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Abstract

In this paper we present a refined version of MacLane’s theory of key polynomials [24]—
[25], similar to those considered by M. Vaquié [36]-[39], and reminiscent of related objects
studied by M. Lejeune-Jalabert [23], Abhyankar and Moh (approximate roots [1], [2]) and
T.C. Kuo [21], [22].

Let (K,vk) be a valued field such that rank vg = 1. Given a simple transcendental
extension of valued fields ¢ : K — K(z) we associate to ¢ a countable well ordered set
of polynomials of K[z] called key polynomials. We define limit key polynomials and give
explicit formulae for them. We show that the order type of the set of key polynomials is
bounded by w x w. If the characteristic of the residue field of vk is 0, the order type is
bounded by w + 1.

1 Introduction

Let ¢ : (K,vg) — (K(z),v) be a simple transcendental extension of valued fields such that
rank vg = 1. Let (R, My, k) denote the valuation ring of vx. The purpose of this
paper is to present a refined version of MacLane’s theory of key polynomials [24], [25], similar
to those considered by M. Vaquié [36]-[39], and reminiscent of related objects studied by M.
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Lejeune-Jalabert [23], Abhyankar and Moh (approximate roots [1], [2]) and T.C. Kuo [21], [22].
Related questions were studied by Ron Brown [7]—[8], Alexandru—Popescu—Zaharescu [4]-[5], S.
K. Khanduja [16], [17], F.-V. Kuhlmann [18] and Moyls [27]. The study of key polynomials
continues to be a vibrant subject and since the first version of the present paper appeared on
the arxiv in 2014 several other works on the topic were published by various authors: [3], [10],
[11], [12], [13], [28], [29], [30], [33].

Precisely, we associate to ¢ a countable well ordered set

Q = {Qi}iea C Klx],

where A is an index set whose order type will be explicitly bounded later in the paper; the Q); are
called key polynomials. Key polynomials ); that have no immediate predecessor are called
limit key polynomials

We consider the main achievements of this paper compared to the earlier works on the
subject to be the following.

(1) Explicit formulae for each key polynomial @;, particularly for limit key polynomials
(Proposition 9.2), in terms of the key polynomials preceding @;. If there exists an infinite
sequence of linear key polynomials then the first limit key polynomial (if it exists) can always
be chosen to be a p-polynomial in Kaplansky’s terminology (p-polynomials may be viewed as a
generalization of Artin—Schreier polynomials).

(2) An upper bound on the order type of the set of key polynomials. Namely, we show
that the order type of the set of key polynomials is bounded by w X w, where w stands for the
first infinite ordinal. If char k,, = 0, the order type is bounded by w + 1. If char k,,, = 0 and
rank v = 1, the set of key polynomials has order type at most w.

The results comparing the value of a polynomial f € KJz| with the values of its Hasse
derivative Opf (the definition of Jy is recalled later in the Introduction) proved in §7 led to an
axiomatic characterization of key polynomials in [12]. As well, this approach was used in [33]
to obtain another proof of the existence of a complete set of key polynomials.

The main application of the theory of key polynomials (particularly, of point (1) above)
that we have in mind is proving the local uniformization theorem for quasi-excellent noetherian
schemes in positive and mixed characteristic. It has been shown recently that to prove the local
uniformization theorem in the positive equicharacteristic case, assuming local uniformization
in lower dimensions, it is sufficient to monomialize the first limit key polynomial of a certain
explicitly defined simple field extension K < K(z) (see [34], Chapter IV, [35], Theorem 6.5
and S. D. Cutkosky—H. Mourtada [9]). In Chapter V of his Ph.D. thesis ([34], Institut de
Mathématiques de Toulouse, 2013), J.-C. San Saturnino proved a similar reduction for local
uniformization in the case of mixed characteristic, but under somewhat restrictive additional
hypotheses.

Chapter 3 of the Ph.D. thesis of W. Mahboub (Institut de Mathématiques de Toulouse,
2013) develops the theory of key polynomials for valuations of arbitrary rank. Here we limit
ourselves to the case rank v = 1.

The particular importance of the case rank vx = 1 is witnessed by a recent theorem of
Novacoski-Spivakovsky that says that local uniformization along rank one valuations implies
local uniformization in its full generality [31]-[32].

Let 'y (resp. I') denote the value group of vi (resp. v). Let Lo :=Ty®zQ (the group To
is called the divisible hull of I'y). Fix an embedding Iy < R once and for all. In this sense,
we will talk about the supremum of a certain subset of Ty (the supremum can be either a real
number or infinity) or about a certain sequence of elements of [y tending to infinity.



For an ordered abelian group A, the notation A will stand for the semigroup formed by
all the non-negative elements of A.
The well ordered set Q = {Q; }iea of key polynomials of v will be defined recursively in i.

Notation. We will use the notation N for the set of strictly positive integers and Ny for the set
of non-negative integers.

For an element ¢ € A, we will denote by £ + 1 the immediate successor of £ in A. The
immediate predecessor of ¢, when it exists, will be denoted by ¢ — 1. For a strictly positive
integer t, ¢ + ¢t will denote the immediate successor of ¢ + (t — 1). For an element ¢ € A, the
initial segment {Q;};<¢ of the set of key polynomials will be denoted by Q. For the rest of this
paper, we let p = char &, if char k,,, > 0 and p = 1 if char k,,. = 0. For an element /3 € FUf‘o,

let
Ps ={yeK(z) |v(y) > B}U{0}
Psy ={ye K(z) |v(y) > B}U{0}.
Put
G, =P Ps (1.1)
Ber Pﬁ+
and
~ Pﬁ
G, = — . .
[S? B, (1.2)

We regard G, and él, as ky—algeb}"as. Note that even though fg need not be contained in I', we
have G, C G, since for each 8 € I'g\ I the corresponding summand in (1.2) is 0. For y € K(z)*,

let in,y denote the natural image of y in 5= P - C Gy, where = v(y).
Let Az be an independent Vanable. For f € Klz] and j € N let 9;f denote the

j-th formal (or Hasse) derivative of f with respect to . The polynomials 0;f are, by
definition, the coefficients appearing in the Taylor expansion of f: f(x + Azx) = Z 0 f(x) A,

In papers on local uniformization the Hasse derivatives d; are often denoted by 4 7W7 this nota-

tion is regarded as one indivisible symbol; its parts such as 5 do not make sense on their own.

Details about Hasse derivatives can be found in [19], Chapter 24.10, starting on p. 701,
as well as in [20].

For an ordinal £ € A we will use the following multi-index notation: 7,41 = (7;)i<s, where
the ~; are non-negative integers, all but finitely many of which are equal to 0, and

Qi =[[er (1.3)
i<t

An /-standard monomial in Qg1 is a product of the form

Cyotq szll ’ (1'4)

where c5,,, € K and the multiindex 7,1 satisfies certain additional conditions to ensure a form
of uniqueness (see Definition 3.4). An ¢-standard expansion is a finite sum of f-standard
monomials satisfying a mild additional condition. A Q,-expansion is an expression of the form

Se
Y@y (1.5)
=0



where ¢, € K[z] and deg, ¢, < deg, Q, for all j.

Note. Starting with an ¢-standard expansion and grouping together all the terms involving Qz
for each exponent j produces a (Qy-expansion.

Iterating Euclidean division of f by Qy, it is easy to see that every f € K[z] admits a
unique @g-expansion

F=cie@l. (1.6)
j=0

In §3 we will show that for all ¢ € A and all f € KJ[z] the element f admits an f-standard
expansion.
Let B; = v(Qi).
S
A product of the form a [] QZ;, where a € K, i; € A and 7; € N is said to be a standard
j=1
monomial if it is ¢-standard for some ¢ € A.
A set of key polynomials is said to be complete if for every 8 € I' the additive group
Ps N K[z] is generated by standard monomials, contained in Pg M K[z]. It is said to be I'o-
complete if the above condition holds for all § € I'g, in other words, if for all 8 € I'g every
polynomial f 6 K[z] with v( f) £ belongs to the additive group generated by standard

monomials a H Q% such that Z ViBi; + vi(a) > B.
j= J=

Remark 1.1. If Q = {Q;}ica is a complete set of key polynomials, the data {Q;, 5;} completely
determines the ideals Pg for all 3 € T, hence also all the ideals Py, since Pgy = U P;. For

B>p
an element y € K(x) we have v(y) = § if and only if y € Pg \ Pg4. Thus the valuation v is

completely determined by the data {Q;, 5;}.

We define the ¢-truncation vy of v by vy(f) = O?iil {v(cje) + jBe} for each f € K|x]
J<se

with Qg-expansion (1.6). By the ultrametric triangle law_, we have

v(f) = ve(f) (1.7)

for all f € K[x]. Then the statement that Q is a complete set of key polynomials can be
expressed as follows: for all f € KJ[z| there exists £ € A such that equality holds in (1.7); see
Remark 3.34 for details.

The paper is organized as follows. §2 is devoted to generalities on algebras, graded by
ordered semigroups. There we define the notion of the saturation G* of a graded algebra G
(Definition 2.3). We consider an extension G C G’ of graded algebras and a homogeneous
element x € G'. We study the condition that x be algebraic over G. We note that x is algebraic
over G if and only if it is integral over G*. We show that if x is algebraic over GG then the algebra
G*[z] is saturated (Lemma 2.6). Finally, we prove the simple but useful characterization of the

strict inequality v Z yz> > mm {v(y;)} in terms of the elements in,y;.

In §3 we deﬁne the not1on of a set of key polynomials (not necessarily complete) and study
its properties. By definition, letting Qo = x, the one element set {x} = {Qo} is a set of key
polynomials. We remark that if a set of key polynomials is complete then the images of the
key polynomials in G, generate the field of fractions of G, over the field of fractions of G,
The element in, @y is algebraic over G, [in, Q|, where Q; = {Q;}i<¢ (in particular, 3; € o)
whenever 7 is not a maximal element of A (Propositions 3.35 and 3.36).



In §4 we associate to each pair h € KJz], i € A, a positive integer numerical character

di(h) < d?:%& to be used in later sections and study its properties. Among other things we
prove that

di(h) > 6y (h) whenever i < i'; (1.8)

in particular, J;(h) stabilizes for ¢ sufficiently large. We also show that the equality in (1.8)
imposes strong restrictions on h. The numerical character d;(h) helps analyze infinite ascending
sequences of key polynomials in §§8-9 and is crucial for applications to Local Uniformization.

The main step of our recursive construction of sets of key polynomials is carried out in §5.
Namely, we start with a set {Q;};ca of key polynomials that is not complete and enlarge it to a
strictly greater set {Q;}ica, of key polynomials. The well ordered set A is a union of A with
a sequence that may be finite or infinite, depending on the situation. Roughly speaking, Q11
is defined to be a lifting to K[z] of the monic minimal polynomial, satisfied by in,Q, over the
graded algebra G, [in,Q]. This gives rise to explicit formulae describing each non-limit key
polynomial in terms of the preceding key polynomials.

In §6 we iterate the procedure of §5 until the resulting set of key polynomials is com-
plete. Namely, we start our recursive construction of the @); by putting Qo := x. We assume,
inductively, that a set Q = {Q}een of key polynomials is already defined. If the set Q of key
polynomials is complete, the algorithm stops here. In particular, this occurs whenever our algo-
rithm produces a key polynomial Q; whose value does not lie in T'g or, more generally, such that
in, Q; is transcendental over Gy, [in, Q;] (Propositions 3.35 and 3.36). If Q is not complete, we
replace it by the set {Q;}ica, constructed in §5 and repeat the procedure. We remark (Remark
6.1) that the well ordered set A resulting from this construction has order type at most w x w.
The set A contains a maximal element ¢ if and only if it contains an element ¢ such that in, Q,
is transcendental over Gy, [in, Qy], where Qp = {Q;}i<¢ (Propositions 3.35 and 3.36).

§7 is auxiliary, to be used in §§8-9. We study the effect of Hasse derivatives 0; on key
polynomials and standard expansions. Let b; denote the smallest element b of N which maximizes

the quantity M' We show that b; is of the form

b; = p*  for some ¢; € Ny (1.9)

(Corollary 7.9). The non-negative integers e;, ¢ € A, are important numerical characters of
the extension ¢ : (K,vk) < (K(z),v) of valued fields. Most importantly, given an ¢-standard

: Ye+1 :
monomial ¢5,,, Q. , we prove the equality

v (81766“7“1 QZfll) =W <6pecﬁe+1 Qxﬁl) ) (1.10)

and derive an explicit formula for the quantity v <8pe Cy, +1QZ-Z:11)’ for integers e > e;, and under

certain additional conditions. Also, for every ¢-standard expansion f and every integer e > e;,
we derive a formula for vy (Ope f) (Proposition 7.2).

The importance of this type of explicit formulae can be explained as follows. The im-
portance of differential operators for resolution of singularities is well known. One difficulty
with dealing with differential operators up to now has been the fact that they obey no simple
transformation law under blowing up. Since key polynomials become coordinates after blowing
up, formulae (1.10) can be viewed as comparison results for derivatives of the defining equations
of a singularity before and after blowing up.

The main subject of study of §§8-9 are infinite sequences {Qy1¢}ten of key polynomials of
a fixed degree and the corresponding limit key polynomials Q..



In §8 we let § denote the stable value of d;44+(Qyy,) for a sufficiently large positive integer
t (such a stable value exists by (1.8)). We use the results of §7 to show that ¢ must be of the
form § = p° for some e € Ny (Propositon 8.6).

Next, we assume that char k, = char K, that the sequence {v (Q¢)},cy is unbounded in
I and that deg, Q; =1 for all t € N. We show that @, € K [1’6] (Remark 8.7).

The third set of main results of §8 starts with Proposition 8.10 which asserts that if

char k, =0,

then for an infinite sequence {Q:}en, the sequence {S:}ien, of their values is unbounded in
[o. In particular, there are no limit key polynomials Q; such that 3; € [y. This explains why
A < w4+ 1 whenever char k, = 0.

The main goal of §9 is to derive explicit formulae for limit key polynomials in terms of
the preceding key polynomials. We assume that char k, = p > 0 and consider a limit ordinal
(4w € A. We assume that the sequence {v (Qe+¢)};cy is bounded in Ty. We prove that Qg
can be chosen in such a way that for some ¢t € N the Qy4;-standard expansion of Qg4 is weakly
affine. By definition, this means that

eprw—1

Quiw=Q"" + Y QY +cu, (1.11)
§=0
where ¢ = £+t and cp; and cp; ; are Q;-free i-standard expansions (See Definition 3.5 for the
notion of “Q;-free”).

The results of this paper are related to those contained in the paper [14] (see also [39]).
However, there are some important differences, which we now explain. We chose to rewrite the

whole theory from scratch for the following reasons.

1. In [14] we work with an algebraic extension ¢ while for local uniformization we need to
consider purely transcendental extensions. We note that the case of algebraic extensions
can easily be reduced to that of transcendental ones using composition of valuations.
Indeed, let ¢~ : (K,vk) — (K(z),v) be a simple algebraic extension of valued fields.
Write K(z) = %, where f is the minimal polynomial of x over K. Let v; denote the
(f)-adic valuation of K[X] and put v* := vy ov (the composition of vy with ). Complete
sets {Q; }iea of key polynomials of the transcendental extension ¢ : (K, vg) — (K(X),v*)
constructed in the present paper are very closely related to complete sets {Q; }ica_ of key
polynomials of the algebraic extension (K,vg) — (K(z),v), constructed in [14]. Namely,
we have A = A_ U {A_} (extension by one element), Q; is the image of @; under the
natural map K[X]| — K(x) and Qx_ = f. In other words, a complete set {Q;} of key
polynomials for ¢ can be obtained from that of «_ by lifting each key polynomial @Q; to
K[X] and then adding one final key polynomial f. In this sense the theory presented here
can be viewed as a generalization of [14].

2. Our main interest in [14] was to classify all the possible extensions v of a given vk; in the
present paper we content ourselves with a fixed v.

3. The crucial formulae for v4(d, f) were not made explicit in [14].

4. We take this opportunity to correct numerous mistakes which, unfortunately, made their
way into the paper [14]: an inaccuracy in the definition of complete set of key polynomials,
the failure to take into account the case of mixed characteristic, a mistake in the definition
of the numerical characters e; and many others which made the paper [14] unreadable.
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2 Algebras graded by ordered semigroups

Graded algebras associated to valuations will play a crucial role in this paper. In this section,
we give some basic definitions and prove several easy results about graded algebras. Throughout
this paper, a “graded algebra” will mean “an algebra without zero divisors, graded by an ordered
semigroup”. As usual, for a graded algebra G, ord will denote the natural valuation of G, given
by the grading.
Let G = @ G, be a graded algebra, where I" is an ordered abelian semigroup.
ael

Definition 2.1. An element x € G is said to be homogeneous if there exists « € I" such that
z € Gg.

For a homogeneous element x € G, C G we will write ord x = «.
Now let X be an independent variable and consider the ring G[X]. Fix a polynomial

d .
f=>a;X" € G[X] such that a; is a homogeneous element of G for all i € {0,...,d}. Fix an
i=0
element g €T
Definition 2.2. We say that f is quasi-homogeneous with w(X) = g if for all ¢,5 €
{0,...,d} we have i + ord a; = jB + ord a;. In this situation we will also say that 3 is
the weight assigned to X.

Definition 2.3. Let G be a graded algebra without zero divisors. The saturation of G, denoted
by G*, is the graded algebra

G* = {% ‘ g,h € G, h homogeneous, h # 0} :

( is said to be saturated if G = G*.

An eg:ment ¥ € G* is homogeneous in G* if and only if g is homogeneous in G. If f; = %11

and fo = e are two non-zero elements of G*, where hi, ho, g1, g2 are non-zero elements of G

with h1, ha, g2 homogeneous, then % = g;Zi € G*. Thus G* = (G*)* for any graded algebra G,
so that G* is always saturated.

Example 2.4. The main example of graded algebras we are interested in this paper are graded
algebras associated to valuations, centered in prime ideals of integral domains. Namely, let R
be a domain, K its field of fractions and v : K* — I' a valuation of K, centered at a prime ideal
P of R (this means, by definition, that R C R, and P = M, N R, where (R,, M,) denotes the
valuation ring of v). Let ® = v(R \ {0}). For each § € ®, consider the ideals

Ip:={x e R|v(x)>p}U{0} and
Isy :={x € R |v(x) > p}U{0}.
I is called the v-ideal of R of value (.
If B1 > B2 > ... is an infinite descending sequence of elements of ® then Iy, G I, & ...

is an infinite ascending chain of ideals of R. Thus if R is noetherian then the ordered set v(R)
contains no infinite descending sequences, that is, v(R) is well ordered.

(2.1)



If I is an ideal in a noetherian ring R and v a valuation of R, v(I) will denote
min{v(z) | z € I'}.

We can now define the graded algebra, associated to the valuation v. Let R, v and ® be as
above. For f € ®, let Iz and Ig; be as in (2.1). We define

The algebra gr, R is an integral domain. For any element = € R with v(z) = (3, we may consider
the natural image of x in% C gr, R. This image is a homogeneous element of gr, R of degree
B, which we will denote by in,x. The grading induces an obvious valuation on gr, R with values
in ®@; this valuation will be denoted by ord.

Next, suppose that (R, M, k) is a local domain and v is a valuation with value group T,
centered at R. Let K denote the field of fractions of R. Let (R,, M,,k,) denote the valuation
ring of v. For 8 € I, consider the following R,-submodules of K:

Iy ={z e K|v(z)=p},

Lo = {z € K | v(z) > B). 22

We define

Is
G, =P .
per 18+
Again, given z € K, we may speak of the natural image of = in G, also denoted by in,z (since
gr, R is naturally a graded subalgebra of G, there is no danger of confusion). Then ord is a
valuation of the common field of fractions of gr, R and G,, with values in I'.
We have G, = (gr, R)*; in particular, G, is saturated.

Remark 2.5. Let G, G’ be two graded algebras without zero divisors, with G C G'. Let x be a
homogeneous element of G’, satisfying an algebraic dependence relation

az” +az" '+ +a,=0 (2.3)

over G (here a; € G for 0 < j < n). Without loss of generality, we may assume that the integer
n is the smallest possible.
Claim. Without loss of generality, we may further assume that (2.3) is homogeneous (that is,

all the a; are homogeneous and the quantity j ord x + ord a; is constant for 0 < j < n such
that a; # 0).

Proof of Claim. Let p := 01<1le {j ord z + ord a;}. Then each a; can be written as a finite
<j<n

sum of homogeneous elements of G, all of orders greater than or equal to u — j ord x. For

j €10,...,n} write a; = ag; + a;, where ag; = 0 or ord ag; = ¢ — j ord z, and a; is a sum of

homogeneous elements of G of orders strictly greater than p — j ord x (note that there exist at
least two different values of j for which ag; # 0). Now, x satisfies the equation

agox™ + a01x"_1 + -4+ ag, =0. (2.4)

This proves the Claim. From now on we will always take the coefficients a; to be homogeneous
without mentioning it explicitly.



Dividing (2.3) by ag, we see that x satisfies a monic homogeneous relation over G* of
degree n and no algebraic relation of degree less than n. In other words, z is algebraic over G
if and only if it is integral over G*; the conditions of being “algebraic over G*” and “integral
over G*” are one and the same thing (as usual, “integral” means “satisfying a monic polynomial
relation”).

Let G C G', let x be as above and let G[z] denote the graded subalgebra of G', generated
by x over GG. By Remark 2.5, we may assume that x satisfies a homogeneous integral relation

" +a" 4 4 a, =0 (2.5)
over G* and no algebraic relations over G* of degree smaller than n.

Lemma 2.6. Every element of (G[z])* can be written uniquely as a polynomial in x with coef-
ficients in G*, of degree strictly less than n.

Proof. Let y be a homogeneous element of G[x]. Since x is integral over G*, so is y ([6], p. 59,
Proposition 5.1, implications (i) <= (ii) <= (iii)). Let

Y™ by by, =0 (2.6)

with b; € G*, be an integral dependence relation of y over G*, with b; homogeneous elements
of G*, by, # 0, where j ord y + ord b; is constant for all j such that b; # 0. By (2.6),

1 1

& = —bf(ymil + blymiz +--- 4+ bm—l)‘
Thus, for any z € G[z], we have
g € G*[]. (2.7)

Since y was an arbitrary homogeneous element of G[z]|, we have proved that
(Glz])" = G7[z].

