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UNIFORM A PRIORI ESTIMATES FOR ELLIPTIC PROBLEMS WITH
IMPEDANCE BOUNDARY CONDITIONS

T. CHAUMONT-FRELET, S. NICAISE, AND J. TOMEZYK

ABSTRACT. We derive stability estimates in H? for elliptic problems with impedance
boundary conditions that are uniform with respect to the impedance coefficient. Such
estimates are of importance to establish sharp error estimates for finite element discretiza-
tions of contact impedance and high-frequency Helmholtz problems. Though stability in
H? is easily obtained by employing a “bootstrap” argument and well-established result
for the corresponding Neumann problem, this strategy leads to a stability constant that
increases with the impedance coefficient. Here, we propose alternative proofs to derive
sharp and uniform stability constants for domains that are convex or smooth.

1. INTRODUCTION

In this paper, we consider the following elliptic problem with impedance boundary con-
ditions in a bounded domain 2 of R, n € {2,3}:

-V . (AVu) = f inQ,
(1.1) AVu-n+éu = 0 on I'pig,
u = 0 onI'p,
where f : Q0 — C is a given source term, and I'p;; and I'pigs are two disjoint open subsets
of the boundary I' := 02 of 2 such that I'p;, U I'pis = 0€2. In addition, I'piss is supposed

to be non-empty, the matrix-valued function A is supposed to be symmetric with real
coefficients, smooth enough (C%!(Q, R™ ")) and positive definite, i.e.,

XTA(x)X > ao| X|?, VX € R", x € Q,

and finally £ € W (T'pi) is a complex valued function (that for instance plays the role
of the angular frequency or the contact impedance according to the context) such that

(12) Ref Z 0 on FDissa
(1.3) Im¢& >0 on I'pigs or Im& < 0 on IM'pigs,
(14) ’§| 2 ¢y, ON FDissa
and finally

(1.5) |V|§|£| < ¢ on I'piss,
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for some two positive constants ¢, and c;.

Such a problem occur in different applications like complete electrode models [7, 10, 11,
14], singularly perturbed radiation problem [6, 16], embedding of a quantum mechanically
described structures into a macroscopic flow [12].

In addition, problem (1.1) with A = I,, and a purely imaginary complex number £ = iw,
namely

—Au = f inQ,
w
(16) Vu-n— VU = 0 on I'pig,
u = 0 onI'p,
was introduced in [8] (with ¥V = 1) in order to derive pre-asymptotic error estimates for
finite element discretizations of the standard Helmholtz problem

—%u —Au = f in (),
Vu-n— %U = 0 on 1ﬂDiss»
u = 0 onlp;.

In this case a uniform H? estimate (in w) is needed and is formulated as an assumption
in [8, Lemma 4.3]. This proof technique has been subsequently employed in later works
(3, 5, 17, 18], but without a rigorous proof for the aforementioned estimate.

As a result, one of our motivations is to show that indeed such a uniform estimate is
valid under realistic geometrical assumptions and for space dependent parameters V. In
this case, the (real-valued) function V corresponds to the wavespeed in the domain. For
the sake of simplicity, we focus on the case where V € C*(Q). Such a model is employed
in [15] for instance.

In most applications related to Helmholtz equation, the boundary I'p;, is imposed, and
represents an obstacle or the basis of a cavity. On the other hand, the boundary I'pj
is artificially designed to approximate the Summerfeld condition. For complete electrode
models, I'p;, is empty and ¢ is different from zero on the electrodes.

We finish this section with some notations used in the remainder of the paper. For a
bounded domain D, the usual norm and semi-norm of H*(D) (s > 0) are denoted by
| - |ls.0 and | - |s,p, respectively. Furthermore, the notation A < B (resp. A 2 B) means
the existence of a positive constant C; (resp. C3), which is independent of A, B and ¢
(but might depend on €2, ¢, and ¢;), such that A < C1B (resp. A > C3,B). The notation
A ~ B means that A < B and A 2 B hold simultaneously.

2. THE WEAK FORMULATION

Classically, assuming that f € L*((2), we recast (1.1) into the variational problem that
consists in looking for u € Hy_ () solution to

(2.1) B(u,v) = (f,v), Yve H{ (Q),
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where
B(u,v) = (§u,v)ry,.. + (AVu, V),
and
HE () ={ve H(Q):yv=0on I'p;},

~o being the trace operator from H'(Q) to Hz(81).
Under the previous assumption, the sesquilinear form B is coercive on H%D(Q) in the
sense that

1
(2.2) B(v,v)| 2 lvlliq +I1El2vIE,,, Vv € Hr,, (Q).
Indeed writting £ = o + iw, for v € Hp_ (), due to (1.2) and (1.3), we have

|B(v,v)[? = ( / AV - Vodz + |lozo)|2, )2+ [||w|zv]lL,, .
We then deduce that
1 1
Bu,o)? > ( / AVo - VodeP + |obolt, + lwlbollh,

