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ON THE SEMICLASSICAL SPECTRUM
OF THE DIRICHLET-PAULI OPERATOR

J.-M. BARBAROUX, L. LE TREUST, N. RAYMOND, AND E. STOCKMEYER

ABSTRACT. This paper is devoted to semiclassical estimates of the eigenvalues of the
Pauli operator on a bounded open set whose boundary carries Dirichlet conditions.
Assuming that the magnetic field is positive and a few generic conditions, we establish
the simplicity of the eigenvalues and provide accurate asymptotic estimates involving
Bergman-Hardy spaces associated with the magnetic field.
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1. INTRODUCTION

In this article we consider the magnetic Pauli operator defined on a bounded and
simply-connected domain 2 C R? subject to Dirichlet boundary conditions. This oper-
ator is the model Hamiltonian of a non-relativistic spin—% particle, constraint to move
in §2, interacting with a magnetic field that is perpendicular to the plane.

Formally the Pauli operator acts on two-dimensional spinors and it is given by

Py, = o (—ihV — A)]2,

where h > 0 is a semiclassical parameter and o is a two-dimensional vector whose
components are the Pauli matrices o; and o,. The magnetic field B enters in the
operator through an associated magnetic vector potential A = (A;, As) that satisfies
01Ay — 0bA; = B. Assuming that the magnetic field is positive and few other mild
conditions we provide precise asymptotic estimates for the low energy eigenvalues of
P, in the semiclassical limit (i.e., as h — 0).

Let us roughly explain our results. Let A\z(h) be the k-th eigenvalue of &, counting
multiplicity. Assuming that the boundary of  is 62, we show that there exist a > 0,
o € (0,1] such that the following holds: For all k € N*, there exists C} > 0 such that,
as h — 0,

0oCrh e 20 (1 4 0(1)) < Mp(h) < Cph e 2911 4 0(1)) .

In particular, this result establishes the simplicity of the eigenvalues in this regime. The
constants a > 0 and C} are directly related to the magnetic field and the geometry of €2
and C} is expressed in terms of Bergman and Hardy norms that are naturally associated
to the magnetic field. In the case when €2 is a disc and B is radially symmetric we
compute C} explicitly and find that 6y, = 1. This improves by large the known results
about the Dirichlet-Pauli operator [5, 7] (for details see Section 1.3.2).

These results may be reformulated in terms of the large magnetic field limit by a
simple scaling argument. Indeed, yuy(b) = 0> \x(1/b), where p(b) is the k-th eigenvalue
of [0+ (—iV — bA)|%.

Our results can also be used to describe the spectrum of the magnetic Laplacian
with constant magnetic field By. For instance, when €2 is bounded, strictly convex with
a boundary of class €7 (v > 0), the k-th eigenvalue of (—ihV — A)? with Dirichlet
boundary conditions, denoted by p(h), satisfies, for some ¢, C' > 0 and h small enough,

Boh + ch™ e M  puy(h) < Boh+ Ch™* e/

In particular, the first eigenvalues of the magnetic Laplacian are simple in the semiclas-
sical limit. As far as we know, this asymptotic simplicity was not known before and
(1.7) is the most accurate known estimate of the magnetic eigenvalues in the case of the
constant magnetic field and Dirichlet boundary conditions.

Our study presents a new approach that establishes several connections with various
aspects of analysis as Cauchy-Riemann operators, uniformisation, and, to some extent,
Toeplitz operators. We may hope that this work will cast a new light on the magnetic
Schrodinger operators.
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1.1. Setting and main results. Let Q C R? be an open set. All along the paper
will satisfy the following assumption.

Assumption 1.1.  is bounded and simply connected.

Consider a magnetic field B € C*°(Q, R). An associated vector potential A : Q — R?
is a function such that
B =014 — 0:A; .
We will use the following special choice of vector potential.
Definition 1.2. Let ¢ be the unique (smooth) solution of
Ap =B, on (),
. (1.1)
¢ =0, in 092.

The vector field A = (—0y¢, 0,9)T := V¢t is a vector potential associated with B.

In this paper, B will be positive (and thus ¢ subharmonic) so that

maxo = maxo =0.
zeQ ¢ €0} QS

In particular, the minimum of ¢ will be negative and attained in 2. Note also that the
exterior normal derivative of ¢, denoted by 0,0, is positive on 0f2.

Notation 1. We denote (-,-) the C" (n > 1) scalar product (antilinear w.r.t. the left
argument), (-, )72y the L? scalar product on the set U, || - ||z the L? norm on U
and || - || peo(y the L norm on U.

1.2. The Dirichlet-Pauli operator. This paper is devoted to the Dirichlet-Pauli op-
erator (7, Dom(#,)) defined for all h > 0 on

Dom(22,) := H*(Q; C*) N Hy(Q;C?),

and whose action is given by the second order differential operator

zi=lo-e-ap= (P n) = (T %) 02

Here p = —ihV and o = (01, 02, 03) are the Pauli matrices:

0 1 0 —1 1 0
01:(1 O)a 0-2:(2- O)a 0-3:(0_1)a

and 0-X = 01X1+09X2+03X3 for x = (X1, X2, X3) and 0-X = 01X; +09Xs for x = (X1, X3).
In terms of quadratic form, we have doing partial integration, for all u € Dom(Z2,),

(1, Put) ey = o+ (0~ Ay = |~ Al — (w,05h By - (13
Note that we have the following relation, for all x,y € R3,
(0-x)(0-y)=x-ylot+ioc-(xxXy). (1.4)

The operator &7}, is selfadjoint and has compact resolvent. This paper is mainly devoted
to the investigation of the lower eigenvalues of 9%,. Under the assumption that B > 0
on (2, these eigenvalues are the eigenvalues of .Z, .



4 J.-M. BARBAROUX, L. LE TREUST, N. RAYMOND, AND E. STOCKMEYER

Notation 2. Let (A;(h))ken+ (b > 0) denote the increasing sequence of eigenvalues of
the operator &, each one being repeated according to its multiplicity. By the min-max
theorem,

o+ (p _A)“H;(Q)

A(h) = inf su 1.5
(h) p 2
VCcDom(Z), weV \ {0}, “UHL2(Q)
dimV =k,

1.3. Results and relations with the existing literature.

1.3.1. Main theorem.

Notation 3. Let us denote by (Q2) and s (C) are the sets of holomorphic functions
on ) and C. We consider the following Bergman space

#(C) = {u € H/(C) : Ny(u) < +00} .

where

1/2
Np(u) = (/ ‘U(y1 + iy2)|26Hesszmin¢(y:y)dy> .
R2

We also introduce a weighted Hardy space
HQ) = {u € H(9) : Nu(u) < +00}.

where

1/2
Ny(u) = </89 |u (y1 + iyg)‘Q 8n¢dy) :

Here, Tmin € Q and Hess, ¢ € R?*? are defined in Theorem 1.3 below, n(s) is the
outward pointing unit normal to €, and d,¢(s) is the normal derivative of ¢ on 9 at

s € Q. We also define for P € s%(Q), A C H#*(Q),
disty (P, A) = inf {Ny(P — Q), for all Q € A} ,
and for P € $%*(C), A Cc %*(C),
distz(P, A) = inf {Ng(P — Q), forall Q € A} .
The main results of this paper are gathered in the following theorem.

Theorem 1.3. We define

Qsmin = HliQ ¢ .
e

Assume that Q is €2, satisfies Assumption 1.1, and

(a) By :=inf{B(z), x € Q} > 0,

(b) the minimum of ¢ is attained at a unique point T,

(c) the minimum is non-degenerate, i.e., the Hessian matriz Hess, . ¢ at Tmin (0T Zmin
if seen as a complex number) is positive definite.

Then, there exists 0y € (0, 1] such that for all fized k € N* |
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(1) Me(h) < Coup (k)R FH1e2bmin/M(1 4+ 05 (1)), with
2
dist — Zmin)FTL, SE2(Q
Coup(K) = 2 'SH((.Z Zmin) i ( )) ’
distg (Zkil, Pk;_2>
where Pj,_o = span (1,...,2"%) c #*(C), P_; = {0} and
Q) = {u € A*Q), u"™ (2min) =0, forn e {0,... . k—1}}.
(i) Ae(h) = Cing(k)h™*+e20mn/M (1 + 0),0(1)), with
Cint(k) = Coup (K)o -

Assuming that € is the disc of radius 1 centered at 0, and that B is radial, we have

ra 4®(det Hess,_, @ 2
Cun(k) = Cun(k) = €4 (k) = 2T g 1),
o= [ Ba)d —i/aqsd

_27T Q o x_27T T " 5

Remark 1.4. Assume that B = By > 0 and that € is strictly convex, then ¢ has
a unique and non-degenerate minimum (see [9, 10] and also [7, Proposition 7.1 and
below]). Thus, our assumptions are satisfied in this case.

