N\ < A, log(e Vn)A™?
where a,, — oo and A,, — 0. In this case the probability of observing at least a time step
where one, and only one, jump occurs goes to 1, as well as the probability of having at least
one time step where no jump occur goes to 1 as n — co. We conclude therefore that the total
variation distance goes to 1: such a process is very different from a Gaussian process.

Discussion on Assumption (Hy(g)). Assumption (Hy(g)) is technical, but does not seem to
restrict drastically the class of Lévy processes one can consider. It holds for instance for the large
class of alpha-stable processes - see Proposition 2 in Section 2.3 - which describes well the behavior
of many Lévy densities around 0. It also holds as soon as ¥ is large, i.e. whenever ¥ is larger than
o(e)y/log(e Vn) - see Proposition 1 in Section 2.3. Most usual compound Poisson processes with
Lebesgue continuous jump density and intensity Ao . large enough also seem to satisfy it. It imposes
a condition on the decay of the derivatives of the characteristic function of the rescaled increment,
on the event where at least a jump is observed. A condition related to Assumption (Hy(e)) in the
particular case where k = 0 has already been investigated (see e.g. Trabs [18]), but the results therein
do not apply to infinite Lévy densities.

This assumption is not straightforward to interpret, but we report the following observation. A
necessary condition for it to be satisfied is that the characteristic function W, of the rescaled increment
- on the event where at least a jump is observed - goes to 0. Examples for which (Hy(¢)) does not



hold are for instance Lévy processes such that ¥ = 0 and v contains a finite number of Dirac masses.
This is coherent, observations of a pure jump process with jump law taking finitely many values are
perfectly detectable from Gaussian observations, i.e. the total variation is 1. However, if the law of the
increments contains Dirac masses but if the total probability of these masses is much smaller than 1/n,
this in principle does not disturb the total variation bound. This is why, our analysis allows to consider
compound Poisson processes whenever A\ . > 241og(e V n)/A (and whenever X\ . < log(eVn)/A, the

bound on the total variation becomes trivial for ¥ = 0 as noted above).

2.2 Lower bound

Theorem 2 is optimal in the following sense. If the upper bound of Theorem 2 does not converge, then
the total variation distance between the random vector associated with the increments of the small
jumps -eventually convoluted with Gaussian distributions- and the corresponding Gaussian random
vector does not converge to 0.

Theorem 4. Let v be a Lévy measure, letb € R and X > 0. Assume that Ao« > A7V (log(e V n)/(nA)).

For any € > 0 such that e < \/(02(c) + X2)Alog(e V n)?, there exists an absolute sequence o, — 0
(independent of byv,e,3, A) and an absolute constant C > 0 (independent of b,v,e, %, A and n) such
that the following holds:

[V (bA, A2) 5 Ma (€)™ — N(bA, A(E? + 02(£))°" 1y =
{1 _olaE e A a%e))ﬂ . }

nyiz(€)? npa(e)?
To establish Theorem 4 we construct an appropriate statistical test and use the following fact.

Lemma 1. Let P and Q be two probability distributions and ® a test of level ag € (0,1) that separates
P from Q from n i.i.d. observation with power larger than 1—ay. Then, ||[P®" —Q®"||7y > 1—ap—aj.

Let X ~ (b, X2 v), with b, ¥2 and v possibly unknown and consider the problem of testing whether
the process contains jumps of size smaller than € or not, i.e. whether v. = 0 or not, recall that
ve = v1|_. . and that we defined u™ for the largest positive real number such that A,+ .nA > log(evn).
Write now u* for the largest u € [u™, g] such that

u* = sup{u,u € [ut,e],u < V/AE2 +02(u)) log(e Vn)?} vVut,

where sup ) = —oo.
We prove the following result, of which Theorem 4 is an immediate corollary.

Theorem 5. Suppose that ¢ > 0, v is a Lévy measure, b € R and ¥ > 0. Assume that Ao >
A71V (log(e v n)/(nA)). There exists an absolute sequence a, — 0 (independent of b,v,e, %, A) and
an absolute constant C > 0 (independent of b,v,e, %, A and n) such that the following holds:

min_[[(N'(bA, AS?) « M (e))®" = N(BA, AS*)®"|| ., >

BER,S2>0
A(EQ +O’2(’U,*))3 A2(22+02(u*))4
{1 ¢ nps(u*)? " npg(u*)? —on eV (1 — exp(—Aur end) — a”)'

The construction of the test we use to derive Theorem 5 is actually quite involved, we refer to
Section 4.3.1 for more details. Here, we only illustrate the main ideas.

First, the intuitions behind the quantities u™ and u* are the following. The quantity u* is chosen
such that with probability going to 1, there is (i) at least one jump larger than u™ but (ii) not too




many of such jumps, i.e. less than 2log(e V n), and finally (iii) at most one jump larger than u™* per
time increment A. Therefore, the discretized process of jumps larger than v+ and smaller than ¢ (in
absolute value), does not look Gaussian at all. It is composed of many null entries and a few larger
than u™. Now u* is the largest quantity (larger than ™) such that u* is smaller than a number slightly
larger than the standard deviation of the increment X;n — X(;_1)a conditional to the event there are
no jumps larger than v* in ((i — 1)A,4A]. In other words, any increment having a jump larger than
u* is going to be quite visible.

Second, the idea behind the test, is to build an event that occurs with high probability if v. = 0
and with small probability otherwise. This would then allow to bound the total variation distance
between the two discretized processes using Lemma 1. The sketch of the proof is the following (all
results mentioned below are stated and proved in Section 4 and Appendix A):

e First, we show that ut defined as above satisfies (i)-(ii)-(iii) with probability going to 1 and we
bound the deviations of the difference of some' of the increments Xo;a — Xei—1)a — (X@i—1)a —
Xs@i-1)a) (Lemma 6).

e Second, we build an estimator of the standard deviation of the increments of the Lévy process
(b, %2, Vy+). In order to do so, we use a robust estimator of the mean which drops large increments,
and thus the ones larger than v (Lemma 7).

e From these preliminary steps, we prove that a test comparing the largest entry and the expected
standard deviation if v, = 0 detects if there is a jump larger than «* in the sample (Proposition
3). In the following steps, we focus on tests conditional to the event there is no jump larger than
u* in the sample - otherwise they are eliminated by the latter test. Two cases remain to be
studied.

e If the dominant quantity in Theorem 2 is Aps(u*): we first construct a test for detecting if
Apg(u*) is larger than a constant times [A(X2 + o2 (u*))]?, to remove distributions that are too
skewed (Proposition 4). Then, we build a test comparing the (estimated) third moment of the
increments to the expected behavior if v. = 0 (Proposition 5).

e If the dominant quantity in Theorem 2 is Apy(u*): we build a test comparing the (estimated)
fourth moment of the increments to the expected behavior if v. = 0 (Proposition 6).

2.2.1 Comments

Tightness of the lower bound on the total variation distance. The bounds on the total
variation we establish in Theorems 3 and 5 are tight, up to a log(eVn) factor due to the differences in the

P ~ . . 2 * 2 *
definitions” of &* and u*, in the following sense. Whenever (A, nA)V A2(£2“_~‘fg(i*))4 v A(Eg’fg(i*))g,
does not converge to 0 with n, the total variation distance does not converge to 0 with n. And if it
converges to +oo with n, the total variation converges to 1. Moreover, if

_— nji () ny3(ar)
O nB)V Koz s o2 ¥ A2 + 02

converges to 0 with n, then the total variation converges to 0 by Theorem 2. Another implication
of these bounds is that the Gaussian random variable closest to (N(bA, AY2) x Ma(g))®™ is not
necessarily N(bA, A(X2 + 02(¢))®", in particular when rare and large jumps are present, a tighter
Gaussian approximation is provided by N (bA, A(X2 + o2(u*))®", as pointed out in Section 2.1.1.

LOf all increments when ve = 0 and of those where a jump larger than u* occurs otherwise.

2We remind that u* is the largest u larger than u™ such that u < \/A(X2 + 02(u)) log(e V n)2, and @* is the largest
u larger than ut such that u < &\/A(X2 + 02(u))/+/log(e V n) where € is a constant.
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The lower bound on the total variation distance is a jump detection test. The proof of
Theorem 5 is based on the construction of a test of Gaussianity, adapted to Lévy processes, that
detects whether the discrete observations we have at our disposal are purely Gaussian, or whether
they are realizations of a Lévy process with non trivial Lévy measure. More precisely, (see the proof
of Theorem 5 for details) we build a uniformly consistent test for the testing problem

Hy:v. =0, against Hy:lim M\, =+oc0 and E
n—0
where
A 22 2(,,%)\3 A2 22 2(,,%\\4
E = |:,Uz3(u*)2 Z C ( +o (U )) or N’4(U*)2 Z C ( +o (U ))
n n

or a jump larger than u* occurs}.

This test is of interest in itself: it does not rely on the knowledge of the Lévy triplet.

Remark on the assumptions. Theorem 4 requires ¢ < \/A(X2 + 02(e))log(e V n)?, i.e. that
is smaller (up to a multiplicative log(e V n)? term) than the standard deviation of the increment. It
implies that all moments of order k of the increment can be efficiently bounded -up to a constant
depending on k- by (\/A(X2+ o2(¢))log(e v n)z)k, which is helpful for bounding the deviations of
the test statistics. This assumption is restrictive and is removed in Theorem 5 by introducing u* and
considering, two different types of tests in the construction of the lower bound : a test for the third
and fourth moments and a test for extreme values. This latter test allows to detect -with very high
probability- when a jump larger than u* occurred.

Therefore, both theorems only rely on the assumption that Ao . > A~V (log(e V n)/(nA)). This
bound is larger than log(e Vn)/A (see Theorems 2 and 3). As explained in Section 2.1.1, whenever
Ao,e is smaller than % (up to a multiplicative constant) simple arguments enable to bound the
total variation distance when ¥ = 0. In this sense, assumption Ao > A~V (log(e V n)/(nA)) is not
constraining as it permits to treat all relevant cases.

Improvement of Theorem 4 for mixtures. An immediate corollary of Theorem 4 (see its proof)
is a lower bound on the total variation distance between any two mixture of Gaussian random variables
and mixture of Lévy measures concentrated in [—¢, ]. More precisely, let dA(b, X, v) et dA’(b, ) be two
priors on Lévy processes and Brownian motions, respectively. Assume that the support of dA(b, %, v)
is included in a set A, and that for any (b, X, v) € A, we have ¢ < \/(02(g) + X2)Alog(e V n)2. Then,
it holds that

2>
TV

H / (NV(bA, AS?)« MY ()2 dA (b, 2, v) — / N(BA, A(S? + 02()))E"dA (b, X)

)

A(S? +02(e))®  A2(X2 + 0—3(5))41 -
n(ns(e))? n(ul(e))” "

min
(b,Zv)eA

whereby MX'), a(e), ugy)(s) and uflu) (¢) correspond to Ma, 0?(g), u3(g) and ju4(e) for the Lévy measure
v. A related result can be achieved for Theorem 5. Note that the corresponding lower bound on the
total variation distance is a direct corollary of Theorem 2. The lower bound displayed above is not
trivial, it holds because the test that we construct in the proof of Theorem 5 does not depend on the

parameters of the Gaussian random variable nor on the Lévy triplet.
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2.3 Examples
2.3.1 Preliminaries on Assumption Hy(¢)

Before displaying the results implied by Theorems 2 and 3 on the class of alpha-stable processes, we
provide two contexts in which Assumptions Hy () and Hy (u*) are fulfilled.

Assumption Hy(¢) when ¥ is large enough. We first present the following proposition which
proves that Assumption Hy () is satisfied, whenever ¥ is large enough - namely, o(g)+/log(e V n) < 3.

Proposition 1. Let ¢ > 0 and consider a Lévy measure v. Assume that ¥ is such that ¥ >
exo(e)y/log(e vV n) where css > 0. If ¢ > 0 is taken large enough depending only on csup,cs, then
it holds that for any k < K = 401log(e V n)

/\\Ifg@(t)ﬁdtgk!n—“ with W.(t) = E[e"X2©)], Xa(c) = Xale) —bA
A2 +02(g))

In this case we may apply directly Theorem 2 and Theorem 3, provided that we apply the previous
proposition at u* instead of e.

Assumption #Hy(¢) in the case when v is polynomially controlled at 0. The following result,
whose proof can be found in Appendix A.4, implies that whenever vsatisfies Assumption (10) below
then Assumption (Hy(g)) is fulfilled. Note that Assumption (10) describes a class of functions that
contains any Lévy measure that is regularly varying at 0.

