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Motivations
• Rigorously identified sudgrid dynamics effects  

• Injecting likely small-scale dynamics  

• Studying bifurcations and attractors  
 

• Quantification of modeling errors  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Climate projections

Ensemble forecasts and data assimilation



• Stochastic transport 

• Stochastic Navier-Stokes : SALT vs LU 

• Unresolved velocity parametrisation 

• Unresolved velocity non-stationary heterogeneity

Contents

 3



Part I 
Stochastic transport

 4



Usual random CFD
• Random parameters,  

boundary conditions, forcing 

• Random initial conditions 

• Arbitrary Gaussian forcing 

• Averaging, homogenization 

•  Mori-Zwanzig, MSM

Other (complementary) 
issues 

Underdispersive  
+   need large ensemble 

Adding energy          
+  wrong phase 

Assumptions and   
energy issues 

Increase dimension
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v = w + �Ḃ

SALT & LU : 
Adding random velocity
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Resolved
large scales

White-in-time
small scales

SALT & LU : 
Adding random velocity

 6

Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt



SALT & LU : 
Adding random velocity
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt dXt = w⇤(Xt, t)dt+ �(Xt, t) � dBt

= w(Xt, t)dt+ �(Xt, t)dBt
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ
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E{�dB (�dB)T }
dt

Stratonovich

dXt = w⇤(Xt, t)dt+ �(Xt, t) � dBt
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Adding random velocity
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

Ito

Stratonovich

dXt = w⇤(Xt, t)dt+ �(Xt, t) � dBt

= w(Xt, t)dt+ �(Xt, t)dBt
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

LU SALT

Ito

Stratonovich

dXt = w⇤(Xt, t)dt+ �(Xt, t) � dBt

= w(Xt, t)dt+ �(Xt, t)dBt



Advection  
of tracer Θ
D⇥

Dt
= 0
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt



Advection  
of tracer Θ
D⇥

Dt
= 0
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

Ito-Wentzell 
formula 

(Kunita 1990)
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Advection  
of tracer Θ
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ
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Advection  
of tracer Θ
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

@t⇥+ (w⇤ + � � Ḃ) ·r⇥ = 0
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Advection  
of tracer Θ
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Large scales:  
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Advection  
of tracer Θ
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✓
1

2
ar⇥
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Advection
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Advection
Diffusion
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Stratonovich drift : « Drift correction »  
in Ito notations
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random 
forcing
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Advection
Diffusion

Advection  
of tracer Θ

Stratonovich drift : « Drift correction »  
in Ito notations

Multiplicative 
random 
forcing

Balanced 
energy 

exchanges

@t⇥+w? ·r⇥+ �Ḃ ·r⇥ = r ·
✓
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2
ar⇥
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Large scales:  
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Source term

Advection
Diffusion

Moments of a passive tracer Θ
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@tE(⇥) +w? ·rE(⇥) = r ·
✓
1

2
arE(⇥)

◆

@tV ar(⇥) +w? ·rV ar(⇥) = r ·
✓
1

2
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◆
+ (rE(⇥))TarE(⇥)

⇥(•, t0)??w(•, t), 8t0  t
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@tE(⇥) +w? ·rE(⇥) = r ·
✓
1

2
arE(⇥)

◆

@tV ar(⇥) +w? ·rV ar(⇥) = r ·
✓
1

2
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+ (rE(⇥))TarE(⇥)
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deterministic to 
random energy
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Conservation 
of the energy

d

dt

Z

⌦
⇥2 = 0
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt



Part II 
Stochastic Navier-Stokes 

SALT vs LU
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Comparison
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LU SALT

Scalar
(e.g. SQG)

Navier-Stokes

Vorticity

Kinetic energy 
conservation

Helicity  
(& 2D enstrophy)

conservation

Identical

2 differences

2 differences



Navier-Stokes LU
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Dw

Dt
= �1

⇢
rp
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Pressure

Navier-Stokes LU
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Dw

Dt
= �1

⇢
rp
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Pressure

Stochastic 
transport 
of Ito drift

Navier-Stokes LU

 13

Dw

Dt
= �1

⇢
rp
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Pressure

Stochastic 
transport 
of Ito drift

Navier-Stokes LU

 13

Conserve (Ito) kinetic energy

Dw

Dt
= �1

⇢
rp
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Navier-Stokes SALT

 14

Dw⇤

Dt
+r(� � Ḃ)Tw⇤ = �1

⇢
rp

<latexit sha1_base64="kJDwMeWxJ9/u7WZdcFGtg5o3UEU="></latexit><latexit sha1_base64="kJDwMeWxJ9/u7WZdcFGtg5o3UEU="></latexit><latexit sha1_base64="kJDwMeWxJ9/u7WZdcFGtg5o3UEU="></latexit><latexit sha1_base64="kJDwMeWxJ9/u7WZdcFGtg5o3UEU="></latexit>



