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Motivations
• Mimic interaction wave / (small-scale) current  

Small-scale currents are hardly observed or simulated  

Waves see them during very short time 

• Quantification of associated modelling errors 
 

• Improve the Scalian’s wave simulator  

• Study influence of swell / current interactions onto satellite altimetry
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Ensemble forecasts and data assimilation



Part I 
Scalian
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CEN « Simulation » (~ 70 people)

R&D and engineering

Expertise:
• Radar, optronics, sonar
• Geophysical fluid dyn.
• Mechanical and  

thermal

Business:
• Scientific softwares
• Simulations, HPC
• VR & AR

L@b 
(~ 15 peoples)

Research, R&T, R&D
 

Expertise:
• Geophysical fluid dyn.
• Signal, data assimilation
• Machine Learning
• Multi-agents systems

•Drones

Other Business Units

~ 2400 people 
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SeaMotion-radar 
simulator

• Simple (mainly linear dynamics) and fast 
simulation of surface gravity waves  

• Coupled with radar simulation 

• Lot of physical phenomena taking into 
account  

• Used to study satellite altimetry 
measurements 



Part II 
Waves LU
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v = w + �Ḃ

LU :Adding 
random velocity
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v = w + �Ḃ

Resolved
large scales

LU :Adding 
random velocity
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v = w + �Ḃ

Resolved
large scales

White-in-time
small scales

LU :Adding 
random velocity
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v = w + �Ḃ

Resolved
large scales

White-in-time
small scales

LU :Adding 
random velocity
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt



v = w + �Ḃ

Resolved
large scales

White-in-time
small scales
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt



Dispersion ratio 
At the first order 
in steepness : 
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Large scales:  

Small scales: 

Variance 
tensor: 

Wave: 

Doppler 
frequency:
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a = a(x,x) =

E{�dB (�dB)T }
dt
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Dispersion ratio 
At the first order 
in steepness : 
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Dispersion ratio 
At the first order 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Frequency without currents

Stochastic 
transport

Dispersion ratio 
At the first order 
in steepness : 
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Conservation of 
action 

Case 0: 
Stationary deterministic velocity

Stretching of phase 
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k̇ = �rwT k
<latexit sha1_base64="n+ZRtx5y3T2EOoNsC/UsqZ0sywM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0sigm6EohuXFfqCNpbJdNIOmUzCzI1SQt34K25cKOLWv3Dn3zhts9DWAxcO59w7c+/xE8E1OM63tbC4tLyyWlgrrm9sbm3bO7sNHaeKsjqNRaxaPtFMcMnqwEGwVqIYiXzBmn54Pfab90xpHssaDBPmRaQvecApASN17f1OLwYc4kt8gjuS+ILgh7saxmHXLjllZwI8T9yclFCOatf+Mk/RNGISqCBat10nAS8jCjgVbFTspJolhIakz9qGShIx7WWTC0b4yCg9HMTKlAQ8UX9PZCTSehj5pjMiMNCz3lj8z2unEFx4GZdJCkzS6UdBKjDEeBwH7nHFKIihIYQqbnbFdEAUoWBCK5oQ3NmT50njtOw6Zff2rFS5yuMooAN0iI6Ri85RBd2gKqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gBXm5Th</latexit><latexit sha1_base64="n+ZRtx5y3T2EOoNsC/UsqZ0sywM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0sigm6EohuXFfqCNpbJdNIOmUzCzI1SQt34K25cKOLWv3Dn3zhts9DWAxcO59w7c+/xE8E1OM63tbC4tLyyWlgrrm9sbm3bO7sNHaeKsjqNRaxaPtFMcMnqwEGwVqIYiXzBmn54Pfab90xpHssaDBPmRaQvecApASN17f1OLwYc4kt8gjuS+ILgh7saxmHXLjllZwI8T9yclFCOatf+Mk/RNGISqCBat10nAS8jCjgVbFTspJolhIakz9qGShIx7WWTC0b4yCg9HMTKlAQ8UX9PZCTSehj5pjMiMNCz3lj8z2unEFx4GZdJCkzS6UdBKjDEeBwH7nHFKIihIYQqbnbFdEAUoWBCK5oQ3NmT50njtOw6Zff2rFS5yuMooAN0iI6Ri85RBd2gKqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gBXm5Th</latexit><latexit sha1_base64="n+ZRtx5y3T2EOoNsC/UsqZ0sywM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0sigm6EohuXFfqCNpbJdNIOmUzCzI1SQt34K25cKOLWv3Dn3zhts9DWAxcO59w7c+/xE8E1OM63tbC4tLyyWlgrrm9sbm3bO7sNHaeKsjqNRaxaPtFMcMnqwEGwVqIYiXzBmn54Pfab90xpHssaDBPmRaQvecApASN17f1OLwYc4kt8gjuS+ILgh7saxmHXLjllZwI8T9yclFCOatf+Mk/RNGISqCBat10nAS8jCjgVbFTspJolhIakz9qGShIx7WWTC0b4yCg9HMTKlAQ8UX9PZCTSehj5pjMiMNCz3lj8z2unEFx4GZdJCkzS6UdBKjDEeBwH7nHFKIihIYQqbnbFdEAUoWBCK5oQ3NmT50njtOw6Zff2rFS5yuMooAN0iI6Ri85RBd2gKqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gBXm5Th</latexit><latexit sha1_base64="n+ZRtx5y3T2EOoNsC/UsqZ0sywM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0sigm6EohuXFfqCNpbJdNIOmUzCzI1SQt34K25cKOLWv3Dn3zhts9DWAxcO59w7c+/xE8E1OM63tbC4tLyyWlgrrm9sbm3bO7sNHaeKsjqNRaxaPtFMcMnqwEGwVqIYiXzBmn54Pfab90xpHssaDBPmRaQvecApASN17f1OLwYc4kt8gjuS+ILgh7saxmHXLjllZwI8T9yclFCOatf+Mk/RNGISqCBat10nAS8jCjgVbFTspJolhIakz9qGShIx7WWTC0b4yCg9HMTKlAQ8UX9PZCTSehj5pjMiMNCz3lj8z2unEFx4GZdJCkzS6UdBKjDEeBwH7nHFKIihIYQqbnbFdEAUoWBCK5oQ3NmT50njtOw6Zff2rFS5yuMooAN0iI6Ri85RBd2gKqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gBXm5Th</latexit>

