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SCREENING IN THE FINITE-TEMPERATURE REDUCED
HARTREE-FOCK MODEL

ANTOINE LEVITT

ABSTRACT. We prove the existence of solutions of the reduced Hartree-Fock equations at finite
temperature for a periodic crystal with a small defect, and show total screening of the defect
charge by the electrons. We also show the convergence of the damped self-consistent field
iteration using Kerker preconditioning to remove charge sloshing. As a crucial step of the
proof, we define and study the properties of the dielectric operator.

1. INTRODUCTION

A point charge @) placed in vacuum creates an electric potential Tgor’ r being the distance to
the charge and g¢ being the permitivity of the vacuum. By contrast, when an defect is placed
in a material, the material reorganises itself: a positive charge creates an energetically favorable
region for the electrons, which flock towards the defect. At equilibrium, they form a “shield” of
negative charge, effectively screening the Coulomb interaction at long range.

Phenomenologically, insulators and metals exhibit a different screening behavior. In insula-
tors, electrons are tightly bound to the nuclei, and cannot deviate too much from their equi-
librium position to move towards the defect. Accordingly, the long-range behavior of the total
potential, including the effects of the electrons, is QQ/(4mwer), where € > £¢ is the permitivity of
the material. Thus, effectively, the charge @ is scaled by the dielectric constant €/eg: this is
called partial screening.

In metals, however, electrons are free to move in response to the defect and totally screen
it, so that the total potential becomes effectively short-range. A simple model for the total
potential is the Yukawa potential

Qe Kl
V(iz) = ———

(z) 2]
where 1/k is the screening length. At low temperatures however, V displays an oscillatory
behavior with a power-law decay, called Friedel oscillations.

The purpose of this paper is to justify the total screening of small defects in the reduced
Hartree-Fock (rHF) model at finite temperature. This is to be contrasted with the partial
screening of insulators at zero temperature obtained in [7] in the same model: at finite temper-
ature, electrons are mobile and behave as in a metal. We also justify the Kerker preconditioning
scheme, which neutralizes the “charge sloshing” effect that slows down simple self-consistent
iterations in extended systems [14].

For a finite system of NNy electrons in an external potential Vo, the reduced Hartree-Fock
(rHF') equation for the total potential V' is given by

V = Vext + v Fep(V),
{fR3 F€F(V) = Nel.
The Coulomb operator v, is given by the convolution
o)) = 3 [ 2
The potential-to-density mapping F;, is given by
Fop(V) = fer (A +V)(2,2)
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where the Fermi-Dirac distribution f., is

1
fer(e) = TR
14 e*BT

with 7" the temperature and kp the Boltzmann constant. The density matrix f..(H) is defined
through the functional calculus of self-adjoint operators, and f..(H)(x,z) is the associated
density (see Section 3.3). The Fermi level e is determined through the charge neutrality
condition [ps Fr, (V) = N

This model, also called the Hartree model, random phase approximation (RPA) or Schrédinger-
Poisson, can be seen as a simplification of Kohn-Sham density functional theory where the
exchange-correlation potential is neglected, or of the Hartree-Fock model without the exchange
term. In the zero-temperature case, it derives from a convex variational principle, which allows
for a complete existence and uniqueness theory [24].

This convexity also means that it is possible to justify rigorously the thermodynamic limit for
periodic systems [9], something that seems out of reach for the full Hartree-Fock or Kohn-Sham
model. The resulting periodic model takes the following form. Let R be the crystal lattice, I'
a unit cell, and Wy, the R-periodic potential created by the nuclei. Then the periodic rHF
model is

(1) {W = Whua + UperFep(W)

fF FEF(W) = Ne

where vperp is the unique periodic solution of

—A(vperp) = p
. {fpwperp) =0

and N is now the number of electrons per unit cell. The potential-to-density mapping takes the
same form F;, (W) = f..(—A+ W)(z,z), and maps periodic potentials to periodic densities.

The periodic model with zero temperature was studied in [9], where it is derived as a thermo-
dynamic limit. The existence and uniqueness of solutions W (W) to (1) at finite temperature
was proved in [19], using a variational principle for the potential . We study the convergence of
fixed-point iterations to solve these equations, both for its independent interest and to establish
the methods and estimates needed later for the study of defects. First, for a given W, the charge
neutrality condition can be uniquely solved for ep (see Lemma 4.2), yielding a map ep(W) and
allowing us to reformulate the self-consistent equation as simply W = Wyya + vper F'(W), with
F(W) = F_, ). A very natural iterative method to solve this equation is

Wn—H = Wnucl + UperF(Wn)v

the simple self-consistent iteration. Unfortunately, as is well-known, this algorithm does not
necessarily converge, not even locally [6, 16]. This suggests the simple damping (or mixing)
strategy

(3) WnJrl =W, + a(Wnucl + UperF(Wn) - Wn)

for small . It is not a priori clear why this iteration, based on an arbitrary splitting of the
self-consistent equation, should converge, even for small o > 0. We prove that this is the case
(recall that Lger is the space of R-periodic functions that are square-integrable over the unit
cell T')

Theorem 1.1. Assume that there is W, € Lger and W* € Lger such that W* = Wyya +
Vper F'(W¥). Then there are oy > 0, neighborhoods Waua of W7, and W of W* in Lger such
that, for all Wiyl € Wi, there is a unique solution W (Whye) € W of W = Wil + Uper F(W).
Furthermore, for all 0 < a < a, the iteration (3) with Wy € W converges to W (Wyyel) in Lger.
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Note that the Jacobian of the fixed-point mapping (3) is
Jo(W) =1 —a+ avpe L (W).

We show in Lemma 4.1 that the Jacobian F! (W) is self-adjoint and non-positive from L?)er

to itself. Since vpe FL, (W) is the product of a non-negative and a non-positive self-adjoint
operator, it has non-positive spectrum, and therefore .J, will have spectrum between —1 and
1 for o small enough, proving Theorem 1.1. To analyze F/ (W), we use a contour integral
formulation which allows us to prove sum-over-states expressions for the derivatives. A similar
method was used in [19]. Although we focus on this very simple algorithm, the behavior of
more complex algorithms such as Anderson acceleration (also known as DIIS or Pulay mixing)
depends crucially on the properties of the underlying fixed-point iteration [25], and our analysis
is a necessary first step towards the understanding of these methods.