Now, for every element y € G*[z] we can add a multiple of (2.5) to y so as to express y as a
polynomial in x of degree strictly less than n. Moreover, this expression is unique because x
does not satisfy any algebraic relation over G* of degree smaller than n. O

Notation. If A C A’ are ordered semigroups and £ is an element of A/, then A : 3 will denote
the positive integer defined by

A: B =min{n € N|npse A}

If the set on the right hand side is empty, we put A : § = oc.
Note that 5 € A if and only if A: 5 = 1.

Lemma 2.7. Let G, G’ be as in Remark 2.5 and v a homogeneous element of G'. Assume
that the degree 0 part of G (that is, the subring of G consisting of all the elements of degree 0)
contains a field k and that G is generated as a k-algebra by homogeneous elements wy, ..., w,.
Let

Bj=ord wj, 1<j<r,

Jj=1

and let A denote the group A = {ord y | y € G*} = { > nib;

n; € Z}. Assume that the

following two conditions hold:



(1) A: (ord x) < o0
(2) Let n:=A: (ord x). Let ni,...,n, € Z be such that

nord x = anﬁj. (2.8)

j=1

T .
Let y =[] w;”. Assume that the element
j=1

z = ” € (G (2.9)

s algebraic over k.

Then x is integral over G*. An integral dependence relation of x over G* can be described as
follows. Let z be as in (2.9). Let Z be an independent variable and let

d—1
AR AR IVA (2.10)
i=0
denote the minimal polynomial of z over k. Then x is a root of the polynomial
d—1
XM 43 eyt IXT = 0. (2.11)
i=0
Conversely, suppose x is integral over G*. Then (1) holds. Suppose, furthermore, that B1,. .., By

are Z-linearly independent. Then (2) also holds. In this case, (2.11) is the minimal polynomial
of © over G*. In particular, the degree n of the minimal polynomial of x over G* is given by

n = d. (2.12)

Proof. 1f (1) and (2) hold, z is integral over G* because it is a root of the polynomial (2.11)
(this is verified immediately by substituting (2.9) for Z in (2.10) and multiplying through by
y?). In particular, if n denotes the degree of = over G*, the equation

d—1
x4 Z ciyiz™ = 0. (2.13)
i=0
shows that
n < dn. (2.14)

Conversely, suppose x is integral over G*. Then x satisfies a homogeneous integral relation of
the form (2.5) with a,, # 0. Since (2.5) is homogeneous, we have the equality

1 ord x + ord a,_; = ord a, for all 4 such that 0 <7 <n and a,_; # 0. (2.15)

Hence
n ord z = ord ay. (2.16)

Now, a, € G* so that
ord a, € A. (2.17)

10



Putting together (2.16) and (2.17), we obtain (1) of the Lemma.

Now, assume that f1,...,[3, are Z-linearly independent. We wish to prove (2). Since
Bi, ..., Br are Z-linearly independent, all the monomials w]" ... w}", v; € Z, have different values
with respect to ord. Since (2.5) is homogeneous with respect to ord, each a; must be a monomial
in the w; with (not necessarily positive) integer exponents. Also by the Z-linear independence
of B1,..., Br, the coefficients ny,...,n, in (2.8) are uniquely determined. Moreover, any relation
of the form

s
iordz—Y nif;=0, i€N, nj,...,n €L (2.18)
j=1
is a positive integer multiple of the relation

,
fiord z— Y n;B;=0. (2.19)
j=1
By (2.15), if a term a,_;x" appears in (2.5), we have i ord = ord a,, — ord a,_; € A. This
proves that ' may appear in (2.5) only if 72 | 4; in particular, 72 | n. Let d’ := 2 Let0<i<d.
To find each nonzero coefficient a,_; in (2.5), note that

/ ~ .o~
nordx=d nordxz=1n ord z+ ord an_;s,

so that
(d —i) nord z = ord an_i7. (2.20)
Since a,,—;7 is a monomial in wy, . .., w,, (2.20) gives rise to a Z-linear dependence relation of the
form (2.18), which therefore must be equal to (2.19) multiplied by d’ — 4. This determines the
i

monomial a,—;z uniquely up to multiplication by an element of k: we must have ap, iz = ciy® 7,
where ¢; € k. Then z = % satisfies the algebraic dependence relation

2+ e =0 (2.21)

This proves (2) of the Lemma. Now, we have shown that, under the hypothesis of linear
independence of the §;, if  has degree n over G* then 7 | n and z is a root of a polynomial of
degree d' = 2. Letting d denote the degree of z over k, as above, we obtain

d=">4 (2.22)

3

Combining (2.22) with (2.14), we obtain (2.12); in particular, (2.13) is the smallest degree
algebraic relation satisfied by « over G. This completes the proof of Lemma 2.7. O

Corollary 2.8. Let G, wy,...,w, and By, ..., B, be as in Lemma 2.7. If B1, ..., By are Z-linearly
independent in A then w1, ..., w, are algebraically independent over k.

Proof. Induction on r. For r = 1 there is nothing to prove. For the induction step, assume that

the Corollary is true for r = 4. If w;;1 were algebraic over klwy, ..., w;], we would have

(B, Bi) : Biyr < o0 (2.23)
by Lemma 2.7, applied to the graded algebra k[w, ..., w;] and the element w; 1. (2.23) contra-
dicts the linear independence of 31, ..., 3;, and we are done. Alternatively, the Corollary can be
proved by observing that by linear independence of Sy, ..., 8, all the monomials in wy, ..., w,
have different degrees, thus any polynomial in wy, ..., w, over k contains a unique monomial of
smallest degree. Hence it cannot vanish by the ultrametric triangle law. O

11



Definition 2.9. Let G be a graded algebra and xx := {z)}rea a collection of homogeneous
elements of G. Let k be a field, contained in the degree 0 part of G. Let k[za] denote the k-
subalgebra of G, generated by z. We say that x rationally generate G over k if G* = k[zp]*.

The following result is an immediate consequence of definitions:
Proposition 2.10. Let G, be the graded algebra associated to a valuation v : K — I, as above.
S

Consider a sum of the form y = > vy;, with y; € K. Let = 121121 v(y;) and
i=1 Siss

S={ie{l,....n} | v(y) =p}.

The following two conditions are equivalent:

1 v(y)=p
2. S inyy; # 0.
€S

Let G be a saturated graded algebra, graded by a group I', L the field of fractions of G,
T an independent variable and g € T'y := (I' ®z Q)+. We regard G[T] as an algebra graded by
I' + BZ, where  is the weight assigned to T

¢

Definition 2.11. Take an element a € G. Write a = ) a;, where each a; is a homogeneous
j=0

element of G and ord ag < ord a; < --- < ord a;. The element ag is called the initial form of

a and will be denoted by a.

d .
Definition 2.12. Take a polynomial g = ) a;77 € G[T]. Let
j=0

S(g):={jeA{o,....d} ‘ ord (ajTj) =ordg}.
The homogeneization of g is the polynomial g:= > ajTj.
jeS(g)
Remark 2.13. A polynomial f in G[T] is said to be irreducible if it cannot be factored as a

product of two polynomials, both of which have degrees strictly smaller than degy f. Every
quasi-homogeneous polynomial f admits a unique factorization of the form

f=al]g’ (2.24)

where a is the leading coefficient of f, the v; are strictly positive integers and the g; are irre-
ducible monic quasi-homogeneous polynomials of strictly positive degrees (we allow the possi-
bility ¢ = 0, in which case our claim holds trivially). Indeed, the factorization (2.24) exists in
L[T]. Clearing denominators in (2.24), we can write

t
bf =a]]3;) (2.25)
j=1

where b € G and §; € G[T for all j. Replace b by b and each of the §; by its homogeneization g;.
Since a is homogeneous and f quasi-homogeneous, this operation does not affect the truth of the
equality (2.25). In other words, without loss of generality we may assume that b is homogeneous
and all the g; quasi-homogeneous. Replacing g1 by %1, we may assume that b = 1. Dividing
each g; by its leading coefficient and modifying a accordingly, we arrive at the situation where
gj € G[T] for all j. This proves the existence of the factorization (2.24). The uniqueness of the
factorization follows from its uniqueness in L[T].

12



3 Sets of Key Polynomials

Let K — K(x) be a simple transcendental field extension, v a valuation of K(x) and vk the
restriction of v to K. We will assume that rank v = 1 and

v(z) > 0. (3.1)

Let A be a countable well ordered set.
Let {a;}ien be a set of strictly positive integers with

ap=1. (3.2)

For an ordinal £ € A, we use the notation o1 := {a;}o<i<e and Jp41 = {7i}to<i<e, where all
but finitely many ~; are equal to 0.

Definition 3.1. Let ¢ € A. We say that ¢ is inessential if i+w € A and ;44 = 1 for all t € Np.

Notation. For i € A with i not the maximal element of A, let

+=i+tw if 7 is inessential

=¢+1 otherwise.

Remark 3.2. In the sequel A will be an index set for a set of key polynomials. By a recursive
construction we will increase A and the set of key polynomials indexed by it. It is important to
note that, given two totally ordered sets A C A’, with A an initial segment of A’ it may happen
that an index 7 € A is essential in A but inessential in A’. By the same token, the meaning of
i+ may depend on whether we view i as an element of A or of A’.

Our next goal is to define the notion of a set of key polynomials. We start with some
preliminary definitions and notation, before giving the main definition (Definition 3.11).

Definition 3.3. A set {Q;}ien C K[x] of monic polynomials with

Q() =x, (33)

is said to be a set of pre-key polynomials if for all non-maximal ¢ > 1 and ¢y < ¢ such that
10+ = ¢ we have
degx Qi =a;- degx Qi()'

We will use the following notation: for £ € A, QZ_’:&I = [1QF. Welet 5; = v(Q;) for each
i<t
i€ A

Definition 3.4. Let £ € A. A multiindex 7,1 is said to be standard with respect to oy if
0 < <oy fori <Y, (3.4)

and if 7 is inessential then the set {j < i+ | j+ =i+ and 7; # 0} has cardinality at most one.
An (-standard monomial in the elements Q1 (resp. an /-standard monomial in the
elements in, Q1) is a product of the form ¢z, +1Q2j_+11, (resp. ¢z, +lin,,QZf11) where ¢5, , € K
(resp. cy,,, is a homogeneous element of GG, ) and the multiindex 7,41 is standard with respect

to ay.

13



Keep the notation of Definitions 3.3-3.4 and let {Q;}ica C KJz| be a set of pre-key
polynomials.

Ye+1

o1 1s said to be Q-free if it does not involve

Definition 3.5. An /-standard monomial c5,,, Q
Qy, that is, if v, = 0.

Definition 3.6. A Q/-free /-standard expansion is a finite sum of Q;-free ¢-standard mono-

mials whose v-value equals the minimum of the v-values of the monomials. An /-standard
S

expansion of an element g € K|[z] is an expression of the form g = chZ, where each ¢; is

a Q-free f-standard expansion. =
Remark 3.7. Starting with an /-standard expansion and grouping together all the terms involving
@ for each exponent j produces a Q-expansion.

For an element y € G,, an expression of the form y = Zéﬁinszﬂ, where each ¢y is

B Bt
a homogeneous element of G, and each QZH is an f-standard monomial, will be called an

{-standard expansion of y.

Remark 3.8. We note that a QQ-free ¢-standard expansion is not just an i-standard expansion
for some ¢ < £. Namely, it is required, in addition, that the exponent of the last appearing key
polynomial Q; be strictly less than a4

Definition 3.9. Let Z Eﬁin,,QZ 41 be an f-standard expansion, where the ¢5 are homogeneous
elements of Gp,,.. A lif’:ing of Z Eﬁinsz 1 to K[z] is an (-standard expansion Z C@QZ 1, Wwhere
cy is a representative of ¢5 in IW( . !

Definition 3.10. Assume that char k, = p > 0. An ¢-standard expansion Z chg is said to be
weakly affine if ¢; = 0 whenever j > 0 and j is not of the form p® for somé e € Np.

Before plunging into the technical definition of key polynomials we say a few informal
words to motivate it. Roughly speaking, the 0-th key polynomial Qg is equal to  and the key
polynomials @; with i > 0 are elements of K[z] with “unexpected” or “jumping” values. More
precisely, for f =" d;z7 € K[z] define vy(f) = rrljjn{y(dj:rj)}. We have

J

v(f) =z vo(f) (3.5)

by the ultrametric triangle inequality. The first key polyomial )1 measures the fact that the
inequality (3.5) may be strict; in fact, Q1 is the smallest degree polynomial for which (3.5) is
strict. Once Q)1 is defined, we define the Q)1-expansion of f for each f and the valuation 14
satisfying

w(f) <wi(f) < vlf). (3.6)

If the second inequality in (3.6) is strict for some f, the key polynomial @3 is the smallest degree
polynomial for which (3.6) is strict. We iterate this procedure to construct a (possibly infinite)
sequence Qo, @1, Qo, ... and the corresponding sequence vy, 1, . .. of truncations of v, satisfying
vi—1(f) < vi(f) <wv(f) for all f and all strictly positive integers i. The passage from Q;_1 to Q;
corresponds to the successor case in the definition below. It may happen that even this infinite
process does not describe the valuation v completely, that is, there exists f € K[z]| such that

vi(f) <v(f) for all ¢ € N. (3.7)

14



A polynomial f of smallest degree satisfying (3.7) is the first limit key polynomal Q.. The
passage from {Q; }ien to Q. is the first instance of the limit case in the definition below. More
generally, if £ is an ordinal such that the key polynomials Qg ;, Qs are defined, (Qpii)ien is a
pseudo-Cauchy sequence of algebraic type and (g, is the minimal polynomial of a pseudo-limit
of (Qy+i)ien. Now for the formal definition.

Definition 3.11. We say that the set {Q;};ca of pre-key polynomials is a set of key poly-
nomials for v if it satisfies the following conditions (throughout this definition, i stands for an
element of A).
(a) ]

Bi € o  whenever ¢ # max A. (3.8)

(b) The successor case. For each i > 1, if ¢ has an immediate predecessor i — 1, the (i — 1)-
standard expansion of (); has the form

a;—1

Qi = Qiail + Z Z Cji N1 1%—_11 g—lv (3.9)
J=0 \¥i-1

where:

(1) if i = 1, we have Q;,—1 = Qo = 0, Ji—1 = 7 = 0 by convention, Qo = x and the coefficients
in parentheses in (3.9) are elements of K

(2) if i > 2, -1 = (Vir)g<ir<i_1, Where all but finitely many ~; are equal to 0

(3) each ¢j; 5 ,Q)7" is an (i — 1)-standard monomial (which is, by definition, @Q;_1-free)

(4) the quantity vk (¢jiz,_,) + > 7VqBq+ jBi—1 is constant for all the monomials
q<i—1

o Yi—1 J
(Cj,zmq Q5 ) i—1

appearing on the right hand side of (3.9)
(5) the equation

Oéi—l
in, Q% + D Nz, in, QY | in,Q_y =0 (3.10)
7=0 \%i-1
is the minimal algebraic relation satisfied by in, Q;—1 over G [in, Q;—1]*.

(c) The limit case. If i does not have an immediate predecessor then there exists iy such that
i = ig+ and for every such iy there exists an ig-standard expansion

a;
Qi =) i@, (3.11)
j=0
Every ig-standard expansion (3.11) satisfies
v(Qi) > ()g]l'ignai {l/ (Cj,ioQgO)} . (3.12)

Moreover, the polynomial @; is of the smallest degree among those satisfying (3.12) for all i
with i9+ = 1.

If
sup{ By | ¥ <i} <o (3.13)
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(in particular, whenever 7 is not the maximal element of A), then
Cay,ig = 1 (3.14)

and

min {V <Cj,iong)} = ifi, = v (o) - (3.15)

0<j<q;

(d) If for a certain degree n, the set {i € A | deg,(Q;) = n} is infinite, then the set
{v(Qi) | i€ A, deg,(Qi) =n}
is cofinal in {v(f) | f € KJz], f is monic, deg,(f) = n}.
An element @Q; of the set {Q;}ica is called a key polynomial.
Remark 3.12. It follows from Definition 3.11 that the elements j3; are strictly increasing with 4.

Proposition 3.13. Let i be an ordinal and t a positive integer. Assume that i +t € A, so
that the key polynomials Q141 are defined, and that a; = -+ = vy = 1. Then every (i +t)-
standard expansion does not involve any Qq with i < g < i+t. In particular, a Q;-free i-standard
expansion is the same thing as a Qii¢-free (i + t)-standard expansion.

Proof. (3.4) implies that for i < g < i +t, Q4 cannot appear in an (i + ¢)-standard expansion
with a positive exponent. ]

We will frequently use this fact in the sequel without mentioning it explicitly.

For i € A and a € N, let G, denote the G, -subalgebra of GG, generated by elements of
the form in, f, deg, f < .

For i € A, put &; := deg,, Q;.

For the rest of this section, we assume that we have a set of key polynomials {@Q;};ca for
v as above and derive some properties of this set.

Proposition 3.14. For each i € A we have:

(1) If sup{pB, | ¢ < i} < oo (in particular, whenever i # max A ) then

a; = H()éj. (316)

Jj<i
(2) Take an element z € K[z]. Assume that z admits a Q;-free i-standard expansion. Then

deg, z < @;. (3.17)

Proof. We use transfinite induction on ¢. For the base of the induction, consider the case ¢ = 0.
(3.16) says that
ap =deg, x =ap =1; (3.18)

this follows immediately from (3.2) and (3.3). By (3.18) and (3.4), every monomial appearing
in the 0-standard expansion z is of degree strictly less than 1 = ag, that is, is an element of K.
This proves (3.17) in the case i = 0.
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Assume given an ordinal ¢ > 0. Assume that (3.16) and (3.17) are known for some ordinal

1o such that ip+ = 4. If ¢ = 79 +w then 7 is inessential, so o; 4+ = 1 for all t € Ny by Definition
3.1. Thus in all the cases we have

Qi = H Q. (319)

Jj<i
By assumption, (3.13) holds, hence so does (3.14) by condition (c) of Definition 3.11. Thus by

(3.9), (3.11) and (3.17) applied to i instead of i, the term Q%" in the ¢g-standard expansion of
Q; has strictly greater degree than all the other terms. Hence

a; = degm Q%Z = ;0. (320)

We obtain
Q; = ;0 = aiHaj = Haj,
J<i J<i
which proves (3.16).
Let z be as in part (2) of the Proposition. Fix a Q;-free i-standard expansion of z and let

ip denote the greatest ordinal such that @;, appears in this expansion (by definition of @Q);-free,
a;—1 .

we have ig < i): z = > djvngo, where each d;; is a @Qj,-free ig-standard expansion. By the
§=0

induction assumption, we have deg, d;; < &;, for all j. Combining this with (3.20), we obtain

deg, z < o AX {(+Das,} < ao, = au,

as desired. O

Corollary 3.15. Let f be an i-standard expansion of an element of K[x|. Then f is Q;-free if
and only if deg, f < &;.

Proof. Straightforward transfinite induction on 4. O

Remark 3.16. Assume that ¢ € A is a limit ordinal and take an ig € A such that i = ig+. Since
ai,+1 = 1 by definition, we have Q;,+1 = @i, + 2, where in,z = —in,Q;, and deg, z < &,.
Hence

Gy [,Qi] € Gea,,. (3.21)

Below (Proposition 3.31) we will show that this inclusion is, in fact, an equality.

Remark 3.17. In §9 we will show, assuming that ¢ is a limit ordinal and that the set {v(Q;,) }izio+
is bounded in Ty, that we can choose i and Q; so that Q; is a weakly affine monic ig-standard
expansion of degree a; = p® for a certain integer e; and, moreover, that there exists a positive
element B3; € R such that

Bi > By for all ¢ < 1, (3.22)
Bi > a;f; and (3.23)
PBi+v (cpiig) = ;B for0<j<e;. (3.24)

Remark 3.18. Take an element h € K[z]. Then h admits a unique Q;-expansion
S; .
h=>Y d;Ql. (3.25)
§=0
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This can be shown by induction on deg, h. Indeed, let h = ¢Q; + r be the Euclidean division
of h by ;. Then dp; = r and for j > 0 the coefficients d;; are nothing but the coefficients of
powers of @; in the @Q;-expansion of q.

Proposition 3.19. Assume that the set {8, | ¢ < i} is bounded in Ty (so that the hypothesis
of Proposition 3.14 (1) is satisfied). Every coefficient d;; in (3.25) admits a Q;-free i-standard
expansion. Writing each coefficient d;; in this way produces an i-standard expansion of h. In
particular, every element of K[z| admits an i-standard expansion.

Proof. We use transfinite induction on i. For ¢ = 0 the result is obvious. Assume that ¢ > 0 and
that the Proposition holds for all i’ < i. By definition of );-expansion we have

deg, d;; < a; for all j. (3.26)

Take an ordinal ip such that ¢ = 7p+. By the induction assumption applied to i¢ the Q;,-
expansion of

dji = Z dq.44 Q5 (3.27)
q

can be made into an ig-standard expansion by writing out a Q;,-free ig-standard expansion
of each coefficient dg ;,;. Moreover, by Proposition 3.14 (1) and (3.26), all the monomials ng
appearing in (3.27) satisfy j < a;. This makes (3.27) into a @Q;-free i-standard expansion of d; ;,
so (3.25) can be made into an i-standard expansion of h, as desired. O

Remark 3.20. The i-standard expansions (3.27) of the d;; need not, in general, be unique. For
example, if i is a limit ordinal, d;; admits an iyp-standard expansion (3.27) for each

i9p < such that i = ip+, (3.28)

but there are countably many choices of ig satisfying (3.28). If ¢ € Ny, then the i-standard
expansion of h is unique. This follows from Remark 3.18 by induction on ¢. Part of the point of
Remarks 3.18 and 3.20 and Proposition 3.19 is that an i-standard expansion is a Q;-expansion
together with an additional set of data, namely, a Q;-free i-standard expansion of the coeflicients

For each i € A we define a map v; : K(x)* — T as follows. Given a @);-expansion

f= idj,ng, (3.29)
=0
put
vi(f) = Ogljigﬂsi{jﬂi +v(dji)}- (3.30)

By Remark 3.18, the elements d;; € K[z] are uniquely determined by f, so v; is well defined.
We extend v; to all of K(x) by additivity.

Remark 3.21. We have
vi(f) < v(f) (3.31)

by the ultrametric triangle law.

Remark 3.22. 1t is clear from the definition that the map v; satisfies the ultrametric triangle
law. Below, we will show that it is, in fact, a valuation.
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Next, we give criteria for when the inequality (3.31) is strict and when it is an equality.

Remark 3.23. If deg,, f < deg, @; then we have s; = 0 in the i-standard expansion (3.30), so
vi(f) = v(doq) = v(f).

