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WAVENUMBER EXPLICIT CONVERGENCE ANALYSIS FOR FINITE
ELEMENT DISCRETIZATIONS OF TIME-HARMONIC WAVE
PROPAGATION PROBLEMS WITH PERFECTLY MATCHED LAYERS

T. CHAUMONT-FRELET, D. GALLISTL, S. NICAISE, AND J. TOMEZYK

ABSTRACT. The first part of this paper is devoted to a wavenumber-explicit stability
analysis of a planar Helmholtz problem with a perfectly matched layer. We prove that,
for a model scattering problem, the H! norm of the solution is bounded by the right-
hand side, uniformly in the wavenumber k in the highly oscillatory regime. The second
part proposes two numerical discretizations: an hp finite element method and a multiscale
method based on local subspace correction. The stability result is used to relate the choice
of parameters in the numerical methods to the wavenumber. A priori error estimates are
shown and their sharpness is assessed in numerical experiments.

1. INTRODUCTION

Time harmonic acoustic scattering problems are often modelled through the Helmholtz
equation in full space subject to the Sommerfeld radiation condition [10]. The simulation
with finite elements requires truncation to a finite domain. An alternative to absorbing
boundary conditions, that classically replace the radiation condition in this case, is to in-
troduce a so-called Perfectly Matched Layer (PML) near the boundary, in which a fictitious
absorption coefficient avoids artificial reflections. This procedure was introduced in [2] and
thereafter studied in many contributions (see, e.g., [9] and the references therein).

The governing elliptic differential operator, the Helmholtz operator (A +4?), depends on
the wavenumber k. We are interested in the highly oscillatory regime, which corresponds
to large values of k. It is known that the finite element method (FEM) is not robust with
respect to that parameter [1]. This phenomenon is usually referred to as pollution effect.
It essentially states that a fixed number of grid points per wavelength is insufficient for
numerical stability, although it would provide a reasonable approximation. The design and
the analysis of numerical methods avoiding pollution has been an active area of numerical
analysis. The stability of the underlying partial differential equation (PDE) with respect
to k is crucial for the analysis of numerical methods. While there are extreme cases [4], in
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which the stability constant depends exponentially on k, for a couple of relevant settings
there are results on polynomial stability [12, 14, 17, 22, 24, 25, 28]

We mention two numerical methods that overcome the pollution effect and are relevant
to our work. In [23] it is shown that hp finite elements are pollution-free if the polynomial
degree is adequately coupled with k. A different approach based on fine-scale correction
techniques was proposed by [26]. It is based on low-order polynomials, but the diameter
of the support of the fine-scale corrections must grow logarithmically with k.

In this work we study hp finite elements and a multiscale method for a two-dimensional
Helmholtz setting with PML. We derive a stability result that shows that the solution
(measured in a scaled H! norm) is robustly bounded by the L? norm of the right-hand
side. The proof is based on the combination of a direct estimate obtained in the PML
region with a multiplier method (in the case of absorbing boundary conditions this last
procedure corresponds to the choice of an appropriate test function, see [22]).

The remaining parts of this paper are organized as follows. Section 2 states the PML set-
ting in polar coordinates. The main stability estimate is proven in Section 3. In Section 4
we study the comparison with a sponge layer, which leads to an appropriate expansion of
the solution. The numerical proposed discretizations are described in Section 5 and com-
putational experiments are given Section 6. We conclude with some remarks in Section 7.
Appendix A lists a couple of elementary but important properties of the PML functions
that we often refer to.

We finish this section with some notations used in the remainder of the paper. For a
bounded domain D, the usual norm and semi-norm of H*(D) (s > 0) are denoted by
| - ||s.0 and | - |s.p, respectively. For s = 0, we drop the index 0 for shortness. The space
of smooth functions with compact support in D is denoted by D(D). Furthermore, the
notation A < B (resp. A 2 B) means the existence of a positive constant Cy (resp. Cy),
which is independent of A, B as well as on the wavenumber k& and the mesh size h. such
that A < 1B (resp. A > (C3B). The notation A ~ B means that A < B and A 2 B hold
simultaneously.

2. THE SCATTERING PROBLEM WITH A POLAR PML

We consider the Helmholtz equation set in the outside of a smooth, star-shaped sound-
soft obstacle @ C R2. In order to approximate this problem with finite elements, it is
required to truncate the computational domain. Here, we propose to analyze the Helmholtz
equation when a Perfectly Matched Layer (PML) is employed.

Without losing generality, we select the coordinate system so that O is star-shaped
with respect to the origin. We introduce two positive numbers a < b such that O is
contained in B(0, a), the ball of R? centered at 0 with radius a, and we employ the notation
Qo = B(0,a)\ O. In addition, we assume that the computational domain € is convex and
contains B(0,b). We also introduce the notation I' = {|x| = a} = 9B(0,a). The geometric
setting is displayed in Figure 1. The relevant definitions and properties of the involved
functions are listed in Appendix A.



CONVERGENCE ANALYSIS FOR WAVE EQUATIONS WITH PML 3

F1GURE 1. Illustration of the geometric setting.

As usual we denote by (p,0) the polar coordinates centred at 0. According to [9, §3]
and using the notations from Appendix A, for an arbitrary real number k, we consider the
boundary value problem

- 10 ou 1 0%u 5
2.1 2 - — ——— = ddf in Q
(2.1) k‘ddu—i—pap (qpap)+qp2802 df in Q,
(2.2) u = 0 on 01,

where the datum f is supposed to be in L*(Q). As d = d = 1 in €, the problem reduces to
the Helmholtz equation in €y, the PML being situated in Q2 \ Q. Multiplying the partial
differential equation by ¢, we obtain the equivalent problem

~ 0 ou 1 0%u ~
2. Reu+ 22 (o2 )+ 228 - 2rinQ
(23) Y e (qp3p> T oo fm e
(2.4) u = 0 on 09.

The variational formulation of this problem is obtained by multiplying the partial differ-
ential equation by a test-function v € H}(Q) and by using formal integration by parts.
Hence we look for u € H} () solution of

ou 0 1 Ou v . .
2007 J 9909, T 2o 06 | duw =/2 HY(Q).
29 /Q{qapap(q”Hp?aeae}d“k /Qduvdﬂf | & fods, Yo € HY(©)

By Leibniz’s rule, this formulation is equivalent to

(2.6) br(u,v) = —/Qcpfz_)da:,Vv € Hy (),
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where the sesquilinear form b is defined by
oudv 1 0udv 0q Ou ~
b = S g0 — K*d?uv  dx,Vu,v € HY(Q).
r(u, v) /Q{q 6p6p+p28980+q6,08pv uv} x,Yu, v 0 ()
By Theorem 2 of [9], this problem has a unique solution for all real numbers k except

possibly a discrete set. For this exceptional discrete set, as we are in a Fredholm setting,
uniqueness of a solution is equivalent to existence and uniqueness.

3. THE STABILITY ESTIMATE
Let us start with the following definition.

Definition 3.1. We will say that system (2.6) satisfies the k-stability property if there
exists kg > 0 large enough such that for all k > ko and all f € L*(Q) any solution
u € HYQ) of (2.6) satisfies

(3.1) kllullo + lulie S [[flle;

for all k > k.