Z (/f; AVU ° VU dx)2 + ”|§|%U||%DISS

1
2z lolia + lEl=vlt,,,.
Since we have supposed that [{] > ¢, and that I'pi is non-empty, we conclude that (2.2)

holds with the following Poincaré inequality (see for instance Theorem 3.3 of [1] with
p(v) = (1/Tpiss|) Jp, v(x) do(x), for all v € H'(Q), see also [13, Theorem 1]):

[olloo S e + [ollrp..-

Consequently by a variant of Lax-Milgram lemma (see [2, Theorem 2.1]), problem (2.1)
has a unique solution v € Hy__ () that satisfies

(2:3) lullvo + 111 *ullry,. < I1F]-

The aim of our work is to find sufficient conditions that guarantee the H? regularity of
the solution u € Hp_ () of (2.1) with

(2:4) ullz S (1£1]-

where we recall that here and below the constant is independent of £ for || large enough.
We finally mention that deriving (2.4) is not trivial, as the standard “bootstrap” argu-
ment fails. Looking at the boundary condition on I'pi, as a non-homogeneous Neumann
boundary condition
AVu-n = —&u on [Npi,

standard shift theorem yields the H*(2) regularity of u, under some regularity assumptions
on I'pis and I'p; since u belongs to H 1 2(I“Diss). With such an approach we obtain the
estimate

lullze S 1A+ [1€ully rypss
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and using (2.3) we conclude that
lullze < (1+ max [¢[2)] £
As a result, we obtain an estimate like (2.4) but with a constant depending on &.

3. THE CONVEX CASE

In this section we focus on the case of convex domains. Here, we make the additional
assumptions that I'p; = (), that A is a constant matrix and that £ is constant. Though
these hypothesis seem rather restrictive, we will employ a localization argument in Section
5, and show that they are only required in in some neighborhood of the non-smooth parts
of I'pigs (e.g. edges and corners). We start by making the assumption that A = I, is the
identity matrix. We will get back to the general case by a change of coordinates argument.
In the remaining of this section, we employ the notation £ = ¢ + iw, with o,w € R for the
(unique) value taken by the function &.

Theorem 3.1. Assume that Q is a convex domain with a C? boundary, that A = I,, that
Ipi = 0 and that € is constant. Then the solution u € Hf_ (Q) to (2.1) belongs to H*(2)
and satisfies (2.4), more precisely

(3.1) ul20 < [IF]-
Proof. uw € H'() can be seen as the solution of the inhomogeneous Neumann problem

—Au = f in €2,
Vu-n = —&u onl,

where T is the boundary of 2. Then, by Theorem 2.4.2.7 of [9], u belongs to H?(Q2) and
hence Vu belongs to H'(Q)". Consequently we can apply Theorem 3.1.1.1 of [9] to the
real (resp. imaginary) part V' (resp. W) of Vu (in other words, writting v = X + Y,
with X and Y real-valued, we have V = VX and W = VY) to get

JUAXP 418V P)de = (1XBq + Vo) = =2 [ (Vi VeVt W ValW) do
Q

r

_ / BV Vi) + BWr W) + (1 B)(V2 + W2) do,
I

where B is the second fundamental quadratic form of I' and tr B is its trace(see [9, p.
133-134] for more details). V;, = V -n is the normal component of V., Vo =V —(V -n)n
is its tangential component and similar notations hold for W. Due to the convexity of €2,
B is non positive (see [9, p. 141]), and therefore the second term of this right-hand side is
non negative. Therefore the previous identity implies that

/(|AX\2 LAY P)de — (1X2g+ [Yq) > —2/(VT Ve + W - VIV do.
Q T

But recalling that & = o + iw, the boundary condition is equivalent to
Vo=—0X+wY, W,=-wX—-0Yonl,
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and thus, we have
VTVn = —O'VTX + CUVTY, VTWn = —CL)VTX — O'VTY.
Recalling that Vi = VX and W = V7Y we may write

/(VT . VTVn + WT . VTWn) dO' = /OJ(VTX . VTY — VTY . VTX) dO'
r r
- /a(|VTX|2 VY ) do
r

= —/a(|VTX|2+|VTY|2)da
r
< 0.

This shows that

JUAXP +18Y P do — (XBq + Y Ee) 2 0
Q
and proves (3.1). O

In Theorem 3.1 we established (2.4) for smooth convex domains with an explicit constant
that is independent of the domain. In Theorem 3.2, we extend this result to general convex
domains. Following [9], the key idea is to regularize the boundary of the domain and employ
the uniform estimate of Theorem 3.1.

Theorem 3.2. Assume that Q) is a convex domain, that A = I,,, that T'p;, = 0 and that £
is constant. Then the solution v € Hf () to (2.1) belongs to H*(Q) and satisfies (2.4).

Proof. As in [9, p. 157], we approach Q by a sequence of bounded and convex domains
Q. m € N, with a C? boundary such that Q c Q,, for all m € N, and d(T',,,T') — 0 as
m — oo, where '), is the boundary of €2,,.