We next study defects. The model for defects at zero temperature for insulators at zero
temperature was introduced in [3], again through a thermodynamic limit argument. At finite
temperature, the model is as follows. We fix a solution Wy, of the periodic model above and
its Fermi level ep. For a given defect potential Vyer, we solve the equation

(4) V = Vet + veG(V)
for the total potential V', with G(V') the renormalized potential-to-density mapping
(5) G(V) = (fer (A + Wper + V) = for (A + Wper)) (2, 7).

We note that, to our knowledge, neither this defect model nor even the periodic model has
been derived from a thermodynamic limit for the rHF model at finite temperature (see [10] for
related work in a simpler model).

It is natural to try to solve these equations by a procedure similar to (3):

(6) Vi1 = Vo + a(Vaet +veG (Vi) — Va).

However, in contrast to the periodic case, the operator v, is not bounded. This is easily seen
by noting that v, acts in Fourier space as a multiplication operator by 1/|q|?. The iteration (6)
is therefore not well-defined. The practical consequence of this is that, when the equations
are truncated to a finite box of linear size L with appropriate boundary conditions, v. has
eigenvalues on the order of L?. This forces a to be on the order of L=2, which slows down
the convergence!. Because the large eigenvalues are caused by low wavelengths, this appears in
calculations as charge moving back and forth at the extremities of the system, a phenomenon
known as charge sloshing [14]. This effect does not appear when the density is constrained to
be periodic, as evidenced by Theorem 1.1.

This can be fixed by using a more elaborate numerical method. The Newton method applied
to (4) is

Vi1 = Vi + J(V) " (Viaet + 0.G (Vi) — Vi)
where
J(V)=1—v.G (V)

There is an intimate link between the Jacobian J(V'), describing the behavior of iterative algo-
rithms, and the linear response properties of the system. The operator yo = G’(0) is called the
independent-particle susceptibility operator. It describes the linear response of the density of
a non-interacting system of electrons to a small defect potential. It can be computed through
the Adler-Wiser sum-over-states formula [1, 26], which we prove in Lemma 5.2. The operator
et = J(0)"! = (1 — vexo) ™! is called the dielectric operator. As we will see, it describes the
linear response of the total potential V' to a defect Ves.

IThis reasoning also holds true for more complex methods. The Jacobian of the system has a condition number
proportional to L2, and therefore we expect simple methods to require a number of iterations proportional to
L?, and Krylov-type methods such as Anderson acceleration to require a number of iterations proportional to L
[25, 22].
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Since J(V) or even J(0) is difficult to compute, an approximation has to be found, yielding a
preconditioned scheme. A simple approximation can be found using the Thomas-Fermi theory
of the free electron gas [17]. This model takes the same form (4) of a fixed-point equation, but
with a much simpler potential-to-density mapping

GTF(V) = (5F — V)_%_

In this case we simply have xor = Gp(0) = —%,/5 . Because of translational invariance, the
operator etrp = Jr(0) takes the simple form of a multiplication operator in Fourier space
err(q) =1 — —5X0,1F = lal® = xo.te
lql>™ gl

The 1/|q|? divergence for low wavelengths created by Coulomb interaction is the cause of charge
sloshing. One can then simply take the inverse of this Thomas-Fermi Jacobian as a precondi-
tioner. In practice, the unknown constant xoTr is estimated according to the system under
consideration (in this paper we take it equal to —1 for simplicity). This choice,

2
@ K =0

or in operator form IC = %, is known as Kerker preconditioning [14]. The preconditioned
fixed-point iteration is then

(8) Vay1 = Vi + aK(Vaet +0.G (V) — Vi)

which is found in practice to substantially improve the convergence of self-consistent algorithms.
We now turn to the related matter of screening. Expanding (4) to first order in Ve, we
obtain formally

V= (1 - UCXO)_IVdef + O(H‘/defHQ)
As mentionned previously, the operator
9) el =(1—wexo)™

is the dielectric operator. In the case of the homogeneous Thomas-Fermi model, xq is a negative
constant, and 5}% is a Fourier multiplication operator given by

2
-1 lq|
erm(q) = ————
TF( ) lq> - X0,TF
When Vyet(z) = %, up to normalization we have @(q) = %, and so
P Q
) =

the Fourier transform of a short-range Yukawa potential
e~V ~Xo,1F|z]

(5%]1:‘Vdef)($) = Q ‘CL’|
The Thomas-Fermi theory of screening beyond linear response was discussed in [17], and ex-
tended to the Thomas-Fermi-von Weiszécker model in [4, 18].

The purpose of this paper is to extend the justification of Kerker preconditioning as well as
the Thomas-Fermi theory of screening to the more realistic rHF model of defects.

Our main result is

Theorem 1.2. Fiz Wyer € L?. and ep € R. There are ag > 0 and neighborhoods Vaes and V

per

of 0 in veH ™2 and L? respectively such that, for all Vaer € V, there is a unique solution V (Viet)
of
V = Vier + UCG(V)
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in V. Furthermore, for 0 < a < ag, the iteration
Vi1 = Voo + aK(Vges + v.G(Vy) — V).
with Vo € V converges to V(Vget) in L?.
We have the expansion
V (Vaer) = &~ WVaer + O(||Vaet |2 y—2)
in L?, where
e = (1 vexo)”!

is continuous from veH 2 to L?, and xo = G'(0) is continuous from L? to itself.

en for instance Vger(x) = % for small enough (which belongs to v.H ™), this result
When for i V \%f Q 1 h (which bel H™2), thi |

states that the screened potential V(Vgef) is in L2, and therefore decays faster than V.. When
the defect potential is the Coulomb potential generated by a localized charge density p, we expect
from the analysis of the Thomas-Fermi model that V(Vger) will have the same decay properties
erp(9)
lq]?
spaces (see Section 2 for more details): for every n € R, N > 0,

L% = {f € LQ,/ (1 + 2N |f(2))?dx < oo}
R3

as p (because q — is smooth). To quantify this, we need to define the weighted Sobolev

and
N n
Hy ={f,(1+z*)2 f € H"}.
We then have

Theorem 1.3. Fiz Wyer € Lger and ep € R. There is a neighborhood 17;1,; C Vet of zero in
veH 2 such that, if Vaer € Vaet, and if Vaet € veHy?, then V (Vaer) € L3,

Therefore, if Vger(x) = % for @ small enough, then V' (Vget) decays faster than any polyno-
mial.