According to this definition, the k-stability property directly implies that for & > ko,
problem (2.6) is well-posed since the only solution u of problem (2.6) with f = 0 is zero.

Let us further remark that once we assume that the k-stability property holds, then the
best constant in the right-hand side of (3.1) is equivalent to 1. More precisely, we can
prove the next result.

Lemma 3.2. Assume that (3.1) holds for all k > ko > 0 and introduce
kllugllo + [usl.o

Copt(k) == sup :
FEL2(Q):f#0 /1o
where uy € Hg () is the unique solution of (2.6). Then one has
(3.2) Copt (k) ~ 1,k > ko.

Proof. The bound Cyp (k) S 1 being trivial since (3.1) is assumed, we only concentrate on
the converse estimate. For that purpose, fix a non zero real valued function x € D({2) that
vanishes in the PML region Qp,/r,. Then for all & > kg, define

u(x) = e*1y(x),¥x € Q,

where z; is the first component of x, that is considered as solution of (2.6) with f =
Au + k*u (as u is zero in the PML). Then direct calculations yield

1flle ~ [[Ax[le + kl[01xle;
and
Ellulle + [ulue ~ Ellxlle + [x]10-
Consequently as || x|lq > 0, we find

Fllullo + Juhe <
£ e ~
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which proves that Cyui (k) 2 1, for all k > k. O

Let us also notice that any solution u € Hj () of (2.6) satisfies
~ 10 ou 1 0%u dq Ou
3.3 Ed*u 4+ == — = —— in D'(Q
(3.3) qupap(qpap)erQaQQ f+qapap1n (€2),

which is equivalent to (2.3) in the distributional sense. As ¢ tends to 1 as k goes to infinity
(cf. Lemma A.2), we deduce that the system

190 3u n 1 0%u
p0p 8/) p? 00?
is strongly elliptic (uniformly in k) for k large enough. By elliptic regularity, we deduce

that, for k large enough, any solution u € HE(€) of (2.6) belongs to H?*(2) with the
estimate

(3-4) lulle < [1flle + &2 lulla.
Combined with (3.1), we obviously deduce that
(3.5) [ullz0 S Bl fllo;

for k large enough. Note finally that in such a case (3.3) holds strongly, i.e., as an equality
in L*(Q).

The goal of this section is to prove the k-stability property. This will be made in different
steps.

Lemma 3.3. For k large enough, we have

(3.6) /+ Ou’

P]\IL

5ol do [ awluPde S ki flllulla + 15 lapu follap
p QpuL

Proof. In (2.6), we take v = u and the imaginary part to obtain

2

ou

Ll

By Cauchy-Schwarz’s inequality, the fact that ¢ = d=11in Qy and Lemma A.3, we find

/ —Im ¢?
QpmL

By the identities (A.10) to (A.12), the previous estimate can be equivalently written

2vkpd’(p)
(3.7) /QPML {—k2+02<p)

+k‘21md2|u|2}da:—Im/deuda:+Im/ — —udz.

2
~ 1. 0u
+ K ImCl2|%6|2} dr S || fllellulle + + Ha lepar ltullopy, -

ou?

dp

- 1. 0u
+2k:a|u|2}d:c§||f||g||u||9+ ||a lepars lellopy -




6 T. CHAUMONT-FRELET, D. GALLISTL, S. NICAISE, AND J. TOMEZYK

Since ¢’ and o are positive in Qpyr,, in the left-hand side of this estimate, we can reduce
the integral over the first summand to Q},,,, namely

/ 2vkp5’(p) |Ou’
0ty B2+ 0%(0) | Op

By (A.6) and the fact that v tends to 1 as k tends to infinity, we conclude that (3.6) holds
for k large enough. U

. 1,0u
do [ akafuPde < lalell + F15 b lellors
QpmrL

Lemma 3.4. For k large enough, we have
(3.8) / Vul” de S R (lullg + | fllelullo S K ulld + 1F 116

Proof. In (2.6), we take v = u and the real part to obtain

ou|? 1 |9u
/Q{Req 8,0 % }da:
:kZ/Recp\uPd:L’— /d2fudx—Re @%ud
Q 8,08/)

By Cauchy-Schwarz’s inequality, the boundedness of d and ¢ for k large (see Lemma A.2)
and Lemma A.3, we obtain

/{Rq dul* 1 |du
Q

p a0
As ¢ tends to 1 as k tends to infinity (see Lemma A.2), for k large enough, we get

I

By Young’s inequality, we can absorb the last term of this right-hand side, namely

I

for some C' > 0 independent of k. Consequently we get

1
(1—2—1@)/9{
2
a5 10 -

which yields (3.8) for k large enough since |Vu|* = 5

1 0u
}dl‘ < kQHUHQ + HfHQHUHQ + - H 8 HQPMLHuHQPML

@2
dp

ou
00

1 0Ou
}dx S k2HuHQ + ”fHQHUHQ + - ”a ”QPMLH HQPML

@2
dp

ou
00

1  Ou
}d <Ck2||u||Q+C||f“QHUHQ+2k2||a_pH522+C2HUH?l‘

@2
dp

ou
00

} dr < CK?||ullg + Clfllellulle + C*[lullg,

In view of this Lemma, we see that the k-stability property will be proved if we can
estimate k|lul|q. Since Lemma 3.3 gives an estimate of this quantity in Q},,;, it remains



CONVERGENCE ANALYSIS FOR WAVE EQUATIONS WITH PML 7

to estimate it in Q\ QF,,,. This is made via a multiplier method. For the cut-off function
7 fixed in the Appendix A, let us introduce the multiplier

m(z) = zn(p),Vz € €,

the functions (depending only on the radial variable p)

o
(3.9) a=1n(¢—2Req’) + 2nq£,
9
72 2
(3.10) g =2+ oy <d )

as well as the expressions

(3.11) = /Q(q —q*)nlp )gz aap (pg—z> da,
(3.12) $, = /Q d - d?)n(p)pg—zudx.

With these notations, we can prove the following identity with multiplier:

Lemma 3.5. The next identity holds

(3.13) /Q< E2Blul® + pn' | =

10ul?
66

8u

) dm—l—/ |V - nl*z - ndo(z)
20

dqOou., Ou
=% —k*%; +2 2
k2% + Re/Q(derQ(9 o )npapd

Proof. For shortness, let us set f; = e f+ ng g“, then as already said before u satisfies

(3.3) or equivalently

b 10 (3u 1%
Rt o (P )+ g =

Multiplying this identity by m-Vu = np “ and integrating in Q (meaningful as u € H*(Q)),
we find

(3.14) K21, + KT+ Ju + Jrad + Jang = / fm,o— dz,
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0 ou\ OJu
Jra = / < ) a dx7
‘ 2\Qo 30 pap dp

7 / 10%u Ou
ang = — 5N dr,
! o\Qo P 96% " 9p

where we have set

I, = /u(m~Vﬂ)dm,
Qo

Jo = /Au(m-Vﬂ)dQ:.
Qo

We now transform these expressions by using some integrations by parts.
a) Transformation of I: As 7 is zero outside B(0,b), we have

