N

N

Hyperbolic components of rational maps: Quantitative
equidistribution and counting
Thomas Gauthier, Yisuke Okuyama, Gabriel Vigny

» To cite this version:

Thomas Gauthier, Yisuke Okuyama, Gabriel Vigny. Hyperbolic components of rational maps: Quantitative
equidistribution and counting. 2018. ¢hal-01888304)

HAL Id: hal-01888304
https://hal.science/hal-01888304v1

Preprint submitted on 4 Oct 2018

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-01888304v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

HYPERBOLIC COMPONENTS OF RATIONAL MAPS:
QUANTITATIVE EQUIDISTRIBUTION AND COUNTING
by
Thomas Gauthier, Yusuke Okuyama & Gabriel Vigny

Abstract. — Let A be a quasi-projective variety and assume that, either A is a subvariety
of the moduli space M, of degree d rational maps, or A parametrizes an algebraic family
(f2)ren of degree d rational maps on P'. We prove the equidistribution of parameters having
p distinct neutral cycles towards the bifurcation current T}, letting the periods of the cycles
go to oo, with an exponential speed of convergence. Several consequences of this result are:

— a precise asymptotic of the number of hyperbolic components of parameters admitting
2d — 2 distinct attracting cycles of exact periods m1,...,n24—2 as min;n; — oo in
term of the mass of the bifurcation measure and compute that mass in the case
where d = 2. In particular, in Mg, the number of such components is asymptotic to
dmittnea—2 provided that ming n; is large enough.

— in the moduli space P4 of polynomials of degree d, among hyperbolic components
such that all (finite) critical points are in the immediate basins of (not necessarily
distinct) attracting cycles of respective exact periods ni,...,nq—1, the proportion of
those components, counted with multiplicity, having at least two critical points in the
same basin of attraction is exponentially small.

— in My, we prove the equidistribution of the centers of the hyperbolic components
admitting 2d — 2 distinct attracting cycles of exact periods ni,...,n2q4—2 towards the
bifurcation measure upir with an exponential speed of convergence.

— we have equidistribution, up to extraction, of the parameters having p distinct cycles
of given multipliers towards the bifurcation current T} outside a pluripolar set of
multipliers as the minimum of the periods of the cycles goes to oc.

As a by-product, we also get the weak genericity of hyperbolic postcritically finiteness in the
moduli space of rational maps. A key step of the proof is a locally uniform version of the
quantitative approximation of the Lyapunov exponent of a rational map by the log™ of the
modulus of the multipliers of periodic points.

1. Introduction

For a holomorphic family (fy)aea of degree d > 1 rational maps on the Riemann sphere
P! parametrized by a quasi-projective variety A, the bifurcation locus of (fy)aea on A is
the J-unstability locus in the sense of Mane-Sad-Sullivan, i.e., the closure of the set of
all parameters in A at which the Julia set J) of f\ does not move continuously. It is
now classical that this set is nowhere dense in A and admits several distinct topological
descriptions, such as the closure of the set of parameters for which f) admits a non-
persistent neutral cycle or the existence of an unstable critical dynamics (see e.g. [MSS),
L, McM2]). From now on, pick any integer d > 1.
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On the other hand, any (individual) rational map f of degree d on P! admits a unique
maximal entropy measure jr, whose support coincides with the Julia set Jy of f, and
the Lyapunov exponent of f with respect to py is defined by L(f) := [p log|f'|py and
satisfies L(f) > %logd > 0. For a family (f))xea, the induced Lyapunov function L : A €
A — L(fy\) € R is p.s.h and continuous on the parameter space A. We can define the
bifurcation current of (fy)aea on A as the closed positive (1, 1)-current

Tbif = ddCL

By DeMarco [DeM2], the support of dd°L coincides with the bifurcation locus of the
family (f\)aea. For any integer 1 < p < dim A, Bassanelli and Berteloot also defined the
p-bifurcation currents Tfif as the p-th exterior product of T};. It is a positive closed current
of bidegree (p, p) so the bifurcation measure ppi := (dd°L)T™ A is a positive measure on A.
If p > 1, the current Tk[;if detects, in a certain sense, stronger bifurcations than T = Tblif
IBB1]. Indeed, its topological support admits several dynamical characterizations similar
to that of the bifurcation locus: for example, it is the closure of parameters admitting p
distinct neutral cycles or p critical points preperiodic to repelling cycles (see [Dul, IG1]).

The group PSLs(C) of Mobius transformations acts on the space Raty of degree d
rational maps on P!, which is itself a holomorphic family of rational maps, by conjugacy.
The moduli space Mg of degree d rational maps on P! is the orbit space of PSLa(C) in Raty,
that is, the quotient of Rat, resulting from this action of PSLy(C). It is an irreducible
affine variety of dimension 2d — 2, and is singular if and only if d > 3 (Silverman [Sil]).
The Lyapunov function f — L(f) on Raty descends to a continuous and psh function
L: Mg — R. For any integer 1 < p < 2d — 2, the p-bifurcation current on My is thus
given by T := (dd°L)P, and the bifurcation measure on Mg is by

it == Tig > = (dd°L)*2,

which is a finite positive measure on Mg of strictly positive total mass (see [BB1]).

One of the features of the bifurcation currents is to give measurable statements of the
above density, or in general, accumulation properties. Let us be more precise. Let A be
a quasi-projective variety such that, either A C My, or parametrizing an algebraic family
(f\)aea of degree d rational maps on PL. For any n € N* and any w € C\ {1}, let Per,,(w)
be the analytic hypersurface

Per, (w) := {\ € A : f) has a cycle of multiplier w and the exact period n}

in A and denote by [Per, (w)] the current of integration over Per,(w) on A. Since A is
quasi-projective, the hypersurfaces Per, (w) are actually algebraic hypersurfaces of A (see
e.g. [BB2]). By Bassanelli and Berteloot [BB2], the sequence (d~"[Per, (w)]) weighted
by the Lebesgue measure on the disk of center 0 and radius |w| converges towards the
bifurcation current 7. Similar dynamically significant equidistribution properties to-
wards the bifurcation current have been recently established in various contexts, as general
holomorphic families of rational maps [DF), BB3|, [Okul| or moduli spaces of polynomi-
als [BG), IG2].

The proofs developed in op. cit. do not allow establishing equidistribution phenomena
towards the bifurcation measure pup;e. Indeed, any of the above convergences obtained
is essentially LllOC convergence of the potentials of currents, which does not guarantee
continuity of the intersection.

One of the main purposes of the article is to prove the equidistribution of parameters
having p non-repelling cycles towards the bifurcation current Té’if as the minimum of the
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periods of those cycles goes to oo, with an exponential speed of convergence. We will then
deduce several important consequences, notably in counting hyperbolic components of
disjoint types in M. Notice that such counting results are of combinatorial and algebraic
nature and have a priori no relation to bifurcation measures. Furthermore, they are the
first general results in that direction so far.

Notations. — Let p: N* — {—1,0,1} be the M&bius function. Define the sequence (d,,)

in N* by
n m *
dy, ._;u(m) (d™ +1) € N,
or equivalently d" +1 = me dp, for any n € N*, so that d,, = d,, + O(d"/?) as n — .
For any p € N*, any n = (n1,...,n,) € (N*)P, and any p = (p1,...,pp) €]0,1]P, we set

In| :=>%_; nj, so that dinl = [[}=; d" and, in a similar way,
p
d|ﬂ| = H dj.
j=1
For any i € {0,1,2} and any n € N* we also set o;(n) := Zm‘n m?, so in particular

o9 < 01 < 03 on N* (beware that o2(n) < Cn?loglogn for some constant C).

For any n = (ni,...,n24-2) € (N)2972 and any w = (wy,...,waq_2) € C*2, let
Stab(n) (resp. Stab(n,w)) be the set of all permutations of the indices {1,2,...,2d — 2}
that do not change the ordered (2d — 2)-tuple (ni,...,n24-2) € (N*)2?=2 (resp.
((n1,w1), ..., (nag—o,waq—2)) € (N* x C)2?=2), so in particular #Stab(n, w) < #Stab(n) <
(2d — 2)L.

For r > 0, we set D, = {|z] < r}, so that ID, =S, = {|z| = r}.

Statement of the main results

Let A be a quasi-projective variety such that, either A C My, or parametrizing an algebraic
family (fx)xea of degree d rational maps on P!. We refer to [Deml] for basics on positive
closed currents and intersection theory on algebraic varieties.

For any integer 1 < p < min{dimA,2d — 2}, any n = (n1,...,n,) € (N*)?, and any
p=(p1,...,pp) €]0,1]7, the following positive closed current

dfy---do,

on A is well-defined, and coincides with /\j 1Ty, ! (p;) by the Fubini theorem (see

g. [BB2]). We say a form ¥ on A is DSH if dd“® = T — T~ for some positive closed
currents T of finite masses on A. We refer to for the precise definition of the
semi-norm ||V ||{Hgy-

One of our principal results is the following.

Theorem A. — Let A be a quasi-projective variety which either is a subvariety in My
or parametrizes an algebraic family (fy)xen of degree d rational maps on P'. Then for
any compact subset K in A, there exists a constant C(K) > 0 such that for any integer
1 <p < min{dimA,2d — 2}, any n = (n1,...,n,) € (NP, any p = (p1,...,pp) €]0,1]7,
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and any continuous DSH-form W of bidegree (m — p,m — p) supported in K, we have

o2(n;
(T2(p) = T, ¥)| < C(K) - max ((1 + [ log pj) Qd(nf)> ¥ bsn-

We first prove this theorem in the case where p = 1. To do that, we show in Section [3a
locally uniform version of the second author’s result [Oku2] on the quantitative approxi-
mation of the Lyapunov exponent of an (individual) f € Raty by the average of the logs
of the moduli of the multipliers of all non-attracting n-periodic points of f (Lemma .
This leads to an error term on the proximity between f"(c) and ¢ for each critical point ¢
of f and an error term on how close to 0 the multipliers of the periodic points of f are. To
control those terms, we use a parametric version of a lemma of Przytycki [P2, Lemma 1]
proved by the first and third authors in [GV2]. Intersection of currents and integrations
by parts lead to the result for any p.

Theorem [A]is proved in Section [4] and has the following consequence.

Corollary B. — Let A be a quasi-projective variety such that, either A C My, or
parametrizing an algebraic family (fy)aea of degree d rational maps on P'. Pick an
integer 1 < p < min{dimA,2d — 2}. Then for any sequence (ni)ken+ of p-tuples
ng = (Mg, npk) i (N*)P such that ), maxj(njj,i) < 00, there exists a pluripolar
subset € in CP such that for any w = (w1,...,wp) € CP\ &, (_, Pery,, (w;) is of pure
codimension p in A for any k € N* and

in the weak sense of currents on A.

The techniques used in the proof of Corollary [Blalso give that the current equidistributed
on the set of parameters having p cycles of respective periods nj g, ..., n,; and multipliers
wi, ..., w, distributed by a PB measure on (P1)? converges towards the bifurcation current
T} when k — oo, with the best possible order estimate O(man(nj_l)) as min;(n;) — oo.
(see Theorem below).

Remark. — Let us also observe that, as in [BB2], Theorem [A| gives another proof that
Shishikura’s upper bound 2d — 2 of the number of distinct cycles of Fatou components
of a given rational map of degree d is sharp (see [Sh]). In fact, provided min;n; is large
enough, we can construct a rational map having 2d — 2 distinct attracting periodic points
of respective period n; (we no longer need to take a subsequence and have no arithmetic
restrictions on the periods).

Now let us focus on the moduli spaces of rational maps and hyperbolic components.
Recall that the hyperbolic locus in My is the set of all conjugacy classes of hyperbolic
maps that are uniformly expanding on their Julia sets. It is an open subset of My and a
connected component of this hyperbolic locus is called a hyperbolic component in M.

Definition 1.1. — A rational map f € Raty is said to be hyperbolic of type n =
(n1,...,noq—2) € (N*)24=2 if f has 2d — 2 distinct attracting cycles of respective exact
periods ny,. .., noq_o. A hyperbolic component Q in My is said to be of type n € (N*)24—2
if, for any [f] € Q, f is hyperbolic of type n. A hyperbolic component in My is of disjoint
type if it is of type n for some n € (N*)24=2,
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Definition 1.2. — For any n = (n1,...,n24_2) € (N*)2¢=2 let N(n) denote the number
of hyperbolic components of type n in My.

A striking application of Theorem [A]is the following asymptotic on the global counting
of hyperbolic components.

Theorem C. — As minjn; — 400,

#Stab(n) - ]Z(:') = /Md fuvit + O (mjax ("Z(Zj )>> :

In particular, N(n) > 0 if min;n; is large enough. Theorem |C| gives a combinatorial
interpretation of the mass of the bifurcation measure. In the case d = 2, as a consequence
of Theorem |C| together with the precise estimates of N(nj,n2) by Kiwi and Rees [KR],
we can determine the (total) mass of the bifurcation measure on Ma.

Corollary D. — Let ¢ be the Euler totient function on N*. Then

/M Mblf—*—*z

n>1

In the proof of Theorem [C] it is crucial that the estimate in Theorem [A] involves only
the DSH-semi-norm || - ||jyqy; of the observable. Notice also that the mass of a limit of
positive measures is not greater than the limit of the masses, so it could be possible
that a proportion of components is lost passing to the limit as they would accumulate at
the boundary of the moduli space. Theorem [C| says that it is not the case. The proof
of Theorem [C] also relies crucially on the fact that the multipliers of attracting cycles
parametrize the hyperbolic components of disjoint type of My. Though this is essentially
classical, there seems to be no available proofs in the literature so we include a proof of
it in Section The proof relies on the transversality of periodic critical orbit relations,
which we show in Section [5| following the argument of Epstein [BE, Eps2].