White & Fornberg 1997

Random ray 

ẊR = ug
<latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit>



Conservation of 
action 

Case 0: 
Stationary deterministic velocity

Stretching of phase 
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cst. = A =
a2

!0
<latexit sha1_base64="C+fmu7ycW4Bs1SvTRlzraUJ/iYU=">AAACEHicbVDJSgNBEO1xjXGLevTSGERPYSYIehGiXjxGMAtkYujp1CRNeha6a8QwzCd48Ve8eFDEq0dv/o2d5aCJDwoe71VRVc+LpdBo29/WwuLS8spqbi2/vrG5tV3Y2a3rKFEcajySkWp6TIMUIdRQoIRmrIAFnoSGN7ga+Y17UFpE4S0OY2gHrBcKX3CGRuoUjlyEB0y5xlJGz+mFKddXjNOU3ZWz1I0C6LGOnXUKRbtkj0HniTMlRTJFtVP4crsRTwIIkUumdcuxY2ynTKHgErK8m2iIGR+wHrQMDVkAup2OH8rooVG61I+UqRDpWP09kbJA62Hgmc6AYV/PeiPxP6+VoH/WTkUYJwghnyzyE0kxoqN0aFco4CiHhjCuhLmV8j4zeaDJMG9CcGZfnif1csmxS87NSbFyOY0jR/bJATkmDjklFXJNqqRGOHkkz+SVvFlP1ov1bn1MWhes6cwe+QPr8wf7rZvq</latexit><latexit sha1_base64="C+fmu7ycW4Bs1SvTRlzraUJ/iYU=">AAACEHicbVDJSgNBEO1xjXGLevTSGERPYSYIehGiXjxGMAtkYujp1CRNeha6a8QwzCd48Ve8eFDEq0dv/o2d5aCJDwoe71VRVc+LpdBo29/WwuLS8spqbi2/vrG5tV3Y2a3rKFEcajySkWp6TIMUIdRQoIRmrIAFnoSGN7ga+Y17UFpE4S0OY2gHrBcKX3CGRuoUjlyEB0y5xlJGz+mFKddXjNOU3ZWz1I0C6LGOnXUKRbtkj0HniTMlRTJFtVP4crsRTwIIkUumdcuxY2ynTKHgErK8m2iIGR+wHrQMDVkAup2OH8rooVG61I+UqRDpWP09kbJA62Hgmc6AYV/PeiPxP6+VoH/WTkUYJwghnyzyE0kxoqN0aFco4CiHhjCuhLmV8j4zeaDJMG9CcGZfnif1csmxS87NSbFyOY0jR/bJATkmDjklFXJNqqRGOHkkz+SVvFlP1ov1bn1MWhes6cwe+QPr8wf7rZvq</latexit><latexit sha1_base64="C+fmu7ycW4Bs1SvTRlzraUJ/iYU=">AAACEHicbVDJSgNBEO1xjXGLevTSGERPYSYIehGiXjxGMAtkYujp1CRNeha6a8QwzCd48Ve8eFDEq0dv/o2d5aCJDwoe71VRVc+LpdBo29/WwuLS8spqbi2/vrG5tV3Y2a3rKFEcajySkWp6TIMUIdRQoIRmrIAFnoSGN7ga+Y17UFpE4S0OY2gHrBcKX3CGRuoUjlyEB0y5xlJGz+mFKddXjNOU3ZWz1I0C6LGOnXUKRbtkj0HniTMlRTJFtVP4crsRTwIIkUumdcuxY2ynTKHgErK8m2iIGR+wHrQMDVkAup2OH8rooVG61I+UqRDpWP09kbJA62Hgmc6AYV/PeiPxP6+VoH/WTkUYJwghnyzyE0kxoqN0aFco4CiHhjCuhLmV8j4zeaDJMG9CcGZfnif1csmxS87NSbFyOY0jR/bJATkmDjklFXJNqqRGOHkkz+SVvFlP1ov1bn1MWhes6cwe+QPr8wf7rZvq</latexit><latexit sha1_base64="C+fmu7ycW4Bs1SvTRlzraUJ/iYU=">AAACEHicbVDJSgNBEO1xjXGLevTSGERPYSYIehGiXjxGMAtkYujp1CRNeha6a8QwzCd48Ve8eFDEq0dv/o2d5aCJDwoe71VRVc+LpdBo29/WwuLS8spqbi2/vrG5tV3Y2a3rKFEcajySkWp6TIMUIdRQoIRmrIAFnoSGN7ga+Y17UFpE4S0OY2gHrBcKX3CGRuoUjlyEB0y5xlJGz+mFKddXjNOU3ZWz1I0C6LGOnXUKRbtkj0HniTMlRTJFtVP4crsRTwIIkUumdcuxY2ynTKHgErK8m2iIGR+wHrQMDVkAup2OH8rooVG61I+UqRDpWP09kbJA62Hgmc6AYV/PeiPxP6+VoH/WTkUYJwghnyzyE0kxoqN0aFco4CiHhjCuhLmV8j4zeaDJMG9CcGZfnif1csmxS87NSbFyOY0jR/bJATkmDjklFXJNqqRGOHkkz+SVvFlP1ov1bn1MWhes6cwe+QPr8wf7rZvq</latexit>