Pressure

Navier-Stokes SALT
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Pressure

Stochastic 
transport of 

Stratonovich drift

Navier-Stokes SALT

 14

Dw⇤

Dt
+r(� � Ḃ)Tw⇤ = �1

⇢
rp
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Pressure

Stochastic 
transport of 

Stratonovich drift

Navier-Stokes SALT
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Additional term

Conserve (Stratonovich) helicity

Dw⇤

Dt
+r(� � Ḃ)Tw⇤ = �1

⇢
rp
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Part III 
Unresolved velocity 

parametrisation

Code available online
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Parameter-free models for �
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

Cotter et al. 
2018b

Resseguier et al. 
2017b

Applicable to : LU & SALT LU & SALT

Homogeneous No Yes

Stationary Yes Not anymore

Self-similar
assumption No Yes

Data-driven Yes No



Cotter et al. 2018b: 
Karhunen–Loève 

decomposition (EOF)
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

�dBt =
nX

i=1

⇠i(x) dWi(t)
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Variance 
tensor: 
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ
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E{�dB (�dB)T }
dt

�dBt =
nX

i=1
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weighted

EOFs learned  
on data
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Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ

a = a(x,x) =

E{�dB (�dB)T }
dt

�dBt =
nX

i=1

⇠i(x) dWi(t)
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iid  
Brownian 

motion

  PCA on : �Xk(x) = XHR

tk,tk+�t
(x)�XLR

tk,tk+�t
(x)
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Part IV 
Unresolved velocity 

non-stationary heterogeneity

 21



 22

SQG

Hyper- 
viscosity

Reference flow: 

deterministic SQG 
1024 x 1024 

Constantin et al.  
(1994, 1999, 2012)

Db

Dt
= �↵HV �

4b

u =

✓
cst.r?�� 1

2

◆
b



 22

SQG

Hyper- 
viscosity

Reference flow: 

deterministic SQG 
1024 x 1024 

Constantin et al.  
(1994, 1999, 2012)

Db

Dt
= �↵HV �

4b

u =

✓
cst.r?�� 1

2

◆
b



0 5 10
105

0

2

4

6

8

105

-1

-0.5

0

0.5

1
10-3

 23

SQG

Hyper- 
viscosity

Db

Dt
= �↵HV �

4b

u =

✓
cst.r?�� 1

2

◆
b

Reference flow: 

deterministic SQG 
1024 x 1024 

Constantin et al.  
(1994, 1999, 2012)Developed turbulence: 

strong small-scale velocity 
high ✏

<latexit sha1_base64="72xfXQIi/LbVIIOWSjClPnD7C00="></latexit><latexit sha1_base64="72xfXQIi/LbVIIOWSjClPnD7C00="></latexit><latexit sha1_base64="72xfXQIi/LbVIIOWSjClPnD7C00="></latexit><latexit sha1_base64="72xfXQIi/LbVIIOWSjClPnD7C00="></latexit>



0 5 10
105

0

2

4

6

8

105

-1

-0.5

0

0.5

1
10-3

 23

SQG

Hyper- 
viscosity

Db

Dt
= �↵HV �

4b

u =

✓
cst.r?�� 1

2

◆
b

Strong straight fronts: 
weak small-scale velocity 

low ✏
<latexit sha1_base64="72xfXQIi/LbVIIOWSjClPnD7C00="></latexit><latexit sha1_base64="72xfXQIi/LbVIIOWSjClPnD7C00="></latexit><latexit sha1_base64="72xfXQIi/LbVIIOWSjClPnD7C00="></latexit><latexit sha1_base64="72xfXQIi/LbVIIOWSjClPnD7C00="></latexit>

Reference flow: 

deterministic SQG 
1024 x 1024 

Constantin et al.  
(1994, 1999, 2012)Developed turbulence: 

strong small-scale velocity 
high ✏

<latexit sha1_base64="72xfXQIi/LbVIIOWSjClPnD7C00="></latexit><latexit sha1_base64="72xfXQIi/LbVIIOWSjClPnD7C00="></latexit><latexit sha1_base64="72xfXQIi/LbVIIOWSjClPnD7C00="></latexit><latexit sha1_base64="72xfXQIi/LbVIIOWSjClPnD7C00="></latexit>



Heterogeneous 
modulation of   

(for Resseguier et al. 2017b)
�

�

w w

 24

Large scales:  

Small scales: 

Variance 
tensor: 

w

�Ḃ
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Conclusion
• Stochastic transport (in LU & SALT) blindly describes 

unresolved triades 

• LU conserves kinetic energy / SALT conserves helicity 

• For the small-scale velocity parametrisation,  
both the data-driven (Cotter et al. 2018b) and the self-
similar method (Resseguier et al. 2017b)  
lead to accurate uncertainty quantification  
(to address filter divergence) 

• Energy-flux modulation improves the simulations
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