To prove Theorem 1.2, we need to generalize the results of the Thomas-Fermi model to our
setting. The first obstacle is the more complicated nature of the potential-to-density mapping
G. This is handled by using a contour-integral formulation, which allows for the computation of
response functions (derivatives of G). The second is the absence of translation invariance, and
therefore of the simple decomposition of operators Fourier space. However, the periodicity of the
underlying crystal allows the use of the Bloch transform, which replaces the Fourier transform
used in the homogeneous case. We also need to establish the invertibility of the operator e/C,
which is done by studying the low-wavelength behavior of the independent-particle susceptibility
operator Yo, and relating it to F »(Wher). Finally, the improved decay estimates in Theorem 1.3
are obtained by considering the off-diagonal decay of the resolvent of the periodic Hamiltonian,
a property related to the well-known locality of the density matrix [20, 2, 5].

Remark 1.4 (Exponential decay). It follows from our estimates that the operator e ‘v, rep-

resenting the linear response of the screened potential to a defect charge density has an erpo-
nentially decaying kernel. Indeed, from the proof of Lemma 5.2 one can see that its fibers are
analytic in a strip in the complex plane, and therefore e ‘v, maps exponentially decaying charge
densities to exponentially decaying potentials. The exponential decay rate depends in particular
on the temperature. Proving this for the non-linear mapping V (Vaet) requires the use of more
involved functional spaces quantifying exponential decay, and we do not do it in this paper.

Remark 1.5 (Zero temperature limit). The results above are to be compared with those of [7]

(see also [8] for the dynamical case). There, the authors study the linear response in the case of

insulators at zero temperature. They obtain partial screening, whereby the total potential behaves

at long range as a Coulombic potential whose effective charge is reduced by a constant factor
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(the dielectric constant of the material). The difference can be schematized as follows: in the
case of insulators at zero temperature, the independent-particle susceptibility operator xo behaves
for low wavelengths as |q|?, reflecting the lack of bulk movement of electrons. Accordingly, the
dielectric operator e =1 = (1 —wvexo) ™! behaves as a constant. In the finite-temperature case, Xo
behaves as a constant for low wavelengths, and therefore e~! behaves as |q|?.

The discussion above in terms of wavelengths is complicated by the fact that these operators
do not commute with all translations but only with those of the crystal lattice, and so are not
diagonalized by the Fourier transform but by the Bloch transform. Because of the appearance of
the inverse, the behavior of et for low wavelengths is not determined only by that of xo for low
wavelengths. This discrepancy is sometimes called “local field effects” in the physical literature.
Howewver, the conclusions above are qualitatively correct, although the proper treatment of these
effects is more involved, as we will see.

This work is only concerned with the finite-temperature case. Physically, this has the effect
of making every material metallic, in the sense that there are free electrons available to move
towards the defect. Mathematically, this allows response functions to be derived straightforwardly
from contour integrals. The case of the zero-temperature limit of metals remains open (although
see [11] in the linear case). A particular challenge is that of the appearance of Friedel oscillations,
which in the case of the free Fermi gas (Wpee = 0) are linked with non-smoothness of the
independent-particle susceptibility xo(q). In the periodic case, the shape of Friedel oscillations
depends on the properties of the Fermi surface.

Remark 1.6 (Energy methods). In this work, we are concerned with the convergence of fized-
point iterations, and screening in the small defect regime. Therefore, we use a fized-point
approach to the existence of solutions of the defect equations, and do not exploit the existence
of an energy. This limits our range of applicability to small defects, and cannot ensure the
uniqueness of solutions. It would be interesting to prove the existence of solutions outside of the
perturbative regime through energy methods.

The use of an energy sheds some light on the convergence of the damped fixed-point iteration,
which decreases the (free) energy of the system for small enough damping parameter. Similarly,
the non-positivity of the derivative of the potential-to-density mapping, which we obtained by
direct computation, can also be seen through energy methods. For concreteness, we sketch this
argument now in a periodic system at fixed Fermi level. Consider a periodic system of non-
interacting electrons in a periodic potential W. Define the free energy (per unit cell) of a
density matriz v

E(y,W)=Tr((-A+W —ep)y) + kT Tr(ylogy + (1 — v) log(1 — 7))

where Tr is the trace per unit cell (see Section 2). Then E is convex on a suitable subset of the
convex set of periodic self-adjoint operators satisfying 0 < v < 1 and admits a unique minimizer
V(W) = fer(=A+W). The functional

I(W) = inf E(y, W) = E(y*(W), W)

is concave, being the infimum of affine functionals. Its gradient is computed using an Hellmann-
Feynman-type argument as

oF
T oW
and it follows that FE’F, being the Hessian of a concave functional, is self-adjoint and non-
positive.

I'(w) (W), W) =" (W)(z,2) = Fep. (W)

Remark 1.7 (Kohn-Sham density functional theory). We consider here the rHF model, which
neglects any exchange-correlation effects. In the case of the Kohn-Sham model, the dielectric
operator is
el = (]— - (Uc + KXC)XO)_17
6



where Ky is the derivative of the exchange-correlation potential with respect to the density. It
is not a priori clear that the operator € is invertible in this case, even for a finite system. This
is related to the non-convexity of the model. The full investigation of this property, which can
only hold locally close to a ground state, would be interesting future work.

The structure of the paper is as follows. We first introduce our notations in Section 2 and
recall properties of the Bloch transform and of periodic operators. In Section 3 we state general
theorems and prove some estimates on resolvents and densities of operators. Then we study
the periodic THF model in Section 4, establishing properties of the response operators and
proving Theorem 1.1. We finally study the defect model in Section 5, culminating in the proof
of Theorems 1.2 and 1.3.