k̇ = �rwT k
<latexit sha1_base64="n+ZRtx5y3T2EOoNsC/UsqZ0sywM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0sigm6EohuXFfqCNpbJdNIOmUzCzI1SQt34K25cKOLWv3Dn3zhts9DWAxcO59w7c+/xE8E1OM63tbC4tLyyWlgrrm9sbm3bO7sNHaeKsjqNRaxaPtFMcMnqwEGwVqIYiXzBmn54Pfab90xpHssaDBPmRaQvecApASN17f1OLwYc4kt8gjuS+ILgh7saxmHXLjllZwI8T9yclFCOatf+Mk/RNGISqCBat10nAS8jCjgVbFTspJolhIakz9qGShIx7WWTC0b4yCg9HMTKlAQ8UX9PZCTSehj5pjMiMNCz3lj8z2unEFx4GZdJCkzS6UdBKjDEeBwH7nHFKIihIYQqbnbFdEAUoWBCK5oQ3NmT50njtOw6Zff2rFS5yuMooAN0iI6Ri85RBd2gKqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gBXm5Th</latexit><latexit sha1_base64="n+ZRtx5y3T2EOoNsC/UsqZ0sywM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0sigm6EohuXFfqCNpbJdNIOmUzCzI1SQt34K25cKOLWv3Dn3zhts9DWAxcO59w7c+/xE8E1OM63tbC4tLyyWlgrrm9sbm3bO7sNHaeKsjqNRaxaPtFMcMnqwEGwVqIYiXzBmn54Pfab90xpHssaDBPmRaQvecApASN17f1OLwYc4kt8gjuS+ILgh7saxmHXLjllZwI8T9yclFCOatf+Mk/RNGISqCBat10nAS8jCjgVbFTspJolhIakz9qGShIx7WWTC0b4yCg9HMTKlAQ8UX9PZCTSehj5pjMiMNCz3lj8z2unEFx4GZdJCkzS6UdBKjDEeBwH7nHFKIihIYQqbnbFdEAUoWBCK5oQ3NmT50njtOw6Zff2rFS5yuMooAN0iI6Ri85RBd2gKqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gBXm5Th</latexit><latexit sha1_base64="n+ZRtx5y3T2EOoNsC/UsqZ0sywM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0sigm6EohuXFfqCNpbJdNIOmUzCzI1SQt34K25cKOLWv3Dn3zhts9DWAxcO59w7c+/xE8E1OM63tbC4tLyyWlgrrm9sbm3bO7sNHaeKsjqNRaxaPtFMcMnqwEGwVqIYiXzBmn54Pfab90xpHssaDBPmRaQvecApASN17f1OLwYc4kt8gjuS+ILgh7saxmHXLjllZwI8T9yclFCOatf+Mk/RNGISqCBat10nAS8jCjgVbFTspJolhIakz9qGShIx7WWTC0b4yCg9HMTKlAQ8UX9PZCTSehj5pjMiMNCz3lj8z2unEFx4GZdJCkzS6UdBKjDEeBwH7nHFKIihIYQqbnbFdEAUoWBCK5oQ3NmT50njtOw6Zff2rFS5yuMooAN0iI6Ri85RBd2gKqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gBXm5Th</latexit><latexit sha1_base64="n+ZRtx5y3T2EOoNsC/UsqZ0sywM=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0sigm6EohuXFfqCNpbJdNIOmUzCzI1SQt34K25cKOLWv3Dn3zhts9DWAxcO59w7c+/xE8E1OM63tbC4tLyyWlgrrm9sbm3bO7sNHaeKsjqNRaxaPtFMcMnqwEGwVqIYiXzBmn54Pfab90xpHssaDBPmRaQvecApASN17f1OLwYc4kt8gjuS+ILgh7saxmHXLjllZwI8T9yclFCOatf+Mk/RNGISqCBat10nAS8jCjgVbFTspJolhIakz9qGShIx7WWTC0b4yCg9HMTKlAQ8UX9PZCTSehj5pjMiMNCz3lj8z2unEFx4GZdJCkzS6UdBKjDEeBwH7nHFKIihIYQqbnbFdEAUoWBCK5oQ3NmT50njtOw6Zff2rFS5yuMooAN0iI6Ri85RBd2gKqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gBXm5Th</latexit>

White & Fornberg 1997

Random ray 

ẊR = ug
<latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit>

Large scale 
group velocity:  

Wave: 

Doppler 
frequency:

w

ae
i
✏�

<latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit>

!0 =
p

gkkk
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Ratio 
effective rotation / strain rate

Simple linear case 1: 
stationary deterministic, 

divergence-free and 
linear in x large-scale velocity

Stretching of phase 
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= r � cos(⇣)

EllipticHyperbolic

D

D⌧
(ln (kr⇥k)) = � sin(⇣)
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<latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit>

!0 =
p

gkkk
<latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit>

+rk!0
<latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit>



Conservation of action 

Log-normal amplitude

Simple linear case 2: 
no large-scale current 

+ homogeneous and divergence-free  
small-scale velocity

Wave with  
Brownian phase 

Stochastic stretching of phase 

Log-normal wave- number
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k̇ = �r(�Ḃ)T k
<latexit sha1_base64="BkIl2yeptLnZm7C5+74a8KUpMD0=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EEBvLCHlBdg13J5NkyOzsMjMrhCV/YOOv2FgoYmtr59842aTQ6IGBwzn3cOeeIOZMacf5snJLyyura/n1wsbm1vaOvbvXVFEiCW2QiEeyHYCinAna0Exz2o4lhTDgtBWMrqd+655KxSJR1+OY+iEMBOszAtpIXfvY60Uaj/AVPsWegIADLnmKDULAmVM9uatjPOraRafsZMB/iTsnRTRHrWt/mjhJQio04aBUx3Vi7acgNSOcTgpeomgMZAQD2jFUQEiVn2b3TPCRUXq4H0nzhMaZ+jORQqjUOAzMZAh6qBa9qfif10l0/9JPmYgTTQWZLeonHOsIT8vBPSYp0XxsCBDJzF8xGYIEok2FBVOCu3jyX9I8K7tO2b09L1aq8zry6AAdohJy0QWqoBtUQw1E0AN6Qi/o1Xq0nq036302mrPmmX30C9bHN5vKmdk=</latexit><latexit sha1_base64="BkIl2yeptLnZm7C5+74a8KUpMD0=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EEBvLCHlBdg13J5NkyOzsMjMrhCV/YOOv2FgoYmtr59842aTQ6IGBwzn3cOeeIOZMacf5snJLyyura/n1wsbm1vaOvbvXVFEiCW2QiEeyHYCinAna0Exz2o4lhTDgtBWMrqd+655KxSJR1+OY+iEMBOszAtpIXfvY60Uaj/AVPsWegIADLnmKDULAmVM9uatjPOraRafsZMB/iTsnRTRHrWt/mjhJQio04aBUx3Vi7acgNSOcTgpeomgMZAQD2jFUQEiVn2b3TPCRUXq4H0nzhMaZ+jORQqjUOAzMZAh6qBa9qfif10l0/9JPmYgTTQWZLeonHOsIT8vBPSYp0XxsCBDJzF8xGYIEok2FBVOCu3jyX9I8K7tO2b09L1aq8zry6AAdohJy0QWqoBtUQw1E0AN6Qi/o1Xq0nq036302mrPmmX30C9bHN5vKmdk=</latexit><latexit sha1_base64="BkIl2yeptLnZm7C5+74a8KUpMD0=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EEBvLCHlBdg13J5NkyOzsMjMrhCV/YOOv2FgoYmtr59842aTQ6IGBwzn3cOeeIOZMacf5snJLyyura/n1wsbm1vaOvbvXVFEiCW2QiEeyHYCinAna0Exz2o4lhTDgtBWMrqd+655KxSJR1+OY+iEMBOszAtpIXfvY60Uaj/AVPsWegIADLnmKDULAmVM9uatjPOraRafsZMB/iTsnRTRHrWt/mjhJQio04aBUx3Vi7acgNSOcTgpeomgMZAQD2jFUQEiVn2b3TPCRUXq4H0nzhMaZ+jORQqjUOAzMZAh6qBa9qfif10l0/9JPmYgTTQWZLeonHOsIT8vBPSYp0XxsCBDJzF8xGYIEok2FBVOCu3jyX9I8K7tO2b09L1aq8zry6AAdohJy0QWqoBtUQw1E0AN6Qi/o1Xq0nq036302mrPmmX30C9bHN5vKmdk=</latexit><latexit sha1_base64="BkIl2yeptLnZm7C5+74a8KUpMD0=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXBG2EEBvLCHlBdg13J5NkyOzsMjMrhCV/YOOv2FgoYmtr59842aTQ6IGBwzn3cOeeIOZMacf5snJLyyura/n1wsbm1vaOvbvXVFEiCW2QiEeyHYCinAna0Exz2o4lhTDgtBWMrqd+655KxSJR1+OY+iEMBOszAtpIXfvY60Uaj/AVPsWegIADLnmKDULAmVM9uatjPOraRafsZMB/iTsnRTRHrWt/mjhJQio04aBUx3Vi7acgNSOcTgpeomgMZAQD2jFUQEiVn2b3TPCRUXq4H0nzhMaZ+jORQqjUOAzMZAh6qBa9qfif10l0/9JPmYgTTQWZLeonHOsIT8vBPSYp0XxsCBDJzF8xGYIEok2FBVOCu3jyX9I8K7tO2b09L1aq8zry6AAdohJy0QWqoBtUQw1E0AN6Qi/o1Xq0nq036302mrPmmX30C9bHN5vKmdk=</latexit>