27 b —
I:/ / dzunpz%dpd&
0 a ap

By integration by parts in p, we have

// dup?) wdpdf - /Fa|U|2d0(f’f)’

the boundary term being zero since n(b) = 0. By Leibniz’s rule, we deduce that

2
2dpdo
/ /ap np’ IU\ p
2
ci2np2—ﬂdpd9—/au2da x
// 5 [ aludota)

The second term of this right-hand side would be equal to —1 if d? would be real, hence
by introducing ¥;, we find that

(3.15) 2Rel = — Blul* dz + %1 — / alul*do(z).
\Qo r

b) Transformation of /,: By the Green formula, we have

2Rel, = 2Re/ u(m - Vu)dx
Qo

= m - V|u|* dx
Qo

- —/ dfuPdz+ [ m-njuldo().
Qo aQO
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Since u = 0 on 0O, we have
(3.16) 2Rel, = — [ Blu|*dz + / alul*do(z).
Q r

c) Transformation of J,,,: As before we have

2T b 92 —
0“u 0u
Jona = —n—dpd#,
g / . 002" 9p "

and by integration by parts in #, we find

27 b 2
ou 0°u
Jang = _\/0 i %naeap dpd9

2 _
ou 0%*u
= 2Re (% aeap) ’

Since

9
dp

du
o0

we then have

2w b 2
0 |Ou
2Re Jypg = — — |=| dpddb.
€ g /0 /a nap 89 4
By integration by parts in p, we deduce that
10u|? 10ul’
3.17 2Re J,, :/ P — dx+/a ——| do(x
( ) g Q% p 86 r p 86 ( )

d) Transformation of J,,4: As before we have

b9, Ou ou
= Z A 2pZ2 ) npes dpdd,
Jrad /0 /a 9 (q pap)rmap p

and an integration by parts in p yields
2

™ot du o ou ou
Jrad = — 2——( —)dd@—/a—dax
d /0 /aqpapap g, ) 4 irr (z)
2r  pb ) ou 2
= —/ /ffn p5,| dodd
0 a 4
™o, dud ( aa) Ou?
— Znp—— —dd@—/a—dax.
/0 /aqnpapap Pa,) Kirr (z)
This can be equivalently written as
2 b ou’ ou’
3.18 Jra :—K—/ / @1 | p— dpd@—/a —| do(x),
( ) ‘ 0 0 dp r |Op (=)

where we have set

21 b —
K = / / q277w8—w dpdf and w = p—.
o Jo dp dp
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Introducing 32, we see that

21 b —
K=%+ / / (j2nwa—w dpd®,
0 0 dp

hence integrating by parts in p in the second term of this right-hand side, we get

2
K = / / (7nw) w dpdf — /a p do(x)
2
= / / (@*n) [w|* dpdd — /

a_
This yields

Ju
2Re K =% — / / wzdpdﬁ / —| do(x
ap n) [wl Kivry (z)
Taking the real part of the identity (3.18), we conclude that
(3.19) 2Re J, ——E—/&p@zd:ﬁ—/a @Qdo(x)
' e o |0p r|dp '

e) Transformation of J,: By integration by parts, we have

Jo = /Au(m-Vﬂ)dw
Qo

= — [ Vu-V(m-Vu)dzr+ / Vu-n(m-Va)do(z) + Vu-n(m-Va)do(z),
Qo r 00

We recall that m = z in €. In addition, since v = 0 on dO, we also have Vu -t = 0 on
00O for the unit tangent vector t. It follows that
m-Vu=m-nVu-n+m-tVu-t=Viu-nx-n,
and
Vu-n(m-Va) = |Vu-n|*r - n,
on 00O. On the other hand, Rellich’s identity yields that
2Re [ Vu-V(m-Vu)= / |Vul?z-n = / |Vul?z - n + / |Vu - n|?z - n.

Qo 80 r 80

Recalling that m = x in y and Vu -t = 0 on 90, and using Rellich’s identity, we find that

(3.20) 2ReJ, = / |Vu-n]2x-n—/\Vu\%-n%—Q/Vu-n(m-Vﬂ)
00 r
ou

2
10u|?

= Vu-n|x- n+/ —/ ‘
/ao| | ap v |poo

Coming back to (3.14), taking the real part and using (3.15), (3.16), (3.17), (3.19) and
(3.20), we arrive at (3.13). O

The previous Lemmas allow to conclude the
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Theorem 3.6. System (2.6) satisfies the k-stability property.
Proof. We first look at the behavior of 5 as k is large. By Leibniz’s rule, we have
B = Bo+ pd*n,
with
o =20 + pdy

With this splitting, (3.13) implies that

2
(3.21)/Q <k2ﬁo|u|2—pn/ ) dx

S—E—i—szl—QRe/fmp@dm—/ap @
Q dp Q dp

Lou
p 00

2
dx — kz/ pd*n'|ul? dz.
Ot

PML

Since d2 tends to 1 as k goes to infinity and g—i = % tends to 0 as k goes to infinity, we
directly see that

(3.22) Re By > n, for k large enough.

Using this property, the boundedness of d and the fact that 7’ < 0 in (3.21), we find that

(3.23) B2 / nlul? do < 2]+ KIS + 1 llal Vallo
Q

2
—|—/ |a|p’@ dm—l—k2/ lu|? de,
Q dp Qb

L
for k£ large enough. Now by the definition of o and Lemmas A.2 and A.3, we have

[
Q pap

ou

2 2
dx+/<:2/ \u|2dx,§/ + K luf? | dx
Q+ Q;JVIL ap

PML
1 /
k QpmL

2

Ou dz.

ap

With the help of (3.6), we then obtain

/|04\ ’—au
0 P dp
1., 0u

Ju
5 kaHQHU”Q + ||a_p||QP]V1L||u||QPML + EHa_pHéPML'

2
dm—l—kQ/ lu|? dx

+
QPJ\/IL
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This estimate in (3.23) leads to

(3.24) k2/?7!U\2d93 S I+ FS ]+ [ fllel Vule
Q

ou 1 oOu
+k||f||QHUJHQ + ||a_p||QPML”uHQPML k” HQPML’

for k large enough.
It then remains to estimate || and k2|3
i) By the definition (3.12) and (A.16), it holds

0
k2|5 §4/ 52 |8 k612 | da.
QpmL 8p

Cauchy-Schwarz’s inequality and the boundedness of /2 then lead to

k2|2 ’ S H HQPMLHk01/2uHQP1v1L'

Using Young’s inequality (With an arbitrary A > 0) and (3.6) we infer

1 .
k2|5 < /\H HQPML + X/ Gk |u)?da
QppmL

8u
(3.25) >‘||_||QPML (k||f||a||u|\ﬂ+ 5= ||QPML||UHQPML>-

For the second term of this right-hand side using Young’s inequality we find
1, 0u

DA S _”_HQPML
1 ou?
+ —— o dx
5k\/E Qpmr 8p
Vk Jopy, |90 ’

for all § > 0. Using (3.7), the fact that v tends to 1 as k goes to infinity and the property
k> % valid for k large enough, we find

k2402
1 0Ou
DI En—pnﬂm
1 0Ou
+ 5\/—("]0”9“ HQ_'_k”a HQP]\/ILHUHQPML)
\/E Qpmr 8p2 ’
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for all 9 > 0 and for k large enough. For the last term of this right-hand side, using the
estimate (3.4), we arrive at

5 < 1., 0u

S _H_pHQpML

1., 0u
+ +=
6\/_(||fHQH ullo ||a e lltllapy:)

+ ﬁ(llfllé + K lullg)-

This estimate and (3.25) in (3.24)

R / llPde < |lfilalVale

1
+ kllfllnllUllnH! IIQPMLIIUIIQPML A+ DIVulg,,,

k 1 1 1 ., 0u

+ Tt = u + 5+ 35 ey U QpaL
(5 + 5o I llallula + 5 + =) 5 s [l

0 2 z 2
— + 0k2||ul|g,
I+ 0%

for k large enough.