Remark 3.24. Consider ordinals ig < i and t € Ny such that ¢ = ig+, ¢ +t € A and for each
ordinal ¢/ such that i < i’ <1+t we have

ay = 1. (3.32)

1) If (3.13) holds, we have v;,(Q;) = a;5;, by (4) of Definition 3.11 (b) and (3.15) (recall
13) can only fail if i = max A).

(
that (3.
(2) By (3.9), (3.32) and induction on ¢,

Qivt = Q; + Z Zitq, where deg zi1q < @&;. (3.33)
Hence every ig-standard expansion of (); 1+ contains the term Qﬁ; We obtain v, (Qi1¢) < ;-

Below (Corollary 3.42) we will see that under a mild additional hypothesis on i the last
inequality is, in fact, an equality.

Remark 3.25. Consider ordinals i,/ € A, i < ¢. Then vy(Q;) = vi(Q;) = v(Q;). Indeed, if
@; < ay our statement holds by definition of vy.
Assume that &; = @,. Then

Qu=Qi+=z (3.34)
where deg, z < a; and v(z) = B; < Be. Now, Q; = Q¢ — z is an f-expansion of Q;, so
ve(Q;) = min{F;,v(z)} = v(z) = B, as desired.

Proposition 3.26. For a pair of ordinals ig < i such that i = ig+ we have

Vip(Qi) < Bi. (3.35)

Proof. Let .
Qi = Z Cj,ioQgO (3.36)

=0

be the ip-standard expansion of Q;. If ip = i —1 is the immediate predecessor of i then by (3.9)—
(3.10) the quantity v(Q;) = v;(Q;) is strictly greater than the common value of v (cj,ioQg())

(cf. (4) of Definition 3.11), where j ranges over the elements of {0,...,a;} for which ¢;;, # 0.
This common value is, by definition, v;,(Q;). If i does not admit an immediate predecessor, the
desired strict inequality is nothing but (3.12). O

Corollary 3.27. Ifi € A is not the mazimal element of A, then there exists f € K|x] such that
vi(f) <v(f).

Proposition 3.28. Fiz an ordinal i € A and let § = Q?’ be a Q;-free i-standard monomial.
Then

v (0) < Bi. (3.37)
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Proof. If (3.13) does not hold, we have 8; > I'y and the result follows immediately. Therefore
we may assume that (3.13) holds. We proceed by transfinite induction on 4. If i = 0 then § =1
and Sy = v(z) > 0, so the result holds. Assume that ¢ > 0 and the Proposition holds for all the
ordinals 7/ < i. Let ip be the smallest ordinal such that ig+ = ¢ and v = 0 for all i’ such that
ig <1’ < i. Write 0 = QZ;O QZ:O where

Yip < O (3.38)
and QZSO is a @, -free ip-standard monomial. By the induction assumption, v (QZ{:O) < Biy-
Combining this with (3.38), Remark 3.24 and Proposition 3.26, we obtain

v (0) < Bio + YioBio < ifiy < Bis
as desired. O

Proposition 3.29. Tuke an ordinal i € A and assume that (3.13) holds. Then Q; € R, [z].

Proof. We use transfinite induction on ¢. For ¢ = 0 we have Qg = x and the result is clear.
Assume that 7 > 0 and the Proposition holds for all the ordinals i’ < i. Take an ordinal g such
that ¢ = i9+ and let

a;—1

Q%’+Z > s, Q) !, (3.39)

=0\ ¥ig

be an ig-standard expansion of ();. By the induction assumption, it is enough to prove that
v (Cj,i,"no) >0 (3.40)
for all the choices of j,14,%;,. Fix j, 1,7, appearing in one of the terms in (3.39). We have
v Y s, Qi | @1 = v (@) (3.41)
Yio
by Definition 3.11 (b) (4) and (3.15) and v (Q%) < Bi, by Proposition 3.28 with ¢ replaced by

desired. O

ip. Combining the last inequality with (3.41), we obtain v (Cj,imo) > aifi, — (j+1)8i, >0, as
Let 5* be a non-negative element of I'. Keep the notation of (3.29). We denote

<k<s;

(6% ) = {i € 10000 ’jﬂ*+V(dj,z)— win {b6° + vldis)} |

Let Q; be a new variable.

Notation:
Si(f) : = Si(Bis f). (3.42)
51(]() .= max Sz(f) (3.43)
inif = Y in,d;;Q; (3.44)
JESiI(f)

the polynomial in; f is quasi-homogeneous in G, [inyQi, QZ], where the weight assigned to Q;

is /81
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Remark 3.30. If §;(f) = 0 then v (dp;) < v (djﬂ'Qg) for j > 0, so v(f) = v(do;) = vi(f), where
the first equality holds by the ultrametric triangle law.

Proposition 3.31. (1) For each ordinal i € A we have
Gea; = Gy [0, Q4] (3.45)
(2) The elements in, f, deg, f < &;, generate G<a, as a G, -module.

Proof. We use transfinite induction on i. For i = 0 we have ag = 1, both sides of (3.45) coincide
with G, and all the statements are clear. Assume that ¢ > 0 and that the result is known for
all the ordinals strictly smaller than i. To prove that

Gy, [in,Qi] € Gea., (3.46)

we distinguish two cases. If 7 is a limit ordinal, (3.46) follows immediately from (3.21).
Suppose that 4 is not a limit ordinal. We have

Gup [I0,Qi] = Gup [, Qi1] [0, Qi—1] = Geq, , [In,Qi—1],

where the last isomorphism is given by the induction assumption. Since «;_; is the degree of
the minimal polynomial of in,Q;—1 over G, [in,Q;—1] (Definition 3.11 (b) (5)), every element
of Geg, , [in,Qi—1] admits an (i — 1) standard expansion with all the exponents of Q;_1 strictly
smaller than a;_1 (by Lemma 2.6, with in,Q;_1 playing the role of x). Such an element is
represented by a polynomial f € K[z] admitting a Q;-free i-standard expansion, that is, a
polynomial such that deg, f < &; (Corollary 3.15). This proves the inclusion (3.46).

To prove the opposite inclusion, take f € K[z] with

deg, f < &. (3.47)

t
By Corollary 3.15 f admits a Q;-free i-standard expansion f = ) n;, where ny, ..., n; are Q;-free
j=1
i-standard monomials. Let 8 = min{v(n;)} and {61,...,0s} ={n; | je{l,...,t},v(n;) =5}
J
If 7 is not a limit ordinal, a; is the degree of the minimal polynomial of in,Q;_1 over
Guy [in,Qi—1] (Definition 3.11 (b) (5)). By (3.47) we have ) in,6; # 0 in G, (otherwise we
J

would have an algebraic relation satisfied by in,Q;_1 over G, [in,Q;_1] of degree strictly less
than «;), hence v(f) = v(0;) (for all j) and ) in,0; = in, f (see Proposition 2.10). If 7 is a limit
J

ordinal, by Definition 3.11 (c) there exists an ordinal i( satisfying ig+ = i such that, letting

Si .
=2 ¢ ng be an ig-standard expansion of f (where s; < «;), we have

=0

_ : e
v(f)= OrgnlenSi {V (CNOQiO) } , (3.48)

SO
i, f= Y iy (@) (3.49)
JE€Siy (f)

by Proposition 2.10. In both cases we have proved that the left hand side of (3.45) is contained
in the right hand side.
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To prove (2) of the Proposition, first assume that i is not a limit ordinal. By the in-
duction assumption elements of the form ing,g, g € Klz], deg, g < @;—1, generate G4, , as
a G,,-module. Elements in, f, deg, f < &; are precisely those that admit homogeneous i-
standard expansions where ;1 appears with exponents strictly smaller than «;. By part (1)
of this Proposition such standard expansions generate G4, as a G, -algebra, hence also as a
G, -module by Lemma 2.6 (since  is the degree of the minimal polynomial of in,(Q;—1 over
Guy [0, Qi-1]).

It remains to consider the case when ¢ is a limit ordinal. Take an ordinal ig such that
1 = ip+. We have

GVK [HIVQZ] C G<5éi0 C G<5éi? (350)

by Remark 3.16 hence both inclusions are equalities by part (1) of this Proposition. By the
induction assumption elements of the form in, g, g € K[z], deg, g < &;_1, generate G<o—éiO =Geg,
as a G, -module, which completes the proof of (2). O

Proposition 3.32. Take an element h of K[x] and an ordinal i € A\ {0}. Assume that
deg, h < @;. (3.51)
Then there exists an ordinal ig such that i € {ig + 1,i70+} and v(h) = v, (h).

Proof. For an ordinal ig < ¢ we will denote by
i .
h = Z Cj,iongv (3.52)
§=0

the ip-standard expansion of h. Let S;,(h) be as defined in (3.42). First, assume that ¢ is not a
limit ordinal; put i = i — 1. By (3.51) we have s < a; in (3.52). Since the degree of in,@Q;_1
over Gp, [in,Q;—1]* is a; by (3.10) and Y in,cj;—1Q7 ; is a polynomial of degree strictly
jESi_l(h)
less than «; in Q;_1, we see that > in,,cj,i_linng_l # 0 in G,. The result now follows
j€Si—1(h)

from Proposition 2.10.

If 4 is a limit ordinal, the results follows immediately from the fact that by Definition 3.11
Q; is of the smallest degree among those polynomials that satisfy (3.12). O

Definition 3.33. Let {Q;}ica be a set of key polynomials. We say that {Q;};ca is complete
for v (or that {Q;}ica is a complete set of key polynomials for v) if for each 5 € ' the additive
S

group Pg N K[z] is generated by standard monomials of the form a [] Q;’jj, a € K, such that
j=1

> v(Qi;) + vi(a) > B. The collection Q = {Q;}ica is said to be [o-complete if for all
j=1
B € Ty every polynomial f € K[z] with v(f) = 3 belongs to the additive group generated by

S .
standard monomials of the form a [] sz, a € K, such that ) vjv(Q;;) + vk (a) > B.
j=1 =1

Note, in particular, that if Q is a complete set of key polynomials then their images
in, Q; € G, rationally generate G, over G, ; if Q is a I'p-complete set of key polynomials then
their images in, Q; € G, rationally generate G, over G, (see page 3 for the definition of G,).
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Remark 3.34. The set Q is a complete set of key polynomials if and only if for each polynomial
[ € KJz] there exists an ordinal ¢ such that v(f) = v4(f). Indeed, assume that such an ordinal
exists for all f. Take any § € T' and let f € Pg N Kz]. Put 8’ = v(f) and let £ be such that

Se . .
B =v(f)=wve(f). Write f = Y d;,Q), where each d; Q) € Pg N K[z] C PgN Klz].
=0

Conversely, take f € K|z|. Let § = v(f). Write f as a finite sum

F=>4d,Q" d €K, (3.53)
V

of standard monomials with v (d,Q") > f for all v such that d, # 0. Let ¢ denote the greatest
ordinal such that ), appears in one of the monomials d,Q". Then (3.53) can be rewritten as
S .
f=> de%, where each d; is a Q-free /-standard expansion; in particular, deg, d; < ay. We
§=0
obtain

B=v(f) 2 w(f) = min {v (4;Q}) } > min {v (&,Q")} > 5.

This also shows that if Q is a complete set of key polynomials then Q is not strictly contained
as an initial segment in any other set of key polynomials; in other words, the construction of
key polynomials cannot be continued beyond Q.

Proposition 3.35. If A has a maximal element i and
Bi ¢ To, (3.54)

then in, Q; is transcendental over G, [in, Q;].

Proof. Take a non-zero polynomial F(Q;) = Y ¢,Q] € G, [in,Q;][Q;]. By (3.54) the terms in
j=0
S .
the expression F(in,Q;) = > ¢;in, Q] have different orders for different j (where, by definition,
j=0

ord Q; = f3;); in particular, there exists a unique jpin € {0, ..., s} that minimizes ord éjinl,Qg.
By the ultrametric triangle inequality, we have F(in,Q;) # 0, as desired. O

Proposition 3.36. Take an ordinal i € A. Assume that in,Q; is transcendental over
Guy [0, Qi]. Then the set {Qr}oen = {Qe}te<i of key polynomials is complete for v.

Proof. Take an element h € K[x]. Let
=0

be the @Q;-expansion of h. We want to prove that

Replacing h by > cj7ng does not change the problem. Thus we may assume that all the
j€Si(h)
terms ¢;,;,Q] appearing in (3.55) have value v;(h). Since in, Q; is transcendental over G, [in, Q],

we have ) in,/(Cj,in ) # 0. The Proposition now follows from Proposition 2.10. O
J
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Proposition 3.37. Take an element h of K[x] and an ordinal i € A. Assume that at least one
of the following conditions holds:

(1)

v(h) < B (3.56)
and
h € Ry, [z] (3.57)
or
(2)
sup{By | <i}=oc. (3.58)
Then v(h) = v;(h).
Proof. Let
h=3 e, (3.59)
j=0

be an i-standard expansion of h. First, assume that {5y | i <i} is unbounded in To; in

particular, 3
Bi > To. (3.60)

Then the Proposition holds by Propositions 3.35 and 3.36.

Next, suppose that (3.56)—(3.57) hold and sup {8y | i < i} < oo. Since (3.59) is obtained
from h by iterating Euclidean division by ); which is monic, and in view of Proposition 3.29,
we have

v(cj) >0 forall j€{0,...,s}. (3.61)

By definition of standard expansion, each ¢; in (3.59) is a Q;-free i-standard expansion. Then
vi(cj) = v(cj) for 0 < j < s. By (3.56) and (3.61),

v (chg) =v(cj) + 3B > v(h) for j > 0. (3.62)

SO
v(co) = v(h) <v(cj)+jBi = vi(cj) + 3B forall j > 0. (3.63)

In other words, in the sum (3.59) the v;-value (resp. the v-value) v;(co) = v(cg) of cg is strictly
smaller than the v;-values (resp. the v-values) v;(c;Q7]) = v(c;Q}) of all the other terms. It is
well known and follows easily from the ultrametric triangle law that in this situation we have

vi(h) = vi(co) = v(co) = v(h), as desired. O
For b € Ny, let 0, denote the b-th Hasse derivative with respect to x.
Proposition 3.38. For all b € N and all i € A, there exists an ordinal iy < i such that
i€ {io+ 1,i0+}

and

vio (0pQs) = v(0Q;). (3.64)
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Proof. If i is not a limit ordinal, put ig = ¢ — 1. If ¢ is a limit ordinal, take ¢ such that
i =10+ (3.65)

The result now follows from the fact that deg, 0,Q; < deg, Q;, where in the case when i is a
limit ordinal we must take iy sufficiently large subject to (3.65). O

Proposition 3.39. (1) The map v; is a valuation.
(2) For every ordinal ¢ < i and every f € Klx] we have vy(f) < vi(f) < v(f).

Proof. Tt is obvious that v; satisfies the ultrametric triangle law. To prove (1) of the Proposition,
we must prove the equality

vi(fg) = vi(f) +vi(g). (3.66)

For an ordinal i’ € A let (1) and (2); denote, respectively, (1) and (2) of the Proposition with
i replaced by i’. We proceed by transfinite induction on i. (1) is easy to prove and (2)g is
vacuously true.

Assume that (1) and (2); hold for all ordinals ¢' < i. To prove (1); and (2);, we start
with some preliminary lemmas. For future reference we state some of the lemmas in slightly
greater generality than needed for the proof of Proposition 3.39.

Consider an ordinal 79 < 7 and ¢ € Ny such that ¢ = 49+, ¢ +t € A and for each ordinal ¢/
such that 7 < i’ <34t we have

ay = 1. (3.67)

Lemma 3.40. Consider two terms of the form ngH and d'Qz/H, where j,j" € Ng and d and d’'
are Qiyi-free (i + t)-standard expansions. Assume that

Vig (dQ{+t) < 4, (d’ {;t) : (3.68)
v (dQl,) = v (dQL,) . (3.69)
Vi (d) = v(d) (3.70)
and
Vi (d') = v(d') (3.71)

Then j > j'. If at least one of the inequalities (3.68), (3.69) is strict then j > j'.

Remark 3.41. If i = ip + 1 then assumptions (3.70) and (3.71) hold automatically by Corollary
3.15 and the definition of v;,. In the general case, Proposition 3.32 and (2), for ¢ < i imply that
there exists ig such that ip+ =7 and (3.70) and (3.71) hold.

Proof of Lemma 3.40. We have
Vi (Qitt) < ifBiy < Bitt (3.72)

by Remark 3.24 and Proposition 3.26. Since v, is a valuation by (1);,, the inequalities (3.68)—
(3.69) can be rewritten as

v(d) + jvig(Qite) < v(d) + j'vig (Qite) (3.73)

and
v(d) + jBive = v(d) + 5 Bt (3.74)
Subtract (3.73) from (3.74) and use (3.72). The result follows. O
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Corollary 3.42. Keep the notation of the last lemma. Assume that

t—1 t—1
Vi Z Zitq | =V Z Zitq (3.75)
q=0 q=0

in the notation of (3.33) (note that by Proposition 3.32 such an iy always exists). We have

Vip(Qit) = cifBi, (3.76)

Proof. By Proposition 3.19 we may assume that (3.33) is an ig-standard expansion of ;1. The

leading term of this ig-standard expansion is Qf;‘ We have o3, = v;, (QZO;’) Now Lemma

t—1

3.40, applied with ¢t = j = 0 and j' = 1, implies that v, (QZO(‘)’) < V4, (Z zi+q>. This completes
q=0

the proof. n

Keep the above notation. Let f be a non-zero element of K[z]. Let

SiO

F=> diiQL (3.77)
i=0

be an ip-standard expansion of f, where each d;;, is a Q;,-free ip-standard expansion.

Consider an (i + t)-standard expansion of f:

Sitt
[ = Z dj,H—th_H’ (378)

J=0

where the d; ;4 are Q;y-free standard expansions. Let § = 6;,(f). Let

: J
= min vy, (d;i:Q )
P odida, ( Ittt

and
Sio i+t = {j €{0,...,8i+¢} ‘ Vig (dj,z'—'rthth) = M}-
Assume that (3.75) holds and that
Vig (djite) = v (djitt)

for all j € Sj,i++ (note that by Proposition 3.32 and (2)4, ¢ < i, this holds for all sufficiently
large ordinals iy such that ig+ = 7).

Lemma 3.43. (1) We have

Vi(f) == 0<Ijn<i£+t{’/(dj,i+t) + jaiBi, }-

(2) Let jo = max Sio,i+t~ Then 6 = ayjo + (5,‘0 (djo,i—i-t)-
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Proof. (1) The second equality in (1) of the Lemma is given by Corollary 3.42 and (1);,. Let
f = min Si07i+t.

Let f = dj,Hthth. Then v;, (f — f) > [, so to prove that v, (f) = p it is
JESig,itt
sufficient to prove that
viy (f) = p- (3.79)
The equality (3.79) holds if and only if
vio (QiF) = 1= ey (3.80)

Therefore, without loss of generality, we may assume that 6 = 0.
Now, all the terms dj,z‘+th+t, J € Siy,i+t, appearing in the (i 4 t)-standard expansion of
f, have the same v;,-values, so by Lemma 3.40 they all have different v-values with

v (doive) <v (dj,z'+tQZ+t)
for j € Siy.i++ \ {0}. By the ultrametric triangle law we have

v (f) = v (doite) = viy (doite) = p < vip (f)

hence the inequalitiy in this formula is an equality and (3.79) is proved. This proves (1) of the
Lemma.
(2) In view of (1), a term of the form anO with deg, a < deg, Q;, and

o (a2h) = o)

appears in the @ -expansion of Y  d;;14Qi+s; and § is the greatest integer with this
JESig,itt
a;jo+0iq (djg,i+t)

property. The Q;,-expansion of djo,ithQgit contains a term of the form a@;

deg, a < deg, Q;, and v (an-yijOMio(djo’iH)) = Vi, (f); aijo+ iy (djg,i+¢) is the greatest power of

20

with

aijo+dig (djg,i+t)

Qi, appearing there. The term aQiO cannot be canceled by contributions from any

of dj,i+th+t7 J € Sig.it+ts J < jo, for reasons of degree. This completes the proof of (2). O
Lemma 3.44. Keep the notation and assumptions of Lemma 3.43. For every j € {1,...,Si++}
we have .
Vit (it @) = Vio(f) = Bive — aifly > 0. (3.81)
Proof. We have
Vitt <dj,i+th+t> =V <dj,i+th+t> =V (dj,ith) + j,Bi+t- (382)
By the ultrametric triangle law applied to the @;,-expansion of d;; we have
0 < v(djitt) — Vig(djive)- (3.83)

Finally, by Lemma 3.43 we have

Vio (f) < i (dj,ithQg_:,_t) = Uiy (djitt) + JaiBiy- (3.84)
Adding up (3.83) and (3.84), subtracting the result from (3.82) and using the fact that j > 1,
we obtain (3.81). O
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Corollary 3.45. (1) Conclusion (2); holds.
(2) We have vi(f) = vi,(f) if and only if the Q;-expansion of f has non-zero coefficient
do,; satisfying
vi (doi) = viy (do,i) = vio (f)- (3.85)

Proof. (1) follows from (3.81) (with ¢ = 0) by transfinite induction on i — g.
(2) By (3.81) (with ¢ = 0), for every term d;;Q] of the Q;-expansion of f with j > 0 we
have v (dj,iQZ> > v (dj,ng) This proves (2). O
Note that that the equivalent conditions of (2) of the Corollary are also equivalent to
saying that the Q;-expansion of in;, f has non-zero coefficient dy; satisfying (3.85).
Remark 3.46. The first equality in (3.85) holds automatically when i is not a limit ordinal.

Take a finite collection of polynomials fi,..., fs € K[z] such that deg, f; < &; for all
jeA{l,...,s}. Let

114 =aQive+r (3.86)

Jj=1

be the Euclidean division of H fj by Qit¢. Assume that i = ig+,
]7

Vio(fj) = V(fj) for all j € {1, ceey S} (387)
Vig(q) = v(q) (3.88)

and
Vig(r) = v(r) (3.89)

(such an ig exists by Proposition 3.32 and (2);).

(
Lemma 3.47. We have v (ﬁ fj> =V, <1§[ ) (r) and
j=1

]:

Vitt (qQivt) — H > Biyt — iy > 0.