Remark 1.5. The main properties of the space #%(€)) can be found in [3, Chapter
10]. Note that whenever 9 is supposed to be Dini continuous (in particular &
boundaries, with o > 0, are allowed), the set W1 (Q) N #2() is dense in S2(2) (see
Lemma B.1). This assumption is in particular needed in the proof of Theorem 1.3(i)
(see Remark 3.4)'. The definition of Dini-continuous functions is recalled in the context
of the boundary behavior of conformal maps in [11, Section 3.3]. It is essentially an
integrability property of the derivative of a parametrization of 0€). Boundaries of class
¢ are Dini-continuous.

Remark 1.6. The Cauchy formula [3, Theorem 10.4] and the Cauchy-Schwarz inequal-
ity ensure that

ML o /mingg Ong 00 |2 — Zmin| 2TV ’
for n € N and u € 2#2(Q) (see also the proof of Lemma 3.5). This ensures that J£%(Q)
is a closed vector subspace of #2(Q) and that disty ((z — zmm)* ™, H52()) > 0 (see
[2, Corollary 5.4]).

Remark 1.7. In the case when B is radial on the unit disk Q = D(0,1), we get,
using Fourier series, that (2™),¢ is an orthogonal basis for Ng and N3 which are up to
normalization factors, the Szegd polynomials [3, Theorem 10.8]. In particular, J4%(Q)
is Ny-orthogonal to z*~! so that

2
disty, <Z’H, %’f(ﬂ)) = Np(F1)? = 270,06 = 21

INote also that we do not use here the stronger notion of Smirnov domain in which the set of
polynomials in the complex variable is dense in J#2(2) (see [3, Theorem 10.6]). Starlike domains and
domains with analytic boundary are Smirnov domains.
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In addition, Py_» is Ng-orthogonal to z*~! so that

(k—1)!
2(det Hess,_. ¢)

2
diStB (Zk_l,Pk_2> = NB(Zk_1>2 =27

Y

[NIES

and the radial case part of Theorem 1.3 follows.

Remark 1.8. The proof of the upper bound can easily be extended to the case where
(2 is not necessarily simply connected (see Remark 3.4).

Remark 1.9. Theorem 1.3 is concerned with the asymptotics of each eigenvalues A (h)
of the operator &, (k € N*) as h — 0. In particular, \;(h) tends to 0 exponentially.
Of course, this does not mean that all the eigenvalues go to 0 uniformly with respect to
k. For h > 0, consider for example

{u, £ u)

vi(h) = inf T2
veH(2;C)\{0} ||U||iZ(Q)

the lowest eigenvalue of the operator .%,". For fixed h > 0, there exists k(h) € N* such
that v1(h) = A\gn)(R). By (1.2), we have v1(h) > 2Byh and thus v (h) does not converge
to 0 with exponential speed. Actually, Theorem 1.3 ensures that

lim card{j € N* , \;(h) < 11 (h)} = 400, lim k(h) = +o0.
h—0 h—0

This accumulation of eigenvalues near 0 in the semiclassical is related to the fact that
the corresponding eigenfunctions are close to be functions in the Bergman space %%(C)
which is of infinite dimension.

Remark 1.10. The constant ¢y does not depend on k € N* and is equal to 1 in the
radial case. We conjecture that the upper bounds in Theorem 1.3 (i) are optimal, that
is fp = 1 in the general case.

Actually, we can even see from our analysis that there is a class of magnetic fields for
which 0y = 1. Let Q be a €2 set satisfying Assumption 1.1. We introduce

B:={Be€%>*(D(0,1);R%),
3¢ € Hy(D(0,1);R),A¢ = B on D(0,1),02,¢0 =0 on 9D(0,1)},

r¥ns

(1.6)

and

Mg :={G : Q — D(0, 1) biholomorphic s.t. ¢; < |G'(+)| < ¢z, for some ¢y, ¢y > 0} .
Here, 0s denotes the tangential derivative. We define
Bo :={|G'(2)?BoG(z),B € B,G & Mqg}.

Our analysis (see Remarks 5.6 and 5.9) gives

lim inf ¢~/ * B () > Clup (R)

for all B € Bq,.

Using the Riemann mapping theorem, we can deduce the following lower bound for
) with Dini-continuous boundary. Its proof can be found in Section 5.4.
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Corollary 1.11. Assume that € is bounded, simply connected and that OS2 is Dini-
continuous. Assume also (a)—(c). Let k € N*. Then, there exist ¢y, Cy, > 0 and hg > 0
such that, for all h € (0, hy),

ckh*k+1€2¢min/h < )\k;<h) < Ckh*k+162¢min/h X

Remark 1.12. Note also that our proof ensures that the constants Cy, ¢ can be chosen
so that C/cx does not depend on k € N*.

Our results can be used to describe the spectrum of the magnetic Laplacian with
constant magnetic field (see Remark 1.4).

Corollary 1.13. Assume that € is bounded, strictly conver and that OS) is Dini-
continuous. Assume also that (a)—(c) hold and that B is constant.

Then, the k-th eigenvalue of (—ihV — A)? with Dirichlet boundary conditions, denoted
by ux(h), satisfies, for some ¢,C > 0 and h small enough,

Bh + ch™F1e2mn/h 1 (h) < Bh + Ch™k+1e20mn/h (1.7)

In particular, the first eigenvalues of the magnetic Laplacian are simple in the semiclas-
sical limit.

1.3.2. Relations with the literature. Let us compare our result with the existing litera-
ture.

i. When B = 1, our results improve the bound obtained by Erdds for A;(h) [5, The-
orem 1.1 & Proposition A.1]. In this case and when 2 = D(0,1), the asymptotic
expansion of the next eigenvalues is considered in [7, Theorem 5.1, c)]. Note that,

in this case, ¢ = WT_l and that Theorem 1.3 allows to recover |7, Theorem 5.1, ¢)]
by considering radial magnetic fields.

ii. In [7] (simply connected case) and [8] (general case), Helffer and Sundqvist have

proved, under assumption (a), that

lim Aln Ay (h) = 2min -
h—0

Moreover, under the assumptions (a), (b) and (c), their theorem [7, Theorem 4.2],
implies the following upper bound for the first eigenvalue

Ai(h) < A det(Hess,,,, @)% (1 + o(1))e*mn/.
They also establish the following lower bound:
Vh >0, A(h) > h2ADr(Q)e2dmn/h

where AP¥(Q) is the first eigenvalue of the corresponding magnetic Dirichlet Lapla-
cian. This estimate is an improvement of [4, Theorem 2.1].

Corollary 1.11 is an optimal improvement in terms of the order of magnitude of
the pre-factor of the exponential. It also improves the existing results by considering
the low-energy eigenvalues.

iii. The problem of estimating the spectrum of the Dirichlet-Pauli operator is closely
connected to the spectral analysis of the Witten Laplacian (see for instance [7,
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Remark 1.6] and the references therein). For example, in this context, the ground
state energy is

Jo |hVv[?e2¢/hdy

i , 1.8
venl}ér(l(z) Jo €729/ v]2dx (18)
v#0
whereas, in the present paper, we will see that it is
h(By, + 10y, )v|?e2/"d
min 1o [A0n + 10 o da (1.9)
veHL(Q) Jo €729/ v]2dx
v#0

Considering real-valued functions v in (1.9) reduces to (1.8). In this sense, (1.9)
gives rise to a “less elliptic” minimization problem.

iv. The asymptotic simplicity of the magnetic eigenvalues of Corollary 1.13 was not
known before, except in the case of constant magnetic field on a disc.

1.4. Some words about the proof and its organization. Let us discuss here the
main lines of our strategy.

Our investigation takes a big advantage of the deep connection between the spectral
analysis of the Dirichlet-Pauli operator and the Cauchy-Riemann operators on weighted
Bergman spaces directly related to the magnetic field (Section 2). This underlying
structure was recently exploited in the context of magnetic WKB constructions in [1].

In Section 3, we will provide an upper bound of Ax(h) by inserting test functions in
the min-max formulas. The following function was used in [7, Section 4]:

u=e M —e?/h

In the present paper, we will use more appropriate test functions that related to Bergman
and Hardy spaces. We will also be led to study a one dimensional variational problem
(in the normal variable of I' = 9Q2) which will be crucial in the proof of the lower bound,
see Lemma A.1.

In Section 4, we mainly discuss some ellipticity properties related to the magnetic
Cauchy-Riemann operators. Our main result there is Theorem 4.6. These estimates
will be used to prove the approximation of the eigenfunctions by their (magnetic) holo-
morphic component.

Section 5 is devoted to the lower bounds. We will prove a priori estimates on the
eigenfunctions associated with Ax(h) (see Proposition 5.4) thank to the ingredients of
Section 4. Via the Riemann mapping theorem and a Fourier analysis on the disc, we
are able to control the Szego projection of the eigenfunctions by the Dirichlet-Pauli
energy (see Lemma 5.5). This projection can itself be related to the Hardy norm
of the eigenfunctions. Ultimately, this analysis reduces to an optimization problem
of quadratic forms (Hardy and Bergman quadratic forms) on a space of holomorphic
functions and then on a finite dimensional space (see Section 5.3).