It is comparable to the common situation in dynamical systems where the existence of
e.g. repelling periodic orbit of large period follows from an equidistribution property, see
[BD1l, BD2] for holomorphic endomorphisms on P¥.

As a consequence of Theorem [C] we also establish the weak genericity of hyperbolic
postcritically finite maps in My (see Theorem [F|below), which is stronger than the Zariski
density of such maps in M.

We finally establish a quantitative equidistribution of parameters in hyperbolic com-
ponents in M, of disjoint type, having given multipliers. For any n = (nj,...,no4_2) €
(N*)24-2 and any w = (w1, ..., wyq_2) € D72 let C,,, denote the (finite) set of all con-
jugacy classes [f] € My of hyperbolic rational maps f € Raty of type n whose attracting
cycle of exact period n; has the multiplier w; for any 1 < j < 2d — 2, and set

#Stab(n, w)
P = e > by
‘”| f]ECn w

For simplicity, we denote C,, (o,....0) and pip (0,...0) by Cpn and py, respectively, so that any
element in C,, is the center of a hyperbolic component in M, of type n.

The following in particular implies the weak convergence fin . — fbif on Mg, which is
even new and it was one of our motivations to give a proof of this convergence.
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Theorem E. — For any compact subset K in My, there exists Cx > 0 such that
1. for any test function W € C*(My) with support in K and any n € (N*)24=2,

(i — i ¥)| < Cc - max <02<”j>>.”@,,02,

1<j<2d—2 dmni

2. for any test function ¥ € C'(My) with support in K, any n € (N*)2=2 and any
w = (w17 ey w2d*2) € D2d72;

)| <c L o)\ g
‘wﬂ’ﬂ_ﬂbif’ >‘ =K 1§§%a2§72 (d"a‘ log |w;|”  d" ) ¥l

Observe that an interpolation between Banach spaces gives a speed of convergence for
any C*-observable with 0 < a < 2 in the case of centers and 0 < o < 1 in general.

Even though Theorem [Ef looks very close to known qualitative/quantitative equidis-
tribution results for holomorphic/anti-holomorphic polynomial families, e.g., [FRL, [FG|
GV1, IGV2, [Oku3|, the compactness of the support of the bifurcation measure was a
crucial point in those earlier works. Such a compactness is not the case for M. It might
also be worth stressing that in [GV2], the first and third authors considered the currents
of bifurcation T, of marked critical points ¢ so were looking at unstable critical dynamics.
Although it seems to be similar, here we study directly the bifurcation current T} so the
unstability of cycles (see the introduction of [BB2]). A feature of that approach is that
we don’t need the n; to be distinct, which was necessary in the above works.

Section [§]is devoted to the study of the moduli space PJ™ of critically marked degree d
polynomials where we give various results similar to those previously proved.

To finish, let us mention that, as an application of our approximation formula of the
Lyapunov exponent, we give a proof of the estimate of the degeneration of the Lyapunov
exponent of f as f — JRaty along an analytic disk in the spirit of [F] (see Theorem [3.6]).

Acknowledgement. —  We would like to thank the anonymous referee for very careful
scrutiny and helpful comments and suggestions.

2. Preliminaries

2.1. Currents and DSH functions

We refer to [DS3, Appendix A] for more details on currents and DSH functions. Pick any
quasi-projective variety A. Let 8 be the restriction of the ambient Fubini-Study form to
A. For any positive closed current 7" of bidimension (k, k) defined on A and any Borel set
A C A, we denote by ||T|| 4 the number

1T|A = / T A B
A

This is the mass of the current 7" in A. We simply write ||T'|| for ||T||a.
Let ¥ be an (¢, ¢)-form in A. We say that ¥ is DSH if we can write dd°¥ = T — T~
where TF are positive closed currents of finite mass in A. We also set

1 bsm := inf (177 + I T11),

where TF ranges over all closed positive currents such that dd°® = TT — T~ (note that
|T*| = ||T~|| since they are cohomologous).
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This is not exactly the usual DSH norm but just a semi-norm. Nevertheless, one has
1V 5sn < II¥]lpsh, where ||¥||psh := ||¥]|Hgy + |¥]|L1. The interest of those DSH-norms
lies in the fact that they behave nicely under change of coordinates. Furthermore, when
U is C? with support in a compact set K, there is a constant C' > 0 depending only on K
such that | ¥|psg < C||¥||c2.

2.2. Resultant and the space Raty
We refer to [BB1] and [Sil] for the content of this paragraph.

Notations. — Let 7 : C2\ {0} — P! be the canonical projection, || - || be the Hermitian
norm on C?, and set (2o, 21) A (wo, w1) := zow1 — z1wg on C? x C2.

A pair F = (F1, Fy) € C[z,y]q x C[z, y]g ~ C%¥*2 of homogeneous degree d polynomials
can be identified with a degree d homogeneous polynomial endomorphism of C?. The
homogeneous resultant Res = Resy is the unique homogeneous degree 2d polynomial
over Z in 2d + 2 variables such that Res(F) = 0 if and only if F' is degenerate, i.e.
F~1({0}) # {0}, and Res((z?,y?)) = 1. We thus identify the space of all degree d non-
degenerate homogeneous polynomial endomorphisms of C? with C24+2\ {Res = 0}.

A rational map f on P! of degree d admits a (non-degenerate homogeneous polynomial)
lift, i.e. there exists a degree d homogeneous polynomial endomorphism F : C? — C? such
that Res(F) # 0 and that 7o F = fonm on C2\ {0}. Moreover, any two homogeneous
polynomial endomorphisms F,G of C? are lifts of the same f if and only if there exists
a € C* such that FF = a - G. Let us denote by Rat, the set of all degree d rational maps
on P!. Since Res is homogeneous, we can also identify Raty with P2?+1\ {Res = 0}. In
particular, it is a quasi-projective variety of dimension 2d + 1.

2.3. The dynamical Green function of a rational map on P!

In the whole text, we denote by wpg the Fubini-Study form on P! normalized so that

lwrs|| = 1 and by [-, -] the chordal metric on P! given by
[z, w] = |zowi — wizol/(V/]z0 + [212 v/ [wol? + [wi?)
for any z = [20 : z1],w = [wg : wy] € P!, so that diam(P!) = 1 and for any w,

ddS logz, w] = dy — wrs.
For any wrs-psh function g on P!, i.e. such that

wrs + dd°g =: v
is a probability measure on P!, we define the g-kernel function @, by setting
(2) Py(z,w) :=log[z,w] — g(2) — g(w)

on P! x P!. For a probability measure v/ on P!, set Uy, := [p1 Py(-, w)dv'(w) on P
Then ddU,, = V' — vy, so in the particular case where v/ = v, we deduce that

Ugw, =1y := / ®,(vy x vy) on PL
Pl xPp!

Pick now f € Raty. For all (non-degenerate homogeneous polynomial) lift F' : C2 — C?
of f, there exists a Holder continuous wrg-psh function gp : P! — R such that

L log ||

im ———

n—o0 dn

—log||-[| =grom
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uniformly on C?\ {0}, which is called the dynamical Green function of F on P1. Since F
is unique up to multiplication by o € C* and go.r = gr + (log|al)/(d — 1) for any o € C¥,
the positive measure

wrs +ddgr =: jiy

is independent of the choice of F', and is in fact the unique maximal entropy measure of
f on P'. For later use, we point out the equality
1

lyp = *mbg [Res(F)|,

which is (a reformulation of) DeMarco’s formula [DeM1, Theorem 1.5] on the homoge-
neous capacity of the filled-in Julia set of F in C2.

Definition 2.1. — The dynamical Green function g; of f on P! is the unique wps-psh
function on P' such that Hgs; = fbf ON P! and that Iy, =0.

Remark. — In particular, Uy, ,,, =I5, =0 on P!. Moreover, gr = gy for some lift F' of
f, which is unique up to multiplication by a complex number of modulus one.

2.4. The dynatomic and multiplier polynomials

We refer to [Si2], §4.1] and to [BB2, BB3|, Mil] (see also [F'Gl §6]) for the details on the
dynatomic and multiplier polynomials and the related topics.
Pick any f € Raty. For every n € N*| let

— Fix(f™) be the set of all fixed points of f* in P!, and
— Fix*(f™) the set of all periodic points of f in P! having exact period n.

The n-th dynatomic polynomial of a lift F' of f is a homogeneous polynomial

. (F (20, 21)) = H(Fk(zm 21) A (20, 21))”(n/k)
kln

in zp,z1 of degree d,; there is a (finite) sequence (P]-(n))je{17.__,dn} in C%\ {0} such

that we have a factorization ®}(F),(z9,21)) = H?Zl((zo,zl) A Pj(n)), and setting
zj(-n) = 7r(Pj(”)) € P! for each j € {1,...,d,}, the sequence (z](.”))?gl is independent

of the choice of (Pj(n))je{l,__’dn} and that of F', up to permutation.

We recall that the set {zj(n) :j € {l,...,d,}} is the disjoint union of Fix*(f") and
the set of all periodic points z of f having exact period m < n and dividing n and
whose multiplier (f™)'(z) is a n/m-th primitive root of unity. In particular, (f")'(z) =1
for every z € {zj(-n) :j € {1,...,dn}} \ Fix*(f"), and for every z € Fix*(f™), we have
#{j € {1,...,d} - 28" = 2} = Lif (f7)(2) # 1. For every n € N*, the n-th multiplier
polynomial of f is the polynomial

dn, 1/n
(3) pn(f,w) = (H((fn)/(z](n)) — w)>
j=1

in w of degree d,,/n, which is unique up to multiplication in n-th roots of unity.
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Let A be a quasi-projective variety parametrizing an algebraic family (f))xea of degree d
rational maps on P'. Then for any n € N*, the n-th multiplier polynomial p,, : Ax C — C

of (fA)aen defined by
pn(A, w) = pp(fr, w)

is holomorphic, and since A is a quasi-projective variety, this p, : A x C — C is actually a
regular function with deg,, (p,(\, w)) = d,/n for all A € A and with deg, (p, (A, w)) < Cd,
for all w € C, where C' > 0 depends only on the family (fx)xea, see e.g. [BB3| §2.2]. For
any n € N* and any w € C, we set

Per,(w) :={X € A; pr(\,w) =0}

and denote by [Per, (w)] the current of integration defined by the zeros of p, (-, w) on A.
Remark that for all w € C and all n € N*| since deg) (p, (A, w)) < Cd,, we have

(4) TlPer, ()] < ¢

Beware also that, since the existence of a cycle of given period and multiplier is invariant
under Md&bius conjugacy, the n-th multiplier polynomial p, : Raty xC — C of Raty also
descends to a regular function p, : My x C — C, enjoying the same properties.

2.5. A parametric version of Przytycki lemma

For a C' map f : P! — P!, the chordal derivative f# of f is the non-negative real valued
continuous function
y=z [z,y]

on P!. For any rational map f € Raty, we set

M(f) = S;P(f#)Q €1, +ool.

We shall use the following, which is a direct consequence of [GV2, Lemma 3.1] and of the
fact that the spherical and the chordal distance are equivalent on P'.

Lemma 2.2. — There exists a universal constant 0 < k < 1 such that for any holomor-
phic family (f\)aea of degree d rational maps with a marked critical point ¢ : A — P!
which does not lie persistently in a parabolic basin of f) and is not persistently periodic,
the following holds: for any n € N* and any XA € A, if fi(c(\)) # c(N), then
— either [fY(c(A)),c(N)] = k- M(f3)™",
— orc(A) lies in the immediate basin of an attracting periodic point z(X) of fx of period
dividing n, [e(N), J] = KM(f)™", and 2[2(c(\), eN)] = [2(A), c(A)].

2.6. A length-area estimate

The modulus of an annulus A conformally equivalent to A’ = {z € C; r < |z| < R} with
0 <r < R < +0 is defined by

mod(A) = mod(A’) = % log<1j>.

We shall use the following classical estimate ([BD1), Appendix]).
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Lemma 2.3 (Briend-Duval). — There exists a universal constant T > 0 such that for
any quasi-projective variety A, any Kdhler metric w on A and any pair of relatively compact
holomorphic disks D1 € Dy in A, so that Do \ Dy is an annulus, we have

‘ Area,, (D3)
(diamy,(Dy))* < 7 - min(1, mod(Ds \ Dy))

3. Quantitative approximation of the Lyapunov exponent

Our precise result here can be stated as follows. This result relies on the combination of
the arguments used in [Oku2] as developed in Lemma [3.4] below and of the lemma “a la
Przytycki” proved in [GV2]. The locally uniform speed of convergence obtained here is
not as fast as the pointwise one obtained in [Oku2]. This is due to our need to control
the dependence of the constants on f € Raty in the right-hand side. Here we obtain a
continuous dependence.

Theorem 3.1. — There exists A > 1 depending only on d such that for any r €]0,1],
any f € Raty, and any n € N*, we have

2m
i | et 52 - £n)| < Accs) + or)

where C([f]) = inf {log (Supﬂu fl#) + supp: \gf1|}, where the infimum is taken over all
f1 € [f] and where gy, is the dynamical Green function of fi normalized as in .

o2(n)
dr ’

Of course, as the left-hand side of the inequality is invariant under Mobius conjugacy,
it is sufficient to prove that for any 0 < r <1, any n € N* and any f € Raty, we have
o2(n)

1 [ .| df
/ log |pn (f, rew)’ — — L(f)| < A(log (sup f* ) +sup|gs| +|log 7| -
dn 0 2w Pl Pl d

for some constant A which depends only on d.

So we pick f € Ratg. In the following, the sums over subsets in Crit(f), Fix(f"),
or Fix*(f™) take into account the multiplicities of their elements. For any n € N*, the
cardinality of Fix(f™) and that of Fix*(f") are d” + 1 and d,, respectively, taking into
account of the multiplicity of each element of them as a fixed point of f.