Proof. By (1);, we have

v

6] =2 v n=> v =v|II#]- (3.90)
j=1 j=1 j=1 j=1

S
Now, r in (3.86) is nothing but the constant term in the (i 4 t)-standard expansion of [] f;,
j=1
whereas ¢Q;++ is the sum of all the remaining terms in this (i + t)-standard expansion. Now
S
the inequality of the Lemma is a special case of Lemma 3.44. The fact that v(r) = v (H fj>

follows immediately from this by the ultrametric triangle law.
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We are now in the position to finish the proof of (1);. Let g = z cj, ZQ and f = Z d;, ZQJ

be the respective i-standard expansions of g and f. By Lemma 3. 47 for every j € {0 si}
and j' € {0,...,u;}, we have dj;cj ; = q;,7Qi + rj;» with

v (djicyi) = v (rjy) <v(g,yQ:)-

This implies that all the terms in the i-standard expansion of fg have value at least v;(f) +v4(g)

and some terms (for example, the term involving in(f )+6i(g)) have exactly this value. This

completes the proof. O

The valuation v; will be called the i-truncation of v.
Remark 3.48. By (2), if v(f) = v4,(f) then v;(f) = vi, (f)-

Proposition 3.49. (1) We have

gI'VZ,K[I] = GVK [inllQi7 QZ] ) (391)

where thefsymbol Q; denotes an element, transcendental over Gy [in, Q] with ord Qi = B;. The
element (Q); is the image of in,, Q; under the isomorphism (3.91).
(2) With the identification (3.91) there is a natural degree-preserving homomorphism

¢ :gr, Klz] — gr, K[|

of Gy, [in, Qi]-algebras defined by ¢ (Q;) = in, Q;.

For parts (3) and (4) of the Proposition, assume that i + 1 € A.

(3) Ker ¢ is generated by the polynomial obtained from the left hand side of (3.10) by first
replacing © by i + 1 and then replacing in,Q; by Q;.

(4) Im ¢ = Gy [0, Qi) = {0y U{inn f | f € Klz], vi(f) =v(f)}-

Proof. (2) The homomorphism ¢ is self-explanatory.

(1) Let G(<%Z denote the gr, K-subalgebra of gr, K[z], generated by all the in,, f with
deg, f < @;. The homomorphism ¢ maps G@L isomorphically onto G.4,. Given a non-zero
element f € K[z] with i-standard expansion (3.77), in,, f can be written as

in,, f = Z in,,idj7¢in,,ng

J€Si(f)

with in,,d;; € G(ézil If we had a non-trivial relation of the form ) d] 11nle = 0 with
J

Jj,i € G(<Z)

072‘7

we could take it to be homogeneous and lift it to an element f = Zszz € Klx| such that
J

v;(f) > min {I/ (dj,ng >} contradicting the definition of v;. Thus in,,@; is transcendental over
J
al)

* (i)

Conversely, given an element f € G <&, i, Q] we can consider its i-standard expansion
and lift it to an element f € K[z] such that in,, f = f. Thus in,, K [z] = G(z) . [in,, Q;] with in,, Q;
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transcendental over G(<Z)C—h [in,,@Q;] and G(<Z)O—[2 in, Q] = Gy [in,Q;,Q;] in view of Proposition

3.31 and the identification G(<Z)O—[l = Ggq, given by ¢.

(3) follows from the fact that in,,Q;+1 is the minimal polynomial satisfied by in,Q; over
Gy [in, Q] (Definition 3.11 (b) (5)).

(4) follows from the fact that ¢(f) #0 <= vi(f) = v(f) (Proposition 2.10). O

4 The numerical character ¢;(h)

Let {Q;}ica be a set of key polynomials for v. Let i € A and h € K[z]. Let
Si )
h=>_d;Q] (4.1)
=0

be an i-standard expansion of h, where each d;; is a Q;-free i-standard expansion. In this section
we study the properties of the numerical character

d;(h) = max S;(h) = degg, in;h (4.2)

(cf. (3.42)—(3.44)) that will play a crucial role in the rest of the paper. We prove that J;(h) does
not increase with 7. We also show that the equality §;(h) = d;4+1(h) imposes strong restrictions
on in;h.

Definition 4.1. The i-th Newton polygon of h with respect to v is the convex hull A;(h) of the
set ) ((u(dj,i), )+ <f0+ X Q+)> in Ty x Q.

j=0
Definition 4.2. The vertex (v (ds,(n),;) ,0i(h)) of the Newton polygon A;(h) is called the piv-
otal vertex of A;(h).

Let
v (h) = min { v (dj,ng) ‘ 5i(h) < j < si} (4.3)

and

SI(h) = {j e {5:(h) +1,..., 8} ] y (dj,ng‘) - yj(h)}.

If the set on the right hand side of (4.3) is empty, we adopt the convention that v;f(h) = oo.
We have §;(h) > 0 whenever v;(h) < v(h) by Remark 3.30.
Take an ordinal ¢ € A. Assume that there exists a polynomial h such that

vi(h) < v(h) (4.4)

(this happens, for instance, whenever i +1 € A by Corollary 3.27). Consider the i-th Newton
polygon of h. Let S;(h) be as in (3.42).

Definition 4.3. For a polynomial f € K[x], we say that §* determines a side of A;(f) if the
set S;(B*, f) has at least two elements.

Proposition 4.4. We have > in, (dj7ng) =0 in % C Gy.
J€Si(f) ’
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Proof. This follows immediately from (4.4), the fact that
> d;Ql =h— > d;,iQ]
J€Si(h) 7€{0,...,5i \Si(h)
and Proposition 2.10. 0

In the following corollary, recall that a factorization of in;h into irreducible factors exists
and is unique by Remark 2.13.

Corollary 4.5. Viewing in;h as a polynomial in the variable Q; with coefficients in G, [in, Q;],
we have in;h (in,Q;) = 0. In particular, the element in,Q; is integral over G, [in,Q;]. Its
minimal polynomial over Gy, [in,Q;] is one of the irreducible factors of in;h.

Corollary 4.6. The element 3; determines a side of A;(h).

Proof. Suppose not. Then the i-standard expansion of h contains a unique term dj,in of

minimal value, so v(h) = y(dj’ng) = v;(h), contradicting (4.4). Corollary 4.6 is proved. O
Let
¢
inih = inudé,i H g}i’i (4'5)
j=1

be the factorization of in;h into (monic) irreducible factors in G, [in, Q;] [Qz], where
§ = 0;(h) (4.6)

and g1 ; is the minimal polynomial of in,Q; over Gy, [in, Q;].
The next Proposition shows that 0;(h) is non-increasing with ¢ and that the equality
di+1(h) = d;(h) imposes strong restrictions on in;h.

Proposition 4.7. Assume thati+ 1€ A and

V(h) > Z/Z(h) (4.7)
(1) We have
aiy10;i41(h) < 6. (4.8)
(2) If §i+1(h) = then
Qit1 = Qi + 2, (4.9)

where z; is some Q;-free i-standard expansion,

. . = . 6

in;h = in,ds; (Qz + lnyzi) (4.10)
and in;y1h contains a monomial of the form inl,d(s,iQ? 15 in particular,

inl,d(;yi = il’ll,d(;’lqu. (411)
(3) If 8i11(h) =6, then for all j > & we have

v (di01QL1) = vira (1) = v (B) = wih). (4.12)
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Remark 4.8. This Proposition is true as stated without the hypothesis (4.7), but the proof given
below needs to be modified to include the case of equality in (4.7). In the sequel, the Proposition
will only be used under the assumption (4.7).

Proof. We start with a lemma. Consider an (i + 1)-standard expansion of h:

Si1

h = Z dj,i+1Qz+1a (4.13)

=0

where the d; ;11 are Q;y1-free (i + 1)-standard expansions.

In the notation immediately preceding Lemma 3.43 (with f replaced by h and (ig,i + t)
by (’i,i + 1)), let 91.:,.1(}1,) = min Si,i+1-
Definition 4.9. The vertex (v(dy, (n),i+1),0i+1(h)) is called the characteristic vertex of
Ait1(h).

The polynomial in;h is divisible by the minimal polynomial g1 ; of in, Q; over G, [in, Q;];
in particular, we have 6 = degg, in;h > 0.
For j € {1,...,t}, let gj, 0 denote the coefficient of in,@? in the polynomial g; ;.

Lemma 4.10. We have
Y1, = Oit1(h) (4.14)

(in particular, dryy i1 #0) and
t
iy dg,, | (),ir1 = inuds; [ [ 950 (4.15)
=2

Proof. Write
h = Z dgiv1Qf , + Z dg,it1Q7, -

qE€Si it1 q€{0,...,5}\Si 41
By Lemma 3.43, the terms of lowest v;-value in the Q;-expansion of h are recovered from the

terms of lowest v;-value of Y dg;41Q7 41, in other words,
qE€S; it1

ingh = inidgi1inQY,;. (4.16)
qE€S; it1
By definition of key polynomials (Definition 3.11 (b) (5)), we have
niQi+1 = gu- (4.17)
By definition of 6;11(h), iniQf_ﬁl(h) is the highest power of in;Q; ;1 dividing
Z inidg i 11i0;Q7, .
q€Si,it1

Since g?llz is, by definition, the highest power of g;; dividing in;h, (4.16)—(4.17) imply (4.14).

Combining (4.5) and (4.16) and dividing both equations by gi“ll = inifof(h), we obtain

t
. . —0ir1(h . i
Z midq,i_,_llniQ?_i_l +1(h) _ in,ds ; l_[g;i]Z . (4.18)
q€Si,i+1 j=2
Equating the constant terms in (4.18) yields (4.15). O
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We are now in the posmon to finish the proof of Proposition 4.7. Apply Lemma 3.40 to
the monomials dy, , | (n),i+1 szf and dj, +1(h),i+1Q?i++1l(h)- We have

i+1(h ir1(h
(ddm(h z+1sz11( )) <v (d9,+1 (h), z+1Ql++11 )) (4.19)
by definition of §;41 and
it1(h i
i (do, i1 QL7 ") = i) < i (ds i @) (4.20)

by Lemma 3.43, so the hypotheses of Lemma 3.40 are satisfied (note that (3.70) and (3.71) hold
by definition of v; and @;-expansion of h). By Lemma 3.40

0;1(h) > 811 (R). (4.21)

Since
Oéi+19i+1(h) = O+171,5 < degQZ inih =6 (422)
by Lemma 4.10 and (4.5), (1) of the Proposition follows.
(2) Assume that §;11(h) = 0 (where the notation is as in (4.6)). Recall that 6 > 0 by

Remark 3.30. Then the monomials dy,,  (n), HQfo(h) and ds, ,, (n),i +1er11 coincide and

Q41 = 1. (4.23)

This proves (4.9). Furthermore, we have equality in (4.22). Then (4.5) rewrites as

in;h = in,ds g} i H gwJ ! (4.24)
=2

Now, the left hand side of (4.24) is a polynomial of degree § in Q;, while the right hand side is
divisible by the non-constant polynomial 9(15,1‘- This implies that

H g5 =1, (4.25)

and inh = in,,d(;ﬂ-g‘ls’i. (4.10) now follows from (4.9) and (4.17).
The equality (4.11) follows from (4.15), (4.25) and the fact that 6,11(h) = d;+1(h) = 0.

(3) Assume that d;11(h) = 0. Fix an integer j > ¢. The Q;yi-expansion (4.13) of
h is obtained from its @Q;-expansion (4.1) by making the substitution @Q; = Q;+1 — z; and
performlng repeated Euclidean divisions by Q;+1 to turn the result into a @;41-expansion.
For j/ < j, monomials of the form d;, 1QJ have degrees strictly less than j&;;. Hence they
contribute nothing to d],l“l‘le 415 in other words, the coefficient d; ;11 is completely determined
by Z dj Q.

J'=Jj
Fix an integer j' € {j,...,s;}. Write

-/

J -/
j ’LQ ] i (Qit1 — = d]’,z < ) z+1Z] _k, (4.26)

k=0



where z; is a Q;-free i-standard expansion. Again, the terms on the right hand side of (4.26)

with k > j contribute nothing to d;;1Q/ . For k < j, let dj 1 ; denote the coefficient of Q7.

in the (i 4 1)-standard expansion of dNQf_s_lzf/_k. To prove (3), it is sufficient to prove that for
all i/ € {j,...,s;} and all k € {0,...,j} we have

v (i@ ) = vira (h) = v () = vi(). (4.27)
To prove (4.27), we start out by noting that (4.9) is an i-standard expansion of @;11. Hence
vi(Qit1) = Bi = v(2i), (4.28)

where the last equality holds by Definition 3.11 (4). By Lemma 3.43, v; <dj/’iQf _Hzf l_k) equals
the minimum of the v;-values of the terms appearing in its (i + 1)-standard expansion, so
Vi (dj/JQi;CJrlszk) < y (djl7k7iQ.Z+1>. Combining this with (4.28) and with Proposition 3.32
applied to dj/ ;. ; and the ordinal 7 + 1, we obtain

14 (dj’,k,i) =V (dj’,k,i) 2 (]l — ])/82 +v (dj/7z) . (429)
By definition of §;11(h), since d;+1(h) = § and in view of (4.11), we have
Vit1(h) = v(dsit1) + 68

Combining this with (4.29) and using (4.11) again, we obtain

v (dj',k,ngH) —viy1(h) = v (djr i) — v (dsit1) + (5 — 6)Big1 >
> (' = )8+ v (dyi) = v (dsisn) + (= 008 = v (d0a@) ) = v (45,Q2) = v (h) = walh),
(4.30)

as desired. This completes the proof of the Proposition. O

Corollary 4.11. For as long as the character 6;(h) remains constant (that is, does not strictly
decrease), the quantity v;"(h) — v;(h) is non-decreasing with i.

Proof. Take the minimum over all j on the left hand side of (4.12). O

Remark 4.12. One way of interpreting Lemma 3.40, together with the inequalities (4.19)—(4.21)
is that the characteristic vertex (V (dgi +1(h),i+1) , 0i+1(h)) of A;11(h) always lies above its pivotal

vertex (v (ds,,,(n),i+1) » 9it1(h))-

Corollary 4.13 (of Proposition 4.7). Assume that the set {i € A | o; > 1} is infinite. Then
{Qi}ien is a complete set of key polynomials.

Proof. Take an element h € K[z] and an index ¢ € A. If v;(h) = v(h), there is nothing to prove.
Assume that v(h) > v;(h). Then 6;(h) > 0 by Remark 3.30. Proposition 4.7 (1) says that

5i+1(h) < 5l(h) (4.31)

whenever ;41 > 1. Since the set {i € A | a; > 1} is infinite and the strict inequality (4.31) can
occur for at most finitely many values of i, we have §;(h) = 0 for some i € A. Then v;(h) = v(h)
by Remark 3.30. O

34



5 Augmenting sets of key polynomials

Suppose we are given a set of key polynomials {Q;};ca that is not complete for v. In this section,

we will construct a set {Q;}ica, where A is a well-ordered set of order type less than w x w,
and A G Ay

5.1 Sets of key polynomials having a maximal element

Suppose first that A has a maximal element ¢.
Since {Q;}ica is not complete, there exists h € K[x] such that

ve(h) < v(h). (5.1)

Let Q; be a new variable. Take a polynomial h satisfying (5.1).
By Proposition 4.4, we have

3 i, (dj,gQ@ —0 (5.2)

Jj€S(h)

in 5 "e((h) C G,. By Corollary 4.6 the element 3, determines a side of Ay(h). Let

t
iny,h = iny,dse | [ 975 (5.3)
j=1

where 0 = d¢(h), be the factorization of ingh into monic, quasi-homogeneous irreducible factors
in Gy, [in, Q] [Qg] (such a factorization exists and is unique by Remark 2.13). By (5.2), the
element in, Q) is integral over G, [in,Qg]. Its minimal polynomial over G, [in, Q| is one of
the irreducible factors g; ¢ of (5.3).

Let ay41 denote the degree of in,Q; over G, [in, Qg]. Renumbering the factors in (5.3),
if necessary, we may assume that g;, is the minimal polynomial of in,Q over G, [in, Q], so
that

Q1 = deng g1,e- (5.4)

Let

Oég+1—1
R Y AR 53
J=0 Ve
be an /-standard expansion of g1 ¢. Let X be a new variable, and consider a lifting of the right
hand side of (5.5) to K[X], that is, a polynomial of the form
O(z_‘_l—l .
X1 4 3 Z Cl+1,5,5 Qz X7, where in,¢/41 55, = Cr41,5,5, for all the choices of £, j, and
7=0

Ve-
Define the (¢ + 1)-st key polynomial of v to be

Qpi1— 1 ~ )
Qe = Q) + Z <ZC€+1J’7£QZZ> Q;- (5.6)
Ve

Let Ay = AU{{+ 1}. By definition Q¢4 has the form (3.9). The set {Q;}icn, satisfies
Definition 3.11: it is a set of key polynomials.
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In the special case when
arpr =1 (5.7)
we will define several consecutive key polynomials at the same time.
Assume that ayr1 = 1. Let T denote the set of all the polynomials of the form

Q' = Qi+ w,

where deg, w < ay = deg, Q. To define ()y41, consider two cases:
Case 1. The set v(T) contains a maximal element. Let Q' = Q; + w be an element of T for

S
which the maximum is attained. Write w = > zp4¢ + W, where s € Ny, for each ¢t € {0,..., s}
=0
the expression zs4; is a homogeneous @)-free f-standard expansion, such that
Be=v(ze) < v(zpg1) <+ < v(zpps) <V (Q’) (5.8)

and W is a Q-free f-standard expansion all of whose terms have value greater than or equal to
v(Q). Put Ay =AU{l+1,...,s+ 1} and

Qi=Qe+z+-+2z1 for/+1<i<{f+s+1.

Case 2. The set v(T') does not contain a maximal element. Let (Qg+t =Qr+ 1Dt> be

teNp
a sequence of elements of T' such that the sequence <V (Qg+t>) N is strictly increasing and
teNp
cofinal in v(T'). We will now define, recursively in ¢, an infinite sequence
(2044)qeNo (5.9)

of homogeneous Q-free f-standard expansions of strictly increasing values and a sequence
(w¢)e>—1 consisting of certain partial sums of the sequence (5.9). We adopt the convention

that zp—1 = w_1 = 0. Assume that for certain integers ¢y, go the finite sequences (2¢44)q<q, and
q0 -
(we )<y, are already defined, that wy, = Y zp44 and v(ze4q) < v (Q€+to> for all ¢ < gg. Write
q=0
Q1
Wop1 — Wiy = »,  Ze4q+ w{eo 11, Where each 2y, 4 is a homogeneous Q-free (-standard expan-
g=qo+1

sion, v(2p4go4+1) < -+ < V(2pyq) <V (Q€+to+1) and wy , is a Q-free f-standard expansion,
each of whose terms has value greater than or equal to v (Qé+to+l)- Put

q1

Witg4+1 = W + g Z0+q-
g=qo+1

This completes the recursive definition of the infinite sequences (2¢44)qen, and (w¢)¢>—1. Define
oy = 1,
Quit = Qr+ 20+ 241+ + 2ot for t € N,

and put Ay = AU {{ + t}hen.
In both Cases 1 and 2, for each ¢ under consideration we have
V(Qert) = v(ze4t) < v(Qegrv1) = V(2e1e41)-
Thus, by the choice of the sequences (1/ (QH,:)) N (20+q)qeN, and (wg)e>—1, conditions (a)—
teNg -

(d) of Definition 3.11 are satisfied for all the ordinals 4 of the form i = ¢+ ¢, t € Ny.
Therefore in all cases the set {Q;}ica, is a set of key polynomials for v.
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Remark 5.1. We claim that (Qg41 is an irreducible polynomial in z. Indeed, consider a factor-
ization Qy11 = fg in K[z]|. Passing to the natural images of Q11, f and g in

GVK [ianf] [Qd = Gup

we obtain g; ¢ = ingfingg. Since g; ¢ is an irreducible polynomial in Q¢ by definition, we have,
up to interchanging f and g,
deg@ ingf = Op41. (510)
Then
deg, f = a1 deg, Qr = deg, Qri1, (5.11)

where the equality holds since gy, has the form (5.5). We must have equality in (5.11) and
deg, g = 0. Thus g € K; this completes the proof of the irreducibility of Q41 in K|[z].

Similarly, in the case when (5.7) holds, Qg4 is irreducible for all ¢ € N for which Qg is
defined. This follows from the above argument by induction on ¢.

5.2 Augmenting sets of key polynomials without maximal elements

Suppose that the set A does not have a maximal element. Since the set {Q;}iea of key polyno-
mials is not complete, by Corollary 4.13 the degrees of the polynomials Q);, i € A, are bounded
in N. Hence there exists ¢ such that for each i € A, ¢ > ¢, we have i = £+t and oy = 1 for
t € N. Since this set of key polynomials is not complete for v, there exists a monic polynomial
h such that

vert(h) < v(h) (5.12)
for all t € N. In this case, define Qyy,, to be a smallest degree monic polynomial h satisfying
(5.12).

Remark 5.2. The inequality (5.12) implies that

deg, Qp1, > deg, Q¢ = deg, Qpy¢ for all t € N. (5.13)

by Proposition 3.32. If the inequality in (5.13) were an equality, we would have a contradiction
with the condition (d) of Definition 3.11. Thus, deg, Q¢+, > deg, Q¢ = deg, Qu4¢, t € N.

For each ¢ € N, the expression Qpit = Qrrt+1 — 2ze4¢ i an (¢ + ¢ + 1)-expansion of Q4.
Thus, in view of Proposition 3.29, h = Q. satisfies the hypotheses of Proposition 3.37 (1) with
i=V0+t+ 1. We obtain vpyiy1 (Qr1t) = v (Qe4¢). To summarize, we have

V(Qeyt11) = Verer1(Qerer1) > Verer1(Qere) = v (Qeye) - (5.14)

Let
B =sup{v(Qet) | t € N}.
(here we allow the possibility 3 = oo, which means that the set {v (Q') | Q" € T} is unbounded
in f‘o)
We put Ay = AU{Qs}. By Remark 3.18 and Proposition 3.19, for every ¢ € Ny the
polynomial Q4 admits an (¢ + t)-standard expansion (3.11):

Ayt

Qryw = Z it @iy (5.15)

Jj=0

By (5.12), the inequality (3.12) holds for i = ¢ + w and ig = £ + t.
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To complete the proof that {Q;}ica, is a set of key polynomials for v, it remains to prove
(3.14) and (3.15), assuming (3.13) (with ¢ replaced by ¢ 4+ w and i¢ replaced by ¢ +t, t € N).
. Therefore, assume that the sequence (Sp1¢)ten has an upper bound (but no maximum) in
To.
To simplify the notation, for the purposes of the next Proposition we will denote Qs+, by
f. We have
deg.. f
de = L
Bae f I:dega: Qf

By Proposition 4.7 there exists ¢y € N such that

] > 0u(f). (5.16)

So+t(f) = Opgeo (f) for all t>tp (5.17)

(in fact, (5.17) holds already for ¢ty = 1, but we have not proved that yet). Let ¢ denote the
stable value of dy4(f) for large ¢. The inequality (5.16) implies that

degg, f > 9. (5.18)

The next Proposition says that equality holds in (5.18).
In what follows, the index i will run over the set {¢ + ¢ }scn,-

Proposition 5.3. For each
i E {f + t}teNO

we have
and 1
F<vih). (5.20)

Proof. By (5.12) for all t € Ny we have v(f) > vpp(f) = 0v(Qe4¢). This proves (5.20). The
main point is to prove (5.19). Our strategy for doing this consists in gradually modifying f
while preserving the numerical character J;(f) and the condition

vi(f) <v(f) forallioftheformi=¢+t¢ teN (5.21)

though possibly changing deg, f in the process, until we arrive at a polynomial of degree d&;.
Since a; = 1 for all 4, deg, @Q); is independent of ¢, so all the i-standard expansions of f
have the same degree ayy,, in @;. For each i, let

Qpiw

f=> aQ! (5.22)
=0

be an ¢-standard expansion of f.