2. CHANGE OF GAUGE

The following result allows to remove the magnetic field up to sandwiching the Dirac
operator with a suitable matrix.
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Proposition 2.1. We have
e?3%/hg . p 730/ — . (p—A4). (2.1)

The proof follows from the next two lemmas and Definition 1.2 (see also [13, Theorem
7.3]).

Lemma 2.2. Let f : C — C be an entire function and A, B be two square matrices
such that AB = —BA. Then,

Af(B) = f(=B)A.

Lemma 2.3 (Change of gauge for the Dirac operator). Let ® : Q@ — R be a regular
function. We have

e (0 -p) e =g - (p—hVOT)
where V& is defined in Definition 1.2.

Proof. By Lemma 2.2, we have for £ = 1,2 that

o3P o3P

e oL = ore
Thus, by the Leibniz rule,

% (- p) e’ = (0e7? . p)e™® = o - (p —iho3 V) .
It remains to notice that —iocos = o+ := (=09, 01) so that

e*(0-p)e® =0 -p+hot - VO =0-p—ho- VO,

U
We let 0, — i) 9, + i)
. Gz 710y N
0. =" p=
We obtain then the following result.
Lemma 2.4. Let k € N* be such that A\,(h) < 2Boh. Then, we have
4 [ e 29/ hosv|?d
Ar(h) = inf sup Jo 5 _|2¢/hv| ’ (2.2)
VCHy(C), vev)\ {0}, Jo lvlPe dz
dimV =k,

We recall that \p(h) is defined in (1.5).
Proof. By (1.2) and (1.5), we get since .4," > 2Byh,

Ai(h) = inf sup - L)
VCH(%C), wev\ {0}, |20y
dimV =k,

Let u € H(Q;C) and h > 0. Letting u = e~%/"v, we have, by Proposition 2.1,

con (3], b6

L2(Q) L2(Q)

:4/6_2¢/h|hagv|2dx,
Q



10 J.-M. BARBAROUX, L. LE TREUST, N. RAYMOND, AND E. STOCKMEYER

and
2 _
ey = / o[22/ d.

3. UPPER BOUNDS

This section is devoted to the proof of the following upper bounds.

Proposition 3.1. Assume that Q is €% and satisfies Assumption 1.1. For all k € N*,
we have

Ae(h) < Cap (k)h™F 120 M (1 4+ 0(1)) (3.1)
where \g(h) and Cop(k) are defined in (1.5) and in Theorem 1.3 respectively.
3.1. Choice of test functions. Let £ € N* and m € N. By Formula (2.2), we look
for a k-dimensional subspace V}, of H}(€; C) such that

An? fQ ’(%U’%_%mdx
At | < Cap(R)h (1 4 0(1)) .
veVp\{0} fg |v|2e=2(¢=bmin)/hdy =X P

Using the min-max principle, this would give (3.1). Formula (2.2) suggests to take
functions of the form

where

i. w is holomorphic on a neighborhood on €2,
ii. the function x : 2 — [0, 1] is a Lipschitzian function satisfying the Dirichlet bound-
ary condition and being 1 away from a fixed neighborhood of the boundary.

In particular, there exists £y € (0, d(Zmin, 02)) such that
x(x) =1, for all z € Q such that d(z,0) > ¢y, (3.2)
where d is the usual Euclidean distance.

Remark 3.2. The most naive test functions set could be the following

k—l)
?

Vi = Span(Xh(Z)a <. ,Xh(.%')(Z - Zmin)
where (Xn)ne(o,1) satisfy (3.2). With this choice, one would get

4h2 [, |0zv?e 2/ da
Y S S Cap (R (1 4 0(1)
eV (0} g [0[2e~ 20— bmin)/hd g p

_ Ny ((z — zmin)kfl) ’
Coup(k) =2 ( dist (Zk_l,Pk—2) > > Couplh).

where

Note however that in the radial case C?su/p(k) = Csup(k). We will rather use functions
compatible with the Hardy space structure to get the bound of Proposition 3.1, as
explained below.
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Notation 4. Let us denote by (P,),en the Ng-orthogonal family such that P,(Z) =
7" + E?;& bnjZ?. Since P, is Ng-orthogonal to P,_1, we have
distg (2", Pp—1) = distg (P, Py—1) = inf{Np(F, — Q),Q € Pr_1}
= inf{\/Np(P,)2 4+ N5(Q)?,Q € P,_1} = N3(P,), forn € N.
Let Q, € H2(Q) be the unique function such that
disty ((z = 2min)" 247 (Q) = Ny ((2 = Zmin)" — Qn(2))

for n € {0,...,k—1}, (see Remark 1.6). We recall that Ng, Ny, P,_1, and J42(Q) are
defined in Section 1.3.1.

Lemma 3.3. For alln € {0,...,k—1}, there exists a sequence (Qpnm)men C JG2(2)N
Wbt (Q) that converges to Q,, in H*(S2).

Proof. We can write Qn(2) = (z — 2nin ) Q0 (2), with @, € S2(Q). By Lemma B.1,
there exists a sequence (Qn.m)men C F2(Q2) N Wh>(Q) converging to Q,, in F#*(Q).
We have

Ny ((z — Zmin)kﬂ(@n,m - @n)) <

(3.3)

(Z - Zmin)ki1

r) NH(Qn,m - Qn) )

Loo(

so that the sequence (Qpnm)men = ((z — Zmin)k_lén,m)mEN C H2(Q2) converges to @,
in J%(Q). O

Let us now define the k-dimensional vector space Vj, k. sup DY

Vi esup = Span(wWo p, - - - s Wr—1,1) , (3.4)
wnn(z) = h™3 P, (%) — b Qun(2), forn € {0,... k—1}.

At the end of the proof, m will be sent to +0o. Note that we will not need the
uniformity of the semiclassical estimates with respect to m. That is why the parameter
m does not appear in our notations.

Remark 3.4. Consider
~ -1 Z — Zmin _1l4n
Wnn(z) =h"2P, (—h1/2 ) —h7 2 Qu(z).

Since @, belongs to J#%(Q) ¢ H'(Q;C), the functions w, p, : © — Wy u(x1 + iz2) and
XWn, do not belong necessarily to H'(Q; C) and Hj (£2; C) respectively. That is why we
introduced Q,, . Note that to get Hj(Q; C) test functions, it suffices to impose that x
is compactly supported in 2. With this strategy, our proof can be adapted to the case
where () is non necessarily simply connected.

3.2. Estimate of the L?-norm. The aim of this section is to prove the following
estimate.

Lemma 3.5. Let h € (0,1], vy, = XZ;:& cjwjp with co, ...cp—1 € C, x satisfying (3.2)

-----

k—1

/ |vh’2€—2(¢>(x)*¢>min)/hdx = (1+0(1)) Z |Cj|2NB(Pj)2 : (3.5)
Q

J=0
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where Np is defined in Notation 3 and o(1) does not depend on ¢ = (co,...,cx-1) and
X-
Proof. Let o € (%, %), n,n €40,...,k—1}.

i. Let us estimate the weighted scalar products related to P, for the weighted L?-norm.
Using the Taylor expansion of ¢ at xi,, we get, for all z € D(xyn, h?),

— ®min 1 _
MTgb = ﬁHessacmmgb(x — Tnin, T — Tin) + O (K371 (3.6)
By using the change of coordinates
T — Tmin
Ay — i (3.7)
we find
/ hilpnpn/ (m + il’Q - Zmin> 672(¢(x)7¢mi“)/hd$
D(@min,h®) h'/?
a— - 1+ iZEQ — Zmin —LHessy . G(T—Trmin,T—Tmin
D(wmiluha)
— (1 + ﬁ(h3a_l))/ PnPn’ (y> e—HessImin¢(y,y)dy
D(0,h=1/2)

=1+ 0o(h™) ((Pm Pu)s — /(C

=1+ O )Py, Pu)s + O(h™),

PPy (y) e essrmn ) dy
\D(O,ha*1/2)

(3.8)

where the last equality follows from Assumption (c¢) in Theorem 1.3, and where
(-, -)g is the scalar product associated with Npg.

