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In this paper, we present various new algorithms for the integration of stiff differential
equations that allow the step size to increase proportionally with time. We mainly
focus on high precision integrators, which leads us to use high order Taylor schemes.
We will also present various algorithms for certifying the numerical results, again with
the property that the step size increases with time.
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1. INTRODUCTION

Consider the differential equation

p+Ap = D(g), (1)

where A € R™ is a diagonal matrix with positive real entries 0 < A; < - < Ay, and
where ® € C[F!!), ..., F{¥]9 s a polynomial forcing term. We are interested in analytic
solutions ¢:1 — C? where [ is either an interval of the form [0,T] with T >0, or a larger
subset of C that contains an interval of this form. The d components of this mapping will
be written ¢!, ..., !4: ] — C, whereas subscripts will be reserved for the coefficients of
local power series solutions. A similar notation will be used for the components of other
vectors and matrices.

If the largest eigenvalue A of A gets large with respect to the forcing term @, then the
equation (1) is said to be stiff. Generic numerical integration schemes experience difficul-
ties with this kind of equations, whether we use Euler's method, a Runge-Kutta scheme,
or high order algorithms based on Taylor expansions. Roughly speaking, the problem
is that all generic methods become inaccurate when the step size exceeds A7'. One of
the most difficult cases is when d is large, but each of the quotients A4 / Ay remains
reasonably close to one. This happens for instance when Ay =k?, a case that is naturally
encountered when discretizing certain partial differential equations.

Implicit integration schemes allow for larger step sizes than generic methods, but
involve the computation and inversion of Jacobian matrices, which may be expensive
in high dimension d. But even such more expensive schemes only seem to deal with
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the step size issue in a somewhat heuristic manner: one typically selects a scheme that
is “stable” when applied to any equation ¢’ +A¢ =0 for all A >0, and then hopes that
the scheme continues to behave well for the actual target equation (1). We refer to [25,
Section 17.5] and [4, Section 6] for more information on classical integration schemes for
stiff differential equations.

We are mainly interested in high precision computations, in which case it is natural to
use high order integration schemes that are based on Taylor expansions. In this context,
we are not aware of any numerical method that allows the step size to increase propor-
tionally with time. The main aim of this paper is to present such a method, together
with several variants, as well as a way to compute rigorous bounds for the error. Our
fastest method is an explicit scheme, but its convergence deteriorates when the eigen-
values A; are close. The slower and rigourous counterparts rely on the computation of
Jacobian matrices.

In sections 3 and 4, we recall various approaches that can be used to compute trun-
cated series solutions to initial value problems and how to derive high order integration
schemes from this. More precisely, given a numerical approximation ¢(t) for ¢(t) at
time t, we compute the first n terms of a power series solution f(t) to the initial value
problem

of(t
U LAt =oift),  Fibo=ct )

and return f(t)o+ f(t)1 6+ -+ f(t)n-1 6" lasan approximation of ¢ (¢ + ) for some suit-
able step size 4. The inaccuracy of such schemes for larger step sizes is due to the fact that
the k-th coefficient of f(t) tends to change proportionally to A k! for slight perturbations
of ¢(t). If A4 is large, then even small multiples of /\]fi/ k! quickly dominate f(t)r, which
severely limits the step sizes that we can use.

This numerical instability is an unpleasant artifact of traditional methods for the inte-
gration of differential equations. It is well know that solutions of stiff equations tend
to become very smooth after a certain period of time (in which case one says that the
system has reached its steady state), but this does not lead to larger step sizes, as we
would hope for.

In order to make this idea of “smoothness after a certain period of time” more precise,
it is instructive to study the analytic continuation of ¢ in the complex plane. In section 2,
for a fixed initial condition ¢ (0) =c and a fixed forcing term ®, we show the existence of
a compact half disk Hr ={t € C:|{| < R,Re t >0}, R >0, on which the solution ¢ of (1) is
analytic, for any choice of A. In particular, for t €[0,R /2], the radius of convergence o(t)
of the exact Taylor expansion f™(t) of ¢ at time ¢ is at least t. Setting K =max.em, ¢ (2)I,
Cauchy's formula thus yields the bound |f*(f)| <K/ tk for all ke N.

If t > A7, then this means that efficient integration schemes should allow for step
sizes of the order a t at time ¢, for some fixed constant « > 0. In section 5, we will present
various such schemes. They are all based on the computation of good approximations
ftyy=fto+ f{rz+-+ f(thy 2" of the exact Taylor expansion f*(t)., of ¢ at time ¢
and order n. By what precedes, such an approximation cannot be obtained by solving (2).
Instead, for a suitable so-called critical index x €{0,...,d} that depends on t, we will solve
the following so-called steady-state problem:

] —g<t>“] if i<y
i = if i>x

d f<t>

+Af(y=D(f(1)), { 3)
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Intuitively speaking, the system has reached a steady state for the eigenvalues A;
with i> . Such eigenvalues A; are “large”, so it is more accurate to determine coeffi-
cients f (t),El] as a function of later coefficients f(t)¢i1,..., f(t),—1 rather than earlier ones.
Furthermore, the coefficients f*(t)J1 are so “small” that they can be approximated by
zeros; this explains the steady-state conditions f(t)1=0. The remaining eigenvalues A;
with i<y are small enough for the step size under consideration that the dependence
of f(t) on the initial condition c(Hltilis sufficiently moderate for (3) to admit an accurate
solution. We say that the system (1) is in a transient state for such eigenvalues A; at time .

A final topic is the computation of rigorous error bounds for the numerical integration
process. For differential equations that are not stiff, this is a classical theme in interval
analysis [21, 15, 5, 16, 18, 19, 11]. It has long been an open problem to develop efficient
reliable integrators for stiff differential equations. We report on progress in this direc-
tion in section 6.

2. ANALYTIC CONTINUATION

Consider the equation (1) for a fixed initial condition ¢(0) =c € R and a fixed forcing
term @, but where we will allow ourselves to vary A. Our main aim is to show that there
exists a compact “half disk”

Hr = {teC:|t|<R,Ret >0}

with R > 0 on which the solution ¢ to (1) exists and is analytic, independently of the
choice of A. We will both prove a weak and simpler version of this result and a stronger
version that allows us to take larger radii R and that is also more convenient if we want
to actually compute a radius R that works.

2.1. Notations
We will need a few more notations. We denote the interior of Hg by
Hr={te C:|t|<R,Ret>0}.

Given a non-empty open subset U C C, we write A (U) for the Banach space of analytic
functions g: U — C with finite sup-norm

ligll=sup |g(u)l.

zel
We will often use vector notation: given v & Ct, g€E AU, and r,s € (R?)?, we write

ol = (oY, ..., M)

gl = g™, ..., g™y
r<s o rsMA o arldgsld],

In addition to such “componentwise” norms, we will also use more traditional sup-
norms: given v e e, g€ A4, and an 1 xn matrix M € C?*?, we define

ol = max (jot1], ..., [0 )

Iglee = max (Ig™M] ..., g1
M| = sup M.

vEC |v]=1
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2.2. Reminders from complex analysis

We will also need two well known results from complex analysis, namely an explicit
version of Cauchy-Kovalevskaya's theorem and a variant of Montel's theorem.