Proposition 2. Letb € R, ¥2 >0, A >0, ¢ >0, n > 1 and let v be a Lévy measure absolutely
continuous with respect to the Lebesgque measure. Suppose that there exists two positive constants
cy > c— >0 such that, Vx € [—¢,¢] \ {0},

Cc_ Ct

7|33|ﬁ+1 de < dv(z) < TV&H

dx, pB€(0,2). (10)

Assume that there exists cmax > 0 such that n°ma=<A > 1 and log(X2 + 0%(g))/log(e V n) < Cmax-
Then, for any ¢ > 0 large enough depending only on B,cy,c_, cmax, and for any (¢)~1 > 0 large

enough depending only on 3, c.,c_, Cmax, ¢ such that e < ¢\/A(X2 + 02(¢))/+/log(e V n), it holds

/ (0 (1) 2dt < 3k!n~*,  VE € [0,4011og(e V n)],
t>clog(evn)

where W (t) := E[e™X2E)] and Xa(e) = \/%,

Remark 2. Whenever there exists k > 0 a constant that depends only on [5,c4,c— such that n"A >
1, and (22 + 52’5)717"5 < 1, then cmax 18 an absolute constant and the dependence on cpax in the
proposition is not constraining. Moreover, the condition on € is the same condition as in Theorems 2
and 3. Finally, in Theorems 2 and 3 the constraints on c¢,¢ are ¢ > 1, ¢ <1 and c¢ < y/log(e V n)/4,
that are easy to satisfy provided that ¢ can be chosen small enough. As ¥2+0%(g) is of order (X2 +e277),
even in the most constraining case ¥ = 0, ¢ can be chosen small enough provided that € < & A/log(eV
n), where ¢ is chosen small enough (depending on ¢, 3, ¢4, C—, Cmax)-

The main condition e < ¢\/A(X2 + 02(g))/+/log(e V n) is naturally satisfied for u*, and the fol-
lowing corollary holds. It shows that Assumption (Hg(u*)) holds for processes which fulfill (10).

12



Corollary 2. Let A > 0, ¢ > 0, n > 1 and let v be a Lévy measure having a density with respect
to the Lebesgue measure such that there exist two positive constants c;. > c— > 0, such that for any
x € [—e,e] \ {0}, Equation (10) holds. Assume that there exists & > 0 a constant depending only on
B,cy,c_ such that n"A > 1, and (X2 +e27%)n=" < 1. Then for any ¢ > 1 large enough depending
only on B3,cy,c_, and for any (¢)~1 > 1 large enough depending only on 3,cy,c_,c (where ¢ appears
in the definition of u*), we have for all k < 401log(e V n)

/ |\Ilgi)(t)|2dt <3kln™t, ¢ < /log(e Vn)/4, c>1, ¢<L
t>clog(evn)

2.3.2 Stable processes

In this Section we illustrate the implications of Theorem 2 and Theorem 3 on the class of infinite stable
processes. It is possible to extend the results valid for this example to other types of Lévy processes
(e.g. inverse Gaussian processes, tempered stable distributions, etc...) as, around 0, stable measures
well approximate many Lévy measures. Let 8 € (0,2), cy,c— >0, (¢4 = c— if § = 1) and assume that
v has a density with respect to the Lebesgue measure of the form

c c_
v(dz) = ?iﬂl(oﬂrw) (x)dx + Wl(,wo)(a@)dw, Vo € [—¢,¢].

These processes satisfy Equation (10). In accordance with the notations already used in the paper,
M(e) will be a Lévy process with Lévy triplet (0,0,v.) where v. := vl <.. Let b > 0, £* > 0,
A >0, >0,n > 1. In what follows, we will consider the Lévy triplet (b, X2, v.). For ¢ > 0, all
quantities u*, u*, u* described above are written respective to this e. Moreover, in this section, we use
the symbols ~, <, and o(1) defined as follows. For a,b € R, a = b if there exists ¢ > 0 depending only
on (3,c4,c_ such that a = ¢b and a < b if there exists ¢ > 0 depending only on 3, cy,c_ such that
a < cb. For a sequence (a,), in RT, we have that a,, = o(1) if lim,, ;| o @, = 0. In what follows, we

allow ¢, A, ¥, b,e* to depend on n.

We are interested in the question: “Given n and A, what is the largest ¢* > 0 such that it is not
possible to distinguish between n independent realizations of N (bA, A¥:?) x Ma(e*) and the closest
ii.d. Gaussian vector?”

The answer to this question is provided by Theorems 3 and 5. Let € > 0 be such that

Vs (ar) Vs (i) _
VA + 2 @) and A + o2(7) 2 and  nAAG ¢,

are small,

then the sample of n independent realisations of NV'(0, A%?) x Ma (¢) is almost undistinguishable from
n independent realisations of (0, A(o?(u*) 4+ ¥?)). Conversely, if either

Vs (u*) or Vi (u®) or AN
\/A(22+U2(’U,*>)3 A(22+U2(u*))2 u* e

then it is possible to test with low error that the sample of n realizations of the process is not an
i.i.d. Gaussian vector.
Note that v/nus(u) < A(X2 + 02(u))? is equivalent to

s () VER)T (1)

In the same way, for a very non symmetric process v/nus(u) < /A(X2 + 02(u))? is equivalent to
ANVB AYS s
) V=)
vn

is large,

u <

~

(12)
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For any € > u > 0, 2%(u‘5 —eP)< A < 2%(1(5 —e7#), soit holds u™ ~ e A (nA/log(e Vv n))l/ﬁ,
which is much larger than the bound on u given by (11) and (12) that describes the distinguishability
frontier in the third or fourth moments. For S-stable Lévy processes, 5 € (0,2), the distinguishability
frontier does only depend on the third and fourth moments.

The following two Tables summarize these findings and give the value of €* answering the initial
question above. We distinguish four scenarios (depending on whether the process is symmetric or not,

and on whether X is large with respect to 02(¢*) or not) and provide for each the optimal * such that
(i) if e/e* = o(1), then

inf  |[(NbA, AS2) « Ma(e))© — (N(BA, As2A)) " 0
BG]IRI}SEO ( (b4, )+ A(€)> B ( ( ’ )) . -5
and (ii) else if €*/e = o(1), then
inf  |[(VbA, AS2) « Ma(e)) . = (N(BA, AS2)) " 1
BeR.5>0 ( (b4, )* A(E>) a ( (BA, >) . e

In all cases we require, additionally to v being the Lévy measure of a S-stable process, that there exists
#x > 0 a constant that depends only on 3, cy,c_ such that n"A > 1, and (X2 4+ 27 8)n=" < 1.

’ v is symmetric H v is non symmetric ‘
=5 T =5 sy L

22 @) e~ @)™ [22 (307 [~ 05
2— 2— 1

@7 [ er@ [2e@7T [ o~ @)’

3 Total variation distance between Lévy processes

In this Section, let X® ~ (b;, X2, 1), i = 1,2, be two distinct Lévy processes. We shall use the notation
introduced in Section 1 properly modified to take into account the dependencies on X! and X?2. For
instance, ps(e) and u4(e) become

um(e):/ py(de), i=1,2, j=3,4,
|z <e

where p;1(e) (resp. pj2(€)), j = 3,4, denote the 3rd and 4th moment of vy (resp. v2) restricted on
{z:|z] <e}.

By means of the Lévy-It6 decomposition recalled in Section 1, for any ¢ > 0 and € > 0 we have
that the law of X}, i = 1,2, is the convolution between a Gaussian distribution and the law of the
marginal at time ¢ of the processes M(g) and Z(¢), i.e.

Xi(e) = N(bi(e)t,tS7)  M{(e) x Z{(e), i=1,2.
By subadditivity of the total variation distance, see Lemma 23 in Appendix B, we have:

X7 = X2 lrv < [N (bu(e)t, ¢27) * My (e) — N (b2(e)t,153) * M{(e)lrv + (124 (e) — ZE(e)llzv-
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By triangular inequality first and subadditivity of the total variation distance together with Lemma
21 in Appendix B then, we obtain

IV (b1 ()t 153) % My (€) — N (ba(e)t,13) * ME ()| v
<N (bi(e)t, t87) * M () — N (b1 (e)t, t53) * N(0, tot(e)) ||l rv
+ |V (b2(e)t, t53) * M () — N (ba(e)t, t23) x N (0,205 (2)) |l7v
+ H/\f(b1 )t,t57) * N (0,t07(e)) — N (b2(e)t, tE3) * N(0,t05(€)) || rv

< ZHN e)t,122) x Mi(c) — N (bi(e)t, t(07 (e) + £3)) [l 7v
ﬁ!fn ~bo(e)| + [VETFAE) - VIR T o3|

VEI +07(e) V /33 + 03(e)

The terms ||V (b;(e)t, t52) x M{(e) — N (b;(e)t, (32 4+ 0Z(¢)) |7v, i = 1,2 can be bounded by means of
Theorem 2 whereas for || Z}(¢) — ZZ(e)||rv we can use Lemma 22 taking n = 1:

12} (e) = ZF () lrv < t|A1(e) — Aa(e)| + t(Ar(e) A Aa(e HA Azy(i) HTV’

with v5 = v;(- N (R\ (—¢,¢))) and A;(e) = v5(R). Applying Lemma 21 for n = 1, we thus obtain the
following upper bounds for the total variation distance between marginals of Lévy processes:

\/;‘1 —ba(e |+’\/22+01 \/224—02()‘

150 = X7y < Vo2 V VR 1 03 ()
2 Mi,i(a) N:%,,i(g)
> \/t2<o$<e> o T e T
+t[A1(e) — Az ()] + (A1 (e) A As(e)) % - %H

Extending these arguments to the case of discrete observations of Lévy processes we obtain the
following result.

Theorem 6. Let X' ~ (b;,¥2,v;) be any Lévy process with b; € R, ¥; > 0 and v; Lévy measures
i=1,2. For all A >0, e >0 andn > 1 and under the Assumptions of Theorem 2, there exists a
positive constant C' such that

vnA [b1(g) — b2(e)]
Xl _ Xl B TL_ _ X2 _ X2 B n_ S
[(Xa (k 1)A)k71 (Xka (k 1)A)k71HTV Vor max(\/E% + 0%(6), \/25 + 05(5))

(i T RO, VT AD) "
! <max NS ET0] \/z§+a§<s>>>

2 4(e) i (6 ac
*C; N2 5 T AE S T e

+1—exp(—nA’A1(5)—A2(E)D +nA(A1(€)/\A2(E))HA1( A2 HTV

Proof. Tt directly follows from the Lévy-Ito decomposition together with Lemmas 23, 21, 22 and
Theorem 2. O
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4 Proofs

4.1 Proof of Theorem 2

4.1.1 Assumptions and notations

Assume here that n > 3 - but note that the bound on the total variation distance for n = 3 is also
a bound on the total variation distance for n = 1 or n = 2. First, we introduce some notations

and reformulate the assumptions of Theorem 2. Denote by s? := %2 + 02(g), where ¥2 > 0, by
Z the integration interval 7 := [—csupy/l0g(n), csupr/log(n)], csup > 2. For a function g, we write
9z = gl(7y}.

In what follows, we write y for a measure that is the sum of the Lebesgue measure and of the
sum of (countably) many Dirac masses, which dominates the measure associated to Xa(g) := (Xa —
bA)/\/A(c%(e) + X2). Let f be the density, with respect to the measure p of the rescaled increment

Xa(e) and ¢ be the density with respect to the measure p of the centered Gaussian random variable
with unit variance. Whenever we write an integral involving f or ¢ the sequel, it is with respect to u
(or a corresponding product measure).

Recall that

W(t) : = Ve (t) = Bl NaE] — e Fhoendly g

2 t2 zut 1ut
= _ (7/\0,57LA)
exp ( —|— A/ exp A VA )du(u)) e 1iz—0y-

We establish the result under the followmg assumptions which are implied by the assumptions of
Theorem 2.

e Set K := cmt log(n), where ¢;jnt > 2¢syp, it holds for some constant ¢ > 0 that
+oo
/ [e® 2 < C'2%kIn~2, V0<k<K, (H)
log(n)

where C’ is a universal constant.
e For some constant 1/8 > ¢, > 0, it holds
P(Z€) < cp/n. (Ho)
e For some small enough universal constant 1 > ¢ > 0, such that ¢c < y/logn/4, it holds

e <&/(0(e)2 4+ X2)A/log(n) := sV A//log(n) := E,sVA. (He)

Note that this assumption permits to simply derive () from the following lemma.

Lemma 2. Assume that v is a Lévy measure (potentially infinite) such that Ao . > 241og(n)/A.
Then, whenever csyp > 10 and ¢, <1 and (H.) holds, we get P;(Z¢) < 3/n3.

Lemma 2 implies that under the assumptions of Theorem 2, (H,) is satisfied with ¢, = 3/n?.

Remark 3. For the proof of Theorem 2 Assumption (H.) can be weakened ine < ¢\/(c(€)? + X2)A,
the extra log is used to establish Lemma 2 related to (Ho).

e For some constant 1/2 > ¢,,, > 0, it holds

Mo _4[|\/js£8)3| pa(e )} < e V. (Har)

Remark 4. This Assumption will be used in the proof, it is not limiting as if (Has) is not
satisfied, the upper bound of Theorem 2 is not small and is therefore irrelevant.