�(x)ei(!0t+k·�Bt)
<latexit sha1_base64="YzStRjQjA/H+e9jI5OXg+bhbA7U="></latexit><latexit sha1_base64="YzStRjQjA/H+e9jI5OXg+bhbA7U="></latexit><latexit sha1_base64="YzStRjQjA/H+e9jI5OXg+bhbA7U="></latexit><latexit sha1_base64="YzStRjQjA/H+e9jI5OXg+bhbA7U="></latexit>

cst. = A =
a2

!0
<latexit sha1_base64="C+fmu7ycW4Bs1SvTRlzraUJ/iYU=">AAACEHicbVDJSgNBEO1xjXGLevTSGERPYSYIehGiXjxGMAtkYujp1CRNeha6a8QwzCd48Ve8eFDEq0dv/o2d5aCJDwoe71VRVc+LpdBo29/WwuLS8spqbi2/vrG5tV3Y2a3rKFEcajySkWp6TIMUIdRQoIRmrIAFnoSGN7ga+Y17UFpE4S0OY2gHrBcKX3CGRuoUjlyEB0y5xlJGz+mFKddXjNOU3ZWz1I0C6LGOnXUKRbtkj0HniTMlRTJFtVP4crsRTwIIkUumdcuxY2ynTKHgErK8m2iIGR+wHrQMDVkAup2OH8rooVG61I+UqRDpWP09kbJA62Hgmc6AYV/PeiPxP6+VoH/WTkUYJwghnyzyE0kxoqN0aFco4CiHhjCuhLmV8j4zeaDJMG9CcGZfnif1csmxS87NSbFyOY0jR/bJATkmDjklFXJNqqRGOHkkz+SVvFlP1ov1bn1MWhes6cwe+QPr8wf7rZvq</latexit><latexit sha1_base64="C+fmu7ycW4Bs1SvTRlzraUJ/iYU=">AAACEHicbVDJSgNBEO1xjXGLevTSGERPYSYIehGiXjxGMAtkYujp1CRNeha6a8QwzCd48Ve8eFDEq0dv/o2d5aCJDwoe71VRVc+LpdBo29/WwuLS8spqbi2/vrG5tV3Y2a3rKFEcajySkWp6TIMUIdRQoIRmrIAFnoSGN7ga+Y17UFpE4S0OY2gHrBcKX3CGRuoUjlyEB0y5xlJGz+mFKddXjNOU3ZWz1I0C6LGOnXUKRbtkj0HniTMlRTJFtVP4crsRTwIIkUumdcuxY2ynTKHgErK8m2iIGR+wHrQMDVkAup2OH8rooVG61I+UqRDpWP09kbJA62Hgmc6AYV/PeiPxP6+VoH/WTkUYJwghnyzyE0kxoqN0aFco4CiHhjCuhLmV8j4zeaDJMG9CcGZfnif1csmxS87NSbFyOY0jR/bJATkmDjklFXJNqqRGOHkkz+SVvFlP1ov1bn1MWhes6cwe+QPr8wf7rZvq</latexit><latexit sha1_base64="C+fmu7ycW4Bs1SvTRlzraUJ/iYU=">AAACEHicbVDJSgNBEO1xjXGLevTSGERPYSYIehGiXjxGMAtkYujp1CRNeha6a8QwzCd48Ve8eFDEq0dv/o2d5aCJDwoe71VRVc+LpdBo29/WwuLS8spqbi2/vrG5tV3Y2a3rKFEcajySkWp6TIMUIdRQoIRmrIAFnoSGN7ga+Y17UFpE4S0OY2gHrBcKX3CGRuoUjlyEB0y5xlJGz+mFKddXjNOU3ZWz1I0C6LGOnXUKRbtkj0HniTMlRTJFtVP4crsRTwIIkUumdcuxY2ynTKHgErK8m2iIGR+wHrQMDVkAup2OH8rooVG61I+UqRDpWP09kbJA62Hgmc6AYV/PeiPxP6+VoH/WTkUYJwghnyzyE0kxoqN0aFco4CiHhjCuhLmV8j4zeaDJMG9CcGZfnif1csmxS87NSbFyOY0jR/bJATkmDjklFXJNqqRGOHkkz+SVvFlP1ov1bn1MWhes6cwe+QPr8wf7rZvq</latexit><latexit sha1_base64="C+fmu7ycW4Bs1SvTRlzraUJ/iYU=">AAACEHicbVDJSgNBEO1xjXGLevTSGERPYSYIehGiXjxGMAtkYujp1CRNeha6a8QwzCd48Ve8eFDEq0dv/o2d5aCJDwoe71VRVc+LpdBo29/WwuLS8spqbi2/vrG5tV3Y2a3rKFEcajySkWp6TIMUIdRQoIRmrIAFnoSGN7ga+Y17UFpE4S0OY2gHrBcKX3CGRuoUjlyEB0y5xlJGz+mFKddXjNOU3ZWz1I0C6LGOnXUKRbtkj0HniTMlRTJFtVP4crsRTwIIkUumdcuxY2ynTKHgErK8m2iIGR+wHrQMDVkAup2OH8rooVG61I+UqRDpWP09kbJA62Hgmc6AYV/PeiPxP6+VoH/WTkUYJwghnyzyE0kxoqN0aFco4CiHhjCuhLmV8j4zeaDJMG9CcGZfnif1csmxS87NSbFyOY0jR/bJATkmDjklFXJNqqRGOHkkz+SVvFlP1ov1bn1MWhes6cwe+QPr8wf7rZvq</latexit>