We recall Assumptions (b) and (c). Then, by the Taylor expansion of ¢ at Ty,
we deduce that

Ao
1 > . min ; 2¢4 a |

where \pin > 0 is the lowest eigenvalue of Hess, . ¢. Since P, is of degree n, there
exists C' > 0 such that

sup
e

_1 T+ Z.'IQ — Zmin
h 2P, ( RVE >

Using this with (3.9), we get

/ TN (931 + iy — Zmin) o~ 2(6(@) =G /h g
\D(Zmin,h™)

n+1 n/+1

< OR~F p=25 ehmnh™ 0400 — () (3.10)
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From (3.8) and (3.10), we find

19 1+ 1T2 — Zmin —2(¢(z)—Pmin)/h
/Qh XPnPn’( hl/2 )e de

=1+ OR* NP, Py)g+ O(h™). (3.11)

ii. Let us now deal with the weighted scalar products related to the @, ,,. Let u €
H2(Q) and 29 € D(2min, h*). By the Cauchy formula (see [3, Theorem 10.4]) and
the Cauchy-Schwarz inequality,

o
k! |dz| 12
< N — 3.12
27T\/minag 8n¢ H(U) (/3Q |Z — 20|2(k+1)> ( )

[u™ (z0)] =

k' ’dZ’ 1/2
21/ mingq 8n¢ H(U) (/3Q (lZ - Zmin’ - ha)z(k+1)> H(U)

With the Taylor formula for u = @), ,, at zmin, this gives

|Qn,m(20)‘ < C|Z0 - Zmin’kN'H(Qn,m) .
Using (3.6), this implies

’h_HTn Quan(1 + ivz) P 2D~ 0min) R g
D(zmirnha)

< Chp-(+n) / (21 + i3) — g [2Fe—200@ i) g (3.13)
D(Imin,ho‘)

< ChF " Np(2F)* < Ch.
Using (3.9) and Q,,., € WH(Q) C L*(Q), we get

Q\D(Imin ,hoz)

(3.14)
—(n+1 2 “Aminh2* L (1+0(h)) _ 00
< Ch | Qunll 20 € ol = o(h).
With (3.13) and (3.14), we deduce
/ |h_1+TnxQn7m(x1 + izg)|2e 2@ —min) /iy — O(h) (3.15)
Q

With the Cauchy-Schwarz inequality, and (3.15),

/ XQh—”T”anm(xl + ixz))h—%’ll@n,vm(% ¥ izg)e 2@ —bmn)/hdy — G(h) . (3.16)
Q

iii. Let us now consider the scalar products involving the P, and the @, ,,. Using
(3.11), (3.16), and the Cauchy-Schwarz inequality, we get

JRS (9” T Z‘““‘) B Qo + a2 @)y — (V).
Q
(3.17)
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The conclusion follows by expanding the square in the left-hand-side of (3.5) and by
using (3.11), (3.16), (3.17) . 0

Remark 3.6. From Lemma 3.5, we deduce that the vectors {xw;,,0 < j < k—1} are
linearly independent for h small enough.

3.3. Estimate of the energy. The aim of this section is to bound from above the
energy on an appropriate subspace.

Lemma 3.7. There exists a family of functions (Xn)neo,) which satisfy (3.2) and such
that, for all wy, € Vi g sup,

4/h26_2¢/h|8§(xhwh)|2dx
0

< 2h1_k|ck—1|2NH <(Z - Zrnin)k_1 - Qk—l,m) + 0(]-)h1_k||c||?2 :
Here, o(1) does not depend on wy,.

Proof. Let x be any function satisfying (3.2). We have
4/ h2e2/M Do w, |2 da = h2/ lwp|2e 2"V x|2dx = h2/ lwp|?e” 2" Vx| 2dz,
Q Q s

uppVx
where we have used that |Vy|? = 4]|0>x|? since  is real.
The proof is now divided into three steps. First, we introduce tubular coordinates
near the boundary, then we make an explicit choice of y, and finally, we control the
remainders.

i. We only need to define x in a neighborhood of I' = 0. To do this, we use the
tubular coordinates given by the map

- R/(IT|Z) x (0,t0) = Q

" (s,t) = y(s) — tn(s)
for ¢y small enough, v being a parametrization of I" with |y/(s)| = 1 for all s, and
n(s) the unit outward pointing normal at point y(s) (see e.g. [6, §F]). We let

17 () = (s(x), () , for all = €y (R/ (ITZ) x (0.10)) .
the inverse map to 1. We let, for all z € €2,
p(s(z),d(z,0Q)) ifd(z,00) <e,
otherwise.

The parameter ¢ > 0 and the function p are to be determined. We assume that
p(s,0) = 0 and p(s,t) = 1 when ¢ > e. We will choose & = o(h?).

Since the metric induced by the change of variable is the Euclidean metric modulo
O(e), we get

h2/ . |wp|?e 2" Vx| 2dx
suppVx

< (1+ 6"(5))h2 /r/ |wh|26_2"3(s’t)/h(|8tp|2 + |88p|2)dsdt,
0
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where w, = w, on and gz~5 = ¢ on. Thus, by using the Taylor expansion of g5 at
t =0, we get uniformly in s € T',

b(s,t) = t0,d(s,0) + O(1?) = —tdad(s,0) + O(?),

and

B2 / e T
suppVx

<(1+ﬁ(e+62/h))h2// |0y, | 2202 R (10,0 4 |05p|*)dsdt .
rJo

Since Qpm € W(Q), we have 9,Q,mon € L=(T x (0,¢)) and by using the Taylor
expansion of w near t = 0, we get

t
Wy(s,t) = chwmh on(s,t) = wy(s,0) +/ Oywp (s, t")dt!
0

= wy(s,0) + O(e)lenll 2
where . .
cn=(h"2co,...,h 2¢,1), (3.18)

and |||, is the canonical Euclidian norm on C*. Then,

h2/ . lwp|?e= 2"V x|2da
suppVx

< (1+6"(5+52/h))h2/|@Dh(s,0)|2/ om0/ (|9, 5% + |0, p|?)dsdt
T 0

+ ChPe el / / 2P/ (|9, p]? + |0,p|?)dsdt . (3.19)
rJo

ii. Lemma A.1 with o = 20,¢/h > 0 suggests to consider the trial state defined, for
t <e, by
1— €f2t8n¢(s)/h
p(sﬂ t) = 1— 6_288n¢(5)/h ’

and by 1 otherwise. By Lemma A.1, we get

e 20/
2tan¢/h 8 2 dt — n
/0 € | tp| 1 — 6—528n¢/h )
and
€ €
/ e2158n<25/h |asp|2 dt = |8504|2/ 62t8n¢/h ‘aoapa,af dt < Ch_2 (a—3 + G_QEEQOj_l)
0 0

< C <h+ 6—528n¢/h52h—1> )
We can choose € = h|log h| so that (3.19) becomes

h2/ |wh|26_2¢/h|VX|2dI < (1+o(1))h (/ 20n¢|ﬁ)h(s,0)|2ds + C’5||ch||§2) )
suppVyx r
(3.20)
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iii. Let us consider, for all h > 0,
N, :ceCk On® Z cjhfwjvh(s, 0) ds ,

where we recall that
win(z) =2 P, (Z _hfmin) —hT Qi)
2

The application C* x [0,1] 3 (¢, h) = Nj(c) is well defined and continuous (since
the degree of P; is j). Note, in particular, that

k-1 2 V2
N()(C) = /8n¢ ch[(z - Zmin)j - Q],m(z)] ds
r s
Notice that
Ni(en)? = / Ondlion(s, 0)[2ds = N2 (w) (3.21)
I

where ¢, is defined in (3.18). Since Ny is a norm, and recalling Remark 3.6, we see
that the application N}, is a norm when h € (0, ho]. Np is also a norm (as we can
see by using the Hardy norm and Q;,, € #2()).

Let us define

Co = min  N(c) > 0.
h € [0, ho|
lellez=1
so that, for all h € [0, hg), and all ¢ € C¥,
Collels < Nale). (322

Using (3.20), (3.21), and replacing ¢ by ¢, in (3.22), we conclude that
B[ e TP < 201+ o(1)hNiun
suppVx

Let us now estimate Ny (wy,). From the triangle inequality, we get
k—2

Ny(wn) < |exa | Na(wi1n) + Y eI Nag(w;n)
=0

Then, from degree considerations and the triangle inequality, we get, for 1 < j < k — 2,

1—-k

NH(wj,h> = ﬁ) (hT) s
and )
Noe(wp1) = (14 0(1)A Ny (2 = 2min) ™ = Qhim ) -
Then,

2
Noa(won)* < Jea PR~ N (2 = zin) ™ = Qucam )+ 0(h™) el
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This ends the proof. O

3.4. Proof of Proposition 3.1. Let us define Vh&sup = {xnWn, Wy € Vi ksup}, Where
Viksup 18 defined in (3.4) and yj, in Lemma 3.7. By Lemmas 3.5 and 3.7, we get

4 [, =20z (wyxp) | *da el PNy (2 = 2in) 0 = Qie1m)
Gy Y P =
Jo lwnxnl?e min)/dz ijo |¢j|*Ns(F;)?