A non-quantitative version of Theorem can be shown using the equidistribution
of repelling cycles towards s and Pesin theory (both arguments being non-quantitative
[BB3]). We instead use formula () to relate the multiplier of a n-periodic point with the
distance between its orbit and the critical set (Lemma . Summing over all n-periodic
points, we show we can control the left-hand side in Theorem using Lemma [3.3] with
the difference between the logarithm of [f"(c), ¢] for all critical points ¢ and the logarithm
of the multipliers. We then use Lemmas 2.2 and [3.5] to control that difference and Fatou-
Shishikura inequality to bound the cardinality of attracting periodic orbits.

3.1. Relating multipliers with the distance between cycles and critical points

Recall that, by [Oku2, Lemma 2.4] , we have

(5) log(f#*) =L(f)+ DY Py () +2(gpof—gs)on P!
ceCrit(f)

This formula plays a key role in the proofs of Lemma [3.2] and
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Lemma 3.2. — Assume that f has no super-attracting cycles. Then for any n € N* and
any z € Fix(f"), we have

~ > Zlog F(2), e = log |(f") ()|

c€Cr1t(f) 7=0

where By(f) := L(f) + 2(2d — 2) supp: |g¢/.

< Bl(f)?

Proof. — By applied to f", we have

log((f"#)=L(f")+ Y @gpu(-8) +2(gpm o f" —gpm)

¢eCrit(fm)
n—1
=n-L(f)+ Y (Z/1 D, (- w) ((f7)70e)( )) +2(g5 o f" = 95)
ceCrit(f) \j=0 P

on P!, By [OS, Lemma 3.4], for every a € P!,

/]P’l @y (- w) (f*0a) (w) = g, (f(-),a) on P,

In particular, for every z € Fix(f"), since (f™)#(z) = |(f")'(2)|, we have

Lol (MY =L+ Y Z% ).0),

cECrlt(f)

which with the definition of the gy-kernel function ®,, completes the proof. ]

2. Reduction to the critical dynamics

For any n € N* and any 0 < r < 1, we set

[ 9,40
L) = [ Tomloal eI

If f has no super-attracting cycles, for any m,n € N* with m|n and any r €]0, 1], we set

1 1
mmalfr) =gy (X el S gl )] = )
e e

Lemma 3.3. — If f has no super-attracting cycles, then for any r €]0, 1] and any n € N*,

enlf,r) 1= (dl ST 108 (Y (2)] = L) = tnalfor) + b)),

) z€Fix(f™)
[(F™) ()=

where (d" + 1)|el, (f)] < 2(2d — 2) supp1 |gy|-

Proof. — Pick r €]0,1] and n € N*, and set pin := 3, cpyy(sn) 02, taking into account
the multiplicity of each z € Fix(f™). Since (f)¥(z) = |(f™)'(z)| for any z € Fix(f"),
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integrating the equation against u, gives

o oI = @+ D) = [ Tos(#) = @+ VL)

n Pl
= Z /1 q)gf(c7 ) Hn
ceCrit(f) P
This may be rewritten
1
(d" + Den(f,r) = / log [(f")'| = (d" + 1)L(f)
{0y 1=zr}
1 n
- ¥ / o= [ ol

ceCrit(f Pt {1y |<ry T

Using again that (f™)#(2) = |(f™)’ (z)| for any z € Fix(f™) and, by [OS| Lemma 3.5],

/ By, (a,) in = By, (f(a). a)
IPI

for every a € P!, the definition of the gs-kernel function ®,, completes the proof. [

Lemma 3.4. — If f has no super—attmcting cycles, then for anyn € N* and any r €0, 1],

() - L) - o Zu () @ + s, )| < BT,

n

where B(f,r) := (2d — 2)(2 supp: |gf| + | logr]).
Proof. — Pick r €]0,1] and n € N*. By the definition of d,,, we have

= Z“( ) @ +1).

For any m € N* dividing n and any z € Fix(f™), we have (f*)(z) = (f™) ()™ by the
chain rule, and have

> logl(fMY ()= Y logmax{|(f™)(2)],7""}
z€Fix(f™) z€Fix(f™)
[(F™) ()| =r

< m(2d — 2)|logr|

since the number of attracting periodic points of f of period dividing m is at most (2d —
2)m. Recalling the definition of p,, we have

9

2m )
B0 = X | oy ) = e

_ % Z logmax {|(f™)(2)|,r}

" z€Fix*(fm™)

= n;ﬂzu(;) S Ziogmax {|(/m) ()]}

zGFix(fm)

= TXu(E) X temmax{lmye)mnY.

mln z€Fix(fm™)
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where the third equality is by the Md&bius inversion. Hence recalling the definition of
oo(n), by Lemma we have

L) = 1) = - S0 () @+ D (£,7)
" mln

1 m m/n m/n (2d - 2)‘ IOgT‘ ) Uo(n) U[)(TL)
Sdn;(d 1) em (7™ ™) =t (f, ™) | + i < BU)=p
which completes the proof. O

3.3. Proof of Theorem [3.1| using the parametric version of Przytycki’s lemma

Lemma 3.5. — For any n € N*, any z € Fix(f"), and any c € Crit(f),
[fn(c)>c} <2 M(f)n : [Ca Z]'

Proof — Let My := supp: f# > 1. It is clear that the map f is M;j-Lipschitz in the
chordal metric [-,-]. If f*(z) = z, we have

(), ] < [f*(e), 2] + [e, 2] < (M7 + 1) - e, 2]
and the conclusion follows since M; > 1. ]

Proof of Theorem |3.1, — As there is no persistent parabolic and super-attracting cycle
in Ratg, the set X of all elements in Raty having neither super-attracting nor parabolic
cycles and no multiple critical points is the complement of a pluripolar subset in Ratg, so
X is dense in Raty. Pick f € X, n € N* and r €]0,1].

(i) For any m € N* dividing n, recalling the definition of u, »(f,r), we have

i (f,7) = (£ )+t S gl (),

dm+1
+ z€Fix(fM)
r<[(fM) (2)I<1

and recalling that f has at most (2d — 2)m attracting periodic points of period dividing
m and that |(f™) ()| = |(f*)(z)|™™ for any z € Fix(f™) by the chain rule, we have

1 m 2d —2)m
> Lioglrmye| < P2 togr < (2 — ) 1ol
zeFix(fm™)
r<|(f7) (2)I<1

Hence, recalling the definition of og(n), we have

T () (@™ 4 1) (i (£:7) = (£, 1)] < (20 = 2)| ogr] JZ(:) |

mln

(ii) For any m € N* dividing n, we have

m—1
Z Zlog[fj(z),c] = m- Z log[z, c].

z€Fix(f™M) j=0 z€Fix(f™)
[(F™) (2)1<1 [(F™) (2)|<1
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Recalling the definition of wu, »(f,r) and applying Lemma to each such z € Fix(f™)
that [(f™)'(z)] < 1, we have

(@™ + Dmn(f,1) = Y <log[fm(c),c]— > log[z,c]>‘

o< )

m—1
= X ;( > Zlog[ff<z>,c1—1og<fm>'<z>\) < (2d —2)m - Bi(f),

zE€Fix(fm) ceCrit(f) j=0
(™Y (=) <r )

where the last inequality holds since f has at most (2d — 2)m attracting periodic points
of period dividing m. Hence recalling the definition of o(n), we have

1
R Z I (%) (d™ + Dumn(f,1)
" mln
_di w(h) 2 (k’g[fm(c)ﬂ]— Y. logls c]> < (2d—2)By(f) Uld(n).
™ mn ceCrit(f) |(Zf€’fS;)/(((zf)T<)1 .

We finally reduced the proof of Theorem [3.I] to estimating

On(f) = 0n(f, 1) == di Z,u <%> Z (bg[fm(c), c — Z log[z,c}).
" mln

eeCrit(7) \(Zfe*gi}'(ngngl

(iii) We claim that for any ¢ € Crit(f) and any m € N* dividing n,

loglf™(c),c] = > loglzcl| < 2(2d = 2)m? (log M(f) ~log (%)),
z€Fix(fmM)
[(Fm™) (2)]<1

where x € (0,1) is the absolute constant appearing in Lemma recall that
sup, ,ept [z, w] < 1. Assume first that # - M(f)~™ < [f™(c),c]. Then by Lemmaﬁ we
deduce that for any z € Fix(f™), x-27 M (f)=?™ < 27 M (f)~™[f™(c),c] < [z, ], so that
since f has at most (2d — 2)m attracting periodic points of period dividing m, we have

—mlog M(f) + logk <log[f™(c),c] — Z log[z,¢], and
z€Fix(f™)
[(Fm™) (2)|<1
K
log[f™(¢), c] — Z log[z, ] <(2d —2)m (Zm log M(f) — log (§)>
z€Fix(fm)
[(Fm™) (2)|<1

<2(2d — 2)m? (log M(f) —log (g)) .

Assume next that k- M(f)™™ > [f™(c), c]. By Lemma [2.2 applied to the trivial family (f)
and its (constant) marked critical point ¢ (recall that the constant x given by Lemma
depends only on d), ¢ belongs to the immediate basin of an attracting periodic point zy of
f of period k dividing m, and we have

2Af™(0).c] > [z0.c] and [e,T) = RM(f)™™
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Hence we have —log2 < log[f™(c), ¢|] — log]|zo, c], so that
—log2 <log[f™(c),c] — Z log[z, c].

2€Fix(f™)
[(Fm™) (2)|<1

Noting that any attracting z € Fix(f™)\{z0} lies in a Fatou component of f which does not

contain 2z, we also have 1 > [z,¢] > [¢, J¢] > kM(f)™™ for every such z € Fix(f™)\ {20}

that |(f™)(z)| < 1. Moreover, by Lemma [3.5] we have [f™(c),c] < M(f)™[z0,c]. Hence,

since f has at most (2d — 2)m attracting periodic points of period dividing m, we have

log[f™(c),c] = > loglz,d] < (2d—2)m- (mlog M(f)—logr)
ZEFix(f™)
I(fe’g)’(g)Kl

< (2d —2)m? (log M(f) — log k).

Hence the claim holds.
Since f has exactly 2d — 2 critical points taking into account their multiplicities, letting
Cy = 2(2d — 2)? max {1, |log(k/2)|}, we have

51)] < Co - (o M) +1) 257,

by the definition of og(n).
iv) Recall that 2 logd < L(f) = [u log(f#) ps < log(supp: f#) and that by definition
2 P f P

of d,
do=Yn(2) @+ 1) =Y () dm = (1-d ),

mln mln
Hence, all the above intermediate estimates yield

oa(n)
(6) i

2 . 2]
| et | 52 - L) < Batrn)

for any f € X, where Bs(f,r) = C3(supp |g¢| +log(supp: f#)+|logr|) for some constant
C3 > 0 depending only on d. Since both sides of @ depend continuously on f € Raty
and X is dense in Raty, the above estimate @ still holds for any f € Ratg. O

3.4. Application: degeneration of the Lyapunov exponent

Consider a holomorphic family (f)icp+ of degree d > 1 rational maps parametrized by
the punctured unit disk, and assume it extends to a meromorphic family over D, i.e.

fre 0)[t71](2).
Theorem 3.6. — There exists a non-negative o € R such that, ast — 0,
L(f;) = a-log|t| ™t + o(log |t|~1).

This is a special case of [F, Theorem C] and can also be obtained as the combination
of [DeM3|, Proposition 3.1] and [DeM2| Theorem 1.4]. We provide here a simple proof
as an application of Theorem [3.1]

Proof. — We can write p,(fi,w) = t~Vh,(t,w), where h, : D x C — C is holomorphic
and N, € N. We rely on the following key lemma.
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Lemma 3.7. — There exist C7,Cy > 0 such that for any t € ]1])1/2,

sup max{|gy,(z)|, log( 77 2))} < Crloglt| ™! + Co.
zePl

Once Lemma is at our disposal, by Theorem there is C' > 0 such that for any
n € N* and any t € ]D)’f/Q,

21
L= [ gl e le < € (Cutogi ! + o) - T,

so that dividing both sides by log |[t|~! and making ¢ — 0, there is C’ > 0 such that for all
n € N*

Nn n) L(f) : L(ft) _ Nn o3(n)
' < fim inf <1 <ny o2
dn g = R g T = ISP T < g, dr
Indeed, as p,(fi,w) = t_N"hn(t w) where h,, is analytic, we get
1 2 log [hn(fi, )] 0
_— 1 n(ft,€”)|=— = Ny, © = N, 1
gl ), s # B g = Mot
as t — 0. Making n — oo, we get
L(ft) Nn
t—0 log [t| =1 novoo d, 0
This concludes the proof. ]

Proof of Lemma[3.71 — There is a meromorphic family (F});ep of homogeneous polyno-
mial endomorphisms of C? such that for every ¢t € D*, F; is a lift of f; and that the
holomorphic function ¢ — Res(F;) on D vanishes only at ¢ = 0. According to [DeM3|
Lemma 3.3] (or [E}, Proposition 4.4]), there exist constants C' > 1 and 5 > 0 such that for
any p € C%\ {0} and any t € D*,

Loy IEO)
7 —¢)® < <C.
(@) g = )

For any t € D*, set u(2) := log(||Fx(p)||/||p]|%) on P, where p € 7~!(z). The function
ug on P! is well-defined by the homogeneity of F;. Recalling the definition of gr,, we have
gr,(2) = 30 o (w0 f(2))/d™ ! uniformly on P!, so that by (7),

1
o sup Jug(2) [ (Bloglt|™ +10g C) .
— 1 zep?