THEOREM 1. Let ¥(F) = ®(F) — AF, m.=|c|~, and consider the initial value problem
¢ = Y(), ¢@0)=c (4)
Writing ¥ = Zil,...,idqfh,---,id (FONyiL.. (pldlyia ot

M,.=max [¥;, | (2med)" T+,
i1,..-,0q

Then (4) admits a unique analytic solution on the open disk with center 0 and radius

T aM
Proof. Our assumptions imply that
- M, _ _
b=~ PO=-=¢"0) =m,
- 2med

constitutes a “majorant equation” for (4) in the sense of Cauchy-Kovalevskaya. By sym-
metry, each of the components ¢ of this equation satisfies the simpler equation

M

g = 1 g 7 g(o):mC/

2m;

which admits the explicit solution

4 Mt
g = [2— 1- mc )mc,

C

of radius g.. Since the formal power series solution of (4) satisfies ¢} | < || = g for all
ie{l,...,d} and keN, it follows that ¢ has radius of convergence at least g.. O

THEOREM 2. Given a non-empty subset U of C and a bounded sequence g1,92, ... € A(U)*, we
can extract a subsequence gx,, S, - that converges uniformly to a limit g, € A.(U)" on every
compact subset of UL

Proof. If d =1, then this is Montel's theorem. The general case is obtained using an easy

induction on d: we first extract a subsequence g;,, gi,, ... such that gl-[ld L gl[zd .. converges

to a limit in A(U) and then apply the induction hypothesis to this subsequence for the
remaining 4 —1 components. O

2.3. Analyticity on open half disks
Let J¢ = 0®/0F denote the Jacobian matrix of ®.
THEOREM 3. Let R >0, B€ (R>)?, and C <1 be such that for all z€ C, we have

lz—c|<B = |®(2)|R<B. 5)
lz—c|<B = [Jo()|l-R<C. (6)

Then, for any choice of A, the initial value problem
P+Ap=D(¢), ltirro1g0(t)=c (7)
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admits a unique analytic solution on Hg. In addition, we have |¢(t) —c|< B for all t € Hy.

Proof. Consider the operator Qg: A (H 09— A(HR)? with
Qr(Q)(t) = c+e™ f;eA”CD(g(u))du.

The fixed points ¢ € A (HR)? of this operator are precisely the solutions of (7). Let us
prove the existence of such a fixed point. The uniqueness follows by analytic continua-
tion from the well known uniqueness of the solution of the initial value problem (7) on
a neighbourhood of the origin.

Let us first notice that ()g maps the ball

Br(c,B)={g€ A(HR):llg—cl<B}

with center ¢ and radius B into itself. Indeed, given g € Br(c,B) and u € Hg, our hypoth-
esis (5) implies

B
|eAll @(g(u)” < eARell E-

For all t € Hg, it follows that

E Au E t AReu
er CID(g(u))du| < R.foe du
< %eARet f;eARe(lt—t)du
B
< Ee/\Retltl < BeARet’

whence [OQr(g) (1) —c|< B, as desired.
Let us next show that Qr is actually contracting on Br(c, B). Given g,h € Br(c, B),
consider the homotopy .= (1-€) g +eh € Br(c,B) with e€[0,1]. From (6), we get

1D (h) -~ D)l = Hfol ‘Dé'Zf) de\L

1
< [, o tre) (=gl de

1
[, sup Vo (7e() () =g (Bl de

teH}

N

C r1
7 |, sup I -gt)lxde

teHz

C
g8l
It follows that
[} er @ty - @ ] < Sih-gl [ e e du
0 © R *Jo
¢ ARet [ ARe(u-t)
< lh—gloe™™ [ e du
C
< glh=gleoe™ It < Cllh-glloo ™!
and

1Or (1) — QR < Cllh—gll-
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This shows that Oz is indeed contracting on Br(c, B). Since Br(c, B) is complete as
a closed bounded subspace of A (Hg), we conclude that g1,¢>,... converges to a fixed
point ¢ € Br(c,B) of Og. 0O

2.4. A refinement for larger compact half disks

It turns out that the condition (6) on the Jacobian is not really needed. Moreover, the
solution can further be extended to the closure Hg of HR.

THEOREM 4. Let R>0 and B& (R>)? be such that for all z € C, we have
lz—c|<B = |®(2)|[R<B. (8)
Then, for any choice of A, the initial value problem
P+Ap=D(¢p), p0)=c )

admits a unique analytic solution on Hg. In addition, we have |¢(t) —c|< B for all t € Hp.

Proof. Let Or: A (H)? —» A (Hg)? be as in the proof of Theorem 3 and notice that O still
maps Br(c,B) into itself. Now consider the sequence ¢1,9, ... with gi:= Qle(C) € Br(c,B).
Applying Montel's theorem, we obtain a subsequence g, that converges uniformly to
a limit g € Br(c, B) on every compact subset of Hg.

We claim that ¢ is a fixed point of Q. Indeed, for a sufficiently small R" > 0 with
R'<R,wehave [[¢(2)l R </, for all z€ C with [z—c| < B. As in the proof of Theorem 3,
this means that Qg is contracting on Br/(c, B). Consequently, the restrictions g'{, gE,
of the functions g1,g», ... to Hg with g,ﬁ = Qlkgf(c) tend to a fixed point gzo, and so does the
subsequence g;. Now this fixed point g2, coincides with g, on Hg and also solves the
initial value problem (7). By analytic continuation, g, therefore solves the same initial
value problem on Hg, which completes the proof of our claim.

It remains to be shown that g, can be extended to an analytic function ¢ on Hy that
satisfies |@(t) —c| < B for all t € Hg. Since g6 = P (g) — A g On HE, we first notice that [g4|
is bounded on Hg, whence g, continuously extends to a function ¢ thatis defined on the
whole of Hg, and we clearly have |¢(t) —c|<B for all t € Hg.

Now let us consider the unique solution (0| ¢) to the initial value problem () +
AY(t) = P(y(t)) with ¥(0) =g. Theorem 1 provides us with a lower bound ¢(0|¢g) >0
for the radius of convergence of §(0|g), which depends continuously on ¢. By the com-
pactness of Hg, it follows that there exists some &€ > 0 with (0| ¢(t)) > ¢ for all t € Hg.
Now consider t on the boundary dHg of Hg and let t’ € Hg be such that |t' —t| <e. Then
00lpt")) =eand Y0 |@(t"))(z) = @(t' +z) on some neighbourhood of t'. We conclude
that (0|@(t'))(z—t") is an analytic extension of ¢ to the open disk {u € C:[u—t'|<e} that
contains t. O

3. COMPUTING FORMAL POWER SERIES SOLUTIONS

Before we present algorithms for the numeric integration of (1), let us first consider the
question how to compute formal power series solutions. Since we will later be consid-
ering power series solutions at various times f, we will use the letter f instead of ¢ for
such solutions. Notice that a vector f € CIl[z]1% of d formal power series can also be
regafided as a formal power series f = fo+ fiz + f2 22 + ... € CY[z]] with coefficients
in C“.
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Let c € C* be the initial condition. Setting ¥(f) =®(f)— A f, we are thus interested
in the computation of truncated power series solutions to the equation

9
f = Y(), fo=c. (10)
Alternatively, this equation can be rewritten in integral form
f=c+[¥p), (1)

where the integration operator [ sends g€ C[[z] ]d to goz+ %gl 22+ %gZ 224

In this section, we recall several approaches to the computation of power series solu-
tions to such equations. The efficiency of each method can be measured in terms of the
number of field operations in C that are required to compute the first n terms of the
solution. For the time being, we assume that all computations are done at a fixed bit
precision p, so that operations in C are done at unit cost. One may also take into account
the number s of scalar operations that are necessary for the evaluation of ¥. A further
refinement is to separately count the number s, of multiplications that are needed. For
instance, if d=1and ¥ (f) =(f x f +3) x f =100 x f, then we have s =5 and sy, =3. We
always assume that d =0O(s).