Large scale 
group velocity:  

Small scale 
group velocity: 

Variance 
tensor: 

Wave: 

Doppler 
frequency:

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

ae
i
✏�

<latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit>

!0 =
p

gkkk
<latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit>

+rk!0
<latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit>



Simple linear case 3: 
               divergence-free and linear-in-x large-scale current 

+ homogeneous and divergence-free  
small-scale velocity

Stochastic stretching 
of phase 

k̇ = �r(w + �Ḃ)T k
<latexit sha1_base64="u8cMTvWEPEbL4HN6jKzGYrPoREs=">AAACE3icbVC7SgNBFJ2NrxhfUUubi0GIimFXBG2EEBvLCHlBEsPdySQOmZ1dZmaVEPIPNv6KjYUitjZ2/o2TR6GJBwYO59zDnXv8SHBtXPfbSSwsLi2vJFdTa+sbm1vp7Z2KDmNFWZmGIlQ1HzUTXLKy4UawWqQYBr5gVb93NfKr90xpHsqS6UesGWBX8g6naKzUSh812qGBHlzCCTQk+gIh+wDH0NC8GyCM3cLhbQmg10pn3Jw7BswTb0oyZIpiK/1l4zQOmDRUoNZ1z41Mc4DKcCrYMNWINYuQ9rDL6pZKDJhuDsY3DeHAKm3ohMo+aWCs/k4MMNC6H/h2MkBzp2e9kfifV49N56I54DKKDZN0sqgTCzAhjAqCNleMGtG3BKni9q9A71AhNbbGlC3Bmz15nlROc56b827OMvnCtI4k2SP7JEs8ck7y5JoUSZlQ8kieySt5c56cF+fd+ZiMJpxpZpf8gfP5A7CumuM=</latexit><latexit sha1_base64="u8cMTvWEPEbL4HN6jKzGYrPoREs=">AAACE3icbVC7SgNBFJ2NrxhfUUubi0GIimFXBG2EEBvLCHlBEsPdySQOmZ1dZmaVEPIPNv6KjYUitjZ2/o2TR6GJBwYO59zDnXv8SHBtXPfbSSwsLi2vJFdTa+sbm1vp7Z2KDmNFWZmGIlQ1HzUTXLKy4UawWqQYBr5gVb93NfKr90xpHsqS6UesGWBX8g6naKzUSh812qGBHlzCCTQk+gIh+wDH0NC8GyCM3cLhbQmg10pn3Jw7BswTb0oyZIpiK/1l4zQOmDRUoNZ1z41Mc4DKcCrYMNWINYuQ9rDL6pZKDJhuDsY3DeHAKm3ohMo+aWCs/k4MMNC6H/h2MkBzp2e9kfifV49N56I54DKKDZN0sqgTCzAhjAqCNleMGtG3BKni9q9A71AhNbbGlC3Bmz15nlROc56b827OMvnCtI4k2SP7JEs8ck7y5JoUSZlQ8kieySt5c56cF+fd+ZiMJpxpZpf8gfP5A7CumuM=</latexit><latexit sha1_base64="u8cMTvWEPEbL4HN6jKzGYrPoREs=">AAACE3icbVC7SgNBFJ2NrxhfUUubi0GIimFXBG2EEBvLCHlBEsPdySQOmZ1dZmaVEPIPNv6KjYUitjZ2/o2TR6GJBwYO59zDnXv8SHBtXPfbSSwsLi2vJFdTa+sbm1vp7Z2KDmNFWZmGIlQ1HzUTXLKy4UawWqQYBr5gVb93NfKr90xpHsqS6UesGWBX8g6naKzUSh812qGBHlzCCTQk+gIh+wDH0NC8GyCM3cLhbQmg10pn3Jw7BswTb0oyZIpiK/1l4zQOmDRUoNZ1z41Mc4DKcCrYMNWINYuQ9rDL6pZKDJhuDsY3DeHAKm3ohMo+aWCs/k4MMNC6H/h2MkBzp2e9kfifV49N56I54DKKDZN0sqgTCzAhjAqCNleMGtG3BKni9q9A71AhNbbGlC3Bmz15nlROc56b827OMvnCtI4k2SP7JEs8ck7y5JoUSZlQ8kieySt5c56cF+fd+ZiMJpxpZpf8gfP5A7CumuM=</latexit><latexit sha1_base64="u8cMTvWEPEbL4HN6jKzGYrPoREs=">AAACE3icbVC7SgNBFJ2NrxhfUUubi0GIimFXBG2EEBvLCHlBEsPdySQOmZ1dZmaVEPIPNv6KjYUitjZ2/o2TR6GJBwYO59zDnXv8SHBtXPfbSSwsLi2vJFdTa+sbm1vp7Z2KDmNFWZmGIlQ1HzUTXLKy4UawWqQYBr5gVb93NfKr90xpHsqS6UesGWBX8g6naKzUSh812qGBHlzCCTQk+gIh+wDH0NC8GyCM3cLhbQmg10pn3Jw7BswTb0oyZIpiK/1l4zQOmDRUoNZ1z41Mc4DKcCrYMNWINYuQ9rDL6pZKDJhuDsY3DeHAKm3ohMo+aWCs/k4MMNC6H/h2MkBzp2e9kfifV49N56I54DKKDZN0sqgTCzAhjAqCNleMGtG3BKni9q9A71AhNbbGlC3Bmz15nlROc56b827OMvnCtI4k2SP7JEs8ck7y5JoUSZlQ8kieySt5c56cF+fd+ZiMJpxpZpf8gfP5A7CumuM=</latexit>
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Action 

