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Abstract

We consider bias-corrected estimation of the stable tail dependence function in the re-
gression context. To this aim, we first estimate the bias of a smoothed estimator of the
stable tail dependence function, and then we subtract it from the estimator. The weak
convergence, as a stochastic process, of the resulting asymptotically unbiased estimator of
the conditional stable tail dependence function, correctly normalized, is established under
mild assumptions, the covariate argument being fixed. The finite sample behaviour of our
asymptotically unbiased estimator is then illustrated on a simulation study and compared
to two alternatives, which are not bias corrected. Finally, our methodology is applied to a
dataset of air pollution measurements.

Keywords: Bias correction, conditional stable tail dependence function, stochastic conver-
gence.

1 Introduction

Most of the practical problems involving extreme events are inherently multivariate. Conse-
quently, being able to estimate the extremal dependence between random variables is useful. To
this aim, we can either use some extremal coefficients, that give a representative picture of the
full dependency structure (see, e.g., Ledford and Tawn, 1997), or functions, such as the spectral
distribution function or the stable tail dependence function, that provide a full characterization
of the extreme dependence between variables. We refer to Beirlant et al. (2004) and de Haan
and Ferreira (2006), and the references therein, for more details. In this paper, we will focus on
the stable tail dependence function, which can be defined as follows.

For any arbitrary dimension d, let (Y1), ... ¥ (@) be a random vector with continuous marginal
distribution functions F1, ..., F;. The stable tail dependence function is defined for each y; € R,
i=1,...,d, as
tlim tP <1 — YWDy <t lyror..oor 1 — Fy(Y@) < tilyd> = L(y1,---,Yd4), (1)
—00



provided that this limit exists. We refer to Huang (1992), and de Haan and Ferreira (2006) for
more details.

Several estimators for L have been proposed in the literature, see, e.g., Huang (1992), Drees
and Huang (1998), Fils-Villetard et al. (2008), Biicher et al. (2014), but as usual in the ex-
treme value framework, the classical estimators are affected by bias, which often complicates
their practical application. To solve this issue, Fougeres et al. (2015) and Beirlant et al. (2016)
have introduced bias-corrected estimators and they have established the main properties of their
estimators as stochastic processes.

Taking care of the bias is important, but in practical applications, we are also often faced with
the presence of covariates in addition to the random vector (Y(l), ceey Y(d)). It is thus important
to be able to estimate the stable tail dependence function when random covariates X are present,
i.e., to consider the regression situation with a multivariate response. In that case, we want to
describe the extremal dependence between the variables (Y(l), .. ,Y(d)) given some observed
value z for the covariate X € RP. Thus, the notion of conditional stable tail dependence function
L(-]z) can be introduced and the classical framework (1) can be extended into

Jim (P (1 —FYOIX) <ty or ...oor 1 — Fy(YD|X) < t7lyy| X = x) = Ly1,...,yaz), (2)
—00

where Fj(-|z),j = 1,...,d, denote the continuous conditional distribution function of Y given
X = z. To the best of our knowledge, the estimation of the conditional stable tail dependence
function has only been studied very recently by Escobar-Bach et al. (2018b), where a local
estimator was proposed and its weak convergence as a stochastic process was established. In re-
lated work, Gardes and Girard (2015) introduced an estimator for the conditional tail copula and
studied its finite dimensional convergence. However, being in the regression context, of course
does not solve the bias problem of the estimator of L(-|z). Thus, combining bias-correction and
regression will be the subject of this paper. As far as we know, this topic is completely new in
the literature.

The remainder of the paper is organized as follows. In Section 2, we introduce our bias-corrected
estimator of the conditional stable tail dependence function and we establish its weak conver-
gence as a stochastic process, the covariate being fixed. Then in Section 3, we illustrate the
performance of this estimator on a small simulation study where we compare it with two al-
ternatives, that are not asymptotically unbiased. Section 4 is devoted to a data analysis of air
pollution measurements. All the proofs are postponed to Section 5.

2 Estimators and convergence results

Denote (Y, X) := (YD, ... Y@ X) arandom vector satisfying (2), and let (Y1, X1),..., (Yn, X,),
be independent copies of (Y, X), where X has density function f. We introduce a local estimator
for L, based on an empirical version of the left-hand side of (2), for large values of t. As is usual
in the extreme value context, we consider an intermediate sequence k = k,, i.e., kK — o0 as



n — o with k/n — 0. Since the margins F}j(-|z) appearing in (2) are unknown in practice, we
have to replace them by estimators such as the empirical kernel estimator

~ Dimi el = X1y 0y

F,i(ylx) := ,i=1,...,d,
n,](y| ) Z?:l Kc(x—XZ) ]

where K,.(-) := K(-/c)/cP with K a density function on R?, and ¢ := ¢, is a positive non-random
sequence satisfying ¢, — 0 as n — o0. Denote with y := (y1,...,yq4) a vector of the positive
quadrant RZ. According to Escobar-Bach et al. (2018b)

3 Ky (z— X)) 1, - .
B 2uim1 K (@ = X0) {1=Faa (P 1X0)<E g or o1 1-F a(V Y 1X0 )< )

%Z?:l Kp(r — Xi)

ik(y|$) =

with h := h, a positive non-random sequence satisfying h,, — 0 as n — o0, is an estimator of the
conditional stable tail dependence function L(y|z). Note that in ﬁ’nj(y|x) and Ly (y|z) the same
kernel function K has been used, but they can of course be taken different. As in Escobar-Bach
et al. (2018b), the bandwidths for ﬁn,j and Ly, are though different.