Iterative method. For the first method, we systematically compute with truncated power
series of order n in C[z]/ (z"), which are also called jets of order n. One addition in
Cle]/ (e") reduces to O(n) additions in C and similarly for scalar multiplications with
an element in C. A naive multiplication in C[e]/ (¢") requires On?) operations in C,
although this cost can be reduced to O(n log n) using FFT techniques. The integration
operator [ sends (g0 + - + gu-1 2" 1) mod z" to Q1+ +gu2/(n=1) 2" 1) mod 2"
and can be computed in linear time.

Now assume that f €(C[z]/ (z")%isan approximate solution to (11) whose firstk<n
terms are correct. In other words, if f is the actual solution and f € C[z]"is a preimage
of f with f=( f mod z"), then f f=0(z"). Given such an approximation, one iteration

fo= e[ (12)

of (11) yields a new approximation whose first k 4+ 1 terms are correct. Starting with
f := (0 mod z""), we thus obtain a solution modulo z" of (11) after at most n iterations. The
total cost of this computation is bounded by O (smul n3+sn?),or by O(Smul n? logn+s n?)
when using FFT-techniques.

Recurrence relations. Since ¥ (f) is a polynomial, it is built from the components of f
using additions, multiplications, and scalar multiplications with constants in C. For
sums, scalar products, general products, and integrals of power series, we may extract

their coefficients in z* using the following rules
g+h) = gr+hi (13)
(ag)k = agx (14)
ghr = gohk+g1hes1+ - +giho (15)
(k1 = 78k (16)

Applying this recursively to the polynomial expression ¥(f), the iteration (12) yields
a recursion relation

freg1 = k+1 (Y () (17)



8 ON HIGH PRECISION INTEGRATION OF STIFF DIFFERENTIAL EQUATIONS

that allows us to compute fi from fy, by induction on k. Proceeding in this way, the com-
putation of the solution fo+ -+ f,_12""! at order n requires O(smy 1%+ s1) operations.

The lazy power series approach. The above approach of computing the coefficients
f1, f2, ... successively using the recursion relation (17) can be reformulated elegantly in
the framework of lazy power series computations. The idea is to regard a power series
g € C[[z]] as given by its stream go, g1, 2, .. of coefficients. Basic arithmetic operations
on power series are implemented in a lazy manner: when computing the k-th coefficient
of a sum g+h, a product gh, or an integral [ g, we compute “just the coefficients that are
needed” from ¢ and h. The natural way to do this is precisely to use the relations (13-16).

The lazy power series approach has the important property that the k-th coefficient
(g h)i of a product (say) becomes available as soon as g, ...,gx and hy, ..., hix are given. This
makes it possible to let ¢ and / depend on the result g /1, as long as the computation of
g and I only involves previous coefficients (gh)o, ..., (gh)k—1 of gh. As a consequence,
the fixed point equation (11) can be solved simply by evaluating the right hand side
using lazy power series arithmetic. Indeed, the k-th coefficient ([ ®(f))r only depends
on previous coefficients fo,..., fr_1 of f.

The relaxed power series approach. The main drawback of the lazy power series
approach is that the computation of a product at order 1 using (15) requires O(n?) oper-
ations. Here we recall that FFT techniques allow us to compute a product in C[z]/ (z")
using only O(nlog n) operations.

One essential observation is that, in order to solve (11) using the lazy power series
approach, we only relied on the fact that each coefficient (¢ /1), becomes available as soon
as go, ..., gk and hy, ..., hy are given. In fact, it is possible to design faster multiplication
methods that still have this property; such methods are said to be relaxed or on-line. A
relaxed multiplication method that computes a product at order # in time O(n log? 1)
was presented in [8] and can be traced back to [6]. An even faster algorithm of time
complexity nlog neO(Ioslo8m) yag given in [9].

Denoting by R(1) = n (log n)'*°1) the cost of relaxed multiplication at order 7, the
resolution of (11) at order n now requires only O(smu R(1) +5n1) operations.

Newton's method. Yet another idea to speed up computations is to replace the itera-
tion (12) with a Newton-style iteration with faster convergence. This idea was first used
by Brent and Kung [2] to show that (11) can be solved at order n in time O(n log n).
However, this complexity analysis does not take into account the dependence on d and s.
In particular, the dependence on d of Brent and Kung's method is exponential [8]. Faster
algorithms were proposed in [26, 1], based on the simultaneous computation of the solu-
tion f and its first variation. This allows for the computation of a solution of (10) at
order n in time O((Smyu +d) d nlog n + s dn). Whenever d = o(log n), the computation
time can be further reduced to O((smul + d) nlog n +sn) [10]. For small d, this leads to
the asymptotically most efficient method for solving (10). For large d, the computation
of the first variation induces a ®(d) overhead, and the relaxed method usually becomes
more efficient.

4. NUMERICAL INTEGRATION USING TAYLOR EXPANSIONS

Let ¥(¢) = ®(¢) — A ¢ as before. The aim of this section is to present a naive algorithm
for the numerical integration of the differential equation

¢ = Y(p), (18)
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based on the computation of truncated power series solutions at successive times tg =
0<t; <ty ... We will use a fixed expansion order , a fixed bit precision p > 24, but an
adaptive step size t1—to,to—t1,.... Att=0, we are given an initial condition ¢(0) =c€& cH
and our aim is to find a good numeric approximation for ¢(t) at time t = T > 0. The
algorithm is not designed to be efficient when the equation gets stiff and we will present
a heuristic discussion on what goes wrong when this happens.

4.1. Naive integration using Taylor series

Let us write f(t) = ¢(t +z) € C[[z]1* = C[[z]] for the Taylor series expansion of ¢ at
time t and f(t)., € C%z] = C[z]? for its truncation at order n. In other words, setting

Clzl..={geCJz]:degg<n},
we have f(t)., &€ C[z]4, and

pt+z) = f(t).,+0(=") = f(t)0+f<t)1z+---+f(t)n_1z”‘1+O(z”).

If the time t at which we expand ¢ is clear from the context, then we will simply drop the
postfix (t) and write f instead of f(t). Conversely, for any other quantities that implicitly
depend on t, we will use the postfix (t) to make this dependence explicit.
Solet f = f(t) be the power series expansion of ¢ at a fixed time ¢. In view of (18), this
power series satisfies the equation
of
o~ (19)
In the previous section, we have recalled various methods for computing truncated
power series solutions f., as a function of the initial condition fy = ¢ = ¢(t) = ¢(t) at
time t. In what follows, we will use any of these algorithms as a black box, and show
how to device a numerical integration scheme from that.
Obviously, given ¢(t) and an appropriate step size § = §(t) at time ¢, the idea is to
compute f,, = f(t)., and simply evaluate

P4 8) = f{t).0(8) = f{tho+ F(E O+ + f{t)u_16" L.