<
S;g l9r, (2)] < 7 | < -1

Recalling the definition of Iy, and the formula I, = —(log|Res(F})[)/(d(d — 1)), we also
have g, = gr, + (log |Res(F})[)/(2d(d — 1)) on P! for every ¢ € D*. Hence we obtain the
desired upper bound of sup,cp1 |9y, (2)| since t — Res(F}) is a holomorphic function on D
vanishing only at ¢ = 0.

To conclude the proof, we use the same strategy for giving an upper bound for
log sup, cp1 ft#(z). Recall the following formula

§#(2) = S aen DR ) 2L
d I E(p)l
on P!, where p € 771(2) (see, e.g., [J, Theorem 4.3]) and in particular, by , we have

det DF;(p _
log(ft#(z)) <log ’d-HpH;d(_g‘ +2 (B log [t|™! + log C) )
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Now write as F; = (P, Q¢), Pi(z,w) = E?:o a;(t) 27w, Quz,w) = Z;l 0 bj(t) 2wl
with a;(t) = t~7a;(t) and bj(t) = t~7b;(t) for some v € N* and some a,b € O(D). In
particular, there exists a constant C” > 1 such that for any ¢ € D(0,1/2) and any 0 < j < d,
we have max{|a;(t)|, |b; ()|} < C’, so that

G OP,, 0 . _
D52 - S 20| < 2 Y @500

7,4=0

P
| det DFy(p)| = at

< 2d*- O pl P - o>

for any p € C2. This gives a constant C” > 1 so that log(f{ (2)) < 2(8+~) log [t|~*+log C”
on P!, which completes the proof. O

4. Equidistribution towards the bifurcation currents

Let A be a quasi-projective variety such that, either A C My, or parametrizing an algebraic
family (fy)aea of degree d rational maps on P!,

4.1. The proof of Theorem [A]

Pick any compact subset K in A, and set C1(K) = supyegx C([f2]) > 3logd, where
C([f:]) is given by Theorem 3.1 We remark that for every n € N* and every p €]0, 1],

T(p) /%Per e 3 _ e (L /2W10| (A, pe’ )\7
n : d np o dn . g [PnA, P

Pick any 1 < p < min{m,2d—2}, any n = (n1,...,np,) € (N*)P, and any p = (p1,...,pp) €
10, 1]7.

Assume first that p = 1, i.e. n =n € N* and p = p €]0,1], and pick any continuous
DSH (m — 1,m — 1)-form ¥ on A supported in K. By definition, we can write dd°¥ =
T+ — T, where T* are positive measures of finite masses on A. By the Stokes theorem
and Theorem we have

., do
(o - ) = | [ ([ log PO — L) de]
1 0. df .
< [|L[ log|pn<me">\2—L(A)](TWT )
K 0 T

< (ACy (1) (1 + Jhog o) P2 (7 47,

which completes the proof of Theorem [A|in this case by the definition of ||W||}gy-

We now assume that 2 < p < min{m,2d — 2}. Setting S; = S;(n, p) == (A<, Thit) A
(Aj<r<p Ini(pr)) for any 1 < j < p, which is a positive closed current of bidegree (p —
1,p—1) on A, we have

(8) Th(p) — Ty = ZS A (T (pj) — Thie).

Pick any continuous DSH (m —p, m — p)—form W on A supported in K, and write dd‘¥ =
T+ — T~ where T* are positive closed (m —p+ 1,m — p+ 1) currents of finite masses on
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A. Then by Stokes formula, we have
P

(TH(p) = Thp W) = > (Sj ATy, (ps) — Toir), ¥)
j=1

z [ 0y, A0
= Z/ </ log |pn(\, pe'?)|— — L()\)) Sj A\ dd“¥
= K dn 0 2

Since the masses can be computed in cohomology, by , there is Co > 0 independent of
K, ¥ and T#, such that for every 1 < j < p, [\ S;A(TT+T7) < Co(|TH|+IT7]).
Then by Theorem [3.1] we have

o do
’/ < log \pn()\,pew)]% — L(A)) Si A ddC\Il’

2;2”) /Asj AT +T7)

oa(nj) _
deJ(HTﬂ\ + 1771

for any 1 < j < p, which completes the proof of Theorem [A] O

< <ACI(K)(1+ |log ;1) -

<AC1(K)Cy (1 + |log ;)

Remark. — Asin [BB2], we deduce from Theoremthe density in the support of Tt of
parameters having p distinct neutral cycles. We can actually give a more precise statement:
taking any sequence of p-tuple of integers (n;,) in (N*)P such that min; n;; — oo, we have
that the set of parameters A such that f) has p distinct neutral cycles of exact periods
N1k, ..., Npk for some k € N* are dense in the support of Tﬁf.

4.2. The proof of Corollary

Pick 1 < p < min{m,2d — 2}. We recall some basics on PB measures. For each p > 0,
let Ag, the Lebesgue probability measure on the circle S,. Let 6 : R* — R* be a smooth

function with compact support in |0, 1[ such that fol O(x)dx = 1. We consider the smooth

measure U defined as )
1
7 =®/ Xs,, 0(pj)dp;.
j=1"9

We say that a probability measure v on (P!)? is PB (or has bounded potential) if there
exists a constant C' > 0 such that
(v =7, 0)| < Cllelbsn

for all ¢ which is DSH on (P')?, and then let C,, > 0 be the minimal C' > 0 satisfying the
above inequality for every . For example, 7 is PB on (P')P, and \s , is PB on P'. We
claim that the positive closed (p, p)—current

d‘ |/]P’1 /\ [Pery,; (wj)]v(wi, -+, wp)
n

on A is well-defined for any PB measure v on (P')? and any n = (ny,...,n,) € (N*)P.
Indeed, the set of all w = (w1,...,wp) € CP such that (!_; Per,,(w;) is not of pure
codimension p in A is analytic. Hence for any w = (wy,...,wp) € CP except for a

pluripolar subset and any n = (n1,...,n,) € (N*), the current A”_; [Per,, (w;)] on A is
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well defined. In particular, since PB measures on (P!)P give no mass to pluripolar sets,
the current T}, (v) is also well defined.

Observe that Th(7) give no mass to pluripolar sets (hence to analytic sets) since it
has bounded potentials. Arguing as above shows that for any w = (wi,...,w,) € CP
outside a pluripolar subset and any n = (n1,...,n,) € (N*)P, the current A?_; [Pery, (w;)]
is well-defined. So for any PB measures on (P!)?, T} () gives no mass to analytic sets.

Here is another description of (dj,)~" AL_, [Pery, (w;)] and T}, (v); let T', be the analytic
set of dimension m in A x (P!)? defined as

Ty o= {(\ (21,5 2p)) € A x (PY)P: z; € Fix*(f,?) for every 1 < j < p}.
Let F,, : T, — (P1)? be a holomorphic map defined by
Fa(\ 21, 002p) = (A1) (21), - (£7) (2)),

and P : I', = A be the restriction to I'j, of the e projection A x (PY)» — A. Consider

e F — I';, a desingularization of I';,. The map Fn := Fj, o7 is holomorphic and the map
P :=Pon is an analytic map. If v is a smooth PB measure in (P1)P, then:

(9) TP (v) = %P*((Fﬂ\fﬂ)*(y)) on A.
Indeed, observe that, when testing against a smooth form, there is always one term that
is smooth when computing the pull-back and push-forward.

Theorem 4.1. — Let A be a quasi-projective variety such that, either A C My, or
parametrizing an algebraic family (f)aca of degree d rational maps on P*. Then for any
compact subset K in A, there exists C(K) > 0 such that for any 1 < p < min{m, 2d — 2},
any n = (ni,...,np,) € (N*)P, any PB measure v in (P1)P, and any continuous DSH-form
U of bidegree (m —p,m — p) on A supported in K, we have

1
(T210) = The W) < €U - (14 ) o () 19

Proof. — Pick 1 < p < min{m,2d — 2} and a PB measure v on (P!)?. Consider first the
case where v is smooth. Pick n = (n1,...,n,) € (N*)? and a smooth DSH form ¥ of
bidegree (m — p,m — p) on A with compact support in K. By Theorem |[A| and our choice
of 7, there is C(K) > 0 depending only on K such that

(To(7) = Ty W) < C( )1<]§ (UQd(nJ )> ¥ ps;

and we will show that

‘<T£( ) Tp >‘ < C )Cl, max (7;_]) H\I/”DSH

1<j<p

By the above description of T} (v) and the definition of PB measures, we have

1 —_—
Tonydy, (P2

*

(Th(7) - Ti(v), ¥)| < Cy

DSH

As taking dd® commutes with taking pull-pack or push-forward, writing as dd°¥ = T+ —
T—, where T* are smooth (because ¥ is smooth) positive closed currents of bidegree
(m—p+ 1,m — p+ 1) of finite masses on A, one simply has to estimate the mass
|(F)«(P*(T%))||. Computing those masses can be done in cohomology testing against
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/\Z-#j w; for all 1 < j < p, where w; is the Fubini Study form on the i-th factor of (P!)?.

Set Sy = ([T medn) ™ Pul(Fa) (Asy )

By duality, this computation is the same as controlling <Sﬁ’j, Ti> for any j. Finally,
for any j, one has to control the mass ||.Sy, ;||. By symmetry, consider the case where j = p.
Let n’ = (ni,...,n,-1) and consider the associated map 1:";/. Now take a generic point
(20,...20 1) € (Pl)p_l and consider the line L := {z = (z1,...,2,) € (P})", Vi < p—
1, z; = 2Y}. Then the degree of lzil(L) equals dy,, times the degree of leil (20,20 1))
So pushing-forward, we see that

1
Sl <c—,
EE

for some constant C' > 0 that does not depend on n.
In particular, we deduce that

* 1
< (- max <> H\PHDSH;

p
-1 ol *

[T0wn) ™ [[(72), Preon = € s (-
7j=1

where C' > 0 is (another) constant that does not depends on n, which implies the wanted
result for ¥ and v smooth. By a regularization argument [DS2], the result follows for ¥
continuous, replacing C(K) by a constant given by a (small) larger neighborhood of K.
Finally, we extend the result to any PB measure v using again an approximation of v. [J

Corollary [B] follows from Theorem using classical pluripotential techniques as
in [DS1] or [GV2].

Remark. — The order O(maxj(njfl)) as min;(nj) — oo in the right-hand side is sharp.

Indeed, for the quadratic polynomials family (22 + A)aec, it has been shown in [BG] that
the sequence (27" *![Per(n,e?")]), (recall 2,, ~ 2" as n — 00) of measures on C converges
to dd°max{g,4 — 2log2}, where g is the Green function of the Mandelbrot set. Since
4 — 2log2 > 0, this measure is not proportional to ppi. On the other hand, if v, = )\Seh
we have Cy,, = O(n) as n — oo, where \s,, is the probability Lebesgue measure on
the circle of center 0 and radius e?” in C, which is PB. So one cannot improve the order
O(n~1) as n — oo in the right-hand side for this family; otherwise, 27 "[Per(n, ¢2")] would

tend to ppir as n — oo.

5. Transversality of periodic critical orbit relations

5.1. Infinitesimal deformations of rational maps

Pick f € Raty. The orbit O(f) := {¢ 1o fo ¢ € Raty : ¢ € PSLa(C)} of f under the
conjugacy action of PSLy(C) on Raty is a 3 dimensional complex analytic submanifold in
Ratd.

A tangent vector to Raty at f is an equivalence class of holomorphic maps ¢ : D — Raty
such that ¢(0) = f under the relation ¢ ~ ¢ iff ¢’(0) = ¢/(0). The vector space of all
tangent vectors at f is denoted by T Raty. A tangent vector ¢ € Ty Raty can be identified
to a section of the line bundle f*(TP!), where TP! denotes the holomorphic tangent bundle
on P'. More specifically, to any tangent vector ¢ € Tt Raty, we attach a rational vector
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field nc on P! whose poles are in Crit(f) by letting
ne(z) == — D, f ' ((2) e TLPY, zePl

If f has only simple critical points, then 7 also has only simple poles (see [BE] for more
details).
If f is postcritically finite, i.e., the postcritical set

Pf) = |J fr(Crit(f))

neN*

of f is a finite subset in P!, then we denote by T(P(f)) the vector field on P(f), and a
vector field 7 € T(P(f)) is said to be guided by ¢ € Ty Ratg if

T=f'r+n onP(f) and 7o f=( on Crit(f).

For the sequel, we will rely on the following crucial result (see [BE, [FG]).

Proposition 5.1 (Buff-Epstein). — If f € Raty is postcritically finite and neither is
conjugate to 2%2 nor is a Lattés map, then a tangent vector ¢ € Ty Raty is tangent to

O(f) if and only if there is a vector field 7 € T(P(f)) guided by C.

5.2. A transversality of periodic critical orbit relations

Let f € Ratg be postcritically finite and hyperbolic of disjoint type, and let c¢1,...,coq_2
be 2d — 2 distinct critical points of f. For any 1 < i < 2d — 2, there is p; € N* such that
¢; € Fix*(fPi), and there is an open neighborhood U of f in Raty small enough so that
c1,...,Caq_9 can be followed holomorphically on U, that is for any 1 < i < 2d — 2, there
is a holomorphic map ¢; : U — P! such that ¢;(f) = ¢; and that ¢;(g) € Crit(g) for every
geU.

We can choose an atlas of P! such that there is an affine chart of P! containing
c1(9), ..., caa—2(g) for every g € U, and define a map V : U — C24-2 by

V(g) = (" (c1(9)) — c1(9); - - -, 92 (caa—2(9)) — c2a—2(9)), g€ U.

We will need the following.

Theorem 5.2. — Let f € Raty be postcritically finite and hyperbolic of disjoint type. If
f is not conjugate to z*2, then the linear map DV : Ty Ratg — ToC24=2 s surjective and
ker(D¢V) = TrO(f).