In the sequel, C stands for a universal constant, whose value may change from line to line.
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4.1.2 Proof of Theorem 2.

If ¥ = 0, introduce the event £,y ensuring that there is at least one jump in each interval [(i — 1) A, iA]
v ={2=0, Vi <n,lim (N;a(n,€) — Ny_1a(n,e)) = 1} U{Z > 0},
n—0

where N(n,¢) is the compound Poisson process associated to the jumps of M (e) that are larger than
1. Define also the event, in dimension 1,

& ={X =0, lim Na(n,¢) > 1} U{Z > 0}.
n—0
Note that, if ¥ > 0 or if v is infinite, then £y, and EM are the whole probability space.

First, a change of variable implies
[(V(0A, AX?) x Ma())®" = N(0A, A(E? + 0%(€))) 2" | 7y, = IFZ" = 0% lzv,

where we set

22 —~
o o _ ®mn Rn
1797 =@ ey = | WO, s ary) * Ma(@)®” = MO 7y
where Ma (g) = %'

To bound the total variation distance we consider separately the sets Z and its complementary and
&y and its complementary set (recall that the integrals are with respect to p®™)

L R L T

Under (Ho) and using that Pue.(Z")¢ < n(Py(Z9)) < nexp(—cZ,,log(n)/2) < 1/n for ceyp > 2 the
second term is bounded by ¢, +1/n. From now on, we focus on the first term. The third term is equal
to Pron (§ar) = exp(—Ao,enA), which is smaller by 1/n using that \g . > 241og(n)/A.

Introduce a positive function i > 0 such that

2 2
/hzl{gM} < 400, /%1{5M} < o0, /%1{51»1} < +00. (14)

It follows from the Cauchy Schwarz inequality that

n n 2 n n n n n n
O ALY </( T ef 1 }:/( T2 = 27" 07" + (e7")?
= M

1
([ hzlieny)" hen hen {€a}
:{/ (fI_(PI)Q‘f‘Q(PI(fI_(PI)'F(P?[}n_2{/ (fI_WI)(PI“F‘P%}n_i_[/ ﬁ}”
E]W hI EJW hI ~]\/f hI
For K = ¢2,, log(n), take .

hfl(x) = \/%1{1} Z

k<K

x
2k K\

and consider the quantities

2 _ 2
I ::/~ %’ D2 ::/~ (ffhi@f) and E;:[ %(frm).
Em T 3% 1 M T
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It holds

(2" = #5™) Lty

< [D2+2E+A2r—2{E+A2r+A2"

fEM ha)"

< Z n {DZ + 2E}kA2(n—k) 4 nD2A20=1) _ g Z M\ gk g2(n—k)
- k k

2<k<n 2<k<n

Z n 2kD2kA2(n—k:) + Z n 2k[2|E|]kA2(n—k:) +nD2A2(n—1)

- k k

2<k<n 2<k<n

+2 ) < )|E|’“A2 n—k) (15)
2<k<n

To bound this last term, consider the following Lemma.
Lemma 3. Assume (Ho) and that ciny > 2¢sup V 1. It holds for ¢, > 0 a universal constant that
0<A?><1+cp/n* and | hz<l+cp/n® and |E|< cp/n+nfc§“?/2 + 2¢p,/n?,
3%
where the constant ¢, is defined in (Ho).

Using Lemma 3 and (}) < n* to bound (15) lead to

®n 1
H( T (pIh {EM}HTV <€Xp( )[ Z Qk(nDQ)k—l— Z Qk[inE”k-i-nDQ—l-Q Z (n|E|)k
f&M z) 2<k<n 2<k<n 2<k<n

SnDQexp(ch)[ > 2D 41| +3exp(en) Y 2F[2n|E[".

2<k<n 2<k<n
Moreover, we have thanks to Lemma 3 if csp > 2 and ¢, < ¢
2¢cp + 1k 2¢cp + 1,2 1
k k k h h 2
> 2RalBl < 3 4o+ =) < (4o + =) Ty < 04
2<k<n 2<k<n n

where C' is a universal constant.
To complete the proof, we need to control the order of D2, indeed using Lemma 3 to bound f hz
we derive, for cgup > 2 and ¢, < %,

+ Cexp(cp)c. (16)

H( P — ‘PI 1{5M}||TV <nD? exp(cn) [ Z 2k(nD2)k_1 t1

2<k<n

To control the order of nD? in (16), introduce G(x) = (f(z) — @(x))l{gM}, we have

_ 2 G2
p2o [ Uz—vz)? _ / 1.5
/~M Iy (k30

Denote by Py (z) = ¥, the Plancherel formula leads to

2
D? = v27T/1{I}G2($) Z Qkk' v Z 2kk'|| k ”2 F Z 2kk'HG(k)H27 (17)
k<K

k<K k<K
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using that PkG =iF / V2m. The quantity G appearing in the preceding formula is given by

A ¢ Z i 2
G(t) = exp ( - 5 - 6\/>53 + = A W) - eXp(—)\Q’EnA)].{E:()} — exp(—t /2)
it3p (ti
=eXp(—t2/2)[eXp( 6\/3 =+ E ASQ)BH/QW) 1} — exp(—Xo,enA)1{z_q}.

Assumption (H.), € < ¢,svVA, implies that |p, ()] < (6,)™ *pa(e)s™ *A™/2=2 for any m > 4.
Therefore,

G(t) exp(—t2/2)[exp( it3 /jj»s?) As4 Z m . )—1} —exp(—Ao,enA)ln—_o},

where a,, = (25;’;7(:/)2 ,ﬁf:) is such that a,, < (¢,)™ .

We intend to bound D? by M2, then following (17) it suffices to bound ||G®||2 by a quantity

much smaller in k than 2¥k!M? for any k < K = ¢?,, log(n) and where M := ¢, [“fli‘ + IZS)] For

illustration, consider first the term k& = 0, it holds
IG(t)| < exp(—t2/2) {exp (Melt‘5"> - 1} + exp(—Ao,enA)lis—0y- (18)

Then, for any ¢ > 0

clog(n) clog(n) ~ 2
/ |G(t)|?dt < 4/ exp(—t?) {exp <Me|t‘c") — 1] dt + 4clog(n) exp(—2X0,enA) 15—}
—clog(n) 0

Assumption (H,s) ensures that for a small enough universal constant ¢,,, > 0 we have M < ¢, /+y/n.
In this case, we use a Taylor expansion between [0, clog(n)] and get if c¢, < 1/2, and since Ao >
241og(n)/A

clog(n) =N clog(n) 12
/ IG(t)[2dt < ¢ / exp(—t2) [Mewn] dt + 4¢/n* < C"M? +2/n?,
—clog(n) 0

where C’,C" are two universal constants. This together with (Hy (£)) permits to bound ||G||2 by M?2.
The derivatives kth derivatives of G are treated similarly, though the procedure is more cumbersome.

Write G + exp(—Ao,enA)lis—_oy = ¢V, where V = exp(g) -1,

'HL

it3 M3

and ¢(t) = exp(—t2/2). We have the following result.

Corollary 3. Suppose (H.) with ¢, <1, ¢,c < 1/4 and (Hur) with ¢, < 1/2. There exists a constant
C that depends on ciny only such that we have for any t € Z,

k 2
k2M2 d2111132 {2—8(k—d) (d> (k‘ _ d)k_d‘(b(d) (t)|2}

IGB )2 < C.,,

v [k‘*('c“nM)ze%“'|HkAt)qﬁ(t)lﬂ] LAGEG]
where Hy, is the Hermite polynomial of degree k.
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We now provide the following two technical lemmas. The first one leads to a bound on the integral
of the squared first term in Corollary 3 and the second one to bound the integral of the squared last
two terms in Corollary 3.

Lemma 4. For any k < K it holds that
/clog(n)
—clog(n)

where C, € > 0 are strictly positive constants.

k 2
K2M? sup {28““1)( ) (kfd)k*d|¢(d)(t)|2} dt < 2k2kIM2
A<k—2 d

[62k(176/16)} v 11 :

Lemma 5. For any k < K it holds that

. 4eCn
exp(—t2)e2Men | Hy (8)2dt < ——Fk(k! LS
[ eI ) < Tk (142

™

To complete the proof, we bound all the terms appearing in Corollary 3 which will lead to a bound
on D? through (17) and (Hy(¢)), and finally to a bound on the total variation through (16) and (13).
First, whenever |t| < clog(n) we have using (18)
|Hy(t)G(t)| < C|H(t)] exp(—t*/2) M1,

Lemma 5 implies that

/|| [k‘l(EnM)Qe%“lt'|Hk_1(t)|2exp(—tQ)H V| Hy()G()]2dt < CM2EP(RD(1+ )%, (19)
t|<clogn

where C' is an absolute constant. Combining Lemma 4 with Equation (19) and Corollary 3, we have
that for any £k < K

clog(n) 7/
/ IGW (1) 2dt < C. kP kIM?28F

—clog(n)
where € > 0 is a universal constant strictly positive and C;, > 0 depends only on Cyy;. Injecting this
together with the tail Assumption (Hy(g)) in (17), we get

2 2 C'Lnt § 2
D < M 26/]() - CLnt )

together with Equation (16), we finally obtain using (#,s) and the definitions of M and s that,

2
Hf®" — gp®”HTV < .|nD?exp(cp) [ Z 2k(nD2)k=1 + 1| + Cexp(cn)c +cp + 3+ 2
2<k<n
|3 (e)| pa(e) 4(c+1)
<C s
=V A2 +02(e))3  A(Z2 +0%(g))? n

where C' depends on ¢,, ¢m, Coup and cine and where we used Lemma 2 ensuring that under (#.),
Assumption (H) holds with ¢, = 1/n? . The proof of Theorem 2 is now complete.
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4.2 Proof of Theorem 3
Fix 0 < u < g, it holds M(e) = M(u) + M (u,e) where M(u,¢) is a compound Poisson process with

intensity A, independent of M(u). Decomposing on the values of the Poisson process induced by
M (u,€) at time nA and using that the total variation distance is bounded by 1, we have

[(V(bA, AX?) % Ma(£))®" — N(bA, A(S? + 0*(1))*"|| 1

< exp(—Ay,cnA)||(N(bA, AS?) 5« Ma (u))®™ — N (bA, A(E? + 02(u)))®””TV + [1 — exp(—Au,cAn)]

< Cexp(—Ay,enA)

niA(E) e 1
\/ N +o@) A @) n| TP Auednl, (20)

applying Theorem 2 to get the last inequality. Finally, the result is obtained using that V0 < u < ¢

: 2 RN 2\®n
BE%S%ZOH(N(I;A,AE )*Ma(€))®" — N(BA,AS*)®"| ,, <

[V (b2, AT2) 5 Ma(2))8" = N (BA, AGS? + 02()®" |

and taking u = @* in (20).

4.3 Proof of Theorem 5

4.3.1 Preliminary: Four statistical tests

Let X ~ (b,¥?,v.), in particular the increments X;a — X(i—1)a are i.i.d. realizations of
Xn =Ab+XWa + Ma(e), where Wa ~ N(0,A).
For any n € N, set n = |n/2| and define

Zi = |(X2ia — X@i—ya) — (X@i—nya — X@i—2a))l, i=1,...n=[n/2]
n—2log(n)
Sn - = Z Z(i), and Z(ﬁ) = max{Zi, 1 < ) < ﬁ},

i=1
where for any sequence a_, the sequence a(,) is a reordering of a by increasing order.
For any 0 < u < ¢, we write X as X = X(u) + M (u,¢), where

is a Lévy process whose jumps are smaller (or equal) than u and M (u,e) = My(e) — M (u) is a pure

jumps Lévy process with jumps of size between u and €. We write N(u) for the number of jumps

larger than wu, that is, for any ¢ > 0, N;(u) is a Poisson random variable with mean A, .
Furthermore, in order to present the test needed to prove Theorem 5, we introduce the following
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notations:

n

- 1
Xan = w2 Z (Xia — X(i—1)a)
i=|n/2]+1
B L 2 .
Vg i— —— Xia — Xii_1a) — Xa )
n,3 I_n/2J ; (( A ( 1)A) A, L)
B ) Lan B ) an/éj
Voo = 77, YVooi= z
[n/4] = [n/4] i=|n/4)+1
L 2 | 2
?n74 = Z:l’ ?Tl,ﬁ = Zl6
[n/2] ; [n/2] ;
1 — _ —
TG .— Y5 TW .= 4*1(Yn —3V,,Y )
R R CE T R AT

By definition, Y& n 1s the empirical version of E[X ] computed on the second half of the sample only
and Y, 3 (resp. Y, ) is an estimator of E[(Xa — Ab)3] (resp. of 8E[(Xa — Ab)°]) computed on the
first half of the sample. Moreover, since E[(Xa — bA)?] = Aus(e), using Corollary 6 joined with the

independence of XA and YA,n, we have that Tés) is an unbiased estimator of Apus(e). Instead ?n)4 is
an estimator of 4E[(Xa — Ab)*] while Y, » and ?;172 are two independent estimators of 2E[(Xa — Ab)?]
(see also Corollary 6). Using that E[Z}] — 3(E[Z2])? = 4Au4(e), it is easy to prove that 7Y is an
unbiased estimator of Apug(e) (see, e.g. [7]).

