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Motivations
• Rigorously identified sudgrid dynamics effects  

• Injecting likely small-scale dynamics  

• Studying bifurcations and attractors  
 

• Quantification of modeling errors  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Climate projections

Ensemble forecasts and data assimilation



• Stochastic transport 

• Stochastic Navier-Stokes : SALT vs LU 

• Unresolved velocity parametrisation

Contents
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Part I 
Stochastic transport
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Usual random CFD
• Random parameters, 

boundary conditions, forcing 

• Random initial conditions 

• Arbitrary Gaussian forcing 

• Averaging, homogenization 

•  Mori-Zwanzig, MSM 

•  SPPT, SKEBS

Other (complementary) issues 

Underdispersive  
+   need large ensemble 

Adding energy          
+  wrong phase 

Assumptions and   
energy issues 

Increase dimension 

Not physically-based, ad hoc tuning needed, 
increase dimension, stability issues
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v = w + �Ḃ

SALT & LU : 
Adding random velocity
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Resolved
large scales

White-in-time
small scales

SALT & LU : 
Adding random velocity

 6

Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt
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Large scales:  
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ
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Stratonovich
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

LU SALT

Ito

Stratonovich

dXt = w⇤(Xt, t)dt+ �(Xt, t) � dBt

= w(Xt, t)dt+ �(Xt, t)dBt



Advection  
of tracer Θ
D⇥

Dt
= 0
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Large scales:  

Small scales: 

Variance 
tensor: 
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�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

Ito-Wentzell 
formula 
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Advection  
of tracer Θ
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

@t⇥+ (w⇤ + � � Ḃ) ·r⇥ = 0
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Advection  
of tracer Θ
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✓
1

2
ar⇥

◆
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Advection
Diffusion

Advection  
of tracer Θ

Stratonovich drift : « Drift correction »  
in Ito notations

@t⇥+w? ·r⇥+ �Ḃ ·r⇥ = r ·
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Advection
Diffusion
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Multiplicative 
random 
forcing
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Advection
Diffusion

Advection  
of tracer Θ

Stratonovich drift : « Drift correction »  
in Ito notations

Multiplicative 
random 
forcing

Balanced 
energy 

exchanges

@t⇥+w? ·r⇥+ �Ḃ ·r⇥ = r ·
✓
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Large scales:  
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Part II 
Stochastic Navier-Stokes 

SALT vs LU
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Comparison
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LU SALT

Scalar
(e.g. SQG)

Navier-Stokes

Vorticity

Kinetic energy 
conservation

Helicity  
(& 2D enstrophy)

conservation

Identical

2 differences

2 differences



Navier-Stokes LU
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Dw

Dt
= �1

⇢
rp
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Pressure

Navier-Stokes LU
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Dw

Dt
= �1

⇢
rp
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Pressure

Stochastic 
transport 
of Ito drift

Navier-Stokes LU
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Pressure

Stochastic 
transport 
of Ito drift

Navier-Stokes LU

 12

Conserve (Ito) kinetic energy

Dw

Dt
= �1

⇢
rp
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Navier-Stokes SALT
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Dw⇤

Dt
+r(� � Ḃ)Tw⇤ = �1

⇢
rp
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Pressure

Stochastic 
transport of 

Stratonovich drift

Navier-Stokes SALT
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⇢
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Pressure

Stochastic 
transport of 

Stratonovich drift

Navier-Stokes SALT
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Additional term

Conserve (Stratonovich) helicity

Dw⇤

Dt
+r(� � Ḃ)Tw⇤ = �1

⇢
rp
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Part III 
Unresolved velocity 

parametrisation

Code available online
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Parameter-free models for �
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

Cotter et al. 
2018b

Resseguier et al. 
2017b

Applicable to : LU & SALT LU & SALT

Homogeneous No Yes

Stationary Yes Not anymore

Self-similar
assumption No Yes

Data-driven Yes No
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SQG

Hyper- 
viscosity

Reference flow: 

deterministic 

SQG 

512 x 512

Forcing

Db

Dt
= �↵HV �

4b

� 1

⌧
(b� F )

u =
⇣
cst.r?��1/2

⌘
b
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Conclusion
• Stochastic transport (in LU & SALT) blindly describes 

unresolved triades 

• LU conserves kinetic energy / SALT conserves helicity 

• For the small-scale velocity parametrisation, 
both the data-driven (Cotter et al. 2018b) and the self-
similar method (Resseguier et al. 2017b) 
lead to accurate uncertainty quantification 
(to address filter divergence) 

• Additional results: 
Energy-flux modulation improves the simulations
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