We next continue with t + ¢ in the role of ¢ and with a suitably adapted step size 4.
The main question is therefore to find a suitable step size 6. Now the expected order of
magnitude of f(t).,() is given by

M = max |fk|m5k- (20)
k<n

Since we are computing with p bits of precision, we wish to keep the relative error of our
numeric integration scheme below 277, approximately. Therefore, we need to ensure that
the truncation error

) fid*

k>n
remains bounded by M 277. Although we have not computed any of the coefficients fi
for k >n, a reasonable approximate upper bound for E is given by

E = max ooék, 22
guess n—y k< |fk| ( )

E = (1)

(o]

where y >0 is a small positive integer, called the number of guard terms. In order to protect
ourselves against the occasional vanishing of f,_1, it is wise to take > 1. Nevertheless,
a small value such as y =2 or 7y = 3 should usually provide acceptable upper estimates
for E. We now simply take the step size  to be maximal with Egyess <M 277, This leads
to the following algorithm for the numerical integration of (18):
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Algorithm 1
Input: an initial condition c€ C? and T>0
Output: a numerical approximation for ¢ *(T), where ¢ satisfies (18) with ¢*(0)=c¢

g:=c,t:=0
while t<T do
Compute the truncated solution f,, to (19) with fy=¢
Let 6 be maximal such that Egjess <M 277, with M and Eguess as in (20) and (22)
6:=min (,T—t)
G:=fn(0), t:=t+06
return ¢

4.2. Step size and error analysis

Let ¢ denote the exact solution of (18) with ¢*(0) = ¢ and let ¢ denote the computed
approximation by Algorithm 1. In order to analyze various aspects of the algorithm, it
is instructive to look at the radius of convergence ¢ of ¢* at time t. Roughly speaking,
with the notations from the previous subsection, the coefficients fi* of the power series
expansion f*= f*(t) of ¢ at time t grow as

fileo M (0%)7F.

Ideally speaking, if we were able to compute f., with sufficient accuracy, then the coeffi-
cients f; should grow in a similar way. Setting §* for the step size in this ideal situation,
we would then expect that Eguess® EXM (6 /0*)" =M 277, whence

S*m 2P, (23)

This suggests to take the expansion order n to be proportional to p, after which the step
size 6" should be proportional to the radius of convergence ¢*.

Let us pursue this line of wishful thinking a little further. Theorem 4 implies that ¢*
is analytic on a compact half disk Hg that is independent of A. In particular, we get that
o*(ty >t for t <R /2. It can also be shown that the radius of convergence of ¢~ at the
origin is of the order ¢*(0) ~ A7' or more. For stiff equations, we typically have R > A3'.
In order to integrate the equation until a time T < R/2, we thus hope for a step size that
increases geometrically from A7' to T 277/". The entire integration would then require
approximately 2°/" log(T Ag) steps. Using the most efficient algorithms from section 3,
each step requires O(s n) floating point operations (here the “flat Oh” notation O(¢&)
stands for O(¢ (log g)o(l))) Since additions and multiplications of p bit floating point
numbers can be performed in time é(p), the overall bit cost of the entire integration
would thus be bounded by Ocs np2? /n log(T Ag)).

But are we indeed able to compute f,, with enough accuracy in order to ensure that
the coefficients f; grow according to | file * M (Q*)_k? Let us carefully analyze each of the
sources of error for one step of our integration scheme. By construction, we ensured the
truncation error to be of the order |(f — f.,) (6)|c M 27F. One of the most intrinsic sources
of error comes from the initial condition fy: since we are computing with a precision
of p bits, the mere representation of fy induces a relative error of the order of 277. Even
when computing f., from fy with infinite precision, this intrinsic source of error cannot
be removed.
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Let us now study how the error in the initial condition affects the errors in the other
coefficients fr. For this, we need to investigate the first variation of ¢, which describes
the sensitivity of the flow to the initial condition. More precisely, let f(t|¢) be the power
solution of (19) at time ¢ as a function of the initial condition f(t|¢)y = ¢ € C%. Then
the first variation V(t|¢) is the d x d matrix with entries V(t | g)[i’j] =0 f(t| g)[i] / ag[”.
Dropping (t|¢) suffixes when they are clear from the context, the first variation satisfies
the linear differential equation

W = JalH-MV,  Vo=lds
Here we recall that J¢ = d® /0F stands for the Jacobian matrix of ®. If our equation is
very stiff, then J¢ is small with respect to A, which leads to the extremely crude approx-
imation V ~e~* for the first variation.

Now the relative error in the initial condition ¢ = fj is at best 277, as explained above,
which means that g — ¢*|cc * M 27F for ¢* = fi. In combination with the relation f — f* ~
Vic-¢"~ e (¢—¢"), this leads to the following errors for the other coefficients:

k
lfe— fi'lo = %M 277

Now if Ay > (0*)7}, then the error |f, — fil &~ M A; 277 /n! dominates the actual value
|fiflo & M (0*)™", which yields E~ M (A;6;)" 277 /n! instead of E~xM (6/0*)"27. When
chosing our step size § such that Ex M 27, as in Algorithm 1, this yields (A;6)" ~n! and
P
A T eAd
instead of the desired step size §~¢*277/". The actual bit cost of the complete integration
is therefore bounded by O(s npT/A4) instead of O(s np2?™og(T Ag)).

An interesting aspect of this analysis is the fact that the step size J still turns out to
be 11/ e times larger than A;', whence larger orders n allow for larger step sizes. However,
this comes at the expense of a larger relative error than 277. Indeed, we have

P (A T-) L2 AN R
|fkd" = fi 0% = k! M2 N(k)MZ.

This error is maximal for k.~ 71 /e, in which case we have

| fro OKmax— fi ghmay - @/e M2,

max

0 =~ (24)

This means that the relative error for one step of our integration method is 2"/ ¢1°82)7%
instead of 277. In other words, we have “sacrificed” 1/ (elog 2) bits of precision, so that
the method admits an “effective precision” of only p—n/ (elog 2) bits.

The last source of errors for Algorithm 1 comes from rounding errors during the com-
putation of f,, from fy. The nature of these errors depends on the particular method
that we used for computing the power series f,,. Nevertheless, for most methods, the
rounding errors only contribute marginally to the total error. This is due to the fact that
| fx & flo27P «| fi ok — fio K for k >0, so the rounding errors are absorbed by the errors
induced by the error in the initial condition fj.

5. FIGHTING STIFFNESS

Let us continue with the notations from section 4 and its subsection 4.2. In particular,
we assume that the exact solution ¢* to (1) with initial condition ¢*(0) =c is analytic on
the compact half disk Hg. We also denote by K an upper bound for |¢*|. on Hg, so that
o(ty* >t and

|f(DFlee <Kt
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forall t <R /2 and k € N, by Cauchy's theorem. From now on, we assume that R > /\}1,
so that Algorithm 1 only allows us to use a step size of the order (24) instead of (23). The
aim of this section is to present a new way to compute truncated power series solutions
of the equation

of
$+Af_ D(f) (25)
at time f, with the property that f., is a good approximation of the true truncated solu-
tion f;. In a similar way as in section 4, we will then use this to derive an algorithm for
the numerical integration of (1). Contrary to before, the property that |fil. ~ || <K /tF
for k <n allows us to take step sizes of the desired order (23) for t <R /2.