cst. =
a2

!0
<latexit sha1_base64="oYRGdrCvzjLuoWGGjihF+G7LBOs=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsBsEbYSgjWUE84BsDLOTu8mQ2Qczd8Ww7AfY+Cs2ForY+gF2/o2TZAtNPDBwOOdc7tzjxVJotO1va2l5ZXVtvbBR3Nza3tkt7e03dZQoDg0eyUi1PaZBihAaKFBCO1bAAk9CyxtdTfzWPSgtovAWxzF0AzYIhS84QyP1SmUX4QFTrrGS0Qvq+opxmrK7apa6UQAD1rMzk7Ir9hR0kTg5KZMc9V7py+1HPAkgRC6Z1h3HjrGbMoWCS8iKbqIhZnzEBtAxNGQB6G46PSajx0bpUz9S5oVIp+rviZQFWo8DzyQDhkM9703E/7xOgv55NxVhnCCEfLbITyTFiE6aoX2hgKMcG8K4EuavlA+Z6QNNf0VTgjN/8iJpViuOXXFuTsu1y7yOAjkkR+SEOOSM1Mg1qZMG4eSRPJNX8mY9WS/Wu/Uxiy5Z+cwB+QPr8wchcJsE</latexit><latexit sha1_base64="oYRGdrCvzjLuoWGGjihF+G7LBOs=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsBsEbYSgjWUE84BsDLOTu8mQ2Qczd8Ww7AfY+Cs2ForY+gF2/o2TZAtNPDBwOOdc7tzjxVJotO1va2l5ZXVtvbBR3Nza3tkt7e03dZQoDg0eyUi1PaZBihAaKFBCO1bAAk9CyxtdTfzWPSgtovAWxzF0AzYIhS84QyP1SmUX4QFTrrGS0Qvq+opxmrK7apa6UQAD1rMzk7Ir9hR0kTg5KZMc9V7py+1HPAkgRC6Z1h3HjrGbMoWCS8iKbqIhZnzEBtAxNGQB6G46PSajx0bpUz9S5oVIp+rviZQFWo8DzyQDhkM9703E/7xOgv55NxVhnCCEfLbITyTFiE6aoX2hgKMcG8K4EuavlA+Z6QNNf0VTgjN/8iJpViuOXXFuTsu1y7yOAjkkR+SEOOSM1Mg1qZMG4eSRPJNX8mY9WS/Wu/Uxiy5Z+cwB+QPr8wchcJsE</latexit><latexit sha1_base64="oYRGdrCvzjLuoWGGjihF+G7LBOs=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsBsEbYSgjWUE84BsDLOTu8mQ2Qczd8Ww7AfY+Cs2ForY+gF2/o2TZAtNPDBwOOdc7tzjxVJotO1va2l5ZXVtvbBR3Nza3tkt7e03dZQoDg0eyUi1PaZBihAaKFBCO1bAAk9CyxtdTfzWPSgtovAWxzF0AzYIhS84QyP1SmUX4QFTrrGS0Qvq+opxmrK7apa6UQAD1rMzk7Ir9hR0kTg5KZMc9V7py+1HPAkgRC6Z1h3HjrGbMoWCS8iKbqIhZnzEBtAxNGQB6G46PSajx0bpUz9S5oVIp+rviZQFWo8DzyQDhkM9703E/7xOgv55NxVhnCCEfLbITyTFiE6aoX2hgKMcG8K4EuavlA+Z6QNNf0VTgjN/8iJpViuOXXFuTsu1y7yOAjkkR+SEOOSM1Mg1qZMG4eSRPJNX8mY9WS/Wu/Uxiy5Z+cwB+QPr8wchcJsE</latexit><latexit sha1_base64="oYRGdrCvzjLuoWGGjihF+G7LBOs=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsBsEbYSgjWUE84BsDLOTu8mQ2Qczd8Ww7AfY+Cs2ForY+gF2/o2TZAtNPDBwOOdc7tzjxVJotO1va2l5ZXVtvbBR3Nza3tkt7e03dZQoDg0eyUi1PaZBihAaKFBCO1bAAk9CyxtdTfzWPSgtovAWxzF0AzYIhS84QyP1SmUX4QFTrrGS0Qvq+opxmrK7apa6UQAD1rMzk7Ir9hR0kTg5KZMc9V7py+1HPAkgRC6Z1h3HjrGbMoWCS8iKbqIhZnzEBtAxNGQB6G46PSajx0bpUz9S5oVIp+rviZQFWo8DzyQDhkM9703E/7xOgv55NxVhnCCEfLbITyTFiE6aoX2hgKMcG8K4EuavlA+Z6QNNf0VTgjN/8iJpViuOXXFuTsu1y7yOAjkkR+SEOOSM1Mg1qZMG4eSRPJNX8mY9WS/Wu/Uxiy5Z+cwB+QPr8wchcJsE</latexit>

Large scale 
group velocity:  

Small scale 
group velocity: 

Variance 
tensor: 

Wave: 

Doppler 
frequency:

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

ae
i
✏�

<latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit>

!0 =
p

gkkk
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Simple linear case 3: 
               divergence-free and linear-in-x large-scale current 

+ homogeneous and divergence-free  
small-scale velocity

Stochastic stretching 
of phase 

k̇ = �r(w + �Ḃ)T k
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Stochastic stretching 
of phase 

k̇ = �r(w + �Ḃ)T k
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Stochastic hyperbolicity

