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Abstract A hyperquaternion formulation of Clifford algebras in n dimensions
is presented. The hyperquaternion algebra is defined as a tensor product of
quaternion algebras H (or a subalgebra thereof). An advantage of this for-
mulation is that the hyperquaternion product is defined independently of the
choice of the generators. The paper gives an explicit expression of the genera-
tors and develops a generalized multivector calculus. Due to the isomorphism
H @ H ~ m(4,R), hyperquaternions yield all real, complex and quaternion
square matrices. A hyperconjugation is introduced which generalizes the con-
cepts of transposition, adjunction and transpose quaternion conjugate. As ap-
plications, simple expressions of the unitary and unitary symplectic groups
are obtained. Finally, the hyperquaternions are compared, in the context of
physical applications, to another algebraic structure based on octonions which
has been proposed recently.
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1 Introduction

Clifford algebras have become a major mathematical tool in physics and have
been widely developed in recent years [1-13]. Clifford algebras allow the defi-
nition of spinors in n dimensions and give a good representation of the pseudo-
orthogonal groups [14]. Well-known examples of Clifford algebras are the Pauli
and Dirac algebras. Though these algebras are generally expressed in terms of
complex matrices, another representation is possible.

This paper presents a hyperquaternion formulation of Clifford algebras.
Defining hyperquaternions as a tensor product of quaternion algebras (or a
subalgebra thereof), it follows that hyperquaternions are Clifford algebras due
to a theorem by Clifford. An advantage of this formulation is that the hyper-
quaternion product is defined independently of the choice of the generators.
Recently, we have applied such algebras to 3D classical and 4D relativistic
physics obtaining, in particular, simple expressions of the rotation groups [10,
11]. Here, we propose to go farther and to apply hyperquaternions to nD
physics. We give an explicit expression of the generators, develop a general-
ized multivector calculus and introduce a hyperconjugation yielding simple
expressions of the unitary and unitary symplectic groups. Finally, we relate
this new tool to physics and to another octonionic approach.

2 Background: quaternions and Clifford algebras

Quaternions [11] denoted H constitute a set of four real numbers
a=ag+ ari + azj + aszk (1)

where i, j, k multiply according to

P* ==k =ijk=-1 (2)
ij=—ji=k (3)
jk=—kj =1 (4)
ki = —ik = j. (5)

Two quaternions multiply according to the rule
ab = (aobo — a1b1 — agbg — a3b3)
+(a0b1 + a1bg + asbs — agbg)i
+(aobs + asbo + asby — a1bs)j
+(a0b3 + azbg + a1by — agbl)k. (6)
The conjugate of a quaternion is defined by
ac = ag — a1l — asj — ask. (7)

with
aa. = a2 +a? +ai + a2 (8)
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(ab)e = beae. (9)
Clifford algebras are defined as follows and satisfy the Clifford theorem.

Definition 1 Clifford’s algebra C,, is defined as an algebra (over R) composed
of n generators ey, g, ..., e, multiplying according to the rule e;e; = —eje; (i #
j) and such that ef = +1. The algebra C,, contains 2" elements constituted
by the n generators, the various products e;e;, e;ejey, ... and the unit element
1.

Definition 2 The even subalgebra C;I is generated by the products of an
even number of generators: e;e;, e;ejepem, etc. (i # j # k # m). The rest of
the algebra contains the products of an odd number of terms and is called the
odd part C,, .

Examples of Clifford algebras (over R) are

— Complex numbers C (e; =i,ef = —1).

— Quaternions H (e; = j, ez = k,ef = —1).

Biquaternions C® H ~ H® C (ey = il, ez = iJ,e3 = iK,e? = 1) which are
isomorphic to the Pauli algebra.

Tetraquaternions H & H

(eo =jier=kl,ea=kJes =kK,e3 = —1,e3 =e2 = €2 = 1) .

— Dirac algebra H® H® C

The small , j, k represent the first quaternionic system (i =i®1, etc.) and
the capital I, J, K the second one (I = 1®1i, etc.), both systems commuting
with each other.