5.1. Integrating stiff equations using Taylor series

We stress once more that the reduced step size for Algorithm 1 is a consequence of our
choice to compute the truncated solution f., of (25) in terms of the initial condition fy=¢
(that can only be known approximately) and not of the choice of the particular algorithm
that is used for this computation.

Indeed, as explained in section 4.2, only a small change in ¢ of the order of |Ag|e. =
gl 277 2 M 27F can have a dramatic effect on the solution f£.,, since the coefficient f, can
change by as much as [A fyleo & M 277 Xj/n!. Since |f,/| < K/t" < M 27P X/ n! for large
t> A7, it follows that a minor change in ¢ leads to a completely incorrect computation of
the coefficients fr with k close to 7.

For small ¢, the error |A f,|~ generally does remain bounded by the actual value |f;;|c.
In the theory of stiff differential equations, it is customary to say that the system is in
a transient state for such t. As soon as the error |A fyl ~ M 27 X}/ n! exceeds |f,/|, we say
that the system has reached its steady state for the largest eigenvalue A; of A. When this
happens, the system may still be in a transient state for some of the other eigenvalues
Ai<Ag4. This motivates the definition of the critical index x €{0,...,n} as being the largest
index i such that we are in a transient state for A;; we take y =0 if we reached the steady
state for all eigenvalues A;.

The concepts of transient state, steady state, and critical index are deliberately some-
what vague. As a tentative definition, we might say that we reached the steady state for
Aiif |fiflo SM 2P X}/ nl. However, for computational purposes, it is convenient to inter-
pret this inequality as an approximate one. The crucial property of reaching the steady
state for A;is that the smallness of |( f;)[")| essentially determines the i-th component ¢!’
of the initial condition up to the last p-th bit.

The main idea behind our algorithm is to use this property as a “boundary condition”
for the computation of f.,,. More precisely, we boldly impose the boundary conditions
= = £l =0 as a replacement for the initial conditions fiX* =g+l gldl— a1,
while keeping the remaining initial conditions = fO[X = ¢ for the tran-
sient states. In other words, we wish to find the truncated solution f,, of the system

d =gl if ig
£+Af=cp(f), 0 T IS

. . 26
=0 ifi>y =

We will call £} =0 the steady-state condition for A; and (26) a steady-state problem.



JORIS VAN DER HOEVEN 13

In order to solve (26), it is natural to adapt the iterative method from section 3 and
introduce the operator Z: C [z]fin -C [z]i.i,1 with

=gy = { ¢+ [ (@) -Aigh) if i<y
A7t (@ (g)—agt) if i>y
The actual arithmetic is performed over C[z]/ (z"), but it will be more convenient to
view E as an operator from C[z]4, into itself. The computation of f,, as a fixed point of £
leaves us with two questions: how to chose a suitable ansatz for the iteration g:=Z(g) and
how to determine the critical index y?
For the ansatz, we go back to the solution f(t')., from the previous step at time t' =
t — 6" and simply use f(t').,(8" + z) as a first approximation of the solution f(t).,(z) at
time t. For t =0, we fall back to the traditional method from section 4. For the initial and
steady-state conditions to “propagate to the other end”, at least n iterations are required
in order to find a fixed point of &, whereas 2 n iterations usually suffice. One may thus
take f(t),,:=E>"(f(t")n (8" +2)).
As to the critical index x, we determine it as a function of the step size é through

X:max{igd:)\lﬁg%}. (28)

mod z". (27)

This choice is meant to ensure the fastest convergence of the iteration g := E(g) and we
used 7/ e as an approximation of /n!. The step size ¢ itself is chosen in the same way
as in section 4. Since f., is not yet available for the computation of §, we may use the
previous step size §’ as an approximation for § in (28). Optionally, one may also wish to
implement a few additional sanity checks in order to ensure convergence of the Z-itera-
tion and decrease the step size in case of failure. One useful such check is to verify that
f(Bo= (8" <M 2772,
Altogether, this leads to the following algorithm:

Algorithm 2
Input: an initial condition c€ C? and T>0
Output: a numerical approximation for ¢ *(T), where ¢* satisfies (1) with ¢*(0) =c¢
g:=c,t:=0
Compute the truncated solution f,, to (19) with fy=¢
while t<T do
Let 4 be maximal such that Egyess <M 277, with M and Eguess as in (20) and (22)
0:=min (§,T—t)
G:=fn(0), t:=t+06
X::max{iéd:)\iéég}
Replace f, by the approximate fixed point E2( f,,(6 +z)) of & as in (27)
return ¢

5.2. Convergence of the Z-iteration

Let us now study the convergence of & as a mapping on the dn-dimensional vector
space (C[z]ﬁin over C. We define a norm |||, on this space by

i]|

[
gl = max gkl = max g
8l pox P8kl = MaX :
k!
k= —
U Ak*

Av = Ay,
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For a linear map on this space, represented as a matrix M, we have the corresponding
matrix norm

IMll. = sup Mgl
lgil=1

Recall that J¢ and |z stand for the Jacobian matrices of ® and E.

THEOREM 5. Assume that g is a fixed point of E and that A >0 and ¢ >n /A are constants such
that |(Jo(9))kleo <Ag_kfor alli,j=1,...,dand k=0,...,,n—1. Then

AX A n -1
=@ < F+ 1 (1-1)
Proof. Consider an infinitesimal perturbation Ag of ¢ with E(g + Ag) = E(g) + AZ(Q).
Given i<y and 0 <k <n, we have
mlBE@ = Fido@apili-1iapf

%[ > |<]q>(g>eAg>k_1_e|m+Ai|<Ag>k_1|oo]
0<egk-1

A IAQ]« Aol
% y A gl 18]
o<i<k-1 @ Hh-1-t Hi-1

A _ A
= Z k ]’lk ]’lk 1 - + k lﬂk ] ||Ag||*
0<i<k-1 Fk-1 pr-1-00 Hi-1

N

N

_ A (k=) A
=Y o )+A*]|IAgII*

0<k—1
Al n\' A
(<k-1

A n -1 )LX
(Z(l‘m) R

Similarly, given i > x and k<7, we have
pl A2 = FlJa@) ap" - G+ 1) a3l

£ [Z T (@At + (k+1) |<Ag>k+1|oo]
<k

5 % IAgle L it IIAgII*]
Hi—t Hik

(’,SkQ +1

A k+1
=\ nalat )”k]uAgu*
< Hk—0 0 iMk+1

N

N

N

Hi
Ai

N

Asx
oot Tl-] IAg
A b
= (A”—Q) +—] A8l

1 *

n -1 /\X

N

N
N
| >



JORIS VAN DER HOEVEN 15

-1
Putting both relations together, we obtain [AZ ()]« < (/\i (1 - An—g) + ﬁ—x) Al 0O
Assume that
)LX A n -1
A—*+A—*(1—r) <1. (29)

Then the theorem implies the existence a small neighbourhood of the fixed point g of &
on which the E-iteration converges to g. Whenever this condition is met, the E-iteration
actually tends to converge on a rather large neighbourhood that includes our ansatz; see
the next subsection for a more detailed discussion. Intuitively speaking, the condition
requires the eigenvalues A; to be sufficiently separated with respect to the norm of the
forcing term ®. Even when the condition does not hold, the E-iteration usually still dis-
plays an initial convergence for our ansatz, but the quality of the approximate solution
to (26) ceases to improve after a while.