2. NOTATIONS

Let R be a periodic lattice in R?, R* = {K € R3|VR € R, e = 1} be its dual lattice,
I" be a unit cell of R, and I'* = B be a unit cell of R*. By abuse of language we call B the
Brillouin zone. Both I and B are considered to have the topology of a torus: this means that,
for instance, a continuous function on I' extends to a continuous and R-periodic function on
R3.

We let kT > 0 be a fixed temperature, and set

1
fer(e) = B
1 _|_ e kT
the Fermi-Dirac occupation function. We recall that f is decreasing on R and analytic on

R+ i(nT,nT).

L? is the usual Lebesgue space on R3, and L%er ~ L%(T) is the space of R-periodic functions.
For s € R, H* is the Sobolev space on R? and H5, ~ H*(T) the Sobolev space on the torus
I", defined via Fourier transform and Fourier series respectively. All these spaces are Hilbert
spaces with their usual inner product.

We normalize the Fourier series, transforms and Bloch transforms to consistently have un-

normalized decompositions: for a function u € Lf,er, we have

u(z) = Z B (u), cx(u) = ]fe_iKmu(:n)dx

KeR*
where f, = & [, is the normalized integral. For a function w € L? we have

w(zr) = /]1%3 e w(q)dg, w(q) = (271r)3 /R3 e~y (x)dx

The Bloch transform for w € L2 is

u@o:LaMW@Mh w@) = 3 ek + K).
KeR*

The map k — u belongs to the space L?(1, Lger

up @ R® — Lger that are locally L? and satisfy the pseudo-periodicity condition ug () =

e~y (2) for all K € R*. This space is equipped with the norm

), by which we mean the space of functions

2 2
Il g,y = [ el

The Bloch transform is, up to normalization, unitary from L? to L?(B, L%er).

Recall that —i0,,w has Bloch transform k — (—i05,+k;)uy, and that z;w has Bloch transform
k — i0k,ug. Let (x) =+/1+ |z]2. For every n, N € R, let the weighted Sobolev spaces

Hy ={feS (x)NfeH"}
7



and
Ly = HY ={f € L*,|(2)" f]| 12 < o0}

with natural norms. The Fourier transform is bounded and invertible from HY to H,, N The
Bloch transform is similarly bounded and invertible from H% to HY (B, Hp,,), where H N(B, Hy.,)
is defined as above (see for instance [15]).

If A is a bounded operator on a Banach space, we call ||A]| its norm, o(A) its spectrum and
7(A) = limy, o0 | A?||V/™ = sup{|z|, z € 0(A)} its spectral radius.

We denote by &,, the space of Schatten-class operators on L?. The spaces S, equipped with
their norm [|Alls, = (Tr |A[P)!/P are Banach spaces (Hilbert space for p = 2). In particular, the
cases p = 1, 2, oo correspond to trace-class, Hilbert-Schmidt and bounded operators respectively.

We say that a bounded operator A on L?(R®) is a periodic operator if it commutes with
the translations of the lattice R. As is well-known [21], such operators are decomposed by the
Bloch transform, in the sense that there exists a family { Ay }rep of bounded operators on Lper

such that, if w = [ e*uy(x)dk € L?, then

(Aw)(x) = /B e (Apur) (@) dk.

We call the operators Aj the fibers of A. The smoothness of the fibers of operators reflect the
off-diagonal properties of their kernel: if an operator A has fibers A, that are smooth from R?
to bounded operators from ngr to Hpe, and if w € HY; for some N > 0, then Aw € HY.

If A;, are trace-class on L2 . almost everywhere and f g 1T |Ag| < 0o, we define the trace per

unit cell

per

TrA = ][ Tr Ay
B

One can then define the Schatten classes of periodic operators
Sp.per = {A periodic, Tr|A]P < oo}

with associated norms. Note that this is distinct from (and larger than) the class of Schatten
operators on Lper

If A € &y, then A has the singular value decomposition A =3 An|dn)(¢n| with ¢, and
¥ two orthonormal sets and Y-, oy [Ai| < 00, and we define its density A(z,z) € L' by

neN

Similarly, if A is locally trace class then A(z,x) € Lloc, if A is a trace-class operator on Lper
then A(x,z) € L}, and if Ais in &y per then Az, z) € L, with

per’
Az, x) ][Ak:c:n

3. GENERAL RESULTS AND ESTIMATES
3.1. General results. We recall the following classical properties

Lemma 3.1. Let X be a Banach space and A, B be bounded operators on X. Then o(AB) \
{0} = o(BA)\ {0}.
Proof. Let A ¢ 0(AB) and A # 0. Then (A — BA) is invertible with inverse
(A—=BA) ' =X"11+ B\ - AB)A)
and A ¢ o(BA). The proof follows by interchanging A and B. O

Lemma 3.2. Let X be a Banach space and A a bounded operator on X. Then for everye > 0,
there is a norm || - || equivalent to || - || x such that ||All: < r(A) +e.
8



Proof. See [13] for instance. O
We will make use of the following variant of the Banach fixed point theorem:

Theorem 3.3. Let X,Y be two Banach spaces, U and V be two neighborhoods of x* € X and
y €Y, and T :U xV — X be a continuously differentiable mapping such that T (z*,y*) = z*,

and
8T * *
r (%(m Y )) <1

Then there are neighborhoods UcUandV CV of x* and y* such that, for all y € ‘7, the
iteration

(10) Tn+1 = T(Jjnv y)
with xg € U converges to a solution z(y) of T(x(y),y) = z(y) in U. This solution is unique in
U. Furthermore, x(y) is differentiable, and
oT “tor
) =(1- S 7 :
o) = (1- Gt n) G

Proof. Applying Lemma 3.2 to A = ?}%(x*v y*) and using the continuous differentiability of T,
we see that, for all € > 0, there is an equivalent norm || - || on X such that

oT oT
i < Yl ok x ok ¥
)| <r(Geean) et 0lle =+ ly- D

£

It follows that, for £ small enough, there is a neighborhood UxV of (z*, y*) such that, for every
y eV, T(-,y) maps U to itself and is a contraction for the || - || norm. The convergence of (10)

(in the || - || and therefore in the || - || norm), as well as the uniqueness of z(y) follows from the
Banach fixed-point theorem. The differentiability follows as in the proof of the implicit function
theorem. O

Remark 3.4. The implicit function theorem also shows the existence of x(y) under weaker

assumptions (that 1— % is invertible). The main difference is that the implicit function theorem

uses the Newton-like iteration x,y1 = x, + (1 — g—g(m*,y*))*l(T(xn,y) — xp,) instead of the
simpler iteration (10). We use here this version because we are interested in the convergence of
the fized-point iteration. (

Recall that in general r(%) < ||g—€\| for general non-normal operators, and therefore T' is not

necessarily a contraction.