Comparing this estimate with (3.6) and recalling that n = 1 in Q\ Q},,;, and (A.6) for
large k, we have shown that

¢ [P < c(nfluﬂuwna
Q

1
+ kaHQIIUHQH! HQPMLHUHQPML A+ DIVulg,,,

k 1 1 1 ., 0u

+ (_ 6\/—>HfHQH HQ + (/\ + 5k%)”a_pHQP]wLHu”QP1ML

+ 2+ k% ull3).

ﬁﬂflln

for k large enough and some positive constant C' independent of k. We now chose § > 0
so that

or equivalently
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With this choice we find

12 / wldr S |fllelVula
Q

ou
+ k(1 + )||f|!9||u||9 +(1+ )\)||apHQPMLHUHQPML

1
+ (A )HWHQPMLHI HQPMLHUHQPML 2/l

for k large enough. Recalling the definition of f; and Lemma A.3, we get

[fille S W flle + —IIVUIIQ,

and consequently

kz/ﬂlﬂlzdﬂf S I llelVulle + (A + )IIWIIQ

+ k(1+ )IIfHQIIU|IQ+(1+ )IIVUHQIIUHQHIJ”HQ
for k large enough. By Young’s inequahty, this estimate 1mphes that
k2/ﬁ\ﬂ|2d:c < _||fHQ+NHVU||Q+C()‘+ )HVUHQ
C

+ u_( )I|f||g+u1(1+ )k‘2|| [E!
C 1,
+ usz( )HVUHQJruz(H DF el + Cl

for k large enough, for any positive real numbers pu, 1y and py and a positive constant C'
independent of k (and g,y and pg). Choosing py = g = (4(1 + 1/X))~!, we find that

1 1 C 1
2 2 1 < - 12 2 “ Lo 2
¢ [l do < OO+ 21+ DA+ (n+ CA+ T 0+ 7)1Vl

for k large enough, for any positive real numbers i, A and a positive constant C' independent
of k, u, A\. At this stage we take advantage of (3.8) to obtain

1 1 C
k;2/]u|2dx<0<(1+ (1437 4+ O+ 2+ ) 11

i
2 1 2 2
+ (p+ CNF[Jullg + RO+ L) [lullg:

Choosing p = % and A = we find that

4C7
& / u? da < C|L I3 + Chlull3,
Q

for k large enough and a positive constant C' independent of k. As for k£ large enough
Ck < %2, we have proved that
kllullo S [[flla;
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for k large enough. Coming back to (3.8), we conclude that

[ 1vul dz <1712,
Q
for k large enough. O

4. COMPARISON WITH A SPONGE LAYER

The boundary value problem corresponding to a sponge layer consists in looking at
Usponge SOlUtion of

(41) Lspongeusponge = f in Q?
(4.2) Usponge = 0 on 0L,
where the operator Lgponge is defined by

N 10 ([ Ov 1 0%v N
Laponge? = Av + (k* + 2iGk)v = ,Za_p (p8_p> + Ew + (k* + 2i5k)v.

This problem (4.1) enters in the framework developed recently in [7] if the boundary
of Qis CY! or if it is a convex polygon, since it satisfies the assumption of Section 2 of
that paper [7] (with the choices £y = —Id, L, = —261d, and Ly = —A), and since its
variational formulation is given by

(43) asponge<usponge7v) = - / fQ_J dlE,VU S H&<Q)7
Q
where the sesquilinear form agponge(-, -) is defined by
Gapongo(0; 1) = / (Vo - Vo — (k2 + 2i5k)vw) de,Yo,w € HY(Q).
Q

This sesquilinear form trivially satisfies
|asponge (v, w)| < [[[v]l] [[Jwll], Yo, w € Hy (),

where

N

ol = (Kol + [vliq)®
and
Re tgponge (v, ) > [v]F o — K?[|v]|, Vv € Hy(Q).

Consequently the associated operator Agponge 1S a Fredholm operator from Hg(§2) into
H=1(2), therefore it is an isomorphism if and only if it is injective. But the injectivity is
not difficult to show because u € H}(Q) solution of (4.3) with f = 0 satisfies in particular

afsponge(u7 U) = Oa
and taking the imaginary part we get
u =0 on QPML.

Since u also satisfies
Au+ (k* + 2i6k)u = 0 in Q,
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by Holmgrem’s theorem we deduce that u = 0.
In order to compare (4.1) with (3.3), we rewrite (3.3) as

Lpyru = 0Z2f7
with
20 [ ov 1 0%  Oqov
L = kK*d? — —— —
Py = kit p dp (pap> 2o 1apap
We can look at u as solution of
(4.4) Leponget = f®) in Q,
(4.5) u = 0on 09,
where f (k) — Lgponget — Lpnu + d? f and consequently
10 ou ~ 0q Ou
4.6 *) = 2 1—A)-= (| p=— k* + 2i6k) — K2 d? ) u — g——.
16) 9 =@f 4 (=@ (5h )+ (02 42k - BE) u - gl o

Let us now estimate the L?>-norm of f®*)

Lemma 4.1. For k large enough, it holds
(4.7) 17 Na S 1o

Proof. As d is uniformly bounded in , it suffices to estimate the L2-norm of the three
other terms of the right-hand side of (4.6). For the second term of (4.6), by (A.19), we

1 q Q r\./ k /( SZP]\/Z[ r\./ k 2SZPMI

By (3.5), we conclude that
10 [ Ou
(45) =55 (55 ) I < 1l
for k large enough.
The definition of d shows
(k? + 2ick) — k*d® = &2
This identity and the bound (3.1) show that the the third term of (4.6) satisfies

(4.9) (2 + 205k) = K@) wlo S Julla S [1fllo,

for k large enough.
For the last term of (4.6), using Lemma A.3 and again (3.1), we directly conclude that

dq Ou
a5 5l S Fluba < 1),

for k large enough. This estimate, (4.8), and (4.9) lead to the asserted estimate. g



CONVERGENCE ANALYSIS FOR WAVE EQUATIONS WITH PML 17

At this stage, we can look at u € Hj(Q) as the unique solution of (4.1) with a datum
f%) instead of f. The L? norm of f®* is uniformly bounded in k. Consequently applying
Theorem 1 of [7], we directly get the next result.