Clifford’s theorem relates all Clifford algebras to tensor products of quater-
nion algebras (or a subalgebra thereof).

Theorem 1 If n = 2m (m : integer), the Clifford algebra Cap, is the tensor
product of m quaternion algebras. If n = 2m — 1, the Clifford algebra Cap,—1
is the tensor product of m — 1 quaternion algebras and the algebra (1,w) where
w is the product of the 2m generators (w = ejea...eam ) of the algebra Capy,.

Proof The above examples prove the theorem up to n = 4. For any n, one
proceeds by recurrence [15, p. 378]. Suppose the theorem is true for Cy(;,_1),
one adds to Cy(,,—1) the quantities

P = €1€2...69(n_1)€2n—1, = €1€2...€2(n_1)€2n (10)

which anticommute among themselves and commute with the elements of
C3(n—1); thus they form a quaternionic system commuting with Cy(,,_1y. The
basis of Uy, is obtained by the various products of the elements of Cy(,_1)
with p, ¢ which proves the theorem. a
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3 Hyperquaternion formalism

In this section, we define the hyperquaternions, the hyperquaternion product
and give an explicit expression of the generators in n dimensions. Then, we
present the basic concepts of a generalized multivector calculus.

3.1 Products

We shall define the hyperquaternions as a tensor product of quaternion alge-
bras (or a subalgebra thereof). The term hyperquaternions was used by Moore
to designate Lipschitz’s algebras, isomorphic to Clifford algebras [16]. The hy-
perquaternion product is simply the product in a tensor product of quaternion
algebras.

For example, a general element @ of H® H i.e. a tetraquaternion, can be
viewed as a quaternion having quaternions as coeflicients

Q= qo + qui + @25 + a3k = (q0; 91, 42, 43), ¢; € H. (11)
The product of two tetraquaternions @, P is defined by

QP _ qoPo — q1P1 — q2P2 — q3P3; qoP1 + q1Po + G203 — q3p2, (12)
qoP2 + q2po + g3p1 — q1P3,GoP3 + g3Po + q1pP2 — G2p1

Similarly, a general element of H® H ® H is a quaternion having tetraquater-
nions as coefficients

R=ro+mri+ryj+rsk=(ro;ri,re,r3), 1 € HQH (13)

leading to an immediately operational product.

The product in the even subalgebras such as H® C, H® H ® C is de-
fined similarly. It is to be noticed that the hyperquaternion product is defined
independently of any specific choice of the generators of the Clifford algebra.

3.2 Generators

The 2n generators e, (1 < a < 2n) of Cy,, = H® H... ® H (n times) can be
chosen in various ways. We shall adopt the choice

e1=7®1®..81 (n terms) (14)
eo=k®i®l.®1 (15)
e3=k®j®1.@1 (16)
e =k®.®k®i®l.®1 (17)
ep1 =k®.0k®j®1.01 (18)

eom =k®k.. Qk (19)
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Table 1 Generators and signature of hyperquaternions

Algebra Chp.q Generators
C Co1 1
H Co2 4k
C®H Czo il,iJ,iK
HQ H C31  J kI, kJ kK
COH®H Co3 il i, IKl,iKm,iKn
Ho HoH Cos  J,kIkJ kK, EKm,kKn
COH@H®H Cs2 (il,i],iKl,iKm,iKnL,
iKnM,iKnN)

HeHRHKRH Css (5, kI, kJ, kKl kKm,
kKnL,kKnM,kKnN)

where i, j stand at the (8 + 1)th place from the left with 0 < 8 < n—1. These
generators anticommute among themselves and square to +1.

As to the generators of the algebra Cs,_; which is the even subalgebra of
Cs,, , they can be defined as

fi=eiea, fo =ejes, ...fan_1 = €1e9,. (20)

Adopting the notation Cp 4 (p + ¢ = n) where p is the number of genera-
tors squaring to +1 and ¢ the number of those squaring to —1, the generators
and signature of a few hyperquaternions are given in Table 1. The small i, j, k
stand for the first quaternionic system, the capital I, .J, K for the second one,
l,m,n for the third one (I = 1® 1 ® i ® 1, etc.) and the capital L, M, N
for the fourth one (L =1® 1 ® 1 ®1, etc.); all distinct quaternionic systems
commuting with each other. Though hyperquaternions have a definite signa-
ture, another signature might be obtained by complexifying the generators.
Hence, hyperquaternions yield all Clifford algebras. The explicit expression of
the generators in the general case constitutes a direct second proof of Clifford’s
theorem.