Lemma 5.4. There exists a polynomial a* € K|[z]| of degree strictly less than deg, Qq such that
inya*ingase =1 (5.23)

mn G,.
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Proof. Let £_ denote the smallest ordinal such that a,_ = @,. By Proposition 3.32 (applied to
h = asy), there exists an ordinal ¢y < ¢_ such that {_ = {p+ and

vey(ase) = viase). (5.24)

By (5.24) and Proposition 3.49 (4) we have inya5¢ € Guy [0, Quo+1] = Gug [0, Qe [N, Qe |-
By Definition 3.11, in, Qy, is integral over G, [in,Qy,+1] of degree ay,+1. By Lemma 2.6 and
transfinite induction on £y, the graded algebras

Guy [0,Qu,] C G [in,Qyp ] [in, Qe | (5.25)

are saturated. Hence the homogeneous element in,a5¢ € G, [in, Q] [in, Q] has a multiplica-
tive inverse a* € G, [in,Qy,] [in,Qy,]. Again by Lemma 2.6, a* admits an {p-standard expansion
whose degree in in, @y, is strictly less than ay,41. A lifting of this {p-standard expansion to K [z]
is the desired element a*. O

Note that by Proposition 4.7 (2) and transfinite induction on ¢, for all i > ¢
inyas e = inyas; (5.26)
and B
in; f =inyas,(Q; + in,,zi)(s.
Hence, in view of (5.23) and (5.26), we have
ing(a*f) = (Qi +in, 2)°. (5.27)

Now, Q; + in,z; is the minimal algebraic relation satisfied by in,Q; over G, [Q;], so this
polynomial maps to 0 under the homomorphism ¢ of Proposition 3.49 (2). Therefore

(Qz + inl,zi)(S € Ker ¢.
Together with (5.27) and Proposition 3.49 (3)—(4) this implies that
v(a*f) > vi(a®f) for all . (5.28)
We claim that
di(a*f) =46 for all i. (5.29)
Indeed, applying Lemma 3.47 with s = 2 to the pairs of polynomials

(f17 f2) = (a5,i> a*)

and
(f17 f2) - (aé—lﬂh CL*),

we see that after multiplying f by a* and applying Euclidean division of a*f by @; to obtain
the i-standard expansion of a*f, only the remainders in the Euclidean division contribute to
in;(a*f). This means that the powers of Q; that appear in in;(a*f) with non-zero coefficients
are exactly the same as those appearing in in; f and (5.29) follows.

Thus, replacing f by a* f, we may assume that in,as; = 1 for all 7.

Let
1

6(i) = 5 min {vi" () = vilf), Bi = Be}; (5.30)
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we have 0(i) > 0. By Corollary 4.11 the quantity f/i+ (f) — vi(f) is non-decreasing with i and
hence so is 6(i). Taking into account the fact that g = lim f;, we have, for i sufficiently large,
1—00

vlag:) + 08 — vi(f) = 6(B — ;) < 8(i). (5.31)

By choosing ¢; > ¢ sufficiently large, we may assume that (5.31) holds for ¢ > ¢;.
For each i > /1, write as; = 1 + aj- with

V(@)>o. (5.32)
Write - R
f=rfi+f,
where
—_ 671 .
(ﬂZQf+§:%ﬂﬁ
=0
and

n;
fi=al@+ Y Q]
j=0+1
We want to compare the £i-standard expansion of f with its i-standard expansion for i > /¢
and, in particular, to study the dependence on i of as; and aZT = as; — 1.
First of all, for all j with 0 < 7 < mny, and all i > ¢; we have

vi (05,Q3, ) = 985 = v, (a500Q1, ) = 0Be, = 8(8i = Buy) = v (f) = ve, (f) = (B = Be,) > 0(0n),
(5.33)
where:
the first inequality holds by Proposition 3.39 (2)
the second inequality holds by the definitions of VZ (f) and of B and
the third inequality holds by (5.30)-(5.31).

For i > {1, write Q; = Q, +w;, where w; is a Q;-free i-standard expansion (in particular,
deg, w; < &; = ay,. To compute the coefficient a; s in the i-standard expansion of f = f,, + f¢,,
we must consider the expressions

0—1 i—1
| . |
Q + > ;0@ = (Qi—w)’ + > aj, (Q —w;) (5.34)
j=0 Jj=0
and
’I’L[l nfl
, ) .
ah Q)+ > a0 @ = ab (Qi—w)’+ D aje (@i —wi)
j=6+1 Jj=0+1

open the parentheses and perform the appropriate Euclidean divisions by Q);. We have
6—1 '
degm Z Qj 0y (Qz - wz‘)J < 50_41'.
j=0

As well, every term in the Newton binomial expansion of (Q; — wi)‘s except for Qf has degree
strictly smaller than da;. Therefore no terms in (5.34) contribute anything to aZT. By (5.33), all
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the contributions to az by terms of the form a; ¢ Q,, j > 0, have v;-value strictly greater than
0(¢y).

. N ) 5 i ~0—3j
It remains to study the contribution to al-L from GL (Qi —w;)’ = ZO (j)azlngi 7. For
j:
7 = 0 this contribution equals a}l. For each j € {1,...,d} this contribution is nothing but the

coefficient d; of Qg in the i-standard expansion of azlwg . We have
v(dj) > vi(d;) > Bi — Be — 3(Bi — Bey) > 0(41),
where the second inequality follows from Lemma 3.47, applied with s =5+ 1, fi = azl,

o= = fo=w,

1+t replaced by ¢ and ig replaced by £. Putting together all of the above information, we obtain
v; <a;-f> > min {0(61), v <a}l>} . (5.35)

Take an ordinal ¢5 of the form ¢y = ¢1 + t1, t1 € N, such that 3 — Be, <V (aL).

Since for all 4 > ¢5 we have v <aT

Z) > 0 and in view of the definition of §, every term in

the Q;-expansion of f; has value strictly greater than §3;. Hence v ( f@) >y ( f@) > v; ( ng)

which implies that v; (fe,) = vi (f) < min{u(f),z/ (ng)} <v (f - fg2> = v (fs,). Since
deg, fr, = ddeg, Qp < deg, f and f was chosen of minimal degree subject to inequality (5.21),
we must have deg,, f = deg, fr, = ddeg, Q. O

Corollary 5.5. We have equalities (3.14) and (3.15) (with i replaced by £ + w and iy replaced
by £ +t,t € N). In particular, the set {Q;}ica, is a set of key polynomials for v.

Proof. This follows immediately from (5.19) and Proposition 4.7 (2) (specifically, the equality
(4.10)). O

Below, in Proposition 8.6, we will show that §(f) is of the form 6(f) = p® for some
eo € Ny. Together with Remark 5.2 this will prove that, under the assumptions of this section,
we have char k, > 0 and eg > 0.

Proposition 5.6. If v(Qu¢) € Lo for all t € Ny and the sequence (Best)sen, 8 cofinal in Lo,
then the set Qi of key polynomials defined above is Lo-complete. In other words, for every
element 8 € f0+ every polynomial h € K[x] with v(h) = 8 belongs to the additive subgroup of
Pg N K[xz] generated by all the standard monomials in Quy.,, multiplied by elements of K, of
value B or higher.

Proof. Take an element h € K[x]. Without loss of generality, we may assume that, writing
S .
h =) djz?, we have
j=0
vi(dj) >0 for all j (5.36)
(otherwise, multiply h by a suitable element of K). In other words, we may assume that
h € Ry, [x]. Since the sequence {84 }ten, is cofinal in T, there exists ¢ of the form i = ¢ 4 ¢,
t € Ny, such that
Bi > v(h). (5.37)
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Then h satisfies the hypotheses of Proposition 3.37. Now, Proposition 3.37 says that

This means, by definition, that A can be written as a sum of standard monomials in Q; 1 of value
at least v(h), hence it belongs to the additive abelian group generated by all such monomials.
This completes the proof. ]

6 Constructing a complete set of key polynomials

In this section we will recursively construct a complete set of key polynomials.
First, consider the set {Q;}ica, with Qo = z and A = {0}. It is a set of key polynomials.

Next, assume that a set {Q; }iea of key polynomials is constructed and that A < w x w. If
A does not have a maximal element then there exists and ordinal ¢ such that {¢{+¢ |t € Np}
is a subset of A, cofinal in A.

If the set {Q;}ien is complete for v, put A := A and stop. Otherwise, consider the set
{Qi}iea, of key polynomials constructed in the previous section. If the set {Q;}ien, of key
polynomials is complete, put A := A} and stop here. Otherwise, replace {Q;}ica by {Qi}ica,
and repeat the procedure.

Remark 6.1. If Q = {Q; }ien is a set of key polynomials, ig,7 € A, 7 is a limit ordinal and ig+ = i
then
a; > Oy, (6.1)

by Remark 5.2. Therefore, if as a result of the above recursive procedure we arrive at a set of
key polynomials with A = w X w, since A contains infinitely many limit ordinals, such a set of
key polynomials must have unbounded degrees and is therefore complete by Proposition 3.14
(1) and Corollary 4.13. This proves that the aobve recursive procedure produces a complete set
of key polynomials after at most w x w steps. In other words, A < w x w.

We have proved the following;:

Theorem 6.2. The well ordered set Q := {Q;};cx constructed above is a complete set of key
polynomials. In other words, for every element B € I' the R,-module Pg N K[x| is generated as
an additive group by all the monomials in the Q; of value B or higher, multiplied by elements of

K. In particular, we have
P :
@ Piﬁ = Gy [, QJ".
ger - Bt

In §8 we will fix an ordinal ¢ such that £ + w € A and will study further properties of
Qr+w- Among other things, we will show (Propositions 8.6 and 8.10 and Remark 8.7) that:

(a) if char k, = 0 then our construction gives a complete set of key polynomials that is of
order type at most w + 1.

(b) if, in addition, rank v = 1 then the construction produces a complete set of key
polynomials that is of order type at most w.

In the next section we study the effect of differential operators on the polynomials @); in
order to give a more precise description of the form of limit key polynomials.
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7 Key polynomials and differential operators

This section is devoted to proving some basic results about the effect of differential operators
on key polynomials. Here and below, for a non-negative integer b, 0, will denote the b-th Hasse
(or formal) derivative, defined in the Introduction. Given an ¢-standard expansion h, we are
interested in proving lower bounds on (and, in some cases, exact formulae for) the quantities
v(0ph) and vy(9yh) and in computing the elements in, dph and ingdyh. In particular, we will give
sufficient conditions for the element Jyh to be non-zero.

Assume given a complete set Q := {Q;},cx of key polynomials. Take an ordinal i € A.
Let b; denote the smallest positive integer which maximizes the quantity

Bi — (0, Qi)

h (7.1)

(later in this section, we will show that b; is necessarily of the form p® for some e; € Ny and, in
particular, that b; = 1 if char k, = 0).

Let h be an element of K[x|. We use the following convention for binomial coefficients: if
s < t, the binomial coefficient (f) is considered to be 0. We view the binomial coefficients as
elements of K via the natural map Z — K.

Notation:

Let p be as defined in the Introduction. If p > 1, for an integer a we shall denote by v(*)(a)
the p-adic value of a, that is, the greatest power of p that divides a. If p = 1, we adopt the
convention v(P)(a) = 1 for all non-zero a and v)(0) = cc.

Remark 7.1. Consider e, b,b’ € N such that b [ p® (this holds, in particular, whenever b < p°)
and p¢ | ¥'. Then (z + Az)’ € K [2P°, AzP"], so At = 0.

Proposition 7.2. Take an element h € K[x] \ {0}.

(1) For all b € Ny we have

| o

vi(h) = vi (Oph) < 5= (Bi — v(96,Qs)) - (7.2)

7

S

S .
(2) Let h = 'Z:odj’ng be an i-standard expansion of h. Assume that
]:

{j c{0,...,s) ‘ v (dj,ng') - ui(h)} £ {0}

(in particular, we have s > 0). Let dj,ng denote the term in the i-standard expansion of
h which minimizes the triple (ui (djﬂ-Qg) ,v®) (j),j) in the lexicographical ordering. Let
e = vWP)(§) and b(i, h) = bip®. Then equality holds in (7.2) for b= b(i, h).
Remark 7.3. For all b € N we have deg, 0,Q0; < &;. By Proposition 3.32 there exists an ordinal
19 such that ip4+ = 7 and
v(0pQi) = Vig(0pQi). (7.3)

In particular v(0p,Q;) = 4, (0p,Qi). Thus replacing v(0h,Q;) by vi,(0p; Qi) in (7.2) gives rise to
an equivalent inequality. Also, v; (Oph) < v (Oph), so replacing v; (Oph) by v (Oph) in (7.2) gives
rise to a true, but an a priori weaker inequality.
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Proof of Proposition 7.2. We prove Proposition 7.2 by transfinite induction. For ¢ = 0 we have
S .
Qi=x,b;=1and b=p°. Write h= ) djoa’. For b =0 and for b > s, (7.2) is trivially true.
§=0
Assume that 0 < b < s. There exists j, 0 < j < s, such that

vo(Oh) = v ((i) dj,oxj—b> > u(djo) + (j — b)Bo > vo(h) — bBs,

which gives (7.2).
To prove (2), chose djox? as in part (2), then vy(h) = vo(djoz?) = v(djo) + jBo. By
definition of e and b, we have vy (( )) < )) = 0. Now,

@
V[)(apedj70$j):VO<< > d; 0! p>2u0<< >)+u(d 0) +(j—p%)Bo = (7.4)

v(djo) + jBo — p°Bo = vo(h) — p°Bo.
Assume that ¢ > 1 and that the result is known for all the ordinals strictly smaller than .
Lemma 7.4. Consider a pair of ordinals i',i" such that i’ < i” <1i. Then

ﬁi’ -V (8[)1,, Qz’) < /Bi” -V (abi// Q’i”)

b » (7.5)

Proof. Basic Case. First, assume that i’ = ¢+ and that for every b € N we have
v(0pQir) = vir (95Qir). (7.6)

By definition of b;, it is sufficient to prove that there exists a strictly positive integer b such
that (7.5) holds with b;» replaced by b.
We take b:=b(i’,Q;»). We have:

Bin = v (8;Qir) > vir (Qur) — v (35Qin) = v (Qin) — vir (0;Qun) =
= % (B —v (0,Qi)) -

Here the first inequality is given by Proposition 3.26, the first equality by (7.6) and the second
equality by Proposition 7.2 (2) applied to i’ < i, which we are allowed to use by the induction
assumption of Proposition 7.2. This completes the proof of the Basic Case.

In the general case, we argue by contradiction. Assume that (7.5) does not hold. Take
the smallest ordinal ¢’ < " such that there exists an ordinal ¢ satisfying ¢/ < ¢/ < ¢" and

ﬁel -V (81)[, QE’) BZ” -V (abgu Qf”)
bg, bg// '

(7.7)

Increasing ¢, if necessary, we may assume that
=0+ (7.8)
By Propositions 3.32 and 3.39 (2), by further increasing ¢’ we may assume, in addition, that
v (8;)@3//) =up (8;)@3//) for all b e N. (7.9)
Together with (7.7) and (7.8) this contradicts the Basic Case. The proof of the Lemma is
complete. ]
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To prove Proposition 7.2 (1), it is sufficient to prove it for each i-standard monomial
appearing in the i-standard expansion of h. Indeed, let

> dy,, QY (7.10)

Yi+1EW

be an i-standard expansion of h, where W is a certain finite index set. Assume that the result is
true for each i-standard monomial 7”11 appearing in (7.10). This means that for each 3,41 € W
we have b
vi (9Q1) 2w (QI) = 5 (5 = v (9,@0)).

Thus

vi(Oph) > min; (d—‘ abQ@'“) > v (dg,,,) + miny, ( 7f“) - v (0nQ) =

Y1 Yit1 i+1 = Yi+1 Yit1 i+1 bz i
b
=vi(h) = o (Bi = v (95,Q1))

i

(7.11)

as desired (here the last equality holds because, by Definition 3.6, a @Q;-free i-standard expansion
is a finite sum of @Q;-free i-standard monomials whose v-value equals the minimum of the v-values
of the monomials).

Let Q%' be such an i-standard monomial. Let ;41 = (7; | j < i) and write

,7. ~ - .
1 = Qrar

4
We want to expand 85Q%“ in terms of products of the form Q"7 (9;,Q;") I (9;,Q:), where
t=1

q <7 and jo + j1 + -+ jq = b. Each such product appears in the sum with a certain positive
integer coeflicient that we will now compute explicitly.

To do that, we first prove some general formulae about Hasse derivatives of products and
powers of polynomials. We start with the following generalized Leibniz rule.

Lemma 7.5. For any two polynomials A(X), B(X) € K[X] and any positive integer b, we have

b
O(AX)B(X)) = Y _(9;A(X))(0p—; B(X)). (7.12)

J=0

Proof. Let m = degy A(X) and n = degy B(X). By definition, Hasse derivatives are the
coefficients in Taylor expansions:

AX+Y) =) 0AX)Y" and B(X+Y) = ZaB
i=0
We obtain
m+n
AB(X+Y)=AX+Y)B(X +Y) =) _ Za A(X)0y_jB(X) | Y.
b=0 7=0
Since the coefficients in the Taylor expansion are uniquely determined, this proves (7.12). [
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For positive integers a; < --- < ag, let k& denote the number of distinct elements in the

set {a1,...,aq}. We define the multiplicities ni,...,n; of ai,...,a, as follows. Let n; be the
number of appearances of a; in the sequence ay, ..., aq. Let na the number of appearances of the
second smallest element of {a1,...,aq}, and so on until ng, which is, by definition, the number

of appearances of ag.

n!
(n—g)!'nyl-...ong!”

Notation. Take an integer n > ¢. Let Cy(aq,...,aq) =

Lemma 7.6. For every polynomial B(X) and all positive integers b and n we have

BBX)") = > Culjrs--,dg)B HaﬁB (7.13)

1<q<n
Jrte+ig=b
0<j1 <+<Jiq

Proof. Let m = deg B(X). We have

B(X 4+Y)" <ZaB ):B(X)"+Z > f[ath(X) vh o (7.14)

b=1 \ji+-tjn=bt=1

where the j; run over non-negative integers; the j; are not necessarily ordered by size.

Next, we rewrite (7.14) in the following way. In each of the products appearing in paren-
theses on the right hand side of (7.14), we separate the terms with j; = 0 from those with j; > 0.
Precisely, for each product appearing in parentheses on the right hand side of (7.14), let

—#{te{l,...n} | ji £0}.

Then we can rewrite (7.14) as

B(X +Y)" = +Z Z > B"*q(X)ﬁath(X) v?, (7.15)
t=1

b=1 \qg=1ji+-+jq=b

where the third sum is taken over all the distinct ways in which b can be written as the sum of
q strictly positive integers j;. Again, the j; are not necessarily ordered by size. Now we have to

q
count how often the same product B"~9(X) [] 0;,B(X) appears in the third sum on the right
=1

n

hand side. Fix n non-negative integers ji, ..., j, such that > j; = b. Renumber them so that
i=1

j1 < -+ < jn. How many distinct n-tuples can we obtain in (7.14) from the numbers ji, ..., j,7

If all the j; are distinct then the number is n!. But if some of the j;’s are equal, then permuting
them only among themselves does not produce new tuples. Similarly, if n — ¢ > 2, permuting
the (n—q) factors in B"~9(X) among themselves does not produce new tuples. Let the numbers
ni,...,ng, be the multiplicities of the numbers ji,..., j,, defined above. Then the number of

q
appearances of B"74(X) [] 9;, B(X) is
t=1

n!
(n—q)!-ny!-...-ng!

=Cn(J1,---+Jq), (7.16)
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where 0 < j; < --- < j,. This proves that the coefficient of Y? in (7.14) equals

q
Y Culity--nd) B UX) [ 05 B(X)).
1<g<n t=1
Jite+jg=b
0<j1<++<Jq

By definition of Hasse derivative, this coeffecient is nothing but 9, (B(X)™). The proof is

complete. O
Lemma 7.7. For every two polynomials A(X) and B(X) and all positive integers b and n, we
have
q
BAX)BX)) = Y Calji,--dg) BX)"1(95,AX)) [ ] (9. B(X (7.17)
0<q<n t=1
Jo+-+ja=b
0<j1<<jq

b
Proof. By Lemma 7.5, we have 0y(A(X)B(X)") = > (0;0A(X))(0p—j,B(X)"). Now Lemma
Jo=0
7.7 follows from Lemma 7.6. O

Coming back to the proof of Proposition 7.2 (1), we have

q
Q= Y OG- d0)Q T (0,Q7) T (9,Q1) (7.18)
0<q<r; t=1
Jotjite+jg=b
0<j1 < <jq

by Lemma 7.7. By Propositions 3.32 and 3.39 (2), we have
vi (0;,Qi) = v (05, Qi) -

We have .
Bi =i (93,Q0) = Bi = v (9,,Q) < 3 (Bi — v (3,Q1)) (7.19)

)

by definition of b;. Further,
vi (QF) =i (90Q7") = via (QF) = vio (9 Q") < ‘Z;(ﬁi —v(0nQ)),  (720)

where i is sufficiently large with ig+ = ¢, the equality holds because @); does not appear in Q?i
and by Proposition 3.32, and the inequality by the induction assumption and in view of Lemma
7.4. Note that by Lemma 7.4 the inequality in (7.20) is strict whenever jo > 0. Adding the
inequalities (7.19) for 1 < ¢ < ¢ and (7.20), we obtain:

~ q
v (@) - v, (sz— (0,@0) I @,Qi)) <
i1 (7.21)
cJotiit ot

= b;

6~ v(0r,Q1)).