Though this result seems folklore, we could not find it in the above form in the literature.
We provide here a proof for the sake of completeness, which is very much inspired by
[BE, Eps2| (see also [FG]).

5.3. The proof of Theorem

From now on, we write
. duy
dt {,_g

for any holomorphic map ¢ +— u; defined on a disk D.



22 THOMAS GAUTHIER, YUSUKE OKUYAMA & GABRIEL VIGNY

Proof of Theorem — Under our assumption, the postcritically finite map f is neither
a Lattes map, nor conjugate to z*2. Let us pick ¢ € ker(D #V), and choose a holomorphic
disc t — f; € Raty with fo = f and such that f = (. We shall use Proposition and
build a vector field 7 € T(P(f)) which is guided by ¢. Then counting dimensions will
complete the proof.

For any n € N and any 1 <i < 2d — 2, we set ¢;(t) = ¢;(ft),

on,i(t) := f{'(ci(t)),
¢ = ¢;(0), and vy, ; 1= v,,4(0). It is clear that for any n > 0, we have
(10) Vnt1i = C(VUni) + Do, f = Onji -
We shall deduce the following from this equation.

Lemma 5.3. — Fiz 1 <i<2d—2. For alln,m € N*, if v, ; = vy 4, then 0y ; = U i.

Taking this result for granted , we continue to define a vector field 7 on P(f) that is
guided by ¢. For any = € P(f), we set 7(x) := vy, for some 1 < i < 2d — 2 and some
n € N such that x = v, ;. Since f is of disjoint type, the previous lemma shows that 7 is
well-defined at z. It remains to check that 7 is guided by (. The equality 7(f(¢;)) = ((¢)
follows from the definition of 7 and . When = = v,; is not a critical point, then
multiplying by D, f~! gives 7 = f*7 + ¢ at z.

When = = ¢; is a critical point, since x is a simple critical point, we may choose
coordinates z at ¢; and w at f(c;) such that w = f;(2) = 2% + t(a + O(2)) + O(t?). Since
we may follow the critical point for |t| small, we may also suppose that ¢;(t) = 0 for
all ¢ so that fi(z) = 2% + t(a + O(2%)) + O(t?). We thus obtain ((z) = (a + O(z))Z,
and n¢(z) = (=45 + O(z))%. Observe that in our coordinates we have 7(¢;) = ¢ = 0,
and 7(P(¢;)) = %’t:o filei(t)) = a%. We may thus extend 7 locally at ¢; and P(¢;)
holomorphically by setting 7(z) = 0 and 7(w) = a. It follows that

. a 0 ( L ) 0 0
— =— — - — —0=0(2)=— .
[71(2) +ne(z) — 7(2) 7(2) 02 + 5 +0(2) oy (z)az
It follows that f*7 +n = 7 at any critical point, which concludes the proof. O
Proof of Lemma — To simplify notation we write vy, ¢, p instead of vy, ;, ¢;, p; respec-

tively. Recall that p is a multiple of the exact period of vg = ¢. For any [ > 1, iterating
the assertion and using the fact that D(fP) is vanishing at all points of the cycle, so
in particular Dv(l_l)pfp = 0, and that vy, = vy, for all k > 0, give
{jlp = C(Ulp—l) + D’Ulpflf : C(Ulp—Q) + e + Dv(l_l)p+1fp_1 : g(v(l—l)p) + DU(l_l)pfp : U(l—l)p

= C(vip—1) + Duyy [+ C(vip—2) + - + Doy 771 C(02 1))

= C(Up—l) + Dvp,lf ' C(vp—2) + o+ Dv1fp_1 ' C(UO) = @p
Since ¢ € ker(D¢V), we also have 99 — 0 = ¢ — 0, = D¢V - ( =0, whence v, = ¥y for all
I >1. Again by we get

Vipr1 = ((vig) + Dy, f - vip = ((v0) + Duo f - vo = 01 .

An immediate induction on k > 0 then proves vj,1; = v} for all [ > 0. This proves the
lemma. ]
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o . 0
5.4. Application to the space Rat

Denote by Rat?l the space of degree d rational maps on P! fixing 0, 1 and co. To be more
precise, let us parametrize Raty by

d d
f([z:1]) = Zaizitd_i : Zbizitd_i , [z:t) e P
=0 1=0

with [ag : - :ag:bg:---: bg] € P2F1\ {Res = 0}. The space Rat} is then determined
by the equations by = 0,a0 =0,>,a; =) j b; and is thus clearly a smooth subvariety of
Ratg of pure dimension 2d — 2.

Lemma 5.4. — The complex submanifolds Ratg and O(f) in Raty intersect transversely
at any f € Rat].

Proof. — Let ¢ € TfO(f)N Ty RatY. Then there exists a holomorphic germ m; € Aut(P!)
centered at mo = id such that f; = m; Yo fomy and ¢ = f. Moreover, since (fe)e is
tangent to Ratg, we can assume there are fixed points of f; satisfying z; =0, y = 1 and
Zt = OQ.

Writing my(z) = (awz + b)) /(crz + dy) with aydy — ety = 1, we get . = —by/ay, yr =
(by—dy)/(ct—ay) and z; = —dy/cs. As mg = id, we have a; = 1+at+O(t?), by = Bt+O(1?),
ct =yt + O(t?) and d; = 1 + 5t + O(t?).

We thus get —t +O(t?) =0, —vt+Ot*) =0, 1+ (a+ 6t +O(t?) =1 and 1+ (6 —
B+v—a)t+O(t?) =1, whence a = B =y =6 = 0. As a consequence, m; = id + O(t?)
and m; ' = id + O(¢?). Finally, differentiating f; = m; ' o f o m; with respect to ¢ and
evaluating at ¢t = 0 gives

(=Df-m=Df-0=0.
This proves T;O(f) N Ty Raty = {0}. O

As above, we pick f € Ratg which is hyperbolic and postcritically finite with simple
critical points cq,...,coq_2. We also assume that for 1 < i < 2d — 2, there exists p; > 1
such that ¢; € Fix*(fPi). Let U C Ratg be a neighborhood of f in which ¢; can be followed
holomorphically as a critical point ¢;(g) of ¢ for all i. We can choose an atlas of P! such
that there is an affine chart containing ci(g),. .., caq—2(g) for every g € U. We let

V(g) := (9" (c1(g)) — e1(g), - - -, 972 (c2a—2(9)) — c2d—2(9)) , g € U.
From Theorem [5.2] and Lemma [5.4] we directly get the following.

Corollary 5.5. — Pick any postcritically finite and hyperbolic f € Ratg of disjoint type.
The map Vi : U — C24=2 s a local biholomorphism at f.

6. Counting the centers of hyperbolic components of disjoint type in M,

6.1. The marked spaces Ratg’fm and Ratg’tm and Mm
We follow closely [Mi2, Section 9].

A fized marked degree d rational map on P! is a (d + 2)-tuple (f,z1,...,74.1) where
f € Ratg, and (z1,...,2441) € (PY)™! is a (d + 1)-tuple of all the fixed points of f,
taking into account their multiplicities. A totally marked degree d rational map on P! is
a 3d-tuple (f,x1,...,T441,¢1,...,C2q—2) where (f,x1,...,2441) is a fixed marked rational
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map and (ci,...,coq_2) € (P1)242 is a (2d — 2)-tuples of all critical points of f, taking
into account their multiplicities.

Let Ratg’fm be the space of all fixed marked degree d rational maps (f,x1,...,2Zq+1)
such that 1 = 0, zo = 1 and x3 = oco. It is clear that Ratg’fm is smooth and quasi-
projective. Let also Ratg’tm be the space of all totally marked degree d rational maps
(f,x1,...,Zd41,€1,-..,C2q—2) such that x; =0, z9 = 1 and x3 = co. It is clear that both
Ratg’fm and Rat?l’tm are smooth and quasi-projective of dimension 2d — 2.

In both spaces, the action by conjugation of PSLo(C) extends naturally, by respecting
the marking. Note that, in both cases, two tuples which are distinct cannot be conjugated,
since an element in PSLy(C) fixes three distinct points if and only if it is the identity.
Moreover, the conjugacy class of any marked tuple (f,*) where f has no multiple fixed
point admits a representative in with 1 =0, z9 = 1 and z3 = oo.

We finally let /\/lgm be the quotient of this action on the space of fixed marked rational
maps. The space Mgm is an irreducible quasi-projective variety of dimension 2d — 2
and its singular points are contained in the subvariety of Mgm consisting of all classes
[(fyz1,...,2441)] such that #{x1,..., 2441} < 2. In particular, /\/lfdm is smooth at any
class [(f,z1,...,24+1)] such that f is hyperbolic. By the above, it is clear that the natural
projection Rat?l’fm \ Per; (1) — M\ Per; (1) is actually a bijection.

We note that the same construction of £, pup, Per,(w), and Tp(p) works on all the
spaces introduced above (and even more generally) exactly as in the case of My.

6.2. Parameterizing hyperbolic components of Ratg’fm of disjoint type

Let 2 be a hyperbolic component in Ratg’fm. If J¢ is connected for any (f,z1,...,2441) €

Q, then € is simply connected and contains a center, which is by definition the unique
point (f,x1,...,24+1) € Q such that #P(f) < oo, by [Mi2l, Theorem 9.3].

For any n = (n1,...,n9q_2) € (N*)29=2 and any hyperbolic component € in Ratg’fm of
type n, Jy is connected for any (f,x1,...,z44+1) € §2, since all Fatou components of f are

then topological disks by [P1l Proposition p.231]. In particular © has a center. We will
also use the following in the sequel.

Lemma 6.1. — For anyn = (ny,...,n2q_2) € (N*)2=2, any hyperbolic component 2 in
Rat?l’fm of type n is simply connected and the fized points and critical points are marked
throughout Q). More precisely, there are a holomorphic maps x1,...,Z441,C1,-..,C24—2 :
Q — P! such that Fix(fy) = {x1(N), ..., 2441(N)} and Crit(fy) = (c1(N), ..., cag_2(N)) for
any X\ € €.

Proof. — We have already seen that € is simply connected. Let 7 : Ratg’tm — Ratg’fm

be the natural finite branched cover. For any component Q of 771(Q), Q is a hyperbolic
component of disjoint type in Ratg’tm and Tlg : Q — Q is an unramified cover, so is a
biholomorphism, since €2 is simply connected.

In particular, we have a holomorphic map

(T\Q)_l Q3 A= (fn,2i(A)s - a1 (A), e (N), o e2a—2(N)) € Q

and the holomorphic maps x1,...,z4+1, C1, ..., cog—o follow all the fixed points and critical
points of fy, respectively. O
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Pick any hyperbolic component  in Ratg’fm of type n = (n1,...,n9q_o) € (N*)2d=2,

and let x1,...,2441,C1,...,Cq_2 : & — P! be the marking of all the fixed points and
critical points of (f))acq given by Lemma For any i € {1,...2d — 2} and any X € Q,
let w;(A) € D be the multiplier of the attracting cycle C;(\) of fy of exact period n; and
whose immediate attractive basin contains ¢;(\). The multiplier map Waq : Q@ — D2 on
) is defined by

WQ()\) = (wl()\), R ,wgd,Q(/\)), A e Q.

Let A be the center in Q. Noting also that #P(f,) < oo for any A € W~1{0}, we have
WH0} = {Aa}-

Theorem 6.2. — The map Wq : Q — D?*=2 is a biholomorphism.

Proof. — Write W for Wq. First, we prove that W is surjective and finite. According to
IGR), §3 page 179], this implies that WV is a finite and possibly ramified covering. Next,
we show that W is locally invertible at Ag. Since W™1{0} = {\q}, this implies W has
degree 1, i.e., is a biholomorphism.

Let us first prove that W is surjective. We proceed using the classical surgery argument:
for any 0 < € < 1, we construct a continuous map o : D(0,1 — 5)2d*2 — 0 such that
W oo =id. We sketch the construction referring to [CGl, Theorem VIII.2.1] or [Do] for
detail.

Choose A = (f,z1,...,2q+1) € Qand forany 1 <i <2d—2,let Uy,,...,Uy,,; be all the
components of the immediate basin of the attracting cycle C;(A) such that ¢;(A) € Uy ;.
Since ¢;(A) is a simple critical point of f, U;; is simply connected and there exists a
conformal map ¢; : Uy ; — D such that

§ + w;

1+ w;§’
where w; := w;(A). Fix €€ (0,1). For any p = (p1,- .-, p2a—2) € D(0,1 —£)*=2 we can
define a continuous map f, by setting f, = f outside the union of all Uj;, and such that

pio frop (€ =¢- €l <1,

;i © f;“ op ) =¢- fj{% on the open disk |¢| < 1 — r containing the critical point of
the Blashke product in the right hand side. Notice that ( fp)p is a continuous family of
quasiregular maps of P'. We now solve the Beltrami equation for the unique Beltrami
form which is 0 on the complement the U;;’s and invariant under fp: there is a continuous
family of quasiconformal homeomorphism ¢, : P — P! such that f, := 1, o fp o ¢,;1 is a
rational map and depends again continuously on p and that 1,(z1(\)) = 0, ¥,(22(X)) =1,
and 1, (x3(X)) = co. Then the d + 2 tuple (¢, 0 fy 0,1, p(x1(N)), ..., Yp(xar1(N))) lies
in Q by the above continuous dependence and is mapped to p by W by the chain rule.
Let us show that W is finite, i.e., #W ™1 (w) < oo for any w = (wy, ..., woq_o) € D242,
Suppose to the contrary that for some w € D?¥=2 #W~1(w) = co. Then there is an
infinite set contained in (); Pery, (w;) N €. In particular, the quasi-projective subvariety
A := ), Pery, (w;) has dimension > 0 and any A € A has 2d —2 distinct attracting cycles of
respecting periods nq, . .., nsg—2. The holomorphic family (fy)aea thus has no bifurcations.
Since Jy, # P! for some A € A, (f\)rea is not a family of Lattes maps. Hence by [McM1|

Theorem 2.2], (fa)aea is trivial. Since the natural projection Ratg’fm — My has finite
fibers, thi implies that the quasi-projective variety A is a finite set. This is a contradiction.