Finally, let C' > 0 be the absolute constant introduced in Lemma 8 below and consider the following
events:

o If . =0, set

&n = {Vi,Z; < 4y/AX?log(n)}, (21)

. [VAY2
&n -—{ NG SSn}, (22)
& = {C(VAZ?)® >V, 6} (23)

o If . # 0, set

&n = {1 < Npa(u®) < 2log(n)} N {Vi < n, Nia(u") = Ni_gya(u’) <1}
N{V¥i s.t. Nia(u™) — N(i—2)A(u+) # 0,

[Xia(u™) = X-na(”) = (X_na(u’) = Xg-ga(u))] < 2¢/(X? + 0%(u7))Alog(n)}, (24)

&, = {Sn <2V2A(22 + 02(ut))}, (25)
* 2 2 * 3
¢ = {77176 > Apig(u*) + (A(QZ + 0% (u*))) }

Lemma 6. There ezists a universal sequence a, — 0 such that P(€,) > 1 — au,.
Lemma 7. There exists a universal sequence oy, — 0 such that P(€]) > 1 — au,.

Lemma 8. There exist a universal sequence o, — 0 and a universal constant C' > 0 such that the
following holds.
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Whenever v, = 0, with probability larger than 1 — o, we have
C(VAX2)! >V, 6.

In any case, with probability larger than 1 — ay, and conditional on Npa(u*) =0, it holds

Ynﬁ_

)

v o Aus(w) + (AS? 4 o (w)))?
: .

Observe that Lemmas 6, 7 and Lemma 8 joined with Equation (26), imply the existence of two
absolute sequences «,, — 0 and 3,, — 0 such that

P(nNEy) > 1 — ay, (26)
P(&n N g; N fg) 2 1- ﬁn-

We are finally ready to introduce the four tests we use to establish Theorem 5:

(I)glmax) _ I{Z(ﬁ) > log(n)3/2‘sn}7 P G)C = 1{?71,6 > 055}7

6
o =1{jr@ > S5 e —a{me s s /i)
© VaV n Va n

Their properties are investigated in Propositions 3, 4, 5 and 6 below.

Proposition 3. Under Hy, for any n > e*V™, it holds that &, N &, C {cI>$f““) = 0}. Moreover, for
any n > €2, it holds &, N &L N {Npa(u*) > 1} C {Npa(u*) > 1} 0 {<I>$;“a") =1}

Proposition 4. There exist ¢ > 0 a universal constant and C. depending only on ¢ such that the
following holds, for n larger than a constant. Under Hy, it holds that £, N &) C {@%62; = 0}. Moreover
if Apg(u*) > CoA3(S2 4 02(u*))3, then €, N E) N {Noa(u®) = 0} C {Npa(u*) = 0} N {0} = 1}.

Proposition 5. Let o > 2log(n)~!. Let ¢ > 0 and ¢’ > 0 be large enough absolute constant and let
Ceo > 0 be a large enough absolute constant depending only on ¢ and ¢’. Then, the following holds.
Under Hy, (I>£;”m = 0 with probability larger than 1 — o — P(&.°).

Under the hypothesis Hl(g)(3) s ps(u*) > psLS) and conditional to the event Na(u*) =0, if
o

) A2 L o2(u )3
ut > u—&-’ AMG(U*) < C/AS(EQ _'_0_2(”*))37 p513) > C\V;g {\/ ( \—/’—ﬁa (u )) }’ (27)
it holds that @g)&a = 1 with probability larger than 1 — o — P(E,°).

Proposition 6. Let o > 2log(n)~!. Let ¢ > 0 and ¢’ > 0 be large enough absolute constant and let

Ceeo > 0 be a large enough absolute constant depending only on ¢ and ¢’. Then, the following holds.
Under Hy, it holds that @5,4)“), = 0 with probability larger than 1 — o — P(£)°).
Under the hypothesis H1(4Z$l4) s pg(u®) > psfl) and conditional to the event Noa(u*) =0, if

*

w > ut, pl) >

Ce (A0 %%u*))? !

it holds that <I>£L47)c,a = 1 with probability larger than 1 — o — P(E,°).

Ja
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4.3.2 Completion on the proof of Theorem 5

Let (57 3, V.) be a Lévy triplet where 7. is a Lévy measure with support in [—¢,e]. Assume that we
want to test

Hy:v. =0, against Hy:(b,%,v) = (5, iﬁa).

We write i, X and u* for all the quantities related to (5, 3, Ve).

We can choose ¢®), ¢ ¢ > 0 large enough universal constants and C®,C® C©) > 0 large
enough depending only on ¢, ¢ ¢ and an absolute sequence o, that converges to 0 such that
Propositions 3, 4, 5 and 6 hold. Set

o CO JAGET @R o OB AR+ o2 (@)*?
= {(&m NG ) MG v ) P

— 2 . 2
Write ¢ = 3 if (ﬁf((;) A(W\—;Q(u ))3) < (ﬁf(:j)*) A(Z2+j;(u ))2) and 7 = 4 otherwise. In the remain-

ing of the proof «,, denotes a vanishing sequence whose value may change from line to line.

Case1l: 1— exp(—Xu*,EnA) >1—aq. In this case, consider the test ®, = &™) If X ~ (b, 2% v,)
is in Hy (i.e. v. = 0), an application of Proposition 3 and Lemmas 6 and 7 yields P(®,, = 0) > 1 — au,.
If, instead, X is such that (b, %, v.) = (b, X, 7:), by means of Proposition 3 and Lemmas 6, 7 we get

P(®n = 1) > P({Npa (@) # 0} N& NE,) > 1 — exp(—Aa- cnd) — ap.

So by Lemma 1 it follows that the total variation between the observations of n increments of X at

the sampling rate A and the closest Gaussian random variable is larger than 1 —exp(—Ag+ cnA) — oy,

Case 2: 1— exp(fXg*)gnA) < 1—a. In this case consider the test

_ (I)Slmax) vV (I)(Z) Vv @(6)

n,c(®) o n,c(6)”

D, o) ,c(6) o

If X isin Hy (i.e. v. = 0), by Propositions 3, 4, 5 and 6 we have that
P(®,, o) c6) o =0) 21 —a — ap.

If X is such that (b, 2, v.) = (g, Y, Ve ), we distinguish two cases.

o If Apg(u*) > CO(A(S? + 0%(u*)))?: Propositions 3, 4 yield

B(® 1) = P({Naa (i) # 0} N €0 N L) + B({Nua (@) = 0})(1 — ).

nye c®) a0 T
o If Apg(u*) < CO(A(D? + o%(u*)))?: Propositions 3, 5, 6 joined with {u* > ut} yield

B(®, 0 00 = 1) 2 PUNaa(@) # 0} €, 1) +P({Nua (@) = 0)(1 — a — a).
In both cases we conclude that,

PP, ) ,e0),0 = 1) Z P{Npa (@) # 0}) + P{Npa(u®) = 0})(1 —a) —an

> 1 — aexp(—Ag- nA) — .

By Lemma 1 we deduce that the total variation distance between the observations of n increments of
X at the sampling rate A and the closest Gaussian random variable is larger than 1 — 2a — ay,.
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A Technical results

A.1 Proofs of the auxiliary Lemmas used in the proof of Theorem 2
A.1.1 Proof of Lemma 2

We consider a compound Poisson approximation of the increment X A(g) to apply the Berstein in-
equality and first focus on its jump part. Let 0 < 1 < ¢, and define

Na(Ae)
Yo Yi—A fngmgs zdv

As?

Na(Ne) —1 -1

PDR R TR n<lel<e TAV) + Na(N )AL 2 [ o pp<c wdv — A fng\xlge xdy
As?
-1
Na(A o)A, L fnS\w\Sf xzdv — A fnS\wISE xdv
As?

Ma(n,e) =

= Wa(ne) + , )

where

ZNA(’\’E) (Yi — )\;1 acdl/)

i=0 € In<|z|<e

As?

MA(”7€> =

)

Na (), €) is a Poisson random variable of intensity A fn<|x|<6 dv := A\, ., and the Y; are i.i.d. bounded

random variables with density ,\%Emlnﬁ\zlﬁv Note that for any N, E[Ma(n,¢)|Na(A,e) = N] =0,

dx
and if [INA(A,€) — AN, | < AN, /2 we have A, . V(Y;) = [ 22dv < 0?(g) < 5% and

n<|z|<e
V[Ma(n,€)|[Na(Ae) = N] < 2.

Finally, the random variables |Y;| are bounded by e. For any N such that [N — A\, .| < AN, /2, the
Bernstein’s inequality, conditional on Na (A, ¢) = N, leads to

Vi 1 c2,,logn/4
P(|Ma(n,e)| >csup\/log(n)/2|NA()\,g):N) < 2exp ~3 T &
2+ 3 75 Coup log(n)/2

1 2, logn
<2exp| — 775u§)~ ,
82+ GCnCsup
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where we used (7{.). Therefore, it holds for any N such that [N — A\, .| < A\, /2, that

P(|Ma(n,e)| > coupy/log(n)/2|Na(X,e) = N) <n~?,

if coup > 10. Now by assumption on Ag ., there exists 77 := 75 > 0 such that for any n < 7, we have
AN, > 1 and %g(") < Ap.e. Moreover, for n < 7, since Na (A, €) is a Poisson random variable of
parameter A\, . > 1, we have for any 0 <z < /AN, .

P(INa(\ e) — AN, c| > /AN, c2/2) < exp(—2?/8).
This implies that for z := /24log(n) < VAN,

P(INa(A e) — AN, c| > 1/6AN,  log(n)) <n ™.

Removing the conditioning on Na (A, €) (noting that \/6A\, clog(n) < AN, -/2) we get

T NA()\,&?) 71/
P ‘M o) mAE) y -1 wdy
( alme) VAs2 " Jy<a)<e (@) \/As n<|z|<e

using that ceup > 10 and that by the Cauchy-Schwartz inequality ‘fn<lw\<8 zdv(z)] < /Ay e0(€).
Taking the limit in n — 0 leads to -

xdy( )’ > Coup log(n)) <2n73,

]P(|MA(O,E)| > Coupy/log(n)) < 2n7°. (29)
Adding the Gaussian part and the drift, by Gaussian concentration we get that
]P’(\X'M > cup/log(n)) < 3n~?

This implies the result whenever cs,, > 10.

A.1.2 Proof of Lemma 3

In this proof, we assume that all integrals are computed on E m only,for sake of readability we do not
write the indicator everywhere.
Recall that Stirling’s approximation gives for n > 1, n! > (n/e)". For any x € Z, using that

VE > 2cgupy/log(n) (since cint > 2¢gyp), we derive that

too 2k ok
VEReple®/2) — 7 @) = VIRl 3o S < VARl 3o R 11

2k 1k _ e
k=K+1 k=K+1 2%k 1 4 2
since ZszH 22kkk < Zk>0< ) = 1—15/4'
It follows that for ¢;,; > 1 and x € Z, that we have
1 1
lo~H(x) — h ™! (z)| = |[V2mexp(2?/2) — h7'(2)] < Toe/dn® (30)

Equation (30) implies that

A:/ S0%—/ [so g e <1 —— L
& Nz g, PP N 1—e/4n?’

M

[ [re=[en=1 [ o =101 < [ n@pet@Vares(e/2) - 17 @) < 1o
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since, by definition, hz < 1/+/2m. This together with P, (Z¢) < n=Ceup/ 2 the second inequality follows.
Finally, using (30) we get

— _ _ 1 1
|E| = |/~ prhz'(f1 — 1) —/~ (fz —p1)l = |/~ pr(hz' — oz )(fr — 1) <2 1z
37 37, Em l—e/4n
y (Ho) and P,(Z°¢) < n~ur/2 we have

| [ (2 = 2)l = [B(Z°) = Py(T)| < n=r/? 4 ¢/,

éNI

and the bound on |F| is established.