The aim of the paper is to propose an asymptotically unbiased estimator for L(-|x). To the best
of our knowledge this topic has not been considered previously in the literature in the regression
context, on the contrary to the classical framework without covariates where we can mention
the contributions of Fougeres et al. (2015) and Beirlant et al. (2016).

The main results of the paper will be derived as stochastic weak convergence results for processes
in y € [¢,T]% for any € > 0 and T > ¢, but with the covariate argument fixed, meaning that
we will focus our study only around one reference position z¢ € Int(Sx), the interior of the
support Sx of f, assumed to be non-empty. To this aim, we need to introduce some conditions
mentioned below and well-known in the extreme value framework. Let |.| be some norm on R?,
and denote by B (7) the closed ball with respect to |.|, centered at x and radius 7 > 0. The
event Ay, is defined for any ¢ > 0 and y € R‘i as

Apy = {1 —RYWYIX)<tyor oo 1—Fy(Y@|X) < t_lyd} .
First order condition: The limit in (2) exists for allx € Sx andy € Ri, and the convergence
is uniform on [0, T]% x By, (1) for any T >0 and a 7 > 0.

Second order condition: For any x € Sx there exist a positive function o(-|x) such that
altlz) — 0 as t — o0 and a non null function M(-|z) such that for all y € RL

1
lim ——

Ay UF Aoy |X = 2) = L(yla)} = M(ylz),

uniformly on [0,T]% x By, (1) for any T >0 and a 7 > 0.



Third order condition: For any x € Sx there exist a positive function [(-|z) such that
B(t|z) — 0 as t — o0 and a non null function N(-|x) such that for all y € R%

Lo {tP(At,uX:x)—L(mm)

t—oo [B(t]x) at]x) - M(?JW)} = N(ylz),

uniformly on [0, T]% x By, (7) for any T > 0 and a 7 > 0, and where N is not a multiple of M.

Note that these assumptions imply that the functions «(-|z) and S(:|z) are both regularly vary-
ing with indices p and p’ respectively which are non positive. In the sequel we assume that both
indices are negative. Remark also that the functions L(-|z), M (-|x) and N(-|z) have a homogene-
ity property, that is L(ay|z) = aL(y|x), M (ay|z) = a'=PM (y|x) and N(ay|z) = a* =P~ N(y|z)
for all a > 0 and all y € RY.

Due to the regression context, we need some Holder-type conditions.

Assumption (F,). There exvist My, > 0 and np, > 0 such that |Fj(y|lr) — Fj(ylz)|] <
Mg, |z — 2|5, for ally € R, all (z,2) € Sx x Sx and j =1,...,d.

Assumption (D). There exist My > 0 and ny > 0 such that |f(z) — f(2)] < My|x — z||", for
all (z,z) € Sx x Sx.

Assumption (£). There exist My, > 0 and ng, > 0 such that |L(y|z) — L(y|z)| < M|z — z|"~,
for all (x,2) € Byy(T) X Byo(7), 7> 0, and y € [0,T]¢,T > 0.

Assumption (A). There exist M, > 0 and 1, > 0 such that |a(t|x) — a(t|z)] < Myllz — 2|,
for all (x,z) € Sx x Sx and t > 0.

Assumption (B). There exist Mg > 0 and ng > 0 such that |B(t|x) — 5(t|z)] < Mg|z — z|",
for all (z,z) € Sx x Sx and t = 0.

Assumption (M). There exist M > 0 and nyr > 0 such that | M (y|lz)— M (y|z)| < M|z —z|™,
for all (x,2) € Byy(T) X Byo(7), 7> 0, and y € [0,T]¢,T > 0.

Also a condition is required on the kernel function K.

Assumption (K). K is a bounded density function on RP with support Sk included in the unit
ball of RP with respect to the norm ||.|. Moreover, we assume that there exists §,m > 0 such
that By(0) < Sk and K(u) = m for all u € By(9), and K belongs to the linear span (the set of
finite linear combinations) of functions k = 0 satisfying the following property: the subgraph of
k, {(s,u) : k(s) = u}, can be represented as a finite number of Boolean operations among sets of
the form {(s,u) : q(s,u) = (u)}, where q is a polynomial on RP x R and ¢ is an arbitrary real
function.