Let us finally see the local invertibility of W at Aq. Since p is a biholomorphism
on (), the map W is locally invertible at Aq if and only if W is locally invertible at
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a:= (f(Aa),z1(Aq),...,z4+1(Aq)) € Ratg’fm. The conclusion follows from Lemma
below by the inverse function theorem. O

Lemma 6.3. — The linear map D W is invertible.

Proof. — Let @ : Ratg’fm — Ratg C Raty be the natural branched cover, and
set ) = m(Q), which is the hyperbolic component in Ratg containing f with
Ao = [(fyx1,...,24+1)]. Let us remark that, since f has only simple fixed points,
the restriction 7g : Q= QofmtoQisan (unramified) cover. We can choose an atlas
of P! such that there is an affine chart of P! containing {c;(g),...,coq_2(g)} for every
g €, and define V : ) — C24-2 py

V(g) := (9" (c1(g)) — c1(9), - - -, "2 (caa—2(9)) — c2a-2(9)), g € Q.

According to Corollary we have ker(D¢V) = {0}. Beware that W:=Wornlisa

C29-2 50 it is sufficient to

holomorphic map from an open neighborhood of f in  to
prove that ker(D W) C ker(D;V).

Let v € Ty Rat), and pick a holomorphic disk (f;)iep in Rat) such that fo = f and
f=wv Foranyt e Dand any 1 < i < 2d — 2, set w;(t) := w;i(f), ci(t) = ci(fy),
W (t) = W(f:) and V() = V(f;). For any t € D and any 1 <4 < 2d — 2, let C;(t) be the
attracting cycle of f; whose immediate attractive basin contains ¢;(t), so that there is a
holomorphic function z; on D such that z;(t) € C;(t) for any t € D (so w;(t) = (f;"")(zi(t)))
and that z;(0) = ¢;(0). Then for any 1 <i < 2d — 2, we find

_aiy , iy . _ o) , N 5
= SEL) o)+ 00 = FEE () + (Y (o) -
and since (f;"")(¢;(t)) = 0 for any ¢t € D, we also have
0= QL] o)+ (o) -6 0

Hence for any 1 <1i¢ < 2d — 2,
wi = (f")"(ci(0)) - (2 — &),
and we also note that (f")”(¢;(0)) # 0 since f is hyperbolic of disjoint type. If in addition
v € ker(DyW), then for any 1 <14 < 2d—2, w; = 0 (and by definition z;(0) = ¢;(0)) hence
we have z;(t) — ¢;(t) = O(t?). For any 1 < i < 2d — 2, the i-th component of V (t) is
1 (ei(t) = ilt) = £ (1) + (F) (zi()(ci(t) — zi(#)) + O((cilt) — 2(t)?) — cilt)
=(1 —wi(t))(z(t) — ei(1)) + O(t") = O(t?)
as t — 0, so that v € ker(D;V). O

6.3. Counting hyperbolic components : the mass of upir in My

We now prove Theorem |§| and Corollary @ To avoid confusions, for any p and any n,

denote T2%72(p) and pupif on Ratg’fm by Tp24-2m (p) and piT, respectively.

Observe first the following.

Lemma 6.4. — Fiz any p €]0,1[?*=2? and any n € (N*)?¢=2. Then
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1. the measure Tid_2’fm(g) has full mass on the union of all hyperbolic components in

Ratg’fm of type n, and for any such a component Q™

Stab(n,
(r2i-2mg)) im) = P2 D)
B B |n|
2. the measure Tid_Q(B) has full mass on the union of all hyperbolic components in Mgy
of type n, and for any such a component (2,

_ #Stab(n, p)

(T392(p))(2) T dy

Proof. — Consider the case Ratg’fm first. Pick p €]0,1[**72, and observe that

2d—2
1 _
T2d-2m ) _ / Per,,. (p;e®)]d6; - - - dfag_o,
n = (27T)2d_2d|@| [0,27]24=2 Vitj, 0;70; ]/:\1[ o ]

. 0,fm . .
as finite measures on Rat; , since we only remove a set of Lebesgue measure zero in

[0,27]27=2. Hence Tid_z’fm(g)—almost every point has 2d — 2 distinct attracting cycles. For

the second part, let €2 be a hyperbolic component in Rat?l’fm of type n = (n1,...,n24-2).
By Theorem we know that the multiplier map W = (Wi, ..., Why_3) : @ — D?*2isa
2d—2

biholomorphism. In particular, the intersection
in Q for all w € D??~2. This implies

=0~ Pery,; (w;) is smooth and transverse

2d—2

(11) A T2 )= >\ ddlogmax{| Wy, po(i)
o€Stab(n,p) =1
on 2, which has mass #Stab(n, p) on 2. This concludes the proof for the case of Ratg’fm.

Let p: Ratg’fm — My be the natural finite branched cover of degree (d 4 1)!. Observe

that the restriction
pi= p|Rat2’fm\Per1(1)

of p to Ratg’fm \ Per;(1) is a finite unbranched cover of M \ Per;(1). Indeed, p can only
branch at parameters (f,z1,...,2411) where at least two of x1,...,x411 coincide, and
those parameters are contained in Pery(1).

Let Q C My be a hyperbolic component of type n and let Q be a connected component
of p~1(). Then the restriction plg : Q — Q is an unbranched cover. Since multipliers do
not depend on the marking of critical points, the multiplier map W, : Q — D2 descends

to a biholomorphism € — D??~2. We now observe that Tédilfm(p) = (p)*(T, ﬁd_z(g)) and

the conclusion follows as above. O
Fix any p €]0,1[>*~2 and any n € (N*)?~2. Note that by construction,

L2 (p) = ()" (12" (p) and piy = (B)" (i)

: fm . . £ .
Since Ratg’ ™ is an affine variety, we can assume Ratg’ ™ < CN for some N. Consider

the function log™ |Z|, defined on CV, and let ¢ : Ratg’fm — R be its restriction to Ratg’fm.

The function ¢ is psh, continuous, non-negative and ddyp has finite mass in Ratg’fm. We
have the lemma:
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Lemma 6.5. — There exist constants C1,Co > 0 that depend only on d such that, for
any compact subset K of Ratg’fm, if C(K) is the constant in Theorem then we have the
following inequality:

C(K) < C1 - [l@lloc,x + Co

Proof. — We follow closely the proof of [DeM3| Proposition 3.1] (see also [E), Propo-
sition 4.4]) and adapt it to the present situation. Since Hj(Ratqs,R) = 0, by [BB1]
Lemma 4.9], there exists a family of non-degenerate homogeneous polynomial lifts to C?
of the family Raty;. We thus may choose a family F' of non-degenerate homogeneous poly-
nomial lifts to C? of the family Rat?l’fm. Set V := Ratg’fm. We may regard this family F as
a homogeneous non-degenerate polynomial maps with coefficients in the ring C[V]. Note
that Res(F) € C[V] and, in particular, |log|Res(F)|| < ap(f) + B for some constants
a, f > 0 independent of f € V.

We now want to prove that there exists m > 1 and C' > 0 such that for any f € Ratg’fm
and any (z,y) € C2\ {0},

1 -me(f) < ||F($,y)||2

e < T K Cemw(f)_
C 1, )|

We work with the maximum norm |[|(z,y)| = max{|z|,|y|} on C2. The upper bound
follows easily from the fact that Fy, Fy € C[V][z,y] and the triangle inequality. By the
homogeneity of F; and Fb, it is sufficient to verify the lower bound whenever ||(z,y)| = 1.

By the item (¢) of [Si2l Proposition 2.13], there exists homogeneous polynomials
g1, 92, h1, ha € C[V][z,y]a—1 such that

(12) gl(xvy)Fl (CC, y) + QQ(I,y)Fg(x,y) :Res(F)xQd_l and
(13) hy(x, y)FL(z,y) + ho(z, y) Fa(z,y) =Res(F)y?? .

Again, since g1, g2, h1, he € C[V][x,y], there are constants A, B > 0 independent of f € V
such that

max {|g1(z,y)|, [92(x, y)|, [h1 (2, y)], |ha(z, y)|} < AeP2P) it || (2, < 1.
When z = 1, equation gives
Res(F)| < 4max {|g1(z,y)|, [g2(z, )|} - [|F (z,9)]| < 442D F (2, y).

We proceed similarly with equation when y = 1 and the conclusion follows.
Following exactly the proof of Lemma gives C1,Cy > 0 such that

max { sup log f#(z), SHPP \gf(z)!} < Crp(f) + Co
zePl

z€P!
0,fm
for any f € Rat; . O
Recall that we picked n € (N*)2¥=2 TLet ¢ > 0, and set p = (1/2,...,1/2), so in
particular that Stab(n, p) = Stab(n). Take R > 0 large enough so that supp(Tﬂzd_z’fm(B))

is contained in the intersection B(0, R) between V and the open ball in C of radius R
and centered at 0. Observe that this is possible since there are at most finitely many of
type n and for a hyperbolic component € of type n, W * (Df% 2) C Q) is relatively compact

in V (for d = 2, this is known to be true for the whole component 2 [Eps1]).
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For any A > 0, we pick the following test function

1
Uy = 1 min{max (¢, A) — 24,0} on V.
Then, ¥4 is continuous and DSH on V and dd“¥ 4 =T X — T, for some positive closed
currents of finite masses, where ||T5|| < C”/A and for some C’ > 0 depending neither on A
nor on T§ (e.g. [DS2, Lemma 2.2.6 ]). Then observe that W 4 is equal to —1 in B(0, e?),
and 0 outside B(0,e*4). Applying Theorem [A| with the control of Lemma implies:

2d—2,fm . fm 24 oa(n;) Q’
20200 0.~ G 00] < (14 1ow2) (Crple) + ) e (P20 )G

Taking A = log R so that op(e?4) = 2A, there is a constant Cy > 0 depending only on
d, we have ‘HTQM_MIH(B)H — <ulf)r§,—\11,4>‘ < Cygmax;(oa(nj)/d"). As R — oo, we have
(ufi3, —¥ ) — 3] and in tum
2d—2,f 02(”3‘)
224~ ] < o _mae (2020,

2d— 2fm( )

Let us go back to M. Since the measures Tid_Q( ) and ,ublf (resp. Ty p) and pf7)

give no mass to algebraic subvarieties of M, (resp. of Rat" d ), we have

1
2d—2 T _ 2d—2,fm _
T2 = el = o 17200 il
together with ||T22d_2(8)|| = #Stab(n)N(n)/d), (by Lemma completes the proof of
Theorem O

Proof of Corollary[Dl — Let us begin with describing [KRJ, Theorem 1.1] by Kiwi and
Rees. Take m > n > 2, they computed, in the critically marked moduli space M§™, the
number nyy(n, m) of all hyperbolic components Q in M§™ of type (n,m) such that any
[(f,c1,c2)] € Q has two distinct attracting cycles of respective exact periods j, k with j|n
and k|m, respectively and their immediate attractive basins contain ¢y, co, respectively.
They prove

nzv(n,m):(§2n3 2 ,Z¢2q_1 >2m+5( m),

where |e1(n, m)| < 2" + 226¢d(m) and |y, (n) — 27/(2(27 — 1))| < 1/2. Their computation
in particular yields that for any m > n > 2,

n

nry(n,m) = (; ;Zf(_)l)>2"+m+52(n m),

q=1

where |e2(n,m)| < C - 2™ for some C' > 1 independent of n,m. We now note that the
natural projection m : M§™ — My is of degree 2 and is unramified over any [f] € Mg of
disjoint type, and for any [(f, c1,c2)] € MS®, 7~ H{[f]} = {[f,¢c, ], [f,,c]}. In particular,

niv(nn+1) = Y Nk,
i, kl(nt1)
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Since we have N(j, k) < C - 2/7* by Bézout’s theorem and d,, - d, 11 = 22" + O(2") as
n — 00, the above gives

N(n,n+1) np(n,n+1)
d,, - dn+1 - 922n+1

+oo
11 ¢(q)
+o(1) = 3_8;(2‘1—1)2+0(1)’ as n — oo.
The conclusion follows from Theorem [C] since #Stab(n,n + 1) = 1. t

6.4. Weak genericity of postcritically finite hyperbolic rational maps

The moduli space M of degree d rational maps is known to be an irreducible affine variety
of dimension 2d — 2 which is defined over Q (see [Sill, Mil]); and all non-flexible Lattes
postcritically finite degree d rational maps are known to be defined over Q (see e.g. [Si2]).
These properties are, for the moduli space of critically marked degree d polynomials, the
starting point of the work [FG]. The idea developed there is to apply Yuan’s equidis-
tribution theorem [Y] to get the equidistribution of pcf maps towards the bifurcation
measure.

The use of this equidistribution result requires: (1) defining an adelic semi-positive
metric on an ample line bundle L — M, which associated height function h satisfies
h([f]) = 0 for all non-Lattes pcf map f, and which induced Monge-Ampére measure
is proportional to ppi. (2) showing that any sequence (Xj) of Galois invariant finite
sets of postceritically finite parameters is weakly generic in My in that Card(Xx N C) =
o (Card(Xy)) as Card(Xy) — oo for any proper affine subvariety C' in M, defined over Q.
This is stronger than the Zariski density of |J, X} in Mg.

Contrary to the case of polynomials, item (1) seems very difficult to establish and could
even be wrong as stated. Here we focus on item (2).