A.1.3 Proof of Corollary 3
We start with two preliminary Lemmas.
Lemma 9. Suppose (H.) with ¢, <1, it holds that

|§(k)(t)|2 < [k262MetEn sup [( ) |¢(d (t )| {22(k—d) max u2(k—d—u)(EnM)2u€25ntlu}‘|‘|v{|¢(k‘)|2v2}.
d<k—1

1<u<k—d

Proof of Lemma 9. By the binomial formula we bound

IGW| < ksup Cilo D)V =d)], (31)

Moreover V(™ = (exp(g) — 1)(™), Lemma 10 below (with (#.) and ¢, < 1,) leads to

V] = [(exp(g) — D] < 27eM ™ max wn(@, Ay

Injecting this upper bound in (31) leads to the desired result. O

Lemma 10. Suppose (H.) with ¢, <1, it holds for m > 1

£
[t]en

V)| = |(exp(g) — 1)"™)| < 2meMe  nax T, M) et

Proof of Lemma 10. First, note that for any j > 1, we have

mtm J

j g ,U(

and

199 (1)] < Iu3(6)|+u4(i) mw,
{\/153 As ]mz%\g) (m — j)!

where a3 = 1. And since for any m > 4 we have a,, < E";L”*‘L, this implies since ¢, <1

lps(e)| | pa sm—a |t J & Meltlen
190 ()|_[f33+A84} ;(:W) oy < M (32)
Write
R (exp(g))™
exp(g)
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and note that R,,+1 = Rﬁ,? + ¢MR,,. So we have for any d > 0

IR, | = |RETYD + (¢VR,) D] < |RETD| + 37 Chlg=7+V||RY), (33)
j<d

by the Leibniz formula. Write for m > 1 the induction assumption:

H(m):¥d e N,|RP| < 2™ max (¢, M)"elntugym=uyd,

uwe{l,...,m

Assumption H(1) hold since Ry = g(!) and by (32) we obtain [g()| < M¢, e for j larger than 1.
Assume for some m > 1 that H(m) holds. We have by (33)

|R5,(3_1| <2™  max (ETLZW)“eZ"|t‘“um_"ud'|r1 + [MEn exp(En|t|)} ZC’g [2’” max (EnM)ueEnW“um_“uj},
ue{l,...,m} i< ue{l,....m}

by H(m) and (32). It follows that

|R£;3_1| <2™ max (EnM)“eE"lt‘“umH*"ud + Z Ci [2"‘ max (EnM)“HeE"lt‘(“H)um*“uj}

ue{l,...,m} i<d ue{l,....,m}

=2"  max (¢, M)%eCnltuymHlugd 4 [2"‘ max (G, M)t elnltllut)ym—u(q 4 u)d}
ue{l,...,m} ue{l,...,m}

< 2™ max (ZnM)ueEn|t\uum+1—uud + [Qm max ('C"nM)u—i-leEnM(u—&-l)(u + 1)m—u+d] ,
uwe{l,...,m} ue{l,...,m}

where we used the binomial formula for the second equation. Finally,
R(d) < gm max M ueEn|t|uum+17uud |:2m max oM ue'c“n\t|uum+17u+d:|
| m+1‘ - ue{l,‘..,m}( " ) + u€{2,...,m+1}( " )

< gmtl max (EnM)“ec"lt‘“umH*“.
ue{l,...,m+1}

Therefore, H(m + 1) holds and the induction is proven. In particular

|Rm| <2™  max um_“(gnM)ueant\u)
ue{l,...,m}

and for any m > 1 we obtain

ItIen . Z
max u™ (¢, M)t eIt

V| = |(exp(g) — 1)™] < Ry || exp(g)] < 2™meMe
1<u<m

Proof of Corollary 3. By Lemma 9 we have since ¢, <1

~ e E\ 2 _ _
|G(k)(t)|2 < [k2e2Me sup [<d> |¢(d)(t)|2{22(k—d) max uz(kdu)(CnM)mezcnt|u]H\/{|¢(k)|2V2}

d<k—1 1<u<k—d

The term \ié(k)|2V2 lead to the last term of the corollary since H,,¢ = ¢("™) for any integer m and
|V| = |¢~1G/|. Then, the first term for d = k — 1 leads to the second term of the corollary using ()
and that [¢| < clog(n), e2Me™ I o (2enn ™2

Next, we control the remaining term using the decomposition (G, M)2% = (&, M)z )2(¢, M)*~ (¢, M)2.
First, for for any integer u > 2, t such that [t| < clog(n) if ¢,c < 1 and using (H,/) with ¢,, < 1 it
holds

< e whenever ¢, ¢ < %, cm < %

M"Y exp(26,|tju) <1 and e2Melen <1.
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We are left with the term, for any u > 2,

_ Cd—a) ~ (u—1)
22(k=d)  pax  2k—d “)(ch)2 2
2<u<k—d

< [M(k _ d)kfd] v {22(1@7(1) max o2(k—d) 1og(u)7ilog(n)(uf1)M%]
- (k—d)t/4<u<k—d

Since k < K = ¢2 ,log(n), we know that 2(k — d)log(u) — log(n)(u — 1)/4 is negative whenever

int
4c? log(u) < u. Moreover, using (Hys), it follows that for k < ¢2 ,log(n) there exists a constant,

C that depends only on c¢;,;, such that

Cint

22— max 2@ M) < o, 278D (k- )R
2<u<k—d n — Cint

The proof of the corollary is complete.

A.1.4 Proof of Lemma 4

Recall the Stirling approximation

we derive that if Z ~ AN(0,w?) then,
E[Z%™] < 4(2w2)m7:—m < 42wH)™m! ¥m > 1 (35)

By Plancherel and (35) used with w? = 1/2, it holds for m > 1

1 4 mm
m 2 _ 2 2m 2
J 16 @ = 1Pl = 5= [ 4 exp(—ayio < =0 (30)

Equation (36) and (34) imply

clog(n) k 2
/ K2M? sup [28<’€d>< ) (kfd)k*d|¢(d)(t)|2}dt
—clog(n) d<k-—2 d

k2 247 k
< kM2 s 9—8(k—d) _ nNk—d <2k2M2 s 9—8(k—d) k—dp.|
- k dzljilig |: d (k d) ed :| - k dzlilzg |: € k d :|

k k
< 2k2KIM? sup [2_4(k_d)< N = 2k%KIM? sup [2_4d< >}7
d<k—2 d d<k—2 d

we used that 2~ %e < 1. Therefore,

clog(n) k 2
/ K2M? sup [2—8<’<—d> ( d) (k—d)k—d|¢<d>(t)|2}dt

—clog(n) d<k-—2
2 2 —adak —ad(k
< 2kK!M~<| sup [2 } \% sup [2 }
d<k/4 d k/A+1<d<k—2 d

< 2k2KIM? | sup [2*4d62k676<|d7k/2|/m2] vil,
d<k/4

30



using the sub-Gaussian concentration of the Binomial distribution; there exists C,¢ > 0 universal
d — —
constant such that % < Ce—elld—k/21/VE)?, Finally, we get

clog(n) 2
/ g [kzMz sup [278(k—d) <2) (k _ d)k7d|¢(d) (t)|2}‘|dt

—clog(n) d<k—2

< 2K%KIM?| sup [62’@*4%*5’“/16“1 g2k2k!M2H02k<16/16>]v1}
d<k/4

where C is a universal strictly positive constants.

A.1.5 Proof of Lemma 5
First, it holds that

/ exp(—t2)e?!!en| 1y, (t)|2dt = 2 / exp(—t2)e?®n | Hy,(t)|dt
[t|<clogn 0<t<clogn
P / expl(—(t — 2)2)| Hi (1) 2dt
0<t<clogn
= 2¢% / exp(—t%)|Hy(t + ¢,)|?dt
—cp<t<clogn—c,

< 2¢% / exp(—t*)|Hy(t + ¢,)[*dt.
R

Using the following property of Hermite polynomial we get

Hi(t+¢,) = zk: (5) H,(t)ck.

u=0

and the Cauchy Schwarz inequality leads to
E /i 2
H(t+ )2 <k (u) 24201, (1)
u=0
Equation (36) and the definition of Hermite polynomials imply that

k 2
i’ k
/exp(ftz)\Hk(thEn)\thS 2ecik§ ( > E‘fl’“*zu/exp(fﬁ)\Hu(t)\?dt
R R

u=0 u
46t I (k2 Ae%n k k!
< k Sh—2ug) = k(k! S — el
<)@ Vor" ) 2 it
~2
4eCn
< 22N+ B,

V2r

which completes the proof.

A.2 Proofs of the Propositions involved in the proof of Theorem 5

Notations. In the sequel, we exploit the approximation of Ma (&) by a sequence of compound Poisson
processes. For any 0 < 1 < ¢ define M (7, €), the centered compound Poisson process that approximates
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M(e) as n ] 0, by

Mt(na‘e) = Z AAXVS]-77<\AXS|§E - t/

s<t n<|z|<e

Ny
av(dx) = ZY,» - t/ av(dx)

<|z|<e

where N is a Poisson process with intensity A, . = fn<|x|<6 v(dz) and the (Y;);>1 are i.i.d. with jump
measure

1
P(Y; € B) = / (dz) VB e BR).
)\77,5 Bn{n<|z|<e}

Since it will be used several times in the rest of the paper, we write BCI for the Bienaymé-Chebyshev
inequality which states that, if Z is a random variable with finite variance, then with probability larger

than 1-«, it holds
E[Z] —V/V(Z)/a < Z <E[Z]++/V(2)/a.

Finally, in several occasions we will use that o(u™) < o(u*).

A.2.1 Proof of Proposition 3
Under Hjy : By means of Equations (21) and (22) we have that

VA2
max Z; < 44/AX2log(n), on¢&, and S, > , on¢,.

™

Therefore, for n strictly larger than e*V7, on the event &, N ¢, we have that Zmy < log(n)®/%S,,, and
thus @%max) = 0 as desired.

If a jump larger than u* occurs : If u* = ¢, then Proposition 3 is satisfied as A, = 0, i.e.
no jumps larger than ¢ happen. Assume from now on that u* < e. By definition of u*, and since
o(u) increases with u, we have that u* > /(32 + 02(u*))Alog(n)?. Furthermore, let us assume that
Npa(u*) > 1, i.e. from now on we always condition by this event. This assumption, combined with

(24), implies that on &, there exists i such that N;a(u*) — N;_9)a(u*) = 1, and therefore
|M;a(u®,e) = M—1)a(u®,e) = (M—a(u®,e) — Mi_g)a(u”,e))| > u”.
In addition, by means of Equation (24), we also know that on &,
[ Xia(u") = Xi-naw) = (Xa-naw) = Xu-g)a(u”))] < 2¢/(2% + 02(u*))Alog(n).

Recalling the definition of u* and taking n > €? we can conclude that, on &,, it holds that Z; > u*/2.
Furthermore, by Equation (25) we know that on &/,

S, < 2¢/2A(22 4 02(ut)) < 2¢/2A(22 4 02(ur)),
which allows to conclude that, for n > €2, on &, N ¢, it holds

2
Z,> Sp log(n)
=0

> S, log(n)*/?,

that is ®U™) — 1, as desired.
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A.2.2 Proof of Proposition 4

Under Hp : By means of Equations (22) and (23), for any w’ € £, and w” € £/, we have

Sp(w') > 552 and Ya6(Ww') < C(VAX2)S.

Therefore, on &/ N ¢!, we have Y, 6 < Cr2SS, and thus @%2; =0, as desired.

If Apg(u*) is large and no large jump occurs: On the one hand, by Equation (23) we know
that, on &/ N {N,a(u*) = 0}, it holds

Voo > 3 [28us(u) + (A(S? + 02(u))].

On the other hand, on &, by means of Equation (25), we have that S, < 2,/2A(X2 + 02(u*)). Thus,
denoting by C. an absolute constant depending only on ¢, whenever

Aps(u’) > CAY S + 0*(u)),

it holds that Y, 6 > ¢SS, on &/ N ¢, N {N,a(u*) = 0}, for n larger than an absolute constant. We
therefore conclude that <I>7(32: =1, as desired.

A.2.3 Proof of Proposition 5
We begin with some preliminary results.

Lemma 11. For n larger than an universal constant, € > 0 and any log(n) = < a < 1 there exists an
event & of probability larger than 1 — a and two universal constants c¢,C > 0 such that the following

holds:
A3/2(22 + o2 (E))3/2
Vna ’
and  V(TPIE) < =[Aps(e) + A% (2 + 0%(¢))?).

BT 6] — Aus(e)] < ¢

Q

3

Corollary 4. For any ¢ > 0 and for any log(n)™! < a < 1, there exists an event &' of probability
larger than 1 — « and two universal constants c¢,C > 0 such that the following holds:

3/2(32 4 52(y*))3/2
BITOIE Noa () = 0] - Apa(u)] < o= L
ond  VIPIE! Nas(u®) =0) < © [Aps(u”) + (A +07(w))’

Proof of Proposition 5. For some given «, let £ be an event as in Corollary 4. If 3 < k < 6, thanks
to the hypothesis (27) on Apg(u*), there exists an universal constant C' > 0 such that

Q

V(T | Nna(u*) = 0,67) < —[A(E? + 0 (u"))].

n

Therefore, using BCI, we have

(’ T — Apg(u*) /Ol
\/ A(X2 + o2(u¥))]3 Va

|Npa (u*) = 0) < 2. (37)
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Under Hy : p3(u*) and o?(u*) are zero and thus

¥
#(

1
—|>—= | <«
/C A3%6 \/&) B

Therefore, recalling the definition of &/, (see Equation (22)), we have that for ¢ > 0 a large enough
absolute constant, with probability larger than 1 — o — (&) it holds

T3 <« _ £ g3
| n ‘ —_ M n’
which means that the test is accepted with probability larger than 1 — 2a.