The latter assumption is common, and used already in, e.g., Giné and Guillou (2002) and
Escobar-Bach et al. (2018a, 2018b), and allows to measure the discrepancy between the condi-
tional distribution function Fj(:|x) and its empirical kernel version F, ;(-|x).

2.1 Asymptotic result for L;(:|zo) under a third order condition

Escobar-Bach et al. (2018b) have established the weak convergence of Ly (y|zo) as a stochastic
process in y € [0, T']¢ and for a fixed covariate position xo € RP, under the second order condition.
In order to construct an asymptotically unbiased estimator for L(:|z¢), the third order condition
is required and thus we need to know if under this new condition, a similar convergence result
can be stated.

Theorem 2.1 Assume the third order condition, (z,y) — N(y|z) continuous on By, (T) X
[0,T]%, with By, (1) = Sx, and that there exists b > 0 with f(z) = b, Yz € Sx < RP and f
bounded. Under (Fr,), (D), (£), (A), (B), (M), (K), and assuming that there exists an € > 0
such that for n sufficiently large

inf A({fue Bp(1):x —cue Sx}) >e,

.Z’ESX

where X denotes the Lebesgue measure, consider sequences k — o0, h — 0 and ¢ — 0 as n — o
such that k/n — 0 with

Vkhp pminCignLne)

\/Wa(n/k]wo) pmin(mang)
kh? a(n/k|zg) —> o0,

FRP aln/K|zo) B(n/klzo) — pur(z0) € Ry,

=

and for some ¢ > 1 and 0 < n < min(ng, ..., NF,)

| hP [[logel?
n kmax( ¢ — 0. (3)

{\/W (ik(y|m0) — L(y|xo) — « (%‘xg> M (y|xg) — « (%‘xo) IS (%‘azo) N(y\mo)) , Y € [07T]d}

Then the process

weakly converges in D([0,T]%) towards a tight centered Gaussian process {B(y),y € [0,T]}, for
any T > 0, with covariance structure given by

_ K3
f(zo)

where y,y' € [0,T]¢ and | K| := SSK K2(u)du.

Cov (B(y), B(¥/)) (L(y|wo) + L(¥|z0) — L(y v ¥'|z0)) ,



2.2 Smoothed estimator for L(:|z)

Inspired by the homogeneity of L(-|zp), consider now the rescaled statistic

N 1~
Lia(y|zo) := 5Lk(ay\$0)

for a positive scale parameter a. Our uncorrected (in terms of bias) estimator for L(-|zg) will
be the following weighted version of the rescaled statistic, defined for any » > 1 and £ > 0 as

§i L, o (ylzo)da e
r—1 '

Li(y|xo) := (
The weak convergence of this new estimator as a stochastic process is established in the following

theorem.

Theorem 2.2 Under the assumptions of Theorem 2.1 together with v/kh?a®(n/k|zo) — pa(xo) €
Ry, for any r > 1 and £ > 0, we have

\/W{Zk(y!wo) — L(ylwo) — « (%‘wo) M (ylao)c(r; p) — (%‘wo) B (%‘fm) N(ylzo)e(r; p+ o)

2 (n/klao) M2(ylao) . i 1 (" Blay)
- 2 : L(y|xo()) d(’l",&p)} - r—1 L Tda,

in D([e,T]%), for every e > 0 and T > ¢, where B is defined in Theorem 2.1 and

rl=r —1
(r—=1)(1—-p)’
d(r,&p) = [e(r;2p) — A(r;p)] (€ —1).

c(r;p) =

Based on this result, in order to construct an asymptotically unbiased estimator for L(-|xg), we
need now to estimate p and oy (y|xo) := a(n/k|zo) M (y|zp). This is the aim of the next section.

2.3 Estimation of p and a(n/k|xq) M (y|zo)
Let (&1,62,63,&4) € RY, ry # 7o > 1 and s > 0. We propose to estimate p by

(szl ii%a<sy|xo>da> Ve (5? ii?a<sy|xo>da) 1
1

- ri—1 ro—1 (4)
Pri=1— ——
log s LS, leo)da \ S (52 £88 plwo)da | Y
ri—1 - ro—1

Theorem 2.3 Under the assumptions of Theorem 2.1, and additionally assuming that M never
vanishes except on the azes and that \khPa?(n/k|wg) — pa(zo) € Ry, for any (&1,&2,€3,&4) €



Ri, ri £ r9>1 and s > 0, we have

N (ﬁ)mo) {ﬁk . a(n/klxo) M(ylzo) {Spd(ﬁ,él;p) —d(r2,&;p)  d(r1,€33p) — d(m&x;p)}
k

2logs  L(y|xo) (r1; p) — c(r2; p) c(ri; p) — c(ra; p)
( ‘ ) N(ylzo) s~ = Le(ri;p+ p') = clrasp + p')
M(y|zo) logs c(r1;p) — c(ra; p)
p—l 1 B(asy) 1 B(asy) 1 1 B(ay) 1 B(ay)
d fogs {rl—l ;1 Zsy da — ro—1 :2 (tlzsy da } " logs {rl 1 ;1 ;ly da — ro—1 71"2 sy da}

)

M (ylxo) [e(r1; p) — c(r2; p)]

in D([, T, for every e > 0 and T > ¢, where B is defined in Theorem 2.1.