2

+o(h'™"),

for all wy, = E;:é cjwin € Vigsup with ¢ € CF\ {0}. From the min-max principle?, it
follows

1-k k—1 2 lex]? 2pmin/h 1—k
Ae(h) < 2R F Ny ((z — Zmin)" — ka—l,m) e S e PNaET Omin/o(h'F) |
Since
SUp  —g -1 = Ng(Pr-1)"2,
ceCh\{0} D2 |¢j[*Na(F;)?
we deduce

N (2 = zin) ™ = Qucror) |
lim sup hk—16—2¢min/h>\k(h> <2 - min —1,m ‘
h—0 distp (Zk—l’ 7;#2)

Taking the limit m — +o0, it follows

lim sup h¥ e 2Pmin/h ), (R) < Cyyp(k) -
h—0

3.5. Computation of Cy,,(k) in the radial case. Let £ € N*. Let us assume that
Q2 is the disk of radius R centered at 0, and that B is radial. In this case z,;, = 0, On¢
is constant and Hess, . ¢ = AId for some A > 0.

Thus,

disty ((z — zmin)k_l, %’f(Q)) = distH(zk_l, %’f(Q)) = Nq,[(zk_l)2 = 2mOapR* 1

and we notice that P,(z) = 2" (see Notation 4) so that
distg (Zk_l, Pk;_2> = NB(Pk_l)Q

_ 2(k—1) —Hessy . 6(y,y) 1, — I 2k—1 ,—Xp?
= [y e min dy = 27 P e dp
R? 0

_2m T 4 (k) 7w(k—1)!

N 7 P= =

We get
ANFO O R AD\F R?F2
Osup(k): o | = o |
(k—1)! (k—1)!

2By Remark 3.6, dim V}, . sup = k for h small enough.
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4. ON THE MAGNETIC CAUCHY-RIEMANN OPERATORS

In this section, U will denote an open bounded subset of R2. It will be either € itself,
or a smaller open set.

As we already observed (see (1.2)), the Dirichlet-Pauli operator, considered only as
a differential operator, is the square of the magnetic Dirac operator o - (p —A). It can
be written as

o-(p—A) = (dgA d%”) (4.1)
where dj, 4 and d,f, 4 are the magnetic Cauchy-Riemann operators:
dpa = —2ih0, — Ay + 1Ay, dy o = —2ih0z — Ay — iA,.
Let (dp ., Dom(dy 4)) be the operator acting as dj 4 on Dom(d, 1) = H}(U;C).

4.1. Properties of d; o and dj ;. In this part, we study the operators dj, 4 and dj, 4 in
the non-magnetic case B = 0 with & = 1 in order to get describe their properties in this
simplified setting. Various aspects of this section can be related to the spectral analysis
of the “zig-zag” operator (see [12]). The next section will be related to the magnetic
case that is needed in our study.

Lemma 4.1. Assume that U is of class €*. The following properties hold.

(a) The operator (dy o, Dom(dy)) is closed with closed range.
(b) The domain of dj , is given by

Dom(d},) = {u € L*(U;C),0:u € L*(U;C)}
= {u € L*(U;C),0:u =0} + H'(U;C),
and di o acts as d,. In particular,
ker(dy o) = {u € L*(U;C),0-u = 0}.
(¢) We have
ker(d; o) N Dom(d} ,) = {diow,w € Hy(U;C) N H*(U;C)} ¢ H'(U;C),
and there exists C' > 0 such that, for all v € ker(dj ;)" N Dom(d; ),

[0l < €|

%
d1,ov‘

L2(U)
Proof. Let u € Dom(dy o) = Hg(U;C). One easily checks that
2 2
Hdl,OUHLz(U) = Hvu||L2(U) :

Hence, the Poincaré inequality ensures that (d; o, Dom(d;)) is a closed operator with
closed range. Then, by definition of the domain of the adjoint,

Dom(d; o) C {u € L*(U;C),dsu € L*(U;C)}.
Conversely, if v € {u € L*(U;C),d:u € L*(U;C)}, we have, for all w € 65°(U),
(v, =2i0,w) 121y = (21050, W) 2y -
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By density, this equality can be extended to w € H}(U;C). This shows, by definition,
that v € Dom(d; ;) and dj yv = —2i05v.
Moreover, we have

ker(al){’[))L N Dom(d; ;) = ran(d; o) N Dom(dy )
= {dyow,w € Hy(U;C) and — 2i0-(d; pw) = —Aw € L*(U;C)}
= {dyow,w € Hy(U;C)N H*(U;C)} c H'(U;C),

where the last equality follows from the elliptic regularity of the Laplacian. In particular,
we get, for all w € H}(U;C) N H*(U;C),

||w||H2(U) < C”AWHL?(U) .
Now, take v € ker(d; ;)" N Dom(dj ). We can write v = dyow with w € H*(U;C) N
Hy(U;C). We have dj yv = —Aw so that

[0l < €

dy gv .
M2y

g

4.2. Properties of d, 4 and dj, 4. Let us introduce some notations related with the
Riemann mapping theorem.

In the following, we gather the main properties related with dj 4 and dj, ,. We will
use the following lemma.

Lemma 4.2. For all u € 65°(U;C), we have
[y = 0=l + 1 [ Blua
d,iAu‘ )

_ _ 2 20,
|z, =l =)l ~ /U Blufda
These formulas can be extended to u € Hg(U;C).

Proof. Tt follows from integrations by parts and the fact that dj adj , = (p —A)* — hB
and dy 4dna = (p—A)? + hB. The extension to u € Hy(U;C) follows by density. [

Remark 4.3. From Lemma 4.2, we deduce®; that for all u € H}(U;C),
o=l > | WBlufde.

Proposition 4.4. Assume that U is of class €>.

(a) The operator (dy 4, Dom(dp 4)) is closed with closed range.
(b) The adjoint (d;, 4, Dom(d}, 4)) acts as d; 4 on

Dom(d;, 4) = {u € L*(U) : 0zu € L*(U)} = ker(d;, o) + H'(U;C)

and
ker Z,A) = {€7¢/hv,v € L*(U),dzv = 0}.

(c) We have ker(d;; 4)* N Dom(d;, 4) = {dnaw,w € Hy(U;C) N H*(U;C)}.

31t may also be found in [6, Lemma 1.4.1].
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Here, the notation dp 4 for dna emphasizes the dependence on U.

Notation 5. We denote by I, 4 ¢ (or simply IIj, 4 if there is no ambiguity) the orthog-
onal projection on ker(dj, 4).

Proof. (a) By Lemma 4.2, the graph norm of dj, 4 and the usual H'-norm are equivalent.
Thus, the graph of dj, 4 is a closed subspace of L*(U) x L*(U). From Lemma 4.2
and Remark 4.3, we get, for all u € H}(U),

Hdh,AuH%?(U) = h/ 2B|U|2dl'
U

With Assumption (a) and the fact that the operator is closed, the range is closed.
(b) We have

Dom(dj, ,) = Dom(d; ;).
and dj, 4 acts as d;; 4. By Proposition 2.1 and Lemma 4.1, we deduce
ker(dj, 4) = {e=¢/" v € LA(U),0:v = 0} .

(c) As in the proof of Lemma 4.1, we get

ker(dy, 4)* N Dom(d;, ,) = ran(dp,4) N Dom(d}, 4)

= {dpaw,w € H)(U;C) and d; ydpaw = ([p— A + hB)w € L*(U;C)}

= {dpaw,w € HY(U;C) and — Aw € L*(U;C)} '

= {dpaw,w € Hy(U;C)N H*(U;C)}.

O

Definition 4.5. We define the self-adjoint operators (-Z;", Dom(.%;5)) as the operators
acting as

L =dpad) = (p—AP —hB, £ =d dya=(p—A)°+hB, (4.2)
on the respective domains
Dom(%, ) = {u € Dom(d};A) USRS Dom(dp )},
Dom(%,") = {u € Dom(dp, ), dp.au € Dom(d;, 4)}
= H)(U;C)n H*(U;C).

4.3. Semiclassical elliptic estimates for the magnetic Cauchy-Riemann oper-
ator.

Notation 6. By the Riemann mapping theorem, and since 952 is assumed to be %2,
it is Dini-continuous (see [11, Theorem 2.1, and Section 3.3]) and we can consider a
biholomorphic function F between D(0,1) and € such that F(0D(0,1)) = 0§2. We
write = F(y). We notice that

81/1 + iayz = F’(y) (89[:1 + iaxz) )

and
dz = |F'(y)[*dy .
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By [11, Theorem 3.5], this biholomorphism can be continuously extended to D(0, 1),

and there exist ¢;, ¢y > 0 such that, for all y € D(0,1),
a < |F'(y)l<e.

For ¢ € (0,1), we also let
Qs = F(D(0,1—9)).

The following theorem is a crucial ingredient in the proof of the lower bound of A\ (h).
It is intimately related to the spectral supersymmetry of Dirac operators [13, Theorem
5.5 and Corollary 5.6].