HyperbolicityEllipticity Ellipticity

Weak
hyperbolicity
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with elliptic bursts
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Depends on 
small scale’s 

statistics

Ratio 
effective rotation / strain rate  12

Action 

cst. =
a2

!0
<latexit sha1_base64="oYRGdrCvzjLuoWGGjihF+G7LBOs=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsBsEbYSgjWUE84BsDLOTu8mQ2Qczd8Ww7AfY+Cs2ForY+gF2/o2TZAtNPDBwOOdc7tzjxVJotO1va2l5ZXVtvbBR3Nza3tkt7e03dZQoDg0eyUi1PaZBihAaKFBCO1bAAk9CyxtdTfzWPSgtovAWxzF0AzYIhS84QyP1SmUX4QFTrrGS0Qvq+opxmrK7apa6UQAD1rMzk7Ir9hR0kTg5KZMc9V7py+1HPAkgRC6Z1h3HjrGbMoWCS8iKbqIhZnzEBtAxNGQB6G46PSajx0bpUz9S5oVIp+rviZQFWo8DzyQDhkM9703E/7xOgv55NxVhnCCEfLbITyTFiE6aoX2hgKMcG8K4EuavlA+Z6QNNf0VTgjN/8iJpViuOXXFuTsu1y7yOAjkkR+SEOOSM1Mg1qZMG4eSRPJNX8mY9WS/Wu/Uxiy5Z+cwB+QPr8wchcJsE</latexit><latexit sha1_base64="oYRGdrCvzjLuoWGGjihF+G7LBOs=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsBsEbYSgjWUE84BsDLOTu8mQ2Qczd8Ww7AfY+Cs2ForY+gF2/o2TZAtNPDBwOOdc7tzjxVJotO1va2l5ZXVtvbBR3Nza3tkt7e03dZQoDg0eyUi1PaZBihAaKFBCO1bAAk9CyxtdTfzWPSgtovAWxzF0AzYIhS84QyP1SmUX4QFTrrGS0Qvq+opxmrK7apa6UQAD1rMzk7Ir9hR0kTg5KZMc9V7py+1HPAkgRC6Z1h3HjrGbMoWCS8iKbqIhZnzEBtAxNGQB6G46PSajx0bpUz9S5oVIp+rviZQFWo8DzyQDhkM9703E/7xOgv55NxVhnCCEfLbITyTFiE6aoX2hgKMcG8K4EuavlA+Z6QNNf0VTgjN/8iJpViuOXXFuTsu1y7yOAjkkR+SEOOSM1Mg1qZMG4eSRPJNX8mY9WS/Wu/Uxiy5Z+cwB+QPr8wchcJsE</latexit><latexit sha1_base64="oYRGdrCvzjLuoWGGjihF+G7LBOs=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsBsEbYSgjWUE84BsDLOTu8mQ2Qczd8Ww7AfY+Cs2ForY+gF2/o2TZAtNPDBwOOdc7tzjxVJotO1va2l5ZXVtvbBR3Nza3tkt7e03dZQoDg0eyUi1PaZBihAaKFBCO1bAAk9CyxtdTfzWPSgtovAWxzF0AzYIhS84QyP1SmUX4QFTrrGS0Qvq+opxmrK7apa6UQAD1rMzk7Ir9hR0kTg5KZMc9V7py+1HPAkgRC6Z1h3HjrGbMoWCS8iKbqIhZnzEBtAxNGQB6G46PSajx0bpUz9S5oVIp+rviZQFWo8DzyQDhkM9703E/7xOgv55NxVhnCCEfLbITyTFiE6aoX2hgKMcG8K4EuavlA+Z6QNNf0VTgjN/8iJpViuOXXFuTsu1y7yOAjkkR+SEOOSM1Mg1qZMG4eSRPJNX8mY9WS/Wu/Uxiy5Z+cwB+QPr8wchcJsE</latexit><latexit sha1_base64="oYRGdrCvzjLuoWGGjihF+G7LBOs=">AAACDHicbVC7SgNBFJ31GeMramkzGASrsBsEbYSgjWUE84BsDLOTu8mQ2Qczd8Ww7AfY+Cs2ForY+gF2/o2TZAtNPDBwOOdc7tzjxVJotO1va2l5ZXVtvbBR3Nza3tkt7e03dZQoDg0eyUi1PaZBihAaKFBCO1bAAk9CyxtdTfzWPSgtovAWxzF0AzYIhS84QyP1SmUX4QFTrrGS0Qvq+opxmrK7apa6UQAD1rMzk7Ir9hR0kTg5KZMc9V7py+1HPAkgRC6Z1h3HjrGbMoWCS8iKbqIhZnzEBtAxNGQB6G46PSajx0bpUz9S5oVIp+rviZQFWo8DzyQDhkM9703E/7xOgv55NxVhnCCEfLbITyTFiE6aoX2hgKMcG8K4EuavlA+Z6QNNf0VTgjN/8iJpViuOXXFuTsu1y7yOAjkkR+SEOOSM1Mg1qZMG4eSRPJNX8mY9WS/Wu/Uxiy5Z+cwB+QPr8wchcJsE</latexit>

Large scale 
group velocity:  

Small scale 
group velocity: 

Variance 
tensor: 

Wave: 

Doppler 
frequency:

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

ae
i
✏�

<latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit>

!0 =
p

gkkk
<latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit>

+rk!0
<latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit>



Conservation of action 

Amplitude

General case

Random ray ẊR = ug
<latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit>

Stochastic stretching of phase 

Wave- vector

Ȧ = �r · ug A
<latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit><latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit><latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit><latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit>

A =
a2

!0
<latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit><latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit><latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit><latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit>
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k̇ =
⇣
�r(w + �Ḃ)T + (r�T )2

⌘
k

<latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit><latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit><latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit><latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit>

Large scale 
group velocity:  

Small scale 
group velocity: 

Variance 
tensor: 

Wave: 

Doppler 
frequency:

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

ae
i
✏�

<latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit>

!0 =
p

gkkk
<latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit>

+rk!0
<latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit>



Conservation of action 

Amplitude

General case

Random ray ẊR = ug
<latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit>

Stochastic stretching of phase 

Wave- vector

Ȧ = �r · ug A
<latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit><latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit><latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit><latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit>

A =
a2

!0
<latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit><latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit><latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit><latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit>
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k̇ =
⇣
�r(w + �Ḃ)T + (r�T )2

⌘
k

<latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit><latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit><latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit><latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit>

Fonction of k

Large scale 
group velocity:  

Small scale 
group velocity: 

Variance 
tensor: 

Wave: 

Doppler 
frequency:

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

ae
i
✏�

<latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit>

!0 =
p

gkkk
<latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit>

+rk!0
<latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit>



Conservation of action 

Amplitude

General case

Random ray ẊR = ug
<latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit>

Stochastic stretching of phase 

Wave- vector

Ȧ = �r · ug A
<latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit><latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit><latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit><latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit>