Let (£5,&) € R2 and r3 # r4 > 1. To estimate aj(y|7o), we propose

SPL . (ylzo)da 1t SI4L . (ylzo)da 1/t
) 7‘3 1 7‘4 1

c(rs; pr) — c(ra; pr)

g (y|zo

In the sequel, we denote by ¢/(r; p) the derivative of ¢(r; p) with respect to p.

Theorem 2.4 Under the assumptions of Theorem 2.3, we have

ma(z(xo){ Gilyleo) - o () 2 M (ylzo) !

a(n/klxo) M (y|zo) L(y|wo) 2[c(rs; p) — c(r4; p)]

X (d(m,fs;p) —d(rs, &6 p) + CCE:? Z; : C(EE’[S) [{ZZS (d(r1,&15p) — d(r2, €25 p))

_1028 (d(r1, &5: p) — d(rz,&;p))])
-8 (3l) i e
) <c(r3; ) crrip ) o L50) c’(mc;(i)l];[;)(ri;cp(;pfg —c(ra;p+ p)] Sf;;;) }
A (r1:p) M(ylwxw {rs Sl e J. S

_d(ra3p) — (rs5p) [Sp_l ( 1 frl B(asy)da ! J” B(asy)da>

c(ri;p) —c(re;p) |logs \r1 — 1 a -1 a

1 1 T1 T2
N J Blay) , 1 J B(ay) ,.
logs \m1 —1J; a ro—1J; a

in D([e, T, for every ¢ > 0 and T > ¢, where B is defined in Theorem 2.1.




2.4 Bias correction of Ek(y\azo)

Now we have all the ingredients to construct an asymptotically unbiased estimator for L(-|z)
by removing from Ly (y|zo) the bias term where a(n/k|zo)M (y|z) together with the second
order rate parameter p have been estimated externally, using the same intermediate sequence
k = ky, which is such that k = o(k). This idea has been originally proposed by Gomes and
co-authors (see, e.g., Gomes et al., 2008, Caeiro et al., 2009) in the univariate framework and
has the advantage that the variance of the bias-corrected estimator and the uncorrected one is
the same. Thus, we propose the following bias-corrected estimator for L(-|xg)

Tuglolan) = Lulolan) ~ glan)ei ) (1) ©)

Theorem 2.5 Assume the third order condition, M never vanishes except on the azxes, (x,y) —
N(y|z) continuous on By, (1) x [0,T]%, with By, (7) < Sx, and that there exists b > 0 with
f(x) = b, Yx € Sx < R? and f bounded. Under (F.), (D), (L), (A), (B), (M), (K), and
assuming that there exists an € > 0 such that for n sufficiently large

inf A({fue Bo(1):x —cue Sx}) >e,

wESX

consider sequences k — o0, h — 0, ¢ — 0 as n — o and k such that k = o(k), k/n — 0, and
with

\/Eﬁhmin(nfm,na) — 0,

EhP a(n/k|azg) hminmems) ),
VEh? a(n/k|xo)

kh? a(n/klxo) B(n/klwo) —  p(wo) € Ry
khpa®(n/k|zo)

and for some ¢ > 1 and 0 < n < min(ng, ..., nF,)

hp q
nA [ — max («/“Ogd,cn> — 0.
k ncP
Then we have

T o?(n/k|z 2(y|x
Vkhp {Lkvg(?ﬂxo) — L(ylzo) — (%‘:m) B (%‘xo) N (y|zo)e(r; p+ p') — 2 ék‘ 0) Ai(;ﬂo()))d(r,g; p)}
o L[ B,

r—1J); a

in D([e,T]%), for every e > 0 and T > ¢, where B is defined in Theorem 2.1.

Note that this bias-corrected estimator fkg(-kvo) has the same asymptotic variance as the un-

corrected estimator Ly(+|zo) (see Theorem 2.2).