For any n = (n1,...,n9q_2) € (N*)2972 we set

X = {[f] € Mg : f has 2d — 2 periodic critical points c1, ..., cag_2
of respective exact periods ny,...,ngg—2},

so that C,, C X,,. A consequence of our counting of hyperbolic components is that any
sequences of sets of centers of hyperbolic components of disjoint type is weakly generic.

Theorem F. — For any sequence (n(k))y of (2d —2)-tuples n(k) = (n1 g, ..., n24—2,) in
(N*)24=2 satisfying min;(n;(k)) — 0o as k — oo, the sequence (Xn(k) )k 18 Galois-invariant
and weakly generic in M.

Remark. — This result in particular implies that | Xn(k) is Zariski dense in Mg, which
refines [DeM3|, Theorem A].

For proving this weak genericity property, we prove a stronger result in the moduli space
MG of critically marked degree d rational maps on P! i.e., the orbit space of PSLy(C)
in the space Ratg™ of critically marked degree d rational maps (f,ci1,...,coq—2), where
f € Ratg and (c1,...,c24-2) is a (2d — 2)-tuple of all critical points of f, counted with
multiplicity. This is also an irreducible affine variety of dimension 2d — 2 which is defined
over Q and the natural finite branched cover p : MJ™ — Mg is of degree (2d — 2)! and
also defined over Q.

For any n € N* and any 1 < j < 2d — 2, let Per;(n) be the analytic hypersurface

Perj(n) = {[(f, C1,. . .,ng_g)] € ./\/lglm : (I):L(F, CJ) = 0}
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in M§™, where F' and Cj are lifts of f and c;, respectively (see Sectionfor the definition
of ®}); the degree of the hypersurface Perj(n) is bounded from above by Cd" for some
constant C' > 1 depending only on d (see e.g. [Si2] for more details), and since MG™ is
quasi-projective, Per;(n) is actually an algebraic hypersurface of MG™.

For any n = (n1,...,n24-2) € (N*)272 set Y}, := ﬂ2d 2Per](n]) C MG™. We prove
here the following as an application of our counting result

Theorem 6.6. — For any proper algebraic subvariety V in MZ™, there exists a constant
C > 0 such that for all n € (N*)24=2 we have

Card (Y, NV) /Card (Y,) < C -d~ (ming n5)/2

For the proof, we follow the strategy of [F'Gl Theorem 5.3] and we rely on the following,
which is just an adaptation of [FGl Lemma 5.4].

Lemma 6.7. — Let V' be any irreducible algebraic subvariety of dimension q in Mg"
and let p be a smooth point in MG". Assume that V' is also smooth at p. Pick hypersur-
faces Hy, ..., Hoq o intersecting transversely at p. Then there is I C {1, coy,2d — 2} of

cardinality 2d 2 — q such that p is an isolated point of V N ﬂjg

Proof of Theorem — The case dim V' = 0 is an immediate consequence of Theorem [C]
since V' is a finite set in that case. We thus assume ¢ :=dimV € {1,...,2d — 3}.

Pick n = (n1,...,n24-2) € (N*)2=2 Let Z, be the subset in Y consisting of all
[(f,c1,...,c4-2)] € Mg such that the Orblts of ¢1,...,¢oq_9 of f are also disjoint. We
claim that there is a constant C’ > 0 depending only on d such that

Card (YE\ Z@) < (' qlnl—(min; nz‘)/2;

for, since Y, \ Z, consists of all [f] € MG™ such that f has a super-attracting cycles of
exact period n; and containing at least two distinct critical points for some ¢, we have

2d—2 [n:/2]
Yo\ Z, C U ( U U {f*(c) =¢;}n ﬂ Pery n4>

i=1 N #i k= C0Hi

n;=n;

Since also deg({f*(c;) = ¢;}) < Cd* for some C' > 0 independent of 4, j and k, by Bézout’s
Theorem, there exists constant Cy, C’ depending only on d such that

2d—2 [n:/2] 2d—2
Card( Y, \Z Z Z Z CdF H cdv < Z Z Co dlnl—ni/2 < O’ lnl—(min;n)/2
i=1 j#i k=0 000 i=1 j#i
ni=ng ng=nj

Set N = Ny := 2d — 2 — q € N* and recall that N = dim V. Let Vs be the regular
locus of V. We also claim that there is a constant C” > 0 depending only on d such that

Card (Vieg 1 Zn) < C" deg(V) Y d>==1™,
1

where here and below the sums ) ; range over all N-tuples I = (iy,...,in) of distinct
indices in {1,...,2d — 2}; indeed, for any such choice I, we set Y := ﬂ;vzl Per;; (n;;), and
let F be the set of all isolated points of V NY;. By Bézout’s Theorem, we have
N
ZNi ng.
(14) Card(Fy) < deg(V) H deg(Per;; (n;;)) = Ca deg(V)d=i=1""%
j=1
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for some constant Cy > 0 depending only on d. Since Card (V}eg N Zﬁ) < >, Card(Fy)
by Lemma the claim holds. According to Theorem [C| there is a constant Cy > 0
depending only on d such that Card(Y;,) > Card(Z,) > Cyd™ provided min; n; is large
enough.

Hence, the above two claims imply

Card (Vreg N Zﬂ) < Cs Z A 2ig1 ™ Card(Y,) and
I

Card (Yp \ Zn) < Csd™Mnim)/2Card(Yy,),
where C5 > 0 depends only on V, d and ¢. Since Viing := V' \ Vieg is an algebraic subset

in Mg™" of codimension 2d — 2 — ¢q + 1, the proof is complete by a finite induction. O

Proof of Theorem[F} — Pick any n = (nq,...,n24_2) € (N*)2972 and for any permuta-
tion 0 € Sag_2, set o(n) := (Np(1),- - -, No(2d—2))- Let us first remark that p~!(X,) =
U 0€Gay_s Yo(n)- The Galois-invariance of X, follows from the Galois-invariance of Y (,)
for any ¢ € Ggq_o. Similarly, for any irreducible subvariety Z C M, defined over
Q, we can apply Theorem [6.6] to any irreducible component of the algebraic subset
V = p 1(Z) in MY*. The fact that p is a finite branched cover together with the as-
sumption min;(n;(k)) — 400 as k — oo completes the proof. O

7. Distribution of hyperbolic maps with given multipliers in M,

This section is devoted to the proof of Theorem Pick any n = (n1,...,n9q_2) € (N*)242
and any w = (wy, ..., waq_o) € D272,

7.1. A reduction to work on ./\/lgm

Let ey ¢ /\/l(fim — M, be the natural quotient map. It is a finite branched cover of degree
deg(msm) = (d + 1)! and recall the definition of C,,, from the introduction. Again, for
any p and any n, denote TQQd_2(E) and ppi on /\/lgm by Tid_Q’fm(B) and ME}}, respectively
(though we already used that notation on Ratg’fm, this is not an issue since the projection

Ratg’fm \ Per; (1) — M\ Per;(1) is a bijection and none of the considered objects give
mass to Perq(1)). Set C’g?w =70 N (Craw)

m #Stab(n, w)
Hpaw "= Z Ol(f w1, a 1))

Citw

and ,ugn = ,ufﬂrfl(o 77777 0) Then ufﬂrflw = (Tfm)* (nw) for all w and ugn = (Tfm)*(pn). In
particular, for any DSH and continuous function ¥ on My with compact support,

T, 1 * 1T, 1 m m *1T,
<iuﬂ,ﬂ — Mbif, \IJ> = m<uﬂ,ﬂ — Mbif, (me)*(ﬂ-fm) \II> = (d + 1)‘ <:U’fﬂ,g - :u{)iﬁ (ﬂ-fm) \I]>

Hence, it is sufficient to prove the desired estimates in the fixed marked moduli space
/\/lflm. So, pick any compact set K in M™ and any either C' or C? function ¥ on Mgm
with support in K. Set

p=(pr,-- s pra—z) = (max(jwi],1/2), ..., max(jwaa—a|, 1/2)) € ([1/2,1)**72,
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so that p; € [|wj],1[ for any 1 < j < 2d — 2. By Theorem [A] and the upper bound of the
DSH-norm by the C2-norm, there is C(K) > 0 depending only on K such that
2(n;)

(2t2m(p) — i) < OK) _mae (P42 ) 0l it 0 is

and then, by interpolation between Banach spaces, that

T2d-2fm y g\ < (K o2(n;) 12 T s L
(T2 () — iy, O] < O(K) | max (=20 IWller  if Wis C*.

Whence the proof of Theorem [E] reduces to showing

1
(15)  [(uhr — 1242 (p), U)| < O max (d”J) |z if ¥isC? and

1<5<2d—2
1/2
(16) |, — T2 0 <O max [ : 1) if U is CL
o n 1<j<2d—2 \ d" log p; ’

where C' > 0 depends only on d.

7.2. A reduction to work on algebraic curves

Observe that the measure ufm — T2d 2fm(p) on ./\/lfm has its support contained in the
union of all hyperbolic components of type n. Let Q be such a component, and W =
Wi, ..., Wag2) : Q — D242 the multiplier map on 2. Letting A, be the normalized
Lebesgue measure on dD,., by we have on €2,

Ay (T3 (p) =ty
2d—2

:#Stab(ﬂv M)W*()‘Pl K- ® )\/72(1—2) - #Stab(@, M) /\ [Perni (wl)]
i=1

= Z W;(l) ()\Pl) ARERNA W;(2d72) ()‘92(172) - W;(l)(éw ) A W*(Qd 2)(5w2d72)
oE€Stab(n,w)
2d—2

= D> D S

o€Stab(n,w) j=1

where for any o € Stab(n) and any 1 < j < 2d — 2, the measure S, ; is defined as

,a—(A Wi ) W20 () = Wity B 1 (A Wity G )

1<i<y k>j
- / I\ Wi ) AWy ) =W (Bu DA\ Wiy (B )dhs, (- )
Si-11<i<j k>j

on (2, setting )‘qu = Ap @@ Ay, on Sj_l = 0Dy, X -+- x IDp,_, if j > 1 and

1

Sp1 1= (W*(l)()\pl) - W;f(l)(éwl)) A N>t W;(k)(éwk). Recall that a wedge-product over

g
the empty set is equal to 1 and that an intersection over the empty set is the whole space.
For any o € Stab(n,w), any 1 < j < 2d —2, and any u € S;—1 (if j > 1), let Ay j(u)
or A, be the set of all [(f,z1,...,24+1)] € MI™ having a cycle of exact period g (i) and



34 THOMAS GAUTHIER, YUSUKE OKUYAMA & GABRIEL VIGNY

multiplier u; € Dy, for any 1 <1 < j and a cycle of exact period ny(;) and multiplier wg,
for any k > j. Hence

ﬂ Perni (ug(l)) N ﬂ Pernk (wa(k))

1<i<y k>j

is an algebraic curve and, by Bézout’s theorem, its area is < C - d/2I=" for some constant
C depending only on d. Set Wy, () = pj © Wlana, ;) 0 Wa,1 == p1 o Wlana,,),
where p; : D?4=2 — D is the projection on the j-th coordinate. Then the measure

A Wiy 6u) A Wiy Ap,) = Wiy (00,)) A N\ Wiy (0u)

1<i<y k>j

is equal to
(17) WA[,J(u)()‘ — Ouw;)-
on QN A, j(u) if j > 1, and the measure S,1 is itself equal to Wh, , (Ap; — 0wy ) on QN A5 1.

7.3. Proof of : the case of arbitrary multipliers in D%¢2

Assume that ¥ is C! and test against ¥. For any o € Stab(n,w), any 1 < j < 2d—2,
and any u = (u;)i<; € Sj—1 (if j > 1). We continue to fix Q as in Subsection (7.2)) and
let O := W_ (u)( wj). Then

o3

\IJ-W*,U/\.—é.:/ U—W(0))- W (M),
/A”( ¥ WO )= [ (= RO) W, 0)

so that by the mean value inequality:

< / T —W(0)] Wi (M)
o,j (w)NQ

<C ¥ erdiam(W; ) (D0, 7)),

T W (M — 6
/Am(u)ﬁﬂ Aoyt (P )

where the diameter is computed with respect to the distance induced by S and the con-
stant C' > 0 only depends on the choice of the C'-norm. By the length-area estimate
(Lemma [2.3)), we have

~Area(QNAg(u) .. Area(Q2 N Ay j(u))
min{1, 5 log(1/p;)} |log p/(27)

dlam(WX:J(u) (D(07 P])))2 S T
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since WX:J () (D(0, pj)) € WX:] () (D(0,1)) = QN A, j(u) in Ay j(u) are holomorphic disks

and p; > 1/2. Using Cauchy-Schwarz inequality gives

Wi P — 6,
;/‘/;o‘j(u)mﬂ AU’J( )( Pj pJ)

Area(QN Ay ;(u)) Y2
g0-|y\11||c1-%:<7' ‘k,gpjy/(zjr) )

1/2

1/2
SC(%IM%I/(%) <%:Area(§zm\a,j(u))> 0|1

T 1/2 1/2 1/2
§C<|10gpj’/(2ﬂ')> Nim(n)'/? (Area(As,j(u))) ' [|¥]lc1,

so that recalling that Ngy, (n) = N i (n) < C1d™ by Bézout’s theorem and Area(A, j(u)) <
Cod21="5  where C1, Cy > 0 depend only on d, we have

VWE (A, — 0, g(j<> T
zQ:/Ag,j(u)ﬂQ Agj( )( 2 pj) 3 |10g pj\/(27r) ” ||C1

where C3 > 0 depends only on d. Similarly,

Z/ T-WE (A, —6,,)| <C ( T >1/2dn||,x1:|y
. - e — - 1.
— Jaoune o= Tlog oo/ (2m) ¢

Since the right-hand sides are independent of v and o, recalling , we have

1 1/2

fm 2d—2,fm

_pRd=2m gy ‘ <C, m S o1,
‘Wﬂvﬁ n (o) >—C4lsj§a2}c§—2<d”f|10gpjl> ¥l

where Cy > 0 depends only on d (and actually not on K). Hence holds.