Under Hfgg and conditional to Na,(u*) =0: Assume that for some C, > 0 large enough absolute

constant depending only on ¢ > 0 we have by definition of u* (since u* > u™)

Alps ()] = p > < VIR + )

This implies by Equation (37) and for C, large enough depending only on ¢ that with probability larger
than 1 — «

C. (VA3Z2+02(u*))?
191 2 5 =] o 3

Therefore, for C, large enough depending only on ¢, we have by definition of £/, in Equation (22) that
with probability larger than 1 — o — P(&.,°)

n

C
T3] > ﬁkﬁ-

The test is thus rejected with probability larger than 1 — o — P(&.). O

A.2.4 Proof of Proposition 6

Proposition 6 can be proved with arguments very similar to those used in the proof of Proposition 5.

Lemma 12. For any ¢ > 0 it holds E[Ty(f)] = Apy(e). For n larger than an absolute constant and for
some universal constant C > 0, it holds

V) < ans(e) + A2+ 0%()))]

Corollary 5. For any ¢ € (0,1], it holds E[T,§4)|NHA(U*) = 0] = Apa(u*). Moreover, there erists a
universal constant C' > 0 such that

V(T Noa () = 0) < & [As(u) + (A2 + 02w )] (3%)

Proof of Proposition 6. The proof follows the same scheme as the one in Lemma 5. Here we only
remark that Equation (38) implies

VT Noa () = 0) < & [Apsu) + (6 + 02w )] < [ ) apatut) + 1A + 2@,
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since Apg(u*) < (u*)*Apy(u*). By means of BCI we thus deduce that
(4) _ )

P (‘ Tn” — Apa(u”)

V[ Bt + 82 + 02w )]

1
> JaNna ) = 0) <a,

which, using that a > log(n)~! and the definition of u*, implies

T7$4) — %Au;;(u*)
P
<¢€;[A<22 +02(u))]

1
<NnAu*:0>§a,
< I Vaa(u)

for some universal constant C’ and for n larger than a universal constant. O

A.3 Proofs of the Lemmas involved in the proof of Theorem 5
A.3.1 Proof of Lemma 1
Let @ be such a test for Hy : P against H; : Q. The conditions on ® lead to

[P — Q%" ||ry > [Pp, (® =0) — Pp, (2 =0)] > 1 — a1 — ap.

A.3.2 Proof of Lemma 6

If v. =0: Under Hy we know that all Z; are i.i.d. realizations of the absolute values of centered Gaus-
sian random variables with variance 2AY.2. By Gaussian concentration we have that with probability
larger than 1 — 1/n, max;<; Z; < 44/AX2log(n), since n = |n/2] < n.

If v. 20 : By BCI, with probability larger than 1 — «, it holds

|Npa(ut) — Andy+ o] <A+ o/,

i.e. for a = 41log(n)~! we have that with probability larger than 1 — 4log(n)~!
log(n)/2 < Npa(u™) < 2log(n).
Furthermore, we observe that

P(N;a(u™) — N(Z-,Q)A(u"') < 1) =exp(—2AAM+ o) + 2AN+ - exp(—2AN,+ )

= exp(—2log(n)/n) + 2@ exp(—2log(n)/n).

It thus follows

B({% < m. Nia(u) ~ Napa ) < 13) = ((exp(-2log(n)/m) + 227 exp(-2105(n)/m))"

= exp(—2log(n))(1 + 2log(n)/n)" — 1,

at a rate which does not depend on v,e,b, 3.
Finally, by BCI, with probability larger than 1 — «, we have

| Xia(u*) = X—1a(u®) — bA| < V(22 + o2(u*))AaL.
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So, conditional on {1 < N,a(u™) < 2log(n)}, with probability larger than 1 —log(n)~!, we have that
Vi s.t. Nia(u®) — Ny_1ya(ut) #0
[ Xia(u") = X—na(u®) —bA| < /(22 4 o2(u*))Alog(n).
We conclude observing that, conditional on {1 < Npa(u™) < 2log(n)}, with probability larger than
1 —log(n)~*, we have Vi s.t. Nia(u™) — N_oya(ut) #0
[Xia(u") = X—na@) = (X-na(w) = X—za ()] < 2v/(52 + 0*(u*)) Alog(n).

A.3.3 Proof of Lemma 7
Preliminary. Denote by Z; = [(Xia(ut)=X(-1a(w™) = (XG1)a(uh)—X—2a(uh))| and assume
that &, holds. We begin by observing that, for any w € &,, we have:

n—4log(n)

LS Zyw@) <8 <

i=1

| =

Z Zi(w). (39)

n

To show (39), let I := {i : Z; = Z;}, that is the set where no jumps of size larger than u™ occur
between (i — 2)A and iA. By means of the positivity of the variables Z; and Z;, we get

1 1 n—2log(n)

_ L < I N

=) ZosSi=z ). Zo
1<i<n—2log(n),iel i=1

Moreover, since #1¢ < 2log(n) on &,, we have
1 1
- <S8 < = .
LY gyes<lya
1<i<mn—2log(n),iel icl
Using again that P{#I° < 2log(n) N§,} = 1, the definition of I and the fact that Z-, Z; are positive,
we obtain (39).

Control when ¢, is given by (25). Note that EZ2 = 2A(%2+02(u™)), so by the Cauchy-Schwartz
inequality EZ; < \/QA(Z2 + o2(u't)). It follows by BCI, that with probability larger than 1 — 1/n

LS 5 < 2 IR )

i=1

Then, on &,, by Equation (39), with probability larger than 1—1/n it holds S,, < 24/2A(X2 + o2(ut)).

Control when ¢/, is given by (22). In this case v, = 0, then Z; = Z; which are i.i.d. and
distributed like the absolute value of a centered Gaussian random variable with variance 2A¥2. By
Gaussian concentration it then follows that with probability larger than 1 — «

max |Z;| < 24/2AX21og(2/a).

Using that Ey 0,1V ] = \/g and BCI, we conclude that with probability larger than 1 — «

n—4log(n)

= > Zg> 2 VoasE — | Loaxe - 410;5(71)\/%22 log(2/c).
(@) ™ no n

n ;
i=1
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By Equation (39), with probability larger than 1 — 2%7rn~1, it thus holds

VA2
T

A.3.4 Preliminaries for the proofs of Lemmas 8, 11 and 12

Sp =

If Y ~ N(m,X?) its moments can be computed through the recursive formula:
E[Y*] = (k — DV(VE[Y* 3] + E[Y]E[Y ], keN.
Lemma 13. Let Y ~ N(m,¥?), then it holds
E[Y3] = 3%%m 4+ m3, E[Y*] =32 +6m?S? +m?, E[Y®] = 15mE? + 10m3%? + m®,
E[Y®] = 155° + 45m?S* + 15m* 22 + m®,  E[Y7] = 105m* % + 105m>*%* 4+ 21m°%? + m”,
E[Y®] = 1055 + 420m?2° + 210m*S?* + 28m°%? 4+ m®.

Similarly, using the series expansion of the characteristic function, together with the Lévy Kintchine
formula and € > 0, we get

k €

K d iux ,
E[Ma(e)"] = JuF P (A /_E(e 1 Zux)l/g(dx)> . (40)
Lemma 14. Fore >0, set 0%(c) = [*_y*v(dy) and pi(e) == [*_y*v(dy), k > 3. We have

E[Ma(e)] =0, E[(Ma(e))’] = Ac®(e), E[(MA(E))S] = Aps(e)
E[(Ma(€))"] = Apa(e) +3A%"(e),  E[(Ma(e))’] = Aus(e) + 10A%0% () e),
E[(Ma(e))°] = Apg(e) + A% (10u3(e)* + 150° (e) pa(e)) + 15A%0°(¢),
E[(Ma(e))"] = Apz(e) + A?(210° (e) s (e) + 35u3(c)pa(e)) + 105A%0* (e) s (e),
E[(Ma(€))®] = Aps(e) + A%(35pu4(e)? + 56p3(e) ps () + 280° () (e) )

+ A3(2800° (e) 3 (€)? + 2100 (€) pa(e) ) + 105A%0% (¢).

More generally if ve is a Lévy measure such that f v(dz) > A™Y, then for any k > 2 even integer it
holds that _
E[Ma(e)"] < Ci(Bun(e) + (A (£)72),

where Cy, > 0 is a constant that depends only on k.

Proof of Lemma 14. The explicit first 8 moments are computed using Equation (40). We prove now
the last part of the Lemma. Denote M(n,e) the Lévy process with jump measure VE].[ nnes N(n,€)

—n,nl¢
n.x—:

the corresponding Poisson process and let £(n,€) be the law of the jumps given by %

By Rosenthal’s inequality there exists a constant Ck, depending on k only, such that for any k > 2,
k even

E[|Ma(n,&)*|Na(n,€) = N] < Cy max [NEXNLZ(TJ,&) [X*], INExz(n.e) [X2]]k/2]'
Averaging over Na(n,e) ~ P(A), ), we have that
EHMA (777 5)‘,6} < 6’*3 max [A)‘n,EEXNE(n,E) [Xk]a E[NA (77’ E)k/z] [EXNL(U,e)XQ]k/Q}

< Chmax | Ay Ex (o) (X, [+ ANy ]2 B X2
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where we used that for a Poisson random variable it holds for any &’ > 1 that E N~P( X k< cr(l +)\)k/
where ¢, is a constant that depends on & only. Setting ug(n, &) = fn<\z|<€ y*v(dy) we have for n small
enough such that A\, . > 1 (which always exists by assumption)

E[|Ma(n,€)*] < Cf max [Auk(n, ), [AN 2 [Ex om0 X ) /2]

< Cf maxx | Apue(n, ), [Dpa(n, )2,

where 5];/ is some constant that only depends on k. Making 1 converge to 0 gives the result. O
Corollary 6. Fore >0, set 0%(¢) = [*_y*v(dy) and pu(e) := [_y*v(dy), k > 2. It holds that
E(Xa — bA) =0, E(Xa — bA)? = Aus(e), E(Xa —Xan) =0,
— 1
E(Xa = Xan) = (1= 05 )A EZ% = 2A(S2 + o2
( A A,n) (n_ |_n/2J>2 ,LL3(5), 1 ( +o (5))
EZ! = 4pa(e) + 12(A(S? + 0(£)))?, EZ > 2Ap5(e) + (A(Z? + 02(2)))
Proof. The result is obtained combining Lemmas 13 and 14 with the independence between (Xoa —Xa)
and Xa. O
Corollary 7. For e > 0, set o2 f y2v(dy) and p(e f y*u(dy), k > 2. It holds for any

k> 2, k even integer that
E(Xa(e) = bA)* < Cu(Aun(e) + (A(E? + 0% (2)))*?),
E(Z}) < Cu(Dui(e) + (A(S? + 0% (e)))*/?),
where Cy, is a constant that depends only on k.
Proof of Corollary 7.

E(Xa(e) — bA)* = E(Ma(e) + SWa)F < 28 Y EMA()* + SFEWE
< CR(AP25F 4 Apg(e) + (Ao?(e))*/?),

where C}, is a constant that depends on k only. O

A.3.5 Proof of Lemma 8

If v. = 0. By Corollary 7, there exist universal constants C's and C1o such that E[Z]] < CA3X6
and E[Z}?] < C12AS%12. Using that Z; are i.i.d. we get

07
= [n/2]

Therefore, by means of BCI, with probability larger than 1 —log(n)~! conditional to N,a(u*) = 0 we
have

E[Y 6] < CeA®S0, V(Y,6) < AS»12,

— — C12log(n)
Voo < CelS0 4 \/(nl_zwzj)mzm

which allows to deduce that for n larger than a universal constant, with probability larger than 1 —
log(n)™!, we have Y, g < 2CsA3X5.
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If v. #0. By Corollaries 6 and 7, conditional to N,a(u*) =0, for any ¢ it holds
E[Z{|Npa(u*) = 0] > Apg(u”) + (A(E? + 0*(u")))?
E[Z{?|Noa(u*) = 0] < Cra(Apz(u*) + (AE? + 0*(u")))°),
where C'1 is the universal constant from Corollary 7. Using that the Z; are i.i.d. we obtain
E[Y 6| Nua(u*) = 0] > Apg(u”) + (A(E? + 0% (u")))°
Vol Noa () = 0) <

It follows by BCI that with probability larger than 1 —log(n)~!, conditional to N,a(u*) = 0, we have

(Aprz(u) + (A(S? + 0(u")))°).

C12log(n)
(n—[n/2])

Since p12(u*) < (u*)®ug(u*), with probability larger than 1—log(n)~! and conditional to N, (u*) = 0,
we have

Vs > Apg(u”) + (AS? + 0% (u")))* — \/ (Apa(u*) + (A(E? + 0%(u?)))0).