Then for all m € N, we consider u,, € H?(2,,) solution to

—Au,, = f in Q,,,
(3.2) {Vum~n+£um = 0 onl,,

where f is the extension of f by zero outside . Theorem 3.1 yields

(3.3) o, < [l = II£11-
We first check that
(3.4) Il < loPa. + / wdo Vo e HY(Q),

where here and below in the proof, the constant is independent of £ but also of m. For

that purpose, using Lemma 3.2.3.2 of [9] and its notation, in local coordinates (2*,y¥) in

the hypercube Vi, =V} x (=aF,aF), k=1,--- | K (common to all ,,), we may write

n’'n

v

v(zk,ys) = U(Zk, gpfn(zk)) +/ (‘%U(zk, s)ds,

©F, (2%)
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for any v € C~((Q,,). Note that, here and below, 0, = % is the partial derivative with
respect to y*, the dependency on k is omitted for shortness. Taking the square of this
identity and using Cauchy-Schwarz’s inequality, we get

or (%)

(2", ) S lo(*, ¢ (7)) +/ |Onv(=*, 5)|* ds.

—ak

Integrating this result in y* € (—a¥, ¢F (2*)) and in z* € V], one gets

WIE v S 10l6r,nv + 0 a,av
where the hidden constant is independent of m. Summing up this estimate on k, and using
a density argument, we arrive at
(3.5) [vllo.0. S lvllor,, +1vlig, Vo€ H (),

where O,, is a neighborhood of T, defined by O,, = UX (Q,, NV},). Hence defining
O = UE (2N V), we deduce that O C O,,.

By the compact embedding of H'(€2) into L?(2) and the use of a contradiction argument,
one easily shows that

00+ |wha Ywe HY Q).

Since any element v € H'(€,,) can be seen as an element of H'(Q), applying this estimate
to v and (3.5) and the fact that O C O,, to estimate this right-hand side, we deduce that

(3.6) lWlog < Ivllor,, + [vhe, Y€ H (Qn).
As for v € H'(€,,), we clearly have

lwlloo S [lw

[vllo.0n < [[vllog + lvllo.0m,
by (3.5) and (3.6), we conclude that

[0l S Nvllor,, +[vl10,,
and consequently (3.4) holds.
If we come back to (3.2), using its variational formulation, (3.3) and (3.4) one gets
(3.7) [umll2.0, S [flloe Vm €N,

Again as ) C §2,,, this estimate implies in particular that

[umllz0 S I1f

Hence owing to the compact embedding of H?(Q) into H*(f2), for all s < 2, we deduce
that there exists u € H?(2) such that, up to a subsequence still denoted by (), for
shortness, we have

0,0 VYm € N.

(3.8) Uy, — u weakly in H?(Q), as m — oo,
(3.9) Uy — u strongly in H*(Q2), as m — 00, Vs < 2,
and

(3.10) [ullz.o < [ fllog:
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It remains to show that w is the unique solution to (2.1). For that purpose, we fix an
arbitrary element v € C*(Q). As Q has a Lipschitz boundary (see [9, Corollary 1.2.3.3],
there exists an extension operator E from H'(Q) into H'(R") that is a linear, continuous
and such that Ev = v in Q. Furthermore by [9, p. 23], Ev belongs to H*(R"), for all
k € N, hence in particular it is C*.

Let us first show that

(3.11) Vi, - V(Ev)dr — / Vu-Voudz,
0

Qm

as m — oco. We may write

Vu,, - V(Ev)dr — / Vu-Voudz
Q

/ V(U —u) - Vodz + Vi, - V(Ev)dzx
0

Qm Qm\Q

IN

[um = ull allvlle + [l 0. [EvlL0,00

By (3.9), the first term of this right-hand side tends to zero as m goes to infinity, while by
(3.7), we have
|uml10., [ Ev[Lo.00 S [|flloelEvlie..\o-

As the measure of ,,, \ 2 tends to zero and Fv € C, this right-hand side tends to zero as
m goes to infinity, which leads to (3.11).
Let us secondly show that

(3.12) / umEvdam%/uvda,
m F

as m — oo. We can fix cut-off functions 0, € D(R"), k =1,--- , K such that the support
of ;. is included into V), and

K
Z@k: lonT"UT,,,
k=1

for m large enough, see [9, p. 162]. Consequently, for m large enough, we may write

K
(3.13) / u, Evdo,, = Z/ U0 Ev do,y,
m k=1 m

— Z/V/ Um (2, 08 (2))Ev(z, @ (2))0k(2, ©F, (2)V/1 + |V ok (2)|2 dz.

k

As u,, belongs to H*(,,), it is continuous in O, and we may write

o (2)

(2, 08(2)) — (2, 0 (2)) = / Ot (2, 5) ds,

ok (z)

which yields the splitting
U (2, 03(2)) = u(z, 0" (2)) + 11 (2) + 7,2 (2),
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where the remainders are defined by

rma(2) = um(z,¢"(2)) — ulz, 0" (2)),
oh(2)
Tma(2) = Onti (2, 8) ds.
o) = [ e

Similarly we can split up Ev(z, ¢F (2)) into

Ev(z,0p(2)) = v(2,9"(2)) + sm(2),

where

P (2)
Sm(2) = / OnEv(z,s)ds.
©*(2)