3.3 Generalized multivector calculus

Once the generators have been chosen, the hyperquaternion algebra C, is
uniquely structured into multivectors. The 2™ elements of the algebra are
constituted by scalars (s € V), vectors (e; € V1), bivectors (e;e; € Va,i # j),
trivectors (e;ejer € Va,i # j # k), etc. and a pseudo-scalar (ejes...e,, € V)
where V; are the multivector spaces. As an example, the algebra Cy ~ H® H
has the multivector structure indicated in Table 2.

The conjugate A. of a general element A is defined as an antiinvolution
obtained by replacing the e; by their opposite —e; and reversing the order of
the elements e;ejer, — epeje;, ete.. Hence,

(Ae), = A,(AB), = (Be) (Ac) - (21)
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Table 2 Multivector structure of H ® H

1 | I =ezen | J=ecies | K =ezes
1 = epelezes il = epey iJ = egea iK = eges
j=eo jI = epezea | jJ =eperes | jK = epezer
k=eieze3 | kl=ey | kJ =e2 | kK =e3
The dual of A (denoted A*) is
A* =1A (22)

with i = e; A ea A ... A e, (the exterior product being defined below) and the
commutator of two hyperquaternions is

[A,B] = = (AB — BA). (23)

1
2
The generalized interior and exterior products of two vectors a (= X" aje;),

b, respectively denoted by a.b and a A b can be defined, up to a sign, by the
identity [15, p. 362]

_ A Iz
ab = 9 (ab + ba) + o (ab — ba) (24)
=Xa.b+pand (25)

where A, i are constant coefficients equal to +1. Adopting the choice A = =
+1 and postulating the relations a.b = b.a, a A b= —b A a, one finds

1 1
a.b=5=(ab+ba) € Vo, aNb= —(ab—ba) € V5. (26)

The introduction of the coefficient A\ allows to eventually change the sign of
the metric. A multivector A, = v1 Ava A ... Av, (2 < p < n) where v; are
vectors, is then defined by recurrence [17]

1
a.A, = 0 [aAp, — (—1)PApa) € V4 (27)
1
a N\ Ap = w [aAp + (_1)pApa] € %4_1. (28)
By definition, one adopts
Apa=(-1)""a.A, (29)
A, Na=(-1)’anA,. (30)

A major property of the exterior product is its associativity.
The products between multivectors A, and By (p < ¢) are then defined by

Ap-By=(vi Ava A ANvp_1) - (vp - By) (31)
Ay ABy=uvi A(vaA---Avy A By) (32)

with
A, B, = (—1)PatVB, . A, (33)
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4 Hyperquaternions, matrices and hyperconjugation

In this section we relate hyperquaternions to real, complex and quaternion
matrices. The concept of hyperconjugation is introduced which generalizes
the concepts of transposition, adjunction and transpose quaternion conjugate.

To establish the connection of hyperquaternions with matrices, consider
the linearly independent matrices

000-1 00-1 0 0-10 0
o010 oo o0 -1 {10 00
Miel =19 10 0 ["™® = 100 o™~ o0 01
1000 010 0 00 —10

000 —1 0-10 0 00 —10
~loo-10 |tooo oo 01
Mei= 110 0" T (00 0-1]""™ T 10 00
100 0 0010 0-10 0

These matrices square to —1, anticommute on the same line and commute
with the matrices of the other line, hence, they constitute distinct quaternionic
systems. The products of these matrices generate m(4,R), and thus we get the
isomorphisms

HoH~m(4,R) (34)
[H®H] ® C ~m(4,C) (35)
[H® H @H ~ m(4, H) (36)

indicating that hyperquaternions yield all real matrices as well as the complex
and quaternionic ones (see Appendix A).