3.2. Resolvent estimates. In the following, we want to prove that products of resolvents and
potentials have certain trace properties, in order to define potentials-to-density mappings via
contour integrals. The following equality, a building block of the general Kato-Seiler-Simon
inequality [23], will be very useful:

Lemma 3.5 (Kato-Seiler-Simon equality). For every f € L?, g € L?, f(—iV)g(z) € &2 and

1F(=iV)g(@)lls, = 2m) 2| fl|2 19| 2.
Similarly, for f € L?, g € L?

per’

1 (=iV)g(@) e per = (2m) 21 f 22119 12,

per
Proof. The proof of the first assertion is standard, see e.g. [23]: note that f(—iV)g(z) has
integral kernel

(F(=iV)g(2)(x,y) = f(z — y)g(y)

and therefore

1£(=iV)g(2)&, = / |z = y)g(y)Pdedy = (27) 7| fll 2|9l 2
RG
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For the second, we first note that, if f € £2(R*) and g € L2, then f(—iV)g(x) is an operator

per? A
on Lger. By writing its kernel (matrix in the basis of the ﬁemm for K € R*), we get
. 1
1F(=iV)g(@)llesz2,,) = ﬁHfHEQ(R*)HQHLfm

(see [12]). The result then follows by writing, for f € L2 g € L?

per>’

V) = 17T + D) 53,

_ 1 2 2 _ -3 2 2
= mylols, ]i 371k F)dk = (2m) P lgll2a, 1122

KeR*

O

In particular, since f(q) = (1 + |¢/*)~! is in L?, this implies that (1 — A)~'V is bounded
for Ve L? + Lf)er. This can be amplified to prove that both L? and Lf)er potentials are —A-
bounded with relative bound zero, so that, for Ve L?+ L2 ., —A+V is self-adjoint on L*(R?)
with domain H?(R3). In particular, the resolvent of —A 4 V is the resolvent of the Laplacian,
modulo a bounded operator:

Lemma 3.6. There is C > 0 such that, for all V € L? + L?

per’

if z ¢ o(—A+ V), then
(11) B,=(z—H)"'(1-A)

18 bounded, with

L[] + V22 g2
B.|| < 1 Lkl
: ”—C( T dGo()

Proof. In this proof and others in the sequel, C' denotes a constant whose value might change
from line to line.

The following argument is classical, see e.g. [3, Lemma 1]. The idea of the proof is that,
if V is small, we can expand (z — H) "' (1 —A) =3 o((z + A)7'V)"(z + A)71(1 — A) and
bound (z + A)~'V by the Kato-Seiler-Simon equality. To extend this argument for arbitrary
large sizes of V', we consider the shifted operator H + ic, where ¢ > 0.

Let ¢ > 0. For V € L?, we have that
I(=A —ie) V| < (A —ie) Ve, < [VIIL2ll(I€1* = ie) M2 < e AV 2 (€7 = )7l

while similarly for W e Lger we have

I(=A = ie) W < (A = i) Wley o < Wiz, K P —ic) e < W gz, (K =)l

per per
It follows that by taking ¢ = C'(1 + |z| + HVH%QJFL2 ) with C' large enough, we get
per
(z—(H+ic) P =((-A—ic)+2z—-V) =0+ (A —ic) H(z = V) H(~-A —ic)™!
and so (z — (H +ic)) "' (1 — A) is bounded uniformly in V and z. The result then follows from

B, = (2 — H) (2 — (H +ic))(z — (H +ic)) (1 - A)

|z — (A +ic)| ( c >
B,|<Csuyp——m—=<C|1+ —"—+—
1B:l < Osup =3 d(z o (1))

10



3.3. Density of an operator. The following lemma gives a useful condition for an operator
to have a density in L?, or for a periodic operator to have a density in Lger.
Lemma 3.7. There is C > 0 such that, if A is an operator such that A(1 — A) € Gq, then
A(z,x) € L?, with

[A(z, z)|| 2 < ClA(L = A)lle, || f[| 22
Similarly, if Aper is a periodic operator such that Aper(1 — A) € G per, then Aper(x, ) € L?

per-
||A($’ "'E)HGl,per S CHAPer(l - A)||62,per'

Proof. By the Kato-Seiler-Simon equality, for any function f € L2,
[Aflle; < 1AL = A)]leull(T = A) 7 flle, < CIAQM = A)lle, |1 £l 2,

and similarly in the periodic case. O

4. THE PERIODIC FINITE-TEMPERATURE RHF MODEL

2
per»

W = Whua + UperFaF(W)
fl“ FEF(W) = Ng.

Given a nuclear potential Wy € L we look for a solution of the equations

(12)

Recall that the existence and uniqueness of solutions of this equation have been proved in [19].
Our goal for this section is Theorem 1.1, which states the local convergence of a fixed-point
iteration.

For any p € L
with zero mean:

2

sers Uperp Was defined in (2) as the solution of the periodic Poisson equation

Z cx(p)
(vperp)(x) = |K|2 61K$’
KeR* K#0

2

It is a bounded non-negative self-adjoint operator on L It is the pseudo-inverse of the

per*
negative Laplacian on L2, in the sense that —A(vperp) = p for all p € L?, and vpere = 0, where
the constant function e spans the kernel of —A.
We first investigate the mapping F;, and its derivative. The last property that F._(W)+ B8A
is positive for all 5 > 0 is recorded for future use in the case of defects.

Lemma 4.1. For all ep € R, the map
FEF(W) = fEF (_A + W) ('T’x)
is analytic from L2, to itself. For all W € L2, its differential FL (W) is self-adjoint and

per per’

non-positive. Furthermore, for every 8 > 0, FE’F (W) + BA is negative.