(Bi —v(05,Qi)) = b,
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By (7.18), (7.21) and since v is non-negative on N (in particular, v(C,(j1,...,Jjq)) = 0), we
have

Yi+1 Yit+1
Vi ( i+l ) j (abQi-i-l ) <

- ' q b (7.22)
< QL) - .min,){w <ng (0,Q7) [T @@ )} o (6~ v(0,@),
t=1

S
&

(]0»'“7]‘1

as desired. Proposition 7.2 (1) is proved.

Now let the notation be as in Proposition 7.2 (2); in particular, b stands for b(i,h). To
prove this part, we first show that replacing v;(9yh) by v ((abl. Qi) ‘ dMQg P ﬁ) gives equality in
(7.2). Indeed, we have

vilh) = v (90, Q0)" diaQi ™" ) = vilh) = (P°i(Dh Q) + v(dsi) + (= PFI(Q:) =

bt ; (7.23)
=p“v(Qi) — pv(0y, Qi) = b, (Bi = vi(00,Qi)) = —(Bi — vi(Oh, Q).

b;
Therefore by part (1) of the Proposition, v;(0yh) must be greater than or equal to
v ((%Qi)p ' dj,ng_pe)

and it is sufficient to prove that the i-standard expansion of dyh contains a term of the form
dQ’ " with v(d) = ((8b Qi)Y Z) and all the other terms d’Q{ satisfy either j' # j — p°® or

Vi (d’Qf ) > v (ng_p >

We proceed by considering all the terms of the form Q
expansion of h.

Yi+1

i+ that appear in the i-standard

A q
First, consider such a term appearing in d;;Q7, of minimal value. Write b = >_ j;, where
i=1

q = p° and jy = b; for all t. For each Q);-free standard monomial Q?i, appearing in d;;, the
corresponding term in (7.18) is (j )Qj-fpeQﬂ-” (O, Qi)pe by (7.16). Put d = (j )Q72 ((%.Qi)pe
The binomial coefficient ( ) is not divisible by p by definition of e and j, so v ((p )) = 0. Using
Proposition 3.32 and 3.39 (2) and Lemma 3.47, we obtain

v(d) = v ((0,Q)" dji)

a

Now for any other choice of jo, j1, ..., jq such that ¢ = p® and ) j; = b we would have at least
=0

one t € {1,...,q} such that j; < b;. Therefore such terms satisfy strict inequality in (1) since

they satisfy strict inequality in (7.20) or in (7.19) and hence their value is strictly greater than
v; (ng_pe) We obtain
j b
vi (3091 =i (0 (47:7) ) = 3 (i = v(00,20)). (7.24)

Now assume jj: is such that v ( Zfll) >y ( Q] ) By (7.2) we have

v (Q) = v (2,Q17) < 2 (6 — v(0nQ0)
(Ql) —v(2Qly) <5
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and using (7.24) we find v ((% jj:ll) > v <8b (d]ZQg)) =y (ngfpe).

Yit1

Now consider terms Q' that appear in an expression d, ;Q;", m # j, such that

V( Z—‘:ll) = Vi (dj,ng) :
It is sufficient to show that for j/ = m — g = j — p° such terms satisfy the strict inequality in
(7.2), so in view of (7.24) their valuation is strictly greater than v; (deﬁ:).

Take one such term. We have two cases. If m > j then, by definition of j, either
v (dmiQ") > v (dMQg) or v (dm, Q") =v (dj,ng) and v®) (m) > v(P)(j). By Proposition 7.2
1), in either case such a term satisfies strict inequality in (7.2).
q
If m < jand m —q = j— p° then g < p, so for any choice of jo, j1,...,j: with > j; =b
i=1

we must have at least one t € {1,...,q} such that j, < b;. Therefore such terms Satisgy strict
inequality in Proposition 7.1 (1) since they satisfy strict inequality in (7.20) or (7.19). O

Remark 7.8. Let

7.25
b, ; (7.25)

Iz’,max = {Bz € N0

Bi —v(0,Q;)  Bi —v(9;,Qi) }

By definition, we have b; = min I; yq,. Proposition 7.2 (1) holds equally well with b; replaced
by any b; € I; mag- Similarly, Lemma 7.4 holds if the pair (by, byv) is replaced by (l;i/, lN)il/) with
Bi’ eN, Z)i” € Ii”,maa:-

Corollary 7.9. For each ordinal i < £, each 131 € L maz 5 of the form lN)l = p® for some &; € Ny.
In particular, b; = p® for some e; € Ng. In the special case when char k, = 0 we have p = 1
and 50 I maz = {bi} = {1}.

Proof. Write b = p®iu, where p } u if char k, = p > 0, and p% = 1 if char k, = 0. We want to
prove that u = 1. We argue by contradiction. Assume that v > 1. We claim that we can write

<Zi> 8l~)i = 8;,/ o 8{,//, (7.26)

where b, 0" are strictly positive integers such that

V+b =b (7.27)

v ((Z)) =0 (7.28)

Indeed, we can take b’ = p% and b’ = p%(u—1). Now, by Remark 7.12 below, p does not divide

and

(2?) and therefore its natural image in K is non-zero and its value is 0 (as usual, we view (Z?) as
an element of K via the natural map N — K).

Take 4 as in (7.3), with b replaced by b”. We have
/Bi -V (8&@1) - (Bz -V (ab//Qi)) + (Vio (8})//@2‘) — Vi, (8&@1)) (729)
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by (7.3). By (7.26), we have 9; Qi = (%)dy (9 Q). Hence

b b
. 1 0:) — U - 0. ) < - . . — - - () .
00, (,0) £ & (0 (1,02)) <L (10 (00)) G
by (7.28), Proposition 7.2 (1) and Lemma 7.4. From (7.29)—(7.30) we obtain
b/ b//
Bi — V(O Qi) > (1 - b> (8 - v(&5,Q0) = . (8 - (3,@0)
which contradicts the fact that Bz € I; maz. Corollary 7.9 is proved. O

Next, we investigate further the case of equality in (7.2). We give a necessary condition
on h and b for the equality to hold in (7.2) and prove that this condition is sufficient under some
additional assumptions. Finally, we derive a formula for in;h in the case when this criterion for
equality in (7.2) holds. We start with the case when h is a single i-standard monomial.

Proposition 7.10. Consider an i-standard monomial h = Q)t'. Write

i+l
b; = p* and (7.31)
v = pu, wherep fu if p > 1. (7.32)
(1) If equality holds in (7.2) then
petei | b (7.33)

(2) We have the following partial converse to (1). Assume that (7.33) holds and that
either b=p°t% or Ima = {bi}. (7.34)

Then equality holds in (7.2) if and only if

v ((b/piq)) = 0. (7.35)

(8) Assume that (7.33)-(7.35) hold. Then
. 7 U . N Vim b
111,,2.81) ;Y—:ll = <b/pe+ei> 1y, <Q71Qz E (8biQi)bi> ; (7'36)

in particular, 8bQ?f11 £ 0.
Remark 7.11. If b = p°T% holds in Proposition 7.10 (2) then # =1 and (b/pg+ei) = u, SO
(7.35) holds automatically in this case.

Proof of Proposition 7.10. We go through the proof of Proposition 7.2 and analyze the case of
equality at each step. We start with a general remark about binomial coefficients in positive
and mixed characteristic.
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Remark 7.12. If char k, = 0, we have

()

for all non-negative integers j < «; similarly, v(C,,(j1,...,7q)) = 0 for every v; and every g¢-
tuple (j1,...,Jq) as in (7.18). If char k, = p > 0, the following is a well known characterization
of the equality (7.37). Let v = ko + pk1 + --- + p°ks and j = to + pt1 + --- + p°ts, with
ko, ... ks, to,...,ts € {0,1,...,p—1}, denote the respective p-adic expansions of v and j (where
we allow one of the (s + 1)-tuples (ko,...,ks) and (to,...,ts) to end in zeroes). Then (7.37)
holds if and only if

kj >t; forall je{0,...,s}. (7.38)

We recall the proof for the reader’s convenience. For a positive integer n, recall that
v(®) (n!) denotes the p-adic value of n!. If n = ng+pni + - - - + p°n, is the p-adic expansion of n,
we have )

—1 S —1
p—1 p—1
Let v —j =1lp+ pli + - - - + p°ls be the p-adic expansion of v — j.

First, suppose that (7.38) holds. Then k; = t; + [; for all j. We have

S

2_ S__
VP (A =k + %kz +- 4 %ksy (7.39)
) 2_ s_
v =t + I;fllh +-+ Zfllts, (7.40)
) 2_ s
vy =5)) =b+ETl+ o+ B (7.41)

Thus v® (1) = v®)(51) + v®)((y — 5)!) and (7.37) holds.
Conversely, assume that (7.38) is not true. Let

(j07j0+17-"7j1_17.j1) (742)

be a maximal subsequence of (1,...,s) consisting of consecutive integers such that k; # t; + [;
for jo < j < j1. Then kjo = tj0+lj0 —D, kj = tijlj*ijl for jo < j < j1 and k‘jl =t +lj1 +1.
Thus the total contribution of (7.42) to v®) (y1) — v®)(51) — vP)(( — j)!) is

. i1 )

p]l_l J1 ) p]o_l A A

p—1 Z(P]—l)—pp_l =J1—Jo =1
J=jo+1

The quantity v®) (1) — v®)(j1) — v®)((y — j)!) is obtained by summing the contributions of all
the subsequences of the form (7.42), hence it is strictly positive, as desired.

a
More generally, consider a finite set of positive integers dy,...,d, such that > d; = ~.

(=1
For ¢ € {1,...,a}, let dy = dgo + pde1 + - -+ + p°dys, with dp; € {0,1,...,p — 1}, denote the
p-adic expansions of dy (again, we allow the s-tuple (d,ds1,-..,dss) to end in zeroes in order

to be able to compare tuples of different lengths). Then

| a
v (M) =0 if and only if ;dg,j <p forall j €{0,...,s}. (7.43)
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This is proved by induction on a, the case a = 2 having been treated above. This gives a helpful

necessary and sufficient condition for the equality v(C.,(j1,...,Jq)) = 0 which will be used in
the sequel. One consequence of the equivalent conditions stated in (7.43) is
dej <k;j forallle{l,...,a}and j€{0,...,s}. (7.44)

Below, we will be particularly interested in the following special cases of (7.38):
(1) 1f
v=p°u withp fu (7.45)
then (7.37) implies that p© | j.

(2) We have the following partial converse to (1): if v is as in (7.45) and j = p® then (7.38)
holds. Indeed, we have t, =1, t; = 0 for j # e and k. > 1. In this case

<7> _ <peu) ptu(ptu = 1) (pfu— 4 1)

J p° p°!

= u mod m,

since ppe;“”:f =1 mod m, for all j € {1,...,p*—1}.
This is the main situation in which Proposition 7.10 will be applied in this paper.
In the next Lemma, let jg,...,j: be as in the proof of Proposition 7.2.

Lemma 7.13. (1) The inequality in (7.19) is strict unless ji € I; maz-
(2) Let v; and b; be as in (7.31)-(7.32). Assume that jo =0, and

Jt € Ii,maw fO?" 1<t <gq. (746)
If
V(C%(jla'”7jq)) =0 (747)
then
pere | b, (7.48)

(3) Let the assumptions be as in (2) and assume, in addition, that b = p°t¢. Then (7.47)
holds if and only if ¢ = p® and j1 = --- = j; = b;.

Proof. (1) is immediate from definitions.
(2) Let {p,...,p*} C Iimaz With
e <cp << <y (7.49)

denote the set of distinct natural numbers appearing among {j1,...,jq} (cf. (7.46) and
Corollary 7.9). For 1 <j </, let a; = #{t € {1,...,q} | jt <p9};let ap = 0. Then

4
b= (aj —aj_1)p7. (7.50)

Jj=1

Assume that (7.47) holds. Apply Remark 7.12 (specifically, (7.44)), with a; —a;—; playing
the role of d;. By definition of e, we have p® | ~;, so the first e entries in the p-adic
expansion of v; are 0. By (7.44), the same must be true of each of a; — a;—1. In other
words,

p°la; forl<j<l{. (7.51)

(7.49)—(7.51) imply (7.48), as desired.
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(3) Assume, in addition, that b = pctéi.
“Only if”. From (7.49)—(7.51), we see that ¢ = 1 and a; = p°; the result follows immedi-
ately.

“If”. By assumptions, we have { = 1 = ¢ and a; = p°. By (7.16) and Remark 7.12 (2), we
have
. . Yi
Cy.(G1, -5 Jg) = Cy,(biy ..., b;) = (p@> =u mod m,
pe

and the result follows.

O
We can now finish the proof of Proposition 7.10.
By (7.20) and Lemma 7.13 (1), the inequality in (7.21) is strict unless jo = 0, and
jt € Ii,maz- (752)

By Lemma 7.13 (3), equality (7.47) holds, so we may apply Lemma 7.13 (2). By Lemma 7.13
(2), the first inequality in (7.22) is strict unless jo = 0 and p®™¢ | b. This proves (1) of the
Proposition.

(2) Assume that (7.33) holds. If b = p®*¢ by Lemma 7.13 (3) there is exactly one term
on the right hand side of (7.18) for which equality holds in (7.21), namely, the term with ¢ = p°

and j1 = -+ = jg = b;. If I; ax = {b;}, then by Lemma 7.13 (1) there is at most one term on
the right hand side of (7.18) for which equality holds in (7.21); if such a term exists, it is the
term with ¢ = b% and j; = --- = j, = bj. Moreover, this term satisfies equality in (7.21) if and

only if v(C(b;,...,b;)) =v ((b%z)) =v ((b/p3+ei)) = 0, where the second equality follows from
b/b;
Remark 7.12. In either case, there is at most one term on the right hand side of (7.18) for which
equality holds in (7.21), and there is exactly one such term if and only if v ((b/p2‘+ci)) = 0. This
proves (2).
(3) of the Proposition follows from (2) and (7.18). O

Let
vi = ko +pk1 + -+ p°ks,

with kg, ..., ks € {0,1,...,p—1}, denote the p-adic expansion of ;. Take integers s’ € {0, ..., s},
kK, €40, kg}. Let b= (ko +pky + - +p* kg1 +p¥k.)b;.

Corollary 7.14. For this b, equality holds in (7.2) for the monomial h = jfll The element
in; 8, Q1" is given by the formula (7.36).

Proof. Repeated application of Proposition 7.10 (2) and (3), first ko times with b replaced by 1,
then k; times with b replaced by p, and so on. O

S .

Let h = Y d;;Q! be an i-standard expansion. Let S; = S;(h), where the notation is

§=0

as in (3.42). Write in;h = ) iny (dMQg). Write b; = p%, as above. Let e be the greatest
JES;

non-negative integer such that for all j € S; we have p° | j.
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Proposition 7.15. (1) If equality holds in (7.2) then

ete;

P b. (7.53)

(2) Assume that
b= ptei, (7.54)

Then equality holds in (7.2). In particular, we have Oyh # 0.
(3) Assume that (7.54) holds. Let S? = {j € S; ’ p“tt does not divide j }. Then
iny, Gph = iny, ((i) di Q" (3@@@‘)”6) :
jeSs? P

Proof. (1), (2) and (3) of Proposition 7.15 follow, respectively, from (1), (2) and (3) of Propo-
sition 7.10. O

Corollary 7.16. In the notation of Proposition 7.15, assume that (7.54) holds. We have
he K [xpe*ei“} . (7.55)

Proof. Take b as in (7.54). Now the result follows from Proposition 7.15 (2). O
Let the notation be as in Proposition 7.15.
Proposition 7.17. Take an element j € S;. Write j = p®u, where
p fu if chark,=p>0.

Assume that
p | 4 forall i € S;, 5 < . (7.56)

Let u =ty +tip+ -+ tsp® be the p-adic expansion of u. Then

vi(9jp,h) = vi(h) — j(Bi — v(06,Qi)), (7.57)
in,, 0jp,h = H ty! | iny,dj; (inl,l.@biQi)j + terms involving in,, Q;. (7.58)
q=1

For every j' # j we have

vi(h) = vi@pw;h) _ vi(h) — vi(Ojp, )
7 = j

, (7.59)

and the inequality is strict whenever j' & S; or j' < j.
Proof. By (7.56) and Proposition 7.10 (1), terms of the form dj/,ng/ with

j €S ji <
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s y
satisfy strict inequality in (7.2) with b = jb;. Thus replacing h by > dj;Q] does not affect

any of the statements of the Proposition. Apply Proposition 7.15 repeatedly to 4+ t1 + -+ - + ts
times. By (2) of Proposition 7.15,

vi (9 (41401 ) ) = v (d3a@]) = 3(B; = (D, Q1)) (7.60)
and

vi(Ojp;h) = vi(h) — §(Bi — (0, Q:)); (7.61)

this proves (7.57). (7.58) follows from Proposition 7.15 (3), by induction on u. Finally, the last
statement of the Proposition follows from Proposition 7.15 (1) and (3), by induction on u. [J

Remark 7.18. Here is an alternative, more explicit explanation of (7.58). Take j' € {j,...,s}
and apply (7.18) to one of the monomials appearing in dj/,ng/ (we take v; = 7/ and b = jb;
in (7.18)), in order to decide which values of j/ and which decompositions jo + -+ + j; = b
contribute to in;0ph.

If either j' > j, ¢ # j, jo # 0 or j; # b; for some t € {1,..., 7} then, by definition of b;,
the corresponding term in (7.18) is either divisible by @Q; or has v;-value strictly greater than

” (dj,ng') — §(B; — v(,Q:)). This proves (7.58).

Let Y ¢giQ! denote the i-standard expansion of dj,,h. The above considerations prove
q

that cp; coincides with the coefficient of Q? in the i-standard expansion of d;; (O, Qi)j modulo
an element of higher v;-value. In particular, cp; # 0 and

v(co,i) = vi(co,)- (7.62)
We have
v(cos) = vi(@in,h) = vi (O, (435Q7) ) = vi (4:4Q0) = (B = V(D0 Q). (7.63)
Corollary 7.19. We have

vi(h) = min {vi(0j;h) +j(B; — (9, Qi))} (7.64)

0<j<

and the minimum in (7.64) is attained for all j € S;, satisfying (7.56).

8 Infinite sequences of key polynomials

In this section, we take an ordinal ¢ such that ¢+t € A and ayy; = 1 for all ¢ € N. Take an
element h € K[z]. Proposition 4.7 (1) implies that dy4+(h) stabilizes for ¢ sufficiently large. Let
d(h) denote this stable value of dy.(h). For a positive integer ¢ we have

6r+t(h) =0 = v(h) = vere(h) = pye+1(h) = 0.

Thus saying that v(h) = vy4¢(h) for all ¢ sufficiently large is equivalent to saying that dy.(h) =0
for all ¢ sufficiently large.
Assume that there exists h € K|x] such that

v(h) > vpe(h) forallteN (8.1)
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(in other words, §y1¢(h) > 0 for all t € N and ¢ +w € A); put h = Qg4 One of the three main
results of this section says that d(h) has the form p® for some e € Ny (in particular, §(h) = 1 if
char k, = 0). To prove this, we use differential operators and their properties derived in §7.

The second main result of this section is the statement that if either char k, = 0 or
p /[ d(h) then the sequences (B4¢),cy and (ve1¢(h)),cn are unbounded in o (this is precisely
the situation of Proposition 5.6 of subsection 5.2); in particular, the set Q. of key polynomials
is Tg-complete by Proposition 5.6. Finally, in Remark 8.7 we take £ = 1 and assume that a; = 1
for all t € N and that the sequence {f;}+en is unbounded in [y. We show that h € K [m‘s(h)].

Replacing ¢ by ¢ + t for a sufficiently large ¢, we may assume that dy4+(h) = §(h) for all
positive integers t. Below the ordinal ¢ will run over the set {¢ +¢ | ¢ € No}. By definition, for
all such ¢ we have

Qit1 = Qi + 2, (8.2)

where z; is a homogeneous @Q-free standard expansion of value f; (cf. Proposition 3.13). By
Proposition 3.14 (2), we have
deg, z; < deg, Q. (8.3)

Finally,
in,Q; = —inyz; (8.4)

by (5.14). As before, let
si
h=>_d;Q]
5=0

be an i-standard expansion of h for i > /¢, where each d;; is a @Qy-free i-standard expansion.
Note that since aypys = 1 for t € Ny, we have

i ¢
deg, Qi = [[ aj = [[ o = deg, Q
j=2

j=2
and so d L d "
€g, €g,
S’i — frd = Sy. 85
[degx Qz’] [degx Qe] ‘ (8.5)

Proposition 8.1. For each i of the formi=/0+1t, t € N, we have b;11 < b;.

Proof. Write Q;4+1 = Q; + z;, as above.

Lemma 8.2. For each b € N we have

/Bi - V(abzi) < Bi — V(aszl) ] (86)
b b;
If, in addition, b > b;, then
Bit1 — v(0pzi) < B - v (06, Qi) (8.7)
b b;
Proof. Let i denote the smallest ordinal such that
vi(z) =v(z) and vy(Opz;) = v(0p2:); (8.8)
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5,0 )
by Proposition 3.32 and (8.3), ' <i. Let z; = >_ ¢; #@Q) be an i’-standard expansion of z;. By
§=0

Lemma 7.4 we have

Bi — v(0h, Qi) - Bir — v(0h, Qi)

b, by . (8.9)
Combining (8.9) with (7.2), we obtain
2/ ;) — U ; W 8., I i g
Vi (Zz) v (81721) < ﬁ V( b; Q ) < /6 V(asz ), (810)
b b b;
which gives the inequality (8.6). If b > b;, (8.7) follows immediately by adding the inequality
/BiJﬁ)*ﬁi < ﬁ¢+;;ﬁ¢ to (8.6). ]
Corollary 8.3. We have
u(@bizi) > V(alel) = V(abiQH_l). (8.11)
Proof. The inequality in (8.11) is a special case of (8.6) when b = b;. The equality in (8.11)
follows immediately from the inequality by the ultrametric triangle law. O

To prove Proposition 8.1, we argue by contradiction. Suppose that
bi+1 > b;. (812)
Letting b = b;+1 in Lemma 8.2, we obtain

/81'—0—1 - V(abi+1 Zl) < ﬁi+1 - V(aszl)

. 8.13
bit1 b; (8.13)
We have 5 5
bit1 b;
by definition of b;. Combining (8.14) with (8.12), we obtain
i1 — v(Ob, Qs i1 — V(0 Qi
bit1 bi
We can rewrite (8.13) and (8.15) as
. b;
i (3, Q1) (Dh 120} > Bt — o (B — v(35,Q0)). (3.16)
Since Oy, Qi+1 = Op,,, Qi + Ob,,, i, (8.16) shows that
bit1
V(abi+1 Qi+1) > /8i+1 - T (Bi+1 - V(aszl)) s
which contradicts the definition of b; 1. This completes the proof of Proposition 8.1. O

Corollary 8.4. Keep the above notation. Assume that biy1 = bj. Then Iit1 maz = {bit1}-
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Proof. Take an integer

b> bi+1 = b;. (817)
Then 5 5 5 5
i+1 — Di i+1 — Di
. 1
7 < 5, (8.18)
By definition of b;, we have
Bi — v(0pQ;) < Bi — V(abiQi)' (8.19)
b b;
Adding up (8.18) and (8.19) and using Corollary 8.3, we obtain
Bit1 — V(0 Qit1) - Bit1 — V(O Qi1)
b bit1 ’
50 b & I; {1 maz. This proves the Corollary. ]

Recall that §(h) denotes the stable value of dy4¢(h) for all sufficiently large integers t. Set
0 := d(h). Replacing ¢ by £ + t for a suitable integer ¢, we may assume that dy44(h) = 0 for all
t € N. Write § = p°u, where p fuif p > 1.