612 log(n)
(n —[n/2])

Finally, by means of the definition of v* and for n larger than a universal constant, with probability
larger than 1 — log(n)~! conditional to N,a(u*) = 0, it holds

7> Aus() + (A2 + ()

’ 2

Vs = Ape(u”) + (A(X? +0(u")))* - \/ ((u*)0Apg (u) + (A(32 + 02(u")))°).

A.3.6 Proof of Lemma 11
Note that E[X ] = bA and that V(X ) = (n — [n/2]) LA(Z? + 02(¢)). Write

A(X2 4 02(¢))
a(n —[n/2])~"

&' ={[Xan—bA| <r,} where 7, :=r,(a)=

By BCI we have for any 0 < a < 1
PE) >1—a. (41)

Conditional on &/ we have by Corollary 6 and the definition of r,

(A(R2 4 02(e)))*?

IE[Y 310 — Aps(e)| <73+ 3A(2? + 02(g))r, < 100 N :

for a > log(n)~!. '

Now we compute V(TT(LB)). Since XA, and YJA’,L are independent, as they are computed on two
independent samples, the elements of the sum are independent of each other conditional on the second
half of the sample. Then, conditional on the second half of the sample

" 1 2 1 s ~ 2.y
V(Tég)wn ) < (1 - (’I’L — \_’I’L/QJ)Q) I_n/2J2 ; E[[(XZA - X(i—l)A - XA,TI)?)] ‘gn]

16
< ;E“Xm — X(inya — A% + [Xan — Ab]Glfi{}

< %6 [56 (Auﬁ(g) + [A(E2 + 02(5))]3) + r?l}
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where Cg is the constant from Corollary 7. Hence, by Equation (41), there exists a universal constant
C such that

VaPey) < < Aus(e) + (A2 + 02",

A.3.7 Proof of Lemma 12

The main ingredient of the proof consists in establishing expansions of V(T, 7(14)). Computations are
cumbersome but not difficult, we only give the main tools here but we do not provide all computations.
By Corollary 6 and since Y, o and 7;72 are independent, we have

E[Y 2] = 2A(22 + 0%(2)), E[?ng?;p] =4A%(2? 4+ 0%())?,

E[Y 4] = 3 x 4A%(2? + 0%(e))? + 4Au4(e).

In particular, IE[ ] Ay (g). Next, we have V[Tr(fl)] < 9V[7n72?;,2] + V[Y,,.4]. We analyse these
two terms separately. -
Since the Z; in the sum composing Y, 4 are i.i.d. we have

1 _
V¥na) < 7w Z E(Z8) < L/J °Ts (Ans(e) + [A? + 0%())])

< %(Aug(a) + A2+ E)Y),

where Cg is the constant from Corollary 7, and where C' is a universal constant.
Similarly, as the Z; in the sums composing Y, » and ?;72 are i.i.d. we have

VywﬁﬁSﬂWMW?)<lJM@MU+M@Mﬂ%Mﬂ

x [L”/‘H (Au4(5) +[Aax? + 02(5))]2) +AA%(E? 02(5))2}

C’ A2py(e)?
“A(E2 (5))]4+L()}7
n
where C} is the constant from Corollary 7, and where C’ is a universal constant. Combining this with
the last displayed equation, completes the proof.

A.4 Proof of Proposition 2

Let 8 € (0,2) and consider a Lévy measure v that has a density with respect to the Lebesgue measure
such that there exist two positive constants c; > c¢_ > 0 with

c

z |5+1dm<du( x) < e S

- | |5+1

The characteristic function of the increment of this Lévy process with Brownian part of variance 2
is U = exp(¢), with

O(t) = —APY? /2 + A ) (e — 1 — itu)dv(u).

—E&
The rescaled increment has characteristic function ¥ = exp(v), with
22

Y(t) = —tzm +A 76(6“"/@ — 1 —idtu/VAs?)dv(u),
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where 02(¢) = [*_u?dv(u) € [255¢277, %52*5]. From now on, write s> = %2 + o2%(g). We have

28
2 S itu/VASE
Y(t) = —t2@ +A [ (VB 1 —itu/VAS?)du(u).

—€

Note that the cumulants of X are such that u;(g) = 0, ua(e) = 1 and for all k > 3

2c. PP 2, sk*ﬁ}

k=B (VRs)F k=B (VAs)"

In the sequel we show that Assumption (Hg(¢)) holds, for that we use the assumption

@) € |

$A/<* > Clog(n), (42)
= . . _ € c
where C' = ¢~ > 0 is a large enough constant, i.e. a := VA < og(n)

A.4.1 Preliminary technical Lemmas

Lemma 15. There exists cg > 0 a constant that depends only on B,cy,c_ such that the following
holds
) AtP »? ,
Re(v(®) < ~6st"cvmen) — 0~ 5 luesvam ~ gt Luesvany >0
VAs

where Re(y) is the real part of y.
Proof of Lemma 15. Tt holds

2 ®  tuVEAST %2
V()= —t2 = + A [ (VA 1 —itu/VAS?)dv(u) = -t = + 1.

252 . 252

We now focus on the study of I. Doing the change of variable v = tu/v As? we get

te/VAsZ ] A2
I = AVAS? (ev — 1 — i) OVAS/E)
—te/VAs? t

If te < VAs?, for 0 < v < 1, there exists an absolute constant ¢ > 0 with Re(e® —1—iv) = cos(v)—1 <
2
—cv?, then,

te/V As? —CU2
Re(I) < 2AV AS2C_tﬁ/ ———dv
0 (vV As2)B+1
8 te/VAs? 2cc. 1228
= —2Acc,7/ By = — =€ 572
,/AS2B 0 2-8 s
Since o2 (e) € [20_%, 2¢y %], whenever te < vV As? we have
cc_ o2(g) 2 ce—
Re(¥(t) < —— R - N § [
et < =T - B < (“= pye

using s = 0?(¢) + 2.
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If te > VAs?, then Re(e®™ — 1 —iv) = cos(v) — 1 < 0 for any v € R then,

B te/VA B 1
Re(I) < 2Ac_ — / Teosv) -1 <2Ac " /COS() L
0

A pB+H A2 EEE
8 1
< —2Acc_ ¢ 3 / v Bdy = —Lfﬁtﬁ,
VAs? (2-pB)VASs?

where we used the previous bound on cos(v). It follows that whenever te > v As?

2 cc— tP
Re(¢(t)) < —t°— —2A — —
Putting together the cases {te > VAs?} and {te < vVAs?} completes the proof. O

Lemma 16. There exists cg > 0 a constant that depends only on B,cy,c_ such that the following
holds fort >0

1B—1 2

W( )( < C/Bt]‘{t5<\/7} + CﬂAmg {te>VAszy T {te>\/ s2}-
Proof of Lemma 16. First, it holds
(1) 2 © du iut/VAs?

Proof is similar as the one of Lemma 15 replacing eV — 1 — itv with ive® — iv that is of order tv?
close to 0, leading to

%2 cgto?(e ) -1
W] < 15+ T Ly, b —s T e
S

Lemma 17. For any integer d > 2 we have

e d—2 2

where cg > 0 is a constant that depends only on B,c4,c_.

d—2
) = c/_gadfz,

(d) _c
O] < s NI

Proof of Lemma 17. The proof follows since for any m > 2

Y (t) = YA (i ().

Vv AS2 —€

We use the change of variable setting v = tu/v/As2, we upper bound |e!**| by 1 and use that 8 < 2. [

2
03

Then, Ka? = ¢?

int

‘We remind that a :=
for C > cins.

Sc? 2 =c

logn € = =

\/7 N < 1 by Equation (42) and
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Lemma 18. Assume that C > c¢iny (which implies Ka? < 1), there exists Cz > 0 that depends only
on fB,cy,c_ such that the following holds. For allm < K

(exp(y)) ™

ep(v) | =PI

where
tﬁ—l 2
/ —1
f(t) = (Cﬁ \/ 1) AS2€ 1{t6/ /AS2S1} + (CB \/ 1)A7\/PB 1{t€> /;Asg} + ?tl{t6> /;Asg}7
S

where cg is defined in Lemma 106.

Proof of Lemma 18. The proof is similar to the proof of Lemma 10 considering instead the induction
hypothesis H(m) : Vd € N, |R£,Lf)| < (4(cs Vv 1))mfm(1 +ma)?. Assumption H (1) holds since Ry = 1)
and Lemma 17 gives |w(d)| < c/gad_Q for d larger than 2, to prove the induction we use Lemma 17,
0< f!<aand ma®<1. O

Set tmin = clog(n).

Lemma 19. Assume that 1 < ¢2,, < ¢ (which implies K < tpin). For any m < K, and any

t € [tmin Aa™t,a™!] there exists a constant Cg > 0, depending only on (3,c,c_, such that

(exp(y)) ™ m Fon

where f(t) = (cg V 1)t, where cg is defined in Lemma 16.

Proof of Lemma 19. The proof is similar to the proof of Lemma 10 considering instead the induction
hypothesis, for C3 > 4 and t € [tyin Aa~t, a7, H(m) : Vd € N, |R5,(,i)| <cpfm(l+ m)9. The results
holds since for all m < K, we have by assumption that (1+m) <1+ K < 2tyip. O

A.4.2 Proof Proposition 2

First part of the integral ta > 1. First, on the interval ¢ € [%, 00), by Lemma 18 there exists a
constant ¢g that depends only on 3, c4, c— such that

S+ |
vV As? §

There exists by Lemma 15 a constant E% > 0 that also depends only on 3, ¢4, c_ such that

sy <za[at 1 O

12y2 AtP
SV ( A2N),ta>L
VAS

|exp(16(1))] < exp ( - 225

and also such that
lexp(i(t))| < exp(—2¢3/a”), ta> 1.

Indeed, the bound on Re(t)) given in this lemma is (up to a multiplicative constant) decreasing with
t, and at the junction point ¢t = a~' between the two parts of the upper bound it holds

-8 2-8 2
A a =Ae P = £ a?> 2e- J—a 2
VAs? s T 204
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Therefore, by Equation (42)
|exp((0)] < n=C% =@ ta> 1. (43)

Using the previous inequalities, it follows from Lemma 18 that there exists Cz > 0 depending only on
B, c4, c— such that

+o0 +o0 Bs—1 2-.9m B 2312
/ |\Il(m)(t)\2dt < exp(—Eg/a2) / C?;’"E%m {Lﬁ + %} exp ( — E%( At 7+ g))dt
(1/a)v(clog(n)) 1/a vV As? § vV As? §
oo r A¢B-T 2m 252 AtP
< eXp(*EQa/GQ)(Cﬁfﬁ)zm/ [ g} exp ( — () v ( ,@))dt
1/a  “4/As? S vV As?
too rgy2q2m 232 AtP
_ = 2 = \2m v~ =
+ exp(—¢c3/a”)(Cpcp) /1/a [ 2 ] exp ( A = Y A52B)>dt

Z=A1—|—A2.

We first consider the term A;. By definition of A7, we immediately get

oo AP m AP
A < exp(—E'ﬁ/a2)(Cgéﬁ)2m/ [ 5 X t'B_Q} exp ( — T4 ﬁ)dt
1/a “v/Ag2 VAs2

using 8 < 2 and (42) which implies 1/a > 1/C'log(n) > 1 we obtain

+o0 B m 3
Avs eXp(_E/ﬁ/GQ)(CﬁEB)zm/ [ . a275} exp(—éb - )dt

1/a \/AS2B \/ASQ'B
T AP qm AtP
< exp(—c /) (oo™ [ (=] ewp (— e .
/a  "y/Ag? VAs?
Consider the change of variable, v = At? /v Aszﬁ, and use the (43) to get
. VAR [t
A < —k(C) CaC 2m / m+1/8-1 —&-v)dv.
1<n (Cgcp) N A/Eﬂv exp(—¢jv)dv
Finally,
oy VAS? e
Ar <D 25575 (C3a) " (@) T (m + 1/8).

It follows that for any m < K = ¢2 ,log(n), An‘max > 1 and log(s)/log(n) < cmax we have if C is

nt

large enough depending only on ¢, 8, ¢4, c—, Cmax (see (43)) that
A <niml.