Proof. Step 1: F., : Lger — Lger. Let W € Lger, and H = —A + W. Recall that H is

periodic, with fibers Hy, = (—iV + k)2 + W. We label the eigenvectors and eigenvalues of Hj,
(a self-adjoint operator on Lger with compact resolvent) by

Hyung = enknk
where the (,x)nen are ordered by increasing order. We have
Fop (W) = 5 o e P
B neN

By standard comparison arguments, there are a € R,b > 0 such that £, > a + bn?/3. By
the Sobolev embedding H,, < L., |uuk|? is controlled in L2, by |Jun|%: < C(1+ n?/?)
per

per per? per
for some C' > 0, uniformly in k£ € B, and it follows from the exponential decay of f., that
F.,(W) € L2,

11
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.EF *i?TkBT

F1GURE 1. Contour C used to differentiate the potential-to-density mapping.
Note that this differs from standard rectangular contours because we need to
ensure that (z — H)~! remains Hilbert-Schmidt uniformly in z € C.

Step 2: F., is analytic. Since potentials in L?,, are infinitesimally A-bounded, there is
¥ > 0 such that o(H) C [, +00) for all W with HVVHL%;Cr < R. Let C be the contour given

by Figure 1. This contour encloses the spectrum of o(H), avoids the poles of the Fermi-Dirac
function at ep + irkgT + 2irkpTZ, and is asymptotic to Im(z) = a + bRe(z) for large z € C,
for some a € R,b > 0. The function f., is therefore analytic inside C, decays exponentially
when |z| — oo, and we have

fEF 27TZ/fEF Z— )_le

as bounded operators®. Let R, = (z — H)~!. Because d(z,c(H)) increases at the same rate
as Re(z), it follows from Lemma 3.6 that B, = R.(1 — A) is bounded in operator norm,
independently of z € C (note that this would not be true for a rectangular contour). From the
Kato-Seiler-Simon equality, there is therefore C' > 0 such that, for all z € C,6W € L?

per»

1R-0W &g per < 1BII(1 = A) 7 0W [0y 40 < ClOW 12,

Therefore, for [|6W ][z < 55, for all z € C, (z — H — 6W) is invertible, and
(z—H—6W) "' =(1-R0W) 'R, =) (R6W)"R..
n>0

We can expand f.,.(H + 0W) as bounded operators:
oo (4 8W) = oy (1) = 5 | fen(2) S (ROW)" Red
n>1

For all n > 1, we have that
I(R6W)" Ro(1 = Alls, ., < IB:lIRWIIE, ., < C™IdW 72

It follows from the decay properties of f., on C that

/ 3 Fer(2) |(R6W)" Re(1 = A)g, . < 00,

n>1

and therefore that F;, is analytic at W.

2Note that if other occupation functions are used, the contour may need to be modified. For instance,
Gaussian smearing [5] decays exponentially only if b < 1. Our technique is less general than that of [19] based
on the Helffer-Sjostrand formula, which does not require any analyticity in f. ..
12



Step 3: FE’F is self-adjoint and non-positive. From the previous computations, we have
1
FL(W) oW = / £ (2)(RoOW R, (, 2)d.
C

with (R.0WR.)(x,z) € L2, uniformly in z € C.
For all z € C, R,6W R, is periodic with fibers (z — Hy) "W (z — Hy,)~!. Inserting the spectral
(2 — Hy) ' = Y onen(z — enk) k) (tnk|, we get, for all SWq, §Ws € L2

per»
(oW, F; (W) dWa)

2m/f8F ][ Z (z — enk)

=5 et ][Z o)

n,meN

P 5mk) Tr <5W1’Unk><unka 5W2umk><umk’>dkdz.

<5W1umk, unk> <unk, 5W2umk>dkdz.

— | = — [u—

z — 5mk>

The absolute convergence of this sum in Lper follows from the estimates above. For completeness,

we give a more direct proof. Let ex(x) = \Z/% The (ex)xer+ form a Hilbert basis of L2

m

per»
and we have the property (ex,dWeg:) = (e _gr,6W) for all W € L2 K,K' € R*. Tt

follows that

Z | (Unkey OW U ) |2 _ Z |(wnks exc) (e, OWerr)(exr, upi) |*

2 . 2
n,meN |2 = el n,meN, K, K'eR* |2 = enkl

_ 1 $ |(tng, exc){ex—xr, OW)|?

I neN, K, K’'€R* [z = enl?
_ oWz, v P
- m neNRere |27 Enkl’
H5WHL2
% |z — <>€n;g|2

which is bounded uniformly in & € B, z € C. The result follows by a Cauchy-Schwarz inequality.
Performing the contour integration, we obtain the following sum-over-states formula

(SW1, FL (W) - 6Wy) = ][ Jke = Tk sva ) i, Wt
keB

n.meN Enk — Emk
where fnr = fe. (enk), and with the convention that

fEF (5) — faF (E)

gE—¢€

= 1l (e)

arising from the double pole (2 — £,,1) "2 when &, = €. F! (W) is therefore self-adjoint and,
since

(W, FL_(W) - 5W) :]i D Jke = Jonke o S d

& — &
n.meN nk mk

and f, is decreasing, it follows that F__(W) is non-positive.

Step 4: F., (W)+ (A is negative. Assume that F, _(W)+ BA is not negative. This means
that there exists a sequence W, of potentials with ||[IV,|| rz,, = 1 such that

(Wh, FL(W) - W) — ﬁ/r VW, |2 — 0.

13



Let e be the constant function in L2 . We have D K20 |K|2|ere (Wy)|?> — 0, so that P-W,, — 0

in H'. Up to a subsequence, we can assume that (e, W,) — ¢, with ¢ € C. It follows from
Wy = P.W,, + P, W, that W,, — ce in L?, and that |c| = ﬁ Then,

(W, FL (W) - W,,) < BféF(€1k)|<u1k,Wnu1k>!2dk
ke

fEF Elk dk < 0.

\/IT][ke

where we have used that |||u1x|?||f2 < C|luk||3,: is bounded uniformly in k. O
4.1. Self-consistent Fermi level. We now solve the equation fr F., (W) = Ng for ep.