Furthermore, one can notice that a transposition of the above antisymmet-
ric matrices corresponds to a quaternionic conjugation. This allows to define
a hyperconjugation as

AP =H.®H.®H.®..®H, (37)

where A" denotes the hyperconjugate of a general element A of the algebra H®
H®H®...9H and ¢ indicates a quaternion conjugation. The hyperconjugation
yields respectively the matrix transposition

H,. ® H, ~ [m(4,R)]", (38)

the adjunction
H, ® H, ® C, ~ [m(4,C)]", (39)

and the transpose quaternion conjugate
H, ® H, ® H, ~ [m(4, H)]’ . (40)

These properties will allow us to obtain simple hyperquaternion expressions
of the unitary and unitary symplectic groups as we shall see below.
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5 Unitary and unitary symplectic groups

As application of the hyperconjugation concept, we consider the unitary and
unitary symplectic groups. The importance of the unitary groups is well known.
The unitary symplectic group is related to the symplectic groups which are
relevant in Quantum Mechanics [6].

5.1 Unitary and special unitary groups SU(n)
To define the unitary group U(n), consider the algebra A
A=HoH®..H{2p terms} ® C ~ m(4”,C) (41)
where p is an integer. Since, as we have seen above, the hyperconjugation
corresponds to the adjunction (transpose, complex conjugate), the unitary
group U(n) with n = 4P, can be defined as the elements U of A such that
vl =u—t. (42)

The special unitary group SU(n) corresponds to elements U such that det U =
1 and has n? — 1 generators g; with

U =e%?, (43)

As a specific example, take SU(4) with p = 1 and the algebra [H® H] @ C ~
m(4,C). The 15 generators g; of SU(4) can be read off directly from the basis
of H ® H of Table 2, with

. i, 4.k, I, J, K, i1, 7], K, (44)
GGG KR T, iR K
where ¢/ (= 1) is the ordinary complex imaginary and
y P ginary
e!? = cosf + I'sind (45)
"% = cos + i'il sin @ (46)
(eze)H =e = (619)—1 ete.. (47)

If the elements g; are represented by matrices g;, one notices that the latter
are traceless hence,

det U = det e%0 = e(tracedi)d — 1, (48)

Thus the elements U = e99 constitute a concise hyperquaternionic expression
of the group SU(4). As subgroups, one has SU(2) and SU(3) (see Appendix
B).
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5.2 Unitary symplectic groups USp(n)

To define the unitary symplectic group USp(n), one proceeds similarly with
the algebra A

A=HoH®..H{2p terms} ® H ~ m(4", H) (49)

where p is an integer. The hyperconjugation corresponding to the transpose,
quaternion conjugate, the unitary symplectic group USp(n) with n = 4P, can
be defined as the elements U of A such that

U =yt (50)
The group USp(n) has n(2n + 1) generators g; with
U=e% (51)
and satisfies the property
USp(n) =U(2n) N Sp(2n,C) (52)

where Sp(2n, C) is the symplectic group [18, p. 444].

As a concrete example, consider USp(4) with the algebra A = [H® H] ®
H ~ m(4,H). The 36 generators g; can be read off directly from the basis of
H ® H of Table 2

K Gk T K (R ()i, ()i,
gze{ 0G0 57, () GE, O kL, () kJ, () kK } (53)

where the parentheses stand for (i, 5/, k') with i'(=1),7'(=m),k'(=n) and

/10 = cos + j'il sinf (54)

(ej’i10>H B (. (ej’ue)fl ete.. (55)

As subgroups, one has USp(1), USp(2) and USp(3) (see Appendix C).