Theorem 4.2. Let v be a natural number and assume that the boundary of 2 is of class
C7 4L Then for k large enough, for all ¢ € {0,--- ,~v}, the unique solution u € H}(Q) of
(2.6) admits the splitting

/—1

(4.10) u=> Kl + 7,
j=0

where ugk) € HIT2(Q) with
k

(4.11) 1 12,0 S 11,

for0<j<{¢—1 and rék) € H*2(Q) with

k
(4.12) 17 er20 S K £l

Remark 4.3. This result remains valid for a convex polygon with v = 0.

5. FINITE ELEMENT DISCRETIZATIONS

5.1. hp-FEM. Here we want to take advantage of the splitting from Theorem 4.2 to derive
stability conditions and error estimates for hp finite element discretizations of (2.6).

We look for a finite element approximation wy,, to u. To this end, we consider a family
of regular (in Ciarlet’s sense) meshes {7}, of €, where each mesh is made of triangular
elements K. To simplify the analysis, we assume that the boundary of € is exactly tri-
angulated, and therefore, we consider curved Lagrange finite elements [3]. Also, for each
element K, we denote by Fx the mapping taking the reference element K to K.

Then, for all p < v+ 1, the finite element approximation space V}, ), is defined as

Vi = {onp € HYQ) [vn,lic o i € By(K) VK € T,

~

where P,(K') stands for the set of polynomials of total degree less than or equal to p.
As the family of meshes is regular, for each v € H™*(Q) N HE ()% (0 <1 < p), there
exists an element 7 ,v € V},, such that

(5.1) v = Thpvlia S B ollie, (0<5 <)

We refer the reader to [3, Corollary 5.2] (see also [8]).
Then a finite element approximation of « is obtained by looking for wy, , € V4, such that

(5.2) bk(uhp, Uh’p) = — / JQfl_)h’pdl‘, Vvh’p S Vh,p.
Q
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5.1.1. Asymptotic error estimate. Now we are ready to prove a convergence result in an
appropriate asymptotic range.

Theorem 5.1. Assume that the boundary of Q is of class C7™41 for some natural number
v (or a convex polygon) and let f € L*(?). Then there exists ko large enough and § > 0
small enough such that if k > ko, kh < § and kP™'h? <5 withp <~v+1 (p=1ifQis a
convex polygon), there exists a unique finite element solution uy, € Vi, to (5.2), and the
estimate

5.3 — < inf _
(5.3 llu—wngll| S, it llu =yl

holds. Furthermore, we have
(5.4) [l = uny|ll S kbl flo-

Proof. The proof of this Theorem is exactly the same as the one of Theorem 2 from [7], by
using Theorem 4.2 and the fact that the sesquilinear form b, satisfies Assumption 1 from
[7]. Indeed the continuity property

(b (v, w)| S Il [[1w]]], Yo, w € Hy(Q),

is a direct consequence of Cauchy-Schwarz’s inequality. Let us now prove the Garding
inequality

(5.5) Rebi(u, u)] 2 Juli g — K*[lullg,  Vu € Hy(Q).

Fix an arbitrary « € H} (). First by the properties (A.13), (A.15) and (A.17), for k large
enough we have

1 C
Rebu(u,u)| 2 3lufl ~ 207 ull = 5 [ [Vullulda,
QpmL
for some C' > 0 independent of k. Cauchy-Schwarz’s inequality and Young’s inequality

then lead to )

1 C
Re by (u,u) > Z'uﬁ,ﬂ — (2K + ﬁ)HUH%-

This proves (5.5). O
5.1.2. Pre-asymptotic error estimate. In this part, we aim at giving a pre-asymptotic error
estimate for the problem (2.5). As in [15], we use an appropriate elliptic projection, in
order to obtain the existence of a solution uy, to (5.2) under a weaker condition than in

the asymptotic range.
First, we define:

- qQ@ + l@ + q_Q@ + q@@
' op*  p2af2  pdp  Opdp
q 0 ou 1 0%u
-3 (v5s) + o
0? 10u  9qou

u
= Au + (1 — q2)0_p2 + (1 — QQ);ap + qa—pa—p

Ly(u)
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Then, we look at the following problem: find u € H}(Q) N H?(2) solution of
{Lq(u) =f inQ,
u=20 on Of).
The variational form of this problem is: Find u € H}(Q) such that
(5.6) ar(u,v) = (f,v)2@) Yo € H (),

with f € L*(Q2) and

o Oud(qu) 1 Oudv
ag(u,v) = /Q (qap p + 2 00 89) dx

_/ 8u8v+l@@ 8q8u .
=) \Ya0, T 2006 T 99p0,"

Lemma 5.2. There exist a unique solution u € H}(Q)) to problem (5.6), further we have
u € H?(Q) with

(5.7) [ulls0 S W fllo -

Proof. We first prove that ay is continuous and coercive. Indeed one trivially has

Jq
a0 < (I + 1)l o ol o + an—pH 1Vl [0l Vi, 0 € HA(Q).

Hence, with Lemma A.2, A.3, we have the existence of a constant independent from k such
that

Jar(w, )| < Nlullyq 0]l Yu, v € Hy(Q).

On the other hand, if k is large enough, we have

. dq
Reap(u, u) > min(Reg, 1) [Vl - an—pH 1¥ullg 0]

&)
> 04 vl — 2 Jull
02 2
> (e- )
2 Nl

Then, since ay, is continuous and coercive, by Lax-Milgram Lemma, we have the existence
and uniqueness of a solution u € Hj(Q2) to (5.6). The strong ellipticity of L, gives us the
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H?(Q) regularity of u. So, w € H*(Q2) N Hi (), and we have
[l S (| Aullg

0
< ||Lq<u>||g L= @l Nl |1 = @]l Nl + an—ZH el 6

Slle+ 7 ||U||2Q +lull g
hence for k large enough, we obtain (5.7). O
Lemma 5.3. We define the projections Ppyu € Vi, and Py ju € Vi, as unique solutions
to
ap(Prpt, vnp) = ar(u,vpp)  Yopp € Vi,
ax(vn, Py yu) = ap(vp,u)  Yopy, € Vi,

If uy € HY () solves by(ugy,v) = (¢,v) for all v € HH(Q) for some ¢ € L*(Q), then we
have

[uo = Pi puollg < (0 + KPR 6]l
and

lao =Pi sl o S (Rt (KR)) [19]lg

Proof. The existence and uniqueness of Py ,u and of Pj ju comes from the coercivity and
continuity of ax. We recall that, by Theorem 4.2 (with £ = p — 1), we have

p—2
Uy = Zk‘jug) +7rg
§=0
with
5.8 ‘ () <
(58) uf| o Sl
(5.9) 1ol ,i1.0 S K [l -
By Céa’s lemma, we have
[us = Phpus||, o S ifel{:/ lug = vnplli g S llue — Znpuglly g -
h,pSVh,p

To estimate this right-hand side, we use (5.8) and (5.9) and (5.1) to obtain

I;hpu((ﬁ

lus = Tnpusll o S Zkﬂ o e = Znprall

)

B el

)

+ (kh)P [l9llg -

12,0
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This proves that
(5.10) lus = Thpuglly g S (h+ (KR)") (¢l ,

and hence

o — P puel], g (o RRP) ].
Similarly we can show that
(5.11) [ug = Tnpugllg S P(h + (RR)") 19]lq -

This estimate cannot be used to bound the L*-norm of ug — Py, ug, hence we use an Aubin-
Nitsche trick. For this, we introduce § € Hg(f2) solution to ax(&,v) = (uy — Py ug, v), for
all v € H} (). The existence and uniqueness of ¢ follow from the properties of a; and we
have

|ug — PZ,p%H; = ap(§, up — Pp ps)
= ay,(§ — Prp, up — P, yugp)
< ||U¢ - ,P;:muqﬁHLQ Hg - Ph,p5||1,§2
< (h+ (kh)P) |6l P ||ug — Pr |
S (R + KPR 16l [|ue — Pr s, -
O

Now, since we have introduced the elliptic projection and its approximation properties
in Lemma 5.3, we can follow [15] to produce a pre-asymptotic error estimate.