Now, we turn to the term As. Note that if 3 = 0 then A; = 0, in the sequel let 3 #~ 0. It holds

+o0o t32-2m $232
< 2 — \2m _(#
As < | exp( cﬁ/a )(Cscg) /32/22v1/a [ 2 ] exp( (CB =2 ))dt
52/22v1/a t22 2m At,@
+ | exp(—2¢;/a®)(Cst 2m/ — exp ( — (Chg———=) |dt| := Az 1 + Ass.
( B/ ) ﬁﬁ) \/a [52} ( <ﬁ\/@5)> 2,1 2,2
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We first consider the term Az 1, using (35), the fact that s > %2 and a > 1 (from (42))

Ao = exp(— /a2 (Coes? [ " [ 2 ety B2
21 = exp(—cz/a”)(Cpcp) ., t exp(—Cp—5-)dt
- s2/3

< . /a%)(Cscg)®™ [322m s i 2m z. 715222 d
< exp(—cz/a”)(Cpcs) exp(—Cp 22) =" exp(—Cj 552 )dt
L s~ 0

52
_ _ am[2272m 82 m s2 m+3
< exp(—¢j/a*)(Cyep)? = exp(—cgﬁ) X 2V/272™m) [E’ 22}
i B
2.1/2 2 10 12C%¢%m
N S B~B
< exp(—cs/a )[ﬁ} [ ~ } ml.

s

exp(—Chas) X ——
B2 \/576

Then, from (43) and for a constant C' large enough depending only on f3, ¢, c_, Cint, it holds for any
m < K = ¢2,,log(n) that Ay < n~*m!. Now, we consider the second term,

22 2m 52/Z2V1/a Atﬁ
Ao = expl2/a?) sl 5] [ 2" exp(—y ——— )t
1

21 Sy VA2
< exp(~cj /a®) (Cac)*" | T ept 2
S exXpl—cg/a c exp(—c .
o o 1/a B\/Aszﬁ

We apply the change of variable v = At?/v/ Aszﬁ

B B
VA2 +oo /A2
Az p < exp(—2/a®) =22 (Cyeg)®™ / (Y22 0) /B exp(—yv)dv

AJeP A

)71/ )

'~

1
= 2\ © = m =
< exp(—Cg/a%) 5(CsCs)™ 7175 (€
So for any m < K = ¢2 ,log(n), n»>A > 1 and logs/logn < cmax we have if C is large enough
depending only on ¢, 8, C+, C—, Cmax (see (43)) that
AQ’Q S n74m!.

Gathering both bounds on As 1, Az, for any m < K = c7,,log(n) we have if C' large enough
depending only on ¢;n¢, 5, C4, C—, Cmax that

AQ - A271 + A272 S 2n_4m!.
Finally, gathering all terms, we derive that (g (2)) holds on the set ta > 1
+oo
/ |\I/(m)(t)|2dt <A+ A, <3n7*'m!, m<K=c,logn,
(1/a)Vv(clog(n))

which is the desired result.

Second part of the integral ta < 1. Whenever 1/a < t,;, = clog(n), this part of the integral is
0. In what follows, assume that 1/a > t,,;, = clog(n). We have by definition of fin Lemma 19 that
there exists cg > 0 depending only on 3, ¢y, c_ such that f(t) < ¢gt. Moreover, Lemma 15 implies that
there exists ¢ > 0 depending only on 3, ¢y, c_ such that | exp(¢)(t))] < exp(—2€4t2,:,), t € [tmin, 1/a].
Then, by (42)

lexp(¥(t))] < n ™% .= n ")t € [tun, 1/al. (44)
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This together with Lemma 19 imply that there exists a constant Cg > 0 that depends only on 3, c4, c—
such that

1/a 1/a
/1 o |@™) ()2t < C3™ exp(—Chtinin) /1 o (E,@t)gm exp (— cyt?)dt.
clog(n clog(n

Using (35) and (44) we get
1/a
/ (W™ (1) [2dt < exp(—ept2,,)CF™(225)%™ x 2V/212™ml () ™2

log(n)
n= I ml x 104 /25(4CsT/4/Ty)*™

We conclude taking ¢ > 0 a large enough constant depending only on 8, ¢y, c—, ¢int (see (44))

1/a
/ |\Ij(m) (t)‘th S n74m!, m < K= Cznt log( )
clog(n)
Conclusion. Putting both parts of the integral together we have
+oo
/ 0™ (1) [2dt < 3n~4mi(s + 1),
clog(n)

This finishes the proof of Proposition 2.

A.5 Proof of Proposition 1

Let ¢ > 0 and consider a Lévy measure v. Assume that 3 is such that ¥ > cxo(e)4/log(n) where
¢s; > 0 is an absolute constant. Consider the events for i < n

Min(e) = Mi—iya(e)|  csup
- (et )

By the equation leading to Equation (29) we immediately get for Ao > 24log(n)/A and since ¢ <1

(ﬂ‘ e \/%M )\chup\/@)gzrf2

Then, it follows from ¥ > cs,0(2)4/log(n) that P((); 4;) > 1—2/n?. Note that the proof of Theorem 2
would hold exactly in the same way if one consider (Z¢)™ N ([, A;) instead of (Z¢)". For this reason,
we focus only on the event (), 4; in what follows.

The rescaled increment X (), on the event (; Ai, has characteristic function given by ¥ = &, W5,
where ®4(t) = exp(f%) and W, is the characteristic function of the rescaled jump component

Ma (¢) on A;. Namely, for du being the measure corresponding to the distribution of the rescaled
jump component Ma (g) restricted to Ay, it holds
Csup/CZ
Us(t) :/ exp(iut)du(svVAu),
_Csup/CE

where 52 = 32 4 02(¢).

Lemma 20. For any d € N, it holds \\Iléd) )] < (csup/cE)d.
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Proof. Tt immediately follows from [ du(sv/Au) =1 and ()@ = (ug)dev. a

Using that

T (@) =3 (?ﬁg)@m))

J
and Lemma 20 imply
2k ,
|\I/(k)(t)|2 < (1+ SUp> max|@gj)|2,
i<k
From Lemmas 19 and 18, with ¢y =c_ =0,5 =1, we get
(@57 (1)] < exp(—ert®/2)% )

where ¢, co > 0 depend only on ceyp, cs. Therefore, for any j € N we have proceeding as in the bound
of Ay in the proof of Proposition 2 that

+o0 , ,
/ 80O < 0] exp(esclos (),
clog(n

where C1,c3 > 0 depend only on cgyp, cs;. This concludes the proof, taking c large enough depending
only on Csyp, Cs, Cint-
B Some bounds in total variation distance

Lemma 21. If g, 0 € R, 0 < X2 < %2 and ¥y € Ry, then

) 1 — p2l
$2\@n _ 12)®n <1-— =1 Vn > 1.
||N(M1; 1) N(/”'% 2) HTV — (22 + f 27.(.22 ’ n=

Proof. Since the Lemma is trivially true if ¥; = 0 we can assume that 3; > 0 without loss of generality.
By triangular inequality, for any n > 1 we have:

IV (1, 5" =N (12, 33) %" |7y < [N (1, 53) %" =N (1, 59) " [lov + [N (p1, 53) " =N (2, 23) 2" [l 7w

Denote by ¢n(z1,...,2,) = We @ the density of a standard normal distribution on R"
and observe that
IV (i, 2™ = N (1, 23) " v = [IV(0, 23)2" — N (0, 3)%" || rv
> > >
n(21, -y 2n) — | = nl=—21, -, =2n)|dz1...dz,
(21 2n) (22) 14 (2221 Sy ) AL a2

-3/,
1
IR
=18 @i)
:1—(%;)+1/n (&)n<g@n(&zl,... &zn) —Lpn(zl,...,zn))dzl...dzn

2 2 o DN '3,
- ()" n
By (@) -1 @)
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Let U be any n x n orthonormal matrix with first column given by (%’ cee ﬁ)t, set @ = u1£2u2 and
B=Ua,...,a)t = (y/na,0,...,0)t. Observe that ¢, (Uz) = ¢, (z) for any € R™. We have:
1 T1— Ty — M1 T — 2 Ty — fh2
n2)®n nZ)en z—/ (2 — P
||N(/J1, 2) N(M?v 2) HTV 22721 o ¥ ( DR ) ) ¥y ) ( ¥y y y >y
1
- 5/ on(z1 =z —a) —pn(z1...,20) |d21 .. dzy.
Let z = (z1,...,2,)". By the change of variable y = Utz we get
/ @n(zl —oz,...,zn—a) —on(21...,20)|d21 ... d2y

:/]R lon (Uy = (..., )") — on(Uy)ldys . . . dyn

= /R lon(U(y = B)) = on(Uy)ldys - . . dyn

= /R lon(y1 — VoL ya, o Yn) = On(Yis - yn)ldyr - .. dyn

— [ Jertw = viae) [T ertw) - TLoa(0) | .o,

" j=2 j=1
Viilal
2 2y/n|a|
= —vna) — dy; = 2 dy < .
Lot = v —ertwian =2 [ 1 ooy < 2L
We deduce that il |
N 722®n_N ’22®n < n/j/l_,uﬂ.
H (Ml 2) (/1’2 2) ||TV = mEQ
O

Lemma 22. Let (X;);>1 and (Y;);>1 be sequences of i.i.d. random variables a.s. different from zero
and N, N’ be two Poisson random variables with N (resp. N') independent of (X;)i>1 (resp. (Yi)i>1).
Denote by X (resp. X') the mean of N (resp. N'). Then, for anyn > 1

()" -#(5)

Proof. The proof is a minor extension of the proof of Theorem 13 in [14]. For the ease of the reader
we repeat here the essential steps. Without loss of generality, let us suppose that A > )\ and write
A=a+ N, a>0. By triangle inequality,

RN
<n(AAXN)| Xy = Yi|ry 41— e A=A
TV

N n N’ n N n N” mn
l(Xx) -«(%) |, <[«(5=) -=(&x)
i=1 i=1 TV i=1 i=1 TV
N" Rn N’ ®n
PG (5, e
i=1 i=1 TV

where N” is a random variable independent of (X;);>1 and with the same law as N'.
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Let P be a Poisson random variable independent of N” and (X;);>1 with mean «. Then,

N ®n N ®n N"+P ®n N ®n
l(Xx) -#(5x) |, -l(5 ) -#(3x)
i=1 i=1 i=1

TV

i=1 TV

N

where (46) follows by Lemma 23.

In order to bound the second addendum in (45) we condition on N’ and use again Lemma 23 joined
with the fact that £ (N') = Z(N"). Denoting by Ny, ..., N/, n independent copies of N” and by X; ;
(resp. Y;;), j=1,...,nand i > 1, n independent copies of X; (resp. Y;), we have:

N ®n N’ ®n

(Sn) ()
i=1 i=1

f(iXi’l,...,iXi7n> _g(in,h'"vﬁn,n)
i=1 i=1 =1 i=1

(mall X110 = Yiallov + -+ ma | X100 = Yiallov)P(N] = my) ... P(N), = my)

TV

P(N; =mq)...P(N), =m,)
v

m1>0,...,mu, >0
< >

m12>0,...,mny >0

= [ X1 = Y1l7v(E[Ny] + - - + E[N,]) = nN[| X1 = Y1 7v.

O

Lemma 23. Let X, Y and Z be three random variables on RN, N > 1, with Z independent of X and
Y. Then,

12X +2) =LY + Z)[lrv <[[X =Yllzv. (47)

Let (X;)™, and (Y;)™, be independent random variables on (RY, B(RY)), N > 1. Then, for any
m>1,

m

>ox-3w
i=1 i=1 TV

Proof. To prove (47) one can use the variational definition of the total variation. Denoting by P4 the
law of a random variable A, it holds

m

< Z X = Yillrv. (48)
i=1

ALK )= L0+ Dl = s [ 50 (P ad) — Pyz(a)

- o [ 16 )( [ Pt = (P taz) - Pyr(a)
= sup [ [ f@)Palde - 2)(Px(d2) - Pr(d).

lflle<1

Denote by gf(z) = [ f(z)Pz(dz — z) and observe that gy is measurable with [|gs||sc < |/ f]loc- It then
follows that

sup /gf(z)(PX(dz) — Py(dz)) < sup /g(z)(PX(dz) — Py (d2)) =2||X = Y||lrv.

[l flloo<1 llglloe <1
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Equation (48) is straightforward using (47). Indeed, by induction, it suffices to prove the case n = 2.
Let X5 be a random variable equal in law to X5 and independent of Y; and of X;. By triangle
inequality we deduce that

12(X1 + Xo) = Z(V1 + Vo) rv < [[L(X1 + Xs) = L (V1 + Xo)[rv + [ £ (Vi + Xp) — L (Vi + Va)||zv
and by means of (47) we conclude that

|L(YV1 + X)) — Z(V1 + Ya)|lov < | X2 — Ya|ov = || X2 — Yalov
[L(X1 4+ X3) — L(Y1 + Xo)l|lzv < | X1 — Yilzv.

Lemma 24. Let P and Q) be probability density. For any n > 1 it holds:

[P2™ — Q®"||lrv < /2n||P — Qlrv.

Proof. Let H(P, Q) denote the Hellinger distance between P and @), i.e.

H(P,Q) = /(@— \/%Ydu

where p it is a common dominating measure for P and @. It is well known (see e.g. Lemma 2.3 and
Property (iv) page 83 in [19]) that

HQ(S,Q) S ||P_Q||TV SH(P7Q), HQ(P®n7Q®n) :2<1_ (1_ H2(§aQ)>n>

In particular H2(P®", Q®") < nH?(P,Q) and ||[P®" — Q®"|rv < /nH2(P,Q) < \/2n|P — Q| rv,
as desired. O
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