6 Relations of hyperquaternions and physics

The relations of hyperquaternions and physics are summarized in Table 3
which shows the relevance of Clifford algebras in physics. Complex numbers,
quaternions and biquaternions give an excellent description of respectively 1D,
2D and 3D classical physics [10]. The algebra H®H yields the special theory of
relativity, classical electromagnetism and the general theory of relativity [11].
Dirac’s algebra, isomorphic to the algebra H ® H ® C, entails the relativistic
quantum mechanics. Since the above algebras already yield much of physics,
further theoretical progress seems likely to be obtained only by raising the
dimension of the Clifford algebra. Hence, one might reasonably expect new
theoretical results to come out of the algebra H ® H ® H and the associated
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Table 3 Hyperquaternion physics (STR: special theory of relativity, GTR: general theory
of relativity, QM: quantum mechanics)

Algebra Cp,q  Symmetry Physics
group
C 1D physics
H Co2 SO(2) 2D physics
H® C ~m(2,C) Cso SO(3) 3D physics
H® H ~ m(4,R) C31 SO(1,3) STR, GTR
HeH ®C~m(4,C) Cyz SU4) relativistic QM
HQH QH~m(4,H) C2s USp(4) quaternionic QM
~ U(8)NSp(8,C) embedding of GTR
[H®H] ® [HQ C] Cs2  SU(8)
~ m(8,C) = SU(5) standard model

group USp(4). If one goes over to the algebra H® H ® H @ C, one obtains
the group SU(8) and SU(5) as a subgroup which accounts for the standard
model.

Other algebraic structures have been proposed recently. One of them uses
a tensor product of division algebras R ® C ® H ® @ where O represents the
octonion algebra [8]. Though this algebra is neither a Clifford algebra nor
associative, it seems to give good results concerning the standard model. Fur-
thermore, it shares with the hyperquaternion approach the idea that physical
reality might be an image of an algebraic structure. Do we live in an octonionic
or hyperquaternionic world? The answer can only come out of the convergence
of theory with experiment.

7 Conclusion

The paper has presented a hyperquaternion calculus which yields all Clifford
algebras as well as the real, complex and quaternion matrices. A hypercon-
jugation has been introduced which generalizes the concepts of transposition,
adjunction and transpose quaternion conjugate. As applications, simple ex-
pressions of the unitary and unitary symplectic groups have been obtained.
Finally, the paper has related hyperquaternions to physics and shown that hy-
perquaternions constitute a new, efficient, unifying tool for many applications
of physics.

Acknowledgements This work was performed in the framework of the LABEX PRIMES
(ANR-11-LABX-0063) and LABEX CELYA (ANR-10-LABX-0060) of Université de Lyon,
within the program “Investissements d’ Avenir” (ANR-11-IDEX-0007) operated by the French
National Research Agency (ANR).

A Isomorphism H® H ~ m(4,R)

The well-known isomorphism of H @ H ~ m(4,R) can be demonstrated in various ways
leading to different representations [7]. To justify the representation here adopted, we provide
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a complete proof. Start from the Pauli matrices (with ¢’ the usual complex imaginary)

Jo1 ~Jo - _[to],_[o
A= 10[%27|i o " T Jo-1]"" " |o1|"

Since the Pauli algebra is isomorphic to the biquaternions, one can introduce the matrices
h;
o1 =1hi,00 =i ho,03 =i h3

0 —i 0 -1 —i’ 0
hy = |:7i/ 0:|7h2*|:1 O:|7h3*|:0 i':|'
The matrices h; satisfy the relations
h? = h3 = h3 = hihohs = —1

and thus constitute a quaternionic system isomorphic to H. One then considers the real
matrices

mig1 = 1 ® 1,mg1 =i'h1 ® ha,mjg1 = ha ® 1,myg1 = i’hg ® thy
migr = 1®1,mig; = ha ®i'h1,mig; = 1® ha,migr = he ®i'hs
(in [7, p. 55], one takes mjg1 = —h2 ® 1, mig; = —1 ® ha).