Theorem 4.6. There ezist dg, hg > 0 and ¢ > 0 such that, for all 6 € [0,0y), for all
h € (0,hg), and for all u € Dom(d;, 4 o.) Nker(dj, 4 o,)*

|}, aullz2s) = v 2hBollull L2 (ay) »

5 atll 200y > b (| Vel gy + 1l 20, ) -
where we used Notation 6.

Theorem 4.6 follows from the following two lemmas.

Lemma 4.7. For all u € Dom(d;, 4) Nker(d; ,)*, we have

i attll L2y = v/ 2hBol|ul| 2 -

Proof. Let u € Dom(dj ,)Nker(d; ,)*. By Proposition 4.4, there exists w € Hy(U; C)N
H?(U;C) such that u = dj aw and dj yu = £, w. The spectrum of .Z," is a subset of
[2h By, +00) (see Remark 4.3). Thus, we get

\|$h+w|]L2(U) 2 QhBo“Q,U”LQ(U) .
By integration by parts and the Cauchy-Schwarz inequality, we have
2
QhBOHdthwHLQ(U) < 2h By <w,$h+w>L2(U) < 2hBO||w||L2(U)||$h+wHL2(U)
+ 2
<|[< w||L2(U) :

This ensures that
V2RBo |dn ]|y <[ L]y = i (dar)

and the conclusion follows. O

L2(U)

Lemma 4.8. There exist dg,hg > 0 and ¢ > 0 such that, for all 6 € [0,0¢), for all
h € (0,hg), and for all u € Dom(d;, 4 ,) Nker(d;, 4 o,)*", we have

dh 4 0,tll2(05) = h? [Vl g2y + ch?[[ull p2oq,) -

Proof. For notational simplicity, we let U = ()5 and we write dj, 4 for dp 4.
With the same notations as in the proof of Lemma 4.7, we have

dy qu=dj qdpaw =Lfw,  we Hy(U)NH*(U).
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i. From Lemma 4.2,

Hdh,Aw”%2(U) :H(p —A)wHiQ(U) + h/UB\w\de

= <dh,Au7w>L2(U) < ’ dmA“} L2(U)HWHL2(U) .
Using Assumption (a), there exists C' > 0 such that
1 *
h> ||(p _A)wHL2(U) + h||wHL2(U) < OHdh,Au‘ L2(U) )

so that, since A is bounded,

BVl oy < €|

. 1/2 —1/2
dh,AuHLQ(U) + Ch P wll oy < Ch

%
dhﬁAu‘

L2(U)
Thus,
W90 g + Bl 2y < €

@#4 (4.3)

L2 -
ii. Let us now deal with the derivatives of order two. From the explicit expression of
LFw, we get

—h*Aw = dj yu—2ihA-Vw — |APw + hBuw.
Taking the L?>-norm and using (4.3), we get

WA ey < |dian]|, o 1204 Vo) [ APwl| 2, + 1B 2

<ca+h4ﬂ

dy su )
A 2wy

Using a standard ellipticity result for the Dirichlet Laplacian, we find

B 0l o) + BNV gy + blll oy < €|

@ﬂ4 (4.4)

2w)

The uniformity of the constant with respect to § € (0,dy) can be checked in the
classical proof of elliptic regularity. Note that dj, 4 = Ly —iLy where L; = —th0; —
A;. Using (4.4), we deduce that

Hth,AwHLz(U) < Chl|w| g2y + Cllwll 2y + ClIVwl 2y < Oh_2‘

sk
h,Au‘

Y

L2(U)

and, since u = dj _qw,

12|V gy < €

@ H . 45
h,AU L2W) (4.5)

iii. A classical trace result combined with (4.5) and Lemma 4.7 gives
HU’HL2(8U) < CHuHHl(U) < Chiz”dz,AUHLQ(U),

where it can again be checked that C' does not depend on § € (0, dy).
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5. LOWER BOUNDS
The aim of this section is to establish the following proposition.

Proposition 5.1. Assume that Q0 is €? and satisfies Assumption 1.1. There exists a
constant 6y € (0,1] such that for all k € N,

lim inf 672¢min/hhk71)\k(h) = Csup(k>60 = Cinf(k) :

h—0
If Q= D(0,1) and B is radial, we have

MIES

4D
lim inf e~ 2#min/Ppk=1) (B) >

m 1t m det(Hessmmm ¢)

5.1. Inside approximation by the zero-modes. Let £ € N*. Let us consider an
orthonormal family (v;5)1<j<k (for the scalar product of L?(e=2¢/"dz)) associated with
the eigenvalues (\j(h))1<j<x. We define

&}, = span vjy, .
1<k

In this section, we will see that the general upper bound proved in the last section
implies that all v, € &), wants to be holomorphic inside €.

5.1.1. Concentration of the groundstate.

Lemma 5.2. There exist C,hy > 0 such that for all v, € &, and h € (0, hg), we have,

Jonlfa < Ch-C0eczemt [ 200y P

Proof. We have \,(h) = h=*+1(e2¢min/h) (see Proposition 3.1). By using the orthogo-
nality of the v;, one gets

/ e~ 2" hovy, P de < M(h) /
Q

e 2/ |y 2de < C’h_k+162¢mi“/h/ e~ 2Ny, |2dz .
0

Q
(5.1)
Now, we use ¢ < 0 to get

/ |0zvp [P dz < C’h_(Hk)e%mi“/h/ e 20/M |y, |2dz .
Q Q
Since vy, satisfies the Dirichlet boundary condition and by integration by parts, we find

/|Vvh|2dx<0h(Hk)e%’min/h/e2¢/h|vhl2dx.
Q Q

It remains to use the Poincaré inequality. U
We can now prove a concentration lemma.

Lemma 5.3. Let a € (0,1/2). We have

. fD(l‘mim he) 6_2¢/h’7}h($)‘2d$
lim sup

_1|=o,
h=0 4, 6\ (0} Jo, €72/R o () [2da
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and oo /h )
lim sup sup fm ¢ |Uh(x)| d
h=0 5c(0,60] vhEEH\{0} fQ e=20/h vy, (2)]2dx

where 0y is defined in Proposition 4.4.

-1

=0,

Proof. Let us remark that the second limit is a consequence of the first one. We have
T e Moy () Pda _1_ oD, 1) e 2/t |uy (z)Pdz
Jo €729/ vy () [2da Jo €729/ vy () [2da

(3.9) and Lemma 5.2, we deduce that

2¢/h|Uh( )de < e2¢min/hAminh2ﬂ‘1(1+ﬁ(ho‘))/ \vh(:r;)]de
0

< O~ (FR) g = Aminh?e 1(”ﬁ(ha))/6_2‘1’/h|vh|2dx: ﬁ(h“)/e_w/hlvh\zdx,
Q Q

and the conclusion follows. O

5.1.2. Interior approximation. Now that we know that v is localized inside 2, let us
explain why it is close to be a holomorphic function.

Notation 7. Let us denote by ﬁhﬁ the orthogonal projection on the kernel of —ids
(i.e. the Bergman functions on Qs which in defined in Theorem 4.6) for the L*-scalar
product (-,e=2/") 12(q,).

We notice that, if u = e=%/"v, we have

Hh7A7QJU = e‘d’/hHh,(;v .

Proposition 5.4. There exist C,hg > 0 such that for all § € (0,6] and h € (0, hy), we
have for all v, € &,

(a) [le=®"(1d = Tl 5)vnll 22(0,) < Ch™2\/Ac(B) €™ 0n| 20y,
(b) He“i’ih(ld — Il 5)vnl 22 00s) < Ch_Q\/)\k(h)He—(f’/hvh”Lz(Qé),
(C) dim Hh’gco@h =k.
Here, g is defined in Theorem 4.6.
Proof. For all v, € &, we have
Alle= " hdzon |72,y < Alle” " hdzun] 72 g
< A()lle™ M on 122y < (1 + o) AP e vnll720, »
where we used Lemma 5.3 to get the last inequality. With u;, = e=*/"v),, we have
Alle= " hdzun |2, = 4lle™"hOz(1d — Ty 5)vnl| 220,y = 45 a0, (1d = T a0, unl| 72,
Applying Theorem 4.6, we get (a) and (b).
Let v;, € &, be such that IIj sv, = 0. Recalling Proposition 3.1, we have

o <l 0T,

+ He_(ﬁ/hﬁh,gvh)

L2(Qs)
< Ch_k/26¢mzn/h||€ #/h

L2(Qs) L2(Qs5)

Un HLQ(%)
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and v, = 0 on {25 so that (c) follows. O

5.2. A reduction to a holomorphic subspace. In the following, we assume that
o€ (0,(50) and h € (0, ho)

Notation 8. We will use the so-called Szego projection

I, : L*(D(0,1)) > Zan(r)ems — Zan(r)ems € L*(D(0,1)).

nez neN

Notation 9. We let
E:mFin(Vqﬁ~n) >0

Lemma 5.5. Assume that §/h — 400 and § — 0. Then, for all v, € &,

2hEey [T (v 0 F)H;(ap(m_a)) (1+0(1)) < 4n* /Q e 2" 0z0, | dr

where F', ¢y are defined in Notation 6.