3 Simulation study

Our aim in this section is to illustrate the bias-correcting effect in the estimation of L(-|xg). We
focus on dimensions d = 2 and p = 1. We consider the two models studied in Escobar-Bach et al.
(2018b), which both satisfy our third order condition, together with Assumptions (D), (£), (A),
(B), (M) and (F,;,). In particular, these models are the following:

e Model 1: The bivariate Student distribution with density function

v+2

T2
> ) (y17y2) €R27

V1-— 062 <1+y%—29y1y2+y%

foroy@) (Y y2) = ——

14

where 6 is the Pearson correlation coefficient. The stable tail dependence function can be
described as

(y1/y2)V" — 0 (y2/y1)"" — 0
L(y1,y2)0) = 1 Fpy1 | Vv + 1| +ypoF 1 | Z——Vr +1],
(yl y2| ) Y1ty+1 < o2 v YaLly4+1 1o v

where F,, 11 is the distribution function of the univariate Student distribution with (v + 1)
degrees of freedom. Also

v 1/V _ 9 y 1/y o 9
M(y1,y20) = Ci [y%/ E,.s <WW+3> +y "R, (W\/ﬁr:%)],

Vi-6 -0
_ 4/v+1 (yl/yQ)l/” -0 4fv+1 (yQ/yl)l/u Sy
N(yl’y2|0) = Oy [yl Fois <W\/m + Yy Foyis Wm ,
2/v
o o ety (1) Y
w2 AT
4/v
o I/4/V+17T2/V(V+1)(V+3) P(%) /
| S +) re)
a(tle) = 2,
Bt = 7.

We set § = X, where X is uniformly distributed on [0,1]. In the simulations, we use
v = 4, which corresponds to p = p/ = —1/2;

e Model 2: a particular case of the Archimax bivariate copulas introduced in Capéraa et al.
(2000) and also mentioned in Fougeres et al. (2015), namely:

_ _ —1
C(ylay2|$) = {1+L(y11—1,y21—1|$)} ;
where we use for L the asymmetric logistic stable tail dependence function defined by

0 0,1/
Liyryale) = (1 =ty + (L= t2)ya + | (i) + (t2) |

9



where 0 < t1,t2 < 1, and 0, := min(1/z,100), with the covariate X uniformly distributed
on [0,1]. The marginal distributions are taken to be unit Fréchet. For this model

M(y1,y2]7) = yio1L(y1,y2|z) + y302L(y1, vo|w) — L*(y1, y2|2),
N(y1,v2|) = 1L(y1,y2|2) (v} — 2L(y1, y2|7)yi) + 02 L(y1, y2|7) (ys — 2L(y1, y2|2)y3)

1 1
+§5’11L(yl,y2|ﬂ€)yi1 + 5522L(y1, Yo|m)ys + O12L(y1, y2|7)yiys + L (y1, yalz),

aftlr) = t71
Bltle) = 7%
Hence p = p/ = —1. In the simulations, different values for the pair (¢1,t¢2) have been

tried but the results seem to be not too much influenced by them, thus we exhibit only
the results in case (t1,t2) = (0.4,0.6) which corresponds to an asymmetric tail dependence
function.

For each model, we simulate 500 samples of size 1000, and we compare three estimators of
L(:|zg): the two uncorrected estimators, Li(-|xg) and its smoothed version Lg(-|zp), and our
bias-corrected estimator L, z(-|zo), for three positions zg = 0.3,0.5 and 0.7. Concerning the
kernel, we always use the bi-quadratic function

15

K(u) = 7(1- u?)? yer—1,17}-

Each estimator requires the selection of some tuning parameters. This will be done as follows.

For the uncorrected estimator Ly(-|zo) of Escobar-Bach et al. (2018b), we follow their ap-
proach, i.e., we use their cross-validation criterion for both bandwidth parameters c¢; and co,
corresponding to the marginals approximation, and for the sequence h, we use

min(cy, ¢2) k

h = r
| log(min(cq, c2))[M1 n’

coming from condition (3), as described in their paper.

For the uncorrected smoothed estimator Ek(']xo), the pair (r,§) is selected in a data-driven way
using the homogeneity of the function L(y|x¢), namely, for all y and k

. - 2
(r*, &%) := argmin Z (Lk(ty\zro) —th(y|3:0)> ,
(r€)eRXE jop
where R := {1.1,1.2,...,2}, E := {1,2,3} and T := {1/3,2/3,1,4/3,5/3}. The grids of values
are selected after an extensive simulation study.

For the bias-corrected estimator L, £(-|zo), also a data-driven method has been used for all

the parameters involved. More precisely, L, z(-|zo) defined in (6) is based on the uncorrected

smoothed estimator Ly(-|z¢) computed with (r*,¢*) from which we remove the bias, based on

10



estimates Az (-|zo) and py, derived according to the following algorithm:

Step 1. Let y* = (0.5,0.5), s = 0.4 and k = |0.99n] as suggested by Fougeres et al. (2015);
Step 2. Note that gy is an estimate of p, and as such is independent of . Define R := {(r1,72) €
R? vy # 19}, B = {(&, 2,83, &) € BY 1 & = &3, & = &} and denote pr(y*, 11,12, &1, &2, €3, &4) =
pr as in (4) for all (ri,m2) € R, (£1,&2,&3,84) € E and y = y*. Then, find (rf,75,£5,&5) the

values of (71,72, &1,&2) € R x E? minimizing the criterion

“ v ~ ~ 2
Z </\)/E (y*7%/17}/27£17§27€17§2) _ﬁ%(y*7r17r27£17§27517§2)> .