If the condition (29) is satisfied for all critical indices y that we encounter when inte-
grating from 0 until time T, then Algorithm 2 should produce an accurate result. The ide-
alized analysis from section 4.2 then also applies, so the algorithm takes O (27 /n log(A4T))
steps. Since each step now requires O(s %) floating point operations at bit precision p,
we finally obtain the bound O(s n2p2” /m log(A4T)) for the total running time.

5.3. Quality of the computed solution

—
H

Let us now investigate in more detail why fixed points f,, of the E-iteration indeed
approximate the true solution f.; quite well. For this, we will determine a more pre-
cise small neighbourhood of the fixed point ¢ on which the E-iteration converges and
show that this neighbourhood in particular contains f.;;. We start with two lemmas.

LEMMA 6. Let M(z) = ZkeNMkzk be a d xd matrix of analytic functions defined on the closed
ball 3.(0,0) with center zero and radius ¢ >0. Let A=sup k<o IM(2)co- Then Myl <A/ Qkfor
allkeN.

Proof. Given v € C? with [9lo =1, we have

Mool =756, de]_ < greupME <5
It follows that |[Mile = supjoj =1 IMk 0l <A/Qk. O
LEMMA 7. Let 0>0,¢>0, C<1, g€ C[z]%, and
A = sup o (g@) +1)lw-

€ A
<o, <z

Then for all § € C [z]fin with || —gllx < % and ke N, we have

o (9o <

©w| o

Proof. Setting Ag =g —g, we first notice that

AR il 1Y FOSI S (2O € Lol
sup [Ag (1)l < ) Agi0" <), =iTet= ) S lngle < g—geIAgl
SO keN keN keN
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It follows that
sup |Jo(g(1))]o <A

[ul<o

and we conclude using the previous lemma. O

THEOREM 8. Let ¢ >n /A, and A >0 be such that

Ay A n \7!
C—/\—*+/\—*(l—m) <1
Let g€ (C[z]fln and € =|12(g) —gll« be such that

<o < oge™ = Jalgw) + 1l <A

Then the sequence g,E(g),Ez(g), ... tends to a unique fixed point g on the set
. _£ ) = d _£
B.(s7=¢) = {reczthih-gl.<s—7}

Proof. A straightforward adaptation of the proof of Theorem 5 shows that ||Jz(g)ll. < C
on the ball B.(g, &), which means that |E(h;) — Z(hy)|lx < C |11 — hallx on this ball.
By induction on i € N, it follows that |E*1(¢) — E/(¢)l. < C' & and IE"1(g) —gll. <
ge(1+C+--+C"). We conclude that g, Z(g), £%(g), ... converges to a fixed point
g+ EQ -8+ EEH-E(@Q)+ of Ein B.(g =) O

Returning to the Taylor series expansion f.; of the exact solution of (1) at time ¢, we
notice that

(ol if i<y
ST+ (D21 i >y

It follows that

| n n n
Bl < e e =K s oK (o) (2) <k (3)"
Now assuming that the aimed step size § ~ t 277" was more or less achieved at the
previous step, it follows that € := |E(f.) — frll S K 277 is of the desired order. If the
condition (29) is indeed satisfied for o =t, we thus should be able to apply Theorem 8 and
conclude that the computed fixed point & is within distance ¢/ (1 —C) for the ||-|. norm.
Using a similar reasoning, we also see that the ansatz at the next step will be sufficiently
close to the true solution for the E-iteration to converge.

5.4. Solving steady-state problems through the first variation

A more robust but costly approach to solve the steady-state problem (26) is to compute
the initial values fO[X L O[d] with sufficient precision using Newton's method. Given a
tentative approximation ¢ = fp for the initial condition, we both compute f.,,+1=f({t|6);n+1
and the first variation V., .1 =V (t|¢).,+1, after which we update ¢:=¢+A¢ by solving the

linear system

fat+Vulg = 0, AcM=...=AcXT =0,
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This method admits quadratic convergence, but it requires us to compute with a preci-
sion of nlog, (e Ay/n) bits at least in order to be accurate. Indeed, this comes from the
fact that |V,|« grows roughly as Ajy/n!. On the upside, we may compute f.,4+1 and V41
using any of the algorithms from section 3. The total running time is therefore bounded
by OWsn (p+nlogAyg) 2""log(A;T)). Notice also that it actually suffices to compute the
last d — y rows of V,,, due to the requirement that A =... = A¢l¥ =0.

The main disadvantage of the above method is that the computation of the first varia-
tion V41 along with f,,1 induces an overhead of d, which may be a problem for systems
of high dimension. Let us now sketch how one might reduce this overhead by combining
the variational approach with the E-iteration. We intend to return to a more detailed
analysis in a future work.

Instead of using a single critical index y, the first idea is to use a range y, ..., X of
indices starting at y =, and such that the condition (29) holds for

A= A Aia.

The second idea is to only vary the components g[)—( i p ...,g[X 1 of the initial condition and
use the steady-state conditions for the indices y +1,...,d.

]

More specifically, for a tentative initial condition fy=¢, we first solve the steady-state
problem
of (i1 _

= +Af=D(f), W
0z TAS=®U {,}”:0 if i>7%

¢! if iy

using the E-iteration technique. In a similar way, we next solve the following variational
steady-state problem for the d x (Y — ) matrix W:
W O[i,f] — gL+l

ow

if i<y
¥+AW:]¢(f)W, -

wil =0 if i>x

As our ansatz, we may use W/l = 1d"* for all , j. Having computed f.,41 and W, 41

at precision n +1, we finally update ¢ := ¢+ dg by solving the linear system

+1] lix=x1 7 ) -
++ W, C (Ag)[)(] =0, i=x+1,...x

W ag

and setting AcH = ... = AgD—d = A = ... = Agl¥ = 0. We repeat this whole process
until f,,Ll] is sufficiently close to zero for i= X+ 1,...x

Remark 9. The algorithms in this section are reminiscent of implicit numerical schemes
for the integration of (1). One interesting difference is that our second optimized method
only needs to compute a small part of the full Jacobian matrix.

Remark 10. Instead of imposing the exact steady-state conditions fix o= f,,Ld] =0,
yet another approach would be to minimize the norm |f,|~ under the condition that
| fo— ¢l <lgle 27F. This approach admits the advantages that one does not need to know x
and that it might be applied to more general complex matrices A. However, it requires
the computation of the full Jacobian matrix.
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6. CERTIFICATION

In the previous two sections, we have described numerical algorithms for integrating (1).
An interesting question is how to compute a tight error bound such that the distance
between the true and the computed solutions lies within this error bound. Ball arithmetic
provides a suitable framework for such computations. This variant of interval arithmetic
is well suited for high precision computations with complex numbers and we will briefly
recall its basic principles in section 6.1. As a first application, we show how to make
Theorem 4 more effective.

The certified integration of differential equations that are not stiff (i.e. the robust coun-
terpart of section 4) is a classical topic in interval arithmetic [20, 21, 15, 5, 24, 16, 7, 22,
18, 14, 17, 23, 19]. For recent algorithms of good complexity, much in the spirit of the
present paper, we refer to [11]. Most of the existing algorithms rely on Taylor series
expansions as we do, while providing rigorous tail bounds for the truncation error.