If char k, = 0, equations (5.3) and (4.10) imply that ds_; o # 0 and

~ . ds—1y
= v ., 2
g1 = Q¢ +in 3 dss (8.20)

)

If char k, = p > 0 then, according to Proposition 4.7 (2) and using the notation of (3.42), we
see that for ¢ = ¢+ t, t € Ny,

§—p® e Si(h) (8.21)
(in particular, ds_pe ; # 0) and
1
. inidé—pe i\ *°
2 = | ———— . 8.22
The equation (4.10) rewrites as
ingh = in,ds g} - (8.23)

Take ordinals 7 and ¢; such that £ < {1 < i < £+w. Next, we prove a comparison result showing
that the coefficient ds; agrees with dsy, modulo terms of sufficiently high value.

Proposition 8.5. Assume that
dit1(h) = d¢(h) = 6. (8.24)

We have

d57i = d(;,gl mod P (8.25)

V(dt;,zl )+mln{l/z; (h)—l/@l (h’)nBél _BZ} ’

Proof. By definitions, we have Q; = Q¢, + 2z¢, + - -+ + 2zi—1, where the z; are homogeneous ();-
free i-standard expansions. For simplicity, write z := 2y, + --- + 2;_1. We will compare the
¢1-standard expansion of h with the i-standard one. To this end, we substitute Q; = Q¢, + 2
into the i-standard expansion of h. We obtain

h= Z djQ] = Z dji(Qe, + 2. (8.26)
=0 =0
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6—1 .
First note that deg, Y dj; (Qe, + 2)’ < ddeg, Q;. Hence dsp, is completely determined by
=0

]7
dsirdst1y-- -5 ds; - Next, by (4.29) in the proof of Proposition 4.7 (3), for
0<j<s;—§6
the coefficient ds;; is a sum of terms of the form dj/ o, with j° > j 4 0 satisfying

1% (dj’,k,f1) = I/g1 (dj’,k,&) Z (]l — ] — 5)5@1 —+ v (dj/,fl) .

Hence
Ve <d6+j,iQ?+]) > vf(h), (8.27)

so for 0 < j < s; — ¢ the terms d5+j7iQ?+j in (8.26) contribute nothing to

dse, mod P (8.28)

(ve, (h) =8B, )+min{l’g+1 (h)—ve, (h),Bey —Be}"

Therefore, the only term on the left hand side of (8.26) that affects the element (8.28) is

dé,i(Qﬁl + 2)6'

We have 5

S\
ds;Q} = ds; Z (]) QZ 120

Jj=0

For j < 6, the coefficient of Q?l in the ¢;1-standard expansion of d(;ﬂ-zj contributes to dsg,. Let
us denote this coefficient by d;-. We have

and
ve(ds;) = v(ds;)-

By Lemma 3.43 (1), the quantity vy(ds;2?) is the minimum of the vy-values of the summands
appearing in the ¢;-standard expansion of d(g,izj . Thus

ve (ds2’) = v (dsi2’) < v (d; %1> '
Hence
v (@) = v (4Q) + 5 (Bus — Be) 2 v (d5327) +j (B, — o) = v (ds) + 2B, — 6

This shows that v(d}) > v(ds;) + 5 (Be, — Be) > v(dsi) + (Be, — Be), so for j > 0 the term d;QZl
does not affect the element (8.28). This completes the proof. O

Proposition 8.6. The integer ¢ is of the form & = p® for some e € Ny (in particular, 6 = 1
whenever char k, =0).

Proof. We give a proof by contradiction. Write
0 =p°v, wherep fv if char k, =p>0. (8.29)

Suppose that v > 1. By Proposition 8.1, the sequence {b;} is non-increasing with ¢ and hence
stabilizes for t sufficiently large. Let b, denote the stable value of b;. Write by, = p®. Let
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b= p°te= and g = dyh. By Proposition 4.7 (2), in;h has the form (4.10) for i = £ + ¢, as t runs
over Ny, in particular, S;(h) = {0, p®, 2p°, ..., vp°} and is independent of i. Thus p® is the same
as in Proposition 7.15. Hence h and b satisfy the hypotheses of Proposition 7.15. By Proposition
7.15 (3) and (4.10), g #Z 0 and, for ¢ sufficiently large, we have

inl/ig = in,/i (d(s,l (81)1'@1')[)6 (QZ + Zi)§—pe> .
In particular,
v(g) > v (d‘s’i (&”'Qi)pe) + 0Bt — PPyt =v (dd,z' (abiQi)pe) + (v — 1)Bese = v4i(g)

(here is where we are using v > 1). Now, h was defined as h = Qg+, in other words, h is
assumed to have minimal degree among all the polynomials satisfying v(h) > v;(h). This is a
contradiction. The Proposition is proved. O

Remark 8.7. Let the notation be as in Proposition 8.6. Assume, in addition, that the sequence
{Be+t} is unbounded in T'g. Then v(h) ¢ T.
Assume that char k, = char K,

{=1land oy =1 forallteN. (8.30)

In particular, by = 1 for all t € N and by = 1.
Let e, be the integer e of Proposition 8.6.
We have p®» = . We claim that

he K [:vé} ; (8.31)
in particular, for all strictly positive integers b’ < § we have
Oy h = 0. (8.32)

by Remark 7.1. We prove (8.31) by contradiction. Assume the contrary. Let €' denote the

greatest non-negative integer such that h € K [xpe ]; by assumption, ¢ < e,. Then h involves

at least one monomial z/ such that j is of the form j = up® where wu is not divisible by p. We
have deg, 8pe/h < deg, h, so there exists ty € N such that

vy (ape, h) —v (ape, h) : (8.33)

Take an integer t > tg. Let > cjthg denote the sum of all those monomials appearing in
Pt g

the t-standard expansion of h whose exponent j is not divisible by p¢t1. Note that by (8.30) we

have ¢;; € K for all pairs (j,t). By Remark 7.1, the operator ape, annihilates all the monomials

whose exponents are divisible by p¢+1. Thus

. j e
8pe/h = apel Z Cﬂ}tQi = Z Cj,t <pe,> Q'z P . (834)

L Pt f g

60



Formulas (8.33) and (8.34) imply that the ¢-standard expansion of h contains a monomial of the

form Cpe. th “ and that for each j with p¢'t1 [ 7 we have

Vt, (Cj’tQi) > v (C/pe/’the > .
Hence
v (cj,tQi) > v (de’t@?e > for all j with p¢ ! fjand j > pe. (8.35)

We obtain that for all ¢ sufficiently large the t-standard expansion of h contains a monomial

e’ e/ +1
of the form Cpe! ’th and all the other monomials not divisible by QY ™" have values strictly
greater than v <cpe/7th >

Then for all ¢ > ¢ we have v (CpeQ t) =v (cpe/, t,). Choosing t' sufficiently large, we obtain

!

v (Cpel7 t,Qf,e ) <v (C(WQ;S,), which contradicts the definition of §. This completes the proof of

(8.31) and (8.32).
In fact, by a similar argument this statement can be proved not only for A, but for any
polynomial satisfying the strict inequalities (8.1).

Remark 8.8. Keep the assumption that {8} is unbounded in Ty, as well as (8.30), but now
assume that char K = 0 and char k, = p > 0. By studying the coefficient of Qf‘l in the
t-standard expansion of h for different ¢, one can prove that 6 = p® = 1.

Remark 8.9. It was pointed out to us by the referee that the result of Remark 8.7 was generalized
in [3], Theorem 4.11. For every valued field (K,v) and every continuous family of iterated
augmentations on K[x] such that {8y;¢} is unbounded, all the limit key polynomials of the
family belong to K [x5b°°].

More precisely, Theorem 4.11 of [3] shows that m := Jbs, is the smallest positive integer
such that d0,,h # 0. In particular, if K is of characteristic zero, we have § = 1 [3], Corollary
4.12. This also generalizes the statement of Remark 8.8.

Proposition 8.10. Keep the notation and assumptions stated in the beginning of this section.
Assume that § = p® = 1 in the notation of (8.29) (this assumption holds automatically if
char k, = 0). Then the sequences

(vi(h)); (8.36)

and

(Bi); (8.37)

where i runs over the set {{+t | t € N}, are unbounded in T.

Proof. Proposition 4.7 (2) implies that v;(h) = §; + v(d1;) and that v(d; ;) is independent of 1.
Thus to show that the sequence (8.36) is unbounded in T it is sufficient to show that (8.37) is
unbounded in T.

Moreover, to prove that (8.37) is unbounded, it is sufficient to show that the set v(7T') itself
is unbounded in Ty (where T = {Q; +w | w € K[z],deg, (w) < a,}).

To prove the unboundedness of v(T"), we will start with the (not necessarily complete) set

of key polynomials Q11 and will define a new set of key polynomials Q1 U {Q£+t ’ te N}
with Qg+t € T and the sequence v <Q@+t) unbounded in T.
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First, let dj , € K [] denote a polynomial such that in,dj jinydy ¢ =1in Gy. According to
Lemma 2.6 we may choose dj , to be of degree strictly less than deg, @y = deg, Q/y;. We have
vy (d*l"g) =v (d*l"g) by Proposition 3.32, hence v; (die) =v (d*l"g) for all 4 > £ by Proposition
3.39 (2).

Indeed, by Lemma 3.47 applied with s = 2 the graded algebra G5, is closed under
multiplication. Hence iny(dj ,h) = ingdj jingh and 6;(dj ,h) =1 for all i of the form £+¢, ¢t € N.

Thus multiplying h by dj , does not change the problem in the sense that

v (dih) > v (djh)  for all i

(the new polynomial di ,I may no longer have minimal degree with respect to this property, but
we will not use the minimality of degree in the rest of the proof). Therefore we may assume
that
in,d; ; = in;d; ; = 1 for all ¢ of the form ¢ +¢, t € N. (8.38)
We will now construct polynomials Q@rt = Q¢+w; such that deg, wy < deg, Q¢ and the sequence
(V (Q~4+t>>t is strictly increasing and unbounded in fo.
We have degg, ingh = 6 =1, so

ingh = iny (Qe + do’g) . (8.39)

In view of (8.1), we have dp, # 0 and

v(Qr) < v (Qr+doy), (8.40)
hence
in, Q¢ = —in,do . (8.41)
We have Q¢ +doe € T. Put
wy = do e

and Qﬁ_}rl = @y + wi. From now till the end of the proof, for every object X pertaining to the
key polynomials @Q; let us use the notation X for the analogous object pertaining to the key
polynomials Q; that we are about to construct.

Let A denote the Z-subalgebra of K[z] generated by x and the finitely many coefficients
of the polynomial ()y. The ring A is noetherian. We have Qg+1 € A. Let

Se
h=3 die1Qp, (8.42)

J=0

be the (£ 4 1)-standard expansion with respect to QgH. Since 6 = 1, we have v (dMQZ) > By

whenever j > 1. Hence v (Jj,gHQ% +1> > B£+1 whenever j > 1. The expression (8.42) contains

the term Qe+1 (with coefficient equal to 1 modulo terms of strictly positive value).
Since the set v(T) does not have a maximal element, there exists i = ¢ + ¢, t € N, such
that B
I/z(h) = ﬁz > 5@+1 > ﬂg+1(h). (843)

Combining (8.43) with (8.1), we obtain v(h) > D41 (h).
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We now iterate the procedure with Qy replaced by Qgﬂ. Precisely, assume that wq, ..., w;
and Qg = Qv +wy € A, g € {1,...,t} are already constructed,

() > 41 (h) (8.44)

and 5g+t = J1,€+t = 1. By Proposition 4.7 (2), applied to the newly constructed set

Q1 U {QHq}qe{Lm,t}

of key polynomials, we have

ingyth = ing1Qpys + inydo ey (8.45)

Note that (8.44) and (8.45) imply that Ci[],ﬁ»t # 0. We now define
Wiyl = Wi + CiO,Ht

and Qi1 = Q¢+ wig1. We have Q411 € A. .

This completes the recursive construction. Notice that all the elements w; and Qg lie in
the noetherian ring A. Localizing A at the prime ideal A N M,,, we may further assume that A
is a local noetherian ring.

Lemma 8.11. Let p be a rank one valuation, centered in a local noetherian domain (R, M, k)
(that is, non-negative on R and strictly positive on M ). Let

& = p(R\ {0}) < T,
Then ® contains no infinite strictly increasing bounded sequences.
Proof. An infinite ascending sequence a; < ag < ... in ®, bounded above by an element g € @,

would give rise to an infinite descending chain of ideals in %, where Ig denotes the p-ideal of R

of value 8. Thus it is sufficient to prove that % has finite length.

Let € := p(M) = min(® \ {0}). Since p is of rank one, there exists n € N such that

B < ne. Then M"™ C Ig, so that there is a surjective map % —» %. Thus % has finite length,

as desired. ]
Coming back to the proof of the Proposition, let H = {a € A | v(a) ¢ To} and

M ={a€ A|v(a)>0}.

Applying Lemma 8.11 to the local noetherian ring I}LZ‘”M and using the fact that the sequence (;

is strictly increasing with 7, we obtain that {f;} is unbounded in Ty, as desired. O

Remark 8.12. Take a polynomial g € K|x] such that v,4.(g) < v(g) for all ¢t € N, not necessarily
of the smallest degree. Let ¢ := 0(g) denote the stable value of dyp4+(g) for ¢ € N sufficiently
large. Assume that p® = 1 in the notation of (8.29) (in other words, either char k, = 0 or
char k, =p >0and p [ J). For i = £+t with ¢ sufficiently large we have v;(g) = v(ds;) + 65
with v(ds;) independent of i. Thus v;(g) is unbounded in T.
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9 Limit key polynomials in the case of fields of positive (equi-)
characteristic

In this section, we assume that char k, = char K = p > 0. We assume that we have a set of
key polynomials {Q;}ica such that A contains at least one limit ordinal. Let £ 4+ w € A be a
limit ordinal. Assume that the sequence {v(Q4+) }1en is bounded in To. The main result of this
section, Proposition 9.2, says that the polynomial @, can be chosen in such a way that there
exist ig = +1tg € A, tg € N (so that ig+ = ¢ + w), such that the ig-standard expansion of Qg
is weakly affine.

Remark 9.1. If £ = 0 and deg, QQ; = 1 for all t € N, this result was proved by I. Kaplansky. In
Kaplansky’s terminology x is a limit of a pseudo-convergent sequence {p;}; of algebraic type in
K, and Q¢4 is a monic polynomial of minimal degree, not fixing the values of {p;}; (see [15],
Lemma 10, page 311). In the special case £ = 0 and deg, @Q; = 1 for all ¢ € N, the polynomial
Qo+ is an additive polynomial plus a constant. Kaplansky later called such polynomials “p-
polynomials”.

Let the notation be as in §5.2. Write § = p® with eg € N (we know that § is a power of p
by Proposition 8.6).

For a technical reason that will become apparent later, we will assume (without loss of
generality) that ¢ is not a limit ordinal.

Recall the definition of 3:

B =sup{v(Qu) | t €N}.

Proposition 9.2. The polynomial Q. can be chosen in such a way that there exists i €

§ .
{l + t}ien, such that the i-standard expansion Qui, = ¢jiQ! of Quiw is weakly affine and
7=0

monic of degree p® in Q;, with

B < pleOV(Quw) (9.1)

and

v(cji) = (p® —j) B  whenever j >0 and cj; # 0. (9.2)
Proof. Let f = Qg1 be a limit key polynomial; we have

v(f) > vepe(f) forallt e N. (9.3)

The idea is to gradually modify the polynomial f until we arrive at a limit key polynomial g
satisfying the conclusion of the Proposition.
Fori =40+t teN, let

1)
f=> Q] (9.4)
§=0
denote an i-standard expansion of f. By Proposition 5.3, the polynomial f is of degree d deg, Q.

In particular, we have as; = 1.
Choose ig > ¢ sufficiently large so that

Bio — aeBe—1 > 2p°° (B — Biy)- (9.5)
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Before plunging into technical details, let us try to informally outline the strategy of the proof.
Let (v,1) be the coordinate system on the plane where the Newton polygon A;(f) lives. Con-
clusion (9.2) of the Proposition says that for each monomial a;;Q?, j > 0, appearing in (9.4)
the pair (v(c;;), ) lies on the “critical line” v + I8 = p®[3. Assume that for a certain i > iy
the i-standard expansion (9.4) does not satisfy the conclusion of the Proposition. This means
that at least one of the monomials a;,Q}, j > 0, appearing in (9.4), has one of the following
properties:

(a) the point (v(aj;), ) lies strictly above the critical line v + I8 = p®j3

(b) the point (v(a;;),j) lies strictly below the critical line

(c) the point (v(aj;),7) lies on the critical line and j is not a power of p.

In general, momomials ang lying strictly above the critical line cannot be immediately
discarded, because they could give rise to monomials on or below the critical line in the (i + 1)-
standard expansion of f after the substitution @Q; = Q;+1 — z;. However, this problem does

not occur if v (aj,ng ) is sufficiently large, that is, if our monomial lies far enough above the

critical line (this fact, as well as the precise meaning of “sufficiently large”, is explained in the
Remark below). Such monomials are called i-superfluous. We define a monomial to be bad if it
is not i-superfluous and satisfies one the conditions (a)-(c) above. We analyze all three types of
bad monomials and show, after three lemmas, that all of the bad monomials disappear for some
i < { + w sufficiently large.

In the rest of the proof of the Proposition we will consider ordinals ¢ satisfying

L+ w > > 1.

Definition 9.3. Take an ordinal i, igp < ¢ < £+ w. A polynomial g € K|[x] is said to be
i-superfluous if

vi(g) > pB+ (p® —4) (B - B8;) - (9.6)

Let i’ be an ordinal such that i < i’ < £+ w. Take an integer j, 1 < j < p®. The monomial
aj Qg, is said to be i-superfluous if it is i-superfluous viewed as an element of K[z].

The set of all i-superfluous polynomials wil be denoted by SU P;.

Remark 9.4. A monomial a; ; Qg, is i-superfluous if and only if
v(aji) + jB > 2p% B — p™pBi. (9.7)

In particular,

Remark 9.5. Let 4,7’ be as above. Consider an i-superfluous monomial aMQz appearing in the
i-expansion of f. By Proposition 3.39 (2), we have vy (aj’ng> =v <aj7ng>. Hence

Vit (aj,ng) > 2p%B — pB; + jBi — jB > pB > p®By = vy (f). (9.9)
Then in; (f — aj,ng) = iny f and
Vs (f — aj,iQ?) <v (f — aj,iQ{) :

Thus replacing f by f — ang does not affect the condition (9.3); f — aj,ng is still a limit key
polynomial with index ¢ + w.
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For most of the proof of the Proposition we will work with non-superfluous monomials.
At the end of the proof we will modify the polynomial f by subtracting all the superfluous
monomials from it.

Next, we will compare the @);-expansions of f for different .

Definition 9.6. Take an i > iy. Let
6 .
f = Zaj,ng (910)
§=0

be the Q;-expansion of f and let ajyng be a monomial appearing in this expansion. We say that
;@7 is bad if it is not i-superfluous and at least one of the following three conditions holds:

(1)

v(aj;) < (P —j)B (9.11)
(2) j is not a power of p

3)

v(ajq) > (p*° — j)B. (9.12)

In view of Remark 9.5, to arrive at an i-standard expansion (9.10) satisfying the conclusion
of Proposition 9.2 it is sufficient to show that it contains no bad monomials, in which case, after
subtracting all the i-superfluous monomials from f, there will be nothing more to do.

Take i > i9. Assume that the Q;-expansion of f contains at least one bad monomial. Let
j(i) denote the greatest j € {1, ...,p —1} such that the monomial aj,ng is bad. Let j°(7) denote
the element j € {1,...,p® — 1} which minimizes the pair (v(a;;)+jB;, —j) in the lexicographical
ordering among all the elements of {1,...,p° — 1} such that the monomial aMQg is bad.

To finish the proof of Proposition 9.2, we will first prove the following three Lemmas.

Lemma 9.7. Assume that the Q;q1-expansion of f contains at least one bad monomial. We

have
Ji+1) < (i) (9.13)
and
Joi+1) < j°3). (9.14)
If j €{5(i),5°(i)} then
inl,aj7i+1 = in,,aj,i. (915)

Lemma 9.8. If j € {;j(i),j*(?)} then (9.11) does not hold.
Lemma 9.9. If j = j(i) then (9.12) holds.

After proving the three lemmas, we will show that increasing i either eliminates the last
bad monomial or strictly decreases j(i). At that point the proof of Proposition 9.2 will be
finished by induction on j(i).