Theorem 5.4. Assume that kPT2hP*1 is small enough, then there exists a unique solution
Upp € Vip of problem (5.2) and it holds

(5.12) llw = unpll| S (kb + ETR2) || fllg

Proof. We use Aubin-Nitsche’s trick, that is why we introduce ¢ € H}(Q), which verifies
bi(v,€) = (v,u — uy), for all v € H}(). Hence we have, by the above lemma,

lw — wppll5, = br(w — wpp, &) = br(w — upyp, & — Pr )
= k(A (u — uny), € — Py ,€) + anu — upp, € — Py ,€)
= K (u = uny), & = Pp 1) + ar(u — Typu, & = P; 6)
S K lu = unpllg [|§ = Piyélly + llu = Tupully o 1€ = Piséll g
S (KR + KPR [lu = un Iy + (B% + (RR)) || fllg 1w — unpllq
Then, if kP*2hP*! and kh are small enough,

(5.13) lu = unpllg < (A% + (KR)™) [ fllq -
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This allows to estimate the energy norm of u — uy , as follows:

2
1w = wnpl|1? S B lu — wnpll5 + o — unpliq

S K lu = unpllg + lan (v — unp, w — upy))|

<E |lu— uh,pHQ + Jak(u — Upp, u — Up,p) — k2(d*(u — Unp), U — Upp)|
S K lu—unpllg + 1bx(u = wnp, = uny)]

S K lu = unpllgy + 1br(w = wnp, v — T pu)]

S K lu—unpllg + 1w = wnpll] - [[[w = Znpull]-

Young’s inequality gives us
v = unplll S K llu—unpllg + [llu = Znpulll
By (5.13), (5.10) and (5.11), we deduce that
llu = unglll S (R(h* + (KR)*) + b+ (KR)P) || fllg

which proves (5.12) as kh? < kh and h + (kh)? < kh.
U

5.2. A multiscale approach. An alternative to high-order polynomials for achieving
stability is the computation of subscale corrections in a multiscale fashion. The approach
was first used for numerical homogenization problems [21] and later applied to Helmholtz
problems by [26]. A Petrov—Galerkin variant of this approach is studied in [16], while [6]
discusses the case of variable coefficients, which is closely related to the present case of
a PML. In order to state the PML setting in the framework of [6], it is convenient to
reformulate the original boundary-value problem (2.1) in Cartesian coordinates as follows

—V - AVu — K*ddu = —ddf in Q and wu =0 on 0.

The resulting coefficient matrix A has been provided by [9] and reads

qcos?0 +qtsin?0 (¢ —q ') cosBsind

A(p,0) = _ -1 : .2 —1,...2

(q—q ')cosfsin® gsin“ 0+ g ' cos® 0
where it is understood that ¢ = ¢q(p). This problem is equivalent to (2.1) (and thereby
0 (2.3)) in the sense that they have the same unique solution u. The reason why the
multiscale method is stated for this version of the equation it has the structure of a standard
Helmholtz equation with a nontrivial diffusion coefficient. For this case, stability and error
estimates have been formulated in [6, 16, 26], and they immediately apply to the present
situation. As the equations are equivalent on the PDE level, the stability results from
Section 3 remain valid. The corresponding alternative variational formulation (equivalent

0 (2.1) or (2.3)) reads: find u € H}(Q) such that
(5.14) Ai(u,0) = (f,0) 120
where f = —dd f and the sesquilinear form Ay is defined by
Ai(v,w) == (AVv, Vw) 20y — k*(ddu, v) 2y for any v,w € Hg(Q).
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With help of the results from Section 3 it can be shown that A; satisfies the following
inf-sup condition.

Lemma 5.5. The sesquilinear form Ay, satisfies

R
(5.15) v(k) < inf sup Re Ay(v, w)
veHE@\O} wert@\gop V][ [[[w]]]

where y(k) > 0 satisfies y(k)™' ~ k.

Proof. Let v € H}(€) be given. We follow the approach of [22] and denote by z € H} ()
the solution to the following dual problem

Ag(n, z) = 2k*(n,v) 2@y for all n € Hy(Q).

The form Ay is symmetric (but not self-adjoint) and so the stability bound from Theo-
rem 3.6 applies to z and reads

112111 S 1B 0] 220y < Klll0lIl-
After setting w := v + z one concludes
Ar(v,w) = Ap(v,v) + A(v, 2) = Aw(v,0) + 2k ||v]| 7o) = [I[V]]?
as well as
Hwl[F < Mol + 2111 S (T + Rl < K]
for k large enough. The combination of these estimates yields

Re Ai(v,w) = [[[o][[* 2 &~H[[ol]] [[wl]

which implies the claimed stability condition with v(k)™! < k.
Conversely, if we assume that (5.15) holds, then we have

R
YR [|ull] S sup Re A (u, w)
werg@n oy |l[wll]

for the solution u € Hg () of (5.14) with f € L*(Q2). Consequently by Cauchy-Schwarz’s
inequality one gets

1/ llo.
Yl S =
or equivalently
1
<
According to the definition of Cypt(k) from Lemma 3.2, we deduce that
1
2 o),

which proves the converse bound for v(k)~! due to the equivalence (3.2). O
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The numerical method is based on a coarse quasi-uniform finite element grid 75 and
first-order conforming finite elements Vj ;. The mesh size is indicated by the symbol H
because h will refer to the fine-scale discretization parameter in the two-scale method. Let
Ju : Hy(Q) — Vg1 denote a quasi-interpolation operator satisfying the usual first-order
approximation and stability property

H v - T2y + IVTIgv| 2y S IIVUlle2very for all T € Ty and all v € Hy(9).

Here, N(T) = N'(T) is the union of all elements from 7 that have a nonempty intersection
with T. More generally, we define N°(T) := T and

N™T) = {K € Ty : KA N"™1(T) # 0}

for any positive integer m. On quasi-uniform meshes, the cardinality of N™(T") grows
polynomially with m.

Let h denote the fine-scale mesh parameter and consider the finite element space V;, 1
related to the mesh 7j,. It is supposed that 7}, is sufficiently fine such that the finite element
method over V},; is stable in the sense that

Re Ay (vs,
(5.16) v(k) < inf sup Re Ay (v, wn)
v €V,1\{0} whEVhyl\{O} H|/Uh||’ H|wh|||

where (k) is the inf-sup constant of A; from Lemma 5.5. More precisely, if we assume
that k%h is small enough, then (5.16) holds. Indeed let us introduce

SEf —
n(Vh1) = sup inf M)
rerz@\foyn€Vnr [ fllog

where S} f € H}(Q) is the solution of the adjoint problem of (5.14) with a right-hand side
f. Then by standard interpolation estimates and the H? regularity of S; f, we can see that

n(Vh1) S kh.