Proof. i. For all v € H}(Q), welet o = vo F € H}(D(0,1)) and ¢ = ¢ o F. We get
that

4h2/6_2¢/h|8§v|2dx—4h2/ 6_2‘5’/h|5§@\2dy.
Q D(0,1)

ii. In the tubular coordinates introduced in the proof of Lemma 3.7, the Cauchy-
Riemann operator is

i O A e

2(81+282)— 5 (1—t )
We write (s, t) = 4)(n(s,t)) for any function ¢ defined on D(0,1). We have, for
all v € Hy(D(0,1)),

AR / e 2/M 002 dx > 4h? / e 29/M 9.0 da
D(0,1) D(0,1)\D(0,1-9)

/ / (1= )7 (1 = )8, — idy)o|* e 2/ dsdt . (5.2)

Oad(y) = |F'()|0nd(F(y)) (5.3)
where € 01, n(z) is the outward pointing unit normal to Q at z, and n(y) is
outward pointing unit normal to D(0,1) at y.

By using the Taylor expansion of ¢, there exists C' > 0 such that, for all (s,t) €
x (0,0),

iii. Let us notice that

—o(s,t) = —tdyp(s,0) + O(t*) > (1 — CO)Et,

where 0 < E = 1 F < mingp(o,1) ngzﬁ We have

-~ 277 -
4n? / M oz0de > 1 / / (1= )7 |(1 = )8, — i0,)i| FI-CIEM sy
D(0,1) o Jo
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Consider the new variable 7 = —1In|1 — ¢|, we get

5 2 p—In|1-4] B
4h2/ e 2/ 0z0dz > h2/ / |(0- — i0,)v(s, 7‘)‘2 21=COEA=e"D/hgdr |
D(0,1) o Jo

iv.

4h? / e Moz de > 27h?Ag(h) Y |0m(6)* = B*Ag(h)|[TLs (v, 0 F
Q

where v(s,7) = 0(s,1 —e™7). Since 1 —e™7 =7+ O(7%) = 7 + O(d7), there exists

C > 0 such that

62(1705)E(176_T)/h > eQEV(lfC'J)T/h_

Let E = E(1 —C6) and 6 = —In|1 — 8| so that

5 27 5 -
4h? / e M oz0 dx > / / (0, — i0,)v(s, 7)|* F/Mdsdr .
D(0,1) 0 0

Using the Fourier series and the Parseval formula, we get

2 5 B 5 )
/ / ‘(87 — z'(?s)v(37 7—) ‘2 e2ET/hde7- = 927 Z / ‘(a‘r + m)\A/m<7—> ‘2 62E7'/hd7_’
0 0 0

meZ

where

1 2m ]
Vi (T) / e "M™v(s, T)ds.
0

T or

Let us consider the quadratic form

5 .
Qm(w) = /0 }(67' + m)wf 62E7/hd7'

with boundary conditions w(0) = 0 and w(d) = 1.
Let us notice that

S ~ ~
Qm(w) = Qm(p) — / |87_p|2 eQTE/h-‘r?(d—T)de’
0

where w(7) = e™0~) p(7) for all 7 € (0,6), p(0) = 0 and p(d) = 1.

Since m — Q(p) is an increasing function, we get that Q.. (p) = Qo(p) for all

m > 0 and, by Lemma A.1,

Qm(w) = Ao(h),
where .
2E/h
Ao(h) = 1 — e—20E/h =

We get, by forgetting the negative m, we find

m=0

)H;(az)(o;—a)) :

g

Remark 5.6. As we can see in the proof of Lemma 5.5, if da¢ is constant equal to E,
we can replace c; F by F.
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In the following, we choose ¢ = h3/4.
__ Using Proposition 5.4, we show in the following lemma that we can replace v, by
11}, s5vp in Lemma 5.5.

Lemma 5.7. Assume that § = h** and that o € (3, 1). Then,

2 2

290h€2¢min/hHﬁh,5vhH (1+0(1)) < )\k(h)"6_ﬁHesszmin¢(x—:cm1n,x—xmin)ﬁh’6vh

H2(Qs) L2(D(2min;h*))

where

c1 mingg On @
g, = LD )
* 7 ¢y maxgg Ong (0.1]

and where we used the notation
fwley = [ Jwe FP@ube PF s,
aD(0,1-5)

Remark 5.8. Taking § = 0 in the definition of ||w||§f2(95) above, gives

el = / wo FI?(0a 0 F)|F'|ds = / w0y = No(w)?
aD(0,1) BY)

for w € H7?().

Proof. i. From Lemma 5.5 and the definition of v,, we have

2 _
2Ec;h||[I1 (v, 0 F)HLQ(BD(OJ_&) (1+0(1)) < R? /Q e~ 2 .oy 2 da

< M) / =26/, [2dg
Q
Thus, by Lemma 5.3,
2 _
2Eerh|[TLy (vn © F)|| 2 op(0,1-5) (1 0(1) < Ae(R) /D( . 2o Pde . (5.4)

ii. Consider I1,, 5 is the orthogonal projection on #(D(0,1—6)) for the scalar product
L*(e~?%/"dy). Let us now replace I1, by IIj, 5. Proposition 5.4 ensures that

le=*/"(1d — Ty 5)vn © Fll r20p01-8)) < Ch2V/ Ae(B)lle™ on| 20y

Using the Taylor expansion of ¢ near the boundary and (5.3), we have, on
0D(0,1 — ),
1/4

e M > (1+o(1))e P
so that
- 2 /NN —c ER-Y4y —
||(Id - H}Ms)vh o) F||L2(8D(0,1—5)) < Ch 2 )\k(h)e 1ER 4”6 ¢/hvh||L2(Qé) . (55)
Since II, is a projection and f[h,(; is valued in the holomorphic functions,

1(Id — Iy 5)vn © Flr2ap01-6)) = |4 (Id — I, ) © Fl| r20p(0,1-8))

> ||y 0 F — Iy sv1, 0 Fl| 12(00(0,1-5))
> |

It v, 0 Fl|r2ap0,1-6y) — Hnsvn © Fll120p0,1-5))] -

Y



28 J.-M. BARBAROUX, L. LE TREUST, N. RAYMOND, AND E. STOCKMEYER

Then, with (5.5),

I vn © Fllz20p01-8)) = 1 nsvn 0 Fllr2@p0.1-5) — )V A (B[l Moy L2y -
By (5.4) and Lemma 5.3,

V2Ecih HHha’UhOFHL? 8D(0,1-3)) < V()| e UnllL2(D@@mine)) - (5-6)

Thus, coming back to €2 (Without forgetting the Jacobian of F),

V2Eci [cah ||Hh5vh||L2 895 (1+o0(1)) < vV A(h)]le” ¢/hvh||L2 D(2min,h®)

Then, by using the (weighted) Hardy norm, we have

200k T 504 |20 (1 + 0(1)) < v/ Ak(R)le™ 0| 2 (D o) - (5.7)

iii. Using Proposition 5.4 and Lemma 5.3, we get

e 0| L2(D(@minitio))
< Nl M 50n | L2(D(einoneyy + 1€ (Id = T, )Vnl| 22(D (e o)

< eI, 50nl| 22(D oy pey) + €™ (Id — T 5)vn 22(02p)

< ||€_¢/hﬁh,6vh||L2(D(xmin,ha)) +Ch 2 \/mﬂe_whvh||L2(D(:cmimha))

Combing this with (5.7) and Proposition 3.1, we find

~ 2 ~
QQOhHHh,(SvhHH ( (1 + 0(1)) < )\k(h)||e_¢/hnh,6vh||%2(D(xmimha)) .

2(Qs5)

iv. Using the Taylor expansion of ¢ at Zy,, we get, for all for x € D(xpn, h%) ,

¢(.T) - ¢min 1 3a—1
. T — _—H ) — . — . Vo4 @
h oh essxmmcﬁ(x Tmin, T xmm) + (h ) )

and the conclusion follows.
O

Remark 5.9. We can check in the proof of Lemma 5.7 (see (5.6) and Remark 5.6) that,
if Op¢ is constant, the lemma is true with 6y = 1.