All together we can split up

um (2, om (2)) Bu(z, 0p(2)) = u(z, ¢ (2))u(z, 9" (2)) + ulz, 0" (2))5m(2)
T2 (2)0(2,0%(2)) + Ty (2)5m(2)
Tm2(2)0(2, 0% (2)) + T2 (2)5m(2),

= X+ Ry1+ Rpa+ Ris,

where

X = ulz,¢"(2)v(z,¢"(2))
2

Runi = u(z,¢"(2)
Rz = rmi(2)[v(z,¢"(2)) + sm(2)]
Rus = rma(2)[v(z, ¢ (2) + sm(2)],

These terms are now analyzed separately.
1. For X, as

X0,(z, 0% NV +|Vek (2)2 = X0u(2,0"(2)) /1 4 [V (2)]? a.e. in V},

Ok (2, 0k, (2))\/1 + |V @k (2)]? is uniformly bounded (in z and in m) and wv is integrable in
I', by Lebesgue’s convergence theorem we deduce that

(3.14) / (2,9 (2))0(z, 0 (2) Bz, o () V1 + [V k() P da
= | e @ e VI T VIR
as m — Q.

2. The first reminder R,,; is managed as follows, recalling that ¢, is bounded and that
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|V (2)] is uniformly bounded:

s = | [ Ruabhle. ch (D VIF VG d:
Vi
S /V [u(z, " () lsm(2)] dz| < Ilulloogllsmllvg-

k
This leads to
(3.15) i —0
as m — 0o, if we can prove that
(3.16) [$mllv; =0,

as m — oo. But, by Cauchy-Schwarz’s inequality we have
o (2)
) - @P ([ B ds | ds
o (2)
< " = enlleyy BVl o,
S e* = enlleeyyllvlli -

This leads to (3.16) as % converges uniformly to ©* in V/ (see again Lemma 3.2.3.2 of

[9])-

3. The second reminder is easily estimated by

IA

2
[[5mllvy y

RinpO(2, 0, (2))V/ 1+ [V gk, (2)]? dz

Vi

Ly = S Mlum = ulls.a(llsmllovy + [[0llor),

and we conclude that
(3.17) Ins — 0

as m — 00, owing to (3.9) and the Sobolev embedding theorem.
4. For the last reminder, we notice as before that

Irmallfy < 119" = @llooyy ltumli ving,,
and by (3.7) and (3.9) we deduce that
(3.18) [rmallvy; =0

as m — 0o. Consequently by Cauchy-Schwarz’s inequality one obtain

Im,3 =

/v/ Tma(2)(0(2,9"(2)) + 5 (2))00 (2, 5, (2)) V1 + [V gk, (2)[? dz

S lrmallvg(lolle + llsmllv),
and (3.18) and (3.16) lead to
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as m — 00.
In summary using the properties (3.14) to (3.19) into the identity (3.13), we arrive at

/umEvdam%Z/ u(z, o (2))v(z, ©F (2)0k(2, 0" (2)) V1 + |V *(2) |2 dz,

which is exactly (3.12).
In conclusion, starting from the variational formulation of (3.2) with the test-function
Ev:

Vu-V(Ev)de+¢ umEvdo, = / fvdzx,
Im

QWL

passing to the limit in m and using (3.11)-(3.12), one obtains

/Vu Vvdx+f/uvda—/fvd:p

Since this holds for all v € C*°(2), by density this identity remains valid for all v € H*(Q)
and consequently u is the unique solution of (2.1). The estimate (3.10) ends the proof. [

Corollary 3.3. Assume that Q is convex, that I'py, = 00 and that A and & are constant.
Then the solution w € Hp_ () to (2.1) belongs to H*(Q) and satisfies (2.4).

Proof. Let us consider a matrix 7' € R™*" such that
TTAT =1,

then by the change of variables # = T''x, and the change of unknown (%) = u(z), we
transform problem (2.1) into a similar one in 2 with A = I, and I'p;, = ). Since a linear

mapping preserves the convexity, €2 is convex. Hence we conclude by applying Theorem
3.2 to u and using the transformation back. O

4. THE SMOOTH CASE

In this section we show that Theorem 3.1 remains valid if the convexity assumption is
replaced by the assumption that the boundary is of class C*!, but with no control of the
constant in (3.1). Our proof is based on an adaptation of the so-called method of tangential
differential quotients of Nirenberg (see [9] for instance). Let us start with two technical
results, namely local H?2-regularity results: the first one concerns the case when I'pig is
flat. Let U = V NRY, where V is open domain of R". To simplify notation, we set

H}(U) = {u € H(U)|3Wa neighborhood of 9V \ {z,, = 0} such that u = 0 in W},
HY(U) = {u € H'(U)| such that u =0 on 9V \ {z, = 0}},
I'y =0V nd{z, =0}
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Lemma 4.1. Assume that u € H:(U) satisfies

-V - (AVu) = [ inU,
AVu-n+&u = 0 only,

where A € COY(U;R™™) is uniformly positive definite in U, d € C*(T'y;R) is a strictly
positive function and f € L*(U). Then u belongs to H*(U) and satisfies

[ulo. S Ay + lully + (1617l -

Proof. Let us first notice that the regularity u € H?(U) follows immediately from standard
shift property since £du belongs to H?2 (I'y). Now, we introduce the “differential quotients”
that we employ in the proof. Let (e;)j_, denote the canonical basis of R". For h € R*
and ¢ € {1,...,n — 1} we introduce the translation operator 7;; defined by (7;,¢)(z) =
@(x+he;) for a scalar or vectorial function ¢. In addition, we define the differential quotient
Djp as
1
Djno = ] (Tjn® — @)

The key properties of D, can be found, for instance, in [4, Section 9.6].