Consequently by using the arguments of [23, Thm 4.2] and the stability bound from The-
orem 3.6, we deduce that (5.16) as soon as k?h is small enough.

Since global computations with 7}, are too costly, only certain functions from V},; with
quasi-local support will be utilized to stabilize a scheme over Ty. The stabilization is as
follows. The kernel of Jgy reads

Wh = {Uh € Vh,l : jH’Uh = 0}

Given T' € Ty and vy € Vp 1, its so-called element correction Crvy, € W), is defined as the
solution to the following variational problem

(517) Ak(wh,CTvH) = Ak,T(wh, ’UH) for all w;, € Wy,

Here and throughout this section, the notation Ay, indicates the spatial restriction of the
form A to a subdomain w. Problem (5.17) is well-posed due to the next result.
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Lemma 5.6. Provided Hk < 1, we have the coercivity
||th||2Lz(Q) < Re Ay (wp, wy)  for all wy, € Wy,

The constants involved in “<” only depend on the bounds of the coercivity and continuity
constant of A as well as on the maximal modulus of dd.

Proof. The proof almost verbatim follows [6, Lemma 1]. O
This result readily implies boundedness of Cr,
[Crvulll S Wlvalllr  for all vy € Vy.
By linearity, one can see that the “global corrector” Cvy := ZTGTH Crvg solves
Ai(wp, Cvg) = Ag(wp,vy)  for all wy, € W,
and thus satisfies the continuity
H[Conll] < [[lvall]  for all vy € V.

As mentioned above, the correctors from (5.17) shall serve as an additive stabilizing com-
ponent to the coarse finite element basis functions. But at this stage (5.17) defines a global
fine-scale problem and, thus, Crvg is not computationally available. The key observation
from [21] is that such computations can be localized to certain neighbourhoods of T'. Let
¢ € N be a localization (or oversampling) parameter and define
Qp = int NY(T)

and

Wi () := {w, € Wy, : wy, = 0 outside Qr}.
These objects depend on the parameter ¢, which will, however, be suppressed for convenient
notation. Problem (5.17) is now approximated by seeking Cr vy € W),(€2r) such that
(5.18) -Ak,QT (wh,CT,zUH) = .Ak,T(wh, UH) for all wy, € W;,.

Note that the numerical computation of each of the problems (5.18) is feasible (with
O(CH/h)?* vertices in 2D) as long as ¢ is of moderate size. The global localized version of
C is defined as

Covy = Z Crevy.
TeTu
The localized approximation is justified by the following exponential decay result.

Theorem 5.7. Provided kH < 1, there exists 0 < [ < 1 such that any vy € Vg, any
T € Ty, and any ¢ € N satisfy

IV(Cr — Cro)vallize S BIVvall L),
IV(C = Covullz) S COB Vol 2,
with a constant C({) that grows not faster than polynomially with /.
Proof. For a proof we refer to [16]. See also [6, Theorem 4]. O
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The multiscale scheme is a Petrov—Galerkin method and referred to as multiscale Petrov—
Galerkin scheme (MSPG). It seeks u%) € Vi1 such that

(5.19) Ar(ul?, (1= Coow) = (F, (1 = Co)vm) 12 for all vy € V.

Well-posedness of (5.19) is ensured through an appropriate parameter choice that will be
described in the following. Suppose the fine-scale mesh size h is small enough such that
(5.16) is satisfied. The important property of the multiscale method is that it suffices to
relate the oversampling lengths logarithmically to the wave number k.

Theorem 5.8. Suppose kH S 1 and (5.16) as well as

(5.20) £ 2 |1og (k)] /|10g 8]
Then, the Petrov—-Galerkin bilinear form from (5.19) satisfies
Re Ak(UH, (1 — Cg)wH)

v(k) < inf sup
on €V M0 wgevp oy valll [[lwall]
Proof. For a proof we refer to [16]. See also [6, Theorem 5. O

As in [16, Thm 3], it can be shown that

_ 90 < _
e =11 S inf s vl

Thus, the triangle inequality and classical approximation properties together with the H?
bound (3.5) show for h sufficiently small that

4
llu =i Il S Hllullmze) S HEIf |22

In particular, this means that the standard resolution condition kH < 1 for approximation
is also sufficient for stability of the multiscale scheme.

6. SOME NUMERICAL EXAMPLES

6.1. A first example. For the first test, we have taken Q = [—6,6]*\ B(0, 1), the fictious
absorption coefficient ¢ and the exact solution u,., as follows:

2 otherwise

0 if p<4 ,
o(p) = {(p4)2 np= and e (z,y) = (2% — 36)(y? — 36)e’*™.
2

In Figure 2, we have depicted the rates of convergence for different values of h and k,
for p =1 and 2. We can see that, when A is small enough, the order of convergence is p,
as expected from the theory. From these plots we can observe three states of convergence:
no convergence range/ pre-asymptotic range / asymptotic range.

Theorem 5.1 states that, provided kP™'h? < 1, the following error bound holds

tew = wnplll S Hltew = Bopticell;
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—o—|||u — up ||| for k=3 —=|||u — Py 1uc||| for k=3

— upp||| for k=4 —=—|||u — P 2ty || for k=4

—|
—~|

relative error
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FIGURE 2. First experiment with hp FEM: convergence curves for different

values of k£ and p.
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where P, ,u., the orthogonal projection of u., on V},, for the inner product associated
with the norm ||| - |||. For different values of k, h and p, we compute uy, and Py, pue,, and
denote by h*(k) the greatest value of h such that

tew = wnplll < 2[[[tee = Poptice| ||

Figure 3 displays the graph of h*(k) (in a log-log scale) for p = 1 and 2. In both
cases, we observe that h*(k) ~ k~'~'/P, which means that the condition kP*'h? < 1 is
optimal. Figure 4 displays the relative errors in the preasymptotic range dependent on the
wavenumber k, while k and h are coupled (depending on p) as in Theorem 5.4. As predicted
by the theory, the relative error stays constant, which means that the discretization is stable

with that choice of A and p.
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FIGURE 3. First experiment with hp FEM: Asymptotic range of h*(k) for
p=1, 2 and 6.

Next, we report numerical results for the multiscale scheme. We consider () (bi-
linear) finite elements on a sequence of uniformly refined square meshes of mesh size
H = 3/4,3/8,...,3/128. The reference mesh has the mesh size h = 3/256. The very
regular structure of square meshes allows a quite efficient numerical implementation [16]
of the method in which the correctors C, outside the PML are computed on a reference
patch and re-used where the same configuration occurs. For simplicity, we disregard the
possibility of resolving the curved boundary within the corrector problems, although this
can be done in principle [13, 27]. We do not further analyze the error caused by this geo-
metric perturbation. For wave numbers k = 8,12, 16, Figure 5 compares the relative errors
in the energy norm ||| - |||, namely the nodal interpolation by @; finite element functions,
the Q1-FEM error, and the error of the MSPG method where the oversampling parameter
varies from ¢ = 1 to ¢ = 3. For the FEM, pollution is clearly visible, while the MSPG
scheme produces smaller errors that are close to the best approximation for appropriate ¢.
Especially in the case k = 16, the choice of £ = 1 seems to be insufficient, while ¢ = 2,3
lead to better results. This indicates the necessity of the coupling ¢ ~ logk. Since the
accuracy of the MSPG method is limited by that of the FEM on the reference mesh, the
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last two mesh refinements for £ = 16 do no provide a reasonable improvement. We finally
mention that the mesh resolution condition “hk? small” is not fully satisfied for & = 16,
but we empirically observe that this choice of h seems to be sufficient.