Remark 5.10. Lemma 5.7 shows in particular that

2(1 + o(1))8oh e (h) < Me(h),

where
2
- v
(h)= i sup Ilrewn
V C %2(95) veV\{0} e 2hHesslmmqb(z Tmin,T— xmm)v
dimV =k L2(D(@min,h®))

In the next section, we will essentially provide a lower bound of A ().
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5.3. Reduction to a polynomial subspace: Proof of Proposition 5.1. We can
now prove Proposition 5.1.

i. By using (3.12), there exists C' > 0,hy > 0 such that, for all b € (0, hg), for all
w € H?(Qs), all o € D(0,h*), and all n € {0,...k},

[w™ (20)] < Cllwl| s2qy) - (5.8)
Let us define, for all w € #%(Qs),
Nh(w _He 2hHesszmm¢>(zfxmin,a:fxmin)w’ )
L2(D(@min,h®))

We let wy, = ﬁhﬁ?)h. By the Taylor formula, we can write
wy, = Tayl,_qwp, + Re_1(wy)

where

-1 (n)
w Zmin)
Taylkf 1Wh = E %

n=0

(Z - zmin)n 3

and, for all zg € D(zmin, h),

| Rio1(wn)(20)] < Clz = 2zl sup  |wf”].
D(Zmin,ha)

With (5.8) and a rescaling, the Taylor remainder satisfies
k 1
Nh(Rk_l(wh)) < Ch§h§||wh||jf2(gé) .
Thus, by the triangle inequality,
ko1
Nh(wh) < Nh(Taylk_lwh) + Chz2h2 ||wh||jf2(95) .
Thus, with Lemma 5.7, we get

(1+0(1))€¢mi"/h\/ 290h||wh‘|jf2(gé) < v/ )\k(h)Nh(Taylk,Iwh)%—C’\/ )\k(h)h# ||wh||%a2(96) ,

so that, thanks to Proposition 3.1,

(14 (1)) \/2Bohl|wn |20y < v/ NelRYN(Tayly_yun) < v/Nelh) N (Tayly_yu,)
(5.9)

with
— He °h Hesszmm L—Zmin;L—Lmin w‘ .
L2(R2)
This inequality shows in particular that
dimTayl, | (Is,&,) = k. (5.10)

ii. Let us recall that

HPEQs) = {p € A2(Q) :Yn e {0,... k—1}, ™ (2,) =0} .
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Since (wy, — Tayl,_jwy) € H2(Qs), we have, by the triangle inequality,

(k—1)
w (Zmin> _
[wnll=0n = h(,f_—l).(z — Zmin)" "+ (wn — Tayl,_ywp) = || Tayl,wal] 2o,
' H2(05)
|w . 1)(Zmin)‘ : k—1 2
> Wdlst’;{ﬁ((z — Zmin) ’%@ (Qg)) - ||Taylk_2whH%2(Q5) s
where
disty (2 — 2min)" ™, 2652(Q))
= inf {H(z — Zmin)* ! — Q(z>H.ny(95 , for all Q € Jff(ﬂ(g)} :
Using again the triangle inequality,
[ Tayly_owa |2, < C Z |w (Zmin)|
Moreover,

k—2 k—1
Z|w i) SH7 7 Y hE |0l o) SH T2 Y hE w0l (i)
n=0 n=0

< Ch™"2" h™2 Ny(Tayl,_wy)

where we used the rescaling property

k-1 k—1
N, cn(Z — Zmin)" = hz N, Z cnh? (2 = zmin)" | (5.11)
n=0 n=0

and the equivalence of the norms in finite dimension:

k—1 k—1 k—1
IC>0.VdeCr, O do| < Ny [ D dn(z = zi)" | < C Y dal
n=0 n=0 n=0

We find

w0 (zoin)|

w220y = Wd's"% 5((2 = zmin)" 1, 47 (25))
— Chf%hiéNh(Taylk_lwh) )
and thus, by (5.9),
|’LU (k=1) Zmll’l)|
(1 + o(1))elmin/ny/20,n h Zminl i (2 — zain) 1, HE2(Q))

(\/ h) + Ch*3" ¢mm/h) Na(Tayl, ywn). (5.12)
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iii. Since we have (5.10), we deduce that

(14 o(1))e?min/"\ /200 hdisty 5((2 — 2zmin)* 1, HE2(Qs5)) sup — k_1|0k—1|
ceCk Nh(ZTL:O C”(’Z - Zmin)n)

<V A(h) + Ch 2 ebmin/h | (5.13)

By (5.11), we infer

~ h'5 | cp
h% Sup — 1] = sup ? lo]

ceck No(Son—gen(z = Zmin)")  cecr Ni(Xprg ez = Zmin)”)

Since N is related to the Bergman norm Np via a translation, and recalling Notation
4, we get

sup k1] = sup [Ch-1] = !
ceck N (Zﬁ;é (2 — 2min)")  ceck NB(ZI:L;[l) nz") Np(Pi-1)

Thus,

diStfH’g((Z - Zmin)k_la %2(95)) <
Np(Pr-1) h

iv. Since (2 is regular enough, the Riemann mapping theorem ensures that
lim dist <(z — zin)F L, %@2(95)) — disty, ((z — ) %ﬂ,f(m) .
%

The conclusion follows.

(14 o(1))h'2 ePmin/ty/20,

Ae(R) - (5.14)

5.4. Proof of Corollary 1.11. We recall Notation 6 where F', ¢; and ¢y are defined.
Let us notice that we can choose F' such that F(0) = Zyn.
For all v € Hj(Q2), we let ® =vo F € H}(D(0,1)), and we get,
1 Jow ¢ 10501 dy _ Joen e PMogePdy [ e/ 0]2da
€2 fD(O,l) e/ p)2dy fD(o,1) e 20/M o2 F' (y)[*dy Jo e/ vlPdx

where ¢ = ¢ o F has a unique and non-degenerate minimum at y = 0 and (5(0) = Qmin-
In the same way, we get

Joe Moz Pde < 1 fD(O,l) e M ogol*dy
Jo e ulPde €1 fD(O,l) e~ 20/h 5|2 dy

These inequalities, the min-max principle, and Theorem 1.3 imply Corollary 1.11.

APPENDIX A. A UNIDIMENSIONAL OPTIMIZATION PROBLEM

The goal of this section is to minimize, for each fixed s, the quantity,
3
/ 2t0nd(s)/h |3tp|2 dt.
0

This leads to the following lemma.



32 J.-M. BARBAROUX, L. LE TREUST, N. RAYMOND, AND E. STOCKMEYER

Lemma A.1. For a and € > 0, we let I = (0,¢) and

V={pe H'(I):p(0) =0, ple)=1}.
Let us consider, for all p € ¥V,

Faclp)i= [ el Par,

0

(a) The minimization problem

inf{F,.(p),p€ ¥}

has a unique minimaizer

1 — e—aZ

()=
pa,() 1_67045

9

(b) We have

. «
inf{Fo.(p),p €V} = P

e—ea ’

(c) Let cg > 0. Assume 1 —e~** = ¢y. There exists C > 0 such that

€
/ eo‘e|8apa75]2d€ <C (04_3 + 6_“5204_1) .
0

Proof. i. Since a > 0, we have that F, .(p) > [; |p'(¢)[?d¢ for all p € ¥. There exists
C > 0 such that, for all p € ¥,

‘/mwww>c/uwww.
0 0

This ensures that any minimizing sequence (p,)neny C ¥ is bounded in H'(I)
and any H'-weak limit is a minimizer of inf{F,.(p),p € ¥}.

ii. F(i/g is an euclidian norm on ¥ so that F, . is strictly convex and the minimizer is
unique.
iii. At a minimum p, the Euler-Lagrange equation is
(eaépl)/ —0.
Thus, there exist (c,d) € R? such that, for all £ € I,
p(l) =d —ca™te ™,

so that, with the boundary conditions we find the function p, .
iv. We have

/ e p/(0)?dl = o*(1 — e_m)_Q/ eotdg = — %

0 0 I —em==

v. We also have

1 — —QE —Q —QE
aozpa75(€) = m <€€ Z(]_ — € ) — (]. —e 5)56 ) y
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for ¢ € (0,¢) and
/5 €a€|ao¢po¢a|2d€ < ;(/6 £26_a£df (1 o e—ag)z + /E e—afdé (€€_a6)2
N (el

0 0
+/ e®tde (56_0‘8)2)
0

<C(a?4eea™).

APPENDIX B. A DENSITY RESULT

Lemma B.1. Assume that ) is bounded, simply connected and that OS2 is Dini-continuous.
Then, the set 77%(Q) N W1°(Q) is dense in H7%(Q).

Proof. We recall Notation 6. Let u € 52(2). Then, uo F = 3", a;z* is holomorphic
on D(0,1) and (ax)xs0 € £*(N). Let € € (0,1). The function

. : D(0,1) 3 2z—uo F((1—¢)z) eC
is holomorphic on D(0,1/(1 — ¢)). We denote by u. = u. o F~'. We have

= ey = [ fule) = uele)Fonoida
- / wo Fy) —wo F((1 — £)y)PIF'(4)|0ud o Fly)dy
aD(0,1)

< cal|Ond 1 / o F(y) —uo F((1 - )y)lAdy
aD(0,1)
< eollOndll S Jarl?l1 — (1 — )P

k>1

By Lebesgue’s theorem, we get that (u.).c(o1) converges to u in J#%(Q2). Let us also
remark that (u.).c0,1) C W*°(Q2) so that the result follows. d
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