(7“1 ,72,61,€2)ER X E?

The estimate gy in (6) is finally computed as pr(y*, 71,75, &, €5, €5, &5);

Step 3. Let ag(-,73,74,&5,86]20) := az(-|ro) as defined in (5). We use the homogeneity of
M(-|xo) in order to select the parameters (r3,74,&5,86). More precisely, dz(:|xo) in (6) is com-
puted as &z (-, 73,7}, &5, £ vo) where

(Tga TI7§§) = argmin Z <&E(ty*,r3,7’4,€5,£5|$0) - tl_ﬁE aﬁ(y*vr?w 7"4765,55‘130))
(r3,r4,65)ERXE e

In the latter, pr is the value obtained in Step 2.

In Figure 1, we show the sample mean (left) and the empirical mean squared error (MSE, right)
of Ly(y|zo) (dotted line), Ly(y|zo) (dashed line) and fkyg(y]aro) (full line) as a function of k
in case of Model 1 with xg = 0.3 and four possible values of y, corresponding to the different
rows: from the top to the bottom, y = (0.2,0.8), (0.4,0.6), (0.6,0.4) and (0.8,0.2), respectively.
The horizontal line on the left panel represents the true value of L(y|xo). Figures 2 and 3 are
constructed similarly, but for zg = 0.5 and 0.7, respectively, whereas Figures 4 to 6 concern
Model 2 and the same values of g and y. Based on these simulations, we can draw the following
conclusions:

e Our estimator Zkvg(y\xo) clearly outperforms the two alternatives. In terms of bias, the
sample means show very stable paths as a function of k, close to the true value. In terms of
MSE, it is still competitive, almost always better than Ly, (y|zo) and Ly (y|zo), or otherwise
at least similar, and again very stable as a function of k. Those are very nice features since
in our case, the selection of k is not very crucial, while it is for f/k and Ek

e For Model 2, the estimation is more difficult for y far away from the diagonal, whereas for
Model 1, it does not depend on y. Also, the performance of our bias-corrected estimator
L, #(y|zo) does not seem to depend on the position in the covariate space.

4 Application to air pollution data

In this section, we illustrate the practical applicability of our bias-corrected estimator on a
dataset of air pollution measurements. We consider the data collected by the United States Envi-
ronmental Protection Agency (EPA), publicly available at https://aqsdrl.epa.gov/agsweb/agstmp/airdata

11



0 200 400 600 800 1000 [ 200 400 600 800 1000

0 200 400 600 800 1000 o 200 400 600 800 1000

T T
0 200 400 600 800 1000 0 200 400 600 800 1000

T T
0 200 400 600 800 1000 0 200 400 600 800 1000

k k

Figure 1: Model 1: Mean (left) and MSE (r%g?ht) of three estimators of L(y|0.3): Ly(y[0.3)
(dotted line), Ly (y|0.3) (dashed line), fk7g(y|0.3) (full line) as a function of k for different values
of y corresponding to each row: y = (0.2,0.8),(0.4,0.6), (0.6,0.4), (0.8,0.2). The horizontal line
on the left panel corresponds to the true value of L(y|0.3).
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Figure 2: Model 1: Mean (left) and MSE (r%g?)ht) of three estimators of L(y|0.5): Ly/(y[0.5)
(dotted line), Ly (y|0.5) (dashed line), fk7g(y|0.5) (full line) as a function of k for different values
of y corresponding to each row: y = (0.2,0.8),(0.4,0.6), (0.6,0.4), (0.8,0.2). The horizontal line
on the left panel corresponds to the true value of L(y|0.5).
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0.9

0.8

0.7

MSE
0.06 0.08 0.10

0.04

0.02

s
=]
© =3
B T T T T T T T T T T
0 200 400 600 800 1000 200 400 600 800 1000
k k
-
]
o
i
®
]
o =]
°
o S
3 S
w
- 4
=
3 3
=]
g o
]
=]
©
H
o
8
=]
T T T T T T T T T T T
o 200 400 600 800 1000 200 400 600 800 1000
k k
N
b} 3
- ]
=l =]
N
2 °
8
=]
[
- ©
= =
3
3
=]
-
3
o
]
=]
©
H
g
- ]
g
° T T T T T T T T T T T
0 200 400 600 800 1000 200 400 600 800 1000
k k
B ]
o
-
- ©
=1
g
-
°
8
g
I . 4
3
o | 4T H
3
~ 8
3 g
ol e
S 8
=]
T T T T T T T T T T T
0 200 400 600 800 1000 200 400 600 800 1000

k

k

Figure 4: Model 2: Mean (left) and MSE (r%g5ht) of three estimators of L(y|0.3): Ly(y[0.3)
(dotted line), Ly (y|0.3) (dashed line), fk7g(y|0.3) (full line) as a function of k for different values
of y corresponding to each row: y = (0.2,0.8),(0.4,0.6), (0.6,0.4), (0.8,0.2). The horizontal line
on the left panel corresponds to the true value of L(y|0.3).