The effective counterpart of Theorem 4 provides suitable tail bounds in the case of
stiff differential equations. In sections 6.3 and 6.4, we show how to use this for the cer-
tified resolution of steady-state problems using the Z-iteration from section 5.1. Unfortu-
nately, our first algorithms are rather naive and typically lead to heavily overestimated
error bounds. The classical way to reduce this overestimation is to also compute the
tirst variation and apply the mean value theorem: see section 6.5 for how to do this in
our context.

6.1. Ball arithmetic

Given ae C and r€ R?:= {x € R:x >0}, we write B(a,r) = {z € C: |z —a| <r} for the closed
ball with center a and radius r. The set of such balls is denoted by B.(C,R) or C*. One
may lift the ring operations +,—, x in C to balls in C®, by setting;

Ba,r)+Bb,s) = Bla+b,r+s)
B(a,r)xBb,s) := Bab,(|a|+r)s+|b|r).

These formulas are simplest so as to satisfy the so called inclusion principle: given
*E{+,—,x},u€B(a,r)andve B(b,s), we have uxv e B (a,r) » B3(b,s). This arithmetic
for computing with balls is called exact ball arithmetic. It extends to other operations that
mightbe defined on C, as long as the ball lifts of operations satisfy the inclusion principle.
Any ordinary complex number z € C can be reinterpreted as a ball B(z,0) € C°®. Given
a ball B(a, r) € C*®, we also notice that [B(a,r)] = |a| + r and | B (a,r) | = max (|la|—r,0)
provide us with reliable upper and lower bounds for |83 (a,7)| in R>.

Another interesting operation on balls B (a,r), B(b,s) € C* that we will need below
is intersection. Assuming that the set intersection I := 3(a,7) N B3.(b,s) is non-empty, we
define the ball intersection | = B.(a,r) N B.(b,s) € C* to be the ball of smallest radius that
contains I. In order to determine this ball intersection, we may assume without loss of
generality thatr>s. If B(a,r) DB (b,s), then | =8 (b,r). Otherwise, letu,v € C be the two
(possibly identical) intersections of the circles 03 (a,r) and 9B (b,s). If la— (u+v) /2| >
la—Db|, then we still have | = B (b,r). Otherwise, [ =B ((u+v)/2,lv—u|/2).

It will also be convenient to extend vector notations to balls. First of all, we identify
vectors of balls (B @™, 11y, ..., B rldyy € B(C, R)? with “ball vectors” B (a,r) €
B(C4 RY. Given ze C? and v* € (C*)?, we also write z €v*® if and only if e (p)ll
fori=1,...,d. Similar remarks apply to ball matrices, ball series, etc.
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Remark 11. For effective computations, one can only work with approximations of real
and complex numbers of finite precision. The IEEE 754 norm provides a standard for
real floating point arithmetic based on the concept of “correct rounding”. It naturally
generalizes to floating point numbers with a mantissa of p bits and an exponent of e
bits [3]. Let R, .and C,,, the sets of real and complex floating point numbers of this type
(strictly speaking, one also has {-o0, o0} € R, for the reliable rounding of overflowing
operations). One may adapt the above arithmetic on exact balls to floating point balls
in B(C,., R, ) while preserving the inclusion principle: it suffices to slightly increase
the radii of output balls so as to take care of rounding errors. For precise formulas and
interesting variations, we refer to [13]. For simplicity, the sequel will be presented for
exact ball arithmetic only, but it is not hard to adapt the results to take into account
rounding errors.

6.2. Computing bounds on compact half disks

The polynomials @[ in (1) can either be represented as linear combinations of mono-
mials, or using a dag (directed acyclic graph). In both cases, the ball arithmetic from the
previous subsection allows us to reliably evaluate ® at balls in C*.

For the effective counterpart of Theorem 4, there is a trade-off between the qualities
of the radius R (larger radii being better) and the bound B € (R>)4 (smaller values of B
being better). For a given B & (R™), it is simple to compute the “best” corresponding R
that satisfies the condition (8), by taking R = min; | B/ ®(B(z, B)) Ul Conversely, for a
fixed R € R”, let us recall a classical technique from interval analysis that can be used to
compute an “almost best” corresponding bound B € (R>)? that satisfies (8).

We simply construct a sequence By<B1 <By< -+ in (R>)? by taking Bo=0and By, =
[®(B(c,Byr)) R for all k. If there exists a finite B for which (8) holds, then the sequence By
usually converges to a minimal such B quite quickly. After say ten iterations, we should
therefore have a reasonable approximation. One then slightly inflates the last value by
taking B = Byg + (B1o— Bo). If [®(B(c, B)) R]1 < B, then we have succeeded in finding
a suitable B. If not, then we return “failed”.

Using the above procedure, we may also compute a reasonably large compact half
disk Hg on which ¢ is analytic, together with a bound for |p|: we simply perform
a dichotomic search for the largest R for which the computation of a corresponding B
does not fail. If we also wish the bound B to remain reasonably small, one may simply
divide R by two at the end of the search and compute the corresponding B.

6.3. Certified integration of stiff differential equations

Let us now return to the integration of (1) and let ¢* be the exact solution for the initial
condition ¢*(0) =ce& CY Let Re R” and Be (R>)? be computed as above such that (8)
holds. Assume that we were able to reliably integrate (1) until a given time t <R/2 and
letg*=¢°(t) € (C*4, so that pr(t)eg®.

In order to adapt the E-iteration to ball arithmetic, we first deduce from Theorem 4
that |f *(t),[f]| <BU " fori= x+1,...,d. This provides us with the required steady-state
conditions fX* = B0, B¢y, ., £ = B0, B /"), in addition to the initial
conditions fo[l] =ct,..., fO[X] =W, The ball counterpart of our steady-state problem thus
becomes
(fHt =g if i<y
(A =B0,BM/t") if i>x

o nman, |

(30)
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We correspondingly define the ball version of E for g € C*[z]%, by
(¢ + [ (@M(g*)-AigMHM if i<x
AT (@(g*) -0 (g)-B(0,nBM /") 2" ) if i>x
This map has the property that f.; €¢®= f.; €Z(g"*). In our ball context, we may actually
iterate using the following improved version &, of E:

mod z".

Eig*) =

En@®) = &°*NZg*).
Here we understand that the intersections are taken coefficientwise. Since iterations
using En can only improve our enclosures, we do not need to worry much about the
ansatz. We may deduce a reasonably good ansatz from the power series expansion f*(t'),,
at the previous time t’ < t, and the Cauchy bounds |f*(t")\| < B/ / (t')* for all k>n.
But it is perfectly reasonable as well to use

an,e

n :g.+B(O/B/t)Z+"'+£B/(0,B/fn_1)zn_1.

Applying En a sufficient number of times to this ansatz, we obtain the desired ball enclo-
sure f=EZ"(fa™*) of the truncated power series expansion of ¢* at time t. Assuming
that 6 <t, we may then deduce the enclosure

. . to(o\"
of ¢* at time f + 6. Notice that the cost of the computation of certified solutions in this
way is similar to the cost of Algorithm 1, up to a constant factor.

6.4. Certification of approximate solutions

The above method relies on the property that the steady-state problem (30) for balls spe-
cializes into a numerical steady-state problem that admits f* as a solution, since f5 €¢*
and f, €(0,B/t"). Given a numerical approximation of f;, as computed in section 5,
a related problem is whether we can certify the existence of an actual solution in a small
neighbourhood of the approximate solution.