A =
a2

!0
<latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit><latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit><latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit><latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit>
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k̇ =
⇣
�r(w + �Ḃ)T + (r�T )2

⌘
k

<latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit><latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit><latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit><latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit> Fonction of x

Fonction of k

Large scale 
group velocity:  

Small scale 
group velocity: 

Variance 
tensor: 

Wave: 

Doppler 
frequency:

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

ae
i
✏�

<latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit>

!0 =
p

gkkk
<latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit>

+rk!0
<latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit>



Conservation of action 

Amplitude

General case

Random ray ẊR = ug
<latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit><latexit sha1_base64="57XQrzXQtJyLG/FiAyK7xI4RfIs="></latexit>

Stochastic stretching of phase 

Wave- vector

Ȧ = �r · ug A
<latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit><latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit><latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit><latexit sha1_base64="gpElryHR3D/77qNiNIOA6JRtUTk=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHcWBIRdCNU3bisYB/QhDCZTtqhk0mYmQildO3GX3HjQhG3foE7/8ZJm4W2HrhwOOfemXtPmHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4uMn91gOViiXiXg9T6se4J1jECNZGCuwDr5todIUu0QnyBA45Rh7JpSzoIc8Y5cCuOFVnAjRP3IJUoEA9sL/MmySLqdCEY6U6rpNqf4SlZoTTcdnLFE0xGeAe7RgqcEyVP5qcMkZHRumiKJGmhEYT9ffECMdKDePQdMZY99Wsl4v/eZ1MRxf+iIk001SQ6UdRxpFOUJ4L6jJJieZDQzCRzOyKSB9LTLRJLw/BnT15njRPq65Tde/OKrXrIo4S7MMhHIML51CDW6hDAwg8wjO8wpv1ZL1Y79bHtHXBKmb24A+szx+b5Zel</latexit>

A =
a2

!0
<latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit><latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit><latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit><latexit sha1_base64="FyPRReC9wNBTIXdqPFFze18peno=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgm6EqhuXFewDmhgm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrid+54FIRWNxp8cJ8TkaCBpRjLSRAvvgEl5AL5IIwwzd1/PMizkZoMDJA7vq1Jwp4CJxC1IFBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSV7xUkQThERqQnqECcaL8bPpCDo+N0odRLE0JDafq74kMcaXGPDSdHOmhmvcm4n9eL9XRuZ9RkaSaCDxbFKUM6hhO8oB9KgnWbGwIwpKaWyEeIpOHNqlVTAju/MuLpF2vuU7NvT2tNq6KOMrgEByBE+CCM9AAN6AJWgCDR/AMXsGb9WS9WO/Wx6y1ZBUz++APrM8fpJuWUA==</latexit>
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k̇ =
⇣
�r(w + �Ḃ)T + (r�T )2

⌘
k

<latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit><latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit><latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit><latexit sha1_base64="yyoGi4x14MK+FBcfe1JN153aekY="></latexit>

Non-linear 
coupling

Fonction of x

Fonction of k

Large scale 
group velocity:  

Small scale 
group velocity: 

Variance 
tensor: 

Wave: 

Doppler 
frequency:

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

ae
i
✏�

<latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit><latexit sha1_base64="Z3ehz/sR71DQZZpe+6LhhwJXmDg=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbBU9jVhE1uQS8eI5gHZGOYnfQmQ2Znl5lZISw5ePFXvHhQxKsf4c2/cfIQVLSgoajqprvLjzlT2rY/rMzK6tr6RnYzt7W9s7uX3z9oqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98MfPbtyAVi8S1nsTQC8lQsIBRoo3UzxcIhpvUCyShmGEPYsV4JLAXj9i0ny/apZp7Vj6rYkOqFd e1F6Ti1LBTsucooiUa/fy7N4hoEoLQlBOluo4d615KpGaUwzTnJQpiQsdkCF1DBQlB9dL5E1N8bJQBDiJpSmg8V79PpCRUahL6pjMkeqR+ezPxL6+b6KDaS5mIEw2CLhYFCcc6wrNE8IBJoJpPDCFUMnMrpiNiAtEmt5wJ4etT/D9pnZYcu+RclYv182UcWVRAR+gEOchFdXSJGqiJKLpDD+gJPVv31qP1Yr0uWjPWcuYQ/YD19gmTw5gU</latexit>

!0 =
p

gkkk
<latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit><latexit sha1_base64="VAqMN3xDjR0D6Y2yTytl+xg9lIc=">AAACCXicdVDLSsNAFJ34rPEVdelmsFhchURaWhdC0Y3LCvYBTQiT6SQdOnk4MxFK7NaNv+LGhSJu/QN3/o3TNoKKHrhwOOde7r3HTxkV0rI+tIXFpeWV1dKavr6xubVt7Ox2RJJxTNo4YQnv+UgQRmPSllQy0ks5QZHPSNcfnU/97g3hgibxlRynxI1QGNOAYiSV5Bmw4iQRCZFnwVPH0WEFOuKayzyEzu1I1cQzypZ50qjZdQvOSdUuSK0BbdOaoQwKtDzj3RkkOItILDFDQvRtK5VujrikmJGJ7mSCpAiPUEj6isYoIsLNZ59M4KFSBjBIuKpYwpn6fSJHkRDjyFedEZJD8dubin95/UwGDTencZpJEuP5oiBjUCZwGgscUE6wZGNFEOZU3QrxEHGEpQpPVyF8fQr/J51j07ZM+7Jabp4VcZTAPjgAR8AGddAEF6AF2gCDO/AAnsCzdq89ai/ a67x1QStm9sAPaG+fMZWYyA==</latexit>

+rk!0
<latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit><latexit sha1_base64="AIwHln0yfYQX/LMyYPfFnse7j5g="></latexit>
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Conclusion and outlooks
• Method of characteristics : low computational costs  

We can simulate a lot of realisations, and initial conditions 

• Understanding the dynamics with increasing complexity  

• Tests against statistical physics results and satellite measurements.  
Test case : Wave spectra variations due to Agulhas courant  

• Integration into the SeaMotion Radar  

• Which are the swell / current  effects on satellite measurements? 

• Outlook : stochastic Wave Watch III
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