Lemma 4.2. For all W € I2

ser and Ney > 0, the equation Jp Fep (W) = Ng has a unique
solution ep(W). The map
F(W) = Fep) (W)

is analytic from L2, to L?,,. Its differential F'(W) is self-adjoint and non-positive, and satisfies

per per-
F'(W)-e =0 where e is the constant function.

Proof. Let

N(er W) = e. e ) = £ 3 fependd

neN
be the total number of electrons with Fermi level ep. Then, since F., (W) = F(W — epe), by

the previous lemma N is analytic on R X LQQI, with
ON
68F(6F,W) <€ F/ ][ Zf€F 5nk d/{?>0
nGN
ON

Bl = (ep, W) - 0W = (e, F., (W) - 0W) = (F (W) - e,0W)

Forall W € L%er, N (-, W) has limit 0 at —oo and 400 at +o00, so that there is a unique solution
ep(W) of N(ep, W) = Ng. From the implicit function theorem, we get that ep(W) is analytic
on L;Q)er and

and therefore

1
F'(W)-6W =F._(W)-0W —

(e, FZ,(W)-¢e)

In particular, F'(W) -e = 0 and F'(W) is self-adjoint.

The expression above is of the form F'(W) = A— m]A@ (Ae|, with A = F/_(W) bounded,
self-adjoint and non-positive on a Hilbert space H and e € H. In particular, F'(W) is self-
adjoint, F'(W) -e = 0, and we compute, for all z € H,

_ (A2, |A]2e) 2
<:p,<A - A>|Ae><Ae\) >——<||\A|1/zx||2_ b )go

by the Cauchy-Schwartz inequality, from where it follows that F’'(W) is non-positive.

<F5/F(W) e, 0W) FE’F(W) e

We now look for solutions W € L2

per

W = Wy + UperF(W)-

of the equation

We are ready for the
14



Proof of Theorem 1.1. Set
Ta(Wa Wnucl) =W+ a(Wnucl + UperF(W) - W)

In particular, T, is analytic from Lper to itself. From Theorem 3.3, we only need to check that
the spectral radius of the operator

Jo =1+ a(vper F'(W*) — 1)

is smaller than 1 for o small enough. This is ensured by the fact that vpe, and F'(W*) are
bounded operators on Lper and vper is non-negative, so that, from Lemma 3.1,

o (Uper ' (W) \ {0} = 0/(y/Vper I (W) y/Oper) \ {0}

This last operator is a non-positive self-adjoint bounded operator on Lper, hence the result. [

5. THE DEFECT PROBLEM
In this section we fix Wyer € Lger and ep € R. Let
Hper =—-A+ Wper

be the background periodic Hamiltonian.
We first investigate the renormalized potential-to-density mapping.

Lemma 5.1. There is a neighborhood V of 0 in L? in which the map

G(V) = (fep (Hper +V) = fer (Hper)) (2, 7)

is analytic from L3, to L3, for all N > 0.
Let xo = G'(0). Then V +— G(V) — xoV maps VN L3 to L3y for all N > 0.

Proof. Step 1: the case N = 0. The proof of this step is similar to that of Lemma 4.1. We
take a contour C enclosing the spectrum of Hpe, with the same shape as in Figure 1, which
encloses the spectrum of Hper + V for ||V||z2 small because L? potentials are infinitesimally
A-bounded. From Lemma 3.6, there is C' > 0 such that, for all z € C and V € L2,

IRV e, = 1R-(1 = A)(1 = A) Ve, < IV 2.
with R, = (2 — Hper) L. It follows that, for ||[V]|z2 < 207 (1 — R,V) is invertible, and we have

faF( per+V) faF per = /fap per+V)) (Z_Hper)il) dz
(13) - / 2D S (R.V)"Ruds

as bounded operators. From the estimate
I(R-V)" " RVR. (1~ A)ls, < [|R(1 = A)[[|RVIE, < CMIVI72

with C uniform in z € C and the decay properties of f. ., it follows that the expansion (13)
converges absolutely. Therefore, f., (Hper + V) — fer.(Hper) can be associated a density G(V') €
L?, and @ is analytic in a neighborhood of 0.

Step 2: Bloch structure of the expansion of the density at all orders. We first note
that

Hypg — Hy = 2(=iV + k) - ¢+ |q|*.

The bounded operator R, = (z — H)~! on L? is periodic with fibers R, j = (z — Hy)~!. Since
R. (1 = A) is bounded uniformly in z € C and k € B,

1R- k(2(=iV + k) - g + [g*) ]| = IR k(1 — A)(1 = A)TH2(=iV + k) - g + |g|*)]| < C(lg] + |af).
15



For ¢ small enough, we then have

R.jyq = Z (Rz,k@(—iv +k)-q+ \Q|2))nRz,k

n>0

and, from the previous estimate, R, ;, is analytic in the || - (1 — A)| topology, uniformly in
z€Candk € B.

For z € C, let

|62,per

DI(V) = ((R:V)"R.)(z, ).

We first consider the first-order term Dgl). Let V = [, eV, (z)dg € L?. Elementary

computations show that if A is a periodic operator with fibers Ay, then e~%% Ae’® is a periodic

operator with fibers Aj,, and that €'9% A has density
(€97 A) (2, 7) = 9% Az, 7) = €9 ][ Ay (z, 2)dk,
B
Therefore,

DI(V) = / (€967 RGOV, R, ) (2, x)dg = / emf(Rz,k+q%Rz,k><x,x>dkdq
B B B

DIOWV), = ]i (R pqVyRe ) (@, )

Similarly, in the general case,

(14) Dgn)“/)q = / f (Rz,k+qvq—q1 Rz,k+q1 Vql—qz T Rzyk)(.fﬂ, :Ii)dk dq1 s dQn
q1,.-,qn-1€B J keEB

Step 3: the case N > 0. Since for i =1,2,3
(15) (@i DIV (V))g = 104, DI (V)

and R, is analytic for the || - (1 — A)|ls, .. topology, uniformly in z € C, k € B, the repeated
application of (15) to (14) yields a bound of the form

1D (V) < CxllVilgz, €IV

for all N > 0, with C' independent on N, this bound being uniform in z € C.