In order to make this more precise, let us introduce a few more notations. Given
g[l], ...,gm €Cand Tt 714 e C, consider the numeric steady-state problem

9 =gl ifig
£+Af=<1>(f), {0 6 BISX

. . . 32
fil=7llif i>x (32

We will denote by f*(t | g, T) any exact solution to this problem if such solution exists.
Tt will be convenient to regard ¢ and 7 as elements of C¢, through padding with zeros.
Now consider the operator Z. ;: C [z]4, - C[z]%, defined by

' A (@(g)y—agt—ntiz" Yy ifi>y
Through the iterated application of E. ; to a suitable ansatz, we may obtain a numerical
approximation f~(t|¢, 7)., of f*(t|g, T).p.

Now consider balls (¢*)™,..., (c*) X eC*and (rHF+ L (rlece, again padded
with zeros. Then we have the following ball analogue of (32):

o nrman, |

mod z",

(="M if i<y
(=@ if >y

(33)
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Let ¢ and 7°" denote the centers of ¢® and 7°. Starting from a numerical approxima-
tion f=(t|g", 7M., of f*(t|g™", T").,, we wish to compute the truncation f.; € C'[z]fln
of a solution to (33), with the property that f*(t|¢, 7)., € fn forall¢eg®and TE T°.

In order to do this, the idea is again to use a suitable ball version of £ ., given by

_ [@T+ [ @g-Aigh ifisx
A @ - @) -n () fi>x

]

E(E.,T.(g') mod z",

and to keep applying E . r+ on the ansatz f~(t| ", T°"),, until we are sufficiently close
to a fixed point. Using a similar inflation technique as in section 6.2, we finally obtain
a truncated series f.; with E(f.5) C f.;, or “failed”. Now for any ¢ € ¢* and 7 € 7°,
we notice that this also yields E. -(f;) C f.5. Thinking of f; as a compact set of series
in (C[z]fn, this means in particular that £ admits a fixed point g = f*(t|g, 7),, € f., as
desired.

6.5. Curbing the wrapping effect

If x = d, then the algorithm from subsection 6.3 specializes to a classical way to com-
pute the enclosure (31) of a solution to (1) at time t + ¢ as a function of the enclosure
c* = B(c®, ¢y = f at time t. However, it is well known that this method suffers
from a large overestimation of the errors, due to the so-called “wrapping effect”. A well
know technique to reduce this overestimation is to first compute a certified solution for
the initial condition B (¢*", 0) instead of ¢® and then to bound the error due to this
replacement, by investigating the first variation. Let us now show how to extend this
technique to general critical indices x.

With ¢“"in the role of ¢* and B (0,B/t") in the role of 7°, we start with the computa-
tion of a truncated certified solution f;°* € C*[z]% to (33). Recall that this ball solution
has the property that f*(t|¢*", 7)., € f5,7° for all T € T°. Since the initial conditions are
exact, this solution is generally fairly accurate. Now for any ¢’ €¢*, we may write

1 a ! cen
FXEIG™, Ty = fXHIG T+ . gf*(tlgcer#(g —¢“Me, T)de. (34)

We next observe that
a / / /
gfae(tlgcen_i_ (g _gcen) e/ T) — V>(-<t|gcen+ (g _gcen) e/ T) (g _gcen),

where V*(t|¢, T) denotes the exact solution of the following equation for the first steady-
state variation:

vl =1dl ! if iy

vidl=0  ifisy

1%

g+AV=]<1>(f(f|g,T>)V, [

This equation again admits a ball analogue

ov*

o\[i,j] 1401 ¢ .

Woil=0  ifi>y’

where f* is a solution to (30). We only compute a crude solution V"** to this equation,
for a crude solution f“** to (30), both truncated to the order n. These solutions can be
obtained using the techniques from section 6.3. From (34) we finally conclude that

_f,},l — ;ZCC,O + K%ru,.g(olgrad)
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is a ball enclosure for f.. This enclosure is usually of a much better quality than .
However, its computational cost is roughly d times higher, due to the fact that we need
to determine the first variation.

6.6. Handling close eigenvalues

In the case when A, .1/ A, is too small for (29) to hold, we may generalize the above
strategy and incorporate some of the ideas from section 5.4. With x = and x from there,
let us briefly outline how to do this. We proceed in four stages:

e We first compute a truncated numeric solution f;5 € C[z]%, to (26), using the tech-
nique from section 5.4.

o Letg?“*e (C*)?be such that (gl = (foz)“] for i<y and (¢2*)[1=0 fori> y.
Similarly, let 73“* € (C*¥ be such that (T2*)l =0 fori < i and (T2l =
B.,BH /") fori> X- We use f.; as an ansatz for its deformation into a reliable
truncated solution f;;°* € C*[z]% to (33), but with y in the role of y, with ¢“* in
the role of ¢*, and 7%°“* in the role of 7°.

o We further deform £3°“* into a reliable truncated solution f3* € C*[z]4, to (33),
this time with y in the role of y. We do this by computing f;;*"* as above, together
with a crude but reliable solution to the equation

W1 =0 if i<y
+AW*=]a(fT)W®, Wi =144 if x <i<x-
(W= ifi>y

ow*
9z

We then take

aux,e — ;3CC,.+W;,.1£(O, TauX),

n
where (72 =Bl /1" for y <i<y and (12 =0 for i<y and i> .
e We finally compute the desired truncated solution f.; € C'[z]fln to (30) as
f,}: — ;ch,o_'_ V;;ru,o éB(O,grad),

where V;"* is computed as above.

7. CONCLUSION

There are several directions for generalizations and further improvements of the results
in this paper. For simplicity, we assumed A to be a diagonal matrix with positive eigen-
values. It should not be hard to adapt the results to arbitrary matrices A with positive
real eigenvalues only (as long as the forcing term ® does not explode for the change of
coordinates that puts A in Jordan normal form).

A more interesting generalization would be to consider complex eigenvalues A; with
strictly positive real parts. In that case, the half disks Hg would need to be replaced by
smaller compact sectors of the form Sg g={z€ C:[z| <R, |arg z| < 0} with § <7t/2. Even
more generally, one may investigate how to develop accurate Taylor series methods for
integrating arbitrary differential equations with the property that the step size is propor-
tional to the radius of convergence of the exact solution; see also Remark 10.
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In this paper, we focussed on high precision computations using high order Taylor
schemes. Another interesting question is whether it is possible to develop analogues of
our methods in the same spirit as more traditional Runge-Kutta schemes. How would
such analogues compare to implicit integration schemes?

Concerning certified integration, the theory of Taylor models [18, 23, 19] allows for
higher order expansions of the flow f(t|g) as a function of the initial condition ¢ (that is,
beyond the computation of the first variation as in this paper). We think that it should
be relatively straightforward to adapt our techniques to such higher order expansions.
In a similar vein, we expect that the techniques from [7, 11] to further curb the wrapping
effect can be adapted to the stiff setting.

From a more practical point of view, it would finally be interesting to have more and
better machine implementations. For the moment, we only did a toy implementation
of the main algorithm from section 5.1 in the MATHEMAGIX system [12]. We found this
implementation to work as predicted on various simple examples. Detailed machine
experiments with larger systems and the algorithms from sections 5.4 and 6 should make
it possible to further improve the new techniques.
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