7.4. Proof of : the center of components

Assume that ¥ is C? and test (7)) against ¥. Pick any o € Stab(n), any 1 < j < 2d — 2,
and any (u;)i<; € Sj—1 (if 7 > 1). We continue to fix Q as in Subsection (7.2) for a while
and let O := WXI .(u)((), ...,0) be the center of the disk 2N A, j(u). Then we have

0,

U WS (A, =6

/Acr,j(u)ﬂﬂ Aoyt (Aes = 00)

= [ wO) W)
Agyj(u)ﬂQ ’

= [ () - oW (2 - 0) = WO)) (W) (h)(2)
Aa’j(u)ﬁﬂ
the latter equality holding by the mean value theorem for harmonic functions, that is:

/ (DoW) (2 — 0) - Wi, )" (Ap,)(2) = (Do) (O — 0) =0.
Ao, j (u)N2
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By the mean value inequality, we have

U-WE n(Ay =6
/Ao,j(u)mﬂ A.i )( P 0)

<[ 10E) - (Do) (- 0) — W) W) (4)(2)
Ao, j(u)N2

<O [ ¥fes - diam(Wy ) (B(0,p7))),

where the diameter is again computed with respect to the distance induced by 8 and the
constant C' > 0 depends only on the choice of the C2-norm. Again by the length-area
estimate (Lemma [2.3)), we have

<O [Vl (T_ Area(Q mAm(u)))

TWE (A — 0
/A(,,mm Aoy (e — 00) Tog(1/2)]/(2m)

since szl]-(u) (D(0, py)) € szl]-(u) (D(0,1)) = QN A, j(u) in Ay j(u) are holomorphic disks
(here, p; = 1/2 by definition). Hence

<C" ||z - Area(2 N Agj(u)),

WoWE (A, —
/Aa,j(u)ﬂQ Ao ) (hos = 00)

where C’ > 0 depends only on d, so recalling that >, Area(QNA, j(u)) < Area(Ay j(u)) <
C1d™="5  where C; > 0 depends only on d,

<C'Cy - ||| 2d™"5,  and similarly,

WL (O, — 6
ZQ:/AU,J'(U)HQ Aa.s o = 0)

<C'Cy - ||| ged™=m

3 /A W, O = )
Q o,1

Since the right-hand sides are independent of v and o, recalling , we have

[l — T2428 () )| < O[] a max d ™,

n

1<5<2d—2
where C” > 0 depends only on d. Hence holds. O
Remark. — One cannot hope the (even qualitative) convergence p,, — pupir for bounded

DSH observables; indeed, consider the DSH function ¢4 := min{0, max{log|Z|,—A}/A}
on C??=2 for some A > 0, which is identically equal to 0 outside the ball B(0,exp(—A))
and equal to —1 at 0. Furthermore, it is DSH and its DSH norm can be taken arbitrarily
small for A > 1. By a change of coordinates, one can then construct a DSH function in
M which is equal to —1 at the center of a given hyperbolic component and 0 outside that
component, with arbitrarily small DSH norm. Summing this constructions over sufficiently
many hyperbolic components, we can construct an observable ¢4 which is bounded and
DSH with (un,¥a) # (ibir, ¥a). Nevertheless, it would be interesting to find a space of
test functions independent of the choice of coordinates for which a similar statement as
Theorem [E] holds.
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8. Distribution of hyperbolic maps in Pj™

8.1. A good parametrization of P§™

We refer to [DF, §5] and [GV2, §2] for the material of this section. Recall that the
critically marked moduli space P3™ of degree d polynomials is the space of affine conjugacy
classes of degree d polynomials with d — 1 marked critical points in C. We define a finite

branched cover of C4~1 — P§™ as follows. For ¢ = (c1,...,¢4-2) € C%2 and a € C, let
Ly o v oasi(e) 5 g
Pog(z) = =2+ ) (-T2 o zeC,

where oj(c) is the monic elementary degree k symmetric polynomial in the ¢;’s. This
family is known to be a finite branched cover of P{™. Remark also that the (finite) critical
points of P, are exactly cg,c1,...,cq—2, taking into account their multiplicity, where we
set ¢p := 0, and that they depend algebraically on (c,a) € C4~!. From now on, we work
on the parameter space C%~! of the family (Pc,a)(qa)e(cd—l rather than P3™ itself, without
loss of generality.

The dynamical Green function of P, is the continuous psh function g., : C — R4
defined by gcq(2) = lim, 0 d " log™t |P2,(2)], z € C, where the convergence is locally
uniform in (c,a,z) € CZ For any 0 < j < d — 2, the function g;(c,a) := gea(c;j) is psh
and continuous on C%! and, setting T; := dd°g;, we have dd°L = Zj T; and T; AT = 0.

In this family it is now classical to define the bifurcation measure on C?~! as a probability
measure fipif = /\?;g T; = ﬁ(dch)d_l on C41. Then supp upir is compact and
coincides with the Shilov boundary of the connectedness locus Cq := {(c,a) € C*~!: Jp,_,
is connected} = {(c,a) € C4! : max; gj(c,a) = 0}. For any n € N*, we set

— N k.
Dn:=) n ( k) d*;
k|n
d" = Ekm Dy, by Mobius inversion, and D,, =d, —1ifn=1and D, =d, if n > 2.
For any n € N*, the n-th dynatomic polynomial of P, is defined as
% k
) (Peas2) 1= [[(Pha(z) = 2)"™Y,
k|n
and for any 0 < j < d—1 and any n € N*, we set
Perj(n) := {(c,a) € cét, ) (Pea,cj) =0}

(cf. Subsection 6.4 for MS™). The variety Per;(n) is an algebraic hypersurface of C4~1 of
degree D,, (and of degree d,, for n > 2) and is contained in {(c,a) € C¢71; g.q(c;) = 0}.
Moreover, the following holds (see [FGl, Theorem 6.1]).

Theorem 8.1. — For any n = (ng,...,nq—2) € (N*)41 satisfying min; n; > 1 and any
(c,a) € ﬂ;-l;(l) Perj(n;) such that P., has only simple critical points in C, the (d — 1)
hypersurfaces Per;(nj) are smooth and intersect transversely at (c,a).

Pick any n = (ng, ..., nq—2) € (N*)4~1. We say a hyperbolic component H in C?~! (or
the family (Pea)(c,a)eca—1) to be of (disjoint) type n if for every (c,a) € H, P, admits
d—1 distinct attracting periodic orbits of respective exact periods ng, ...,nq_2 in C. Then
all critical points of P, in C for (¢,a) € H are simple. For each 0 < i < d — 2, we let
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wi(c,a) € D be the multiplier of the attracting cycle that has exact period n;. In this way
we get a holomorphic map W = Wy, : H — D% ! defined by

W(ec,a) = (wo(c,a),...,wi_o(c,a)), (c,a)€ H.
The following (see [F'Gl Theorem 6.8]) will also be useful in the sequel.
Theorem 8.2. — The map W : H — D% ! is a biholomorphism.

8.2. Counting hyperbolic components of disjoint type

As in the case of rational maps, we denote by Np(n) the number of hyperbolic components
of type n. = (no,...,n4—2) in the family (Pa)(cq)cce-1- When nj # ny for all j # £ and
nj > 1 for all j, we have Np(n) = (d — 1)! - dj,|. This result is an immediate consequence
of Theorem Indeed, all such components contain one postcritically finite parameter,
counted with multiplicity, and all of them are contained in C4. The result follows from
Bézout’s Theorem and the fact that deg(Per;(n;)) = dp;.

Our aim here is to give a good generalization of the above statement, including the case
when n; = ny for all j,/. The first observation is that any hyperbolic component H in
C91 of type n is contained in the compact set Cq. We rely on the following lemma, which
is an immediate adaptation of Lemma (hence we omit the proof).

Lemma 8.3. — For any p €]0,1[%! and any n = (no,...,nq—2) € (N*)1 with
min; n; > 2, the measure T9=Y(p) has full mass on the union of all hyperbolic components
Q C C4 such that for all (c, a)i € Q, P.o, has d — 1 distinct attracting cycles in C of
respective exact periods ng,...,nq4_o. Furthermore, it gives mass #Stab(@)/aﬁm to each
of those components.

Here is the precise statement.

Theorem 8.4. — There exists a constant C' > 1 depending only on d, such that for any

n=(ng,...,ng—2) € (N*)¥1 with min; n; > 2, we have
0<1_ #5tab) Ne(w) _ . Uz(n_j)
(d—=1)!dp 0<j<d—2 d"
Proof. — Pick any n = (ng,...,ng—2) € (N*)¥1 with min;jn; > 2. Set p =

(1/2,...,1/2), and pick a smooth cut-off function ¥ on C?! such that ¥ = 1 on
Cq. Applying Theorem [4] yields

d—1 (e yd—1 < * o2(nj)
(Td=1(p), ) — ((dd°L) ,\P>{_CII\I/HDSH0§].§;§2 T

where C' > 0 only depends on supp(¥) and d. As seen in the previous Subsection, we have
((dd°L)4=1,¥) = (d — 1)!, and by Lemma and supp(Tg*I(B)) C Cq,

_ #Stab(n
(1 (o), w) = P
|z
Now the proof is complete also by Np(n) < d,/#Stab(n). O
Remark. — This result is coherent with the above remark concerning the case n; # ny

for all j # ¢, since in that case, Stab(n) = {id}. The above statement can also be
interpreted as follows; the number of postcritically finite parameters for which all critical
points are periodic with prescribed exact periods ng,...,nqg_o > 2 and at least 2 critical
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points lie in the same super-attracting cycle, counted with multiplicity of intersection of
the Per.(;)(n;) for all T € &4_1, is bounded from above by Cmaxj<q 2(02(n;)/d") - dinl,
This is a much better estimate than the one we can obtain by naive arguments. Indeed,
without taking the multiplicity into account we can naively get a bound from above of the
form Cdlnl—min;n;/2 max;<4—2 nj, see e.g. the proof of the upper bound on Card(Y, \ Z,)
in the proof of Theorem

An immediate application of this Theorem is the following:

Corollary 8.5. — For any integer n > 2, we have
Np (n, ce ,n)
0<l1—-————-=<(C
B (dn)i=t  — < dn >7
where C' > 1 is given by Theorem [84 In particular,

Np(n, e ,n)
(dn)d_l

Ug(n)
dn

:1+O( >, as n — oo.

Proof. — 1In the present case, we have #Stab(n,...,n) = (d—1)! and d, . n) = (dn)?1L.
Since ppis is a probability measure, the result follows from Theorem [8.4] above.

Remark. — In fact, we have proved that, counted with multiplicity, the number of inter-
section points of the Per;(n) for which at least two critical points lie in the same periodic
orbit is bounded from above by a constant times oo(n)d(¢=2)".

8.3. Distribution of polynomials with (d — 1) attracting cycles

Pick n = (no, . ..,na—2) € (N*)41 with minjn; > 2 and w := (wp, ..., ws_2) € D¥~1. As
in the case of rational maps, we let Cy, ,, be the (finite) set of parameters (c, a) € C?~! such
that P, has d — 1 distinct attracting cycles in C of respective exact periods nog,...,n4—2
and multipliers wy, ..., wq_o. We also let

#Stab(n, w)

Vnaw ‘= d—1) ’d Z 6(0,(1)'
(d =Dt di
¢,a)€Cn,w

The only modification from the case of rational maps is the multiplication by 1/(d — 1)!.
From the normalization ppis = (dd°L)?1/(d—1)!, we see easily that this factor should also
appear in the definition of v, ,. An argument similar to that in the proof of Theorem @
gives the following.

Theorem 8.6. — There exists a constant C' > 0 depending only on d such that

1. for any ¥ € C3(C4 1) and any n = (ng,...,ng—2) € (N*)471 with min; n; > 2,
oa2(n;j)
_ ol < _— .
/(Cdl Vo /(Cdl U ppie| < Cogmjgaéc—2< o >H\11ch

2. for any U € CH(C¥Y), any w = (wo, ..., wq_2) € D! and any n = (no,...,ng_2) €

(N*)d_l with min; n; > 2,
-1 1/2 0_2(,’7}‘) 1/2
< ] J T[er.
—Cogr?gai{z{<dnj 10gywj‘> ’< I > }H e

/ Vv — / U g
Cd—1 Cd—1




40 THOMAS GAUTHIER, YUSUKE OKUYAMA & GABRIEL VIGNY

Remark. — The key difference with the case of the moduli space M, of degree d rational
maps is the existence of a universal constant C' > 0. This is a consequence of the fact
that C,, U supp(upir) C Cg, which is compact in C4~1, for all n and all w. This com-
pactness property implies the existence of a universal constant C; > 0 in the conclusion
of Theorem [A|in the family (Peq)c,q)ecd—1-

We now come to our last result in the spirit of Theorem B of [GV2]: for any n € N*,
we want to prove the measure equidistributed on parameters (c,a) € C4~! satisfying
cj € Fix"(P2,) for any 0 < j < d — 2 converges towards the bifurcation measure, with an
exponential speed of convergence.

Corollary 8.7. — There exists a constant C > 0 depending only on d such that for any
integer n > 2 and any ¥ € C2(C4~1), we have

'(dn;dl /(Cd1 \I'j/\z[Perj(n)] = /O“ U fupie

Proof. — For any integer n > 2, we have /\?;g[Perj(n)] = (dn)dflun,(gwwo), so that we
can directly apply Theorem O

oa(n)

< C.
<c. 2

(¥l
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