Since u € HY(U), we see that if |h| is small enough, 7;,u € HX(U), and therefore, the
function v = D; _,D;u € HY(U).

We recall that the variational formulation of (4.1) is

/ AVu - Vwdr + / Edutido = / fo Ywe HL(U).
U I'y U

We select w = v as a test function. Noticing that the adjoint operator of D, j, is D; _p, we
obtain

(41) / Dj7h(AVu) . VDj,hﬂdtT + Dj,h(fdu)Dmhuda = / ij7_hDj’hﬂdl’.
U U

I'v
Since for two functions ¢ and ¢, the discrete Leibniz rule D;j,(v¢) = (D;p)(Tj0¢) +
Y(D;n¢) holds, we get

/ D;n(AVu) - VD, uds = / (D;nA) (15, VW) - VD, tdx + / |A2V D, yul?de,
U U U

/ Dj,h(fdu)DMuda = / Dj,h(fd)(rmu)Dj,huda —+ fd‘Dj}hUPdO'.
Iy Iy

'y

Therefore the previous identity may be transformed into

(4.2) /|A5V(D]~,hu)|2d9§+/ &d|Djpul’do =
U FU

/fDL_hDj,hﬂdiE —/ ((D]’,hA)(Tj,hV’LL)) . VDj,hﬂd.’ﬂ—/ Dm(fd)(Tj,hu)Dj,huda.
U U

'y
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Lemma 2.2.2.2 of [9] shows that ||D; ||y < ||D;é||v for all ¢ € H(U), where here and
afterward, we use the notation

D; 0

J aa:j’

therefore, up to a subsequence D; ¢ converges strongly to D;¢ in L*(U). Since we already
know that u belongs to H?(U), this argument yields that D;,u converges strongly to D;u
in L*(U), and that D;;,Vu converges strongly to D;Vu in L*(U)"™ (up to a subsequence).
Hence, in the identity (4.2), taking the limit when A tends to 0 (up to a subsequence), we
have

(4.3) / |A>V Djul’de + [ &d|D;ul’do = / fD3udx
U U

Ty
- / (D, A)Vu - VDjids — / D;(¢d)uD;udo.
U Ty
Thus, taking the real part of (4.3), we have

/U|A%VDju|2da;+/F od|Djul*do < || flly || DFul|, + 1D;AVull,; || D5V ull,,
U

+ Re (/ (¢D;d + dDﬁ)qua)
'y
S (W7 + lully ) 197 Dully, + [llg12ally, [lig12Djull,,

| Re ( /F U dDjT(g)fumda)

(4.4) S (171l + lully o ) 19 Dyl + 12, €72 D5l

where we have used (1.5). On the other hand, by taking the imaginary part of (4.3), in
the same way as (4.4), we have

(45)  w / dID;uldo S (1f1ly + o) IV Dyully + 16172y, [l Dyully, -
U

Recalling that A is positive definite, that d > dy > 0 and that || ~ o + |w|, it follows
from (4.4) and (4.5) that

1D %ully + do [[1612Dyully,, < / AYODuPdr + [ {0+ ful)dDyuldo

'y

/ wd|Djul*do
Ty

< (If1ly + el o ) 19 Dl + €12l 1IEl2Djully,, -

§/|A;VDju|2da:+/ od|Djul*do +
U Ty
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By Young’s inequality we deduce that for all € > 0,
2
10,9 ul, + do €2 Dyulf?, < & (Il + lully ) 19 Dyull,

Ce 2 C 2
+ S gl + el

for some C' > 0 (independent of € > 0). Choosing ¢ > 0 small enough so that dy — % >0,
we have

Ce 2
|05 Vullgy < 1105V ullfy + (do — =) [[1€]"* Dy,

2
S (10l + el o ) 19 Dgully =+ [[1g 2],
Again by Young’s inequality, we arrive at
1DV ully S £l + lully o+ [[1€12ul],

which we may rewrite as

T S 1l + g + [Pl
j U
for (4,k) € {1,...,n}*\ {(n,n)}. Thus, it remains to show that
0?u
o2 € LQ(U)7

with a similar estimate. To do so, we observe that since —V - (AVu) = f, we have

0 ou 0 ou
—— (A, — ) = — [ A=—) € LA(U).
ox, ( Gxn> U , Z Oz, < jkaxk> (o)
(4.k)#(n,n)
Indeed, the right-hand-side only contains already estimated derivatives of u. We conclude

the proof since
0%u 1 ) ou 0A,,, Ou
= A - L*(Q).
022~ A, <0xn ( ”"axn) Bz, 8xn) €L

g

In the next lemma, we employ a change of coordinates to analyze the case of a C!
boundary I'pigs.