E
o s
°
- L
- 7 =
o o
2 g
=
w
S ]
o 2
Cl <
34
=
©
3
o
8
=]
1 T O O,
~
s
8
=
T T T T T T T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000
k k
S
g
o
®
g
=]
o |
3
o
8
. 3
o 7 w
S 8
=
3
“O)' - =]
~ o
= S
S
P
o 7 =3
g
=]
T T T T T T T T T T T T
o 200 400 600 800 1000 0 200 400 600 800 1000
k k
|
o
: .
®
g
=]
|
o
s
o g
3
w
4 8
=
o | g
© =]
S g |
=]
S 2 R S
e |
s
g
=]
T T T T T T T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000
k k
o~ S
S A 2
o
oA °
g
g
e 4
- ©
g
g
- ]
S b3
/ ) 3
S
o | f1 T,
e :
o
8
~ g
5
o | 8 |
o =]
T T T T T T T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000
k k

Figure 5: Model 2: Mean (left) and MSE (r%gﬁht) of three estimators of L(y|0.5): Ly/(y[0.5)
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/download _files.html. The dataset contains daily measurements of, among others, maximum
temperature, ground-level ozone, carbon monoxide and particulate matter concentrations, for
the period 1999 to 2013, and this for stations spread over the U.S. Monitoring levels of these
pollutants is of crucial importance, as extreme temperature and high levels of pollutants like
ground-level ozone and particulate matter pose a major threat to human health. We estimate
the stable tail dependence function for the variables temperature and ozone concentration, con-
ditional on time and location, where the latter is expressed by latitude and longitude. In the
estimation, the covariates are standardised to the interval [0, 1], and the tuning parameters are
selected with the algorithm described in Section 3. In order to keep the computational time
requirements under control, the tuning parameters selected at steps 1. to 3. of the algorithm are
computed with a random sampling of size [0.1n] where n = 127328 refers to the initial sample
size. As kernel function K*, we use the following generalisation of the bi-quadratic kernel K :

3

K*(xl,fbg,wg) = HK(HL’Z),
=1

where 1, x3, x3, refer to the covariates time, latitude and longitude, respectively, in standard-
ised form. Note that K* has as support the unit ball with respect to the max-norm on R3.

We report here only the results at two different time points, January 15, 2007 and June 15,
2007, and for two locations, Fresno and Los Angeles (both in California). In Figure 7, we show
the estimates median{Ly(t,1 — tz),k =mn/4,---,n/2}, with a range of k—values based on 25
equally spaced integers, where Ly, is either Lk, & (full line), Ly (dotted line) or L (dashed line),
for the cities Fresno (top row) and Los Angeles (bottom row) on January 15, 2007 (first column)
and June 15, 2007 (second column). For both stations, the bias-corrected estimate for the stable
tail dependence function indicates a stronger extreme dependence between temperature and
ozone concentration in winter than in summer. In winter the extreme dependence in Fresno is
stronger than in Los Angeles. The results obtained with the uncorrected estimators Lk and Lk
are typically similar to each other, and correspond more or less with the analysis reported in
Escobar-Bach et al. (2018b). The estimate fkﬁ differs considerably from Lj and L, for Fresno,
winter and Los Angeles, summer. Note that in these cases, the bias-corrected estimate tends
to be higher than the uncorrected estimates, indicating a weaker extremal dependence. This
was also observed in the simulation experiment, where the bias-corrected estimator tends to be
larger (and closer to the true value) than the uncorrected estimators. The observed discrepancy
indicates that estimation of tail dependence between temperature and ozone concentration can
suffer from bias, and therefore it is recommended to use the bias-corrected estimator in order to
get a better estimate of the stable tail dependence function.
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5 Proofs

5.1 Proof of Theorem 2.1

We follow the lines of proof of Theorems 2.1 and 2.3 in Escobar-Bach et al. (2018b). The only
difference lies in the fact that, under the third order condition, we have

n
—P (A y|X = 20 — hu) — L(ylzo — hu)

k
n n n
o e ) - e~ ) ) -
%]P’ (Apjy | X = 29 — hu) — L(y|zo — hu)
n n a(n/k|zg — hu) — M(ylzo — hu)
@ (%‘1:0 B hu) b (EL/EO B hu) B (n/k|zo — hu) ~ Nlleo —hu) o,
where
%IP’ (A ey | X = 20 — hu) — L(ylao — hu)
M (y|lxo — hu)
sup a(n/k|zg — hu)  Nyleo — hu)
ye[0,T]4 B (n/k|zo — hu)
n
P (A 1X = 7) ~ Liyle)
— M(y|x)
< ew S - NG| 0
ve[0,T,weByy (1) B (n/k|z)