6.2. A scattering problem. Here we want to show the efficiency of our method by
approaching a real scattering problem. Namely as obstacle O we take the unit disc and
take

j=—o0

as exact solution of the Helmholtz equation in R? \ O, which corresponds to the scat-
tered solution of the incidence wave e?**1 (see [20, (3.3)] or [10]). As fictitious absorption

coefficient, we choose
0 ifp<a
a(p) = slo-ay?

.z otherwise ’
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with oversampling parameter ¢/ = 1, 2, 3.

with 8 > 0. Now, consider the solution u;, of (compare with (2.3))

(6.1) up = ek on 00,
up = 0 on 90\ 90,

where Q = B(0,b) (see section 2) with 1 < a < b. It is well-known (see for instance)
(18, 19, 5]) that u;, converges to sy (even exponentially but the constant being dependent
of the wave number k) in H'(B(0,a)) as b goes to infinity. For our tests, we take a = 3
and b = 6.

As an approximation we compute
Unp € Vip = {vhm € H(Q) | vnplr o Fx' € }P’p(f() VK € ’E} :

the FEM solution of (6.1).
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FIGURE 6. Second experiment with hp FEM: Convergence curves for differ-
ent values of k£ and [, with p = 2.

As wy, is unknown, we compare the FEM solution uy, with .., and the relative error
[[[wn,p—uscat|l|0q

Tl The full error clearly satisfies

in energy norm means that we compute

(6.2) unp = vscatlllaq < [lunp = w|ll + |l = tscarll] e

Figure 6 shows convergence curves for different values of k, given in the relative energy
norm by using polynomials of degree 2. On the left, we have chosen § = 3 small enough
so that the error |||uy — uscat||| is not negligible. Accordingly, the error does not tend to 0
when h is small. On the right, with 5 = 6, the term |||up — Uscat||| is negligible compared
to the FEM error. As o € C*(2), we know that wu; is at least H?(Q2), which is the reason
why we have 2 for the convergence rate. Figure 7 shows for polynomials of degree 6 that
the empirical convergence rate is not higher than 2.5, which indicates that the solution wy
might not be smoother than H7/2. In comparison with the case p = 2, in the case 3 = 6,
the term |||up — Uscat||| Seems here more dominant as the rate of convergence deteriorates
more rapidly.

We also made a pre-asymptotic test (see Figure 8) with p = 2 and 5 = 3 or 6. We observe
that when k°h* is constant, the relative error in energy norm is constant too, which is in
accordance with the estimate (6.2) since in the pre-asymptotic range the second term of
the right-hand side is negligible, while the first one is constant due to Theorem 5.4.

Figure 9 displays the real part of g and upp, for £ = 20, p = 6 and 8 = 10, where we
see a good agreement between the exact solution and its approximation in €2,.

The computational results obtained by the MSPG method are displayed in Figure 10.
The parameters H, h, ¢, and k are chosen as in the first experiment, and 5 = 10. As in
the first experiment, the FEM suffers from pollution, which is mitigated by the MSPG
method. The precision increases with larger /.
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7. CONCLUSION

We have shown that the PML model problem satisfies the k-stability property. This
result enables is key to the numerical analysis of the two schemes presented in this work.
The numerical results underline that the stability conditions for the numerical methods
are sharp. Instead of comparing the two proposed schemes, we rather mention that they
are are designed for different types of applications: the hp FEM is of high order for smooth
domains, while the multiscale scheme is pollution-free without smoothness, but restricted
to first order.
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APPENDIX A. USEFUL PROPERTIES OF THE PML FUNCTIONS

We recall from [9] that the fictious absorption coefficient o is supposed to be a non
decreasing function in C'(0, 00) such that

(A1) w={ Zowse

Then we define ¢ € C[0, ) as follows

(A2) 0 ={

and therefore

o(p) = (p5)'(p),Vp > a.
By Leibniz’s rule, we get
(A.3) pi'(p) = o(p) — &(p),Vp > a.
In addition, as o is non decreasing, (A.2) directly implies

(A4) 5(p) < * ; o(p) < o(p).¥p > a.

These two estimates directly lead to
(A.5) a'(p) > 0,Vp > a,
and therefore & is a also a non decreasing function. Furthermore & € ([0, 00) because
from (A.3) and the continuity at a of ¢ and &, one has
#(p) = a(p) ; a(p)

— 0, as p = a.
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From (A.1), (A.2) and (A.5) and the C' property of &, for all ¢ > 0, there exists § > 0
such that

(A.6) o(p) 2 8,5(p) 2 6.5'(p) 2 0. ¥p 2 a+ .

We then fix ¢ > 0 small enough such that a + ¢ < b and fix a cut-off function n € D(R)
with ' < 0 such that

B LVp<a+s5,
n(p)—{ 0,Vp>a+e.

For convenience, we denote by 2pysr, the PML region, i. e.,
Qpyr ={x € Q: |z] > a}.
We also set
Qb ={r e |z >a+g}.
Lemma A.1. We always have
(A.7) o <& i Qpuyr.

Proof. By (A.4), one has

which shows that

lim M =0

p=at a(p)
Using (A.3), we then have

i 9P _ 1

Consequently for p > a but close to a, we trivially have (A.7). On the other hand, for
p € [a+e1,b], with 1 > 0 as small as we want, (A.6) and the continuity of o directly yield
(A.7). The proof is then complete. O

As in [9], we set

(A.8) d=1+2, andd=1+2.
k k
Let us also define
d
A. -~
(A.9) ¢=-
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Lemma A.2. The next properties hold

kpa'(p)
A.10 I =————"_<90
(A.11) Im¢® = 2vImg,
. 25
(A.12) Imd? = % >0,
(A.13) qg—1, as k — oo,
(A.14) d—1, as k — oo,
(A.15) d—1, ask — oo,
(A.16) 2 - &= —%&

o&

where 0 < v = ig?g that tends to 1 as k goes to infinity.

12

Proof. The properties (A.12) to (A.16) are direct. To prove (A.10) and (A.11), we notice
that ¢ admits the writing

ik
A
which directly yields the results recalling (A.3). O
Lemma A.3. We have
0 1
(A17> |a—pq’ 5 E m QPMLa
(A.18) g =1 in Qy,
1

Proof. The second identity being immediate, let us concentrate on the two other ones. By
direct calculations, we see that

The estimate (A.17) follows as |d| > 1 as well as |d| > 1 and since ¢’ and &’ are bounded.
Concerning the last one, we see that

Hence the estimate (A.19) holds because |1+%| > 1 and because o and & are bounded. [
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