Before embarking on the proofs, we make a general remark on comparing the );- and the
Q;+1-expansions of f that will be used in these proofs.
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Remark 9.10. We want to compare the ;- and the Q;;1-expansions of f. To do that, write

5
f= Z aj i (Qit1 — z) (9.16)

/=0

Consider an integer j/ of the form j' = p¢, e € {1,...,eg — 1}. Then

’
e

’
! €
aji(Qir1 — z) = Q) — ayiz - (9.17)

’

In general, the right hand side of (9.17) need not be a Q;ji-expansion, since deg, ajr ;2! ‘

may be quite large, even as large or larger than deg, inl.

aj i (Qit1 — 2;)P° is obtained from it by Euclidean division by Q; 1, as follows. Write

However, the Q;;1-expansion of

e 3’
aj iz, = Qiv19+r <%‘/,¢Zi >

with deg, r <aj/,izf,) < deg, Qit+1 (here r (aj/’izg/) is the remainder of the Euclidean division

of aj/,izfl by Qi+1). By Lemma 3.47 and Corollary 3.42 we have

’ / /
A 7 R p°
Vyp_1 <aj/’,-zi > =V <aj/77;22» ) = Vi+1 <aj/7izi y

Vit1(Qit19) — v (aj/,izfe ) > Bit1 — aBe1. (9.18)

and

Hence vj41(Qi+19) — (Bi+1 — wBe—1) > v <aj',izf ) > p®B;. Thus Q7 —r <aj/,z'zf > is a Qiy1-

expansion and v; 1 (ajfyiz{/ -7 (ajlyiz{j) > p® B+ (Bit1 — agfe—1), and hence, using (9.5), we
have 3 3
ajxyizg -r (aj/J‘ZZJ ) € SUP;1. (919)

Exactly the same analysis can be carried out for every 5’ € {1,...,p? 1}, regardless of whether

j' is a power of p, but the notation is simpler in the p-power case which is enough for our

purposes.
Notation. For j € {0,...,J — 1} write
Supji(f) ={se{j+1,...,0}} | as;Qj is i-superfluous }

and

Proof of Lemma 9.7. Let j = j(i). Since j is the greatest element of NSy ; satisfying one of the
conditions (1)—(3) of Definition 9.6, every j' € N'S;; is a power of p and satisfies

v(ag ;) = (p™ —j)B. (9.20)

We want to analyze the monomial am-HQg 41 in the Q;y1-expansion of f.
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Now, terms in (9.16) with j' < j or j' € Supj ; do not affect either in,,a] i+1 or inyaj,;. We
claim that the same is true of the terms with j* € N.S;;. Indeed, take a j eEN SJ i- As explained
in the beginning of the proof of this Lemma, j’ is a power of p. Write j' = p°

By Remark 9.10 (specifically, (9.18)), (9.5) and the fact that aNQZ is not i-superfluous,

all the monomials dQ3,,, s > 0, appearing in the Q;1-expansion of ajgizfe satisfy
v (dQiy1) > v(aji) + Bit1

In particular, if such a monomial is of the form ngH, with deg, d < @;+1, we have v(d) > v(a;;).
This proves that (9.15) holds for j = j(4).

The fact that all the new monomials with strictly positive exponents arising from the
Euclidean division of

’

pe .7 .
a; iz; J >

are (i + 1)-superfluous also shows that no bad monomials aj”,iJrlQ‘gL with j” > j appear in the
Qi+1-expansion of f. This proves (9.13).

The proof of the Lemma in the case j = j*(4) is very similar to that of j = j(i), except for
the following minor change. We can no longer assert that j’ is a power of p. On the other hand,
j' satisfies v(aj ;) + 7'6; > v;(f), which allows us to use similar arguments as in the j = j(1)
case. This completes the proof of Lemma 9.7. O

Proof of Lemma 9.8. We argue by contradiction. Suppose that j = j(i) and that (9.11) holds
for this j. (9.11) can be rewritten as v(a;;) + j8 < p® . Combining this with (9.15) we obtain
that (9.11) holds with ¢ replaced by ¢ + 1 and

v(ajit1) + 38 < 2p°B — p*Bita, (9.21)

so the monomial am-HQgH is also bad and j(i + 1) = j(4) in view of (9.13). By induction on
i’ > i we see that j(i') is independent of i, so the Q;-expansion of f contains a monomial a; @,
with '

v (aj,i’le> = v(aji) + 7B = v(aj:) + jBir < v(aj:) + jp.

Then p® B = vy (fy) < v(aj;) + jB < p®p for all i’ > i, where the equality holds because
pP=46¢€ Sy(f)

Therefore the least upper bound of {3;' }i<i’ <+ is bounded above by p%o(u(aj,i) +jf3) and hence

is strictly less than 3. This contradicts the definition of 3.
The proof in the case j = 7°(7) is similar to that with j = j(¢) and we omit it. O

Proof of Lemma 9.9. We argue by contradiction. Assume that j = j(i) and that (9.12) does
not hold. In view of Lemma 9.8 this implies that

W(aji) + 3B = pB. (9.22)
Then, by definition of j(7), j is not a power of p. Write j = p°u, v > 2 and p } u, and
Qi+1 = Qi + 2.
Lemma 9.8, applied to j*®(i), implies that

v(aj ;) + 38> p°B for all j/ € {1,...,p}. (9.23)
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Let b = p®bo. Arguing as in the proof of Lemma 9.7, we can show that j(i) and v(a;;) remain
unchanged as ¢ increases. Moreover, after suitably increasing ¢ and ¢, we may assume that
by = b; = b (by Proposition 8.1) and deg, Q; = deg, Q;. Let us denote the common value of
deg, Q¢ and deg, Q); by . By Corollary 8.4 there is at most one value of ¢ = ¢ +t¢, t € N, for
which #1; ;e > 1. Hence, increasing ¢ and i, we may assume, in addition, that

It maz = {boo}  for all i’ > £. (9.24)
Finally, increasing ¢ and i again, if necessary, and using (9.24), we may assume that

Bi — B¢ > 0boo(B — ;). (9.25)

We continue to use the notation of (9.10) for the i-expansion of f;.
For each polynomial a with
deg, a < deg, Q; (9.26)

by Proposition 3.32 (applied separately to i and then to ¢ replaced by ¢ and using the fact that
neither ¢ nor i are limit ordinals), we have vy(a) = v;(a) = v(a). For each b’ € N and each 7/,
¢ <1 </{+w, we have

(@) = 1(0y) 2 vla) — 3 (Br — (3. Q) =
(@) (B~ D0 Qu)) + (B — ) > (9.27)
Sua) ~ (B~ (00 Q) + 20 (B~ )

by Proposition 7.2.
Remark 9.11. For ¢/ = ¢+, t' € N (the integer ¢’ is strictly positive here), we trivially have

V(0p Qi) = v (Qir) — (Br — v (0p. Qir)) - (9.28)
Combining this with (9.27), applied to a = zg + - - + zy_1 and b’ = b, we obtain
v(0p, Qi) = v(0p,_ Qr). (9.29)

In particular, the quantity v (0y,, Q1) is independent of ¢’ € N.
Remark 9.12. By (9.24), for all ¢/ > ¢ and all b’ € {1,...,b} \ {boo} We have

Bir — V(0 Qir) S Bir — V(ab'Qi')_

9.30
~ . (9.30)

Assume that 8 6.0 B Oy ) .

i — UV oo &’ i — UV (it

b B - < 57— (Bir — Be) (9.31)

boo b boo

Combining this with (9.27), applied to @ = zp + - - - 4+ zy_1, we obtain

V(0 Qir) = v(0y Q). (9.32)

In particular, the quantity v (9 Q) is the same for all those i’ that satisfy (9.31). In this way,
we have generalized Remark 9.11 from the case of the pair (bs,i’) to the case of every pair
(b, 1) satisfying (9.31).
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By Lemma 7.7, for all s,t' € N, letting i/ = £ + ', we have

q
O (asQp) = Y Cslin,--- 4@ " Osasy) [ [ (05.Q1) (9.33)
0<g¢<s t=1
Jot+ig=b
0<j1<<Jq

SO

q
Of = Z > (Cs(jl,...,]q) N HlathZ) (9.34)
t=

= 0<q¢<s
]0"1‘ +]q—b
0<j1<<Jq

Remark 9.13. (1) Consider an integer s € {1,...,j — 1} U Sup; ;. We have
v (%/%) <v (a5 Q) - (9.35)

Indeed, (9.35) holds for s € {1,...,j — 1} by (9.22)-(9.23), with i replaced by ', since By < f3.
It holds for s € Sup;; since, by (9.9) (with i replaced by ¢'), each -superfluous monomial has
value strictly greater than

peB>v (%’,z’/er) :

(2) By definition of j = j(i) = j(i'), every s € NS;(f) is of the form s = p¢. Since s > j, we
have
e >e.

By (7.12), we have Cs(j1,...,Jq) = O unless jo =0, ¢ = s = p¢ (in particular, s < b) and
== jq =

q
(3) By (1) and (2), for every non-zero term Cs(j1, - - -,jq)Qj * (8j0as,) 1] (0;,Qi) on the right
t=1
hand side of (9.34), at least one of the following three conditions holds:

(a)i (9.35)

(b)y s = p¢, where p¢ < p¢ < b and

o . b b
{]07]17"'7](1}: (071?7"'71?)
—_—

(c)ir jo > 0 (this condition holds whenever s = 0)
(d)y s =up® = j and

{jO?jl)' .. 7jq} = <07b007 .. 7boo>
—_————
pE
o0
Claim. There exists a strictly increasing infinite sequence (t,),ey C N and s € [ S, (where
=1

ir = i + t,) such that, for all » € N, the term Cj (b, ... ,boo)ajﬁing_pe (b, Qir)pe has strictly
N e r

smaller value than all the other terms in the sum on the right hand side of (9.34).
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Proof of Claim. We have Cj(beo, ... bso) = 47 = Y20 — 44 50 U(Cj(bos, - - - 1 boo)) = 0. Hence,
—_———— p=: : —_————
P p°
for all i’ of the form ¢/ =i +#, ¢ € N, we have

v { Cilboss - bt @ (00 Qu) | = v (0w @) ) = p° By —v(30.Q0)  (9:36)

pe

(recall that v (a;) and v (9, Qi) are independent of i’).
First, let us prove that all the terms on the right hand side of (9.34) satisfying (a)y or

(c)i have values strictly greater than v (a] Q] > € (B — v (b, Qir))-

Consider a non-zero term Cs(ji1,...,jq)Q@5 (8]()@3 i ) H (05,Qir) appearing on the right
t=1

hand side of (9.34). For all positive integers s and ¥/, we have

v (O Qi) > v (Q)) — — (B — v (06, Qi) - (9.37)

by Proposition 7.2 (1). Combining this with (9.27), we obtain
q
v < ajoam H 8JtQZ > (s—q)Br +v (810%2 ) + ZV (athi’) >
t=1 t=1

v (@s0@0) — 2By — v Qi)) + 2B — B = S (B — (B Qu)) = (938)

OO bOO t—=1 bOO

= v (as#Q5) — p°(Bir — v(9p Qi) + b 22 (B — Be).
If (9.35) holds, we obtain
q .
v < 8]0%, H (05,Qi) ) > y; (@ﬁ@%) = (B — v (Op, Qi) - (9-39)
t=1

If (c); is satisfied, that is, jo > 0, (9.39) holds again. This shows that in order to prove the
Claim it is sufficient to restrict attention to the terms on the right hand side of (9.34) satisfying
(b

Next, choose a strictly increasing sequence (¢, ),en C N such that for each s € {j+1,...,d}
one of the following conditions holds for all » € N:

(1) s € S}, and (9.31) holds with ¢ =i,

(2) either s € Sup;;, or (9.31) does not hold with ¢ = i,

We obtain a decomposition {j + 1,...,d} = Ji [ J2, where (1) holds for s € J; and (2)
holds for s € Jy. We have j € Jy; in particular, J; # (). The set J5 is non-empty since it contains
all the non-powers of p in the set {j +1,...,0}.

We will now show that for s € Jy and r > 0 the strict inequality (9.39) holds with
i' = i,. For s € Supj;, this has already been shown (and does not require r to be large).
Assume that s € S;; and (9.31) does not hold with ¢/ = 4,. Consider a non-zero term

q
Cs(j1s- -+, J0)Q; 1 (9jpasyi,) 1 (95,Qs,) appearing on the right hand side of (9.34). This term
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satisfies condition (b); . (in particular, it is the uniqe term with the given s). Using the notation
of (b);,, we have

e/

p
v | asg, <8b/QiT> =v(as;)+p°v <ab,Qir> =
p€ p€

(9.40)
=V (as ir ) <5@T <8b/ Q1T>> .
Further, by (9.22) and (9.23), applied to i, instead of i, we have
v (470,Q) = v (a0, @3) < (5= 3)(B - B,) < 58— By). (9.41)
Combining (9.25), the negation of (9.31) and (9.40)—(9.41), we obtain
e
ol (00,00 ) ) 2 (@0@0) -6 - (0@ +5° 5~ 60 2
(9.42)

> v (a0,@Q)) = P (Bi, = 1(04,.Q0)) + 1 (i, — B0) = 0b (B — B:,) >
> v (050, @)) = 9 (Bi, — v Qi) = v (Q1 34, (00 Q0, ")

This shows that to prove the Claim it is sufficient to restrict attention to the terms
q

Cs(g1, -+ 40)Q;. * (9j50s.4,) H (05,Qi,) appearing on the right hand side of (9.34) such that
1

s € Jj. =
Consider one such term. It must satisfy condition (b);,, so it is completely determined

E/

p
by s and we can write it as a;, <8bQir> . By (9.31), Remark 9.12 applies to 0 » Q;,, in
pe' 7

pe
/
e

P
other words, v (8 b Qi,«) does not depend on r € N. Therefore, v | a;, (6 b Qir> is
pe’ pe’

independent of r.
We will use the formulae (9.40) and (9.41) which are valid for all s € {0,...,d}. Let us
take the limit as r tends to oo separately of each summand on the right hand side of (9.40). By

(9.41), we have lim v (aj i Q! ) < hm v (as,:, Q3 ). Applying (9.30) with i’ = i, for each r € N
T—00

and passing to the limit as r goes to 1nﬁn1ty, we obtain
lim p° (8, — v (95 Qi) > lim p© (5@ —v (81, Qu)) :
T—00 T—00 pef

Thus

/
e

p
v asg, ( hm v | asg, (81;/Qir> =
pE

o)’
= lim < (a5, Q3,) — (B“ —v <61)Z,Qir>>> > (9.43)
Q]

> lim (1/ (a] i ) p°(Bi, — v(0Obs Qir))) = lim v (Qf:peaj,ir (3booQu)pe) -

r—00

72



E/

p y € €
Since v | as;, <8b/Q,~T> is independent of r and v (Qg:p aji, (Opy, Qi )? ) is a strictly
pe

!
e

p

. . . . y __mE €

increasing linear function of r, we have v | a;, <8b, Qir> > v (Qgr P aji, (O Qi)¥ ) for
pE

all » € N.
This completes the proof of the Claim.

By the Claim, for all € N we have v(dyf) = v (Qg';peaj,ir (D Qir)pﬁ) with the left hand

side independent of r and the right hand side — a strictly increasing linear function of r, which
gives the desired contradiction. This completes the proof of Lemma 9.9. ]

Let j = j(i). By Lemma 9.9 the inequality (9.12) holds for j.

By Lemma 9.7 (cf. (9.15)), inya;; is independent of i > 4.

Since B — B; can be made arbitrarily small as i — ig+ = £ + w, by (9.12), taking i,
sufficiently large, we can ensure that

v(aji)+ 38> 2p®B — pB;,. (9.44)

Take the smallest i1 satisfying (9.44). By the minimality of 71, Lemma 9.7 (specifically, (9.15))
and induction on 7', ¢ < i’ < i1, we see that the monomial ajyi/Qg, remains bad for i < i < iy
and that

14 (ajﬂ‘) =V (aj,il) . (945)

From (9.44)—(9.45) we obtain

v(aji)+ 38 > 2p°B — p B (9.46)
Thus the monomial ajﬂ'ngl is i1-superfluous. Therefore

j(i1) < j@@')  forall & <. (9.47)

Since the strict inequality (9.47) can occur for at most finitely many values of i1, there exists
i9 < £ 4+ w such that f containing no bad monomials. Let Qg1 be equal to f minus the sum of
all the ig-superfluous monomials of f. Now, Q1 is monic of degree p®°@; and satisfies (9.1). It
contains no ig-superfluous or bad monomials, hence it satisfies (9.2); in particular, it is weakly
affine. The polynomial @/, satisfies (9.3) and so is a limit key polynomial by Remark 9.5. This
completes the proof of Proposition 9.2. O

Remark 9.14. The property that the is-standard expansion of Q. is weakly affine is not
preserved when we pass from s to some other ordinal i + ¢, t € N. However, the above results
show that for all i of the form i =i+, t € Ny, Q4 is a sum of a weakly affine expansion
in @i all of whose monomials a;;Q7, for j > 0 lie on the critical line v(a;;) = (p® — 7B
and another 7/-standard expansion of degree strictly less than p®ay, all of whose monomials are

i'-superfluous.

References

[1] S. Abhyankar and T.T. Moh, Newton—Puiseuz expansion and generalized Tschirnhausen
transformation I, Reine Agew. Math. 260 (1973) 47-83

73



2]

3]

S. Abhyankar and T.T. Moh, Newton—Puiseux expansion and generalized Tschirnhausen
transformation II, Reine Agew. Math. 261 (1973) 29-54

M. Alberich-Carraminana, Alberto F. Boix, J. Fernandez, J. Guardia, E. Nart, J. Roé, Of
limit key polynomials, Illinois J. Math. 65, No.1 (2021), 201-229

V. Alexandru, N. Popescu and A. Zaharescu, Minimal pairs of definition of a residual
transcendental extension of a valuation, J. of Math. Kyoto Univ. 30 (1990), 207-225 MR
92b:12014

V. Alexandru, N. Popescu and A. Zaharescu, All valuations on K(X), J. of Math. Kyoto
Univ. 30 (1990), 281-296 MR 92c¢:12011

M.F. Atiyah and I.G. Macdonald, Introduction to Commutative Algebra (1969), Addison—
Wesley, Reading, MA

R. Brown, Valuations, primes and irreducibility in polynomial rings and rational function
fields, Trans. Amer. Math. Soc. 174 (1972), 451-488

R. Brown, Roots of Irreducible Polynomials in Tame Henselian Extension Fields, Comm.
Algebra 37 (2009), no. 7, 21692183

S.D. Cutkosky and H. Mourtada, Defect and Local Uniformization, arXiv:1711.02726

S.D. Cutkosky, H. Mourtada and B. Teissier, On the construction of valuations and gener-
ating sequences on hypersurface singularities, arXiv:1904.10702 [math.AG]

M. de Moraes and J. Novacoski, Limit key polynomials as p-polynomials, arXiv:2009.04349
[math.AC|

J. Decaup, W. Mahboub and M. Spivakovsky Abstract key polynomials and comparison
theorems with the key polynomials of Mac Lane — Vagquié, llinois J. Math. 62(1-4): 253-270
(2018)

M. dos Santos Barnabé, J. Novacoski Generating sequences and key polynomials,
arXiv:2007.12293 [math.AC]|

J. Herrera, M.A. Olalla, M. Spivakovsky, Valuations in algebraic field extensions, J. Algebra
312 (2007), no. 2, 1033-1074

I. Kaplansky, Mazimal Fields with valuations I, Duke Math. J. 9 (1942), 303—-321
S.K. Khanduja, On valuations of K (x), Proc. Edinburgh Math. Soc. 35 (1992), 419-426

S.K. Khanduja, N. Popescu and K.W. Roggenkamp, On minimal pairs and residually tran-
scendental extensions of valuations, Mathematika 49 (2002), no. 1-2, 93-106 (2004)

F.-V. Kuhlmann, Value groups, residue fields, and bad places of rational function fields,
Trans. Amer. Math. Soc. 356 (2004), 4559-4600

F.-V. Kuhlmann, Book on Valuation Theory, in preparation,
http://math.usask.ca/ fvk/bookch24.pdf

F.-V. Kuhlmann, I. Vlahu, The relative approximation degree in valued function fields,
Mathematische Zeitschrift, Volume 276 (2014), Issue 1, 203-235

74



[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]
[29]

[30]

[31]

32]

[33]

T.C. Kuo, Generalized Newton—Puiseuz theory and Hensel’s lemma in C[z, y]], Canadian
J. Math. 41 (1989) 1101-1116

T.C. Kuo, A simple algorithm for deciding primes in C[[z, y|], Canadian J. Math. 47 (1995)
801-816

M. Lejeune-Jalabert, Contributions a ’étude des singularités du point de vue du polygone
de Newton, Thése d’Etat, Université Paris 7 (1973)

S. MacLane, A construction for prime ideals as absolute values of an algebraic field, Duke
Math. J. 2 (1936) 492-510

S. MacLane, A construction for absolute values in polynomial rings, Transactions of the
AMS 40 (1936) 363-395

S. MacLane and O.F.G Schilling, Zero-dimensional branches of rank one on algebraic vari-
eties, Ann. of Math.40 (1939) 507-520

Moyls, B. N. The structure of valuations of the rational function field K (z) , Trans. Amer.
Math. Soc. 71, (1951) 102-112

E. Nart, Key polynomials over valued fields, Publ. Mat. 64 (2020), 195-232

E. Nart, MacLane-Vaquié chains of valuations on a polynomial ring, Pacific J. Math. 311-1
(2021), 165-195

J. Novacoski On MacLane-Vaquié key polynomials, Journal of Pure and Applied Algebra
225 (8):106644 (2021)

J. Novacoski and M. Spivakovsky, Reduction of local uniformization to the rank one case,
Valuation Theory in Interaction, EMS Series of Congress Reports, European Mathematical
Society, (2014) 404-431

J. Novacoski and M. Spivakovsky, On the local uniformization problem, Algebra, Logic and
Number Theory, Banach Center Publ. 108 (2016) 231-238

J. Novacoski and M. Spivakovsky, Key polynomials and pseudo-convergent sequences, Jour-
nal of Algebra 495 199-219 arXiv:1611.05679 (2018)

J.-C. San Saturnino, Théoréme de Kaplansky effectif et uniformisation locale des schémas
quasi-excellents, These de Doctorat, Institut de Mathé- matiques de Toulouse, July 2013

J.-C. San Saturnino, Defect of an extension, key polynomials and local uniformization,
preprint, arXiv:1412.7697, 2014

M. Vaquié, Famille admise associée a une wvaluation de Klz|, Singularités Franco-
Japonaises, Séminaires et Congres 10, Société Mathématique de France, Paris (2005), Actes
du colloque franco-japonais, juillet 2002, édité par Jean-Paul Brasselet et Tatsuo Suwa,
391-428

M. Vaquié, Algébre graduée associée a une valuation de K|x], Singularities in Geometry
and Topology 2004, Advanced Studies in Pure Mathematics 46 (2007), Actes du Troisiéme
Congres Franco-Japonais sur les Singularités en Géométrie et Topologie, Sapporo, Japon,
septembre 2004, édités par J.-P. Brasselet et T. Suwa, 259-271

75



[38] M. Vaquié, Extension d’'une valuation, Transactions of the American Mathematical Society
359 (2007), 34393481

[39] M. Vaquié, Famille admissible de valuations et défaut d’une extension, J. Algebra 311
(2007), no. 2, 859-876

76