The products of these matrices generate 16 real matrices constituting a basis of m(4, R)
which is thus isomorphic to H ® H. Explicitly, one has

[0 0 0 —1] [00 -1 0] [0 -1 0 0]
o010 oo o0 -1 10 00
Migl =19 -10 0 ["™® T 100 o |"™® T g0 01

100 0| 01 0 0| 00 —10]

00 0 —1 [0—-10 0] [0 0 —1 0]

_loo-10 |tooo oo 01
M@i= 191 0 0 |™® T o0 01" T |10 00

100 0 0010 0-1 0 0]

~100 0 0 0 —-10 010 0
~ _lo100 1o 0 0 -1 100 0
Mi®i =19 010 |>™® = |10 0 o™= g0 0 -1

000-1 0-10 0] 00-10

0 -10 0 00 0 1] —-10 0 0
~|-10 0 0 , 00 —10 o100

migi= g 0 0 —1]|°"™® T |op-1 0 0|""¥®* T |0 0-10

L0 0 -10 1 0 0] 0001

[0 010 -1000 0 0 0 —1
oo o0-1 0 -100 0 0 —-10

Me@i = 11 00 0| ""™® T |0 0 10" T |0 -1 0 o0
0-10 0 0 001 -1 0 0 0
together with the unit matrix
1000
0100
M™Me1= o110
0001

As a consequence
[H®H] @ H® H] ~ m(4,R) ® m(4,R) ~ m(16, R), etc..

Hence, any real square matrix can be expressed in terms of hyperquaternions.
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B Special unitary groups: SU(2), SU(3) and SU(4)

The isomorphism [H® H] ® C ~ m(4,C) entails that any complex matrix m(4,C) can be
expressed in terms of complex hyperquaternions [H® H] ® C. One just needs to solve 32

linear equations. Applying this procedure, we express the matrices g; = i’)?i , where )/\\1 are
the standard Gell-Mann matrices [19, pp. 388-389], in terms of complex hyperquaternions
gi. We thus obtain the hyperquaternion generators e9i¢ of the unitary subgroups.

B.1 SU(2)

-/

i . —1 — .
g1 = §(ZK*JI)792: 7(J+k)793: T(ZIJFJK)

0400 0100 0 00
__|iroool - |[-1000] -~ |0-i00
= 100001"27 0o 000]'B " |0 000

0000 0000 0000

B.2 SU(3)

To the generators of SU(2) one adds

i -1 . —i’
94 =75 (=i +kI), g5 = 7(K+])796: T(JJ‘F"?K)

1 i’
= " (I—4),98 = —— (=il +jK — 2kJ
g7 2( i), 98 2\/5(%+] )
0040 0 010] 0000
__loooo| ~ |ooo00| - loo0#o0
99= 170009~ |-1000[’9 T [0+ 00
0000 0 000] 0000
0000 [0 0 0
__loo1o0| . _ 1 |0 00
9= lo-100|"% T 500 -2i0
0000 00 0 0

B.3 SU(4)

To the generators of SU(3) one adds

il -1 . -
99:§(JJ—1€K),910:7(Z+1)7911ZT(ZJ'HCI)

-1 . —i . . 1
g1z = 7(J—K),913: T(ZK-HI),QMZ 5(’€—J)

i/
915 = %(U—jK—kJ)
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(0004 0001 (0000
__loooo| — |oo0o00] — |oo0o0#
9= 100009 |0 000|'9" T |0000

i 000 ~-1000 0400

[0 0 00 000 0] 000 0

~looo1l — |oooo0| — |00 0O
912= 19 0 00’93~ looo0#|"9* T (o0 0 1
0-100 004 0 00-10

00 0

1 ]o#0 0

915—% 004 0

000 —3d

C Unitary symplectic groups: USp(1), USp(2) and USp(3)

We use the same procedure as above using the isomorphism [H ® H] @ H ~ m(4, H). The
n (2n 4 1) generators of USp(n) are e9? with the following hyperquaternionic g;.

C.1USp(1)

The 3 elements are
gi € {7'(=1),5'(=m),k'(=n)}.

C.2USp(2)

The 10 elements are besides those of USp(1) and with () = (i/,5’, k")

€ { G T G =D, 50+ 8), G0 G480}

C.3USp(3)

The 21 elements are besides those of USp(2)

BT R) (CiT kD, SEG K S0 G+ KK,
i %1(]_1‘)72;\/15()(—i1+jK—2kJ) '

C.4 USp(4)
The 36 elements are besides those of USp(3)
3003 K) (G — kEK), S (i+ 1), 5 () (0 +kI),

gi € %1(j—K)l’%l()(iK-&-jI),g(k—J)v
(G- K - k)
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