Corollary 4.2. Let Q be an open domain of R™ with a C*' boundary. For x € 09 and
R > 0 small enough, we consider V.= QN B(x, R) and I'y = 0Q N B(x, R) as well as the
space
HV)={ve H(V) | wu=0 on a neighborhood of OV \ T'y'}.
Assume that uw € HL(V') satisfies
-V . (AVu) f inV,
AVu-n+&éu = 0 only,
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where A € C%L(V ,R™ ™) is symmetric positive definite, and f € L*(Q). Then
[uloy S Ay + Ny + (1€l -

Proof. For R small enough, there exists a C'! diffeomorphism ® from an open set V5 of
R™ onto B(z, R), such that

AN P(VR) =2 (V) =U =R} NV.
Following [9, §2.2.2], u# = u o &~ satisfies
—V - (A#*Vu?) = f# in U,
AV u” -n 4+ FdFu® =0  on Iy,

with d# a strictly positive C™' function, A# positive definite in U, and % = £ o 1.
Hence, we can apply the previous lemma to this system and use a transformation back to
conclude. U

Theorem 4.3. If Q is a bounded domain with a C' boundary such that Tpy N piss = 0,
then the solution v € Hi_ (Q) of (2.1) belongs to H*(Q) and satisfies (2.4).

Proof. We take an open covering of Q = Uj<;<nV; with V; = B(x;, R;) N2 such that either
B(z;, R;) C Q or x; € 0. We take a partition of unity (7;)1<;<n related to this covering,

N p—
i.e,n €DV, foralll <i< Nand ) 1, =1on{ So, forall 1 <i< N, wemay write
i=1

B(u,nv) = /QAVU -V (m0)dx + " Eumvdo

:/AVu~((Vm)v+(Vﬁ)m)das+ Enuvdo
Q o0

= / AV (niu) - Vo + (Vn; - AVu)T — u(AVn; - Vo)de + [ Enuvdo.
Q 20

Moreover, Green’s formula yields
/ u(AVn; - Vu)dr = —/ V - (uAVn;)udx + / AVrn; - nuvdo
Q Q o9
= / V - (uAVn;)vdx + / (AVn; - n)uvdo,
Q Iy,

where we recall that I'y, = B(x;, R;) N 0. Hence, setting on I'y,, g = (AVn; - n)u, we
deduce that
B(niu,v) =<nif +V - (uAVn;) + Vi - AVu, v >y, + < g,v >r,, .
Now, we remark that there exists @; € H!(V;) N H?(V;) such that
(4.6) =0, AVU;-n=(AVn -n)u on 'y,



A PRIORI ESTIMATES FOR ELLIPTIC PROBLEMS WITH IMPEDANCE BC 15

with
(4.7) il S Nully,y, -
Indeed as —— € C11(99Q), this last problem is equivalent to
i = 0,0, = —2— on Ty
n'An '

Now fix a larger domain V; than V; with a C*! boundary that contains I'y,. Furthermore
let g be the extension of g by zero outside the support of g, Then Theorem 1.5.1.2 of [9]
ensures the existence of a function v; € H}(V;) N H?(V;) such that

AVuv,-n=g on 817“
with

g
n' An

[villy,7; S . S gl S lullyy, -

3.0Vi
Then, we fix a cut-off function ¢); such that v); = 1 on the support of g and that is zero in
a neighbourhood of dV; \ I'y,. We readily check that

U; = P,

satisfies the requested properties.
By Green’s formula, we see that

Vi Vi ov;

—/ —V~(AVﬂi)ﬁdac+/ gudo.
Vi Iy,

Then, by defining u; = n;u — @;, we notice that u; € H}F(Vi) verifies for all v € H(Q)

By, (u; v) = By, (niu,v) — By, (li;,v)
=< nif,v >y, + <V Vu,v >y, + < V- (uVn;), v >y,

+/ V-(AVﬁi)Ud.CE—/ gUd0+/ gudo
Vi Ty, Ty,

=< fi?v >V
with
By, (u,v) = / AVu - Vudzr + Euvdo,
Vi

Iy,

fi=nif+V-(uVn)+VnVu+V - (AVy,;) and
(4.8) 1 filly, SIIf

v Tl
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Now, we can apply Corollary 4.2 if x; € I'pi or Lemma 2.2.2.1 of [9] if z; € T'py; U £, to
obtain

(il S W filly, + lluillyy, + H|§|1/2“iHrVi
Sl + Ml g, + il + (1612l

S Il + el + 1612l

and

miulev < lwilav; + G2y, S Iy, + [lullyy, + H|€|1/2U||pvi -

This estimate and the triangle inequality lead to

N
lul2,0 < Z miuf2,0
i=1

s i (s

Sl + llully g + 1€ 2ull,
and we conclude with the help of (2.3). O

v+ el + (112l )

5. THE GENERAL CASE

We now consider the general case where the boundary of 2 is not necessarily convex
or globally ! or when I'p;, is empty or not. For the sake of simplicity, we focus on the
case A = I,, but similar results can be deduced for variable coefficients using the ideas
developed below.