It follows that, for ||V|z2 < %, for all N, we have the absolutely convergent expansion

1
= (n)
GV) = 5 [ )X DO (V)
n>1
in L%.
Step 4: G(V) — xoV : L% ~ L25. We have

G(V)—xoV = QLm /c fer(2) ZDE”)(V)dz.

n>2

Consider terms of the form

1 1 2 2
(1) I:/ ][ (B Vet RO Vi gy B Via o -+ Be) (@, @) deqy - - dg
q1,-,qn—1€8 JkeB

)

where RS%,RS% are R, j or their derivatives, and Vq(l), q(2) are V; or its derivatives. These
terms have the form of a periodic convolution and their ¢ derivatives can be expressed with

respect to either V) or V. Indeed, ¢; — Vq(Bh Rf,)g ta Vq(fqu is R*-periodic. Performing the

16



change of variable ¢j = ¢ —¢1 and using the periodicity to integrate ¢} over B rather than ¢ — B,
we can transfer the ¢ dependence on V(2):

(17)

-
q/

Let pan be a polynomial of degree 2N. Applying (15) successively to pan(z)(G(V) — xoV)
involves terms of the form (16), which can be rewritten using (17) to contain at most N deriva-

z,k+q—q] " q—qi—q2

(RS]Lr v R @ RokrasVip—gs - Rog)(w, 2)dkdq, - - - dgy.
tn1eBJres DTN

tives of Vq(l) and Vq(Q) with respect to ¢. Using the analyticity of k — R, j, we obtain a bound
of the form

1D (V)llz,, < CnIVIT2 C IV

where C' is independent of N, the bound being uniform in z € C. The result follows.

Recall that the operator v, is given by the convolution
1 p(y)

= — dy.

en)(w) = 3= [ 2y

In Fourier space, this is a multiplication by #. This is an unbounded non-negative self-adjoint
1

operator on L?. We denote its formal inverse by v.~! = —A, also an unbounded non-negative
self-adjoint operator on L2. v.~! does not have a spectral gap at zero, but —xo + v. ' does:

Lemma 5.2. Let N > 0. The operator —xo + ve " is self-adjoint and positive on L?, and its
inverse is bounded from H]Q2 to L?V.The operator € = 1 —wv.Xxo is invertible in L?V, with bounded
mnuerse
_ _ -1
el =(1—-vexo) ' = (—xo+v ") vt
The operator Ke is therefore bounded and invertible on L?V.

Proof. We have, for V € L? with Bloch transform V,

1
0V =5 [ £e0) [ (RepgViRes) o) dhdads
T Jc BJB

and therefore xg is fibered, with fibers

1
(18) 0l = o [ For ) f (R W R ) o, )b
™ Jc B

for W e L2,,. Asin Lemma 4.1, inserting the decomposition R, j = 3, cn(2—nk) ™ tnk) (Unk|,
we obtain the sum-over-states formula

Jrk+qg = ok
<W1) XO,qW2> = ][ Z = 1 - <Wlum,k’> unk+q> <unk+q7 WQUm,k:>dk
B n.m>0 Enk+q — Emk

converging absolutely, from where it follows that xo,4 is self-adjoint and non-positive on L? for
all ¢, and therefore that xq is too.

It follows from the regularity of R, ; and (18) that xo is analytic as bounded operators in
L2, with x0,0 = F.,,(Wper). The operator v.™! = —A has fibers v~ = (—iV + k)? positive
except at k = 0. Using Lemma 4.1 with g = 1/2, it follows that

1 —1 / / 1 —1
—Xo,k + §Uc,k = _(XO,k - FgF (Wper)) - FgF(Wper) + §Uc,k
is bounded away from zero for k small, and therefore for all k. Therefore, there is ¢ > 0 such

that

1 1
—X0 +ve = —xo0+ 51}0_1 + §vc_1 >c(l1—A)
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as quadratic forms, from where it follows that (—xo + v. 1)t < %(1 — A)7! as quadratic
forms and then that, for all V € L?, ||(—=x0 + v ") 7' V||z2 < 1[[(1 — A)"'V||2. The operator
(—x0 + v~ 1)1 is therefore bounded from H~2 to LZ.
Its fibers are (xox + vex *) ' and, for ¢ small enough,
(X0kq T Ve ) = Z ((Xo,k e ) T (X0 kg — XO,k)n) (Xo& + Ve )"
n>0

which shows that the family (xo + vcfl),:l is analytic on B as operators from H;e% to Lf)er, and

therefore that (yo+v.~!)~! is bounded from H* to L. Tt then follows that e is invertible on
L?V, with inverse

_ _ —1\—1
€ 1:(1_7)(:)(0) 1:(_X0+UC 1) Ve L

Finally, we have
(’Cg)_l = (_XO + Uc_l)_lvc_llc_l = (_XO + Uc_l)_l(l - A)v

hence the result. O
We are now ready for the

Proof of Theorem 1.2. We proceed as in Theorem 1.1, and apply Theorem 3.3 to
T(V,Vaet) =V + ak(Vaet +vcG(V) = V),
analytic in a neighborhood of 0 in L? x v.H 2 to L?, with Jacobian at (0,0)
Jo =1—ak + aKvexo) = 1 — aKe.

Since Kv. = (1 — A)~! is bounded, self-adjoint and non-negative on L2, we have

U(KUCXO) \ {0} = U( Kvexoy ICUC) \ {0}

It follows that by taking o small enough, we can impose that o(J,) C (—1,1] Since from
Lemma 5.2 the operator Ke is invertible on L?, we even have that o(.J,) C (—1,1), hence the
result. O

Proof of Theorem 1.3. The proof is based on a bootstrap argument on the equation
(19) V = (Vaer + ve(G(V) — x0V))

satisfied by V(Vget).
For the base case N = 1, we prove that V(Vget) € L? by applying Theorem 3.3 to

T(V, Vaet) = € H(Viget + ve(G(V) = x0V)),

an analytic map from L? x v.H; 2 to L? with Jacobian 0 at (0,0). It follows from the uniqueness
of V(Vper) that V(Vper) € L3

We then use the fact that T'(-, Vger) maps L} to L3 to conclude from (19) that V(Vye) € L3.
Repeating this argument, we obtain that V (Vper) € L3 O
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