since for n large enough zo — hu € By, (). This leads to
%]P’ (Al X = 2o — hat) — L(y|ao — hu)
- a (%’x0> M(y|zo — hu) + a (%‘x ) (k‘ ) (ylzo — hu) + o(1)]
2 ) o ()] -
o () )~ ()5 () s ot
= a(Glm) Mleo) +a (Flan) 8 (F[z0) Nisleo)
+0 (a (o) o) + 0 1) + 0 (a () 8 (Foo))

where the error terms are all independent from .
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5.2 Proof of Theorem 2.2

Using Theorem 2.1, the homogeneity properties of the functions L(-|xzg), M (-|x¢), N(:|zo), and
the Skorohod representation (but keeping the same notation), we have

Lea(ylao) £ Liglao) + a (T wo) a*M(ylao) +a (F]ao) 8 (F]ao) a ' N(ylao)

!

where the o—term is almost surely and uniform in @ and y. This implies that for any r» > 1
and £ > 0, under the assumptions of Theorem 2.2, we have by straightforward application of

Taylor’s theorem that

"Lt d
WV 4 peyty 4 o (2foo) €27 (oo Mphan)etrs )

+ (%‘m) B (%‘I‘o) EL5 (ylwo) N (ylwo)e(rs p + p')

s 02 (2lao) S L2yl 0 o) 29)

1 & e " B(ay) 1
+ Tmr_lL (y]:no)L " da—l—o(\/m).

Theorem 2.2 follows then from another application of Taylor’s theorem.

5.3 Proof of Theorem 2.3

According to Theorem 2.2, using the homogeneity properties of the functions L(-|xo), M (-|xo),
N(+|zo), and the Skorohod representation, we have

i IE (sylea)da
r—1 N

n s' 720 M (ylao) _
+052 <* CC(]) L(y|330) d(r,f,p)

N 1 1 JTB(asy)da+o( 1 >
Vkhpr—=1J)1 a VEkh? )

Several Taylor series expansions allow us to achieve the proof of Theorem 2.3.

5.4 Proof of Theorem 2.4

Consider the decomposition
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a(ylro) =

+

[ 285 (ylaoyda \ /[ §4 B (yleoyda’) V0
T rg—1 T {
1

[c(rs; p) — c(r3; pr)] — [c(ra; p) — (45 pr)] }
c(rs; p) — c(ra; p)

c(rs; pr) — c(r4; Pr)
= T {1 + TQ} .
From Theorem 2.2

11

d N(ylxo) c(rs;p + p') —c(ra;p + p')
oy PG S e )
N ( ‘ ) (y|xo) d(r3,&55 p) — d(r4, 63 p)
k L(ylzo)  2[c(r3;p) — c(ra; p)]
1 r311 ;3 B(sy)da r41—1 ;4 B(sy)da’
VEhPo(n/k|zo) M (y|xo) c(rg; p) — c(ra; p)

¢ < khpa(ln/k]xo))

and by a Taylor series expansion

7, 4 [€0050) = 15 )17~ p)
c(rs; p) — c(r4; p)

(14 o(1)).
Combining these results leads to Theorem 2.4.

5.5 Proof of Theorem 2.5

From Theorem 2.2, we have

Lygleo) 2 L(y\xo>+< (%]0) Mylao) — Gxyleo) (i)v c(r:p)

~dig(ylo) (’,j)'r (cr: ) — elrsp)) + a (T |oo) B (T |oo) Niglao)e(rs p + o)

a?(n/k|xo) M?(y|zo) ‘ 1 1 " B(ay) 1
r g 60+ ity [P ()

Now remark that, by the mean value theorem, for g an intermediate value between g and p

o (o) M(wlz) — ig(uao) (Z)W

:{ (%[o0) M(vleo) — dglylzo) (Z)p}—&kw\xo) (:)ﬁﬂog’g(ﬁg_p),
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Using Theorems 2.3 and 2.4, we can thus deduce that

o (o) artoten) gt (£)

o)~ (g) 5) oo s (5)ve e+« ()

o ) () (B Yo )

Recall that a(.|xg) is regularly varying with index p < 0, which means that a(y|xg) = y*la(y|xo)
where £, (-|zg) is a slowly varying function at infinity. Following the lines of proof of Theorem
2 in Beirlant et al. (2016), this implies that

o La(n/k|zo)
n g \F RGN
o (plen) Ml - xtolao) ()

[l

o(() o (31) 2 (3o) )+ (535)
(i)

Consequently, since we have also by Theorem 2.3

oo (5 - -o((5) ) -o( )

and thus Theorem 2.5 follows.
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