In this section, we also assume that I'p;, and I'piss are piecewise O,

We also introduce two additional assumptions on I'pi and I'p;,. The first additional
assumption concerns some geometrical restrictions along the points where mixed boundary
conditions are imposed.

Assumption 1. ['p; is ﬂa_tin a neighbourhood of each connected component of I'pir NI biss-
Furthermore for all © € Tpi N Tpiss, there exists €, > 0 small enough and a CY' diffeo-
morphism @, from a neighborhood N, of 0 onto B(x,e;) of x such that I'pi = O (Tpy N
B(w,e,)) and F;;s = & Y(I'pis N B(x,¢e,)) are flat and the angle along I:D\ir N F/.;S is .
We then set W, = &1 (B(z,e,) N Q) that coincides with a hypercube near 0.

For the other points (recalling that I'pis and I'p, are open in R” 1), we require the next
geometrical constraints.

Assumption 2. For all x € I'pis U 'pyr, there exists e, > 0 small enough such that either
the boundary of B(z,e,) N Q is convex or the boundary of Q is C*' near B(z,e,) NT.
Furthermore in dimension 3, if x € I'piss and if B(x,e,) N Q is only convex, we assume
that B(x,e,) N piss is piecewise flat.
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Without loss of generality, in this last assumption we can always assume that B(z,&,) N
Ipi = 0 if x € Tpigs (resp. B(w,e) NIpis = 0 if © € Tpy).
Under these assumptions, we have as before the

Theorem 5.1. If Q) is a bounded domain such that Assumptions 1 and 2 hold and if
is contant on B(x,e,) for all x € T'piss such that B(x,e,) NQ is only convex. Then the
solution w € Hf (Q) of (2.1) with A = I,, belongs to H*(Q) and satisfies (2.4).

Proof. We start by fixing an adequate finite covering of the boundary of (2. First for all
x € T, we fix g, from Assumptions 1 and 2. This yields an open covering U,er(B(z,&,)NT)
of I'. Hence we can extract a finite covering

UL, (B(zi,e) NT)
of I with €; = €,,. Now we can fix a partition of unity (1;)%, such that the support of n;
is included into B(z;, ;) and
N
Z n; =1 on W,
i=1

where W is a neighborhood of I'. Without loss of generality, we can assume that n; = 1 in
a neighborhood of z; and that n; is radial, namely

ni(x) = ni(le — ;|), Vo € B(wy,€;).

For all i = 1,--- | N, we look at n;u as the solution to the following problem (compare
with (1.1))
—A(nu) = f; in V; := B(x;,&;) N,
V(nu) -n+&mnu) = uVn-n ondV;\ I'pi,
u = 0 on FDir N 8‘/17
where

fi=mif +2Vn; - Vu+uln;,
that belongs to L?(V;) with
I fi

v, < LI
owing to (2.3).
We distinguish four different cases:
1. if 7; € pis and B(w;,&;) N piss is C11, then we can apply Theorem 4.3 (see its
proof) to deduce that n;u belongs to H?(Q) with

(5.1) Imiullzv; < I fillve S WA

2. if z; € I'piss and B(z;,&;) N T'pigs is only convex but is piecewise flat, then we can
apply Theorem 3.2 because

(52) VTh -m =0 on FDiss N B(I‘l, &Ti).

In such a case, we still conclude that n;u belongs to H*(Q2) and satisfies (5.1).
On the contrary if B(z;,¢&;) N Ipigs is only piecewise C! (which is allowed only
in dimension 2 and is of interest when x; is a corner), we cannot directly apply
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Theorem 3.2 to n;u because it does not satisfy the homogeneous absorbing boundary
condition. But in view of the proof of Theorem 4.3, it suffices to find a lifting
a; € HY(V;) N H*(V;) satisfying (4.6) (with A = I,,) and (4.7). But in this case, we
can use Theorem 1.5.2.8 of [9], because (Vn; - n)u is zero near x;. With the help of
this lifting, we can apply Theorem 3.2 to n;u — %; and conclude as in the first item.

. if #; € Tpyy, then, as n;u belongs to H (B(x;,£)N$), by Theorem 2.2.2.3 or Theorem

3.2.1.2 of [9], we conclude that n;u belongs to H?*({2) and satisfies (5.1).

. if z; € I'pir N 'piss, then we first perform a change of variables

with & € N,, that transforms problem (2.1) in V; into a similar problem in W, but
with an operator with variable coefficients. Denote by u;(Z) = n;(x)u(z). Since the

angle along F/D; N F/D;S is we then perform an odd reflexion of 4; in W,, with

3
respect to I'p;;. Up to some rotations, we can assume that I'p;. is perpendicular to
the 2,-axis and that W,, is included into the half-plane z,, > 0. Then we denote
by
R, ={(&',&,) e R" : (&, |%,]) € W, },
and define O(u;) on R; as follows:
sy ) w(E 2,) if (¥, 2,) € W,,,
O:)(#', &) = { (&, —d,)  if (3, =) € Wy,

As usual, O(4;) belongs to H'(R;) and is solution of problem (2.1) in R; with an
operator with variable coefficients (but in C%!), a dissipative boundary condition

on its whole boundary and a datum O(f;). As R; is smooth near 0, by Theorem
4.3 we deduce that O(1u;) belongs to H?(R;) with

10(@) o,z S O lw, = 20 fillw, S |1
Restricting ourselves to W,,, we get
tillow,, < (£

Performing the transformation back, we deduce that n;u belongs to H?*(V;) and
satisfies (5.1).

v S

All together, we have shown that in all cases, n;u belongs to H?(2) and satisfies (5.1).
Consequently u belongs to H*(W) for one neighborhood W of T and summing (5.1) on 4,
one has

(5.3)

[ullzw S 11

For the regularity in the interior of €, we fix a cut-off function ¢ € D(Q2) such that

p=1o0n Q\W.

Then ©u can be seen as the solution of the Dirichlet problem in a smooth domain S
included into €2, its boundary being supposed to be included into the set where 1) = 0 with
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FDiss

FIGURE 1. Examples of domains with an obstacle satisfying Assumptions 1
and 2 with I'p;ss convex

a datum equal to
Yf +2VY - Vu+ ul.
Hence Yu belongs to H*(S) with
[Vulle,s S [[0f + 2V - Vu+ ulg|],
and consequently by (2.3)
(5.4) [pull2,s S II-
We conclude with estimates (5.3) and (5.4). O

Assumptions 1 and 2 are satisfied in a number of applications, as illustrated by Figures
1, 2 and 3. The first case depicted in Figure 1 (resp. 2) corresponds to the diffraction by an
obstacle O with a C*! boundary I'p;; where the artifical boundary I'pi is the boundary of
a parallelipiped (resp. a ball) R such that O C R. Hence the domain  of interest is R\ O,
with the above choice of I'p;, and I'pig. Since in this case they are disjoint, Assumption 1 is
irrelevant, while Assumption 2 is automatically satisfied. The second example illustrated
by Figure 3 concerns cavities builded up as follows: take a bounded domain D of R" with
a C'M! boundary or being convex and fix a hyperplane II for which D NI is not empty. If
H is one of the half space induced by II, the domain € is defined as DN H, I'p;, = 0DNH
and I'pis = [N D. By the regularity assumption made on 9D, Assumption 2 holds. In
order to guarantee Assumption 1 we need that that the boundary of D is C*! along the
edge IIN OD = I'pis N Ipir and that for all z € II N D, the interior angle between II and
the hyperplane tangent to 9D at w is less or equal to 7. The verification of the Assumption
1 is made in the next Lemma.

Lemma 5.2. For the family of cavities described here above, Assumption 1 holds.
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727777

FDLM

FIGURE 2. Examples of domains with an obstacle satisfying Assumptions 1
and 2 with I'pjss sSmooth

FDiss T
Diss
FDir
FDir
rDLss FDISS
Y Y Y Y Y YY)
FDir I‘Dir

FicUrE 3. Examples of cavities satisfying Assumptions 1 and 2

Proof. We start with the two-dimensional case, i.e., n = 2. Fix one point x € I'pijss N I'pyr,
then by assumption there exist a neighborhood V' of x and a local orthogonal coordinates
system (y1,y2) such that V' is a rectangle in this system, i.e.,

2

V=1](-a.q),

j=1

with a; > 0. Furthermore there exists a C*! mapping ¢ : (—ay,a;) — R such that
VD ={(y.y2) € Vivo < o(y1), 41 € (—ar, 1)},
VoD ={(y1,y2) € Viya = @(y1), y1 € (—ar,a1)}.

Furthermore, we can assume that the line II is the line y; = 0 and by our assumption we
then have

DﬂHﬂVC{(yl,y2)€R2:y1>O}.
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FIGURE 4. Exceptional cavity satisfying Theorem 5.1

Hence the change of variables

3)1 = Y1,

G2 = y2 — p(y1),
allows to map the line y; = 0 into the line y; = 0 and to flatten the curved boundary 9D
into the line o = 0. Furthermore the domain D NII NV will be mapped into W, that

coincides with the quater plane §; > 0,9, < 0 near (0,0). As ¢ is C1!, this change of
variables implies that the mapping

U (y1,y2) = (Y1, 92 — o(y1)),

is C'! and invertible because
det Jy (y) =1.

Hence its inverse ® is a C1! diffeomorphism, which proves that Assumption 1 holds.

The proof is fully similar in dimension 3. In that case, for £ € I'pis N i, We can
assume that there exists a local orthogonal coordinates system (y1,¥2,ys) such that 0D
is described near z by the curve y3 = ©(y1,%2) with a C*' mapping ¢, and 1T = y; = 0.
Hence the change of variables

?)1 = VY1,
Yo = Yo,
U3 = Y3 — oY1, ¥2),
allows to map the plane y; = 0 into the plane y; = 0 and to flatten the curved boundary

0D into the plane g3 = 0. The remainder of the proof being the same as in dimension 2,
we skip it. [l
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The cavity illustrated in Fig. 4 is not covered by our general framework, while Theorem
5.1 remains valid in this case since at each corner belonging I'p;, N 'pigs, two successive odd
reflexions along the Dirichlet faces allow to apply Theorem 4.3.
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